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A method for structuring stochastic travel time by using risk

premiums of stochastic link flow

This study proposes a method for structuring stochastic link travel times in a road

network with stochastic traffic demands. In our proposed method, the uncertainty

of travel time is evaluated by link-flow-based indices. The mean link travel time is

represented by using both its mean link flow and the corresponding risk premium

of the stochastic link flow. The risk premium is defined by a concept of certainty

equivalent derived from the relationship between a stochastic link flow and a link

cost function. By expanding the concept of risk premium, a calculation method of

link travel time covariance is proposed. Our proposed method defines bi-variate

risk premiums, by which the mean of the product of two stochastic link travel times

can be calculated. As a numerical calculation, we demonstrate our proposed

method in a test network. Finally, we conclude and show future directions for

evaluating real road networks.

Keywords: stochastic traffic demand; travel time reliability; risk premium;

certainty equivalent
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1. Introduction

Day-to-day travel time observations reveal stochastic fluctuation of travel time in road

networks. Some empirical studies have indicated that travel time uncertainty affects a

driver’s route choice behavior (Abdel-Aty et al., 1997). For this reason, travel time

uncertainty has increasingly drawn attention in transportation research.

One of the main problems for road administrators is how they evaluate the

uncertainty of travel time in road networks for evaluating the quality of transport projects.

Recently, several papers have proposed traffic assignment models considering some

kinds of uncertainties in a road network, so-called reliability-based user equilibrium

(RUE) model (e.g., Lo & Tung, 2003.; Lo et al.; 2006; Shao et al., 2006; Watling, 2006;

Lam et al., 2008; Siu & Lo, 2008; Chen & Zhou., 2010; Wang et al., 2014). Some of these



studies assumed no correlation on link travel times because of large computational
burdens (e.g., Lo et al., 2006; Shao et al., 2006; Chen & Zhou., 2010; Wang et al., 2014).
However, empirical studies have shown that ignoring the correlation of travel time can
result in an inaccurate evaluation of transport projects (e.g., Nicholson, 2015; Nicholson
& Watling, 2015). Following this context, some papers have proposed RUE models with
correlated link travel time. (e.g., Prakash et al., 2018) These models are difficult to be
solved because these models are often formulated as path-based RUE models, which have
many variables and have a non-unique solution. Although algorithms for solving RUE
models with correlated link travel time have been proposed (e.g. Srinivasan et al., 2014),
there is still no algorithm that is enough efficient to be solved for practical use as far as
the authors know.

In the case of analyzing connectivity or vulnerability of road networks, it is
necessary to forecast travel time in a road network with link disruptions. Jenelius et al.
(2006) have proposed link importance indices and exposure indices based on the
generalized travel cost without considering congestions caused by link disruptions. They
indicated that the consideration of the congestions is important in vulnerability analysis.
For considering congestions in vulnerability analysis, traffic simulations or traffic
assignments must be performed for each link disruption. For example, Xu et al. (2018)
have proposed a bi-level programming model, in which the upper level is network
capacity maximizing problem and the lower level is traffic assignment problem, for
addressing the measure of network redundancy. In these models, the impact of travel
demand fluctuation is not considered because of the large computational burden, because
RUE models with correlated link travel times are difficult to be solved by why we

mentioned above. However, correlation of link travel times can be considered as an



important factor for considering link disruptions, because a link disruption affects
widespread road networks.

Some papers have proposed network design problems and road pricing problems
with travel time reliability. Lo & An (2015) and Uchida et al. (2015) have proposed
reliability-based network design problems (RNDP) that minimize the sum of the expected
total travel time and the other costs, i.e., operational cost; Di et al. (2018) have proposed
RNDP that maximizes the flow-based accessibility; Sumalee & Xu (2011) have proposed
a first best marginal cost pricing problem that minimizes the weighted sum of mean and
variance of total travel time. As shown above, many kinds of criteria have been used for
measuring network performance. On the other hand, drivers’ disutility for transportation
is used for the criteria in the context of cost-benefit analysis. From the perspective of
general users, the optimal design of a road network should be performed by maximizing
the user benefits among the whole road network. Therefore, it is reasonable to adopt the
driver’s disutility as a criterion for measuring network performance for RNDP. Clark &
Watling (2005) proposed a method that calculates the stochastic distribution of total travel
time by using the multivariate moments of the stochastic link flows. However, it is still
difficult to calculate total drivers’ disutility for uncertain travel time by their method.

For overcoming above mentioned difficulties, this study proposes a simple
method that calculates a driver’s disutility for stochastic travel time in the presence of
correlation of link travel time. We adopted the concepts of certainty equivalent and risk
premium in financial economics in our proposed method. By following concepts of
certainty equivalent and risk premium, the driver’s disutility for stochastic travel time is
defined by using mean and risk premiums of the stochastic link flow. For considering the
correlation of link travel times, the conventional definitions of certainty equivalent and

risk premium are extended in this study. Accordingly, our proposed method decomposes



the covariance of link travel time into two components of corresponding two links. Thus,
we define contributions for driver’s disutility of each link in a road network by applying
our proposed method. They enable us to analyze the driver’s disutility for stochastic travel
time in the presence of correlation of link travel time by using mean and risk premiums
of the stochastic link flow.

The outline of this paper is as follows. In section 2, stochastic traffic flows and
stochastic travel times are formulated, and approximated representations of mean and
variance-covariance of stochastic link travel times are also shown. In section 3, the model
proposed in section 2 is demonstrated by using both a simple situation and a test network.

In section 4, we conclude and show future perspectives.

2. Formulation

In this section, we formulate stochastic traffic flow, mean and variance-covariance of
stochastic link travel time based on the certainty-equivalent concept. Note that variables
in capital letters and those in lower case letters are random variables and deterministic

variables, respectively. A notation list is summarized in Appendix A.

2.1 Traffic flow

This study assumes stochastic traffic demands. Note that, the discussion in this subsection
is independent of the distribution type of a stochastic origin-destination (OD) traffic
demand. However, additive random variables such as a normal distribution should be
selected as OD traffic demands, when the same theoretical distribution among OD traffic
demands, path flows and link flows is required. Mean of traffic demand between OD pair
wis given as q,, = E[Q,,] where Q,, is the stochastic OD demand. When the coefficient
of variation is given as cv,,, a variance of OD traffic demand is defined as var[Q,,] =

(cvy * qw)?. By summing up the all stochastic path flows between OD pair w, Fi¥, OD



demand Q,, is represented as

0,=> F' VYweW (1)

kekK,,

Stochastic link flow V,, is represented as a summation of all path flows which pass through

link a.

V.= > 8,..-F' Vaed (2)

welW kek,,

where 6, i 4 1s a variable that equals one if path k between OD pair w passes link a, and
zero otherwise. Mean of OD traffic flow between OD pair w, q,, is the summation of all

mean path flows between the OD pair w, f*. The mean path flow is always nonnegative.

q, = Z [ YweWw 3)

kek,,

=0 VkeK, ,weW 4)

wo

where fp¥ = E[F}¥]. Mean link flow v, =E [Va] is the summation of the mean of path

flows which pass through link a.

v, = Z Z Opra Ji Yae A ®))

welW kek,,

2.2 Certainty equivalent of traffic flow

In this subsection, we apply concepts of certainty equivalent and risk premium developed
in financial economics to the formulation of stochastic travel times in a road network. For

a simple explanation, we assume a random variable X and a utility function u(X). Then,

the expected utility is represented as



Efu(X)]=u(x,) (6)

where x is a certainty equivalent of a random variable, X, with respect to a utility function,
u(X). In other words, the certainty equivalent of a random variable X is a deterministic
variable specific to the expected utility. We apply this relationship to the representation

of link travel time and link flow. Based on our interpretation, stochastic link flow and link

cost function correspond to random variable X and utility function u(X), respectively.

Note that, this study adopts BPR function (Bureau of Public Roads, 1964) as a link cost

function:

ta(va)zt;’-{1+aa-[v—“juJ Vae A (7)
ca

where ¢, and t] are link traffic capacity and free-flow travel time. a, and n, in (7) are
calibration parameters. In general, the BPR function is applied to a deterministic road

network where traffic flows and travel times are represented by deterministic variables.
However, in this study, by substituting a stochastic link flow ¥, for v, to BPR function,

we define stochastic link travel time as a random variable following previous studies such

as Lam et al. (2008) and Uchida (2014).

ta(Va)zt;’-LHaa-[&]aJ Vae A (8)
ca

We understand that some studies assume that a traffic demand does not follow a normal
distribution and that a link travel time follow some specific distribution such as a
lognormal distribution (e.g. Sumalee & Xu, 2011; Chen et al., 2018; Tani & Uchida,

2018) and a Burr distribution (e.g. Susilawati et al., 2013; Taylor, 2017). When a



stochastic link flow ¥, is separated by the deterministic term v, and random term &,
risk premium of link flow 7, is defined by using mean and certainty equivalent of link

flow.

r,=vi-v, Vaed 9)

where V! is the certainty equivalent of link flow. By using deterministic risk premium of

link flow, the mean link travel time is redefined as
Elt,(v,+¢&)]=t,(v,+7,) VaeAd (10)

Then, first-ordered Taylor series approximations of both sides of (10) are respectively

represented as
Elt,(v, +&,)]~ E[ta(va) +%t;2>(va) : gj}: t,(v,) +%t;2)(va) -var[V, ] Vae A(11)

t,v,+rx)=t,(v)+t"(,) 7, Yae A (12)

Note that ¢ in (11) is n-th order derivative of a link cost function with respect to mean

link flow Vv, . It is not necessary to consider high-dimensional terms more than two-

dimensional terms in (11), because we assume that link flow follows a normal distribution.
Higher-dimensional moments than two-dimensional terms of a normal distribution are
negligibly small. We also assume that the right side of (10) is linearly approximated as
(12). From the above two approximated equations, a linear equation with respect to the

risk premium of mean link flow, 7, , is explicitly deducted. By solving (10)-(12), risk

premium of link flow, 7, is defined as an approximated closed form:



12
7w, =———=varllV, Vae A 1
a 2 t[(ll)(va) [ a] ( 3)
Following (9) and (13), the certainty equivalent of link flow is represented by using mean
and risk premium of link flow shown as

lMva‘r[V] VYae A (14)

o

Vi=v +7 =V +
a a a a (]) a
2t°(v,)

The certainty equivalent of link flow is determined by parameters of a link cost function,
mean and variance of link flow. The discussion above is based on the results shown in
Pratt (1964). Note that risk premium of link flow, 7, , converges to zero when link flow
variance approaches to zero, or equivalently link flow changes to deterministic variable

shown as

lim m,=0Va€A (15)

var[Vg]—-0

A risk premium of link flow which is defined in (13) can be regarded as the effect of the
random term of link flow on a link cost function. Figure 1 shows an intuitive explanation
of the relationship between the mean of link travel time and the certainty equivalent of

link flow. In Figure 1, link travel time of link a, #,(v,), is shown when mean link flow is

v,=1,000 [PCU/hour]. The mean of link travel time, E[z,(V,)], is slightly larger than
fa(Va). Here, certainty equivalent of link flow, v, can be calculated subject to

E[t,(V,)]=t,(v*). And thus, the risk premium of link flow, 7, corresponds to additional

link flow in terms of the mean of link travel time.

[Figure 1 near here]



In general, in financial economics, for deduction of risk premium based on Pratt (1964)
from the relationship between utility function and stochastically-distributed price of a
good, either of following two conditions must be satisfied, i.e., either (i) price of good
follows elliptical distribution (e.g. Samuelson, 1970; Chamberlain, 1983; Owen and
Rabinovitch, 1983) or (ii) utility function is quadratic (e.g. Tobin, 1958). It is unrealistic
to assume a quadratic link cost function. Thus, this study assumes stochastic link flow
following an elliptical distribution. Many prior studies, e.g. Shao et al. (2006)., Lam et al.
(2008)., Uchida (2014), assume that link flows follow normal distributions, which is a
typical example of elliptical distributions. Assumption of normal distribution makes it
easy to formulate traffic flow modeling, due to its reproductive property. In the following

discussion, we assume normally distributed link flows.

2.3 Variance-covariance of stochastic link travel time

In this section, we define bi-variate risk premiums of two link flows for calculating the
mean value of the product of two stochastic link travel times. A set of the bi-variate risk

premiums, i.e., T, and 7,4, satisfy the following equation:

E[ta (Va +‘9a)'tb (Vb +gb):|:ta (Va +7%a\b)'tb (Vb +7%b\a) Vae A,be A

(16)
Therefore, the covariance of link travel time can be formulated as
COV[Ta' Tb] = ta(va + 7/-’t-¢7t|b) ' tb(vb + 7:"\'b|a) - ta(va + T[a) “tp (Ub + 7-’-'b)(17)

When covariance of two link travel times, cov[T,, T} ], is given, a vector of bi-variate risk
. A Ja) T . . . . .
premiums, (ﬂ'a‘b,ﬂ'b‘u) in the above equation is not specified uniquely, because every

point on the nonlinear curve shown by (17) can be the bi-variate risk premiums. In some

studies of financial economics, the same discussions have been provided. Duncan (1977)



proposed a method for specifying risk premiums vector by linear approximation of utility
function. An example obtained by applying the method of Duncan (1977) to this study is
shown in Appendix B.

The method proposed in Duncan (1977) cannot decompose covariance of link
travel time into risk factors that are stochastic link flows. Therefore, we made some
assumptions on a set of bi-variate risk premiums. Risk-premium-based link travel time

covariance shown in (17) is transformed as
COV[ Ta,Tb] = (ta(va + ﬁ'alb) + ta(va + T[a)) : (tb (vb + ﬁ'bla) - tb(vb + T[b))

_ta(va + T[a) : tb(vb + 7,-i-b|a) + ta(va + ﬁa|b) ’ tb(vb + T[b) (18)
As shown above, the covariance of link travel time can be decomposed into a “product”
term shown by the first term and a “cross” term shown by the second and third terms of
~ ~ T .
the right-hand side on (18). If bi-variate risk premiums vector, (ﬂalb, ﬂb‘a) , 1s defined so

that
ta(va + T[a) : tb(vb + ﬁ'bla) - ta(va + ﬁ'alb) : tb(vb + T[b) =0 Va,b eEA
(19)

can hold, the covariance of link travel time is then represented only as

cov[T,, Tp] = (ta(va + ﬁa|b) +t, (v, + T[a)) . (tb (vb + ﬁb|a) —tp(vy + nb)) (20)
In this case, (19) can be regarded as an identity that constrains the feasible region defined
by (17). For explaining the necessity of the identity, (19), we can describe the geometrical
meaning of the relationship of (17), (19) and (20) by using Figure 2. Geometrically, a

covariance of two different link travel times, cov[T,, T} ] is the striped area enclosed by



points A, B, C, D, E and F in Figure 2. The condition shown by (19) means the region
represented by OC = m - OF where m > 1.0. The feasible region for point C is defined
by (17) and is shown by a bold solid line segment in Figure 2. This condition finds a
solution as the intersection between the feasible region, (17) and the line defined by (19).

While Figure 2 describes the link-travel-time-based geometrical representation,
Figure 3 describes the link-flow-based geometrical representation. The intersection
between (17) and (20) in Figure 3 corresponds to that in Figure 2. Figure 2 can be
interpreted as a mapping of Figure 3 with respect to a link cost function. Note that the
solution of the pair of risk premiums by the method of Duncan (1977) is obtained by
solving the problem: argmin ﬁfw p + ﬁlz,m . This is a norm minimization problem
constraining to (17). The detail is described in the latter of this section.

[Figure 2 near here]
[Figure 3 near here]

The theoretical definition of covariance of link travel time may not be convenient
for numerical calculation. Therefore, we use the approximated expression of link travel
time given by (20). First-ordered Taylor series approximations of both sides of (16)
respectively are

E[ta (vo+e,)t, (v, +¢, )] ~t,(v,)t,(v,) +%tr(Ua’bEH,b) Vae A,be A N

(v, +7,)-4,(v, +7,) =t,(v,)-1,(v, )+, &, VacAbeA (22)

a a

where

tz(;l) v,)-1,(v,)
(vt ()

ua,bZV(ta(Va)'tb(Vb))=|: :| Yac Abe A

(23)



7
fi,,=|."| vaeabea (24)
’ 7-"-b|a

_ 2 . _ tiz)(va)'tb(vb) til)(va)'t;()l)(vb)
Uoa =V {0 0) tb(Vb))_{tél)(vb)-tf)(va) ta(va)-t;(,z)(v;,)} vacdbed (25)
{ var[V, | cov[Va,Vbq
a,b = Ya EA,bE A
cov[Va,Vb] Var[Vb] 26)

In (23) and (25), V is an operator of partial differential defined as [6/0v,,0/0dv, ]T. In

the same manner as (10)-(12), since the high-dimensional terms more than two
dimensional terms are negligibly small, we performed the first-order Taylor series
expansion to both sides of (16). Following Duncan (1977), a set of bi-variate risk

premiums of two link flows is given as the solution of
ul )R — 5t (UgpZap) =0 YaEADEA 27)

A set of risk premiums is not yet specified in the above equation, (27). Duncan (1977)
specified it by using a generalized inverse matrix. As shown in Figure 3, their method
minimizes the norm between the origin point and the solution set represented by equation
(27) geometrically. This method is reasonable even if we get a tentative solution, but there
is no theoretical detailed background to interpret the obtained pair of risk premiums. Then,
we specify a set of bi-variate risk premiums with reasonable geometric interpretation in
our proposed model. We solve a nonlinear simultaneous equation system shown by (19)
and (27). Thus, the variance-covariance matrix of link travel time is simply represented

as

Ir = X§ o XF (28)



where

[ X Xl ]

X;=| : : (29)
+ +

[Xjain " Xjajjal)

[ Xi1 o X |
X;=|: - : (30)

Xijar - Xjajall
X;r\b:ta(va+/i-a|b)+ta(va+ﬂ-a) Va,be A 31)
Xa_‘b=tu(va+7%alb)—ta(va+7ra) Ya,be A (32)

Note that A o B (VA, B € R™"™) implies a Hadamard product of two matrices A and B.
Thus, each element of the variance-covariance matrix is represented as a “product” of
two risk components, i.e., X;”, and Xy, (or, Xg), and X;la) (Va,b € A). This form
means that covariance of link travel time could be represented as an area of the rectangle
of which two sides are given by X;;, and X4, or X, and X,

We structure risk premium and bi-variate risk premiums, which corresponding to
mean and mean of product of two stochastic link travel times as above. By structuring the
risk premiums and bi-variate risk premiums, the risk of the whole road network can be
measured by link-based indices. In a field of financial risk management, portfolio risk
depends on the variation of risk factors. Our study assumes that portfolio risk and risk
factors correspond to stochastic total travel time and stochastic traffic flows, respectively.
The detail of this discussion is described in Appendix B.

By using risk premiums and bi-variate risk premiums defined above, mean and
variance-covariance of link travel times and mean and variance of path travel times are

respectively defined as



E[T)=t,(v,+7,) VaeA4 (33)

cov[T,,T,] =t, (va +7Ara‘b)-tb (vb +7%b|a)—ta (v, +7,)t,(v, +7,) Vabed (34)

E[T,|=>6,,.E[TL] VkekK,, vweW (35)

kek,,

Varl:Tw’k] = Var{ Z Ok Tu}

kek,,

(36)
=33 8,10 Opsn-coV[T,, T,] VkeK YweW

w,k,a w.
acAbeAd

3. Numerical calculation

3.1 In a small example

For demonstrating our proposed method, we show some results of numerical calculations
in a small example. As a simple example, we set a mean link flow vector and variance-
2

covariance matrix as v = [1000,800]" and X, =cv--

10002 p-1000-800

51000 - 800 8002 ], respectively. Note that the coefficient of variation, cv,

and the coefficient of correlation, p, are set as 0.5 and 0.2, respectively. Calibration
parameters of two BPR functions, ty;, @, n and ¢; (i € {1,2}) are set as 0.05, 2, 6 and

1000, respectively. A set of risk premiums corresponding to the mean of link travel times
is calculated as m” = (80,100)7.

[Figure 4 near here]

Figure 4 shows three domains (or curves) for feasible sets of risk premiums shown by

(17), (19) and (26). Solid line O in Figure 3 is the curve shown by (17). Two dotted lines,
@ and (3, are curves shown by (19) and (27), respectively. The set of bi-variate risk

premiums is specified by solving a nonlinear simultaneous equation system which is



composed of (19) and (27). For example, the set of bi-variate risk premiums
corresponding to cov[T;,T,] or cov[T,,T;] is calculated as T =[97.3,
113.6]7 by solving a nonlinear simultaneous equation system shown by (19) and (27).
We obtain the variance-covariance matrix of link travel time, and corresponding two

matrices, X5 and X7 respectively shown as

_[0.0023 0.0027 a7
" 10.0027 0.0508
< | X Xip|_[02044 01986 18
"UlXG X5, | (04679 0.5471 (%)
x| X X |_[00115 00136 39
"X, X,,| [0.0058 0.0928 )

The variance-covariance of link travel time in (37) is calculated by Taylor’s
approximation by using the right sides of (11) and (21), respectively. We can calculate
the results of (38) and (39) directly by using (31), (32) and Tt specified above. Just for the
reference, the set of bi-variate risk premiums which is specified by the above method is

shown as a cross mark in Figure 4.

3.2 In a road network

We demonstrate our proposed model in the test network of Nguen and Dupuis (1984). In
the network, we calculate the vector of risk premiums and the matrix of bi-variate risk
premiums, respectively. The test network in Figure 5 is composed of four OD pairs, 25
paths and 19 links. The OD pairs are listed as (1, 2), (1, 3), (4, 2) and (4, 3). Because of
space limitations, sets of the path-link sequence are omitted (See Tani and Uchida, 2018).

[Figure 5 near here]



Mean traffic demand and its coefficient of variation of each OD pair are set as 1,000
[PCU/hour] and 0.2, respectively. All calibration parameters of the BPR function are the
same as those of the first experiment. Here, we formulate a logit-based stochastic traffic
assignment model. The path choice probabilities are determined by a logit model so that
they are discrete random variables. Some studies such as Nakayama and Watling (2014)
discuss the stochasticity of the path choice probability. Their study considers the
stochasticity of the path flows by generating the samples of traffic flows from the path
choice probability. In other words, the path choice probability is regarded as continuous
random variables. However, we regard it as discrete random variables. This assumption
is the same as the many previous studies such as Chen et al. (2006), Lam et al. (2008) and
Tani and Uchida (2018) for the simplicity of the numerical calculation. This is because
the results of the numerical calculation for this proposed method are independent no
matter whether the path choice probability is deterministic or not. The calculated risk
premiums following the proposed method are determined only by the mean and variance-

covariance of link flows and the shape of a link cost function.

The link-path sequence is fixed, and four OD traffic demands are assigned to 25

paths. SUE traffic assignment model is formulated as a fixed-point problem shown as

f,=q,p, (nw (f)) YweW (40)

where

exp(—0-n,
Pl = p( nk) VkeK,VweW (41)

C 2 exp(-0-m))

f, = (fw,1' ""fw,ll(wl) vweWw (42)

f=(f, fjw) YWeEW (43)



Pw = (pw,lr "';pW,IKWI) vweWw (44)
Nw = (nw,1: "'rnw,IKWI) vw e Ww (45)

Note that the dispersion parameter of the driver’s utility in (41), & is set as 1. The traffic
assignment problem is solved by the path-based algorithm, the method of successive
analysis (MSA) following Shefti (1985). In stochastic road networks, drivers choose their
paths based on not only mean but also a variance of path travel times. Thus, we set driver’s

disutility function shown as

Nos =ET, 1+ y-var[T, ] VkeK NweW (46)

wo

A risk-aversion parameter in (46), } is set as 2. When the parameter, } is equal to zero,
the driver’s path choice behavior is risk-neutral. The parameter 7 is interpreted as a

calibrating coefficient converting variance of travel time into disutility. This assumption
of disutility function follows the discussion in Fosgerau and Engelson (2011).

As calculation results, we show a variance-covariance matrix of link travel time.
Figures 6 and 7 show the two variance-covariance matrices of link flows calculated by
(26) and link travel times calculated by (28), respectively. Figures 8 and 9 show the risk
component matrices, X7 and X7 defined in (28)-(32).

[Figure 6 near here]
[Figure 7 near here]
[Figure 8 near here]
[Figure 9 near here]

As shown in Figures 8 and 9, the relative trend between X7 and a transpose of X7 are the
same as each other, because X} — t17 is equal to X3' + t17 following (31) and (32).

Note that t represents a column vector of the mean of link travel time, and 1 represents a



column vector whose components are all ones. If we summarize the X+ — t17 or X37 +
t17 along the row, we obtain a vector that represents the sum of the travel time of each
link that corresponds to a component of a variance-covariance matrix of link travel time.
Figure 10 represents the vector. Each component of the vector is represented as
Yareata(ve + ﬁa|a,) a € A, respectively.
[Figure 10 near here]

Both matrices, X+ — t17 and X5 + t17 are the same as each other from the definition
of (31) and (32). In other words, X+ — t17 and X537 + t17 are parallelly translated by the
constant vectors, 2t17 and —2t17, respectively. Besides, the relative order of each
component of the vector shown in Figure 10 and that of the mean link travel time, t are

closely similar to each other, because the ratio between ta(va + ﬁa|a,) and ta,(va, +

Lo a) is determined by the corresponding mean link travel times following (19).

4. Conclusion

This study proposes a simplified method for structuring the mean and covariance of
stochastic link travel time. We introduce conventional concepts of certainty equivalent
and risk premium, originally developed in financial economics, to the representation of
mean and covariance of stochastic link travel times. When considering stochastic traffic
demands in a conventional framework, both link flows and link travel times are
represented as multivariate random variables in general. By the proposed method, mean
and covariance of link travel times are respectively represented by corresponding risk
premiums and bi-variate risk premiums of link flows. Those risk premiums and bi-variate
risk premiums of stochastic link flows are defined by parameters of link cost functions
and variations of link flows. Especially, the covariance of two link travel times can be

decomposed by two risk components. Each risk component attributes to each stochastic



link flow. Thus, we can evaluate the uncertainty of link travel time of the whole road
network based on the newly developed indices defined in this study.

We demonstrated the method proposed in this study. The results show that our
proposed method decomposes total travel time variance (or risk of total travel time) in a
network into the risk of each link. The risk allocated to each link is interpreted as a
covariate effect of total travel time variance. We also show the way to understand the
relative importance of each link in terms of the risk premiums matrices corresponding to
a variance-covariance matrix of link travel times. By using the risk component matrices,
we obtain the indicators that represent the relative contribution of the travel time
reliability of each link to the variability of the whole road network.

As future tasks, the proposed method could be applied to a network design
problem with equilibrium constraints on uncertain travel time and stochastic traffic flow.

Besides, the application of our proposed method to a real road network is also needed.
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Appendix A

We summarize the notation that is used in the body part of this paper in Table A1.

Table Al

W The set of all OD pairs

w OD pairw,w € W

Q,  Traffic demand for OD pair w

qw  Mean of traffic demand for OD pair w

cy,,  Coefficient of variation for OD pair w

K,  The set of all paths serving OD pair w

k  Pathk k€K,




The flow of path k serving OD pair w

Mean of path flow of path k& of OD pair w

The set of all links

Linka,a€ A

The flow of link a

Mean flow of link a

The cost function of link a

Free travel time of link a

Parameters of the cost function of link a

The capacity of link a

Random term of the flow of link a

Risk premium corresponding to the mean of travel time of link a

Certainty equilibrium of flow of link a

Risk premium corresponding to the covariance of travel time between link a

and link b with respect to link a

Travel time of link a

Pair of risk premiums corresponding to the covariance of travel time

between link ¢ and link




Yr  Variance-covariance matrix of link travel time

Xy  Variance-covariance matrix of link flow

py.  Path choice probability of path k serving OD pair w

ny  Cost of path k serving OD pair w

Appendix B

In this appendix, we show the formulation derived when a method of Duncan (1977) is
applied to our network problem. In Duncan (1977), a set of bi-variate risk premiums
corresponding to the covariance of link travel time is specified by directly solving (27).
By introducing the Moore-Penrose generalized inverse matrix of (23), we could define a

specific set of bi-variate risk premiums shown as

figp =5 (uhy) tr[UgpZap] Ya€AbEA (B1)

- . . . . T .
(ul,) isthe generalized inverse matrix of W,, given by

(u;b)_ - ab VaeA,be A

2
ua,b

(B2)

Note that “##”” in (B1) implies trace operation and that u, j, is not a zero vector. The bi-
variate risk premiums shown by (B1) are those whose secondary norm is minimized. For

each pair of two links (a, b € A), bi-variate risk premiums (B1) are defined. By collecting

the first element of each bi-variate risk premiums vector shown by (B1), a |A| ><|A| matrix



II, can be defined. Similarly, by collecting the second element of each bi-variate risk
premiums vector shown by (B1), a |A| X |A| matrix, IL, can be also defined. Two matrices,

IL, and IL are respectively shown by

11 0 T4 Ty " Tan
oo S I | R P l(=n]) (B3
Tajr = a4l Taylal = Tapal

H1=

Appendix C

Mean of total travel time in the whole road network is given by

E[TT]=) E[T,]=>t,(v, +7,)

ac4 acA (Cl)

Note that, in this case, the total travel time implies the summation of travel times of all
links in the whole road network. The slight change of E[TT], when v, changes by
Av,(Va € A) is given by

AE[TT]=) e, Av,
acd (C2)

where e, is the sensitivity of E[TT] with respect to v, given by

ot, (v, +xz,) ot (v,+xz,) 0(v,+x,)
e = = :
‘ ov, o(v,+7,) ov, (C3)

=t§1)(va+7ra)'£l+jlﬂ”j Vae A

1%

a

Note that, from (13), % is analytically derived as



N
R

=

d(162(v,)
_ 2| a a V C4
st “

Especially when the variance of link travel time is represented as a product of the

coefficient of variance of total traffic demand and mean of its link flow (See Tani and

dmg

Uchida, 2018), var[V,] = (cv - v,)?, is simply represented as

dvg

o 2 (C3)
A variance of total travel time can be then expressed as

var[TT|=eX ¢ (C6)

where X, is the variance-covariance matrix of link flows and e is sensitivity vector shown

by
ez(el""’e\A\) (C7)

If travel time variability measurement is the standard deviation (or risk) of total travel
time, because the risk is a linear homogenous function with respect to the sensitivities,
by applying the Euler’s homogeneous function theorem, the risk contribution of link
flow v, is calculate as

~ Oy var[TT]

r, = 'Zeaoaah Vae A

e
e = a
¢ Oe, “ Jvar [TT] bed (C8)

ng :1/var[TT] (C9)

acd



where o, is the covariance of flows on links a and b. Similarly, if a travel time
variability measurement is a variance of total travel time because the variance of total
travel time is a second-order homogenous function with respect to the sensitivities, the

variance contribution of link flow v, is given by

s, :laVL[TT].ea :zea .o, VaeA
2 8€a beAd (CIO)

D s, =var[TT] (C11)

acA

On the other hand, Bayesian estimation by using observed link flows as likelihood can be
applied to the network where link flows follow a multivariate normal distribution. In this
case, the posterior distribution of mean link flows can follow a multivariate normal
distribution if the corresponding precision matrix is known (e.g., Tani et al., 2018). In the
following, two methods for estimating the contribution of link flow on total travel time
variability are shown.

It is assumed that the posterior distribution of mean link flows vector v =
(vl, s V) A|) follows a multivariate normal distribution with the mean vector of ¥ and the
variance-covariance matrix of £,,, i.e., V~MVN(\7 , fv). Consider first the total travel time
variance VT in the network which is now a random variable because mean link flows

follow a multivariate normal distribution. The sensitivity of mean of the total travel time

variance in the network with respect to ¥, is given by

. OE[VT] a( . j
€ =—H = O
bed

0
= aia EbeA(ta (Va +7%a\b)+ta (Va t7, ))'(th (vb +7%h|a)+th (vb +7[h))j Vae 4

(C12)



. 07y 0Ttp|a
where 7, = E[v,] and 6,;, = cov[v,, v,]. For deducting (C10), % and % need to
a a
. .. on o
be defined. The detailed definitions of ;Tglb and % and the way to calculate both values
a a

are described in Appendix D. The change in the mean of the total travel time variance

E[VT] when ¥, changes by AD, (Va € A) is

AE[VT]=) ¢, AV,
aed (C13)

Therefore, the variance of VT can be given by

var[VT] = exye’ (C14)
where @ is a sensitivity vector shown as

&= (8,84 (C15)

If travel time variability measurement is represented as the standard deviation (or risk) of
total travel time, because the risk is a linear homogenous function with respect to the
sensitivities, by applying the FEuler’s homogeneous function theorem, the risk

contribution of link flow v, is calculate as

. Oyvar[FT] | é T

7, = e, 0, Vae A

e
oe, ¢ ,/Var[VT] vl (C16)

D> F = [var[VT] (C17)

acA

where G, is the covariance of flows on links a and b. Similarly, if travel time variability
measurement is the variance of total travel time because the variance of total travel time
is a second-order homogenous function with respect to the sensitivities, variance

contribution of link flow v, is given by



(C18)

Zs = var[VT] (C19)

Appendix D

The first partial derivative of the identity of (19) with respect to the mean of link flow
v; (Vi € {a,b},Va,b € A) is shown as

ot.(v. + 1. ot.(w.) ow.
—’(gv+”’)-tj(wj)+ti(vi+7rl.)- j(3(wjj) ;‘Z’

i

Ot \v, + 7,
— ’( : ,\])GW 37 (v +7, )=0
o v, (D1)
where

v+7rlj,wj—v +7, (D2)

ow, =1+87r . Ow, _87%j|l
ov, ov, ov, 0y (D3)

—at"(v" +7) =t (v, +7,) (1+a—ﬂ]

ov, ov, (D4)

The inverse of a link cost function with respect to link flows can be deductive. Just then,

f;); in the above identity can be explicitly deducted as



| ( ) 1/n
t.lv.+rx.
c" L (vi +7%i‘j). t] (vj +7z'.])
— _] I i i _1 _Vj
a toj

(D5)

By a chain rule, the partial derivative of 7i;; with respect to mean link flow is represented

as

of, az;‘(u)a_u
aV- ﬁu ﬁvi (D6)

1

where

t\v.+
u:l‘i(\;i+7’i;|j) M
(v +m) (D7)
nE
al‘_l u C’,l e n C’? e n n—1
.,():J 01.(2)4.-’—0’-0(1 +1 -1 (D8)
ou tOj C a cj




By solving linear simultaneous equation of (D1)-(D5) and (D6)-(D11), partial derivatives

. . . . omty) 0Tt j|;
of bi-variate risk premiums, ?L“ and ?’“ are calculated. In the same manner of the
i i

oy i
process shown above, aTlU and ?’" are also calculated.
J J

Figure 1. Concept of certainty equivalent of link flow corresponding to mean of link
travel time

Figure 2. Travel time based geometrical explanation of (17), (19) and (20)

Figure 3. Traffic flow-based geometrical explanation of (17) and (19)

Figure 4. Specified sets of bi-variate risk premiums
Figure 5. Test network (Nguyen and Dupuis, 1984)
Figure 6. Variance-covariance of link flow, X,
Figure 7. Variance-covariance of link travel time, Xt
Figure 8. Risk component matrix Xj

Figure 9. Risk component matrix Xy

Figure 10. The risk measurement
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