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Abstract: We developed model equations of light scattering properties and a characteristic time
of light propagation for polydisperse colloidal suspensions at different volume fractions. By
the model equations, we examined numerical results using the first-order (dependent) scattering
theory (FST) and radiative transfer theory in 600-980 nm wavelength. The model equations
efficiently treat the interference of electric fields scattered from colloidal particles by a single
effective coefficient, providing fast computation. Meanwhile, the FST provides accurate but
complicated treatment. We found the interference effects on the scattering properties and
characteristic time depend linearly on wavelength. Dimensionless analysis showed a simple
mechanism of the interference effects, independently of wavelength and source-detector distance.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Dense media such as biological tissues and colloidal suspensions scatter light strongly, and the light
propagation direction changes many times in the media [1–3]. Quantitative understanding of light
scattering and light propagation in dense media is indispensable for various research fields such
as biomedical optics [1], remote sensing [4], and photocatalysis [5]. The understanding leads to
further improvement for imaging techniques using scattered light, e.g., near-infrared imaging and
spectroscopy for a deep region in the media [6–9]. For the understanding, accurate determinations
of the scattering properties are crucial. Usually, the scattering properties are determined by
the inverse analysis based on the radiative transfer theory (RTT) [10–12]. The inverse analysis
minimizes a difference in light intensity between measurement data and computational results by
the RTT. The RTT describes light propagation in terms of light scattering and absorption on a
macroscopic scale [7,13,14], where a medium size is much larger than the optical wavelength.
On the macroscopic scale, a medium can be considered a continuous medium. Meanwhile, the
scattering properties are calculated from the electromagnetic theory (EMT) on a microscopic
scale, where a system size is comparable to the wavelength. On the microscopic scale, a medium
is regarded as a system consisting of discrete particles in a background medium.

The scattering properties for colloidal suspensions have been extensively examined by the
EMT [15–17] as basic research for biological tissues and agricultural products. As the EMT,
the zeroth-order scattering and first-order scattering theories (ZST and FST) have been widely
employed and they are based on the zeroth-order and first-order solutions of the Foldy-Lax
equation (FLE). The FLE is the multiple scattering expansion of the Maxwell equations [18,19].
The two theories are conventionally called independent and dependent scattering theories,
respectively. In this paper, however, we call the two theories as the ZST and FST to avoid the
ambiguous terms of "independent" and "dependent" based on the Ref. [20], which pointed out
the ambiguity. The ZST considers no interaction of electric fields scattered by colloidal particles
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[4,21]. Meanwhile, the FST considers the interaction and treats the interference induced by a
superposition of the fields by the colloidal particles in the far-field [4,21]. At a low volume
fraction of the colloidal particles, approximately less than 5%, the scattering properties calculated
from the ZST nicely agree with experimental results by the inverse analysis [22]. At a high
volume fraction up to approximately 20%, meanwhile, the numerical results using the FST agree
with experimental results [23]. This fact means that the interference, considered for the FST, is
dominant in multiple scattering processes of the fields. It is noted that the concept of "multiple
scattering of electric fields" is quite different from that of "multiple scattering of light". The
former is rigorously described by the FLE on the microscopic scale, while the latter is usually
described by the RTT on the macroscopic scale [1,21].

The interference effect on the scattering properties has been extensively discussed since
the 1980s by the FST [17,23–31]. Recently, we have developed a light propagation model
based on the RTT combined with FST (RTT-FST) [29], also called a dense media radiative
transfer model [21]. The developed light propagation model uses the analytical solution of the
RTT for an infinite medium. We have shown the interference effects on light propagation for
monodisperse and polydisperse systems (silica suspension and Intralipid-10%) but at a single
optical wavelength. Despite many efforts, the interference effects have not been fully understood
because of their complicated dependence on the optical wavelength, particle size distribution,
and intermolecular interaction. In addition, contributions of the interference to the scattering
properties are coupled with those of the single-particle scattering. These facts make it difficult to
elucidate the interference effects. For the elucidation, the development of model equations for the
scattering properties and light propagation is desirable. The model equations enable evaluating
factors of the interference and single-particle scattering, separately.

This study develops newly the model equations for the scattering properties and a peak
time of the fluence rate (one of the characteristic times of light propagation) in polydisperse
systems. Once we developed the model equations for polydisperse systems, it is straightforward
to develop them for monodisperse systems. By the model equations, we investigate the numerical
results using the FST and RTT-FST in polydisperse colloidal suspensions (Intralipid-20%) at
different volume fractions from 0.1 to 20% in the near-infrared wavelength range from 600 to
980 nm. We employed the light propagation model based on the RTT-FST for the semi-infinite
medium, extended from the model for the infinite medium developed in our previous study [29].
Intralipid has been widely used to study the scattering properties as basic research for biological
tissues, which are generally polydisperse systems [15,16,22,27]. We examine the factors of the
interference and their dependence on the wavelength.

2. Theories for the scattering properties and light propagation

As shown in Fig. 1, we consider the scattering properties for a polydisperse colloidal suspension
on the microscopic scale and light propagation for the medium on the macroscopic scale. On
the microscopic scale (micrometer-scale, Fig. 1(a)), the system consists of discrete colloidal
particles and continuous background (water), and the electromagnetic theory (EMT) describes
the scattering properties. On the macroscopic scale (centimeter-scale, Fig. 1(b)), the system
is regarded as a homogeneous random medium (continuous medium) with constant values of
optical properties (scattering properties and absorption coefficient), and the radiative transfer
theory (RTT) describes light propagation.

2.1. Electromagnetic theory (EMT) for a polydisperse colloidal suspension

We have developed the first-order and zeroth-order scattering theories (FST and ZST) for a
polydisperse colloidal suspension based on the Foldy-Lax equation (FLE) [29]. The FST and ZST
are obtained from the particle configuration average to the first-order and zeroth-order solutions
of the FLE, respectively. From the FST and ZST, we calculated the scattering properties: the
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Fig. 1. Schematic of electromagnetic scattering for a microscopic-scale colloidal suspension
and light propagation for a macroscopic-scale suspension: (a) electric fields scattered by
discrete colloidal particles in a continuous background (water), (b) radiative transfer in
a homogeneous random medium (continuous medium) by irradiating light source on the
surface. The directions with the scattering angle π−θ are displayed in the figure (a), although
the electric fields are scattered in various directions.

phase function P(θ, ϕ), scattering coefficient µs, anisotropy factor g, and reduced scattering
coefficient µ′s. We consider a size-polydisperse system with Ns-kinds of particle diameters. The
total number of the particles N for the system is given as

∑︁Ns
α=1 Nα, and Nα is the total number

of particles for the α-class of diameter dα (α = 1, 2, . . . , Ns). In the FST and ZST, we used the
spherical coordinates (θ, ϕ) with the polar angle θ ∈ [0, π] and azimuthal angle ϕ ∈ [0, 2π]. We
set the scattering angle to be the same as the polar angle θ as shown in Fig. 1(a). We review the
FST and ZST here. For the details of the theories, see the reference (our previous work) [29],
where the FST and ZST are called the dependent and independent scattering theories, respectively.
In this study, we investigate the numerical results for the FST by model equations developed here.

2.1.1. First-order scattering theory (FST)

The phase function PF(θ, ϕ) for the FST is given as [29]

PF(θ, ϕ) =
Ns∑︂
α=1

nα
|︁|︁FMie

α (θ, ϕ)
|︁|︁2 + Ns∑︂

α=1

Ns∑︂
β=1

√nαnβFMie
α (θ, ϕ) · FMie∗

β (θ, ϕ)Hαβ(θ), (1)

where nα or nβ is the number density for the α-class or the β-class (β = 1, 2, . . . , Ns); FMie
α (θ, ϕ)

is the scattering amplitude vector using the Mie theory [32]; FMie∗
β (θ, ϕ) is the complex conjugate

of FMie
β (θ, ϕ) for the β-class; and Hαβ(θ) is the Fourier transform of the total correlation function

Hαβ(rαβ) for a pair of the classes α − β as a function of the distance rαβ between the two
particles as shown in Fig. 1(a). The second term of the right-hand side of Eq. (1) corresponds to
the interference of the scattered fields but coupled to the contribution from the single-particle
scattering represented by FMie

α · FMie∗
β . For calculations of Hαβ(θ), we employed the polydisperse

Percus-Yevick (PY) model [33,34]. Previous researches [23,30,31] showed that the scattering
properties for the FST with the PY model agree well with the measurement results for hard-
sphere-like colloidal suspensions such as silica and polystyrene suspensions. The scattering
coefficient µs,F for the FST is given by integrating PF(θ, ϕ) over the whole solid angle:

µs,F =

Ns∑︂
α=1

nασMie
α +

∫ π

0
dθ

∫ 2π

0
dϕ sin θ

Ns∑︂
α=1

Ns∑︂
β=1

√nαnβFMie
α (θ, ϕ) · FMie∗

β (θ, ϕ)Hαβ(θ), (2)
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whereσMie
α is the scattering cross section for the α-class using the Mie theory [32]. The anisotropy

factor gF and reduced scattering coefficients µ′s,F for the FST are given as

gF = 2π[µs,F]
−1

∫ π

0
dθ sin θ cos θPF(θ), (3)

µ′s,F = 2π
∫ π

0
dθ sin θ[1 − cos θ]PF(θ), (4)

where PF(θ) = (2π)−1
∫ 2π
0 dϕPF(θ, ϕ).

2.1.2. Zeroth-order scattering theory (ZST)

The phase function PZ(θ, ϕ) for the ZST is obtained by omitting the second term of the right
hand side in Eq. (1):

∑︁
α nα

|︁|︁FMie
α

|︁|︁2 = η∑︁α fα
|︁|︁FMie

α

|︁|︁2 /v0, with the volume fraction η, the fraction
of particles fα for the α-class and v0 =

∑︁
α πd3

αfα/6. Because fα |FMie
α |2/v0 is independent of η,

PZ(θ, ϕ) is linearly proportional to η. From PZ(θ, ϕ), we calculated the scattering properties for
the ZST represented by µs,Z , gZ , and µ′s,Z . For the explicit forms of the scattering properties for
the ZST, see the Refs. [22,29], where the ZST is called the independent scattering theory.

2.1.3. Numerical conditions for the FST and ZST

We consider Intralipid-20% (Fresenius-Kabi) as a polydisperse colloidal suspension in water. In
Intralipid, the soybean oil encapsulated by lecithin is regarded as a spherical particle (scatterer)
[22]. We assumed particles of Intralipid to be hard spheres and used the PY model. This
assumption is validated in Sec. 3.2 by comparing the numerical results for the FST with the
measurement results in Intralipid. Figure 2(a) displays the particle size distribution fα of Intralipid
[35] with the mean diameter dmean of 214.3 nm and Ns = 34. Here, fα is normalized so as to
satisfy the condition of

∑︁Ns
α=1 fα = 1. We varied the volume fraction η[%]: 0.1, 1, 2, · · · , 20 at

equal intervals of 1% in the range 1-20%; and changed the wavelength λ[nm] in the near-infrared
wavelength range: 600, 640, 680, 720, 759, 785, 820, 860, 900, 940, 980. We calculated the
wavelength-dependence of refractive indices ns and nw of the colloidal particle and water by the
Cauchy equation [22]. In the wavelength rage, the ns-value decreases from 1.474 to 1.462, and
the nw-value from 1.334 to 1.322. In our study, the size parameter xs = πdmean/(λnw) ranges
from 0.91 to 1.50.

Fig. 2. (a) Particle size distribution of Intralipid-20% [35]. The mean diameter is 214.3 nm.
(b,c) Total correlation function Hαβ(θ) at the volume fraction of η = 20% for (b) different
diameter pairs and (c) wavelengths.

For the numerical computations of the FST and ZST, we used in-house codes written in
MATLAB based on the textbook [4,21] and open sources for the Mie theory [36,37]. The discrete
step size of the angles θ and ϕ is 0.005 [rad]. The computational time of the ZST at each volume
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fraction and wavelength was approximately 6 seconds with a single CPU, while the time of the
FST was 12 hours. For other details of the numerical computations of the FST and ZST, see
Refs. [29], where the FST and ZST are called dependent and independent scattering theories,
respectively.

Figures 2(b) and (c) show the total correlation functions Hαβ(θ) using the polydisperse PY
model at different diameter pairs and wavelengths with η = 20%, respectively. The complicated
dependence of Hαβ(θ) on the pair of the diameter classes, λ, and η contributes to the results of
the scattering properties. We preliminarily confirmed that the function’s contribution for the pair
of the same and large diameters is dominant over those for the other pairs.

2.2. Radiative transfer theory (RTT) for a random medium

As the macroscopic-scale colloidal suspension, we consider the semi-infinite homogeneous
medium in the three dimensions (3D). Time and length scales of light propagation based on the
RTT are categorized into ballistic and diffusive regimes. Experimental works [1,38] and our
numerical works [39] have evaluated the crossover length from the ballistic to diffusive regimes
as approximately 10/(µ′s + µa), where µa is the absorption coefficient. In this study, the scattering
properties vary with the volume fraction and wavelength, and hence the crossover length also
varies. As shown in Fig. 1(b), the inverse of µs corresponds to the mean free path length between
the radiation (light intensity) and medium in the ballistic regime, while the inverse of µ′s to the
length in the diffusive regime. The radiative transfer equation (RTE) is valid in the two regimes,
while the photon diffusion equation (PDE) is only valid in the diffusive regime.

2.2.1. Analytical solutions of the RTE for a 3D semi-infinite homogeneous medium

We employed an analytical solution of the RTE for the semi-infinite medium under the diffuse
refractive-index mismatched boundary condition at z = 0, expressed in the form of the fluence rate
ΦRTE(r, t). ΦRTE(r, t) is based on the analytical solution ΦLK of the RTE for an infinite medium
derived by Liemert and Kienle [40]. The verification of ΦRTE and ΦLK has been confirmed by
several independent works [41,42] using the Monte-Carlo simulations and ours [43,44] using the
numerical calculations of the RTE with different schemes. See the Ref. [45] for the details of the
RTT (RTE and PDE) and numerical calculations of the analytical solution for the semi-infinite
medium.

2.2.2. Numerical conditions of the RTT combined with the EMT

In this study, we employed a multi-scale light propagation model based on the RTE combined
with the FST or ZST (RTE-FST or RTE-ZST). As listed in Table 1, we used the scattering
properties calculated from the FST or ZST in the calculations of the RTE. The µa-value is
simply fixed at 0.1 cm−1 to focus the light scattering process, modeling a situation that we
slightly added an absorber such as India ink to the colloidal suspension. For details of the light
propagation models, please refer to [29]. The refractive index of the colloidal suspension is given
as ncs(η, λ) = η′ns(λ) + (1 − η′)nw(λ) with η′ = η/100 [2]. The speed of light v for the colloidal
suspension is given as c/ncs with the speed of light c in vacuum, meaning that v depends on η
and λ. The source was set inside the medium by a small positive value of 1/µ′s in the z-direction
from the origin. The detector was set at the boundary (z = 0) in the ρ-direction of 1.0, 1.5, and
2.0 cm as shown in Fig. 1(b). Because the source position is near the origin, the source-detector
(SD) distance rsd is almost equivalent to ρ. We evaluated the peak time of the fluence rate ΦRTE,
which is one of the characteristic times of light propagation. We examine the dependence of the
peak time on η, λ, and rsd.
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Table 1. Optical properties for two kinds of
multi-scale light propagation models. P̂F (η,λ) and

P̂Z (λ) represent the normalized phase function for the
FST and ZST, respectively.

Model µs [cm−1] g [−] P̂ [sr−1] n [-]

RTE-FST µs,F(η,λ) gF(η,λ) P̂F(η,λ) ncs(η,λ)

RTE-ZST µs,Z (η,λ) gZ (λ) P̂Z (λ) ncs(η,λ)

2.3. Model equations

To examine numerical results using the FST and RTE-FST in the ranges of η and λ, we developed
model equations for the scattering properties and the peak time of the fluence rate.

2.3.1. Scattering properties

We start with the approximation of the phase function for the FST, PF(θ, ϕ; η, λ) (Eq. (1)). In
addition to Hαβ(θ; η, λ), we consider the static structure factor Sαβ(θ; η, λ) = δαβ + Hαβ(θ; η, λ),
where δαβ denotes Kronecker delta. Hαβ(θ; η, λ) can be expanded in terms of η [46] as∑︁∞

i=1 Eαβ,i(θ; λ)ηi with the ith-order expansion coefficient Eαβ,i(θ; λ).
Instead of theoretical calculation of the expansion coefficients Eαβ,i up to infinite order, we

propose a model equation for the phase function PM by approximating the η-expansion of Sαβ to
the exponential form:

PM(θ, ϕ; η, λ) = C01(θ, ϕ; λ)η exp[−C02(θ, ϕ; λ)η], (5)

where the coefficient C01(θ, ϕ; λ) =
∑︁Ns

α=1 fα
|︁|︁FMie

α

|︁|︁2 /v0 represents contributions of the zeroth-
order expansion of PF with Sαβ = δαβ . By the assumption of the exponential form, we only
have to determine the single effective coefficient C02(θ, ϕ; λ) instead of calculating the expansion
coefficients Eαβ,i (i = 1, 2, . . .∞). By integrating PM (Eq. (5)) over the whole solid angle, the
model equation for the scattering coefficient µs,M(η, λ) is obtained as

µs,M(η, λ) = Cs1(λ)η exp[−Cs2(λ)η], Cs1(λ) = µs,Z/v′0, (6)

with v′0 =
∑︁

α πd3
αnα/6. The coefficients Cs1(λ) and Cs2(λ) represent the contributions of the

single-particle scattering and interference, respectively, and they are independent of η. The
model equation µs,M allows us to examine the contributions of the single-particle scattering
and interference separately, while in the formulation of µs,F (Eq. (2)) for the FST, the two
contributions are coupled. In this study, we determined a value of Cs2(λ) by inverse analysis to
minimize a difference in results of µs,M (Eq. (6)) and µs,F (Eq. (2)). We adopted the exponential
form of the scattering coefficient with η in Eq. (6) based on the theory of the transport properties
of colloidal particles (e.g., viscosity). It is known that the exponential form can describe the
transport properties at different volume fractions [47,48]. The scattering coefficient is one of the
transport properties of photons.

Using Eqs. (5) and (6), we obtain the model equations for the anisotropy factor gM(η, λ) and
the reduced scattering coefficient µ′s,M(η, λ) as

gM(η, λ) = Cg1(λ) exp[−C′
g2(λ)η] ∼ Cg1(λ) − Cg2(λ)η, Cg1(λ) = gZ , (7)

µ′s,M(η, λ) = (1 − gM)µs,M ∼ Cp1(λ)η exp[−Cp2(λ)η], Cp1(λ) = µ
′
s,Z/v

′
0. (8)

In Eq. (7), the exponential form of anisotropy factor with η can be linear based on the fact that
previous research works, including ours, have shown the linear dependence of g for colloidal
suspensions [23,29]. This fact suggests the small value of the coefficient C′

g2. Although both



Research Article Vol. 30, No. 3 / 31 Jan 2022 / Optics Express 3544

the formulations can describe the FST results, we choose the linear form for simplicity. We
can obtain the model equation for µ′s using the equations for µs and g in Eq. (8). This case,
however, requires the pre-calculations of µs and g, and the number of the coefficients for the
model equation is four. In experimental studies of dense media, we frequently encounter a
situation where we can evaluate the µ′s-value while we can’t evaluate the values of µs and g easily.
For this case, the rightmost expression in Eq. (8) is helpful because the number of the coefficients
is two, and the form does not require the pre-calculations of µs and g. The coefficients Cg1(λ) and
Cp1(λ) represent the contributions of the single-particle scattering, and they can be determined
theoretically. The coefficients Cg2(λ) and Cp2(λ) represent the contributions of the interference,
and they are determined by inverse analysis.

2.3.2. Peak time of the fluence rate

To develop a model equation for tp, we need to clarify the dependence of tp on the SD distance
rsd and optical properties. In our preliminary study, the temporal profiles calculated from the
RTE-FST nicely agree with those from the PDE combined with the FST at η ≥ 1% in the whole
ranges of λ and rsd studied here. This fact indicates that the diffusion approximation holds. In
the next section, we discuss the dependence of tp by the PDE and develop a model equation for tp
by the numerical results and model equation for µ′s.

3. Numerical results

3.1. Scattering properties by the first-order and zeroth-order scattering theories (FST
and ZST)

We examined the interference effect on the scattering properties (µs, g, µ′s) by the FST and ZST
for Intralipid solutions at different volume fractions η up to 20% in the wavelength range λ from
600 to 980 nm.

Figure 3 compares the scattering properties for the FST (Eqs. (2), (3), (4)) with those for the
ZST at λ = 680, 759, 860 nm. At a low volume fraction, the results for the FST almost agree with
those for the ZST. At a higher volume fraction, meanwhile, the results for the FST are smaller
than those for the ZST. This result indicates the enhancement of the interference effect. The
relative differences in the scattering properties between the FST and ZST are shown at each
bottom panel of Fig. 3. We defined the relative difference as 100 × [R(ZST) − R(FST)]/R(FST),
where R(ZST) and R(FST) represent the results for the ZST and FST, respectively. The relative
difference in µs is larger than 10% at η>3% and reaches approximately 90% at η = 20%, while
those in g and µ′s are larger than 10% at η>8% and reach approximately 30% at η = 20%. The
small values for the FST are caused by the negative values of the term for the interference (e.g.,
the second term in the right-hand side of Eq. (2) for µs,F). The negative values of the interference
term mean that the destructive interference is dominant over the constructive interference.

At a longer wavelength, the scattering properties are smaller at a fixed η. The reduced scattering
coefficient is modeled as a power law which generally decreases with the wavelength [9,15].
The relative differences between the FST and ZST depend less on the wavelength. This result
suggests the less λ-dependence of the volume fraction range where the interference effects are
enhanced. The scattering properties values for Intralipid-20% (current work) are larger than those
for Intralipid-10% (our previous work [29]) at the same volume fraction and wavelength. This
result is because of the difference in the size distribution. The mean diameter for Intralipid-20%
is approximately twice as large as that for Intralipid-10%.
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Fig. 3. Scattering properties for the FST (Eqs. (2), (3), (4)) and ZST at different volume
fractions η up to 20% and wavelengths λ = 680, 759, 860 nm in Intralipid solutions. (a)
Scattering coefficient µs, (b) anisotropy factor g, and (c) reduced scattering coefficient µ′s.
Relative differences in the scattering properties between the FST and ZST are plotted at each
figure’s bottom.

3.2. Comparison of numerical results for the scattering properties with measurement
data

To validate our numerical calculations, we compared the numerical results of µs and µ′s for the
FST with measurement data in Intralipid solutions by Wen et al. [15] and data by Zaccanti et al.
[27].

As shown in Fig. 4(a), the numerical results of µ′s for the FST nicely agree with measurement
data by Wen et al. at a longer wavelength than 700 nm. Below 700 nm, the numerical results
are different from measurement data by Wen et al.. Meanwhile, the numerical result agrees
with a measurement result by Zaccanti et al. at 633 nm. The difference probably comes from
the difference in the particle size distribution. At the lower wavelength, the µ′s-value is larger.
Hence, the difference in the µ′s-value likely is enhanced at the lower wavelength. Figures 4(b)
and (c) compare the numerical results for the FST with measurement data by Zaccanti et al. [27]
at different volume fractions and the wavelength of 633 nm. We can see agreements between
the numerical and experimental results primarily for the reduced scattering coefficient. These
agreements validate our numerical calculations of the FST with the PY model. The agreements
also indicate that the interference, considered for the FST, mainly contributes to the scattering
properties at the present volume fraction range. These results are consistent with previous
research works such as monodisperse silica suspension [23].

3.3. Temporal profiles of the fluence rate by the RTE-FST and RTE-ZST

We investigated temporal profiles of the fluence rates Φ using the multi-scale light propagation
models, RTE-FST and RTE-ZST, as listed in Table 1 to examine the interference effects on light
propagation. Figure 5(a) shows that the Φ-results agree with each other at η = 1%, while the
Φ-results for the ZST largely differ from those for the FST at η = 20%. These results are similar
to the results of the scattering properties in Fig. 3. The differences in Φ mainly come from
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Fig. 4. (a) Reduced scattering coefficients at different wavelengths: measurement data by X.
Wen et al. [15] with η = 5% and by G. Zaccanti et al. [27] with η = 4.5%, and numerical
results for the FST with η = 5%. (b,c) Reduced scattering and scattering coefficients at
different volume fractions: measurement data by G. Zaccanti et al. [27] at λ = 633 nm and
numerical results for the FST at λ = 633 nm.

those in µ′s between the FST and ZST because our preliminary study showed that the diffusion
approximation holds at η ≥ 1

Fig. 5. (a) Temporal profiles of the fluence rate Φ normalized by their peak values for the
RTE-FST and RTE-ZST at different volume fractions η at λ = 759 nm and SD distance
rsd = 2.0 cm. (b,c) Peak times tp of the fluence rate using the RTE-FST and RTE-ZST (on
the top), and the relative differences in tp (at the bottom). The results are at (b) different
values of λ with rsd = 2.0 cm and at (c) different values of rsd with λ = 980 nm.

We evaluated the peak times tp of Φ at different values of η, λ, and rsd as shown in Figs. 5 (b)
and (c). The differences in tp between the RTE-FST and RTE-ZST become larger as η increases,
meaning the strong influence of the interference on light propagation. For the RTE-ZST, tp is not
linearly proportional to η, different from the η-dependence of the scattering properties for the
ZST (linear dependence in Fig. 3). At a longer SD distance, the tp-value becomes larger, meaning
the photon path length from the source to the detector becomes longer.
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3.4. Model equations

3.4.1. Scattering properties

We examined the complicated behaviors of the scattering properties for the FST by the model
equations developed here. Figures 6(a)-(c) show that the model equations (Eqs. (6), (7), (8)) nicely
agree with the scattering properties for the FST by adjusting the values of Cm2 (m = {s, g, p}).
The R-squared values for the model equations range from 0.995 to 0.999. At each figure’s bottom,
we plot the relative differences in the scattering properties between the model equations and
FST, defined as 100 × [R(Model) − R(FST)]/R(FST) with the results for the model equations
R(Model). The absolute values of the differences are less than 1.5%. Figures 6(d) and (e) show
the wavelength-dependence of the coefficients Cm1 and Cm2, where Cs1 and Cp1 are normalized
by λ−1 to be dimensionless. λCs1 and λCp1 are almost constant as a function of λ; the linear
slope values are evaluated as −0.47 × 10−3 and −0.78 × 10−5 in the unit of λ[nm], respectively.
The results suggest that Cs1 and Cp1 are mainly proportional to λ−1; Cs1[1/cm] ∼ 0.63 × 108λ−1

and Cp1[1/cm] ∼ 0.08× 108λ−1, respectively. Meanwhile, the other coefficients of Cg1, Cs2, Cg2,
and Cp2 change linearly with the λ-change, but the linear slope values are small (∼ 10−3). The
stronger λ-dependences of Cs1 and Cp1 than those of Cs2 and Cp2 indicate that the single-particle
scattering is dominant for µs and µ′s over the interference. The slope values for Cs2, Cg2, and
Cp2 are almost the same, suggesting the similar contributions of the interference effect on the
scattering properties. In Eqs. (6), (7), (8), Cm1 relates with the scattering properties for the
ZST. The increase in wavelength with a fixed diameter corresponds to the decrease in diameter
with a fixed wavelength in terms of the size parameter xs. Generally, the values of µs and µ′s
reduce, and the g-value approaches zero with the smaller diameter or longer wavelength because
of the smaller amount of induced dipole moments in the particle [2]. The λ-dependence of
Cm1 is consistent with the general behavior of the scattering properties. The increase in Cm2
with increasing λ means the enhancement of the interference. The zero values of Cm2 mean no
interference effect. The linear λ-dependence of Cm2 suggests that Cm2 is probably specified by
λ/rim with the mean intermolecular distance rim.

The computational time of the FST was approximately 12 hours at each volume fraction and
wavelength. Meanwhile, the time of the model equations was within a second, including the
inverse analysis process of the coefficients, thanks to their analytical forms. We note that the
parallel computing of the FST is not easy because the computation requires the summation with
the five variables or indices: θ, ϕ,α, β, γ, where γ is the index for the amplitude function of Mie
theory. These facts mean the high computational efficiency of the model equations.

3.4.2. Peak time of the fluence rate

For developing a model equation for tp, we examined the dependence of tp on rsd and the optical
properties by the PDE. In an infinite medium, the analytical form of the peak time tp,inf for the
PDE is given as

tp,inf =

[︃
−3 + 2

√︂
3r2

sdµaµ
′
s + 9/4

]︃
(4µav)−1. (9)

The analytical form suggests that when tp,inf and rsd are normalized by µav and
√︁
µaµ

′
s, respectively,

the tp,inf -results at different values of rsd and optical properties are collapsed on a single curve.
We employed the normalization to the numerical results of tp for the RTE-FST in the semi-infinite
medium at different values of rsd, µ′s, and ncs, where µ′s and ncs vary with η and λ. Figure 7(a)
shows that the normalized peak times t̂p = tpµav for the RTE-FST are collapsed on a single curve
for the normalized SD distances r̂sd = rsd

√︁
µaµ

′
s, indicating the validity of the normalization.

The single curve of t̂p is fitted by a power function D1r̂D2
sd with dimensionless fitting coefficients

D1 ∼ 0.4 and D2 ∼ 1.3 and the R-squared value of 0.999.
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Fig. 6. (a-c) Comparisons of the model equations (Eqs. (6), (7), (8)) with the scattering
properties for the FST. The other details are the same as Fig. 3. (d,e) Coefficients of the
model equations for the scattering properties in the λ-range from 600 to 980 nm.

Using the power function of t̂p and the form of µ′s,M (Eq. (8)), we obtain the model equation
for the peak time of the fluence rate tp,M as

tp,M(η, λ) = Ct1(λ)
[︁
η exp(−Cp2(λ)η)

]︁D2/2 ,

Ct1(λ) = D1[µav(λ)]−1rD2
sd

[︁
µaCp1(λ)

]︁D2/2 .
(10)

Although the coefficient Ct1 depends on η via v = c/ncs, the η-dependence of Ct1 is very weak
compared with the λ-dependence. Equation (10) includes the coefficient Cp2, which is originally
defined in the model equation for µ′s (Eq. (8)). The relation between tp,M and Cp2 corresponds to
a relationship between the characteristic time of light propagation on the macroscopic scale and
interference on the microscopic scale.

Figures 7(b) and (c) show the model equations tp,M (Eq. (10)) agree well with the numerical
results of tp for the RTE-FST with the range of the R-squared values from 0.988 to 0.999. As
shown in each figure’s bottom, the relative differences between the model equations and RTE-FST
are larger at a lower volume fraction. The smallest R-squared value of 0.988 is obtained in
the case of λ = 980 nm and rsd = 1.0 cm as shown in Fig. 7(c). This is probably because as
shown in Fig. 7(a), the power function for t̂p slightly deviates from the results using the FST at
the short distance region (r̂sd ≲ 2). We examined mean values of the coefficient Ct1 over η as
shown in Fig. 7(d). The mean value decreases linearly with λ, different from the behaviors of
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Fig. 7. (a) Normalized peak times t̂p = tpµav for the RTE-FST as a function of normalized
SD distance r̂sd = rsd

√︁
µaµ′s at different values of λ and η with a power function (solid

curve). (b,c) Comparisons of the peak times for the model equation (Eq. (10)) with the
numerical results for the RTE-FST. The other details are the same as Figs. 5(b) and (c). (d)
Mean values of the coefficients Ct1 over η as a function of λ with linear functions (solid
lines).

Cp1 ∼ 1/λ. The slope value of Ct1 with λ depends on rsd, resulting in the complicated behavior
of tp. Similarly to the results of µs and µ′s, the λ-dependence of tp is mainly caused by the
single-particle scattering compared with the interference, because the λ-dependence of Ct1 is
stronger than those of Cp2 as shown in Figs. 7(d) and 6(e).

3.4.3. Dimensionless analysis

Using the model equations (Eqs. (6)-(10)), we performed the dimensionless analysis of the
scattering properties and peak time of the fluence rate. We consider the normalization of the
model equations as

µ̂s,M = η̂ exp(−η̂), µ̂s,M = µs,MCs2/Cs1, η̂ = Cs2η, (11)

ĝM = −η̂, ĝM = gM − Cg1, η̂ = Cg2η, (12)

µ̂′s,M = η̂ exp(−η̂), µ̂′s,M = µ
′
s,MCp2/Cp1, η̂ = Cp2η, (13)

t̂p,M = [η̂ exp(−η̂)]D2/2, t̂p,M = tp,MCD2/2
p2 /Ct1, η̂ = Cp2η. (14)

The normalized model equations suggest that when the numerical results for the FST and
RTE-FST at different values of λ and rsd by the coefficients for the model equations, the numerical
results would be collapsed on single curves regardless of λ and rsd. We can observe the collapsing
of the numerical results on the single curves in Fig. 8. As shown in Fig. 8(a), the normalized
results of µs,F and µ′s,F are collapsed on the same single curve. This result indicates the same
contribution of the interference for µs and µ′s.
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Fig. 8. Normalized scattering properties for the FST and peak times for the RTE-FST as a
function of normalized volume fraction based on the coefficients of the model equations
(Eqs. (11)-(14)) at different wavelengths. Each color of the markers corresponds to the
results at each wavelength in the same way of Fig. 7(a).

4. Conclusions

We have developed the model equations for µs, g, µ′s, and tp to examine the interference effects for
the polydisperse colloidal suspensions at different volume fractions in the near-infrared wavelength
range. We have shown that the model equations can describe well the numerical results calculated
from the FST and RTE-FST with the two coefficients, denoted by Cl1 (l = {s, g, p, t}) and Cm2
(m = {s, g, p}). Using the model equations, we have evaluated the factors of the interference
represented by Cm2, separately from those of the single-particle scattering by Cl1. We have found
the linear relation of the interference factors with the wavelength. Dimensionless analysis by
the model equations has shown the simple mechanism of the interference effects, regardless
of the wavelength and source-detector distance. This result suggests there is the universal
behavior of the interference effects. It is straightforward to develop the model equations for
monodisperse systems such as silica suspensions from the equations for polydisperse systems
developed here. The model equations have the potential for examining measurement data of
the scattering properties for various kinds of colloidal suspensions (e.g., charged suspensions)
at various wavelength ranges. In the current study, we have prior information on the particle
size distribution and refractive index for the colloidal suspension. Using the information, we
calculated theoretically the coefficients Cl1 without fitting. However, even if we don’t have the
prior information, the model equation allows examining the experimental and numerical results
by inverse analysis of the coefficients Cl1 and Cm2. The examination is challenging as future
work.
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