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Graph Games and Logic Design

Johan van Benthem

Amsterdam, Stanford and Tsinghua

Graph games model interesting social scenarios when normal behavior gets dis-
rupted, or (perhaps beneficially) nudged away from its ordinary course. At the same
time, these games offer interesting interfaces with old and new logics. In this survey
talk, I present some classical results on the sabotage game and its modal logic, then
move to a range of new results obtained recently by students, and I end with a general
discussion of the logic design/game design interface, including the pressing challenge
of bringing in more informational/epistemic aspects.

——————————-

Johan van Benthem & Fenrong Liu, 2019, Graph Games and Logic Design, Journal of
Tsinghua University (Philosophy and Social Sciences), 34:2, 131139.
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Logic and Games 
 

28



 
 

Logic as Games 

   
 

 

 
  
 

 

 

 

 
 

 
evaluation of formulas in models  

comparing models for similarity/expressive power 

constructing models, SAT   

proof search, argumentation and dialogue   

 

 

            Part IV 
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Logic of Games 

   
 

 

 
  
 

 

 

 

 
 

 
 logical analysis of game structure 

links with game theory, computer science,  

cognitive and social sciences 

 

 

                    

              I, II, III 
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Today: In the Middle 

   
 

 

 
  
 

 

 

 

 
 

 
 games designed in tandem with logical considerations 

 
broader program in: 

J. van Benthem & F. Liu, Graph Games and Logic Design  
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Recent Dissertation (2021) 
 
 
 
 
 
 
 
 
 
 
 

further student contributions:  

later in this talk and in talk Fenrong Liu 
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Graph Games 
 

33



 

Graph Games 

Graph games  (many versions) 

analyze complexity of computation, logic, argumentation  

Intermediate between logic games and game logic 
  

A first simple example 
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 Travel Game and Modal Logic 

  
 
 

  
 

 Graph 1 Traveler has winning strategy starting in 1 
      Demon has w.s. when Traveler starts in 2 
 Graph 2 Traveler has w.s. starting in 2 
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 The Sabotage Game 

original motivation        Dutch railways 2004 
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 The Sabotage Game 

algorithmic tasks under disturbance 

complexity jumps for perturbed Graph Search problem  
 

in general larger goal regions 

Zermelo: game is determined 

solution complexity Pspace-complete 
 

interesting special cases 
  
 trees [best cut links locally], grids  
 geometrical solids: winning positions  

 with goal region sizes on Cube   
     

37



 
 
 
 

 

 

Modal Logics for Graph Games 
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 Sabotage Modal Logic 

Modal language for studying the game via its graph invariants 

 

 

 

 

 

 
 
 

truth values of complex formulas can change after deletion 
 

dynamic logic of graph change 
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 Counter-Example 

 

 

 

 

 
 
 
 

Open problem  Axiomatize the schematic validities of SML 
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     Some Theory 

computational complexity 

model checking Pspace-complete (for modal logic: Ptime) 

SAT undecidable (for modal logic: Pspace-complete) 
 

first-order translation exists, but needs memory 

validities axiomatizable in principle, no PAL\DEL-style reduction 
 

sabotage bisimulation and invariance 
 

Student contributions: Aachen, Stanford, Beijing (Li Dazhu, Zhang Tianwei) 
 

axiomatizing validities  JvB, Shi Chenwei, Lilei, Yin Haoxuan 
 

to appear in Logic and Computation 
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      Local Sabotage, Graded Modal Logic 

  
 

 

 
 

player E does not know which move A played 
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      Zero-One Law and Random Graph 

 Dotted lines: epistemic uncertainty relations 

 modal epistemic action language 
              

 Proof: analyze truth on the countable random graph 
  
 Also holds for modal logic, by its translation into FOL. 
 Even for first-order fixed-point logic LFP(FO) (Week 6) 
 that defines players’ winning powers in sabotage game 

 
 Fact (Chris Mierzewski)  Probability 1 for WINT 
 The sabotage game is massively in favor of Traveler! 
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Intermezzo: Some General Issues 
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Graph Logics and Game Logics 

graph logics describe the graph and game invariants 

that depend only on graph positions (e.g., winning positions) 
 

game logics describe game structure: extensive form (procedure, 

temporal unfolding), strategic form/powers (control over outcomes) 
 

when is a transition needed? 
(preferences, imperfect information, agents) 

 

 
 
 
 

         
 

 

45



 

      Game Logics 
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Issue: Mismatch? 
 

graph logic overgenerates 

very few formulas correspond with natural game assertions (?) 
 

worse here than with logical systems in general? 
 

paradoxette: complexity mismatch 

the logic of the graphs can be complex 

while the game itself is simple to play 
 

explanation: foundations of mathematics logical theories  

of regular simple structures can be complex, and nice versa 
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Issues: Architecture 

 
When are two graph games the same? 

 

‘supergame’ instead of graph game? 
 

reductions between games/between logics 
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Comparisons With  

Other Dynamic Logics 
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      Contrast with DEL-style Update Logic  
Analogies with Week 1 topic, but also contrasts: 

 

 
 
 

Review of Symbolic Logic 2020, JvB, KM & F Z-B 
Turn PAL into logic of stepwise object removal  
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   From PAL to MLSR 

  
 

 
 

Current project Fenrong Liu, Sujata Ghosh 
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Extensions, Variations 

Other Graph Games 
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      Game Design and Taxonomy   
 

 
 

Current project Fenrong Liu, Sujata Ghosh 
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      Meet Avoid Game & Logical Surprises 

  
 

 
 
 

 

 

Current project Fenrong Liu, Sujata Ghosh, students 

 

Undecidable logic, Talk Fenrong Liu 
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Imperfect Information  
 

 

 

 

 

 

 

In general, games like this will need probabilistic equilibria 
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Information and Questions  
 

 

 

 
 
 
 
 

general information-theoretic analysis  

number of questions needed in dynamic search? 
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Extended Epistemic-Temporal Graph Logics? 

Another example: logics with short sight in the graph 

tree of graph positions, action links for possible moves, 

epistemic links for what cannot be distinguished 

Traveler and Demon may have different views 
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Sabotage Game With Short Sight in Graph 

 
Traveler only sees links 

at the current point 

Demon sees everything 
 

Game tree     nodes: graphs with Traveler position 

moves: link cut, travel step. Epistemic links for Traveler 

Travel steps can reveal which links were cut 
 

Epistemic modal logic, forcing modalities 
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Real Games  
 

 

 
 

ongoing research at the ILLC 
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