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ABSTRACT

Ostwald ripening under a temperature gradient in binary model alloys is investigated using a quantitative phase-field model. The simulations
show that a cube of average radius of a second-phase particle is proportional to time, and the particle size distribution shows self-similarity
in a steady state, as with a uniform temperature field. It is found that the growth rate of particles under a temperature gradient is faster than
that in the isothermal case, and the steady-state particle size distribution depends on the magnitude of the temperature gradient.
Furthermore, the second-phase particles migrate from low temperature regions to high temperature regions when a non-uniform tempera-
ture field is applied. The migration velocity of particles, averaged over the whole system, increases with the magnitude of the temperature
gradient. On the other hand, the velocity of each particle is not relevant to particle size. Hence, the particle migration is entirely ascribed to
the diffusion flux driven by the concentration gradient originating from the temperature dependence of solute solubility.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0055198

I. INTRODUCTION

Ostwald ripening is a well-known phenomenon in materials
science, where large particles of the second phase in a matrix grow
at the expense of small particles. This is the last stage of phase
separation processes in alloys. Ostwald ripening can be explained
well by considering an effect of interfacial energy of the second
phase on the local equilibrium at the interface, where local equilib-
rium compositions at the particle–matrix interface are altered (the
Gibbs–Thomson effect).1 Due to the Gibbs–Thomson effect, a
mass transport takes place between second-phase particles in the
matrix, which leads to a concentration gradient between small and
large particles and results in the diminishing (coarsening) of small
(large) particles.

During the coarsening process of the second phase, the
average particle size increases while the total number of particles
decreases. Because the distribution of the second phase strongly
affects the mechanical properties of materials,2,3 tremendous efforts
have been made to understand the mechanism, with both theoreti-
cal and experimental approaches being employed.4–14 It has been
well demonstrated that the particle size distribution normalized by
the average value shows a time-invariant feature in the steady-state

condition, i.e., a self-similarity, and that the cube of the average
particle radius r3 is proportional to time t. To be more specific, it
follows the relation r3 � r3c ¼ K(t � tc), where K is the growth-rate
constant and rc and tc are, respectively, the average particle radius
and time at the onset of Ostwald ripening.

Note that most previous studies of Ostwald ripening have
focused on a uniform temperature field. In many practical situa-
tions, however, the temperature is not always uniform in materials.
Hence, in practice, the growth and coarsening of second-phase par-
ticles often take place under a temperature gradient. It has been
shown that second-phase particles migrate in the matrix in the
direction of a temperature gradient.15 Several works have been con-
ducted to clarify the migration behavior of particles15–18 and
various mechanisms for particle migration have been proposed.
Further research is needed to reveal the dominant mechanism of
particle migration. Moreover, experimental work on a fibrous
Al–Al3Ni system showed that the coarsening of the second phase is
accelerated by the temperature gradient.15 This point was investi-
gated in further detail by Snyder et al. using numerical simulations
based on a steady-state diffusion equation.19 They showed that
the growth rate of the second phase in a non-uniform temperature
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field is faster than one in a uniform temperature field. Although
they noted particle migration in their numerical results, it was
ignored in their analysis because the velocity was negligibly small.
Important work remains to be carried out to reveal details of
Ostwald ripening in a temperature gradient, such as a relation
between particle migration and the acceleration of the coarsening
process, and the dependence of particle size distribution on the
temperature gradient using an advanced numerical simulation tech-
nique that should be free from the assumptions and approxima-
tions made in the early theoretical and numerical works.

In this article, therefore, the effects of a temperature gradient
on the coarsening behavior of a second phase distributed in a
matrix are studied in detail using a quantitative phase-field model
(QPFM),20–23 which is one of the most effective and reliable
methods of describing microstructural evolution processes in alloy
systems. This article is organized as follows. First, the theoretical
background of QPFM is briefly described in Sec. II, as well as com-
putational conditions. In Sec. III, the calculated coarsening behav-
iors of particles randomly distributed in a matrix in both uniform
and non-uniform temperature fields are presented, and the effects
of temperature gradients on the coarsening behavior are discussed.
The results and new findings obtained in the present work are
summarized in Sec. IV.

II. METHOD

A. Quantitative phase-field model

A phase-field model (PFM) is a viable computational method
of describing a microstructure evolution process, where multiphy-
sics are generally involved, such as multicomponent solute diffu-
sion, heat diffusion, and fluid dynamics. A unique feature of PFM
is that an interface between neighboring phases (or domains) is
described by a continuous variation of phase-field variable which
takes constant values assigned to each phase. This diffuse interface
enables one to simulate complex microstructures without tracking
moving interfaces. However, it is known that simulated results
obtained from a conventional PFM depend on the interface
thickness.20–23 To avoid this serious problem, a QPFM has been
developed, where the solution to the free-boundary problem is
recovered in the thin-interface limit. Several QPFMs have been

suggested,20–22 depending on the system of interest and accordingly
the phenomenological correction term. The QPFM developed by
Ohno and Matsuura22 is used in this work.

In the QPFM, the phase-field variable, f, takes +1 in the solid
and −1 in the liquid and varies from +1 to −1 inside the solid–
liquid interface. The time evolution equation of f in a non-
temperature field is given by22,24

τ 1� (1� k)
x � x0
lT

� �
@f

@t
¼ W2∇2fþ f(1� f2)

� λ(1� f2)
2

uþ x � x0
lT

� �
, (1)

where t is the time; x is the distance along the temperature gradient;
x0 is a reference coordinate of x and is the center of the system in
the x-direction; k is the equilibrium partition coefficient; W is the
interface thickness; τ is the phase-field relaxation time defined as
τ ¼ a2λW2/DL, where a2 ¼ 0:6267 and DL is the solute diffusivity
in the liquid phase; λ is a coupling constant given as λ ¼ a1W/d0,
where a1 ¼ 0:8839 and d0 is the capillary length; and lT is a
thermal length defined as lT ¼ (TL � TS)/G using a temperature
gradient G with the liquidus and solidus temperatures, TL and TS,
for a given alloy composition. Furthermore, u is the dimensionless
local supersaturation defined as u ; (cL � ceL)/(c

e
L � ceS), where cL

and cS are the liquid and solid concentrations, respectively, and ceL
and ceS are their equilibrium values.

When a system is isothermal, Ostwald ripening is entirely
ascribed to the diffusion flux due to the concentration gradient
originating from the Gibbs–Thomson effect. Additional diffusion
flux may occur when a system is not isothermal. The diffusion flux
is caused by the Soret effect, i.e., the direct coupling between solute
diffusion and heat diffusion. Moreover, the additional diffusion
flux emerges according to the dependence of the solubility of the
solute atom on temperature, which causes the difference in local
equilibrium concentration at the interface at different temperatures
and, thereby, the diffusion flux in the matrix. In this study, we shall
focus on the latter effect and neglect the Soret effect for the sake of
simplicity. The time evolution of u is then given by

1þ k� (1� k)f
2

@u
@t

¼ ∇ � DLq(f)∇uþ 1

2
ffiffiffi
2

p 1� k
DS

DL

� �
W{1þ (1� k)u}

@f

@t
∇f
j∇fj

� �
þ 1
2
[1þ (1� k)u]

@f

@t
, (2)

where DS is the solute diffusivity in the solid phase and q(f) is
defined as

q(f) ¼ 1
2

(1þ f)k
DS

DL
� (1� f)

� �
: (3)

To effectively solve Eqs. (2) and (3) simultaneously, the pre-
conditioning25 is employed in this work. By changing the variable

from f to ψ [;
ffiffiffi
2

p
tanh�1(f)], Eqs. (2) and (3) become

αη2[1þ (1� k)u]
@ψ

@t
¼ η2 ∇2ψ � ffiffiffi

2
p

fj∇ψj2
� �

þ ffiffiffi
2

p
f

� ffiffiffi
2

p
a1W(1� f2) uþ x

lT

� �
(4)

and
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1þ k� (1� k)f
2

@u
@t

¼ ∇ � [q(f)∇u]þ ∇ � η

4
1� k

DS

DL

� �
{1þ (1� k)u}(1� f2)

@ψ

@t
∇ψ
j∇ψj

� �

þ 1

2
ffiffiffi
2

p [1þ (1� k)u](1� f2)
@ψ

@t
,

(5)

where x and t are normalized as x/d0 and DLt/d20 , respectively, and
α and η are defined as α ; τDL/W2 and η ; W/d0. The coupling
constant λ is given by

λ ¼ a1
W
d0

¼ a1W
RTm(1� k)(ceL � ceS)

vmγ
, (6)

where R is the gas constant, Tm is the melting temperature of pure
solvent, vm is the molar volume, and γ is the interfacial energy of
the solid–liquid interface.

Note that the QPFM employed here assumes a dilute solution
limit for a free energy and includes a “phenomenological” correction
term introduced for coupling between phase-field and conserved var-
iables.22 One of the present authors has recently proposed a varia-
tional formulation of a quantitative phase-field model in which the
cross-coupling terms are derived in a natural way.23 Also, this varia-
tional QPFM is free from the assumption of diffusion fields and can
be applied to a variety of phenomena. However, it is known that a
fast convergence of the results can be obtained by decreasing the
interface thickness, even in the earliest developed QPFMs.22,26,27

In the present work, therefore, the QPFM suggested by Ohno and
Matsuura22 is employed, in consideration of the balance between
computational cost and numerical accuracy.

B. Computational conditions

In this work, a coarsening behavior of second-phase particles
distributed randomly in a matrix is simulated, focusing on binary
alloy systems. The physical parameters used in the calculations are
summarized in Table I. Although the focus of this study is placed
on model alloys, the values of these parameters are the same as
those in the solidification of the Al-rich fcc phase in an Al–Cu
alloy. Because there is a rather small elastic strain during coarsen-
ing in an Al–Cu alloy system, experimental works have been con-
ducted to elucidate Ostwald ripening in this alloy system.13 In

addition, solute diffusion in the liquid phase takes place relatively
quickly in this alloy system, so it is expected that a coarsening
behavior of the second phase can be studied in a short computa-
tional time. Note that different values of the equilibrium partition
coefficient, k(; ceS/c

e
L) ¼ 0:14, 0:24, and 0:34, are considered in

this study in order to investigate its effect on coarsening behavior.
Hence, the focus of this study is basically model alloys.

Equations (4) and (5) are discretized using a second-order
finite difference scheme and are solved using a first-order Euler
scheme. Two-dimensional (2D) simulations are performed in a
computational domain of 6144 × 12 288 μm2 with grid spacing
dx ¼ dy ¼ 1:5� 10�6 m. The initial particles of the second phase
are distributed randomly in a liquid phase. There are 16 875 parti-
cles and their initial radius, r0, is randomly set at 2.0 dx to 3.0 dx.
The initial composition of liquid, c0L, is provided through the
dimensionless local supersaturation u0 [; (c0L � ceL)/(c

e
L � ceS)], and

the composition of the second phase is determined through the
local equilibrium condition. Two liquid compositions are consid-
ered: u0 =−0.20 and −0.30. The temperature gradient, G, is applied
to the system along the x-axis, and two temperature gradients are
considered, G = 4.0 × 103 and 8.0 × 103 K/m, as well as a uniform
temperature field (G = 0 K/m). For G = 0 K/m, a uniform tempera-
ture T = 850 K is applied to the system. For G = 0 K/m, the tem-
perature at the center of the system is fixed to 850 K, where the
temperature on the left side is set higher than that on the right
side. For the sake of simplicity, the particle coalesces are not con-
sidered. Therefore, these values of temperature, composition, and
temperature gradient are chosen such that the volume fraction of a
particle does not exceed 0.4.28 The time step dt is set to
1.5 × 10−4 s, and a time evolution process is investigated until
tmax ¼ 750 s. The interface width is set to W = 0.8 dx. The zero-flux
boundary condition (or Neumann boundary condition) is
employed at the left and right edges of the system, while the peri-
odic boundary condition is used at the upper and lower edges.

In addition to 2D simulations thus described, we carried
out three-dimensional (3D) simulations for G = 0, 4.0 × 103,
and 8.0 × 103 K/m. We employed the computational domain
of 6144 × 192 × 192 μm3 with grid spacing dx ¼ dy ¼ dz
¼ 1:5� 10�6 m. The temperature gradient is applied in the
x-direction. The Neumann boundary is accordingly employed at
the edges of x = 0 and 6144 μm, while the periodic boundary condi-
tion is applied in the y- and z-directions. About 1000 particles are
randomly distributed in the initial state. The values of u0 and k are
set to −0.20 and 0.34, respectively. The time step dt is set to
1.1 × 10−4 s, and a time evolution process is investigated until
tmax ¼ 536 s. All other conditions are the same as those in the 2D
simulations. All simulations in this study are accelerated by a
graphics processing unit.

TABLE I. Physical parameters used in the present study.32

Physical parameter Value

Molar volume, vm (m3/mol) 1.0 × 10−5

Interfacial energy of solid–liquid
interface, γ (J/m3)

0.16

Liquidus slope, mL (K/mol. %) −620.0
Melting temperature of pure Al, Tm (K) 933.25

Liquid diffusivity, DL (m
2/s) 1.06 × 10−7 exp

(−2.41 × 104/RT)
Solid diffusivity, DS (m

2/s) 4.44 × 10−5 exp
(−13.4 × 105/RT)
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A preliminary work is conducted to clarify the direction of
solute diffusion between neighboring solid particles with and
without temperature gradient (see the Appendix). The calculated
results are consistent with those shown in Sec. III. They clearly show
that the direction of solute diffusion in a non-uniform temperature
field is quite different from that in a uniform temperature field.

III. RESULTS AND DISCUSSION

A. Effects of temperature gradient on growth rate,
migration velocity, and size distribution

The initial particle distribution and time evolution process of
microstructures calculated in uniform and non-uniform tempera-
ture fields (G = 0 and 4.0 × 103 K/m) for u0 =−0.30 and k = 0.34 are
presented in Figs. 1 and 2, respectively. In Fig. 1, all particles grow
with time at the initial stage [see Fig. 1(b2)], but then only large
particles continue growing and small particles start diminishing.
This is typical Ostwald ripening behavior. When the temperature
gradient is applied, the particle distribution becomes non-uniform
along the x-axis [Figs. 2(a1)−2(a4)]. The particle density is low in
the high temperature region (left side), while it is high in the low
temperature region (right side). This non-uniformity becomes sig-
nificant with time. Furthermore, each particle moves to the left side
while exhibiting Ostwald ripening behavior [Figs. 2(b1)−2(b4)].
The migration behavior of particles toward the warmer region of
the system is consistent with previous work by Snyder et al.19

The migration of a particle takes place by the migration of the
solid–liquid interface. In the present system, this migration behav-
ior can be attributed to the diffusion flux caused by the temperature

dependence of solubility (see the Appendix). The solute diffusion
induces the growth (dissolution) of particles on the left (right) side
due to the differing solubility of solute at each temperature, which
results in the movement of particles to the left side. Note that the
circular shape of particles does not significantly deviate during
their migration under the temperature gradient.

In Fig. 2, it can be seen that planar regions of liquid and solid
phases are formed at high-temperature (left) and low-temperature
(right) sides, respectively, even though the temperatures at both
edges of the computational domain are in the range of two-phase
equilibrium. This is due to the effect of the zero-flux boundary
condition. Because of the zero-flux boundary condition, the solute
atoms are accumulated (depleted) in the left (right) side, forming
the liquid (solid) region. In the following analyses, therefore, only
the two-phase region is considered while the effect of the zero-flux
boundary condition is neglected; i.e., the planar regions of liquid
and solid are removed. Specifically, the regions of 1572 and
2322 μm are, respectively, eliminated from both left and right edges
in the analyses for G = 4.0 × 103 and 8.0 × 103 K/m. This results in
the same temperature range (844–856Κ) of the analyzed system
domains for G = 4.0 × 103 and 8.0 × 103 K/m.

In all cases, although not shown here, the number of particles
monotonically decreases with time, while their average radius mono-
tonically increases with time. The average area fraction of the second
phase is almost independent of time after an initial transient period,
and steady-state growth is achieved after t = 300 s (;tc) in all cases.
The time dependence of the average radius of particles after t ¼ tc is
plotted in Fig. 3, where the horizontal axis is the time after t ¼ tc
and the vertical axis represents the cube of average particle radius,

FIG. 1. Solute concentration map calculated for u0 =−0.30, k = 0.34, and G = 0 K/m. (a) Initial microstructure, and (b1)–(b4) the microstructures at t = 0, 120, 240, and
750 s in the small region indicated by a black square in (a).
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r3 � r3c . One can see that the cube of the average particle radius is
proportional to the time for both uniform and non-uniform temper-
ature fields, and the growth rate of particles significantly increases
with the magnitude of the temperature gradient.

The effects of u0 and k on the coarsening behaviors are
investigated. Figure 4 shows the temporal changes of average par-
ticle radius calculated for u0 = −0.20 and −0.30 and k =0.14 and
0.34 in uniform and non-uniform temperature fields, G = 0 and
4.0 × 103 K/m. The growth rate is faster for u0 = −0.30 than for
u0 = −0.20. This faster coarsening behavior for u0 =−0.30 is due
to the fact that the area fraction of the particles is increased as u0
decreases in the alloy system under consideration. The increment
of area fraction of particles causes a small diffusion distance
between neighboring particles. As for the effect of k, the growth
rates for k = 0.34 are higher than those for k = 0.14. This can be
explained from the following balance equation at the solid–liquid
interface:

(c*L�c*S)v ¼ �DL
dc
dx

				
i

, (7)

where v is the velocity of the interface, c*L (c*S) is the liquid (solid)
concentration at the interface, and dc/dxji is the concentration
gradient at the interface in the direction normal to the interface.
Because the difference in concentrations between solid and liquid
phases at the interface is small for a large k (; ceS/c

e
L), the interface

velocity increases when the concentration gradient is not signifi-
cantly altered by a different value of k.

A ratio of the growth rate constants of uniform and non-
uniform temperature fields, Khet/Khom, is calculated for u0 =−0.20
and −0.30 with k = 0.34. It is found that Khet/Khom � 1:22 for both
alloy compositions. Also, in the case of k = 0.14, it is found that
Khet/Khom � 1:13 for different values of u0. This suggests the possi-
bility that the difference in growth rates between uniform and non-
uniform temperature fields is not sensitive to alloy composition.

The temporal changes of particle size distribution after t ¼ tc
are examined, and the calculated results for different temperature
gradients are shown in Figs. 5(a)−5(c), where the horizontal axes
represent the particle radius r normalized by the average value <r>.
In order to increase the sample data, the same simulations with dif-
ferent initial particle distributions were conducted seven times and
the averaged data are plotted. One can see that for all temperature

FIG. 2. Calculated time evolution process in the temperature gradient (G = 4.0 × 103 K/m) for u0 =−0.30 and k = 0.34. (a1)–(a4) are the solute concentration profiles at
t = 0, 240, 480, and 750 s, respectively, in the whole system, and (b1)–(b4) are magnified profiles in the small region indicated by a black square in (a3). As seen in (b1)–
(b4), all particles move to the higher temperature side (or the left side) with time, and large particles (see particle i) grow at the expense of small particles (see particle ii).
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gradients, the peak positions decrease and shift to the larger parti-
cle radius region with time. Importantly, the size distributions
exhibit a steady-state distribution; i.e., self-similarity. Although not
discussed here, these steady-state size distributions cannot be
explained by the theoretical models proposed for a uniform tem-
perature field.4,28,29 In Fig. 5(d), the calculated size distributions for
different temperature gradients are compared at t � tc ¼ 450 s. The
size distribution becomes broader as the temperature gradient
increases. The reason for this broad size distribution for large tem-
perature gradients is discussed in Sec. III B, as is the reason for the
high growth rate of particles for large temperature gradients.

B. Analysis of local coarsening behavior
and migration process

The coarsening behavior and migration process of particles
are given a closer look by dividing the simulation system in the
non-uniform temperature field (G = 4.0 × 103 K/m) into four tem-
perature regions: (I) 853–856, (II) 850–853, (III) 847–850, and (IV)
844–847 K.

The calculated temporal changes of average radius in four
temperature regions are shown in Fig. 6(a). The time evolution
process of the entire system corresponds to that shown by triangle
plots in Fig. 3. The cube of the average radius of particles is propor-
tional to the time in each temperature region. The coarsening
occurs rapidly in the low temperature regions. The growth rate
largely depends on local temperature and, thereby, particles of
largely different sizes exist in a non-uniform temperature field.
This explains the broad particle size distribution for large tempera-
ture gradients in Fig. 5(d).

Our simulations showed that the concentration, averaged over
the local region, is constant in time and space during coarsening in
the temperature gradient. Therefore, the difference in local growth
rate may be attributed to the different area fraction. The temporal
changes of area fraction in the four regions are shown in Fig. 6(b).
The area fraction of particles in the low temperature region is
larger than that in the high temperature region. This is readily
understood from the lever rule in the phase equilibria of our focus.
As the area fraction increases, the inter-particle distance (i.e., the
diffusion distance between particles) decreases. Therefore, the large

FIG. 3. Temporal change of average radius of particles calculated for
u0 =−0.30 and k = 0.34 in various temperature gradients: G = 0 (black),
4.0 × 103 (red), and 8.0 × 103 (blue) K/m. The dashed lines represent the
approximated linear functions with growth-rate constants K = 7.9, 8.6, and
11.2 μm3/s for G = 0, 4.0 × 103, and 8.0 × 103 K/m, respectively.

FIG. 4. Temporal change of average particle radius for G = 0 and 4.0 × 103 K/m
after t ¼ tc, using (a) u0 =−0.20 and −0.30 with k = 0.34 and (b) k = 0.14 and
0.34 with u0 =−0.30.
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area fraction of particles is one of the reasons for the high growth
rate at low temperatures in Fig. 6(a). However, it is not the only
reason. If the area fraction were the only reason for the high
growth rate, the growth rate averaged over the whole system should
be the same, regardless of the value of the temperature gradient
when the maximum and minimum temperatures are the same in
the system under analysis. In our analysis, the maximum (left) and
minimum (right) temperatures are set to the same values in the
cases of G = 4.0 × 103 and 8.0 × 103 K/m. However, the growth rate
averaged over the whole system increases with the temperature gra-
dient, as shown in Fig. 3. Hence, there must be another important
factor that accelerates the coarsening process in the temperature
gradient. It is particle migration, as detailed below.

The dependence of individual particle velocity on its size is
investigated and is shown in Fig. 7(a). These are the velocities of

each particle averaged over t � tc ¼ 442:5� 450 s. No correlations
between particle size and velocity can be found. This indicates that
the migration velocity is predominantly determined by the diffu-
sion flux in the matrix driven by the temperature dependence of
solubility. The time dependence of migration velocity averaged in
each temperature region, �v, is shown in Fig. 7(b). The particles con-
tinue to move from low to high temperature regions over the entire
time period. In addition, it can be seen that the average velocities
of particles are higher at high temperatures than at low tempera-
tures. These high velocities of particles at high temperatures stem
from a small difference in the solute concentrations of the solid
and liquid phases. When the right-hand side of Eq. (7) is nearly
constant, the velocity of the solid–liquid interface increases as the
difference between solute concentrations of solid and liquid
decreases. Therefore, the migration velocity of particles is faster at

FIG. 5. Temporal change of particle size distribution after t ¼ tc calculated for u0 =−0.30 and k = 0.34 in various temperature gradients: G = (a) 0, (b) 4.0 × 103, and
(c) 8.0 × 103 K/m. (d) Comparison of the calculated particle size distributions at t � tc ¼ 450 s using the three different temperature gradients.
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high temperatures than at low temperatures. Note that DL is
temperature-dependent, as seen in Table I, and may affect the
interface velocity v. However, we checked its influence on velocity
by fixing DL to a constant value and found that its effect is
negligible.

As described above, the high area fraction of the particles
yields the high growth rate at low temperature. The relatively
large particles grown at low temperature then moves toward the
high temperature region. Such migration of large particles
increases the average radius in the high temperature region.
When the temperature gradient is high, the migration velocity
increases in the entire system. Many large particles grown in the

low temperature region move to the high temperature region,
causing an apparent acceleration of the growth rate of particles
in the entire system.

C. 3D analysis

The coarsening processes in the 2D system are investigated in
Secs. III A and III B. Here, 3D simulations are conducted to
confirm whether or not the same behavior as with the 2D simula-
tions can be obtained, e.g., an acceleration of growth rate with tem-
perature gradient and a migration of second-phase particles to the
warmer temperature side.

FIG. 6. Temporal change of (a) average radius of particles and (b) area fraction
in each local area after t ¼ tc calculated for u0 =−0.30, k = 0.34, and
G = 4.0 × 103 K/m. The dashed lines in (a) represent approximated linear func-
tions with the growth rate constants K = 5.7, 7.3, 9.9, and 12.4 μm3/s for area-I,
-II, -III, and -IV, respectively.

FIG. 7. (a) Velocity of each particle, vi , averaged over t � tc ¼ 442:5� 450 s
in each local region calculated for u0 =−0.30, k = 0.34, and G = 4.0 × 103 K/m.
The horizontal axis represents the particle radius, ri . (b) Temporal change of
migration velocity averaged in each local region after t ¼ tc calculated for u0-
=−0.30, k = 0.34, and G = 4.0 × 103 K/m.
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Figure 8 shows the time evolution process of the 3D
microstructure under a temperature gradient (G = 4.0 × 103 K/m).
In Figs. 8(b1)−8(b4), one finds that the second-phase particles
migrate from low (right) to high (left) temperature regions while
exhibiting Ostwald ripening, as seen in the 2D simulations. This is

ascribed to the diffusion flux due to the temperature dependence of
solute solubility, as mentioned in Sec. III A. The formation of
liquid and solid regions can be seen at the left and right edges of
the system, respectively [Figs. 8(a1)−8(a4)]. This is due to the zero-
flux boundary condition. In order to eliminate the effect on the

FIG. 8. Time evolution process of 3D microstructure under the temperature gradient (G = 4.0 × 103 K/m) in (a) the whole system and (b) a part of the system. The magni-
fied part (b) is of the region indicated by a black square in (a3). The second-phase particles are colored in blue and the liquid phase is made transparent.

Journal of
Applied Physics ARTICLE scitation.org/journal/jap

J. Appl. Phys. 130, 015109 (2021); doi: 10.1063/5.0055198 130, 015109-9

Published under an exclusive license by AIP Publishing

https://aip.scitation.org/journal/jap


following analysis, the regions of 2322 μm (2697 μm) from the left
and right edges are removed for G = 4.0 × 103 K/m (8.0 × 103 K/m).
Note that the analyzed system domains for G = 4.0 × 103 and
8.0 × 103 K/m are in the same temperature range (T = 847–853Κ).

To investigate the effects of the magnitude of temperature gradi-
ent on the coarsening process, the same simulation with different
initial particle distributions was conducted four times for G = 0 or
4.0 × 103 K/m and eight times for G = 8.0 × 103 K/m, in order to
increase the sample data. The calculated temporal changes of average
radius and velocity of particles are shown in Figs. 9(a) and 9(b),
respectively. In these figures, the horizontal axes indicate the time
after t = 193 s (;tc) because the steady-state growth was confirmed
from this time period. In Fig. 9(a), the cube of average particle radius
is proportional to time in all cases, and the growth rate of particles
increases with the temperature gradient. Moreover, as can be seen in
Fig. 9(b), the average velocity of particles is constant during the
coarsening process under the temperature gradient. These results are
consistent with those in the 2D simulations. The particle size

FIG. 9. Temporal change of (a) average radius and (b) average velocity
of particles after t ¼ tc in 3D simulations. The dashed lines in (a) repre-
sent approximated linear functions with the growth rate constants
K = 20.5, 23.5, and 27.3 μm3/s for G = 0, 4.0 × 103, and 8.0 × 103 K/m,
respectively.

TABLE II. Calculation conditions of additional simulations for 2D and 3D systems.

2D 3D

Temperature gradient, G (K/m) 12.0 × 103 16.0 × 103 12.0 × 103 16.0 × 103

System size (μm2 or μm3) 4096 × 8192 2048 × 4096 4096 × 128 × 128 2048 × 64 × 64
Grid size, dx (m) 1.0 × 10−6 0.5 × 10−6 1.0 × 10−6 0.5 × 10−6

Time step, dt (s) 6.7 × 10−5 1.7 × 10−5 4.8 × 10−5 1.2 × 10−5

Retention time, tmax (s) 510 150 238 42

FIG. 10. The dependence of the average migration velocity of a particle on the
temperature gradient calculated for u0 =−0.20 and k = 0.34 in the 2D and 3D
simulations. The plots represent averaged values over the results of several sim-
ulations having different initial conditions.
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distribution cannot accurately be obtained in this 3D analysis
because of an insufficient number of particles in the computational
domain. It remains to be investigated in a future work.

The average migration velocities of particles obtained from the
2D and 3D simulations are plotted with respect to the temperature
gradient in Fig. 10, where additional simulations are performed at
very high temperature gradients, G = 12.0 × 103 and 16.0 × 103 K/m,
with u0 =−0.20 and k = 0.34. The calculation conditions of the
additional simulations are summarized in Table II. From Fig. 10, it
can be seen that the velocity increases almost linearly with the tem-
perature gradient in both 2D and 3D simulations. This is consistent
with the discussion in the early works.15 The average migration
velocities calculated from the 2D and 3D simulations show a quan-
titative agreement. This suggests that the migration behavior of par-
ticles is entirely attributable to the diffusion flux driven by the
concentration gradient originating from the temperature depen-
dence of solute solubility. It is noteworthy that the velocity
becomes as high as 0.8 μm/s when G is 16.0 × 103 K/m. Therefore,
the migration behavior of particles cannot be negligible when the
material is subjected to an extended period of annealing under a
high-temperature gradient.

IV. CONCLUSION

The effects of a temperature gradient on the coarsening behav-
iors of a second phase distributed in a matrix were investigated
using a quantitative phase-field model. It was confirmed that large
particles grow with time at the expense of small particles in both
uniform and non-uniform temperature fields. Regardless of the
value of the temperature gradient, the cube of the particle radius is
proportional to the time, and the particle size distribution shows a
self-similarity when a system reaches a steady state. Importantly,
the growth rate of particles increases with the temperature gradient
and the steady-state size distribution depends on the temperature
gradient. Moreover, a migration of particles from low to high tem-
perature regions was observed during the coarsening process when
a non-uniform temperature field is applied. While the high area
fraction of the particles yields the high growth rate at low tempera-
ture, the relatively large particles grown at low temperature move
toward the high temperature region. Hence, the migration of large
particles results in an increase of average radius in the high temper-
ature region and thereby in the whole system.

For the sake of simplicity, we focused on the process with a
low volume fraction of particles to avoid particle coalesces. For a
system with a larger volume fraction, the use of a multi-phase-field
model would be required, as in Refs. 10 and 11. This is beyond the
scope of the present research and remains as a future work. It is
noteworthy that Ostwald ripening has been investigated using the
phase-field crystal (PFC) method as well.30,31 The PFC method
enables one to simulate the evolution of the microstructure at diffu-
sive time scales and incorporate elasticity, multiple crystal orienta-
tions, grain boundaries, and dislocations, which are not considered
in the present work. Although a system size used in the PFC
method is still limited, it has a potential to elucidate the mecha-
nism of Ostwald ripening from the atomistic point of view.
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APPENDIX: THE EFFECT OF TEMPERATURE GRADIENT
ON SOLUTE DIFFUSION DIRECTION

Before elucidating the effect of temperature gradients on
Ostwald ripening behavior, a preliminary work is conducted in this
appendix, where the direction of solute diffusion between solid par-
ticles with and without a temperature gradient is investigated.
A two-dimensional simulation size of 336 × 96 μm2 is considered
here with G = 0 and 4.0 × 103 K/m. Four solid particles of initial
radius r0 = 24.0 dx (P1, P2, P4, and P5) and one with r0 = 2.0 dx
(P3) are placed in a liquid phase as shown in Fig. 11. The temporal
changes of the solute concentration profiles calculated for
u0 =−0.10 and k = 0.34 with and without a temperature gradient
are shown in Fig. 12. It is found that particles migrate from the low
temperature region to the high temperature region while exhibiting
Ostwald ripening behavior. (The mechanism of this migration
behavior is discussed in Secs. III A and III B.) It is noteworthy that
the time at which the small solid particle (P3) disappears is the
same in both calculations with and without a temperature gradient
(t = 54.0 s).

To clarify the effect of temperature gradient on solute diffu-
sion, the temporal change of solute concentration profiles at
y = 48 μm (represented as red broken lines in Fig. 12) is shown in
Fig. 13, where a low (high) concentration region corresponds to a
solid (liquid) phase. In both simulations with and without a tem-
perature gradient, the region of the solid particle P3 narrows with
time and eventually becomes a liquid phase. However, the mecha-
nisms of the transition of P3 to a liquid phase are quite different in
the two cases. As can be seen in Figs. 13(a2) and 13(b2), there are
concentration gradients from P2 and P4 to P3 for the uniform tem-
perature field, while there is a concentration gradient only from P4
to P3 for the non-uniform temperature field. These results indicate
that the solute diffuses from both P2 and P4 regions into the P3
region in a uniform temperature field, while solute diffusion occurs
only from P4 into P3 in the non-uniform temperature field. This
suggests that the direction of a solute flux is significantly influenced
by the temperature gradient.

FIG. 11. Initial solute concentration profile. The large particles are denoted as
P1, P2, P4, and P5. The small particle is denoted as P3.
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FIG. 12. Temporal changes of solute concentration map calculated for u0 =−0.10 and k = 0.34 at t = 13.5, 27.0, 40.5, and 54.0 s with (a) G = 0 and (b) G = 4.0 × 103 K/m.
For the uniform temperature field, the temperature is set to 850 K. For the non-uniform temperature field, the temperature at the center of the system is set to 850 K.

FIG. 13. Temporal changes of solute concentration profiles at y = 48 μm (represented as red broken lines in Fig. 12). (a2) and (b2) are the magnified parts of (a1) and
(b1), respectively.
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