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The Dirichlet-to-Neumann map of nonlinear diffusion operators –
theory & application

Daniel Hauer

School of Mathematics and Statistics, The University of Sydney, NSW 2006, Australia

Keywords: Elliptic & parabolic problems, regularity of solutions, nonlocal operator, p-Laplace
type operators, Asymptotic behavior
2022 MSC: 35J92, 35K92, 35B65, 35B40

My talk is based on the following content and provides a summary of the main results.

1. Motivation - Physical Background

Let σ(x) be a positive function that models the electrical conductivity of a connected body Ω
with smooth boundary ∂Ω. If uh : Ω → R is the electric potential corresponding to a given voltage
h on the boundary ∂Ω of Ω, then by Ohm’s law, the negative current flux −J is proportional to
the electric field σ∇uh w.r.t. the conductivity σ; that is, one has

− J = σ∇uh. (1.1)

If we assume that there are no sources or sinks of electricity in Ω, then the law of conservation of
energy says that

div (J) = 0 in Ω. (1.2)

Inserting J given by (1.1) into (1.2) shows that the potential uh is a solution of the Dirichlet problem



−∇ ·

(
σ∇uh

)
= 0 in Ω,

uh = h on ∂Ω.

It is worth noting that under sufficient regularity assumptions on the conductivity σ and the voltage
h, one knows that the solution uh of this boundary-value problem is unique.

However, there are materials of Ω that are non-Ohmic and hence, the current flux J does not
obey the linear law given by (1.1). One possibility is to assume that the current flux J satisfies a
nonlinear power law (see, e.g., [10])

− J = σ |∇uh|p−2 (1.3)

Email address: daniel.hauer@sydney.edu.au (Daniel Hauer)
URL: http://sydney.edu.au/science/people/daniel.hauer.php (Daniel Hauer)
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Problem 1 (Calderón’s inverse conductivity problem). Determine the conductivity function σ(x)
from the knowledge of the current measurements σ |∇uh|p−2∇uh ·�ν at the boundary ∂Ω induced by
the voltages h on ∂Ω. In other words, recover σ from the knowledge of the Dirichlet-to-Neumann
map

Λσ : h �→ Λσ := σ |∇uh|p−2∇uh · �ν|∂Ω, (1.7)

where uh is a solution of the Dirichlet problem (1.6).

In order to be able to attack Calderón’s inverse conductivity problem, it is crucial to know the
analytic properties of the Dirichlet-to-Neumann map Λσ. In this talk, my aim is to illustrate a few
of the many properties and applications of the Dirichlet-to-Neumann map Λσ associated with the
weighted p-Laplace operator

∆p,σu := ∇ ·
(
σ |∇u|p−2∇u

)
.

2. The Dirichlet-to-Neumann map - An Analyst’s Perspective

Let Ω be a bounded domain in Rd, d ≥ 1, which in dimension d ≥ 2 has at least a continuously
differentiable boundary ∂Ω, and let 1 < p < ∞. For simplicity, we first discuss the Dirichlet-to-
Neumann map Λσ given by (1.7) in the case of normalized conductivity σ ≡ 1 and later discuss
results for more general conductivity functions σ. In addition, we write Λ instead of Λ1.

Besides the physically motivated inverse problem (Problem 1), the Dirichlet-to-Neumann map Λ
also appears in the mathematical notion of p-capacity and therefore is also named interior capacity
operator [21, §II.5.1] or, Neumann operator (see, for example, [45, p. 41]).

The Dirichlet-to-Neumann map Λ is constructed in two crucial steps, which we intend to discuss
now in more detail.

2.1. Step 1 - The Dirichlet problem

As a beginning point, it is worth noting that for p �= 2, solutions u of the p-Laplace equation (1.5)
are merely differentiable with a Hölder-continuous gradient ∇u; in other words, u merely belongs
to the class C1,α. Thus, we cannot expect to find solutions of the Dirichlet problem

{
−∆puh = 0 in Ω,

uh = h on ∂Ω.
(2.1)

in the sense of classical solutions uh ∈ C2(Ω), and rather use the notion of weak solutions or
viscosity/Perron solutions. For our purposes, it is sufficient to employ the notion of weak solutions
u belonging to the function space

W 1,p(Ω) :=
{
u ∈ Lp(Ω)

∣∣∣∃�g ∈ Lp(Ω)d s.t.

∫

Ω

u
∂ξ

∂xi
= −

∫

Ω

�giξ ∀ ξ ∈ C1
c (Ω)

}
,

called the first Sobolev space. Here, Lp(Ω) refers to the Lebesgue space of all a.e.-equivalent classes
of measurable functions u with finite Lp-norm

‖u‖p =

[∫

Ω

|u|pdx
] 1

p

.

3

for some exponent p ∈ R. Then, the power law (1.3) leads to the nonlinear diffusion equation

−∇ ·
(
σ |∇uh|p−2∇uh

)
= 0. (1.4)

In the case of normalized conductivity σ ≡ 1, equation (1.4) reduces to the celebrated p-Laplace
equation

−∆pu := −∇ ·
(
|∇u|p−2∇u

)
= −|∇u|p−4

[
|∇u|2∆u+ (p− 2)

d∑
i,j=1

∂u

∂xi

∂u

∂xj

∂2u

∂xi∂xj

]
= 0, (1.5)

which for p = 2 becomes the famous linear Laplace equation

−∆u := −
d∑

i=1

∂2u

∂x2
i

= 0.

In electricity, the power law (1.3) appears, for example, in certain polycrystalline materials near
the superconducting-normal transition (see, e.g., [15, 23]). Further, it may be used to approximate
more complicated non-Ohmic problems; for example, for p = 1, one finds the stationary equation
of the total variational flow [4, 34]

−∇ ·
( ∇u

|∇u|

)
= 0,

(see Section 5 for more details), or in the limit case “p = ∞”, one arrives to the famous ∞-Laplace
equation [20]

−
d∑

i,j=1

∂u

∂xi

∂u

∂xj

∂2u

∂xi∂xj
= 0.

The quasi-linear 2nd-order partial differential equation (1.4) appears in many other diffusion
phenomena including nonlinear dielectrics [15, 27, 26] and plastic moulding [9]. In particular,
(1.4) occurs to model electro-rheological [43] and thermorheological fluids [5], non-Newtonian fluids
such as plasma or glue, viscous flows in glaciology [28], some plasticity phenomena [11], in image
processing [38] and conformal geometry [40]. We refer, for example, to the PhD thesis [14] by
Brander for further references.

Physicists study physical phenomena through observing multiple experiments with various
boundary data h on ∂Ω and collect data through measurements, for example, of the current flux

σ |∇uh|p−2∇uh · �ν at the boundary ∂Ω

of a solution uh of the Dirichlet problem

{
−∇ ·

(
σ |∇uh|p−2∇uh

)
= 0 in Ω,

uh = h on ∂Ω.
(1.6)

Here, we denote by �ν the outward pointing unit normal vector at the boundary ∂Ω. This type of
research of physical phenomenon leads naturally to the following open problem (cf. [17] for p = 2
and [44, 13] for p �= 2).
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and [44, 13] for p �= 2).
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2.2. Step 2 - The Neumann part

For every boundary value h ∈ W 1−1/p,p(∂Ω), let uh be the unique weak solution of Dirichlet
problem (2.1). Then we set

P (h) := uh. (2.7)

The mapping P admits several important properties, which we want to summarize in our next
proposition.

Proposition 2.2 ([29]). The following statements hold.

(1.) P defined by (2.7) is a well-defined, continuous, homogeneous, and injective mapping

P : W 1−1/p,p(∂Ω) → W 1,p(Ω).

(2.) Let h1, h2 ∈ W 1−1/p,p(∂Ω), H ∈ W 1,p(Ω) with trace Tr(H) = h2, and λ ∈ R. Then,

1
p

∫

Ω

|∇P (λh1 + h2)| dx ≤ 1
p

∫

Ω

|λ∇P (h1) +∇H| dx.

(3.) Let v ∈ W 1−1/p,p(∂Ω). Then for every V ∈ W 1,p(Ω) with trace Tr(V ) = v, there exists a
unique V0 ∈ W 1,p

0 (Ω) such that P (v) = V0 + V .

Now, if the boundary ∂Ω is smooth enough (for example, C1,α, see [39]) and if the boundary
data h ∈ C1,α(∂Ω), then the weak solution P (h) of Dirichlet problem (2.1) is of the class C1,α(Ω)
and hence the co-normal derivative

[Λh](x) := |∇P (h)(x)|p−2 ∂P (h)
∂ν (x) exists at every x ∈ ∂Ω. (2.8)

On the other hand, we would like to be able to define the Dirichlet-to-Neumann map Λ for
boundary data h with less regularity. To see how this can be achieved, we first multiply (2.8)
by P (v) for some v ∈ C1,α(∂Ω) with respect to the inner product on L2(∂Ω). Then by Green’s
formula, one obtains that

∫

∂Ω

Λh v dH =

∫

Ω

|∇P (h)|p−2∇P (h)∇P (v) dx.

Even if P (h) and P (v) merely belong toW 1,p(Ω), the integral on the right-hand side of this equation
exists. Thus, we could use this integral to define the Dirichlet-to-Neumann operator Λ as a mapping
from W 1−1/p,p(∂Ω) into the dual space W−(1−1/p),p′

(∂Ω) := (W 1−1/p,p(∂Ω))∗. But, in general, P
is not linear. Thus, it is a priori not clear whether the functional

v �→
∫

Ω

|∇P (h)|p−2∇P (h)∇P (v) dx (2.9)

is a bounded linear functional on W 1−1/p,p(∂Ω). However, according to (3) of Proposition 2.2, for
every v ∈ W 1−1/p,p(∂Ω), there is a unique V0 ∈ W 1,p

0 (Ω) such that P (v) = V0 + Zv and so,
∫

Ω

|∇P (h)|p−2∇P (h)∇P (v) dx

=

∫

Ω

|∇P (h)|p−2∇P (h)∇V0 dx+

∫

Ω

|∇P (h)|p−2∇P (h)∇Zv dx

=

∫

Ω

|∇P (h)|p−2∇P (h)∇Zv dx

5

Since we assumed that Ω has at least a continuously differentiable boundary ∂Ω, the mapping
u �→ u|∂Ω from C0,1(Ω) to C0,1(∂Ω) can be extended uniquely and continuously to a mapping

Tr : W 1,p(Ω) → Lp(∂Ω)

called the trace operator (see, e.g., [42]), which admits the following properties.

(1.) The kernel ker(Tr) := {u ∈ W 1,p(Ω) | Tr(u) = 0 } of Tr is isomorphic with the space W 1,p
0 (Ω),

which is the W 1,p(Ω)-closure of the set of test functions C∞
c (Ω).

(2.) The range Rg(Tr) := { Tr(u) | u ∈ W 1,p(Ω)} of Tr is isomorphic to the fractional Sobolev
(-Slobodečki) space W 1−1/p,p(∂Ω), which is the linear subspace of all ϕ ∈ Lp(∂Ω) with finite
semi-norm (see [42, Section 3.8])

[f ]pp :=

∫

∂Ω

∫

∂Ω

|ϕ(x)− ϕ(y)|p

|x− y|d−2+p
dx dy.

(3.) The trace operator Tr has a linear bounded right inverse (see [42, Théorème 5.7])

Z : W 1−1/p,p(∂Ω) → W 1,p(Ω). (2.2)

Now, for any boundary value h ∈ W 1−1/p,p(∂Ω), let H ∈ W 1,p(Ω) be such that Tr(H) = h and
set KH := H +W 1,p

0 (Ω). We consider the energy functional E : W 1,p(Ω) → R defined by

E(u) = 1
p

∫

Ω

|∇u|p dx (2.3)

for every u ∈ W 1,p(Ω). The functional E is continuously differentiable and the (Fréchet-)derivative
E ′ : W 1,p(Ω) → (W 1,p(Ω))′ is given by

〈E ′(u), v〉 =
∫

Ω

|∇u|p−2∇u∇v dx (2.4)

for every u, v ∈ W 1,p(Ω). Further, since E is strictly convex and by Poincaré’s inequality, the
restriction E| KH

of E on the affine closed set KH = H +W 1,p
0 (Ω) is coercive; that is,

lim
‖u‖

W1,p(Ω)
→∞

u∈KH

E(u) = ∞,

the classical theory of calculus of variation [47, Theorem 2.E] implies that there is a unique solution
uh ∈ W 1,p(Ω) to the minimization problem:

min

{
1
p

∫

Ω

|∇u|p dx
∣∣∣ u ∈ W 1,p(Ω) with u−H ∈ W 1,p

0 (Ω)

}
. (2.5)

Moreover, uh ∈ W 1,p(Ω) is a minimizer of (2.5) if and only if uh −H ∈ W 1,p
0 (Ω) and uh satisfies

E ′(u) = 0 (see [47, Theorem 2.E]) or, equivalently,
∫

Ω

|∇uh|p−2∇uh∇v dx = 0 for every v ∈ W 1,p
0 (Ω). (2.6)

From this, the definition of a weak solution to Dirichlet problem (2.1) follows naturally.

Definition 2.1. For given boundary value h ∈ W 1−1/p,p(∂Ω), we call a function uh ∈ W 1,p(Ω) a
weak solution of Dirichlet problem (2.1) on Ω if uh − Zϕ ∈ W 1,p

0 (Ω) and uh satisfies (2.6).
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2.3. The Dirichlet-to-Neumann map is a nonlocal operator

The Dirichlet-to-Neumann operator Λ is a nonlocal operator in the sense that for a given bound-
ary function h, the values [Λh](x) for x ranging in a relatively open neighborhood Γx0 of a given
boundary point x0 ∈ ∂Ω do not only depend on the values h(x) for x ∈ Γx0 , but on the values of
h along the whole boundary ∂Ω. To be more precise, suppose the boundary ∂Ω is of class C2,β

for a β ∈ (0, 1) and let ∂Ω = Γ1∪̇Γ2 with Γ1 relatively open and nonempty. Further, suppose
the boundary data h ∈ C1,α(∂Ω) satisfies h > 0 on Γ2 and h = 0 on Γ1. By the weak maxi-
mum principle, P (h) is positive in Ω and attains its minimum on the boundary ∂Ω. But since the
boundary ∂Ω ∈ C2,β , at every boundary point x ∈ ∂Ω the inner ball condition holds. Thus Hopf’s
boundary-point lemma [46] yields that

Λh(x) = |∇P (h)(x)|p−2∇P (h) · �ν(x) > 0 at every x ∈ Γ1,

which is in contrast to the condition h = 0 on Γ1 satisfied by the boundary data h.

3. Elliptic & parabolic problems involving the Dirichlet-to-Neumann map

In the past much research has been done to investigate the linear Dirichlet-to-Neumann map
Λ, that is, when p = 2 (cf., for instance, [21, Proposition 1 in §II.5.1], [6, 24]). But one finds
only a few results in the literature about elliptic boundary-value problems involving the nonlinear
Dirichlet-to-Neumann map Λ. It was first shown (see [1, 2]) that well-posedness in the sense of
entropy solutions holds for elliptic problems involving Λ with non-homogeneous boundary data in
L1(∂Ω). More than 10 years later, it was shown in [29] that well-posedness of such problems also
holds in the sense of weak solutions (which is a much simpler notion). In particular, the author
established Hölder-continuity of weak solutions h to the Poisson problem

Λhf = f on ∂Ω. (3.1)

It is worth noting that for given f ∈ W
−(1−1/p),p′
m (∂Ω), the Poisson problem (3.1) is nothing less

than the inhomogeneous Neumann problem
{

−∆pP (h) = 0 in Ω,

|∇P (h)|p−2∇P (h) · �ν = f on ∂Ω,

and the resolution map Λ−1 : W
−(1−1/p),p′
m (∂Ω) → W

1−1/p,p
m (∂Ω) assigning f �→ hf is the Neumann-

to-Dirichlet map. Here, W
1−1/p,p
m (∂Ω) denotes the subspace of all functions h ∈ W 1−1/p,p(∂Ω) with

zero mean
∫
∂Ω

h dH = 0, and we write W
−(1−1/p),p′
m (∂Ω) for its dual space.

Theorem 3.1 ([29]). The following assertions hold.

(1.) For every f ∈ W
−(1−1/p),p′
m (∂Ω), there is a unique weak solution hf ∈ W

1−1/p,p
m (∂Ω) of Poisson

problem (3.1). Moreover, the Neumann-to-Dirichlet map f �→ hf is a continuous mapping

Λ−1 : W
−(1−1/p),p′
m (∂Ω) → W

1−1/p,p
m (∂Ω).

(2.) Let q = d−1
p−1−ε for some ε ∈ (0, 1) if p ≤ d and q = 1 if p > d. Further, let f ∈ Lq(∂Ω) have

zero mean
∫
∂Ω

f dH = 0. Then there are α ∈ (0, 1) and cα ≥ 0 such that every weak solution

hf ∈ W 1−1/p,p(∂Ω) of (3.1) belongs to C0,α(∂Ω) and satisfies

‖hf‖C0,α(∂Ω) ≤ cα

(
‖f‖

1
p−1

Lq(∂Ω) + ‖P (h)‖Lp(Ω)

)
+ cα.
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for every h, v ∈ W 1−1/p,p(∂Ω). This shows that the functional (2.9) is linear. Moreover, by Hölder’s
inequality, one sees that

|〈Λh, v〉| ≤ ‖∇P (h)‖p−1
p ‖∇Zv‖p,

from where we can deduce that Λ ∈ W−(1−1/p),p′
(∂Ω). This outline justifies our next definition

and shows its consistency with the case of smooth functions.

Definition 2.3. The mapping Λ : W 1−1/p,p(∂Ω) → W−(1−1/p),p′
(∂Ω) defined by

〈Λh, v〉 =
∫

Ω

|∇P (h)|p−2∇P (h)∇Zv dx (2.10)

for every h, v ∈ W 1−1/p,p(∂Ω) is called the Dirichlet-to-Neumann map associated with the p-Laplace
operator ∆p.

The preceding definition provides a first rigorous mathematical realization of the Dirichlet-to-
Neumann map Λ for weak solutions of Dirichlet problem (2.1) and appeared first in [3] and later
in [1] (see also [29].

One disadvantage of this definition is that the dual space W−(1−1/p),p′
(∂Ω) contains distri-

butions which might not be regular in the sense of L1
loc-functions. Thus, the realization of the

Dirichlet-to-Neumann map Λ with values in W−(1−1/p),p′
(∂Ω) might not always be suitable.

An alternative realization of the Dirichlet-to-Neumann map can be obtained by using the notion
of sub-differential operators of convex functionals defined on a Hilbert space. For every ϕ ∈ L2(∂Ω),
let

F(ϕ) :=




1
p

∫

Ω

|∇P (h)|p dx, if h ∈ W 1−1/p,p(∂Ω) ∩ L2(∂Ω),

+∞, if otherwise.
(2.11)

Then, by Proposition 2.2, F is convex and proper. Moreover, F is lower-semicontinuous and densely
defined in L2(∂Ω) (see [29, Lemma 3.13]). The sub-differential operator ∂L2F of F is a single-valued
mapping on L2(∂Ω) and can be characterized by

D(∂L2F) =
{
h ∈ W 1−1/p,p(∂Ω) ∩ L2(∂Ω)

∣∣∣ ∃ gh ∈ L2(∂Ω) s.t. gh = Λh
}

∂L2F(h) = gh.

In particular, for the realization ∂L2F in L2(∂Ω) of the Dirichlet-to-Neumann map Λ, one has that

∫

∂Ω

∂L2F(h) v dH =

∫

Ω

|∇P (h)|p−2∇P (h)∇Zv dx

for every h ∈ W 1−1/p,p(∂Ω) ∩ L2(∂Ω).

It is worth noting that the realization of the Dirichlet-to-Neumann map Λ in L2(∂Ω) has been
first used in [22] (and see also [37]).
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2.3. The Dirichlet-to-Neumann map is a nonlocal operator
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zero mean
∫
∂Ω
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1
p−1

Lq(∂Ω) + ‖P (h)‖Lp(Ω)

)
+ cα.
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(3.) For (2 ∨ d−1
p−1−ε ) ≤ q ≤ ∞ with some ε ∈ (0, 1) if p ≤ d and for 2 ≤ q ≤ ∞ if p > d, there

are α ∈ (0, 1) and cα > 0 such that for every h0 ∈ Lq(∂Ω), the strong solution h of (3.2) with
initial datum h(0) = h0 satisfies

‖h(t)‖C0,α(∂Ω) ≤ cα

[(‖h0‖Lq(∂Ω)

t

) 1
p−1

+Φ(h(t))

]
+ cα

for every t > 0, where the function t �→ Φ(h(t)) := F(h(t))1/p + ‖h(t)‖L2(∂Ω) is continuous
and decreasing on (0,∞).

(4.) For every h0 ∈ Lq(∂Ω), one has

lim
t→+∞

h(t) = h0 := 1
H(∂Ω)

∫

∂Ω

h0 dH in Lq(∂Ω). (3.5)

Moreover, if (2∨ d−1
p−1−ε ) ≤ q ≤ ∞ for some ε ∈ (0, 1) provided p ≤ d, or if 2 ≤ q ≤ ∞ provided

p > d, then (3.5) holds, in particular, in C(∂Ω) for every h0 ∈ Lq(∂Ω).

It is worth noting that the two inequalities (3.3) and (3.4) describe an immediate smoothing
effect. Inequality (3.3) follows either from the fact that the Dirichlet-to-Neumann map Λ associated
with the p-Laplace operator generates an analytic semigroup {etΛ}t≥0 on Lq(∂Ω) if p = 2 or if p �= 2,
from the property that Λ is homogeneous of order p − 1 (see [12]), that is, Λ(th) = tp−1Λ(h) for
every t > 0 and h ∈ D(Λ). The same regularity result still holds for solutions of the equation

∂th+ Λh+ f(h) = 0 on ∂Ω× (0,∞)

provided the nonlinearity f is globally Lipschitz continuous (see [30]). If the perturbation f has
merely sublinear growth, then one still obtains existence of strong solutions but uniqueness can fail.
We refer the interested reader to [8] for more details on this.

4. More general conductivity functions

At the current point of knowledge, most of the results mentioned above also hold for the
Dirichlet-to-Neumann map Λσ associated with the weighted p-Laplace operator ∆p,σ provided the
conductivity function σ satisfies at least one of the following conditions:

(i.) σ ∈ L∞(Ω) and there is a constant σ0 > 0 such that σ ≥ σ0 a.e. on Ω,

(ii.) σ belongs to the class Ap of p-Muckenhoupt weights, or, slightly more generally, is p-admissible
(cf., [36]).

5. A limiting case: The Dirichlet-to-Neumann map associated with the 1-Laplace op-
erator

The goal of this section is to briefly mention the Dirichlet-to-Neumann map Λ in the limit case
p = 1. In this case, the operator associated with Λ is the 1-Laplace operator

∆1u := div

(
Du

|Du|

)
.
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The first-order evolution problem

∂th+ Λh = 0 on ∂Ω× (0,∞) (3.2)

governed by the Dirichlet-to-Neumann map Λ is equivalent to the elliptic-parabolic boundary value
problem {

−∆pP (h) = 0 in Ω× (0,∞),

∂th+ |∇P (h)|p−2∇P (h) · �ν = 0 on ∂Ω× (0,∞).

To the best of our knowledge, the first result regarding the evolution problem (3.2) goes back
to the paper [22] by Dı́az and Jiménez [37]. Results about existence and uniqueness of entropy
solutions of elliptic and parabolic equations involvingΛ with boundary data in L1(∂Ω) have been
first announced in [2] and later established in the thesis [3]. We could complement the existing
literature by establishing Hölder-regularity of weak solutions to (3.2) and by establishing their
large time asymptotic behavior.

In the following, a solution h of (3.2) is said to be strong provided the time-derivative ∂th(t)
exists in some Banach space X for a.e. t > 0.

Theorem 3.2 ([29, 19]). Let 1 ≤ q ≤ ∞ and ∂Ω ∈ C2,α. Then, the following statements hold.

(1.) For every h0 ∈ Lq(∂Ω) or h0 ∈ C(∂Ω), there is a unique strong solution

h ∈ C((0,∞);W 1−1/p,p(∂Ω)) ∩W 1,∞([δ,∞);Lq(∂Ω)) ∩ C([0,∞);Lq(∂Ω))

δ > 0, of the evolution equation (3.2) with initial datum h(0) = h0 satisfying “conservation of
mass” ∫

∂Ω

h(t) dH =

∫

∂Ω

h0 dH for every t ≥ 0,

and there is a constant C > 0 such that the right-hand side time-derivative ∂t+h satisfies

‖∂t+h(t)‖Lq(∂Ω) ≤ C
‖h0‖Lq(∂Ω)

t
for every t > 0. (3.3)

In particular, the negative Dirichlet-to-Neumann map −Λ generates a C0-semigroup {etΛ}t≥0

of contractions on Lq(∂Ω) (provided q �= ∞) and on C(∂Ω).

(2.) Let 1 < p < d and choose q0 ≥ p minimal such that ((d− 1)/(d− p)− 1)q0 + p− 2 > 0. Then
for every 1 ≤ q ≤ (d− 1)q0/(d− p) satisfying q > (2− p)(d− 1)/(p− 1), one has that

‖etΛh0 − h0‖∞ � t−δq ‖h0 − h0‖γq
q (3.4)

for every t > 0 and h0 ∈ Lq(∂Ω), where the exponents αq and γq are given by

αq =
α∗

1− γ∗
(
1− q(d−p)

(d−1)q0

) , γq =
γ∗ q(d−p)

(d−1)q0

1− γ∗
(
1− q(d−p)

(d−1)q0

) ,

α∗ =
d− p

(p− 1)q0 + (d− p)(p− 2)
, γ∗ =

(p− 1)q0
(p− 1)q0 + (d− p)(p− 2)

.

Similar Lq-L∞ regularity estimates hold in the case p = d ≥ 2 and for p > d.
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to the paper [22] by Dı́az and Jiménez [37]. Results about existence and uniqueness of entropy
solutions of elliptic and parabolic equations involvingΛ with boundary data in L1(∂Ω) have been
first announced in [2] and later established in the thesis [3]. We could complement the existing
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In our next theorem, we provide a useful characterization of Λ. In the following, we write
L∞
σ (∂Ω) for the space L∞(∂Ω) equipped with the weak∗-topology σ(L∞(∂Ω), L1(∂Ω)).

Theorem 5.3 ([34]). For given h ∈ L1(∂Ω), let Zh be the set defined in (5.6). Then the Dirichlet-
to-Neumann map Λ in L1(∂Ω) associated with the 1-Laplace operator ∆1 admits the following
properties.

(1.) The map Λ has the effective domain

D(Λ) = L1(∂Ω)

and −Λ generates a C0-semigroup {etΛ}t≥0 of order-preserving contractions on L1(∂Ω).

(2.) Λ is homogeneous of order zero;

(3.) Λ is closed in L1(∂Ω)× L∞
σ (∂Ω);

(4.) Λ can be characterized by
Λ = ∂L1×L∞(∂Ω)ϕ (5.7)

for the sub-differential operator ∂L1×L∞(∂Ω)ϕ in L1×L∞(∂Ω) of the convex, even, homogeneous
of order one, and continuous functional ϕ : L1(∂Ω) → [0,∞) defined by

ϕ(h) =

∫

∂Ω

[zh, ν]h dHd−1 (5.8)

for every h ∈ L1(∂Ω) and zh ∈ Zh. In particular, the value of the integral on the right-hand
side in (5.8) does not change among all vector fields zh ∈ Zh.

As an application of Theorem 5.3, we can prove well-posedness, and regularity properties of
strong solutions h in Lq(∂Ω) (see [34] and also [33, 30]) of the elliptic-parabolic boundary value
problem 



λh− div

(
Duh

|Duh|

)
= 0 in Ω× (0, T ),

uh = h on ∂Ω× (0, T ),

∂th+
Duh

|Duh|
· ν � g on ∂Ω× (0, T ),

h = h0 on ∂Ω× {t = 0},

where f : ∂Ω×R → R is a Lipschitz-continuous Carathéodory function. In particular, we have the
following long-time stability result.

Theorem 5.4 ([34]). Let 1 ≤ q ≤ ∞. Then the following statements hold.

(1.) (Energy decreasing) For every h0 ∈ L1(∂Ω), the energy functional ϕ given by (5.8) is mono-
tonically decreasing along the trajectory

{e−t(Λ+f)h0 | t ≥ 0}.

In particular, one has that

ϕ∞ := lim
n→∞

ϕ(e−t(Λ+f)h0) exists.
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It is well-known that for every boundary datum h ∈ L1(∂Ω), there exists a weak solution uh of the
Dirichlet problem (see [41]) {

−∆1u = 0 in Ω,

u = h on ∂Ω.
(5.1)

However, difficulties arise in deriving properties of the Dirichlet-to-Neumann map Λ, for instance,
from the fact that the notion of weak solutions uh of (5.1) merely requires that the Dirichlet
boundary condition u = h on ∂Ωin a very weak sense as we can see as follows.

Definition 5.1. For given h ∈ L1(∂Ω), we call a function u ∈ BV (Ω) a weak solution of Dirichlet
problem (5.1) if there is a vector field zh ∈ L∞(Ω;Rd) generalizing Du/|Du| through the three
conditions

‖zh‖∞ ≤ 1, (5.2)

− div(zh) = 0 in D′(Ω), and (5.3)

(zh, Du) = |Du| as Radon measures (5.4)

and the weak trace [zh, ν] on ∂Ω of the generalized co-normal derivative zh · ν satisfies

[zh, ν] ∈ sign(h− Tr(u)) Hd−1-a.e. on ∂Ω. (5.5)

To emphasize the dependence of a weak solution u of Dirichlet problem (5.1) on the boundary data
h, we often write uh instead of u.

It was shown in [41] (see also [34]) that for this notion of solutions, the Dirichlet problem (5.1)
might have infinitely many solutions uh. In addition, for each weak solutions uh of (5.1), there
might be infinitely many vector fields zh ∈ L∞(Ω;Rd) satisfying (5.2)-(5.5) with uh, and if ẑh is a
second vector field satisfying (5.2)-(5.5) for another weak solution ûh of (5.1) then zh also satisfies
(5.4)-(5.5) with ûh and ẑh satisfies (5.4)-(5.5) with uh (see [34]). Thus, for given boundary data
h ∈ L1(∂Ω), we introduce the set of divergence-free vector fields

Zh :=

{
zh ∈ L∞(Ω;Rd)

∣∣∣∣∣
zh satisfying (5.2)-(5.5) for a weak
solution uh of Dirichlet problem (5.1)

}
(5.6)

Note, due to the existence theory of weak solutions of Dirichlet problem (5.1), the set Zh is non-
empty for every h ∈ L1(∂Ω). But since the corresponding vector fields zh might not be unique, the
Dirichlet-to-Neumann operator Λ associated with the 1-Laplace operator might be a multi-valued
operator.

In the following, let BL∞(∂Ω) denote the closed unit ball of L∞(∂Ω) centered at h = 0.

Definition 5.2. We call the operator Λ defined by

Λ =

{
(h, g) ∈ L1(∂Ω)×BL∞(∂Ω)

∣∣∣∣∣
∃ zh ∈ Zh satisfying
[zh, ν] = g Hd−1-a.e. on ∂Ω

}

the Dirichlet-to-Neumann operator in L1(∂Ω) associated with the 1-Laplace operator ∆1.

10

－10－



In our next theorem, we provide a useful characterization of Λ. In the following, we write
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associated with the negative Bessel operator

A := −
(
∆+

1− 2s

y

∂

∂y
+

∂2

∂y2

)
on the half space Rd+1

+ := Rd × (0,∞).

This result established an important link between non-local and local diffusion problems and has
been generalized in various directions (see, for example, [25, 31, 32]. But the Dirichlet-to-Neumann
map Λ given by (6.1) occurs naturally in interpolation theory (see [7]). This result by Caffarelli
and Silvestre triggered various new research directions, and, in particular, laid the mathematical
foundation for defining fractional powers As of general monotone operators A in Hilbert spaces H
(see [35]). Further, it lead to a refinement of the classical definition of the sub-differential operator
∂E in Hilbert spaces to sub-differentials of so-called j-elliptic functionals [18].
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(2.) (Conservation of mass) If f ≡ 0, then one has that
∫

∂Ω

e−tΛh0 dHd−1 = h0 := 1
Hd−1(∂Ω)

∫

∂Ω

h0 dHd−1 for all t ≥ 0

and all h0 ∈ L1(∂Ω).

(3.) (Long-time stability in Lq(∂Ω)) If f ≡ 0, then for every h0 ∈ Lq(∂Ω) and q < ∞, then one
has that

lim
t→∞

e−tΛh0 = h0 in Lq(∂Ω)

and ϕ∞ = ϕ(h0) = 0.

(4.) (Entropy-Transport inequality) If F ≡ 0, then there is a C > 0 such that

‖e−tΛh0 − h0‖1 ≤ C ϕ(e−tΛh0) for all t > 0.

(5.) For every h0 ∈ L2(∂Ω), one has that

ϕ(e−tΛh0) ≤ 2
‖h0‖22

t
for all t > 0.

It is worth noting that the semigroup {etΛ}t≥0 does not admit an Lq-L∞-regularization effect
since the trace operator Tr only maps BV (Ω) into L1(∂Ω). Moreover, we believe that the following
conjecture holds.

Conjecture. For every h0 ∈ L1(∂Ω), the trajectory t �→ e−tΛh0 − h0 becomes extinct in finite
time.

6. Other applications

The list of known applications or occurrences of the Dirichlet-to-Neumann map is very long.
Indeed, it would be impossible to mention all. But among those, it is worth mentioning the result
by Caffarelli and Silvestre [16], which is known as the so-called extension technique. In this paper,
they showed that the fractional Laplace operator ψ(−∆) = (−∆)s on Rd, d ≥ 1, for ψ(r) = rs,
r ≥ 0, and 0 < s < 1, defined as the singular integral operator

(−∆)sh(x) = Cs,d C.V.

∫

Rd

h(x)− h(ξ)

|x− ξ|d+2s
dξ,

h ∈ C∞
c (Rd), can be characterized by

(−∆)sh = Cs Λh

for every h ∈ C∞
c (Rd), where Λ is the Dirichlet-to-Neumann map

h|Rd �→ Λh := lim
y→0+

−y1−2s ∂uh

∂y
(., y)|Rd (6.1)

corresponding to the incomplete Dirichlet/extension problem
{
−∆uh − 1−2s

y
∂uh

∂y − ∂2uh

∂y2 = 0 on Rd+1
+ ,

uh = h on ∂Rd+1
+ = Rd,
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publication of the Institute of Advanced Mathematical Research]. Université Louis Pasteur,
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Paris; Academia, Éditeurs, Prague, 1967.
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[22] J. Ildefonso Dı́az and R. F. Jiménez. Application of nonlinear semigroup theory to a pseu-
dodifferential operator. In Proceedings of the seventh congress on differential equations and
applications (Granada, 1984), pages 137–142. Univ. Granada, Granada, 1985.

[23] M.A. Dubson, S.T. Herbert, J.J. Calabrese, D.C. Harris, B.R. Patton, and J.C. Garland.
Non-ohmic dissipative regime in the superconducting transition of polycrystalline y1ba2cu3ox.
Physical Review Letters, 60(11):1061 – 1064, 1988.

[24] K.-J. Engel. The Laplacian on C(Ω) with generalized Wentzell boundary conditions. Arch.
Math. (Basel), 81(5):548–558, 2003.
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On solvability of an initial value problem
for a superlinear heat equation

Toru Kan
Department of Mathematics, Osaka Metropolitan University

1 Introduction

We discuss the initial value problem for the nonlinear heat equation
{
∂tu = ∆u+ up in RN × (0,∞),

u(·, 0) = µ on RN ,
(1.1)

where p > 1, N ≥ 1 and µ is a given positive Radon measure. Our concern is conditions
on µ for a nonnegative solution to exist.

1.1 Known facts

In the case p < pF := 1 + 2/N , a condition for local existence is explicitly given.
More precisely, it was shown in [3, 1] that problem (1.1) has a nonnegative local-in-time
solution if and only if

sup
B∈B,rad(B)=1

µ(B) < ∞,

where B is the set of all balls in RN and rad(B) denotes the radius of B ∈ B (we regard
the empty set as a ball with radius zero: ∅ ∈ B and rad(∅) = 0).

Let us turn to the case p ≥ pF . A necessary condition was obtained by [3, 1]: if (1.1)
has a nonnegative local-in-time solution, then

sup
B∈B,0<rad(B)≪1

[(
log

1

rad(B)

)N
2

µ(B)

]
< ∞ if p = pF ,

sup
B∈B,0<rad(B)≪1

[
rad(B)−N+ 2

p−1µ(B)
]
< ∞ if p > pF .

(1.2)

These conditions are, unfortunately, not sufficient. Indeed, there is a positive Radon
measure µ satisfying (1.2) such that (1.1) has no nonnegative local-in-time solution (see
[3, 6]). It is known (see [5, 2, 6]) that the existence of a local-in-time solution is guaran-
teed under the stronger condition

sup
B∈B,rad(B)>0

[
rad(B)−N+ 2

p−1

(
log

(
e+

1

rad(B)

)) 1
p−1

+ε

µ(B)

]
< ∞, (1.3)
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For α ∈ (0, N ], let Hα
∞ denote the α-dimensional Hausdorff content defined by

Hα
∞(E) := inf

{
∞∑
j=1

rad(Bj)
α; {Bj}∞j=1 ⊂ B, E ⊂

∞∪
j=1

Bj

}
.

Let M denote the set of Radon measures on RN . For α ∈ (0, N ] and β ∈ (0, 1], we define

Xβ
α :=

{
µ ∈ M; ‖µ‖Xβ

α
< ∞

}
, ‖µ‖Xβ

α
:= sup

0<Hα
∞(E)<∞

|µ|(E)

Hα
∞(E)β

,

where |µ| is the variation of µ. Then one can check that ‖ · ‖Xβ
α

defines a norm on
Xβ

α . We remark that this norm is invariant under the transformation (1.4) if p > pF and
αβ = N − 2/(p− 1), since Hα

∞(λE) = λαHα
∞(E) for λ > 0. Furthermore, as shown in

the next section, the space Xβ
α contains a positive Radon measure which is not absolutely

continuous with respect to the Lebesgue measure.
Our main result is stated as follows.

Theorem 1. Let p > pF and let α ∈ (0, N ] and β ∈ (0, 1) satisfy αβ = N −2/(p−1). If
µ ∈ Xβ

α and ‖µ‖Xβ
α

is small enough, then (1.1) has a nonnegative global-in-time solution.

Remark 2. By the definition of Hα
∞, we see that ‖µ‖X1

α
coincides with the left-hand side

of (1.2) if p > pF and α = N − 2/(p − 1). Since we know that condition (1.2) does
not imply the existence of a solution, the case β = 1 must be excluded in the theorem.
Moreover, we find that Xβ

N = Lq,∞(RN) for q = 1/(1 − β). This is due to the fact that
HN

∞ coincides with the Lebesgue measure.

2 Characterization of the space Xβ
α

We begin with an example of measures contained in Xβ
α . Let Hα(E) denote the Hausdorff

measure on RN :

Hα(E) := sup
δ>0

Hα
δ (E),

Hα
δ (E) := inf

{
∞∑
j=1

rad(Bj)
α; {Bj}∞j=1 ⊂ B, E ⊂

∞∪
j=1

Bj, rad(Bj) < δ

}
.

We consider a Borel set E0 ⊂ RN such that

Hα(E0) > 0, C0 := sup
B∈B,rad(B)>0

Hα(E0 ∩ B)

rad(B)α
< ∞.

3

where ε > 0 is an arbitrary constant. Furthermore, if p > pF the left-hand side of (1.3) is
small enough, then (1.1) has a nonnegative global-in-time solution.

The equation in problem (1.1) is invariant under the transformation

u(x, t) �→ uλ(x, t) := λ
2

p−1u(λx, λ2t), λ > 0.

The corresponding transformation for the initial value is given by

µ(E) �→ λ−N+ 2
p−1µ(λE), λE := {λx; x ∈ E}, (1.4)

which is due to the formal computation
∫

E

uλ(x, t)dx = λ−N+ 2
p−1

∫

λE

u(y, λ2t)dy
t→0−−→ λ−N+ 2

p−1µ(λE).

One of natural spaces where initial values live is a space the norm of which is invariant
under the above transformation. For q = N(p − 1)/2, the space Lq(RN) is an example
of such spaces, and it is well known that (1.1) has a global-in-time solution if p > pF
and the Lq norm of the initial value is small enough (see for instance [7, 4]). This space,
of course, does not contain a Radon measure which is not absolutely continuous with
respect to the Lebesgue measure. The purpose of this study is to give an invariant norm
for Radon measures such that (1.1) has a nonnegative global-in-time solution if the norm
of the initial value is small enough (note that the norm given by the left-hand side of (1.3)
is not invariant).

1.2 Main result

To state our main result, we introduce some definitions and notation. For a positive Radon
measure µ, we define

St[dµ](x) :=

∫

RN

G(x− y, t)dµ(y),

where G(x, t) stands for the heat kernel on RN :

G(x, t) := (4πt)−
N
2 e−

|x|2
4t .

If µ is given by dµ = hdx for some nonnegative function h ∈ L1
loc(RN), then we sim-

ply write St[h] for St[dµ]. By a nonnegative solution of (1.1), we mean a nonnegative
measurable function u satisfying

∞ > u(x, t) = St[dµ](x) +

∫ t

0

St−s[u(·, s)p](x)ds for (x, t) ∈ RN × (0,∞).
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(iii) ζ is supermodular and ξ is submodular: for any Borel sets E1 and E2,

ζ(E1 ∪ E2) + ζ(E1 ∩ E2) ≥ ζ(E1) + ζ(E2),

ξ(E1 ∪ E2) + ξ(E1 ∩ E2) ≤ ξ(E1) + ξ(E2).

(iv) For any Borel set E,

ζ(E) = sup{ζ(K);K ⊂ E,K is compact},
ξ(E) = inf{ξ(O);O ⊃ E,O is open}.

(v) 0 ≤ ζ ≤ ξ.

Then there exists a positive Radon measure ν such that ζ ≤ ν ≤ ξ.

The existence of ν and g is shown in the following way. Let µ ∈ Xβ
α . Since the

assertion clearly holds if µ = 0, we only consider the case µ �= 0. By definition, we have

(
|µ|

‖µ‖Xβ
α

)1/β

≤ Hα
∞.

One can take a monotone submodular set function ξ satisfying cHα
∞ ≤ ξ ≤ Hα

∞ and
ξ(E) = inf{ξ(O);O ⊃ E,O is open}, where c > 0 is a constant. Moreover, from
the condition β ∈ (0, 1), we see that ζ := c(|µ|/‖µ‖Xβ

α
)1/β is a monotone supermod-

ular set function. Applying Lemma 4, we obtain a positive Radon measure satisfying
c(|µ|/‖µ‖Xβ

α
)1/β ≤ ν ≤ Hα

∞. By the second inequality, we have ν ∈ Yα and ‖ν‖Yα ≤ 1.
From the first inequality, we deduce that |µ| is absolutely continuous with respect to ν, and
therefore the Radon-Nikodym theorem shows that dµ = gdν for some g ∈ L1

loc(RN , dν).
We again use the first inequality to obtain g ∈ Lq,∞(RN , dν) for q = 1/(1 − β) and
‖g‖Lq,∞ ≤ c−β‖µ‖Xβ

α
.

3 Existence of a solution

The proof of Theorem 1 is done by monotone methods. We say that a nonnegative mea-
surable function u is a supersolution of (1.1) if

∞ > u(x, t) ≥ St[dµ](x) +

∫ t

0

St−s[u(·, s)p](x)ds for (x, t) ∈ RN × (0,∞).

It is well known that the existence of a supersolution implies the existence of a solution.

Lemma 5. Assume that u is a supersolution of (1.1). Then there exists a nonnegative
solution u of (1.1) satisfying u ≤ u.

5

We note that the latter condition implies Hα(E0∩E) ≤ C0Hα
∞(E), since for any covering

{Bj} ⊂ B of E, we have

Hα(E0 ∩ E) ≤
∑
j

Hα(E0 ∩ Bj) ≤ C0

∑
j

rad(Bj)
α.

Let q ∈ (1,∞). We take a positive function g ∈ Lq,∞(RN , dHα�E0) and define µ0 by
dµ0 = gdHα�E0 . Then we have µ0 ∈ Xβ

α and ‖µ0‖Xβ
α
≤ C0‖g‖Lq,∞ for β = 1 − 1/q,

since

µ0(E) =

∫

E

g dHα�E0≤ ‖g‖Lq,∞Hα(E0 ∩ E)1−
1
q ≤ C0‖g‖Lq,∞Hα

∞(E)1−
1
q .

Here, for a measure ν on RN , the norm on Lq,∞(RN , dν) is defined by

‖h‖Lq,∞ := sup
0<ν(E)<∞

1

ν(E)1−1/q

∫

E

|h|dν.

We remark that µ0 is not absolutely continuous with respect to the Lebesgue measure.
The above example is generalized as follows. We denote by Yα the set of all positive

Radon measures ν on RN satisfying

‖ν‖Yα := sup
B∈B,rad(B)>0

ν(B)

rad(B)α
< ∞

(although this space is known as a Morrey space, we adopt the different notation since the
definition is slightly different). We take ν ∈ Yα and g ∈ Lq,∞(RN , dν). Then, by the same
argument as above, we see that µ defined by dµ = gdν belongs to Xβ

α for β = 1 − 1/q

and satisfies ‖µ‖Xβ
α
≤ ‖ν‖Yα‖g‖Lq,∞ .

We can show that the converse of the above fact is true: any µ ∈ Xβ
α is written as

dµ = gdν for some ν ∈ Yα and g ∈ Lq,∞(RN , dν).

Proposition 3. Let α ∈ (0, N ] and β ∈ (0, 1). Then for any µ ∈ Xβ
α , there exist ν ∈

Yα and g ∈ Lq,∞(RN , dν) with q = 1/(1 − β) such that dµ = gdν, ‖ν‖Yα ≤ 1 and
‖g‖Lq,∞ ≤ C‖µ‖Xβ

α
for some constant C > 0.

This proposition is shown by applying the following lemma.

Lemma 4. Suppose that set functions ζ and ξ defined on the Borel σ-algebra on RN

satisfy the following.

(i) ζ(∅) = ξ(∅) = 0.

(ii) ζ and ξ are monotone: for any Borel sets E1, E2 with E1 ⊂ E2,

ζ(E1) ≤ ζ(E2), ξ(E1) ≤ ξ(E2).
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We note that the latter condition implies Hα(E0∩E) ≤ C0Hα
∞(E), since for any covering

{Bj} ⊂ B of E, we have

Hα(E0 ∩ E) ≤
∑
j

Hα(E0 ∩ Bj) ≤ C0

∑
j

rad(Bj)
α.

Let q ∈ (1,∞). We take a positive function g ∈ Lq,∞(RN , dHα�E0) and define µ0 by
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α
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µ0(E) =

∫

E

g dHα�E0≤ ‖g‖Lq,∞Hα(E0 ∩ E)1−
1
q ≤ C0‖g‖Lq,∞Hα

∞(E)1−
1
q .
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1

ν(E)1−1/q
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E
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B∈B,rad(B)>0

ν(B)
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α
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CALDERÓN-ZYGMUND TYPE ESTIMATES FOR NONLINEAR ELLIPTIC

AND PARABOLIC EQUATIONS WITH MATRIX WEIGHTS

SUN-SIG BYUN

Abstract. A wider class of nonlinear elliptic and parabolic equations with degenerate/singular
matrix weights is studied for Calderón-Zygmund type estimates of weak solutions in the setting
of weighted Sobolev spaces. Minimal regularity assumptions on the associated nonlinearities as
well as weights are investigated for such classical estimates.

1. Introduction

The problem under consideration is{
div (M(x)a(x,M(x)Du)) = div

(
M2(x)F (x)

)
in Ω

u = 0 on ∂Ω.
(1.1)

Here F = F (x) = (f1, · · · , fn) ∈ L2(Ω;Rn) (n ≥ 2) is given, and the unknown is u = u(x) : Ω �→ R.
We first introduce the structural assumptions on the domain Ω and the nonlinearity a = a(x, ξ).
Ω is a bounded domain in Rn with non-smooth boundary ∂Ω. The Carathéodory vector-valued
function a = a(x, ξ) : Rn × Rn → Rn satisfies that

|a(x, ξ)|+ |Dξa(x, ξ)||ξ| ≤ L|ξ|, ν|η|2 ≤ Dξa(x, ξ)η · η (1.2)

for all x, ξ, η ∈ Rn and some constants 0 < ν ≤ L < ∞.
The main feature of the present note is concerned with the function M = M(x) : Rn �→ Rn×n.

It is a symmetric and almost everywhere positive definite n × n matrix whose main structure
assumption is a uniformly A1 type condition. More precisely, we assume that

sup
x∈Rn

|M(x)|
∣∣M−1(x)

∣∣ ≤ Λ (1.3)

for some positive constant Λ. Needless to say, we need to ensure that the resulting scalar weight

ω2(x) = |M(x)|2 (1.4)

is in an A2-Muckenhoupt class for the regularity to be valid in the literature, which is clearer
later in the context. Temporarily assuming that all the associated data for the problem (1.1) are
good enough, partly thanks to a suitable approximation argument, we multiply (1.1) by u and use
integration by part alongside (1.2) and Holder’s inequality, to discover∫

Ω

|MDu|2dx ≤ c

∫

Ω

|MF |2dx

for some positive constant c = c(ν, L). But then a direct computation leads to

|MDu| ≤ |M||Du| = |M||M−1MDu|
≤ |M||M−1||MDu| ≤ Λ|MDu|,

where we have used (1.3) for the last inequality. Therefore, we see that |M(x)Du(x)| is equivalent
to |M(x)||Du(x)| for almost every x ∈ Ω, which we denote by

|M(x)Du(x)| ≈ |M(x)||Du(x)| (x ∈ Ω) (1.5)
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Theorem 1 is then shown by the following lemma.

Lemma 6. Let α ∈ (0, N ] and β ∈ (0, 1), and assume that µ ∈ Xβ
α is positive. Take a

positive Radon measure ν ∈ Yα and a nonnegative function g ∈ Lq,∞(RN , dν) obtained
in Proposition 3. Fix r ∈ (1, q) and define u by

u(x, t) := t−γSt[g
rdν](x)

1
r , γ :=

1

2
(N − α)

(
1− 1

r

)
.

Then u is a supersolution of (1.1).
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3

We next describe Logarithmic means of M and ω(x) = |M(x)|. The integral means of ω and
M(x) are defined by

ωB = exp (logωB) , MB = exp (logMB) , (2.2)

respectively. The following lemma is essentially used later in the comparison estimates.

Lemma 2.2. [3] Let 1 ≤ s < ∞. Then there exists a constant c = c(s, ν, ν,Λ) such that
(

1

|B|

∫

B

(∣∣M−MB

∣∣
∣∣MB

∣∣
)s

dx

) 1
s

≤ c[logM]BMO

and (
1

|B|

∫

B

(
|ω − ωB |
|ωB |

)s

dx

) 1
s

≤ c[logω]BMO.

We now introduce the Weighted Sobolev space H1(Ω, ω2) which is a Hilbert space consisting
of locally integrable, weakly differentiable functions f : Ω �→ R for which

‖f‖H1(Ω,ω2) =

(∫

Ω

|f |2ω2(x)dx

) 1
2

+

(∫

Ω

|Df |2ω2(x)dx

) 1
2

< ∞.

H1
0 (Ω, ω

2) is the closure of C∞
c (Ω) in H1(Ω, ω2) with

‖f‖H1
0 (Ω,ω2) ≈

(∫

Ω

|Df |2ω2

) 1
2

≈
(∫

Ω

|MDf |2
) 1

2

.

We refer to [3, 13, 14] for a further discussion on weighted Sobolev spaces.
We next discuss existence and uniqueness for the problem (1.1). As usual, solution is defined

in the weak sense.

Definition 2.3. u ∈ H1
0 (Ω, ω

2) is a weak solution to (1.1) if∫

Ω

a(x,MDu) ·MDϕ =

∫

Ω

MF ·MDϕ

for every ϕ ∈ H1
0 (Ω, ω

2).

We apply the method of Browder and Minty in H1
0 (Ω, ω

2) to achieve the existence and unique-
ness for the problem (1.1), see [18].

Lemma 2.4. There exists a unique weak solution u ∈ H1
0 (Ω, ω

2) to (1.1) with the estimate∫

Ω

|Du|2ω2 ≈
∫

Ω

|MDu|2 ≤ c

∫

Ω

|MF |2 ≈
∫

Ω

|F |2ω2

for some positive constant c = c(ν, L,Λ, n).

As mentioned earlier in Introduction, this note is concerned with optimal weighted W 1,p-
regularity. This means that we want as to find reasonable answers to what would be minimal
conditions on the mapping x �→ a(x, ξ), ∂Ω and M under which

MF ∈ Lp(Ω) =⇒ MDu ∈ Lp(Ω) (2 ≤ p < ∞) (2.3)

with the Calderón-Zygmund type estimate (1.7). The classical case p = 2 follows from Lemma 2.4
and we always assume 2 < p < ∞ hereafter.

We now introduce known regularity results regarding degenerate/singular elliptic and parabolic
equations associated to Muckenhoupt weights. When M(x) = xα

1 In and a(x, ξ) = A(x)ξ, Dong
and Phan in [11, 12, 17] extensively studies for α in a suitable range of R under a small BMO
condition on the mapping x′ �→ A(x1, x

′), uniformly in x1. The case when a(x, ξ) = A(x)ξ is
treated by Cao, Mengesha and Phan in [8] for under a small BMO condition on A(x). When
a(x, ξ) = |M(x)ξ|p−2M(x)ξ, interior W 1,q-regularity for p < q < ∞ is obtained by Balci, Diening,
Giova and di Napoli in [3] under a small BMO condition on lnM. Boundary W 1,q-regularity
for p < q < ∞ is achieved by Balci, Byun, Diening and Lee in [2] on a Lipschitz domain with
small local Lipschitz constant. The present work is a natural outgrowth of the earlier regularity

2 BYUN

with the convention notation “≈”, where u is a solution under consideration in the context. This
leads to ∫

Ω

|Du|2ω2(x)dx ≤ c

∫

Ω

|F |2ω2(x)dx (1.6)

for some positive constant c = c(ν, L,Λ). This is the standard energy estimate for the problem (1.1)
in the setting of the weighted Sobolev space H1

0 (Ω, ω
2), to which we will return later. Here comes

a natural question as to the validity of the extension of the L2-estimate (1.6) to the Lp-estimate
like ∫

Ω

|Du|pωp(x)dx ≤ c

∫

Ω

|F |pωp(x)dx (1.7)

for every p ∈ [2,∞) and some positive constant c independent of u and F . This is the so called
Calderón-Zymund type estimates in the setting of weighted Lebesgue spaces. Indeed, there has
been a rich literature, even for the constant weighted case that M is a constant matrix, see
[1, 4, 5, 6, 10, 16] and references therein.

The main purpose of the present work is to establish an optimal Calderón-Zygmund theory
for the degenerate/singular problem (1.1) with Calderón-Zygmund type estimates like (1.7) by
finding minimal regularity assumptions additionally imposed on the variable matrix weight M
beside (1.3), as well as on the nonlinearity a = a(x, ξ) and the boundary of the domain ∂Ω,
adding to the structure assumptions like (1.2). Here for the sake of simplicity, we only treat local
estimates, as the relevant estimates near the boundary can be handled in a similar way available
for the constant matrix weight as in [4, 5, 6].

2. Preliminaries and results

We recall the given matrix weight M and its scalar weight ω = |M|. Through this note let p ≥ 2
be an arbitrarily given number. Hereafter we denote by c to mean a universal constant which
means the precise value can be computed in terms of known quantities such as n, ν, L,Λ and p.

We start this section with a further discuss regarding the Muckenhoupt weight ω(x) = |M(x)|.
For a given p ∈ [2,∞), ωp is said to be in the Muckenhoupt class Ap, denoted by ωp ∈ Ap, if

[ωp]
1
p
p = sup

B

(
1

|B|

∫

B

ωp

) 1
p
(

1

|B|

∫

B

ω− p
p−1

) p−1
p

< +∞,

where B is any choice of balls in Rn. The relevant weighted Lebesgue space is

Lp(Ω, ωp) = {f : Ω → R : fω ∈ Lp(Ω)},
which is a Banach space with the norm

‖f‖Lp(Ω,ωp) = ‖fω‖Lp(Ω).

We next discuss some relationship between BMO and Muckenhoupt weight. A locally integral
function f on Rn is in the space BMO, if

[f ]BMO = sup
B

1

|B|

∫

B

|f(x)− fB |dx < +∞,

where

fB =
1

|B|

∫

B

f

is the average value of f on the ball B. We then have the following lemma from [3].

Lemma 2.1. Suppose there exists a constant c = c(n) > 0 such that [logM]BMO ≤ c 1p . Then we

have ωp ∈ Ap.

Thanks to this lemma, we as well assume that logM ∈ BMO with [logM]BMO small enough to
ensure that ωp ∈ Ap. The primary assumption on the nonhomogeneous term F for the problem
(1.1) is

MF ∈ Lp(Ω). (2.1)

Then note that F ∈ Lp(Ω, ωp) with ωp ∈ Ap.
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‖f‖Lp(Ω,ωp) = ‖fω‖Lp(Ω).

We next discuss some relationship between BMO and Muckenhoupt weight. A locally integral
function f on Rn is in the space BMO, if

[f ]BMO = sup
B

1

|B|

∫

B

|f(x)− fB |dx < +∞,

where

fB =
1

|B|

∫

B

f

is the average value of f on the ball B. We then have the following lemma from [3].

Lemma 2.1. Suppose there exists a constant c = c(n) > 0 such that [logM]BMO ≤ c 1p . Then we

have ωp ∈ Ap.

Thanks to this lemma, we as well assume that logM ∈ BMO with [logM]BMO small enough to
ensure that ωp ∈ Ap. The primary assumption on the nonhomogeneous term F for the problem
(1.1) is

MF ∈ Lp(Ω). (2.1)

Then note that F ∈ Lp(Ω, ωp) with ωp ∈ Ap.
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Hence if u ∈ H1(Q1, ω
2) is a weak solution to

div (Ma(x,MDu)) = div
(
M2F

)
in Q1,

then it is also a weak solution to

div (aM(x,Du)) = div
(
M2F

)
in Q1.

For the sake of simplicity, we write

MQr(y) = exp
1

|Qr|

∫

Qr(y)

logM

and

aB′
r(y

′)(x1, ξ) =
1

|B′
r|

∫

B′
r(y

′)

a(x1, x
′, ξ)dx′

to consider

aMQr(y)
(x1, ξ) = MQr(y)aB′

r(y
′)

(
x1,MQr(y)ξ

)
.

Our approach to proving Theorem 2.5 is based on a method of approximations used as in [7].
This involves

• a regularity result for a fixed problem A0[v] = 0;
• a local estimate of a solution to the given problem A[u] = 0 by comparison with a solution

to the limiting problem A0[v] = 0;
• a real variable argument coming from maximal function and Calderón-Zygmund decom-

position/Vitali type covering.

With the same spirit as in [1, 5, 7], we are going to use perturbation results along with comparison
estimates, in a normalized form thanks to Lemma 3.1. We restate

• a Lipschitz regularity result for a fixed problem

div
(
aMQ1

(x1, Dv)
)
= 0 in Q1;

• a local estimate of a solution to our problem

div (aM(x,Du)) = div
(
M2F

)
in Q2.

by comparison with a solution to the limiting problem

div
(
aMQ1

(x1, Dv)
)
= 0;

• a real argument using maximal function and a Vitali type covering.

We now present Lipschitz regularity for the limiting problem.

Lemma 3.2. [4] Let v ∈ H1(Q2, ω2) be a weak solution to

div
(
aMQ2

(x1, Dv)
)
= 0 in Q2.

Then ∥∥MQ2
Dv

∥∥2
L∞(Q1)

≤ c
1

|Q2|

∫

Q2

|MQ2
Dv|2

for some positive constant c = c(ν, L, n,Λ).

We are now ready to make comparison estimates. We first recall that c denotes a generic
constant that varies line by line, but can be computed in terms of known data such as n, ν, L,Λ, p.

Let u ∈ H1(Q6, ω
2) be a weak solution to

div (aM(x,Du)) = div
(
M2F

)
in Q6 (3.1)

with
1

|Q6|

∫

Q6

|MDu|2 ≤ 1,
1

|Q6|

∫

Q6

|MF |2 ≤ δ2,

4 BYUN

results in [4, 6] for the uniformly elliptic problem when M(x) = In from (1.1) under a small BMO

condition on the mapping x′ �→ supξ∈Rn
a(x1,x

′,ξ)
|ξ| , uniformly in x1. Here we want to complement

those mentioned works both in [4, 6] to measurable nonlinearities and in [2, 3] to matrix weights,
respectively.

Motivated from the regularity assumptions as in [2, 3, 4], very roughly speaking our regularity

assumption is that logM has a small BMO. On the other hand, x′ �→ supξ∈Rn
a(x1,x

′,ξ)
|ξ| has a small

BMO, uniformly in x1. More precisely, we are able to announce that one can find a small constant
δ = δ(p, n, ν, L) such that if

sup
x1∈R

[β(x1, ·)]BMO + [logM]BMO ≤ δ (2.4)

for such a constant δ, then the implication (2.3) holds true with the desired regularity estimate
(1.7), where

β(x1, x
′) = sup

ξ∈Rn\{0}

|a(x1, x
′, ξ)|

|ξ|
(2.5)

is a uniformly bounded function.
We now state the main theorem.

Theorem 2.5. Assume (1.1) and (1.2). Suppose |MF | ∈ Lp(Ω) for some p ≥ 2. Then there
exists a small δ = δ(p, n, ν, L,Λ) such that if (2.4) holds, then the weak solution u ∈ H1

0 (Ω, ω
2) of

(1.1) satisfies |MDu| ∈ Lp
loc(Ω).

We would like to point out that in this note the global estimate is not mentioned for the purpose
of mainly presenting the issues naturally arising in the presence of the matrix weightM(x). Indeed,
once a desired local estimate is established, one can revisit the earlier papers including [4, 5, 6] to
deal with the δ-Reifenberg flatness as a minimal geometric assumption on ∂Ω, eventually deriving
the global Calderón-Zygmund type estimate (1.7). We refer to [9, 15, 19] for a detailed discussion
on Reifenberg flat domains.

3. Elliptic equations with matrix weights and measurable nonlinearities

This section is devoted to proving Theorem 2.5. For a point y = (y1, y
′) ∈ R × Rn and r > 0,

we denote

B′
r(y

′) = {x′ ∈ Rn−1 : |x′ − y′| < r}
and

Qr(y) = (y1 − r, y1 + r)×B′
r(y

′).

We now provide a scaling invariance property for the problem (1.1).

Lemma 3.1. Let λ ≥ 1 and 0 < r ≤ 1. Suppose u is a weak solution of (1.1) in Qr. Define

ã(x, ξ) =
a(rx, λξ)

λ
, M̃(x) = M(rx), F̃ (x) =

F (rx)

λ
, ũ(x) =

u(rx)

λr

for x ∈ Q1. Then ũ is a weak solution of

div
(
M̃ ã(x, M̃Dũ)

)
= div

(
M̃2F̃

)
in Q1

with the resulting structure assumptions unchanged. The converse is also true.

We next record here monotonicity property and growth condition of the nonlinearity associated
to the matrix weight M. Because of this presence of M, the problem (1.1) falls in the realm of the
degenerate/singular problems. Recalling (1.2), we write

aM(x, ξ) = Ma(x,Mξ) (x, ξ ∈ Rn) .

Then we have

• (aM(x, ξ)− aM(x, η)) · (ξ − η) ≥ c(ν, n) |Mξ −Mη|;
• |aM(x, ξ)|+ |DξaM(x, ξ)||ξ| ≤ L|Mξ|;
• ν|Mη|2 ≤ DξaM(x, ξ)η · η.
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2) of

(1.1) satisfies |MDu| ∈ Lp
loc(Ω).

We would like to point out that in this note the global estimate is not mentioned for the purpose
of mainly presenting the issues naturally arising in the presence of the matrix weightM(x). Indeed,
once a desired local estimate is established, one can revisit the earlier papers including [4, 5, 6] to
deal with the δ-Reifenberg flatness as a minimal geometric assumption on ∂Ω, eventually deriving
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we denote
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and
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for x ∈ Q1. Then ũ is a weak solution of

div
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M̃ ã(x, M̃Dũ)

)
= div

(
M̃2F̃

)
in Q1

with the resulting structure assumptions unchanged. The converse is also true.

We next record here monotonicity property and growth condition of the nonlinearity associated
to the matrix weight M. Because of this presence of M, the problem (1.1) falls in the realm of the
degenerate/singular problems. Recalling (1.2), we write

aM(x, ξ) = Ma(x,Mξ) (x, ξ ∈ Rn) .
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We now restate the main result as follows.

Theorem 3.4. Suppose MF ∈ Lp(Q2) for some p > 2. Let u ∈ H1(Q2, ω
2) be a weak solution to

div (Ma(x,MDu)) = div
(
M2F

)
in Q2.

Then there exists δ = δ(p, ν, L, n,Λ) > 0 such that if

sup
x1∈R

[β(x1, ·)]BMO + [logM]BMO ≤ δ,

then

MDu ∈ Lp(Q1)

and we have the estimate∫

Q1

|Du|pωpdx ≤ c

(∫

Q2

|u|pωpdx+

∫

Q2

|F |pωpdx

)

for some positive constant c = c(n, ν, L,Λ, p).

Proof. With some universal constant λ0 and a parameter λ > 1, a reasonable expectation of an
inductive estimate could be

|{|MDu| > λ0}| ≤ ε (|{|MDu| > 1}|+ |{|MDu| > δ}|) ,

which can be scaled to

|{|MDu| > λλ0}| ≤ ε (|{|MDu| > λ}|+ |{|MDu| > λδ}|) .

More precisely, we find some generic constant N1 for which

∣∣∣{x ∈ Q1 : M(|MDu|2) >
(
N2

1

)k}
∣∣∣ ≤

k∑
i=1

εi
∣∣∣{x ∈ Q2 : M(|MF |2) > δ2

(
N2

1

)k−1}
∣∣∣

+εk
∣∣{x ∈ Q2 : M(|MDu|2) > 1}

∣∣ ,
which implies

∞∑
k=0

(
N2

1

) p
2 k

∣∣∣{x ∈ Q1 : M(|MDu|2) >
(
N2

1

)k}
∣∣∣ ≤ c‖MF‖pLp(Q2)

∞∑
k=0

(Np
1 ε)

k

+
∞∑
k=0

(Np
1 ε)

k
.

Take ε such that

0 < Np
1 ε < 1.

We then determine δ from Lemma 3.3 for which

M(|MDu|2) ∈ L
p
2 (Q1).

Theorem 3.4 now follows from the basic properties of the Hardy-Littlewood maximal operator. �

We end this section by clearly pointing out that the argument used here can be applied to a
wider class of degenerate/singular elliptic and parabolic equations, for instances,

• p-Laplacian type for 1 < p < ∞:

div (M(x)a(x,M(x)Du)) = div
(
|M(x)F (x)|p−2 M2(x)F (x)

)
.

• Parabolic equations with matrix weight independent of time:

|M(x)|2 ut − div (M(x)a(x, t,M(x)Dxu)) = div
(
M2(x)F (x, t)

)
.

6 BYUN

where δ > 0 is to be determined later. Let w ∈ H1(Q6, ω
2) be the weak solution to{

div (aM(x,Dw)) = 0 in Q6

w = u on ∂Q6.
(3.2)

We take u− w ∈ H1
0 (Q6, ω

2) to (3.1) and (3.2) as a test function to find

1

|Q6|

∫

Q6

|MDw|2 ≤ c,
1

|Q6|

∫

Q6

|MDu−MDw|2 ≤ cδ2.

We also see that there exists a generic constant σ0 = σ0(ν, L, n,Λ) > 0 such that

1

|Q5|

∫

Q5

|MDw|2+σ0 ≤ c.

This is a higher integrability result for the gradient which is now well understood in the literature,
see [2, 3].

Let h ∈ H1(Q5, ω
2) the weak solution to{

div (aM(x1, Dh)) = 0 in Q5

h = w on ∂Q5
(3.3)

with
1

|Q5|

∫

Q5

∣∣β(x)− β(x1, ·)B′
5

∣∣2 ≤ δ2,

where

β(x) = sup
ξ∈Rn\{0}

|a(x, ξ)|
|ξ|

and β(x1, ·)B′
5
is the integral average of the mapping x′ �→ β(x1, x

′) over B′
5.

Taking w − h ∈ H1
0 (Q5, ω

2) to (3.2) and (3.3) as a test function, we discover that

1

|Q5|

∫

Q5

|MDh|2 ≤ c,
1

|Q5|

∫

Q5

|MDw −MDh|2 ≤ δ2.

Consider a weak solution v ∈ H1(Q4, ω
2) to

div
(
aMQ4

(x1, Dv)
)
= 0 in Q4 (3.4)

under an extra assumption as

1

|Q4|

∫

Q4

∣∣logM− logMQ4

∣∣ ≤ δ.

Then we find

• h ∈ H1(Q4, ω
2);

• v ∈ H1(Q4, ω
2);

•
1

|Q4|

∫

Q4

∣∣∣∣
M −MQ4

MQ4

∣∣∣∣ ≤ c
1

|Q4|

∫

Q4

∣∣logM− logMQ4

∣∣ ≤ cδ.

We then find the following weak compactness result. The proof is based on weak compactness
in the weighted Sobolev spaces, comparison estimates and Lemma 3.2.

Lemma 3.3. For any ε > 0, there exist δ(ε) > 0 and a weak solution v ∈ H1(Q4, ω
2) to (3.4)

such that if
1

|Q4|

∫

Q4

∣∣logM− logMQ4

∣∣ ≤ δ,

then
1

|Q2|

∫

Q2

∣∣MDu−MQ2
Dv

∣∣2 ≤ ε2

and
sup
Q1

∣∣MQ1
Dv

∣∣ ≤ N0

for some generic constant N0.
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Mathematical Justification of the Hydrostatic
Approximation of the Primitive Equations in

Anisotropic Spaces
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1 Introduction
The primitive equations are

∂tv −∆v + v · ∇Hv + w∂3v +∇Hπ = 0 in T3 × (0, T ),
∂3π = 0 in T3 × (0, T ),

divH v + ∂3w = 0 in T3 × (0, T ),
v(0) = v0 in T3,

(1.1)

where u = (v, w) ∈ R2 × R is a vector field, π is a scalar function, ∇H =
(∂1, ∂2)

T is the horizontal gradient, divH = ∇H ·, T = R/2πZ is the flat
torus, and T > 0. We impose the periodic boundary conditions on the lat-
eral boundary and assume v, w, π are even, odd, and odd with respect to
x3, respectively, as compatibility conditions. The second equation in (1.1) is
called the hydrostatic approximation, which is the main topic of this talk.
The primitive equations describe the motion of the fluid filled in a thin do-
main, e.g. the ocean and the atmosphere. Since in (1.1) there is no evolution
equation for w, we determine w via the divergence-free condition. Integrating
the divergence-free condition over (−π, x3) and using the boundary condition
w|x3=±π = 0, we find that w satisfies

w(t, x′, x3) = −
∫ x3

−π

divH v(t, x′, z)dz, x = (x′, x3) ∈ T2 × T, t > 0. (1.2)

The global well-posedness of the primitive equations in H1 is established
by Cao and Titi [2]. Hieber and Kashiwabara [10] extended this result to Lp-
framework. Giga et al. [5] proved the global well-posedness in Lp-Lq maximal
regularity class. They also proved the global well-posedness in L∞

HL1
x3

-based
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Theorem 1.1 ([4]). Let T > 0, q ≥ 1, and u0 = (v0, w0) ∈ CHL
q
x3
(T3)

satisfy div u0 = 0 and ∇Hv0 ∈ CHL
q
x3
(T3). Let u ∈ CtCHL

q
x3
(T3 × [0, T )) be

a solution to (1.1) with initial data u0. Then there exists ε0 > 0, if ε < ε0,
the difference between the solutions to (1.1) and (1.3) satisfies

sup
0<t<T

‖v − vε‖L∞
H Lq

x3
(T3) + sup

0<t<T
tq/2‖∇v − vε‖L∞

H Lq
x3

(T3)

+ sup
0<t<T

‖ε(w − wε)‖L∞
H Lq

x3
(T3) + sup

0<t<T
tq/2‖ε∇(w − wε)‖L∞

H Lq
x3

(T3)

≤ Cε, (1.4)

where C is independent of ε.

2 Strategy
The proof is based on the Fujita-Kato iteration for the mild solution. The
difference (Vε,Wε) = (v − vε, w − wε) and Πε = (π − πε) satisfy




∂tVε −∆Vε +∇HΠε = FH(Uε, u),
∂t(εWε)−∆(εWε) +

∂3
ε
Πε = εF3(Uε, u) + εF (u),

divε(Vε, εWε) = 0,
Uε = 0,

(2.1)

Note that the initial data of u and uε have to coincide. This implies Uε = 0.
where divε = ∇ε· = (∂1, ∂2, ∂3/ε)

T · and
• FH(Uε, u) = − (Uε · ∇Wε + u · ∇Vε + Uε · ∇v),

• F3(Uε, u) = − (Uε · ∇Wε + u · ∇Wε + Uε · ∇w),

• F (u) = − (∂tw −∆w + u · ∇w).
Let −∆ε = ∇ε · ∇ε be the anisotropic Laplace operator and Pε = I +
∇ε(−∆ε)divε be the anisotropic Helmholtz projection. The mild solution to
(2.1) satisfies

(
Vε(t)
εWε(t)

)

=

∫ t

0

e(t−s)∆Pε

(
FH(Uε(s), u(s))
εF3(Uε(s), u(s))

)
ds

+ ε

∫ t

0

e(t−s)∆Pε

(
0

F̃ (v(s), w(s))

)
ds

=: I1 + I2

(2.2)

It is enough to show (1.4) for Uε but there are some problems;

3

anisotropic space [8], where

L∞
HLq

x3
(T3) :=

{
f ∈ L∞(T2;Lq(T)) : ‖f‖L∞

H Lq
x3

(T3) < ∞
}

‖f‖L∞
H Lq

x3
(T3) := sup

x′∈T2

(∫

T
|f(x′, x3)|q dx3

)1/q

,

and the space of f ∈ L∞
HLq

x3
(T3) which is continuous with respect to x′ in

Lq(T) is denoted by CHL
q
x3
(T3). The result can be extended for L∞

HLq
x3

using
the same way as [8]. The anisotropic space L∞

t L∞
HL1

x3
is an scale-invariant

under the natural scaling

uλ(x
′, x3, t) = λu(λx′, λx3, λ

2t).

Giga et al. proved the well-posedness using mild solution formulation and
the Fujita-Kato approach.

The primitive equation is formally derived from the Navier-Stokes equa-
tions with anisotropic viscosity in the thin domain Ωε = T2 × εT such that

∂tu− (∆H + ε2∂2
3)u+ u · ∇u+∇π = 0 in Ωε × (0, T )

div u = 0 in Ωε × (0, T )

We apply the scaling to (u, π) such as

uε := (vε, wε),

vε(x, y, z, t) := v(x, y, εz, t),

wε(x, y, z, t), := w(x, y, εz, t)/ε,

pε(x, y, z, t), := p(x, y, εz, t),

then we obtain the scaled Navier-Stokes equations

∂tvε −∆vε + uε · ∇vε +∇Hπε = 0 in T3 × (0, T ),
ε (∂twε −∆wε + uε · ∇wε) + ∂3πε/ε = 0 in T3 × (0, T ),

div u = 0 in T3 × (0, T ),
uε(0) = u0 in T3.

(1.3)

Note that the domain is independent of ε. If we take ε → 0, then we formally
get (1.1). Our aim is to justify this naive derivation to show uε → u in some
topologies.

Azérad and Guillén [1] prove the above convergence in L2 space. They
showed the weak convergence with no algebraic convergence rate for ε. Li
and Titi [11] showed the strong convergence in the energy space with O(ε).
The authors together with Giga et al. [3] extended their result to Lp-Lq base
maximal regularity class. We obtain
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Note that the domain is independent of ε. If we take ε → 0, then we formally
get (1.1). Our aim is to justify this naive derivation to show uε → u in some
topologies.

Azérad and Guillén [1] prove the above convergence in L2 space. They
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and Titi [11] showed the strong convergence in the energy space with O(ε).
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the right-hand side of (2.3). Therefore we obtain I2 ≤ O(ε). Using the
Fujita-Kato principle, we obtain (1.4).

The following corollary implies the global-well posedness of (1.3) for small
ε.

Corollary 2.1 ([4]). Under the same assumptions for T, q, u0, ε, ε0, if ε < ε0,
then there exists a unique solution uε = (vε, wε) ∈ CtCHL

q
x3
(T3 × (0, T )) to

(1.3) such that

sup
0<t<T

‖vε‖L∞
H L1

x3
(T3) + sup

0<t<T
t1/2‖∇vε‖L∞

H L1
x3

(T3)

+ sup
0<t<T

‖εwε‖L∞
H L1

x3
(T3) + sup

0<t<T
t1/2‖ε∇wε‖L∞

H L1
x3

(T3)

< ∞. (2.4)
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• ε-independent estimate for the operators et∆ and et∆Pε∂j (j = 1, 2, 3)
in L∞

HLq
x3
(T3),

• Regularity loss from ∂tw −∆w in F (u).

Although some non-linear estimates are used in the proof, the estimates can
be obtained by the same way as [8]. It is well-known that in non-anisotropic
case it holds

‖∂k
xe

t∆‖Lp(Rd)→Lq(Rd) ≤ Ct−
k
2
− d

2
( 1
p
− 1

q
),

‖∂k
xe

t∆Pε∂j‖Lp(Rd)→Lq(Rd) ≤ Ct−
k+1
2

− d
2
( 1
p
− 1

q
),

for k ∈ Z≥0 and 1 ≤ p ≤ q ≤ ∞.
In L∞

HLq
x3
(T3)-case, we analogously see integrability improvement for x3-

direction (corresponds to d = 1), i.e.

‖∂k
xe

t∆‖L∞
H Lp

x3
(T3)→L∞

H Lq
x3

(T3) ≤ Ct−
k
2
− 1

2
( 1
p
− 1

q
),

‖∂k
xe

t∆P1∂j‖L∞
H Lp

x3
(T3)→L∞

H Lq
x3

(T3) ≤ Ct−
k+1
2

− 1
2
( 1
p
− 1

q
),

where C is independent of ε. We can prove these estimates by getting the
integral kernel formulas of the operators and applying the Young inequality
to them.

The top term ∂tw −∆w causes regularity loss because, in the theory of
analytic semigroups, it is impossible to estimate I2 of (2.2) without additional
regularity assumptions. However, it is enough to assume additional regularity
for the horizontal direction to v, see Theorem 1.1. To find this, we derive the
equation that w satisfies via the div-free condition in the primitive equations

∂tw −∆w =

∫ x3

−π

divH (ṽ · ∇H ṽ) dz + divH

(∫ x3

−π

ṽdz · ∇Hv

)

+ divH

(
v · ∇H

∫ x3

−π

ṽdz

)
+ divH(wṽ)

+ divH

(∫ x3

−π

(divH ṽ)ṽdz

)

− 1

2
(x3 − π)divH

∫ x3

−π

ṽ · ∇H ṽ + (divH ṽ)ṽdz,

(2.3)

where ṽ = v−v and v is the horizontal average. The terms on the right-hand
side can be estimated by v if v is regular enough with respect to x′.

Using the estimates of the composite operators, we have quadratic bounds
for I1. The term I2 is bounded by quadratic terms of v from estimates for
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the right-hand side of (2.3). Therefore we obtain I2 ≤ O(ε). Using the
Fujita-Kato principle, we obtain (1.4).
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then there exists a unique solution uε = (vε, wε) ∈ CtCHL

q
x3
(T3 × (0, T )) to

(1.3) such that

sup
0<t<T

‖vε‖L∞
H L1

x3
(T3) + sup

0<t<T
t1/2‖∇vε‖L∞

H L1
x3

(T3)

+ sup
0<t<T

‖εwε‖L∞
H L1

x3
(T3) + sup

0<t<T
t1/2‖ε∇wε‖L∞

H L1
x3

(T3)

< ∞. (2.4)
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• ε-independent estimate for the operators et∆ and et∆Pε∂j (j = 1, 2, 3)
in L∞

HLq
x3
(T3),

• Regularity loss from ∂tw −∆w in F (u).

Although some non-linear estimates are used in the proof, the estimates can
be obtained by the same way as [8]. It is well-known that in non-anisotropic
case it holds

‖∂k
xe

t∆‖Lp(Rd)→Lq(Rd) ≤ Ct−
k
2
− d

2
( 1
p
− 1

q
),

‖∂k
xe

t∆Pε∂j‖Lp(Rd)→Lq(Rd) ≤ Ct−
k+1
2

− d
2
( 1
p
− 1

q
),

for k ∈ Z≥0 and 1 ≤ p ≤ q ≤ ∞.
In L∞

HLq
x3
(T3)-case, we analogously see integrability improvement for x3-

direction (corresponds to d = 1), i.e.
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(T3) ≤ Ct−
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2
( 1
p
− 1

q
),

‖∂k
xe

t∆P1∂j‖L∞
H Lp

x3
(T3)→L∞

H Lq
x3

(T3) ≤ Ct−
k+1
2

− 1
2
( 1
p
− 1

q
),

where C is independent of ε. We can prove these estimates by getting the
integral kernel formulas of the operators and applying the Young inequality
to them.

The top term ∂tw −∆w causes regularity loss because, in the theory of
analytic semigroups, it is impossible to estimate I2 of (2.2) without additional
regularity assumptions. However, it is enough to assume additional regularity
for the horizontal direction to v, see Theorem 1.1. To find this, we derive the
equation that w satisfies via the div-free condition in the primitive equations

∂tw −∆w =

∫ x3

−π

divH (ṽ · ∇H ṽ) dz + divH

(∫ x3

−π

ṽdz · ∇Hv

)

+ divH

(
v · ∇H

∫ x3

−π

ṽdz

)
+ divH(wṽ)

+ divH

(∫ x3

−π

(divH ṽ)ṽdz

)

− 1

2
(x3 − π)divH

∫ x3

−π

ṽ · ∇H ṽ + (divH ṽ)ṽdz,

(2.3)

where ṽ = v−v and v is the horizontal average. The terms on the right-hand
side can be estimated by v if v is regular enough with respect to x′.

Using the estimates of the composite operators, we have quadratic bounds
for I1. The term I2 is bounded by quadratic terms of v from estimates for
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Forward and inverse analyses for anisotropic
elastic and viscoelastic systems
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1 Introduction

In this talk, I will concern about forward and inverse analyses for anisotropic elastic
systems and anisotropic viscoelastic systems, especially for the dynamical case. In
most of inverse problems, basic tools for them are the unique continuation property
(UCP) of solutions and the exact boundary controllability (EBC). The first one is
well known in PDE. The second one is to find a boundary control which connect
the given initial state to the given final state. Moving from a scalar equation to a
system and the system becomes anisotropic, it becomes hard to have these tools.
Nevertheless, in order to have these tools, it is necessary to consider a good setting
that does not lose generality as much as possible.

The settings which I propose here are as follows. For having the Holmgren-John
UCP, the setting would be piecewise homogeneous coefficients or piecewise analytic
coefficients. This UCP should be the optimal one which can give the optimal time for
continuing the zero set of solutions in terms of the travel time of the slowest wave. I
do believe that this setting is general enough because it includes the first order finite
element model, and it can also describe the medium discontinuity. Combining the
Holmgren-John UCP with some geometric tools and algebraic tools, it is possible
to obtain some global uniqueness result for the coefficient identification problem
(referred as inverse coefficient problem which is abbreviated by ICP) by using the
so-called localized Neumann to Dirichlet map (ND-map) as measured data, and also
some local recovery of coefficients if we know the medium discontinuity. Here the
geometric tools are the theory of analytic sets ([3]) and continuity of symmetric axis
of tensors ([12]), and the algebraic tools are the Stroh formalism ([20]) and the theory
of matrix polynomials ([10]). This ICP result gives a mathematical foundation for
the vibroseis reflection exploration in geophysics.

The EBC can imply the observability inequality which estimates the initial data by
some lateral boundary integral of the solution to the initial boundary value problem
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for a system. Further, this inequality is useful to analyze the stability estimate for
the inverse source problem for the system, which is the first step toward analyzing
the stability estimate for the ICP ([1]). The biggest advantage of the EBC is that it
is not necessary to assume the piecewise homogeneous or analytic condition for the
coefficients of the system.

For an elastic system coupled with a conductivity equation, i.e. piezoelectric
system, it is possible to obtain the EBC by the Russell principle ([11]). This principle
says whenever there is a uniform decay estimate of solutions for the initial boundary
value problem as the time goes to infinity for a hyperbolic equation or system, it is
possible to have the EBC. Then, the result given in ([11]) is very interesting, because
the piezoelectric system is not hyperbolic and it has to be anisotropic due to the
anisotropy of materials which have piezoelectric property. Further, the conductivity
equation is giving physically very natural dissipation which yields the uniform decay
of solutions. As for the viscoelastic system, the viscosity gives the dissipation but it
is an obstruction for having the time reversibility in the complete sense. Hence, it is
interesting to analyze the possibility of having the EBC for the viscoelastic system.

The rest of this paper is organized as follows. In Section 2, anisotropic elastic/
viscoelastic systems are introduces. Then in Section 3, some results and possible
results will be presented for the ICP for elastic/viscoelastic systems with some ex-
planation of the tools for their proofs. In Section 4, I give a very short description of
current situation of the ongoing study on the EBC for viscoelastic systems.

2 Anisotropic elastic/viscoelastic systems

Elasticity, more precisely the linear elasticity is a property of small mechanical de-
formation of solids expressed by Hooke’s law. For the one space dimensional case, it
is given as the linear relation between stress σ and strain ϵ of a spring (see Figure 1)
give as

σ = Cϵ (constitutive equation),

where C is called the spring constant.

Figure 1

Its three space dimensional generalization is given as

σij =
3∑

i,j=1

Cijklϵkl, 1 ≤ i, j ≤ 3 i.e. σ = C :: ϵ, (2.1)

2

where σ := (σij) and ϵ := (ϵkl) are the stress and strain, respectively. Also, C :=
(Cijkl) is called the elasticity tensor. In terms of the displacement vector u =
(u1, u2, u2)

t with respect to the Cartesian coordinates (x1, x2, x3)
t , ϵ is given as

ϵ := 1
2
{∇u + (∇u)t} with the gradient ∇u := (∂jui) = (∂ui/∂xj) of u, where the

superscript t denotes the transpose.
It is physically natural to assume the following symmetry and strong convexity

conditions for C = C(x) ∈ L∞(Ω) with a bounded domain Ω ⊂ R3 taken as a
reference domain with Lipschitz smooth boundary Γ for a meanwhile.
symmetry:

Cijkl(x) = Cijlk(x) (minor symmetry), Cijkl(x) = Cklij(x) (major symmetry)

for any i, j, k, l ∈ {1, 2, 3} and a.e. x ∈ Ω.
strong convexity:

∃δ > 0 : ∀symmetric ϵ := (ϵij),
∀ a.e.x ∈ Ω, (C(x) :: ϵ) : ϵ ≥ δ(ϵ : ϵ) := δ(

3
i,j=1

ϵijϵij).

If C does not depend on position, it is called homogeneous. Also, if C does not depend
on direction, it is called isotropic and given as Cijkl = λδijδkl + µ(δikδjl + δilδkj)
with Lamé moduli λ = λ(x), µ = µ(x) satisying the strong convexity condition
∃δ > 0 : 3λ+ 2µ ≥ δ a.e.x ∈ Ω, where δij is Kronecker’s delta.

There are many viscoelastic materials around us, for examples biological tissues,
polymer(plastic, rubber, · · · ) and many earth materials. There are three typical
viscoelastic models called Maxwell model, Kelvin Voigt model and Zener model. For
the one space dimensional case, they can be described by using spring and dashpot
(see Figure 2). The constitutive equations of these models are given as




σ(t) = Cϵ(t)−
 t

0
e−η−1C(t−τ)η−1C2ϵ(τ) dτ (Maxwell),

σ(t) = Cϵ(t) + η ∂tϵ(t) (Kelvin-Voigt),

σ(t) =
2

j=1{Cjϵ(t)−
 t

0
e−η−1

j Cj(t−τ)η−1
j C2

j ϵ(τ) dτ} (Zener),

where C, C1, C2 and η, η1, η2 are spring constants of springs and viscosities of dash-
pots, respectively. In deriving these constitutive equations, it is assumed that ϵ(0) = 0
and the stress applied to the dashpot is proportional to the strain. Note that the
Kelvin-Voigt model is the only model which does not contain any integral term, re-
ferred as memory term, in its constitutive equation. In the rest of this talk, I will
focus on the case the constitutive systems which have a memory term.

The three space dimensional generalization of such constitutive equations are
given as

σ(t) = Cϵ(t)−
 t

0

G(t− τ)ϵ(τ) dτ, (2.2)

where C = C(x) and −1 multiplied to G(t) = G(x, t) are the so-called instantaneous
elastic tensor and is the t− derivative of the relaxation tensor, respectively.
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Figure 2

Again, it is physically natural to assume the symmetry for C. As for G, it is
natural to assume the symmetry likewise for C, Ġ := ∂tG ≤ 0 and the following
inequality which corresponds to the strong convexity in relation with C :

∃ν0 > 0 : ∀symmetric ϵ, ∀a.e.x ∈ Ω, {(C(x)−
 ∞

0

G(x, τ) dτ) :: ϵ} : ϵ ≥ ν0|ϵ|2, (2.3)

where |ϵ|2 := ϵ : ϵ.
Besides these we assume the following technical conditions:





0 ≤ G ∈ C2([0,∞);L∞(Ω)),
∃p > 1, ∃κj > 0, j = 1, 2, 3 :

−κ1 G ≤ Ġ ≤ −κ2 G
1+1/p, G̈ := ∂2

tG ≤ κ3 G
1+1/p,

supt∈(0,∞)(1 + t)p∥G(·, t) + |Ġ(·, t)|∥L∞(Ω) < ∞.

(2.4)

Now, for a density ρ ∈ L∞(Ω) with esssupx∈Ω ρ(x) > 0, the elastodynamical
system and viscoelastic system with source term F are both given in the form:

ρ∂2
t u− div σ = F in ΩT := Ω× (0, T ) (2.5)

It is quite standard to show the well-posedness of the initial boundary value problem
under some conditions on the source term, boundary data and initial data at initial
time t = 0 even in the case that the boundary condition is a mixed type boundary
condition (see [7], [21]).
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3 ICP for elastic/viscoelastic systems

In order to state our results, we first define several terminologies.

Definition 3.1

(i) Consider finitely many subdomains Dα ⊂ Ω, α ∈ A such that

Ω̄ = ∪α∈ADα, Dα ∩Dβ = ∅ if α ̸= β.

{Dα}α∈A/{Dα}α∈A and each ∂Dα are called cover of Ω and interface, respec-
tively. Assume that each interface is piecewise analytic. In this situation, if
ρ, C (resp. ρ, C, G) are homogeneous (resp. analytic) on each Dα, we say
(ρ, C) (resp. (ρ, C,G)) is piecewise homogeneous (resp. analytic).

(ii) Yello colored subdomains in Figure 3 are called a chain connecting Dα to a
subdomain, say Dα1 such that Σ ⋐ ∂Dα1 ∩Γ, where Σ is an open connected set
where we conduct our measurements.

(iii) If Ω consists of simplices, we say Ω is grid decomposed or has a grid decompo-
sition.

Figure 3

Next, let us see how much the UCP holds when the elastic body and the viscoelas-
tic body are anisotropic. Unfortunately, few results are known about having the UCP
under physically acceptable assumptions. For a transversally isotropic elastic system
with C∞(Ω). the UCP is available under the following condition:
Let the x3-axis is the symmetric axis without loss of generality. Then, the condition
is given as

∃ δ > 0 : A, C, L, (A±N)/2, (A+N)C − 2K2 ≥ δ on Ω,

where
A = C1111 = C2222, N = C1122, K = C1133 = C2233,
C = C3333, L = C1313 = C2323, (A−N)/2 = C1212
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and all other Cijkl are zero([13]). Here a tensor is transversally isotropic if it has
only one axis of symmetry at each point and is invariant with respect to rotation
about that axis of symmetry. So, the symmetric axis depends on position, and it
is not desirable to assume an existence of a globally fixed axis. This difficulty of
proving the UCP for anisotropic elastic systems as well as for anisotropic viscoelastic
systems led to consider the case that the coefficients are piecewise analytic. In this
case we can have the Holmgren-John UCP not only for elastic systems ([9]) but
also for viscoelastic systems ([8]) in a more geometrically and physically precise form
as follows. By using the smallest positive characteristic root of the characteristic
equation

det
(
ρ(x)τ 2 −

3∑
j,l=1

Cijkl(x)ξjξl
)
= 0 with respect to τ

for ξ ∈ T ∗
xDα \ 0, we can define a family of norms Nx ⊂ TxDα ≡ R3 continuous with

respect to x. Hence, we can define a distance d(x, y) := infγ
∫ 1

0
Nγ(t)(

dγ(t)
dt

) dt between
x and y in Dα, where γ ∈ C2([0, 1];Dα) is a non-selfintersecting regular curve such
that γ(0) = x, γ(1) = y. The physical meaning of d(x, y) is the travel time of the
slowest wave between x and y. Then, an improved version of the Holmgren-John
UCP is as follows.

Theorem 3.1 Let u ∈ H2(Dα×(0, T )) be a solution of ρ∂2
t u−div σ = 0 in Dα×(0, T )

with zero Cauchy data on Σα×(0, T ), where Σα is a C2-regular open connected subset
of the boundary ∂Dα of Dα. Then, we have u(x, T/2) = 0 for any x ∈ Dα such that
d(x, y) < T/2 for some y ∈ Σα.

This UCP combined with the so-called the determination at the boundary can
be used to propagate the ND-map along a tubular set of a curve (see the region
between the two red curves in Figure 4). Here, for example, the determination at
the boundary for Dα1 is to identify ρ and the tensors in Dα1 from the ND-map on
Σ ⊂ ∂Dα1 over (0, T ). Namely, the set of Cauchy data considered on Σ × (0, T ) of
solutions of the initial boundary value problem for (2.5) with homogeneous initial
condition at t = 0 whose Neumann data (=tractions) are supported in Σ× (0, T ).

Then, we have the following result which has been already proved for elastic
systems ([4]) and should be proved in a similar way for viscoelastic systems.

Theorem 3.2 Assume (ρ, C) (resp. (ρ, C,G)) is piecewise homogeneous. Also, as-
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Further, Ω can be replaced by a region of interest R and we can estimate the time for
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Remark 3.3 We give several remarks to Theorem 3.2 and its proof.
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(i) Note that we did not assume interfaces ∂Dα \ Γ (α ∈ A) are known. So,
for instance considering anisotropic elastic systems, let two covers {Dα}α∈A,
{Eβ}β∈B of Ω and the associated piecewise homogeneous (ρ, C) and (ζ, E) give
the same ND-map. Suppose {Dα}α∈A and {Eβ}β∈B are generated by black thin
curves and blue thin curves, respectively (see Figure 4). Then, we need to show
that we can have a region such as a region between the two red curves in Figure
4 such that interfaces of this region decomposed by the above thin curves are
analytic submanifolds. This can be shown by using the theory of subanalytic
sets ([3]).

(ii) The determination at the boundary used in the proof of Theorem 3.2 can be
done using the theory of pseudo-differential operators. For instance, the deter-
mination at Σ for elastic systems is to basically compute the principal symbol
ph(x, ξ), x ∈ Σ, ξ ∈ T ∗

xΣ of the finite time Laplace transform of the ND-map,
where h > 0 is the reciprocal of the Laplace variable. The strong curvature
condition is necessary to recover ρ, C in Dα1 from ph.

(iii) Removing the strong curvature condition is based on the continuous dependency
of the symmetric axis of any transversally isotropic tensor ([12]).

Figure 4

Before closing this section, if Ω is a grid decomposed domain, there is a result
which is able to obtain by the method of the determination at the boundary and the
Holmgren-John UCP. The result whicn we want to have is a local recovery of piecewise
homogeneous (ρ, C) in Ω from the ND-map taken as our measured data by assuming
that C is transversally isotropic. The outline of the proof is as follows. Even it can be
obtained for viscoelasticity systems, for simplicity, consider a transversally isotropic
elastic system with (ρ, C). By the Holmgren-John UCP, there exists T ∗ > 0 such that
we can have the approximate controllability, that is the set {uf (·, T ∗),−∂tu

f (·, T ∗) :
f ∈ C∞

0 (Σ×(0, T ∗))} is dense inH1(Ω)×L2(Ω), where uf is the solution for the initial
boundary value problem for (2.5) with F = 0 with homogeneous initial condition,
mixed type boundary condition consisting of zero displacement and inhomogeneous
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traction f . Then, for any T > T ∗ the ND-map defined over (0, T ) can be extended
to (0,∞). Taking the Laplace transformation with respect to time, our ICP can be
transformed to the corresponding ICP for the elliptic system

ρv − h2div σ(v) = 0 in Ω

(see [5]). Then, we can have the Lipschitz stability estimate of identifying (ρ, C) from
the ND-map (see [6] and [14]). This immediately implies the local recovery. That
is the convergence of the Levenberg-Marquardt method and the Landweber method.
Further, by using the result in [2], it is possible to replace the ND-map to finitely
many measurements.

4 EBC for viscoelastic systems

This is an ongoing joint work with de Hoop, Lin without having any result confident
enough to present here at this stage. First of all under the conditions given in
Section 2 for the viscoelastic system (2.5) with F = 0 and homogeneous mixed type
boundary condition consisting of homogneous displacement boundary condition and a
modified version of homogeneous traction boundary condition, solutions of the initial
boundary value problem for the system decay uniformly in polynomial order. Note
that the modified part of this homogeneous traction boundary condition will be used
as controls in Russell’s principle. This decaying property of solutions can be proved
by adapting the proof given in ([18]), which was not easy at all because ([18]) is very
confusing. However, solutions of the dual problem grow which is a big problem for
Russell’s principle. We made various trials and errors to improve Russell’s principle
for viscoelastic systems, but we haven’t completely succeeded yet.

After that, I came across a wonderful paper by Narukawa ([17]). His idea is to
regard isotropic viscoelastic systems as a perturbation of isotropic elastic systems
which have EBC using Russell’s principle. Unfortunately, this paper was a prelim-
inary report without any detail proof. Since I could not find a full version of this
paper, I contacted him and heard that he did not publish any full version of the
paper. However, he informed me that the detail of the proof is similar to that in his
another paper on the EBC for thermoelastic systems ([16]). His idea is quite natural
and really amazing.

In order to apply Narukawa’s idea to show the exact controllability for anisotropic
viscoelastic systems, the top priority is to show the EBC for anisotropic elastic sys-
tems by using Russell’s principle under the most general setting. This itself is very
interesting. We hope to have a success in our joint work.
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Abstract

In this paper, we studied the blow-up rate and blow-up porfile of radially decreasing solutions of
the following parabolic-elliptic Keller-Segel-Patlak system in space dimensions N ≥ 3:




ut = ∆u−∇ · (u∇v), x ∈ RN , t ∈ (0, T ),

0 = ∆v + u, x ∈ RN , t ∈ (0, T ),

u(x, 0) = u0(x), x ∈ RN .

(0.1)

In [25], P. Souplet and M. Winkler show thatthe final profile satisfies c|x|−2 ≤ U(x) ≤ C|x|−2

where U(x) := limt→T− u(x, t) with convergence in L1 under suitalbe assumptions on the initial
data. They leave an open question that whether the limit limx→0 |x|2U(x) exists under these
conditions. The first goal of this paper is to solve this open problem in the whole space case under
suitable conditions. The main idea of our proof is to construct a family of backward self-simlar
solutions and then apply zero number theory to the problem.

When n = 2, based on the method of the zero number theory, we give a new proof of the fact
which has been established in [16]: each blowup is type II in radial case.

Key words: Keller-Segel-Patlak system, Chemotaxis, Blowup profile, Zero number theory
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they obtain the following result (in their paper, this result is established not only for the whole space
but also for the bounded domain).

Proposition 1.1 Let N ≥ 3. Assume that u0 satisfies (1.2), T < ∞ and B(u0) �= RN .

(i) There exists C > 0 such that

u(x, t) ≤ C

|x|2
, 0 < |x| ≤ 1, 0 < t < T. (1.3)

Moreover, we have B(u0) = {0}, the final blowup profile U(x) := limt→T u(x, t) exists for all
x ∈ RN − {0}, where convergence also take place in L1(B1), and U satisfies

U(x) ≤ C

|x|2
, 0 < |x| ≤ 1. (1.4)

(ii) If we assume in addition that u0 ∈ C1(R), rn−1u′0(r) + u0(r)
∫ r
0 u0(s)s

n−1ds ≥ 0. Then there
exist c, η > 0, such that

U(x) ≥ c|x|−2, x ∈ Bη − {0}

Remark 1.2 It can be see from their proof process, the assumption “u0 is nonincreasing in r = |x|”
can be weaken into “w0 = r−N

∫ r
0 sN−1u0(s)ds is nonincreasing in r” in (i).

When U(x) is the profile of those backward self-similar solutions, the estimate c ≤ |x|2U(x) ≤ C can
be improved to a uniformly form, that is, the limit limx→0 |x|2U(x) exists. Inspired by this, P. Souplet
and M. Winkler guess this uniform blow-up profile is valid for more general solutions. The main target
of this paper is to give a positive answer to this question.
Before state our main results, we introduce some notations, some of them are the same as those in
[25].
Let w(r, t) = r−n

∫ r
0 sn−1u(s, t) ds, it is routine to check that w satisfies

wt = wrr +
N + 1

r
wr + (nw + rwr)w. (1.5)

and

w(r, 0) = r−N

∫ r

0
sN−1u0(s) ds := w0(r). (1.6)

Let W (r) = limt→T w(r, t) whenever it exists and assume that w0 satisfies

The following limit exists : lim
r→∞

w0(r)r
2 ∈ [0,∞]. (1.7)

Our first result can be stated as follows:

Theorem 1.3 Let n ≥ 3. Suppose that u0 satisfies (1.2) and (1.7), w is single point blow-up solution
of (1.5) with T < ∞. Then the following limit exists

lim
r→0

W (r)r2 := α ∈ [0,∞].

3

1 Introduction

In this paper, we consider the blowup profile of the following Keller-Segel-Patlak system




ut = ∆u−∇ · (u∇v), x ∈ RN , t ∈ (0, T ),

0 = ∆v + u, x ∈ RN , t ∈ (0, T ),

u(x, 0) = u0(x), x ∈ RN ,

(1.1)

where T > 0 is the maximal existence time.
For the initial data, similar to [25] we assume the following condition:

0 ≤ u0 ∈ L∞(Ω), u0 is radially symmetric and nonincreasing with respect to|x|. (1.2)

This system can be considered as a simplified model of the classical Keller-Segel model that established
by Keller and Segel in 1970s ([15]). The Keller-Segel type chemotaxis model is very famous and has
been well studied during the last four decades (see the surveys [1, 12, 13]). It is well-known that the
all the solution of Keller-Segel model are global bounded in dimension one and there exist blowup
solutions for high dimensions. Since there are a lot of research relate to all kinds of Keller-Segel type
chemotaxis models, it is hard to list all of them in details. We will only recall these results related to
the simplified model (1.1).
When N = 2, it is well known that there exists a critical total mass 8π: if ‖u0‖L1 ≤ 8π all the
solutions are global in time (see, e.g.,[2, 3, 4, 5, 24]), and if ‖u0‖L1 > 8π, then all classical solutions
with finite second moment blow up in finite time [14, 19]. For the blowup rate, it was shown in
[11, 17] that there exist radial type II blowup solutions (recall that the blowup is called of type I if
lim supt→T (T − t)‖u(t)‖L∞ < ∞ and of type II otherwise). The blowup profile was considered in [24]
(see also [11, 22]), it is proved that the blowup solution will concentrate at least 8π mass into a single
point. Some further studies of the structure of blowup solutions could be found in [21, 7].
For the case N ≥ 3, there exists blowup solutions (see e.g. [10, 23, 25]). The blowup rate maybe
depends on N : When 3 ≤ N ≤ 9, there exists both type I blowup solutions (see e.g. N. Mizoguchi, T.
Senba [18]) and type II blowup solutions (this case was formally established in Brenner et. al. [6] and
M.A. Herrero, E. Medina, J.J.L. Velázquez [9]); If N ≥ 11, there exist radial type II blowup solutions
[11, 17]. In order to understand the blowup profile of blowup solutions, a family of backward self-similar
blowup solutions with profile u(x, T ) ∼ C

|x|2 , |x| → 0 and some other properties were constructed by

M.A. Herrero, E. Medina, J.J.L. Velázquez [9, 23] (also see T. Senba [23] for a further vestigation).
For more general solutions (not only restrict to the self-similar case), Y. Giga, N. Mizoguchi and T.
Senba[8] obtained a blowup profile for type I blowup solutions of (1.1) in self-similar sense

lim
t→T

(T − t)u(y
√
T − t) = V (y), uniformly for y bounded.

where V is the profile of some backward self-similar solutions. This result implies that the blowup
solutions have similar properties of the backward self-similar solutions. But, since this result is relate
to the “microscopic” scale y, the shape of the solution when t is close to the blowup time is still
unclear. To understand the shape of blowup solution, P. Souplet and M. Winkler [25] shown that
the blowup profile is also similar to the self-similar solution, that is, like C|x|−2. More specifically, if
T < ∞ the blowup set B(u0) of (u, v) is defined by

B(u0) := {x0 ∈ Ω̄;u(xj , tj) + |∇v(xj , tj)| → ∞for some subsequence (xj , tj) → (x0, T )},

2

－48－



they obtain the following result (in their paper, this result is established not only for the whole space
but also for the bounded domain).

Proposition 1.1 Let N ≥ 3. Assume that u0 satisfies (1.2), T < ∞ and B(u0) �= RN .

(i) There exists C > 0 such that

u(x, t) ≤ C

|x|2
, 0 < |x| ≤ 1, 0 < t < T. (1.3)

Moreover, we have B(u0) = {0}, the final blowup profile U(x) := limt→T u(x, t) exists for all
x ∈ RN − {0}, where convergence also take place in L1(B1), and U satisfies

U(x) ≤ C

|x|2
, 0 < |x| ≤ 1. (1.4)

(ii) If we assume in addition that u0 ∈ C1(R), rn−1u′0(r) + u0(r)
∫ r
0 u0(s)s

n−1ds ≥ 0. Then there
exist c, η > 0, such that

U(x) ≥ c|x|−2, x ∈ Bη − {0}

Remark 1.2 It can be see from their proof process, the assumption “u0 is nonincreasing in r = |x|”
can be weaken into “w0 = r−N

∫ r
0 sN−1u0(s)ds is nonincreasing in r” in (i).

When U(x) is the profile of those backward self-similar solutions, the estimate c ≤ |x|2U(x) ≤ C can
be improved to a uniformly form, that is, the limit limx→0 |x|2U(x) exists. Inspired by this, P. Souplet
and M. Winkler guess this uniform blow-up profile is valid for more general solutions. The main target
of this paper is to give a positive answer to this question.
Before state our main results, we introduce some notations, some of them are the same as those in
[25].
Let w(r, t) = r−n

∫ r
0 sn−1u(s, t) ds, it is routine to check that w satisfies

wt = wrr +
N + 1

r
wr + (nw + rwr)w. (1.5)

and

w(r, 0) = r−N

∫ r

0
sN−1u0(s) ds := w0(r). (1.6)

Let W (r) = limt→T w(r, t) whenever it exists and assume that w0 satisfies

The following limit exists : lim
r→∞

w0(r)r
2 ∈ [0,∞]. (1.7)

Our first result can be stated as follows:

Theorem 1.3 Let n ≥ 3. Suppose that u0 satisfies (1.2) and (1.7), w is single point blow-up solution
of (1.5) with T < ∞. Then the following limit exists

lim
r→0

W (r)r2 := α ∈ [0,∞].

3

1 Introduction

In this paper, we consider the blowup profile of the following Keller-Segel-Patlak system




ut = ∆u−∇ · (u∇v), x ∈ RN , t ∈ (0, T ),

0 = ∆v + u, x ∈ RN , t ∈ (0, T ),

u(x, 0) = u0(x), x ∈ RN ,

(1.1)

where T > 0 is the maximal existence time.
For the initial data, similar to [25] we assume the following condition:

0 ≤ u0 ∈ L∞(Ω), u0 is radially symmetric and nonincreasing with respect to|x|. (1.2)

This system can be considered as a simplified model of the classical Keller-Segel model that established
by Keller and Segel in 1970s ([15]). The Keller-Segel type chemotaxis model is very famous and has
been well studied during the last four decades (see the surveys [1, 12, 13]). It is well-known that the
all the solution of Keller-Segel model are global bounded in dimension one and there exist blowup
solutions for high dimensions. Since there are a lot of research relate to all kinds of Keller-Segel type
chemotaxis models, it is hard to list all of them in details. We will only recall these results related to
the simplified model (1.1).
When N = 2, it is well known that there exists a critical total mass 8π: if ‖u0‖L1 ≤ 8π all the
solutions are global in time (see, e.g.,[2, 3, 4, 5, 24]), and if ‖u0‖L1 > 8π, then all classical solutions
with finite second moment blow up in finite time [14, 19]. For the blowup rate, it was shown in
[11, 17] that there exist radial type II blowup solutions (recall that the blowup is called of type I if
lim supt→T (T − t)‖u(t)‖L∞ < ∞ and of type II otherwise). The blowup profile was considered in [24]
(see also [11, 22]), it is proved that the blowup solution will concentrate at least 8π mass into a single
point. Some further studies of the structure of blowup solutions could be found in [21, 7].
For the case N ≥ 3, there exists blowup solutions (see e.g. [10, 23, 25]). The blowup rate maybe
depends on N : When 3 ≤ N ≤ 9, there exists both type I blowup solutions (see e.g. N. Mizoguchi, T.
Senba [18]) and type II blowup solutions (this case was formally established in Brenner et. al. [6] and
M.A. Herrero, E. Medina, J.J.L. Velázquez [9]); If N ≥ 11, there exist radial type II blowup solutions
[11, 17]. In order to understand the blowup profile of blowup solutions, a family of backward self-similar
blowup solutions with profile u(x, T ) ∼ C

|x|2 , |x| → 0 and some other properties were constructed by

M.A. Herrero, E. Medina, J.J.L. Velázquez [9, 23] (also see T. Senba [23] for a further vestigation).
For more general solutions (not only restrict to the self-similar case), Y. Giga, N. Mizoguchi and T.
Senba[8] obtained a blowup profile for type I blowup solutions of (1.1) in self-similar sense

lim
t→T

(T − t)u(y
√
T − t) = V (y), uniformly for y bounded.

where V is the profile of some backward self-similar solutions. This result implies that the blowup
solutions have similar properties of the backward self-similar solutions. But, since this result is relate
to the “microscopic” scale y, the shape of the solution when t is close to the blowup time is still
unclear. To understand the shape of blowup solution, P. Souplet and M. Winkler [25] shown that
the blowup profile is also similar to the self-similar solution, that is, like C|x|−2. More specifically, if
T < ∞ the blowup set B(u0) of (u, v) is defined by

B(u0) := {x0 ∈ Ω̄;u(xj , tj) + |∇v(xj , tj)| → ∞for some subsequence (xj , tj) → (x0, T )},

2

－49－



[12] T. Hillen, K. J. Painter: A users guide to PDE models for chemotaxis. J. Math. Biol. 58,
183-217 (2009)

[13] D. Horstmann: From 1970 until present: The Keller–Segel model in chemotaxis and its conse-
quences: Jahresber I. Jahresberichte Deutsch. Math.-Verein 105, 103-165 (2003)
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If we assume in addition that w0(r) is nonincreasing in r, we can draw further conclusions that

lim
r→0

W (r)r2 := α ∈ [0,∞)

and
lim
r→0

U(r)r2 = (N − 2)α ∈ [0,∞).

The next result has been established in [16], we will prove it in a different way.

Theorem 1.4 Let n = 2. Assume (u, v) be a radial solution of 1.1 blowing up in finite time. Then
the blowup of (u, v) is of type II.
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1 Motivation

Wave fronts are ubiquitous in nature. In the context of population dynamics, such waves may be
viewed as representing patterns or structure in migrating populations. Reaction-diffusion equations,
such as the extensively studied Fisher equation [5], are used to model population growth dynamics
combined with a simple Fickian diffusion process, and are typically capable of exhibiting travelling
wave solutions.
In cell migration, advection (or transport) is another important model mechanism. It may rep-
resent, e.g., tactically-driven movement, where cells migrate in a directed manner in response to
a concentration gradient. Such a concentration gradient develops, for example, in a soluble fluid
(chemotaxis) or as a gradient of cellular adhesion sites or of substrate-bound chemoattractants
(haptotaxis). Well studied examples of individual cells exhibiting directed motion in response to
a chemical gradient include bacteria chemotactically migrating towards a food source. Wound
healing, angiogenesis or malignant tumor invasion are just a few examples of chemotactic and/or
haptotactic cell movement where the migrating cells form part of a dense population of cells as
may be found in tissues. Such migrating cell populations not only form travelling waves but may
also develop sharp interfaces in the wave form.
From a classical PDE point of view, these advection-reaction models may represent hyperbolic
balance laws (hyperbolic conservation laws with source terms), and the formation of shock fronts
is well known. In general, shocks are problematic because as the wave front steepens (and a shock
forms) the solution becomes multivalued and physically nonsensical. The model breaks down and
it becomes impossible to compute the temporal evolution of the solution [9].
To account for shocks, modellers have employed the technique of regularisation – adding small
higher order terms to these models to smooth out the shocks. In the context of hyperbolic con-
servation/balance laws, these are usually small viscous (diffusive) regularisations, e.g., the viscous
Burgers equation. Due to dissipative mechanisms, these physical shocks are observed as narrow
transition regions with steep gradients of field variables. Mathematically, questions of existence
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2.1 Shock fronts in the RND model (1)

It is well-known that in the case of a nonlinear advection-reaction model which defines a hyperbolic
balance law (under certain assumptions) shock formation is a well-known phenomenon. Similarly,
negative diffusitivity D(u) can also cause shock formation in an RND model [4, 12, 13].
Let us look for one of the simplest coherent structures in such RND models (1), travelling waves with
wave speed c ∈ R that connect the asymptotic end states u− = 1 → u+ = 0, i.e., population/agents
invade the unoccupied domain with constant speed. A travelling wave analysis introduces a co-
moving frame z = x − ct in (1), c ∈ R. Stationary solutions, i.e., ut = 0, in this co-moving
frame include travelling waves/fronts, and they are found as special (heteroclinic) solutions of the
corresponding ODE problem −cuz − (D(u)uz)z = f(u). Define v := −cu −D(u)uz to obtain the
corresponding 2D dynamical system

uz = −(v + cu)

D(u)

vz = f(u) .

We are interested in a travelling front/wave in this system corresponding to a heteroclinic connection
from one steady state (u = 1) to the other (u = 0) or vice versa. In our setup of the RND model,
such a solution (if it exists) cannot be smooth, because the zeros of the diffusion coefficient D(u)
which exist in the relevant domain of interest u ∈ [0, 1] define singularities in this problem. To avoid
these singularities, discontinuous jumps (shocks) would be necessary to define ‘weak’ solutions of
the original PDE problem (1).

2.2 Regularisations of RND models

To account for these shocks, we employ the technique of regularisation to this RND problem.
Regularisation of RND models is typically considered in one of two ways [11, 12]. The first method
of regularisation accounts for viscous relaxation by adding a small temporal change in the diffusivity:

ut = (Φ(u) + εut)xx + f(u), 0 ≤ ε � 1. (3)

The second of these involves adding a small change in the potential to account for nonlocal effects,
leading to:

ut = (Φ(u)− ε2uxx)xx + f(u), 0 ≤ ε � 1. (4)

These regularisation techniques have been widely employed in models of chemical phase-separation,
though they have gone relatively unnoticed in biological models until very recently.
In this presentation, we study the possible effects of both regularisations in a single RND model,
i.e.,

ut = (Φ(u) + εaut − ε2uxx)xx + f(u), 0 ≤ ε � 1, a ≥ 0. (5)

Since we only consider small perturbative regularisations 0 < ε � 1, these models are so-called
singularly perturbed systems and, as a consequence, the powerful machinery of geometric singular
perturbation theory (GSPT) is applicable [3, 8, 16], as we shall explain in this presentation.

Remark 2.1 This regularised RND model (5) can be derived fom the history dependent energy
functional

E(u) =

∫

Ω

(
F (u) + εa

∫ t

0
u2sds+

ε2

2
|ux|2

)
dx ,

3

and uniqueness of such viscous shock profiles are fundamental.1

Another source for the formation of sharp interfaces can be found in density-dependent nonlinear
diffusion processes. Through sensing the local cell density, cells make informed decisions, i.e., they
perform a ‘biased walk’. This could lead to, e.g., the tendency to cluster or aggregate with other
nearby cells; think of flocking or swarming which might be perceived as an advantageous situation
for the cell population. Such aggregation mechanism can be achieved through, e.g., negative (or
backward) diffusion. Such reaction-nonlinear diffusion (RND) models may form shocks. Again,
modellers have employed the technique of regularisation – adding small higher order terms to
these models to ‘smooth’ the shocks, but these are not so well-known, at least in the bioscientific
community. Possible shock formation in such regularised RND models is the main focus of this
presentation, and we will use the tools from geometric singular perturbation theory and dynamical
systems theory to tackle this problem.

2 The setup for RND Models

We start by considering a dimensionless reaction–nonlinear diffusion model of the form

ut = (D(u)ux)x + f(u) = Φ(u)xx + f(u) (1)

where x ∈ R denotes the spatial domain, t ∈ R+ denotes the time domain, u ∈ R+ denotes a
(population/agent) density, D(u) models a (population/agent) density dependent diffusivity. Φ(u)
is an anti-derivative of D(u), i.e. Φ′(u) = D(u), referred to as the potential. The (dimensionless)
population/agent density u is scaled such that u ∈ [0, 1] forms the domain of interest where u = 1
is the carrying capacity of the population/agent density. This domain of interest is also reflected
in the reaction term f(u) which is modelled either as logistic growth, f(u) = fl(u) = u(1 − u), or
as bistable growth, f(u) = fb(u) = u(u− α)(1− u) , 0 < α < 1.
We focus on RND models where not only diffusion is present but also aggregation (or backward
diffusion) [2, 6, 4, 10, 11]. The heuristic motivation for this modelling assumption is based on the
observation that population tend to cluster for, e.g., safety (to avoid easy predation). By imposing
different motility rates for agents that are isolated, compared to other agents, one obtains density
dependent nonlinear diffusion [7]. Aggregation will manifest itself in these models in sign changes
of the density dependent diffusion coefficient D(u). The simplest density-dependent nonlinear
diffusion coefficient model that we consider is of the polynomial form

D(u) = β(u− γ1)(u− γ2) (2)

with 0 < γ1 < γ2 < 1, i.e., diffusion-aggregation-diffusion (DAD) in the domain of interest. For
sparse population density diffusive behaviour is assumed, while for intermediate population density
aggregation will happen which again turns into diffusive behaviour for large population densities
(close to carrying capacity).

1Another option is dispersive regularisation, e.g., the KdV equation. Note that both regularisations (viscous and
dispersive) deal with the same equation (inviscid Burgers) and create very different outcomes.
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dispersive) deal with the same equation (inviscid Burgers) and create very different outcomes.
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uy = û

ûy = w +Φ(u)− δû

vy = wy = 0 ,

(9)

i.e., (v, w) are considered parameters. Hence, the flow is along two-dimensional fast fibers L :=
{(u, û, v, w) ∈ R4 : (v, w) = const}. The set of equilibria of the layer problem,

S := {(u, û, v, w) ∈ R4 : û = û(u, v) = 0, w = w(u, v) = −Φ(u)} , (10)

forms the two-dimensional critical manifold of the problem which is a graph over (u, v)-space.
The stability property of this set of equilibria S is determined by the two non-trivial eigenvalues of
the layer problem, i.e., the eigenvalues of the Jacobian evaluated along S,

J =

(
0 1

D(u) −δ

)
. (11)

This matrix has trJ = −δ and det J = −D(u). Hence, for D(u) > 0 equilibria are of saddle-type
while for D(u) > 0 equilibria are of focus/node/centre-type. Loss of normal hyperbolicity happens
along the one-dimensional set(s)

F := {(u, û, v, w) ∈ S : D(u) = 0} . (12)

In the assumed diffusion-aggregation-diffusion (DAD) setup of (2), we have F = Fl ∪ Fr =
{(u, û, v, w) ∈ S : u = γ1} ∪ {(u, û, v, w) ∈ S : u = γ2}, i.e., we have a splitting of the critical
manifold S = Sl

s ∪ Fl ∪ Sm ∪ Fr ∪ Sr
s where

Sl
s := {(u, û, v, w) ∈ R4 : û = û(u, v) = 0, w = w(u, v) = −Φ(u), u < γ1}

Sr
s := {(u, û, v, w) ∈ R4 : û = û(u, v) = 0, w = w(u, v) = −Φ(u), u > γ2}

denote saddle-type outer branches and, for δ �= 0,

Sm := {(u, û, v, w) ∈ R4 : û = û(u, v) = 0, w = w(u, v) = −Φ(u), γ1 < u < γ2}

denotes the (node/focus-type) middle branch. For δ = 0 this middle branch Sm is of centre-type
(where normal hyperbolicity is lost as well).

3.1.1 The δ = 0 case

In this case, the layer problem (9),
uy = û

ûy = w +Φ(u)
(13)

is Hamiltonian with

H(u, û) =
û2

2
−
∫
(w +Φ(u))du . (14)

Trajectories of this layer problem are confined to level sets of the Hamiltonian (14), i.e., H(u, û) =
k. Possible trajectories that are able to connect equilibrium points on different branches of the

critical manifold S are confined to the saddle branches S
l/r
s including the boundaries Fl/r. The

corresponding equilibrium points pl/r = (ul/r, 0, vl/r,−Φ(ul/r)) ∈ S
l/r
s ∪ Fl/r of such connections

must fulfill vl = vr and Φ(ul) = Φ(ur) since v and w are constant.

5

where F (u) =
∫
Φ(u)du is the free energy density function of the homogeneous state. The interfacial

energy, ε2

2 |ux|
2, introduces smoothing effects in regions with large gradients, and so does the memory

term, εa
∫ t
0 u

2
sds, which can be interpreted as visco-elastic potential energy; see, e.g., [18].

Remark 2.2 Continuum macroscale models can also be derived from lattice-based microscale mod-
els; see [7] for leading order RND models and [1] for regularised RND models (albeit more compli-
cated).

3 Travelling wave analysis of the regularised RND model (5)

We derive conditions based on the specific functions D(u) and f(u) that lead to travelling waves
with sharp interfaces (shocks) in one spatial dimension. We introduce a travelling wave coordinate
z = x − ct for waves with speed c ∈ R. This transforms the regularised RND model (5) into a
fourth order ordinary differential equation

−cuz = Φ(u)zz − εacuzzz − ε2uzzzz + f(u) , (6)

which we can recast as a singularly perturbed dynamical system in standard form

εuz = û

εûz = w +Φ(u)− δû

vz = f(u)

wz = v + cu .

(7)

where (u, û) ∈ R2 are ‘fast’ variables, (v, w) ∈ R2 are ‘slow’ variables, and ε � 1 is the singular
perturbation parameter.
Rescaling the ‘slow’ independent travelling wave variable dz = εdy in (7) gives the equivalent fast
system

uy = û

ûy = w +Φ(u)− δû

vy = εf(u)

wy = ε(v + cu) .

(8)

with the ‘fast’ independent travelling wave variable y. These equivalent dynamical systems (7)
respectively (8) have a symmetry

(û, v, c, y) ↔ (−û,−v,−c,−y), resp. (û, v, c, z) ↔ (−û,−v,−c,−z) .

The aim is to use methods from GSPT to analyse the travelling wave problem in its ‘slow’ and
‘fast’ singular limit, and to obtain results on the existence (and stability) of travelling waves in the
full regularised RND problem.

3.1 The limit on the ‘fast’ scale - the layer problem

We begin with the ‘fast’ system (8). Here the limit ε → 0 gives the layer problem
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denotes the (node/focus-type) middle branch. For δ = 0 this middle branch Sm is of centre-type
(where normal hyperbolicity is lost as well).

3.1.1 The δ = 0 case

In this case, the layer problem (9),
uy = û

ûy = w +Φ(u)
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is Hamiltonian with
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û2
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k. Possible trajectories that are able to connect equilibrium points on different branches of the

critical manifold S are confined to the saddle branches S
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s including the boundaries Fl/r. The
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s ∪ Fl/r of such connections
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2, introduces smoothing effects in regions with large gradients, and so does the memory
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sds, which can be interpreted as visco-elastic potential energy; see, e.g., [18].

Remark 2.2 Continuum macroscale models can also be derived from lattice-based microscale mod-
els; see [7] for leading order RND models and [1] for regularised RND models (albeit more compli-
cated).

3 Travelling wave analysis of the regularised RND model (5)

We derive conditions based on the specific functions D(u) and f(u) that lead to travelling waves
with sharp interfaces (shocks) in one spatial dimension. We introduce a travelling wave coordinate
z = x − ct for waves with speed c ∈ R. This transforms the regularised RND model (5) into a
fourth order ordinary differential equation

−cuz = Φ(u)zz − εacuzzz − ε2uzzzz + f(u) , (6)

which we can recast as a singularly perturbed dynamical system in standard form

εuz = û

εûz = w +Φ(u)− δû

vz = f(u)

wz = v + cu .

(7)

where (u, û) ∈ R2 are ‘fast’ variables, (v, w) ∈ R2 are ‘slow’ variables, and ε � 1 is the singular
perturbation parameter.
Rescaling the ‘slow’ independent travelling wave variable dz = εdy in (7) gives the equivalent fast
system

uy = û

ûy = w +Φ(u)− δû

vy = εf(u)

wy = ε(v + cu) .

(8)

with the ‘fast’ independent travelling wave variable y. These equivalent dynamical systems (7)
respectively (8) have a symmetry

(û, v, c, y) ↔ (−û,−v,−c,−y), resp. (û, v, c, z) ↔ (−û,−v,−c,−z) .

The aim is to use methods from GSPT to analyse the travelling wave problem in its ‘slow’ and
‘fast’ singular limit, and to obtain results on the existence (and stability) of travelling waves in the
full regularised RND problem.

3.1 The limit on the ‘fast’ scale - the layer problem

We begin with the ‘fast’ system (8). Here the limit ε → 0 gives the layer problem
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These first-order expansion terms of the distance function ∆ are known as first-order Melnikov
integrals. They can be calculated as follows:

(Dw∆(wh, 0), Dδ∆(wh, 0)) = (

∫ ∞

−∞
(ψ(s)�Dwf(Γ±(0);wh, 0))ds,

∫ ∞

−∞
(ψ(s)�Dδf(Γ±(0);wh, 0))ds)

We have Dwf(Γ±(0);wh, 0) = (0, 1)� and, hence,

Dw∆(wh, 0) =

∫ ∞

−∞
(ψ(s)�Dwf(Γ±(0);wh, 0))ds =

∫ ∞

−∞
ψ2(s)ds �= 0,

based on the geometric observation that the ψ2-component does not change sign along Γ±. The
measure is well-defined since ψ2(y) is decaying exponentially for y → ±∞. Hence, w = wh(δ) =
wh + bδ + O(δ2) solves ∆(w(δ), δ) = 0 for δ ∈ (−δ0,+δ0). We also have Dδf(Γ±(0);wh, 0) =
(0,−û(y))� and, hence,

Dδ∆(wh, 0) =

∫ ∞

−∞
(ψ(s)�Dδf(Γ±(0);wh, 0))ds = −

∫ ∞

−∞
û(s)ψ2(s)ds �= 0 ,

based on a similar geometric observation as above, i.e., both terms do not change sign under the
variation along Γ±. Hence,

b =
Dδ∆(wh, 0)

Dw∆(wh, 0)
= −

∫∞
−∞ û(s)ψ2(s)ds∫∞

−∞ ψ2(s)ds
�= 0

and we have a leading order affine solution w(δ) to ∆(w, δ) = 0 near (wh, 0).

Remark 3.3 Only for (w, δ) = (wh, 0) there exist two heteroclinics Γ± simultaneously. For fixed
small δ �= 0, the two heteroclinics exist for distinct w-values. There is also the symmetry δ ↔ −δ.
Thus one only needs to continue one heteroclinic in (w, δ)-space. The other is given through the
symmetry.

Remark 3.4 The leading order linear growth found in the Melnikov analysis cannot continue in-
definitely since the saddle equilibria pl/r are confined to w-values between the local extrema of Φ;
see Remark 3.1. These extrema indicate saddle-node bifurcations of equilibria.

3.1.3 The δ = O(1) case

What is the fate of the heteroclinic branches established in the previous section? Do they exist
for large |δ| as well? Note, the heteroclinic orbits are confined to the upper (Γ+) or lower (Γ+)
half-plane in (u, û)-space. In these half-planes, the u-motion is monotone. Hence, all heteroclinics
Γ± are graphs over the u-coordinate chart in (u, û)-space, i.e., Γ± : û(u) : u ∈ (ul, ur). We consider
Γ+. Such a heteroclinic orbit û(u) must fulfill

dû

du
=

w +Φ(u)− δû

û
, ∀u ∈ (ul, ur)

=⇒ d

du
(
û2

2
) =

d

du

∫
(w +Φ(u)− δû)du , ∀u ∈ (ul, ur)

=⇒ û2

2
=

∫ u

ul

(w +Φ(u)− δû)du , ∀u ∈ (ul, ur) .

7

Remark 3.1 This creates a bound on possible w-values, w ∈ [−Φ(uf−),−Φ(uf+)] where D(uf∓) =
0, i.e., confined to region between the local extrema of Φ.

Without loss of generality, set H(ul, û = 0) = 0, i.e., H(u, û) = û2

2 −
∫ u
ul
(w + Φ(u))du. Then

H(ur, û = 0) must be equal zero as well for the existence of a layer connection between these two
points. This constraint leads to the well-known ‘equal area rule’ (see, e.g. [12]),

∫ ur

ul

(wh +Φ(u))du = 0 . (15)

This rule allows for S
l/r
s to S

r/l
s connections, but not to the boundaries Fl/r or the centre-type

middle branch Sm. Due to the symmetry (û ↔ −û), there exists automatically a pair of such
heteroclinic connections for fixed w = wh, i.e., Γ+(wh, 0) : pl → pr and Γ−(wh, 0) : pr → pl.

Remark 3.2 The equal area rule (15) determines the value w = wh for which this integral vanishes.
For a = 0, it is independent of the possible wave speed c ∈ R.

3.1.2 The small |δ| case

For sufficiently small |δ| > 0, we show that nearby heteroclinic connections to the same asymptotic
end states still exist. This is done via a Melnikov-type argument; see, e.g., [15, 17]:

Define x = (u, û)� and f(x;w, δ) = (û, w + Φ(u) − δû)� such that the layer problem is given in
vector form by x′ = f(x;w, δ) , x ∈ R2. This system possesses heteroclinic orbits Γ±(y) for w = wh

and δ = 0, i.e., Γ′ = f(Γ±;wh, 0). Let x = Γ± +X, X ∈ R2 which transforms the layer problem to
the non-autonomous problem X ′ = A(y)X+g(X, y;w, δ) with the non-autonomous matrix A(y) :=
Dxf(Γ±;wh, 0) and the nonlinear remainder g(X, y;w, δ) = f(Γ±+X;w, δ)−f(Γ±;wh, 0)−A(y)X .
The linear equation X ′ = A(y)X is the variational equation along Γ±. The corresponding adjoint
equation is given by Ψ′ + A�(y)Ψ = 0 . Solutions of the variational and its adjoint equation pre-
serve a constant angle along Γ±, i.e., Dy(Ψ

�(y)X(y)) = 0, ∀y ∈ R . We can use this fact to define
a splitting of the vector space R2 along Γ±. Without loss of generality, we define it at y = 0 in
the following way: R2 = span {f(Γ±(0);wh, 0)} ⊕W where W is spanned by the solutions of the
adjoint equation that decay exponentially for y → ±∞; here, this space is one-dimensional and we
denote the corresponding solution by ψ(y) = (ψ1(y), ψ2(y))

�.

We measure the distance ∆ ∈ R between the one-dimensional stable and unstable manifolds em-
anating from the saddle-equilibria in a suitable cross section Σ. We denote these manifold seg-
ments by X±. Based on our setup, we choose Σ = W . This distance function depends on the
system parameters, i.e., ∆ = ∆(w, δ). In the previous section, we established ∆(wh, 0) = 0.
In general, one cannot solve ∆(w, δ) = 0 explicitly. Thus one aims to solve ∆(w, δ) = 0 near
(w, δ) = (wh, 0) approximately by means of the implicit function theorem: e.g., if Dw∆(wh, 0) �= 0
then w = wh(δ) = wh + bδ + O(δ2) solves ∆(wh(δ), δ) = 0 for δ ∈ (−δ0,+δ0). The leading order
expansion parameter b is then given by

b = −Dδ∆(wh, 0)

Dw∆(wh, 0)
.

6

－58－



These first-order expansion terms of the distance function ∆ are known as first-order Melnikov
integrals. They can be calculated as follows:
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We measure the distance ∆ ∈ R between the one-dimensional stable and unstable manifolds em-
anating from the saddle-equilibria in a suitable cross section Σ. We denote these manifold seg-
ments by X±. Based on our setup, we choose Σ = W . This distance function depends on the
system parameters, i.e., ∆ = ∆(w, δ). In the previous section, we established ∆(wh, 0) = 0.
In general, one cannot solve ∆(w, δ) = 0 explicitly. Thus one aims to solve ∆(w, δ) = 0 near
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Therefore, we aim to study the corresponding reduced flow on S in this (u, v)-coordinate chart. By
definition, the main requirement on the reduced vector field R(u, v) ∈ R2 is that, when mapped onto
S via Dψ it has to correspond to the (leading order) slow component of the full four-dimensional
vector field constraint to S, i.e.,

Dψ(u, v)R(u, v) = ΠSG(ψ(u, v)) = (
v + cu

−D(u)
, 0, f(u), v + cu)�

where ΠSG(ψ(u, v)) is the (oblique) projection of the vector field G = (0, 0, f(u), v+ cu)� onto the
tangent bundle TS of the critical manifold S along fast fibres spanned by {(1, 0, 0, 0)�, (0, 1, 0, 0)�}.
Thus the reduced vector field R(u, v) in the (u, v)-coordinate chart is given by

−D(u)uz = v + cu

vz = f(u) .
(18)

Note that this dynamical system is singular along the folds F± where D(u) = 0. To be able to
study the reduced problem (18) in a neighbourhood of F±, we make an auxiliary state-dependent
time transformation dz = D(u)dζ which gives the so-called desingularised problem

uζ = −(v + cu)

vζ = D(u)f(u) .
(19)

This problem is topologically equivalent to (18) on the saddle-type outer branches of S while one
has to reverse the orientation on the middle node-focus-centre-type branch of S to obtain the
equivalent flow. We classify all singularities of the reduced problem (18) by analysing the auxiliary
system, the desingularised problem (19).

Remark 3.6 We emphasize that the desingularised system is only a proxy system to study the
problem near the folds. To completely understand the orginal flow near the folds, one has to use
additional techniques such as the blow-up method [14].

The asymptotic end states of the travelling waves form equilibrium states of the desingularised (and
the reduced) problem defined by f(u±) = 0, and v± = −cu±. Our focus is on asymptotic end states
given by the equilibria (u∓, v∓) = (1,−c) and (u±, v±) = (0, 0). In the case of the bistable reaction
term, there exists an additional equilibrium in the domain of interest defined by f(ub = α) = 0
which gives (ub, vb) = (α,−cα). We assume γ1 < α < γ2, i.e. this additional equilibrium is located
on the middle branch Sm. The Jacobian evaluated at any of these equilibria (u±,b, v±,b) is given by

J =

(
−c −1

D(u±,b)f
′(u±,b) 0

)

which has tr J = −c and det J = D(u±,b)f
′(u±,b). The types of equilibria of the reduced problem

are summarized in the following table.

Remark 3.7 The auxiliary system (19) defines another type of singularities for the reduced problem
through D(u) = 0 which exist on the folds Fl/r and are known as folded singularities; see, e.g., [16].
If time permits, I will briefly discuss this in my presentation.
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For u → ul, the last line is fulfilled since û(ul) = 0. For u → ur, where û(ur) = 0, we obtain a
condition for the existence of a heteroclinic orbit,

∫ ur

ul

(w +Φ(u))du = δ

∫ ur

ul

û(u) du , (16)

which, for δ = 0, gives the equal area rule as established previously. For δ �= 0 this formula provides
a generalised ‘equal area rule’, i.e., the left hand side must move away from its ‘equal area’ position
given for w = wh(0) to counteract the right hand side contribution. This gives w = wh(δ).
For sufficiently large |δ| = δm, w will reach its limit wsn where one of the saddle equilibria pl/r goes
through a saddle-node bifurcation. Until then, the heteroclinic connection is along the hyperbolic
direction, but afterwards it will be along the centre direction which is non-unique and, hence,
replaces the codimension-one role of the w variation. Hence, for fixed w = wsn and for sufficiently
large |δ| > δm, there exists always a heteroclinic orbit.

Remark 3.5 For w = wsn, the rhs of (16) is fixed. One concludes that for sufficiently large
|δ| > δm, there is a û(u) that fulfills the generalised equal are rule, i.e., that fixes the right hand
side δ

∫
û du to the correct value.

Figure 1 summarizes our results on the existence of shocks in the regularised RND model, i.e., the
solution branches of ∆(w, δ) = 0. The important insight here is that viscous relaxation regularisa-
tion is dominant for |δ| > |δm|

Figure 1: sketch of complete bifurcation diagram for heteroclinic connections Γ± in (δ, w)-space
centered at (wh, 0).

3.2 The limit on the slow scale - the reduced problem

For the slow system (7), the limit ε → 0 gives the reduced problem

0 = û

0 = w +Φ(u)− δû

vz = f(u)

wz = v + cu .

(17)

It describes the ‘evolution’ of the slow variables (v, w) constrained to the 2D critical manifold S
(10). Here, the critical manifold S is given as a graph over the (u, v)-space, i.e., S : ψ(u, v) ∈ R4.
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|δ| > δm, there is a û(u) that fulfills the generalised equal are rule, i.e., that fixes the right hand
side δ

∫
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D(u) f(u) (u−, v−) (u+, v+) (ub, vb), γ1 < α < γ2
DAD logistic Saddle stable NF -
DAD bistable Saddle Saddle Saddle

Table 1: Type of equilibria on critical manifold S

Figure 2: (Top Left) construction of singular heteroclinic orbit in (u, v) sub-space for δ > δm. The
shock connects from Ja ∈ Sr

s to F− with asymptotic end states u− = 1 and u+ = 0. (Top Right)
shows the singular heteroclinic orbit (dashed red, ε = 0) as well as the perturbed shock-fronted
travelling wave (black solid, 0 < ε � 1) in (u, v, w)-space. (Bottom) The corresponding travelling
wave profile with sharp interface for 0 < ε � 1

3.3 Construction of heteroclinic orbits that give shock waves

The final task is to concatenate solutions form the two limiting problems to construct singular
heteroclinic orbits. Figure 2 shows an example for |δ| > |δm|; see Figure 1. In this case, the shock
location is at (one of) the folds of the critical manifold. From a regularisation pint-of-view, this
indicates that viscous relaxation (uxxt-term) dominates the nonlocal effects (uxxxx-term).
The power of geometric singular perturbation theory is to show the persistence of travelling waves
with smooth and sharp interfaces (shocks) constructed above under sufficiently small perturbations
0 < ε � 1 by means of geometric properties of invariant manifolds. Figure 2 (Bottom) indicates
that this is indeed the case.

Remark 3.8 If time permits, I will also discuss some of the intricacies of numerical schemes to
resolve the predicted analytical shock location. Similarly, if time permits, I briefly discuss (spectral)
stability properties of these solutions.
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1 Introduction

In this study, we consider mass-conserved reaction diffusion system. This system
is introduced for various mathematical models, for example a conceptial model for
cell polarity [4], [6], [1]. We consider reaction diffusion system defined on interval
Ω := (−K/2, K/2) as following:

{
∂tu = d∂2

xu+ f(u, v), t > 0, x ∈ Ω,

τ∂tv = ∂2
xv − f(u, v), t > 0, x ∈ Ω,

(1)

where, u = u(t, x), v = v(t, x) are real valued unknown functions, f ∈ C3(R2),
d, τ,K are positive constants.

In this study, we consider homogenious neumann boundary conditions

(N.B.C) ∂xu = ∂xv = 0 (t > 0, x = ±K/2), (2)

or periodic boundary conditions

(P.B.C)
u(t,−K/2) = u(t,K, 2), ∂xu(t,−K/2) = ∂xu(t,K/2) (t > 0),
v(t,−K/2) = v(t,K, 2), ∂xv(t,−K/2) = ∂xv(t,K/2) (t > 0).

(3)

Significant feature of system (1) is mass conservation law; under (N.B.C), or
(P.B.C), any classical solution (u, v) for (1) has following conserved quantity

1

K

∫

Ω

(u(t, x) + τv(t, x))dx = ⟨u(t, ·)⟩+ τ⟨v(t, ·)⟩,

where ⟨ϕ⟩ := 1
K

∫
Ω
ϕ(x)dx. We can check that d

dt
(⟨u⟩ + τ⟨v⟩) = 0, using boundary

conditions.
We consider the stability of stationary solution for (1). Since stationary prob-

lem of (1) with (N.B.C) or (P.B.C) can be transformed into scalar equation, the
stationary solutions are characterized by n-mode solution.

1This is joint work with Shin-ichiro Ei (Hokkaido university)

[15] André Vanderbauwhede. Bifurcation of degenerate homoclinics. Results in Mathematics, 21(1-
2):211–223, mar 1992.

[16] M. Wechselberger and G. J. Pettet. Folds, canards and shocks in advection-reaction-diffusion
models. Nonlinearity, 23:1949–1969, 2010.

[17] Martin Wechselberger. Extending Melnikov theory to invariant manifolds on non-compact
domains. Dynamical Systems, 17(3):215–233, aug 2002.

[18] T.P. Witelski. The structure of internal layers for unstable nonlinear diffusion equations.
Studies in Applied Mathematics, 96:277–300, 1996.
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Our study aims to investigate the stability of 2-mode solution of system (1). For
this purpose, we introduce another reaction diffusion systems, which is formulated
as following:




T∂tui = L(ui), t > 0, x ∈ Ωi,
D∂xu1 = εA(u2 − u1) = D∂xu2, t > 0, x = 0,
∂xu1 = 0, t > 0, x = −K/2,
∂xu2 = 0, t > 0, x = K/2.

(5)

ui(t, x) :=

(
ui(t, x)
vi(t, x)

)
, T :=

(
1 0
0 τ

)
, D :=

(
d 0
0 1

)
, A :=

(
α 0
0 1

)
,

L(ui) := D∂2
xui + F (ui),F (ui) :=

(
f(ui, vi)
−f(ui, vi)

)
.

(6)

where i ∈ {1, 2},Ω1 := (−K/2, 0),Ω2 := (0, K/2), α > 0, ε > 0, and (ui(t, x), vi(t, x))
is defined on each interval Ωi. We call the systems(5) reaction diffusion compartment
model.

This model consists of reaction diffusion systems defined on independent intervals
Ωi, and these systems are coupled by the boundary conditions at x = 0, which
represent diffusive coupling derived from Fick’s law. New parameter α represents
the ratio of constants of coupling, and ε represents the strength of coupling.

Reaction diffusion compartment model has the propeties which are similar to
original system (1). First, the systems (5) hold mass conservation law. Let s1 and
s2 be as follows:

si(t) :=
2

K

∫

Ωi

(ui(t, x) + τvi(t, x))dx = ⟨ui⟩i + τ⟨vi⟩i,

where ⟨ϕ⟩i := 2
K

∫
Ωi
ϕ dx. From the boundary conditions of (5), we can check that

d
dt
(s1 + s2) = 0. Second, we can regard any 2-mode solution to (1) with (N.B.C) as

stationary solution to (5), since derivative of 2-mode solution become 0 at x = 0.
Let us explain the relation between system (1) and compartment model (5).

When we consider the case ε → +∞, we can formally derive that u2(t, 0)−u1(t, 0) →
0 and v2(t, 0)−v1(t, 0) → 0 from the boundary conditions at x = 0. Then we expect
that the dynamics of solutions of (5) is related to these of original system, especially
the stability of 2-mode stationary solutions. Hence we consider linearized eigenvalue
problem for (5).

We note that if ε = 0, the reaction diffusion compartment model is same to
reaction diffusion systems defined on separeted intervals Ωi with (N.B.C), which
namely there are no diffusive coupling at x = 0. When 0 < ε ≪ 1, we regard
the boundary condition as the pertubation to the system with (N.B.C), and ε as
the parameter of the pertubation. From above consideration, we fomally derive an
eigenvalue in neiborhood of origin by regular pertubation with respect to ε.

Definition 1.1. Let P (x) = (u∗(x), v∗(x)) be stationary solution to (1) with (N.B.C),
or (P.B.C) and n ≥ 1 be positive integer. In the case of (N.B.C), P is n-mode so-
lution, if each u∗, v∗ has just (n − 1) critical points in Ω. For the case of (P.B.C),
P is n-mode solution, if each u∗, v∗ has just (2n− 1) critical points in Ω. If both of
u∗ and v∗ are constant functions, P is called 0-mode solution.

In other words, 1-mode solution means that each of u∗ and v∗ is monotone increasing,
or decreasing function on Ω for (N.B.C), and each u∗ and v∗ is unimodal on Ω for
(P.B.C) (Fig. 1).
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We note that when we get a 1-mode solution on the half interval (−K/2, 0),
saying P 1, 2-mode solution P 2 is constructed by extending P 1 symmetrically about
x = 0:

P 2(x) =

{
P 1(x) (x ∈ (−K/2, 0)),
P 1(−x) (x ∈ [0, K/2)).

(4)

Remark 1.2. For general case n ≥ 3, we can get n-mode solution by similar man-
nars. We treat this case in future work.

For specific case of reaction term f(u, v), parameters and boundary conditions,
reaction diffusion system (1) addmits Lyapunov function. Then we can apply varia-
tional techniques for investigating the stability of stationary solutions. Moreover, it
is proved that stable stationary solution under (N.B.C), or (P.B.C) must be 0-mode,
or 1-mode solution[5], [2], [3].

From previous studies, we have following question.

Q. Let n be positive integer and n ≥ 2. Does stable n-mode solution exist for (1)
under (N.B.C), or (P.B.C)?

However, reacion diffusion system (1) addmits time-periodic solution for certain re-
action term, for example f(u, v) = a1(u+ τv){(du+ v)(u+ τv)}, (a1, a2 > 0)[6], [7].
Lyapunov function does not exist in this case, because if there exist Lyapunov func-
tion, time-periodic solution can’t exist. Hence, it seems difficult to apply variational
techniques to this situation.
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Our study aims to investigate the stability of 2-mode solution of system (1). For
this purpose, we introduce another reaction diffusion systems, which is formulated
as following:




T∂tui = L(ui), t > 0, x ∈ Ωi,
D∂xu1 = εA(u2 − u1) = D∂xu2, t > 0, x = 0,
∂xu1 = 0, t > 0, x = −K/2,
∂xu2 = 0, t > 0, x = K/2.

(5)

ui(t, x) :=

(
ui(t, x)
vi(t, x)

)
, T :=

(
1 0
0 τ

)
, D :=

(
d 0
0 1

)
, A :=

(
α 0
0 1

)
,

L(ui) := D∂2
xui + F (ui),F (ui) :=

(
f(ui, vi)
−f(ui, vi)

)
.

(6)

where i ∈ {1, 2},Ω1 := (−K/2, 0),Ω2 := (0, K/2), α > 0, ε > 0, and (ui(t, x), vi(t, x))
is defined on each interval Ωi. We call the systems(5) reaction diffusion compartment
model.

This model consists of reaction diffusion systems defined on independent intervals
Ωi, and these systems are coupled by the boundary conditions at x = 0, which
represent diffusive coupling derived from Fick’s law. New parameter α represents
the ratio of constants of coupling, and ε represents the strength of coupling.

Reaction diffusion compartment model has the propeties which are similar to
original system (1). First, the systems (5) hold mass conservation law. Let s1 and
s2 be as follows:

si(t) :=
2

K

∫

Ωi

(ui(t, x) + τvi(t, x))dx = ⟨ui⟩i + τ⟨vi⟩i,

where ⟨ϕ⟩i := 2
K

∫
Ωi
ϕ dx. From the boundary conditions of (5), we can check that

d
dt
(s1 + s2) = 0. Second, we can regard any 2-mode solution to (1) with (N.B.C) as

stationary solution to (5), since derivative of 2-mode solution become 0 at x = 0.
Let us explain the relation between system (1) and compartment model (5).
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namely there are no diffusive coupling at x = 0. When 0 < ε ≪ 1, we regard
the boundary condition as the pertubation to the system with (N.B.C), and ε as
the parameter of the pertubation. From above consideration, we fomally derive an
eigenvalue in neiborhood of origin by regular pertubation with respect to ε.

Definition 1.1. Let P (x) = (u∗(x), v∗(x)) be stationary solution to (1) with (N.B.C),
or (P.B.C) and n ≥ 1 be positive integer. In the case of (N.B.C), P is n-mode so-
lution, if each u∗, v∗ has just (n − 1) critical points in Ω. For the case of (P.B.C),
P is n-mode solution, if each u∗, v∗ has just (2n− 1) critical points in Ω. If both of
u∗ and v∗ are constant functions, P is called 0-mode solution.

In other words, 1-mode solution means that each of u∗ and v∗ is monotone increasing,
or decreasing function on Ω for (N.B.C), and each u∗ and v∗ is unimodal on Ω for
(P.B.C) (Fig. 1).
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We note that when we get a 1-mode solution on the half interval (−K/2, 0),
saying P 1, 2-mode solution P 2 is constructed by extending P 1 symmetrically about
x = 0:

P 2(x) =

{
P 1(x) (x ∈ (−K/2, 0)),
P 1(−x) (x ∈ [0, K/2)).

(4)

Remark 1.2. For general case n ≥ 3, we can get n-mode solution by similar man-
nars. We treat this case in future work.

For specific case of reaction term f(u, v), parameters and boundary conditions,
reaction diffusion system (1) addmits Lyapunov function. Then we can apply varia-
tional techniques for investigating the stability of stationary solutions. Moreover, it
is proved that stable stationary solution under (N.B.C), or (P.B.C) must be 0-mode,
or 1-mode solution[5], [2], [3].

From previous studies, we have following question.

Q. Let n be positive integer and n ≥ 2. Does stable n-mode solution exist for (1)
under (N.B.C), or (P.B.C)?

However, reacion diffusion system (1) addmits time-periodic solution for certain re-
action term, for example f(u, v) = a1(u+ τv){(du+ v)(u+ τv)}, (a1, a2 > 0)[6], [7].
Lyapunov function does not exist in this case, because if there exist Lyapunov func-
tion, time-periodic solution can’t exist. Hence, it seems difficult to apply variational
techniques to this situation.
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Therefore, the stationary problem (7) corresponds to the following scalar non-local
equation one-to-one:



du′′ + f

(
u,−du+

s

τ
− 1− dτ

τ
⟨u⟩1

)
= 0, x ∈ Ω1,

u′ = 0, x = −K/2, 0.

(10)

We suppose for (10) that:

(H.1) There is the solution u∗(x; s) for (10) at s = s̄. u∗ is monotone decreasing
function on Ω1 and continuously differentiable with respect to s in a neighbor-
hood of s̄.

Let v∗(x; s) = −du∗(x; s) + s
τ
− 1−dτ

τ
⟨u∗⟩1, then P 1(x; s) := (u∗(x; s), v∗(x; s)) is

1-mode solution for (7).
When we assume (H.1), P 1 satisfies the relation ⟨u∗

s⟩1 + τ⟨v∗s⟩1 = 1 by differen-
tiating the last equation of (7) and constant c, which is define by (8) become con-
tinuouly differentiable function of s in neiborhood of s̄, then we represent c = c(s).

Next we consider linerized eigenvalue problm for 1-mode solution P 1 to (7):

λΦ = λ

(
ϕ
ψ

)
=

(
dϕ′′ + f ∗

u(x)ϕ+ f ∗
v (x)ψ

τ−1{ψ′′ − f ∗
u(x)ϕ− f ∗

v (x)ψ}

)
=: LNΦ, (11)

where f ∗
u(x) := fu(u

∗(x; s̄), v∗(x; s̄)), f ∗
v (x) := fv(u

∗(x; s̄), v∗(x; s̄)). LN is operator
in L2(Ω1)× L2(Ω1) with the domain

D(LN) =
{
Φ = (ϕ, ψ) ∈ H2(Ω1)×H2(Ω1); ∂xΦ = 0 (x = −K/2, 0)

}
. (12)

Let σ(LN) be spectrum of LN .
If dτ = 1, linearized equations (11) turns to:

λ

(
ϕ
η

)
=

(
dϕ′′ + {f ∗

u(x)− df ∗
v (x)}ϕ+ f ∗

v (x)η
dη′′

)
, (13)

where η := ϕ + τψ. When η = 0, the first equation of (13) become linerized eigen-
value problem corresponding to (9). From the theory of sturm-liouville eigenvalue
problem[8], there is positive real eigenvalue for LN . Hence P 1 is always unstable in
the case dτ = 1.

We suppose that dτ ̸= 1 through this paper and:

(H.2) There exists γ > 0，such that σ(LN) = {0}∪Σ0,Σ0 ⊂ {λ ∈ C; Reλ < −γ}．
Moreover, 0 is simple eigenvalue and the corresponding eigenfunction is P 1

s .

This assumption is natural and essential to our study. Because if there is an eigen-
value of LN with positive real part, the 2-mode solution P 2 defined by (4) become
unstable in linearized sense, this is trivial situation.

Finally, we note that this abstract is reporting an on-going work of this study and
organized as follows: in section 2, we introduce basic properties and assumptions
for 1-mode stationary solution define on Ω1. In section 3, we formulate linearized
eigenvalue problem for (5) around 2-mode solution. In section 4, we fomally derive
an eigenvalue in neiborhood of origin in the case 0 < ε ≪ 1.

Remark 1.3. Previous studies treat not only (N.B.C), but also (P.B.C). In this
study, however, we focus on (N.B.C) only. This is because 2-mode solution with
(P.B.C) is obtained by extending a 2-mode solution with (N.B.C) define on half
interval symetrically, then if the later is unstable under (N.B.C) in linearized sense,
the former become unstable too. Hence, we focus on (N.B.C) in this paper.

2 Preliminaries

In this section, we introduce the basic properties and assumptions for stationary
solutions. Firstly, we consider stationary problem defined on Ω1:




du′′ + f(u, v) = 0, x ∈ Ω1,

v′′ − f(u, v) = 0, x ∈ Ω1,

u′ = v′ = 0, x = −K/2, 0,

⟨u⟩1 + τ⟨v⟩1 = s.

(7)

Note that ′ := d
dx

and the last equation of (7) come from the mass conservation law.
By regarding s as the parameter of stationary solution, we let (u∗(x; s), v∗(x; s))
stands for the solution of (7).

Adding first and second equations, we get the relation (du + v)′′ = 0 on Ω1.
Thus, for any solution (u, v) of (7), there is certain constant c, such that the solution
satisfies the relation

du+ v ≡ c (x ∈ Ω1), (8)

because of neumann boundary conditions. Thus, function u satisfies

{
du′′ + f(u, c− du) = 0, x ∈ Ω1,

u′ = 0, x = −K/2, 0.
(9)

Standard shooting method implies that u is n-mode solution on Ω1, namely u has
just (n − 1) critical points for certain positeve integer n on Ω1, or u is constant
solution. Then v is n-mode solution with the same sense, because of the relation
(8).

Taking spatial average of (8), the constant c is calculated by

c = d⟨u⟩1 + ⟨v⟩1 =
s

τ
− 1− dτ

τ
⟨u⟩1.
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Therefore, the stationary problem (7) corresponds to the following scalar non-local
equation one-to-one:



du′′ + f

(
u,−du+

s

τ
− 1− dτ

τ
⟨u⟩1

)
= 0, x ∈ Ω1,

u′ = 0, x = −K/2, 0.

(10)

We suppose for (10) that:

(H.1) There is the solution u∗(x; s) for (10) at s = s̄. u∗ is monotone decreasing
function on Ω1 and continuously differentiable with respect to s in a neighbor-
hood of s̄.

Let v∗(x; s) = −du∗(x; s) + s
τ
− 1−dτ

τ
⟨u∗⟩1, then P 1(x; s) := (u∗(x; s), v∗(x; s)) is

1-mode solution for (7).
When we assume (H.1), P 1 satisfies the relation ⟨u∗

s⟩1 + τ⟨v∗s⟩1 = 1 by differen-
tiating the last equation of (7) and constant c, which is define by (8) become con-
tinuouly differentiable function of s in neiborhood of s̄, then we represent c = c(s).

Next we consider linerized eigenvalue problm for 1-mode solution P 1 to (7):

λΦ = λ

(
ϕ
ψ

)
=

(
dϕ′′ + f ∗

u(x)ϕ+ f ∗
v (x)ψ

τ−1{ψ′′ − f ∗
u(x)ϕ− f ∗

v (x)ψ}

)
=: LNΦ, (11)

where f ∗
u(x) := fu(u

∗(x; s̄), v∗(x; s̄)), f ∗
v (x) := fv(u

∗(x; s̄), v∗(x; s̄)). LN is operator
in L2(Ω1)× L2(Ω1) with the domain

D(LN) =
{
Φ = (ϕ, ψ) ∈ H2(Ω1)×H2(Ω1); ∂xΦ = 0 (x = −K/2, 0)

}
. (12)

Let σ(LN) be spectrum of LN .
If dτ = 1, linearized equations (11) turns to:

λ

(
ϕ
η

)
=

(
dϕ′′ + {f ∗

u(x)− df ∗
v (x)}ϕ+ f ∗

v (x)η
dη′′

)
, (13)

where η := ϕ + τψ. When η = 0, the first equation of (13) become linerized eigen-
value problem corresponding to (9). From the theory of sturm-liouville eigenvalue
problem[8], there is positive real eigenvalue for LN . Hence P 1 is always unstable in
the case dτ = 1.

We suppose that dτ ̸= 1 through this paper and:

(H.2) There exists γ > 0，such that σ(LN) = {0}∪Σ0,Σ0 ⊂ {λ ∈ C; Reλ < −γ}．
Moreover, 0 is simple eigenvalue and the corresponding eigenfunction is P 1

s .

This assumption is natural and essential to our study. Because if there is an eigen-
value of LN with positive real part, the 2-mode solution P 2 defined by (4) become
unstable in linearized sense, this is trivial situation.

Finally, we note that this abstract is reporting an on-going work of this study and
organized as follows: in section 2, we introduce basic properties and assumptions
for 1-mode stationary solution define on Ω1. In section 3, we formulate linearized
eigenvalue problem for (5) around 2-mode solution. In section 4, we fomally derive
an eigenvalue in neiborhood of origin in the case 0 < ε ≪ 1.

Remark 1.3. Previous studies treat not only (N.B.C), but also (P.B.C). In this
study, however, we focus on (N.B.C) only. This is because 2-mode solution with
(P.B.C) is obtained by extending a 2-mode solution with (N.B.C) define on half
interval symetrically, then if the later is unstable under (N.B.C) in linearized sense,
the former become unstable too. Hence, we focus on (N.B.C) in this paper.

2 Preliminaries

In this section, we introduce the basic properties and assumptions for stationary
solutions. Firstly, we consider stationary problem defined on Ω1:




du′′ + f(u, v) = 0, x ∈ Ω1,

v′′ − f(u, v) = 0, x ∈ Ω1,

u′ = v′ = 0, x = −K/2, 0,

⟨u⟩1 + τ⟨v⟩1 = s.

(7)

Note that ′ := d
dx

and the last equation of (7) come from the mass conservation law.
By regarding s as the parameter of stationary solution, we let (u∗(x; s), v∗(x; s))
stands for the solution of (7).

Adding first and second equations, we get the relation (du + v)′′ = 0 on Ω1.
Thus, for any solution (u, v) of (7), there is certain constant c, such that the solution
satisfies the relation

du+ v ≡ c (x ∈ Ω1), (8)

because of neumann boundary conditions. Thus, function u satisfies

{
du′′ + f(u, c− du) = 0, x ∈ Ω1,

u′ = 0, x = −K/2, 0.
(9)

Standard shooting method implies that u is n-mode solution on Ω1, namely u has
just (n − 1) critical points for certain positeve integer n on Ω1, or u is constant
solution. Then v is n-mode solution with the same sense, because of the relation
(8).

Taking spatial average of (8), the constant c is calculated by

c = d⟨u⟩1 + ⟨v⟩1 =
s

τ
− 1− dτ

τ
⟨u⟩1.
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4 Formal derivation of eigenvalue

In this section, we formally derive an eigenvalue in neiborhood of 0 for the case
0 < ε ≪ 1. Let Φ(x) = (ϕ(x), ψ(x)), x ∈ Ω1 and consider the problem:




λTΦ = LΦ, x ∈ Ω1,
∂xΦ = 0, x = −K/2,
D∂xΦ = −2εAΦ, x = 0,
⟨ϕ⟩1 + τ⟨ψ⟩1 = 1.

(17)

When ε = 0, we obtain
λ(ϕ+ τψ) = (dϕ+ ψ)′′,

then ⟨ϕ⟩1 + τ⟨ψ⟩1 = 0, when λ ̸= 0. Hence there unique solution (0, P 1
s ) to (17)

from the view of (H.2).
Let 0 < ε ≪ 1, we suppose that eigenvalue and eigenfunction of (17) can be

expanded as follows:

λ = λ0 + ελ1 + ε2λ2 + · · ·
Φ = Φ0 + εΦ1 + ε2Φ2 + · · ·

Substituting λ and Φ into (17), the equations of the lowest order is represented by:

O(1)




λ0TΦ0 = LΦ0, (x ∈ Ω1),
∂xΦ0 = 0, (x = −K/2, 0),
⟨ϕ0⟩1 + τ⟨ψ0⟩1 = 1.

(18)

Then, we obtain (λ0,Φ0) = (0, P 1
s ).

The equations of the next order is:

O(ε)




λ0TΦ1 + λ1TΦ0 = LΦ1, (x ∈ Ω1),
∂xΦ1 = 0, (x = −K/2),
D∂xΦ1 = −2AΦ0, (x = 0),
⟨ϕ1⟩1 + τ⟨ψ1⟩1 = 0.

(19)

Since (λ0,Φ0) = (0, P 1
s ), the first equation of (19) turns to

λ1

(
u∗
s

τv∗s

)
=

(
dϕ′′

1 + f ∗
u(x)ϕ1 + f ∗

v (x)ψ1

ψ′′
1 − f ∗

u(x)ϕ1 − f ∗
v (x)ψ1

)
. (20)

Adding the above equations,

λ1(u
∗
s + τv∗s) = (dϕ′′

1 + ψ′′
1).

Taking spatial average, we obtain

λ1 = − 4

K
(αu∗

s(0; s̄) + v∗s(0; s̄) (21)

3 Linerized eigenvalue problem for 2-mode solu-

tion

From hypothesis (H.1), we obtain non-constant stationary solution for (5)

P 2(x; s̄) :=

{
P 1(x; s̄) (x ∈ Ω1),
P 1(−x; s̄) (x ∈ Ω2).

Although P 2(x; s) is not defined at x = 0, P 2 can be expanded uniquely to contin-
uous functions defined on Ω.

Let Φ(x) :=

{
Φ1(x) (x ∈ Ω1),
Φ2(x) (x ∈ Ω2),

Φi(x) := (ϕi(x), ψi(x)), (x ∈ Ωi). The lin-

earized eigenvalue problem for P 2 is formulated as below:




λTΦi = LΦi, x ∈ Ωi,
D∂xΦ1 = εA(Φ2 − Φ1) = D∂xΦ2, x = 0,
∂xΦ1 = 0, x = −K/2,
∂xΦ2 = 0, x = K/2,

(14)

where LΦi := D∂2
xΦi + F ′(P 2)Φi, F

′(P 2) is Jacobian matrix of F at P 2.
Φ can be decomposed into even function and odd function on Ωi, namely we

represent Φ = Φe + Φo where

Φe :=




1

2
{Φ1(x) + Φ2(−x)} (x ∈ Ω1),

1

2
{Φ1(−x) + Φ2(x)} (x ∈ Ω2),

Φo :=




1

2
{Φ1(x)− Φ2(−x)} (x ∈ Ω1),

1

2
{−Φ1(−x) + Φ2(x)} (x ∈ Ω2).

It is easy to see that Φe(x) = Φe(−x),Φo(x) = −Φo(−x) (x ∈ Ω1 ∪ Ω2).
Conversely, if certain functions Φe and Φo satisfy

{
λTΦe = LΦe, x ∈ Ω1,
∂xΦe = 0, x = −K/2, 0,

(15)




λTΦo = LΦo, x ∈ Ω1,
∂xΦo = 0, x = −K/2,

D∂xΦo = −2εAΦo, x = 0,
(16)

with cetain number λ, then Φ := Φe + Φo and λ satisfy (14).
The problem (15) is same to (11). (H.2), implies that if Φe ̸≡ 0, λ is an

eigenvalue of LN . Therefore, we may focus on the problem (16) for searching an
eigenvalue in a neiborhood of 0.
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4 Formal derivation of eigenvalue

In this section, we formally derive an eigenvalue in neiborhood of 0 for the case
0 < ε ≪ 1. Let Φ(x) = (ϕ(x), ψ(x)), x ∈ Ω1 and consider the problem:




λTΦ = LΦ, x ∈ Ω1,
∂xΦ = 0, x = −K/2,
D∂xΦ = −2εAΦ, x = 0,
⟨ϕ⟩1 + τ⟨ψ⟩1 = 1.

(17)

When ε = 0, we obtain
λ(ϕ+ τψ) = (dϕ+ ψ)′′,

then ⟨ϕ⟩1 + τ⟨ψ⟩1 = 0, when λ ̸= 0. Hence there unique solution (0, P 1
s ) to (17)

from the view of (H.2).
Let 0 < ε ≪ 1, we suppose that eigenvalue and eigenfunction of (17) can be

expanded as follows:

λ = λ0 + ελ1 + ε2λ2 + · · ·
Φ = Φ0 + εΦ1 + ε2Φ2 + · · ·

Substituting λ and Φ into (17), the equations of the lowest order is represented by:

O(1)




λ0TΦ0 = LΦ0, (x ∈ Ω1),
∂xΦ0 = 0, (x = −K/2, 0),
⟨ϕ0⟩1 + τ⟨ψ0⟩1 = 1.

(18)

Then, we obtain (λ0,Φ0) = (0, P 1
s ).

The equations of the next order is:

O(ε)




λ0TΦ1 + λ1TΦ0 = LΦ1, (x ∈ Ω1),
∂xΦ1 = 0, (x = −K/2),
D∂xΦ1 = −2AΦ0, (x = 0),
⟨ϕ1⟩1 + τ⟨ψ1⟩1 = 0.

(19)

Since (λ0,Φ0) = (0, P 1
s ), the first equation of (19) turns to

λ1

(
u∗
s

τv∗s

)
=

(
dϕ′′

1 + f ∗
u(x)ϕ1 + f ∗

v (x)ψ1

ψ′′
1 − f ∗

u(x)ϕ1 − f ∗
v (x)ψ1

)
. (20)

Adding the above equations,

λ1(u
∗
s + τv∗s) = (dϕ′′

1 + ψ′′
1).

Taking spatial average, we obtain

λ1 = − 4

K
(αu∗

s(0; s̄) + v∗s(0; s̄) (21)

3 Linerized eigenvalue problem for 2-mode solu-

tion

From hypothesis (H.1), we obtain non-constant stationary solution for (5)

P 2(x; s̄) :=

{
P 1(x; s̄) (x ∈ Ω1),
P 1(−x; s̄) (x ∈ Ω2).

Although P 2(x; s) is not defined at x = 0, P 2 can be expanded uniquely to contin-
uous functions defined on Ω.

Let Φ(x) :=

{
Φ1(x) (x ∈ Ω1),
Φ2(x) (x ∈ Ω2),

Φi(x) := (ϕi(x), ψi(x)), (x ∈ Ωi). The lin-

earized eigenvalue problem for P 2 is formulated as below:




λTΦi = LΦi, x ∈ Ωi,
D∂xΦ1 = εA(Φ2 − Φ1) = D∂xΦ2, x = 0,
∂xΦ1 = 0, x = −K/2,
∂xΦ2 = 0, x = K/2,

(14)

where LΦi := D∂2
xΦi + F ′(P 2)Φi, F

′(P 2) is Jacobian matrix of F at P 2.
Φ can be decomposed into even function and odd function on Ωi, namely we

represent Φ = Φe + Φo where

Φe :=




1

2
{Φ1(x) + Φ2(−x)} (x ∈ Ω1),

1

2
{Φ1(−x) + Φ2(x)} (x ∈ Ω2),

Φo :=




1

2
{Φ1(x)− Φ2(−x)} (x ∈ Ω1),

1

2
{−Φ1(−x) + Φ2(x)} (x ∈ Ω2).

It is easy to see that Φe(x) = Φe(−x),Φo(x) = −Φo(−x) (x ∈ Ω1 ∪ Ω2).
Conversely, if certain functions Φe and Φo satisfy

{
λTΦe = LΦe, x ∈ Ω1,
∂xΦe = 0, x = −K/2, 0,

(15)




λTΦo = LΦo, x ∈ Ω1,
∂xΦo = 0, x = −K/2,

D∂xΦo = −2εAΦo, x = 0,
(16)

with cetain number λ, then Φ := Φe + Φo and λ satisfy (14).
The problem (15) is same to (11). (H.2), implies that if Φe ̸≡ 0, λ is an

eigenvalue of LN . Therefore, we may focus on the problem (16) for searching an
eigenvalue in a neiborhood of 0.
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[7] Takashi Okuda Sakamoto. Hopf bifurcation in a reaction–diffusion system with
conservation of mass. Nonlinearity, 26(7):2027, 2013.

[8] Anton Zettl. Sturm-liouville theory. Number 121. American Mathematical Soc.,
2012.

Let w∗(x; s̄) := u∗(x; s̄)+τv∗(x; s̄), c(s̄) := du∗(x; s̄)+v∗(x; s̄), then P 1 is represented
by: (

u∗(x; s)
v∗(x; s)

)
=

1

1− dτ

{(
1
−d

)
w∗(x; s) +

(
−τ
1

)
c(s)

}

By using above representation, (21) is transformed into:

λ1 = − 4

(1− dτ)K
{(α− d)w∗

s(0; s̄) + (1− ατ)cs(s̄)} (22)

When we choose α = d, λ1 = − 4
K
cs(s̄). Hence the sign of λ1 is opposite to cs(s̄) in

this case.

Remark 4.1. From the fomal calculation, we expect that there is small, but non-
zero eigenvalue in neiborhood of origin for sufficiently small ε. We are attempting
to prove above expectation by implicit function theorem, which is still on-going.

Remark 4.2. The relation (22) suggests that if cs(s̄) < 0, P 2 become unstable. This
relation is firstly indicated in the study of cell polarity model[1], and the physical
meaning of it is discussed [6]. When α = d, our study may include their results.
However, when α ̸= d, the stability is possibly changed. In fact, we observed that
an 2-mode solution, which is unstable for the case α = d, become stable for certain
α > d in numerical simulation.
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Abstract

The purpose of this abstract is to provide precise backgrounds on my talk at The
47th Sapporo Symposium on Partial Differential Equations. The talk includes a survey
on recent developments on metric measure spaces with Ricci curvature bounded below.
As an application to the smooth setting, I will explain how to obtain failure of Lp-
Calderón-Zygmund inequality on a smooth Riemannian manifold with nonnegative
Ricci (more strongly sectional) curvature for p > 2.
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1 Smooth Ricci curvature

1.1 Unweighted case

Let (Mn, g) be a Riemannian manifold of dimension n, namely Mn is a smooth manifold
of dimension n, and g determines an inner product gx on the tangent space TxMn at
each point x ∈ Mn, where the map x �→ gx behaves smoothly with respect to x ∈ Mn.
A typical example is a nonempty open subset Ωn in Rn with the canonical Riemannian
metric gΩn as follows:

gΩn =
n∑

i=1
dxi ⊗ dxi, (1.1)
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In particular for any N ≥ n we have

|Hessg
f |2 ≥ (∆gf)2

N
. (1.10)

Thus combining this with (1.8) shows

1
2

ˆ

Mn

∆gh · |∇gf |2 dvolg ≥
ˆ

Mn

h

(
(∆gf)2

N
+ g(∇g∆gf, ∇gf) + K|∇gf |2

)

dvolg (1.11)

for all N ≥ n and f, h ∈ C∞
c (Mn) with h ≥ 0. Let us emphasize that for all N > 0 and

K ∈ R, (1.7) is equivalent to satisfying (1.7) with n ≤ N .
There is a rich analytic/geometric comparison theory for complete (Mn, dg) with (1.7).
For example if (1.7) is satisfied in the case when K = 0, then for a fixed x ∈ Mn, the
ratio:

volg(Bg
r (x))

ωnrn
(1.12)

is not increasing as a function of r > 0, which is called the Bishop-Gromov inequality,
where Bg

r (x) denote the open ball centered at x of radius r with respect to dg and ωn

denotes the volume of a ball in Rn of radius 1. Moreover it is known that the following
hold:

• (Bishop inequality) the ratio (1.12) is bounded above by 1;

• (Rigidity) if the ratio (1.12) is equal to 1 for some r > 0, then the ball is isometric
to the corresponding Euclidean ball.

Note that it is essential to assume the completeness of (Mn, dg) in order to get such
comparison results. In fact, for instance, it is easily checked that for a suitable noncovex
domain Ωn in Rn (recall that the Ricci curvature vanishes), the desired monotonicity for
(1.12) is not satisfied.

1.2 Weighted case

Let us focus on the weighted versions of the discussions in the previous subsection. Fix a
Riemannian manifold (Mn, g) of dimension n and a smooth function ϕ ∈ C∞(Mn). Our
starting point is to consider the weighted Riemannian volume measure volgϕ associated
with ϕ:

volgϕ(A) :=
ˆ

A
e−ϕ dvolg. (1.13)

Then letting
∆g

ϕf := ∆gf − g(∇gf, ∇gϕ), (1.14)

we have ˆ

Mn

g(∇gh, ∇gf) dvolgϕ = −
ˆ

Mn

h∆g
ϕf dvolgϕ, ∀h ∈ C∞

c (Mn). (1.15)

Moreover, as in the unweighted case, this integration-by-parts formula characterize ∆g
ϕf .

Thus this observation allows us to call ∇gf, ∆g
ϕf the gradient vector field, the Laplacian

of f , respectively, associated with g, ϕ.
Then it is natural to ask;

3

namely

gΩn

(
∂

∂xi
,

∂

∂xj

)

= δij , TxΩn = span
{(

∂

∂xi

)

x

}
. (1.2)

Then the Ricci curvature Ricg of (Mn, g) is originally defined by taking a trace of the
curvature operator Rg. Since it is characterized by a tensor T satisfying the following two
conditions, we adopt the following as the definition, which is a starting observation of this
abstract:

1. (Symmetry) T is a symmetric tensor of type (0, 2) over Mn, namely T determines a
symmetric bilinear form of the tangent space TxMn at each x ∈ Mn:

Tx : TxMn × TxMn → R. (1.3)

Moreover the map x �→ Tx behaves smoothly with respect to x ∈ Mn.

2. (Bochner identity) For any f ∈ C∞(Mn), we have

1
2∆g|∇gf |2 = |Hessg

f |2 + g(∇g∆gf, ∇f) + T (∇gf, ∇gf), (1.4)

where ∇gf, ∆gf denote the gradient vector field, the Laplacian of f , respectively,
associated with g.

It is worth pointing out that the Laplacian ∆gf is characterized by a smooth function ϕ
on Mn satisfying the integration-by-parts formula:

ˆ

Mn

g(∇gh, ∇gf) dvolg = −
ˆ

Mn

hϕ dvolg, ∀h ∈ C∞
c (Mn), (1.5)

where volg denotes the Riemannian volume measure on Mn, namely it coincides with the
n-dimensional Hausdorff measure H n with respect to the Riemannian distance dg induced
by g.

It follows from a direct calculation that for (Ωn, gΩn) as above, the Riemannian volume
measure coincides with the restriction of the Lebesgue measure, the Ricci curvture vanishes
and we have

∇gΩn f =
n∑

i=1

∂f

∂xi

∂

∂xi
, ∆gΩn f =

n∑

i=1

∂2f

∂x2
i

. (1.6)

We say that the Ricci curvature Ricg of (Mn, g) is bounded below by K ∈ R if

Ricg ≥ Kg (1.7)

holds as bilinear forms. Thanks to observations above, it is trivial to check that (1.7) is
equivalent to satisfying

1
2

ˆ

Mn

∆gh · |∇gf |2 dvolg ≥
ˆ

Mn

h
(
|Hessg

f |2 + g(∇g∆gf, ∇f) + K|∇gf |2
)

dvolg (1.8)

for all f, h ∈ C∞
c (Mn) with h ≥ 0.

On the other hand, the Cauchy-Schwarz inequality implies

|∆gf | =
∣∣∣〈Hessg

f , g〉
∣∣∣ ≤ |Hessg

f | · |g| = |Hessg
f | ·

√
n. (1.9)
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N
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ϕf the gradient vector field, the Laplacian

of f , respectively, associated with g, ϕ.
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namely
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∂

∂xi
,

∂

∂xj
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= δij , TxΩn = span
{(

∂
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on Mn satisfying the integration-by-parts formula:
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Mn

g(∇gh, ∇gf) dvolg = −
ˆ

Mn

hϕ dvolg, ∀h ∈ C∞
c (Mn), (1.5)

where volg denotes the Riemannian volume measure on Mn, namely it coincides with the
n-dimensional Hausdorff measure H n with respect to the Riemannian distance dg induced
by g.

It follows from a direct calculation that for (Ωn, gΩn) as above, the Riemannian volume
measure coincides with the restriction of the Lebesgue measure, the Ricci curvture vanishes
and we have

∇gΩn f =
n∑

i=1

∂f

∂xi

∂

∂xi
, ∆gΩn f =

n∑

i=1

∂2f

∂x2
i

. (1.6)

We say that the Ricci curvature Ricg of (Mn, g) is bounded below by K ∈ R if

Ricg ≥ Kg (1.7)

holds as bilinear forms. Thanks to observations above, it is trivial to check that (1.7) is
equivalent to satisfying

1
2

ˆ

Mn

∆gh · |∇gf |2 dvolg ≥
ˆ

Mn

h
(
|Hessg

f |2 + g(∇g∆gf, ∇f) + K|∇gf |2
)

dvolg (1.8)

for all f, h ∈ C∞
c (Mn) with h ≥ 0.

On the other hand, the Cauchy-Schwarz inequality implies

|∆gf | =
∣∣∣〈Hessg

f , g〉
∣∣∣ ≤ |Hessg

f | · |g| = |Hessg
f | ·

√
n. (1.9)
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where

lipf(x) :=





lim sup

y→x

|f(y)−f(x)|
d(y,x) if x ∈ X is not isolated,

0 otherwise.

Then, the Sobolev space H1,2(X, d,m) is defined as the finiteness domain of Ch. By
looking at the optimal sequence in (2.1) one can identify a canonical object |∇f |, called
the minimal relaxed slope, which is local on Borel sets (namely |∇f1| = |∇f2| for m-a.e.
on {f1 = f2}) and provides an integral representation to Ch:

Ch(f) =
ˆ

X
|∇f |2 dm ∀f ∈ H1,2(X, d,m).

We are now in a position to introduce the definition of satisfying

“the Ricci curvature is bounded below by K and the dimension is bounded above by N”

for the metric measure space (X, d,m) in a synthetic sense based on the discussions in the
previous section. Since we usually call a metric measure space satisfying this condition an
RCD(K, N) space, let us use this terminology from now on.

Definition 2.1 (RCD(K, N) space). For any K ∈ R and any N ∈ (0, ∞], a metric
measure space (X, d,m) is said to be an RCD(K, N) space, or an RCD space for short if
the following four conditions are satisfied.

1. (Volume growth) There exist x ∈ X and C > 1 such that m(Br(x)) ≤ CeCr2 holds
for any r > 0.

2. (Inifinitesimally Hilbertian property) Ch is a quadratic form. In particular, the
function

〈∇f1, ∇f2〉 := lim
ε→0

|∇(f1 + εf2)|2 − |∇f1|2

2ε

provides a symmetric bilinear form on H1,2(X, d,m) × H1,2(X, d,m) with values in
L1(X,m), and

E(f1, f2) :=
ˆ

X
〈∇f1, ∇f2〉 dm, ∀f1, f2 ∈ H1,2(X, d,m)

defines a strongly local Dirichlet form.

3. (Sobolev-to-Lipschitz property) Any f ∈ H1,2(X, d,m) with |∇f | ≤ 1 for m-a.e. has
an 1-Lipschitz representative.

4. (Bochner inequality) For any f ∈ D(∆) with ∆f ∈ H1,2(X, d,m) we have

1
2

ˆ

X
∆ϕ · |∇f |2 dm ≥

ˆ

X
ϕ

(
(∆f)2

N
+ 〈∇∆f, ∇f〉 + K|∇f |2

)

dm (2.2)

for any ϕ ∈ D(∆) ∩ L∞(X,m) with ϕ ≥ 0, ∆ϕ ∈ L∞(X,m), where

D(∆) := {f ∈ H1,2(X, d,m) : there exists h ∈ L2(X,m) such that

E(f, g) = −
ˆ

X
hg dm for all g ∈ H1,2(X, d,m) }

and ∆f := h for any f ∈ D(∆).

5

(Q) What is the Ricci curvature associated with g, ϕ?

In order to give an answer, let us observe the following identity:

1
2∆g

ϕ|∇gf |2

= |Hessg
f |2 + g(∇g∆g

ϕf, ∇gf) +
(∆g

ϕf − ∆gf)2

a
+

(
Ricg + Hessg

ϕ − 1
a

dϕ ⊗ dϕ

)
(∇gf, ∇gf)

(1.16)

for any a �= 0. Recalling |Hessg
f |2 ≥ (∆gf)2/n with an elemental inequality

x2

b
+ (y − x)2

a
≥ y2

a + b
, ∀a > 0, ∀b > 0, ∀x ∈ R, ∀y ∈ R, (1.17)

the RHS of (1.16) is bounded below by

(∆g
ϕf)2

n + a
+ g(∇g∆g

ϕf, ∇gf) + K|∇gf |2 (1.18)

if a > 0 and
Ricg + Hessg

ϕ − 1
a

dϕ ⊗ dϕ ≥ Kg. (1.19)

Thus under assuming a > 0 and (1.19), applying also (1.15), we have

1
2

ˆ

Mn

∆g
ϕh · |∇gf |2 dvolgϕ ≥

ˆ

Mn

h

(
(∆g

ϕf)2

n + a
+ g(∇g∆g

ϕf, ∇gf) + K|∇gf |2
)

dvolgϕ (1.20)

for all f, h ∈ C∞
c (Mn) with h ≥ 0. Moreover, as in the unweighted case, (1.20) character-

izes (1.19).
Under assuming (1.19) with a > 0 and the completeness of (Mn, dg), there is also a
righ analytic/geometric comparison theory for (Mn, dg, volgϕ). Namely, the answer to the
question (Q) is the LHS of (1.19) with a parameter a > 0.
For example in the case when K = 0, for a fixed x ∈ Mn, the ratio

volgϕ(Br(x))
rn+a

(1.21)

is not increasing as a function of r > 0 which is a generalization of the Bishop-Gromov
inequality as explained in (1.12) to the weighted case. However let us emphasize that a
Bishop type inequality in the weighted case is not satisfed in general because (1.21) diverge
as r → 0+ whenever a > 0.

2 Nonsmooth Ricci curvature

The main purpose of this section is to give a generalization of the observation above to
the nonsmooth setting. Fix a complete separable metric space (X, d) and a locally finite
Borel measure m on X with full support. Such a triple (X, d,m) is called a metric measure
space. Define the Cheeger energy Ch : L2(X,m) → [0, ∞] by

Ch(f) := inf
‖fi−f‖L2(X,m)→0

{
lim inf

i→∞

ˆ

X
lip2fi dm : fi ∈ Lipb(X, d) ∩ L2(X,m)

}
, (2.1)
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1
2

ˆ

X
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ˆ

X
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(
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N
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5
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= |Hessg
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(∆g

ϕf − ∆gf)2

a
+

(
Ricg + Hessg

ϕ − 1
a

dϕ ⊗ dϕ

)
(∇gf, ∇gf)

(1.16)
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x2

b
+ (y − x)2

a
≥ y2

a + b
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n + a
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ϕf, ∇gf) + K|∇gf |2 (1.18)

if a > 0 and
Ricg + Hessg
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a
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It is proved in [P11, ZZ10] that any n-dimensional Alexandrov space of curvature bounded
below by K equipped with H n is an RCD(K(n−1), n) space. In particular (Dn, dEucl, H

n)
is an RCD(0, n) space and (∂Dn, d∂Dn , H n−1) is an RCD(0, n − 1) space.

It is also known from [KL16, LS22] that the metric structure (X, d) of an RCD(K, N)
space (X, d,m) with N ≤ 2 is an Alexandrov space of curvature bounded below by K. In
particular if the space is 1-dimensional, then the metric structure is isometric to a circle
or an (possibly infinite) interval.

Let us mention that RCD(K, N) conditions are stable under suitable operations including,
quotients by isometric actions, warped products, and limits with respect to measured
Gromov-Hausdorff convergence. See [GKMS18, GMS13, K15]. In connection with this, let
us discuss on harmonic functions on the (metric) cone C(X) over an RCD space (X, d,m),
which is a typical example of warped products.

Firstly, let us mention that Rn is the cone over Sn−1 := {x ∈ Rn; |x|Rn = 1} and that any
harmonic function on Rn with polynomial growth comes from eigenfunctions of −∆gSn−1

on Sn−1, where gSn−1 denotes the canonical Riemanniam metric on Sn−1.

This observation can be generalized to C(X) under assuming that (X, d,m) has a positive
Ricci curvature. In particular, if (X, d) is “small” in some sense, then there is no nontrivial
linear growth harmonic function on C(X), which plays a key role in the topic we will
explain in the next section.

Finally let us end this section by menthioning that one of the main themes in this topic
is to find nontrivial continuous functions on the space of all RCD(K, N) spaces as many
as possible. We can find such functions via solutions of (nonlinear) PDEs (in particular,
p-Laplace equations). See [AH17, GMS13, H17, H18].

See for instance [ABS19, BGHZ21, BMS22, BNS22, BPS21, G22, H20a, HP22, MS21,
MS22] for recent developments on geometric analysis on RCD(K, N) spaces.
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See for instance [A19, AGS14, AMS19, CM21, G13, G15, EKS15, LV09, St06a, St06b] for
fundamental results on RCD(K, N) spaces. Let us emphasize that as seen in the previous
section, for a complete Riemannian manifold (Mn, g) and ϕ ∈ C∞(Mn), a metric measure
space (Mn, dg, volgϕ) is an RCD(K, N) space if and only if n ≤ N and

Ricg + Hessg
ϕ − dϕ ⊗ dϕ

N − n
≥ Kg, (2.3)

where if n = N , then (2.3) is understood as that ϕ is constant with Ricg ≥ Kg.
As a synthetic counterpart of the unweighted case, let us introduce the following notion
defined in [DePhG18], where the reason why we use the terminology “noncollapsed” comes
from a convergence theory of Riemannian manifolds (c.f. [CC97, CC00a, CC00b]). There
is no serious misleading if we use “unweighted” instead of using “noncollapsed”. However
we follow the standard terminology in this field.

Definition 2.2 (Noncollapsed space). Let (X, d,m) be an RCD(K, N) space for some
K ∈ R and some N ∈ (0, ∞). We say that it is noncollapsed if m coincides with the
N -dimensional Hausdorff measure H N .

In order to obtain the structure results on RCD(K, N) spaces, Geometric measure the-
ory provides very useful techniques. For example, the intrinsic version of Reifenberg’s
method established in [CC97] (originally in [R62]) allows us to prove that any noncol-
lapsed RCD(K, N) space is a topological manifold of dimension N except for a closed
m-null set.
Next let us introduce an important example.

Example 2.3 (Alexandrov space). It is well-known from [BGP92] that there exists a
synthetic notion of satisfying;

“sectional curvature bounded below by K”

for metric space (X, d). Such a metric space satisfying this condition is called an Alexan-
drov space of curvature bounded below by K. Typical examples of Alexandrov spaces of
nonnegative curvature include convex body Dn in Rn with the Euclidean distance dEucl
and its boundary ∂Dn with the intrinsic distance d∂Dn .
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9a

3 Failure of Lp-Calderón-Zygmund inequality

Let us go back to the smooth unweighted setting.

Let (Mn, g) be a complete (namely (Mn, dg) is complete) Riemannian manifold of dimen-
sion n. For 1 ≤ p ≤ ∞, we say that (Mn, g) satisfies an Lp-Calderón-Zygmund inequality
if there exists C > 0 such that

‖Hessg
f ‖Lp ≤ C (‖f‖Lp + ‖∆gf‖Lp) , ∀f ∈ C∞

c (Mn). (3.1)

Of course this inequality plays an important role to get regularity estimates on elliptic
PDEs. Note that for the Euclidean space (Rn, gRn), it satisfies an Lp-Calderón-Zygmund
inequality if and only if 1 < p < ∞. See for instance [GT01, O62].

In connection with Ricci curvature lower bound, applying Bochner’s inequality (1.8),
(Mn, g) satisfies an L2-Calderón-Zygmund inequality if the Ricci curvature is bounded
below by a constant. Let us introduce a conjecture raised in [G16];

(C) For any 1 < p < ∞, an Lp-Calderón-Zygmund inequality is satisfied if the space has
nonnegative Ricci curvature.

Note that if we do not assume any curvature condition. then there is a couterexample for
the validity of Lp-Calderón-Zygmund inequality for all 1 < p < ∞. See [L21].

However some recently obtained examples ([HMRV21, MV21, DePhZ22]) show that the
conjecture (C) is not true. In order to show this, the functional analysis with respect to
measured Gromov-Hausdorff convergence of RCD(K, N) spaces ([AH17, AH18, GMS13,
H15]) play a key role.

In this talk I will explain precisely how to apply the study of RCD spaces to this topic. Let
us emphasize here that the validity of (3.1) is closely related to the density of C∞

c (Mn)
in Sobolev spaces W k,p(Mn) of higher order derivatives and that harmonic functions with
polynomial growth on cones, as explained in the previous section, play a role in the proof.
We refer [P20] for a survey on this topic.
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HORIZONTALLY QUASICONVEX ENVELOPE

IN THE HEISENBERG GROUP

XIAODAN ZHOU
OKINAWA INSTITUTE OF SCIENCE AND TECHNOLOGY GRADUATE UNIVERSITY

This talk is concerned with a PDE-based approach to the horizontally quasiconvex (h-
quasiconvex for short) envelope of a given continuous function in the Heisenberg group.
We provide a characterization for upper semicontinuous, h-quasiconvex functions in terms
of the viscosity subsolution to a first-order nonlocal Hamilton-Jacobi equation. We also
construct the corresponding envelope of a continuous function by iterating the nonlocal
operator. One important step in our arguments is to prove the uniqueness and existence
of viscosity solutions to the Dirichlet boundary problem for the nonlocal Hamilton-Jacobi
equation. Applications of our approach to the h-convex hull of a given set in the Heisenberg
group are discussed as well. This talk is based on a joint work with Antoni Kijowski (OIST)
and Qing Liu (OIST).

1. Background and motivation

Convex analysis is a classical and fundamental topic with numerous applications in
various fields of mathematics and beyond. In contrast to the extensive literature on convex
analysis in the Euclidean space, less is known about the case in a general geometric setting
such as sub-Riemannian manifolds. This work is mainly concerned with a PDE method
to deal with a certain weak type of convexity for both sets and functions in the first
Heisenberg group H.

The Heisenberg group H is R3 endowed with the non-commutative group multiplication

(xp, yp, zp) · (xq, yq, zq) =
(
xp + xq, yp + yq, zp + zq +

1

2
(xpyq − xqyp)

)
,

for all p = (xp, yp, zp) and q = (xq, yq, zq) inH. The differential structure ofH is determined
by the left-invariant vector fields

X1 =
∂

∂x
− y

2

∂

∂z
, X2 =

∂

∂y
+

x

2

∂

∂z
, X3 =

∂

∂z
.

One may easily verify the commuting relation X3 = [X1, X2] = X1X2 −X2X1. Let

H0 = {h ∈ H : h = (x, y, 0) for x, y ∈ R}.
For any p ∈ H, the set

Hp = {p · h : h ∈ H0}
is called the horizontal plane through p. It is clear that Hp = span{X1(p), X2(p)} for
every p ∈ H. See [9] for a detailed introduction of the Heisenberg group.

Our primary interest is to understand how to convexify a given bounded set in the
Heisenberg group H, that is, we aim to find the smallest convex set that contains the
given set. Let us first clarify the meaning of convex sets we consider in this work. We
shall actually focus on the notion of weakly h-convex sets, which is first introduced in
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H-QUASICONVEX ENVELOPE 3

The Korányi gauge induces a left invariant metric dH on H with

dH(p, q) = |p−1 · q|G p, q ∈ H.

We also use the right invariant metric d̃H , defined by

d̃H(p, q) = |p · q−1|G, p, q ∈ H. (2.1)

The associated distances between a point p ∈ H and a set E ⊂ H are respectively denoted
by dH(p,E) and d̃H(p,E). For two sets D,E ⊂ H, we write dH(D,E) and d̃H(D,E) to
denote respectively the Hausdorff distances between D and E with respect to the metrics
dH and d̃H , i.e, for d = dH or d = d̃H ,

d(D,E) = max

{
sup
p∈D

d(p,E), sup
p∈E

d(p,D)

}
.

We denote by Br(p) the open gauge ball in H centered at p ∈ H with radius r > 0, that
is,

Br(p) = {q ∈ H : |p−1 · q|G < r},
while B̃r(p) represents the corresponding right-invariant metric ball.

Let δλ denote the non-isotropic dilation in H with λ ≥ 0, that is, δλ(p) = (λx, λy, λ2z)
for p = (x, y, z) ∈ H. We write δλ(E) to denote the dilation of a given set E ⊂ H, that is,
δλ(E) = {δλ(p) : p ∈ E}.

Let us also go over the definition of h-convex sets. We restrict the original definition
proposed in [14] for general Carnot groups to the case of H.

Definition 2.1 (Definition 7.1 in [14]). We say, that a set E ⊂ H is h-convex if for every
p ∈ E and q ∈ Hp ∩ E, the horizontal segment [p, q] joining p and q stays in E.

As pointed out in [14, Proposition 7.4], any gauge ball BR(p) with p ∈ H and R > 0 is
h-convex. The notion of h-convex sets is in fact very weak. There are numerous h-convex
sets in H that are obviously not convex in the Euclidean sense.

Example 2.2 (Disconnected h-convex sets). Denote by π(0, ρ) the planar open disk centered
at the origin with radius ρ > 0, i.e.,

π(0, ρ) := {(x, y) ∈ R2 : x2 + y2 < ρ2}.
Let us consider a disconnected set E = (π(0, r)× {0}) ∪ (π(0, R)× {t}), where r,R, t > 0
are given. Such a set E is h-convex under appropriate conditions on r and R. To see this,
we take the horizontal plane

Zt = {(x, y, z) ∈ H : z = t}
and compute the distance between qt = (0, 0, t) and Hp∩Zt for each point p = (xp, yp, 0) ∈
π(0, r)× {0}. It turns out that

dH(qt,Hp ∩ Zt) =
2t√

x2p + y2p

≥ 2t

r
.

If dH(qt,Hp ∩ Zt) ≥ R, then none of the horizontal planes of points p ∈ π(0, r) × {0} in
the lower disk will intersect the upper disk π(0, R)× {t}. This means that E is h-convex
if 2t ≥ rR. It is obvious that in general E is not connected and thus cannot be convex as
a subset of R3. It is also clear that E is no longer h-convex if 2t < rR.

Let us also recall from [7] the definition of h-quasiconvex functions in H.

2 X. ZHOU

[14] and later studied in [27, 6, 1] etc. A set E ⊂ H is said to be weakly h-convex if
the horizontal segment connecting any two points in E lies in E; see also Definition 2.1.
Hereafter we call such a set an h-convex set for simplicity of terminology.

There are several other types of set convexity in H defined with different kinds of convex
combination of two points. One natural notion is based on geodesics in H. A set E ⊂ H
is said to be geodetically convex if, for every pair of points p, q ∈ E, the set E contains all
geodesics joining p and q. This notion is known to be a very strong one; the geodetically
convex hull of any three points that are not on the same geodesic in H has to be the whole
group [26]. A different notion, called strong h-convexity [14] or twisted convexity [6], uses
the dilation of group quotient to combine two points. It is still a quite strong notion, much
stronger than the Euclidean convexity. In general a strongly h-convex hull of a bounded
set consisting of more than two points could be unbounded [6]. We refer the reader to
[27, 6] for related discussions on these convexity notions.

The notion of (weak) h-convexity is obviously weaker than the Euclidean convexity as
well as the other aforementioned notions because of the restriction on horizontal segments.
Such relaxation gives rise to unexpected properties. An h-convex set can even be discon-
nected, as pointed out in [7]. One simple example of h-convex sets is the union of two
points (0, 0, 1) and (0, 0,−1) in H. It is h-convex, because no horizontal segments exist to
connect the points. A less trivial example of disconnected h-convex sets is presented in
Example 2.2. Such an unusual character makes it challenging to find h-convex hull of a
given set in H. In contrast to the Euclidean situation, where one can generate the convex
hull of a set by simply connecting every pair of points in the set with a segment, it is
not straightforward at all how to describe and construct the h-convex hull of a set. This
motivates us to search possible analytic methods to solve this problem.

A closely related problem we also intend to discuss is constructing the horizontally
quasiconvex (or simply h-quasiconvex) envelope of a given function in an h-convex domain
Ω ⊂ H. An h-quasiconvex function in Ω is defined to be a function whose sublevel sets
are all h-convex. It is equivalent to saying that

u(w) ≤ max{u(p), u(q)} (1.1)

holds for any p ∈ Ω, q ∈ Hp ∩ Ω and w ∈ [p, q]. This notion is introduced in [30]. It is
also studied in [7], where such functions are called weakly h-quasiconvex functions. We
again suppress the term “weakly” in this paper to avoid redundancy. Similar to the case
of sets, for any function in Ω, it is not trivial in general how one can find its h-quasiconvex
envelope in a constructive way.

We remark that a stronger notion of function convexity in H, called horizontal convexity,
is introduced by [14] and [23]. Various properties and generalizations of such convex
functions are discussed in [2, 18, 31, 24, 8, 3, 25] etc. The corresponding convex envelope
and its applications to convexity properties of sub-elliptic equations are studied in [22].

2. Notations and preliminaries

We list several notations that are often used in the work. Throughout this work, | · |G
stands for the Korányi gauge, i.e., for p = (x, y, z) ∈ H

|p|G =
(
(x2 + y2)2 + 16z2

) 1
4 .
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and its applications to convexity properties of sub-elliptic equations are studied in [22].

2. Notations and preliminaries

We list several notations that are often used in the work. Throughout this work, | · |G
stands for the Korányi gauge, i.e., for p = (x, y, z) ∈ H

|p|G =
(
(x2 + y2)2 + 16z2

) 1
4 .
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which converges to a point in Z via a subsequence. Let us index the subsequence still by
n for notational simplicity. Suppose that the subsequence pn → (txξ, tyξ, 0) as n → ∞ for
some t ∈ (R/|ξ|, 1 − R/|ξ|). Let us consider wn = (xpn/t, ypn/t, zpn) ∈ Hpn . Observing
that

dH(ξ, wn) = |ξ−1 · wn|G → 0,

we get u(wn) < u(pn) for n large enough.

Let us compute ∇Hφn(pn) as follows:

∇Hφn(pn) =

(
xξ
n

+2nyξ(xpnyξ − ypnxξ)−nypnzpn ,
yξ
n

−2nxξ(xpnyξ − ypnxξ)+nxpnzpn

)
.

Since

(p−1
n · wn)h =

(
1

t
− 1

)
(xpn , ypn),

we have

⟨∇Hφn(pn), (p
−1
n · wn)h⟩ =

(
1

t
− 1

)(
⟨pn, ξ⟩

n
+ 2n(xpnyξ − ypnxξ)

2

)
> 0,

which contradicts (2.2). □

Theorem 2.4 amounts to saying that u ∈ USC(Ω) is h-quasiconvex if (3.1) holds in the
viscosity sense, that is,

sup{
⟨
∇Hφ(p), (p−1 · ξ)h

⟩
: ξ ∈ Hp ∩ Ω, u(ξ) < u(p)} ≤ 0

whenever there exist p ∈ Ω and φ ∈ C1(Ω) such that u− φ attains a maximum at p. As
a standard remark in the viscosity solution theory, the maximum here can be replaced by
a local maximum or a strict maximum.

2.2. H-quasiconvex envelope. In what follows, we introduce the h-quasiconvex enve-
lope of a given function.

Definition 2.6 (Definition of h-quasiconvex envelope). Let Ω be an h-convex domain in
H and f : Ω → R be a given function. We say, that Q(f) is the h-quasiconvex envelope of
f if it is the greatest h-quasiconvex function majorized by f , that is

Q(f)(p) := sup{g(p) : g ≤ f and g is h-quasiconvex}.

By definition, we can easily see that Q(f) is monotone in f ; namely, if Q(f) and Q(g),
then Q(f) ≤ Q(g) in Ω provided that f ≤ g in Ω. Moreover, Q(f) is also stable with
respect to f .

Proposition 2.7 (Stability of h-quasiconvex envelope). Suppose that Ω is an h-convex
domain in H and f, g : Ω → R are given functions. Assume that both Q(f) and Q(g) exist
in Ω. Then there holds

sup
Ω

|Q(f)−Q(g)| ≤ sup
Ω

|f − g|. (2.3)

Proof. Let M := supΩ |f − g|. Since f −M ≤ g in Ω, by the monotonicity of Q, we get

Q(f −M) ≤ Q(g) in Ω. (2.4)

Noticing that Q(f) − M is h-quasiconvex and Q(f) ≤ f in Ω, by Definition (2.6), we
deduce that

Q(f)−M ≤ Q(f −M) in Ω,

4 X. ZHOU

Definition 2.3 (Definition 4.3 in [7]). Suppose that Ω ⊂ H is h-convex. We say, that a
function u : Ω → R is h-quasiconvex if (1.1) holds for every p ∈ Ω, q ∈ Hp∩Ω and w ∈ [p, q].
In other words, u is h-quasiconvex if for every λ ∈ R the sublevel set {w ∈ Ω : u(w) ≤ λ}
is h-convex.

2.1. Viscosity characterization of h-quasiconvexity. The following characterization
of h-quasiconvexity is known for smooth functions [7, Theorem 4.5]. We provide a gen-
eralized result in the nonsmooth case by extending [5, Proposition 2.2] to the Heisenberg
group.

Theorem 2.4 (Viscosity characterization of h-quasiconvexity). Let Ω ⊂ H be open and
h-convex and u : Ω → R be upper semicontinuous. Then, u is h-quasiconvex if and only if
whenever there exist p ∈ Ω and φ ∈ C1(Ω) such that u− φ attains a maximum at p,

⟨∇Hφ(p), (p−1 · ξ)h⟩ ≤ 0 holds for any ξ ∈ Hp ∩ Ω satisfying u(ξ) < u(p). (2.2)

Remark 2.5. It is worth mentioning that, as in [7], we can also express the inner product
term

⟨
∇Hφ(p), (p−1 · ξ)h

⟩
in (2.2) by ⟨∇φ(p), ξ − p⟩. This is possible because of the

condition that ξ ∈ Hp. We shall maintain the expression on the left hand side to emphasize
possible generalization of our results in general Carnot groups, which is not elaborated in
this paper.

Proof of Theorem 2.4. Let us prove the necessity of (2.2) by contradiction. Suppose, that
u is upper semicontinuous h-quasiconvex function, φ ∈ C1(Ω) is such that u − φ attains
a maximum at p ∈ Ω, and there exists ξ ∈ Hp ∩ Ω with u(ξ) < u(p) such that

⟨∇Hφ(p), (p−1 · ξ)h⟩ > 0.

Then, for λ > 0 small enough and w = p · δλ(ξ−1 · p) there holds u(w) < u(p). Indeed, the
directional derivative of φ at p in the direction p−1 · ξ is positive, and hence φ(w) < φ(p)
for λ > 0 small enough. Since u − φ attains a maximum at p we obtain u(p) > u(w).
We conclude with ξ ∈ Hw, p ∈ [w, ξ] and u(p) > max{u(w), u(ξ)}, which contradicts the
h-quasiconvexity of u.

Now we are left with proving sufficiency of (2.2). Suppose that u is not h-quasiconvex.
Then, without loss of generality there exists a point ξ = (xξ, yξ, 0) ∈ H0 such that

max
[0,ξ]

u > max{u(0), u(ξ)}.

Denote by Z the set of maximizers of u on the segment [0, ξ]. By the upper semicontinuity
of u there exists R ∈ (0, |ξ|/4) small enough such that

min{dH(0, Z), dH(ξ, Z)} > R

(i.e. Z is in the relative interior of [0, ξ]) and u(q) < max[0,ξ] u for any q ∈ BR(0)∪BR(ξ).
Let

C := {q ∈ Ω : dH(q, [0, ξ]) < R, 0 < ⟨q, ξ⟩ < |ξ|2}
be a cylindrical neighborhood of the segment [0, ξ]. We define φn by

φn(p) =
1

n
⟨p, ξ⟩+ n

(
(xpyξ − ypxξ)

2 + z2p
)
, p ∈ Ω.

As n → ∞, u− φn → u pointwise in [0, ξ] and u− φn → −∞ elsewhere in C. Then there
exists a sequence pn = (xpn , ypn , zpn) ∈ C such that

max
C

(u− φn) = u(pn)− φn(pn),
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By definition, we can easily see that Q(f) is monotone in f ; namely, if Q(f) and Q(g),
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Let us fix ε > 0, p ∈ Ω, q ∈ Ω ∩Hp and w ∈ [p, q]. For n sufficiently large, there holds

F (p) ≥ Tn[f ](p)− ε, F (q) ≥ Tn[f ](q)− ε.

Moreover, we have

max{Tn[f ](p), Tn[f ](q)} ≥ Tn+1[f ](w) ≥ F (w),

and therefore

max{F (p), F (q)} ≥ F (w)− ε.

Letting ε → 0, we deduce that F is h-quasiconvex and thus F ≤ Q(f) in Ω.

On the other hand, for any w ∈ Ω and p ∈ Ω, q ∈ Ω ∩ Hp such that w ∈ [p, q], there
holds

max{f(p), f(q)} ≥ max{Q(f)(p), Q(f)(q)} ≥ Q(f)(w).

It follows that T [f ] ≥ Q(f) in Ω. We can iterate this argument obtain Tn[f ] ≥ Q(f) in Ω
for every n. Hence, sending n → ∞, we are led to F ≥ Q(f) holds in Ω, which completes
the proof. □

As shown in Example 2.8, Tn[f ] = Q(f) may hold for a finite n. We do not know in
general how many iterations one needs to run to obtain Q(f). It would be interesting to
find a condition to guarantee the finiteness of n.

3. Main results

Inspired by the Euclidean results in [5], in this work we provide a PDE-based approach
to investigate h-convex hulls and h-quasiconvex envelopes. Our study starts from an
improved characterization of h-quasiconvex functions, Theorem 2.4 that an upper semi-
continuous (USC) function u is h-quasiconvex if and only if

sup{
⟨
∇Hφ(p), (p−1 · ξ)h

⟩
: ξ ∈ Hp ∩ Ω, u(ξ) < u(p)} ≤ 0 (3.1)

whenever there exist p ∈ Ω and φ ∈ C1(Ω) such that u− φ attains a maximum at p.

Further developing the generalized characterization, we adopt an iterative scheme to find
the h-quasiconvex envelope of a continuous function f , denoted by Q(f), in a bounded
h-convex domain Ω under a particular Dirichlet boundary condition. The iteration is
implemented by solving a sequence of nonlocal Hamilton-Jacobi equations, where the
Hamiltonian is given by the left hand side of (3.1), that is,

H(p, u(p),∇u(p)) = sup{
⟨
∇Hu(p), (p−1 · ξ)h

⟩
: ξ ∈ Hp ∩ Ω, u(ξ) < u(p)}.

We briefly describe our scheme in what follows.

Let f ∈ C(Ω) be a given function satisfying
{
f = K on ∂Ω, (3.2)

f ≤ K in Ω (3.3)

with K ∈ R. This set of conditions resembles the coercivity assumption on f when K > 0
is taken large. It guarantees the existence of an h-quasiconvex function f ∈ C(Ω) such

that f ≤ f in Ω and f = K on ∂Ω. This in turn implies the existence of Q(f) taking the
same boundary value.

We set u0 = f in Ω and take un (n = 1, 2, . . .) to be the unique viscosity solution of

un +H(p, un,∇Hun) = un−1 in Ω (3.4)

6 X. ZHOU

which, by (2.4), yields
Q(f)−M ≤ Q(g) in Ω.

Exchanging the roles of f and g, we conclude the proof of (2.3). □

Let us now discuss how to find the h-convex envelope of a given function. A straight-
forward method is to employ a convexification operator. For an h-convex domain Ω ⊂ H
and f : Ω → R, let T [f ] be given by

T [f ](w) = inf {max{f(p), f(q)} : w ∈ [p, q], p ∈ Ω, q ∈ Ω ∩Hp} , for w ∈ Ω. (2.5)

It is clear that infΩ f ≤ T [f ] ≤ f in Ω. Also, it is easily seen that T [f ] = f in Ω if and
only if f is h-quasiconvex.

This operator is inspired by its Euclidean analogue, which is given by

Teucl(w) = inf {max{f(p), f(q)} : w ∈ [p, q], p ∈ Ω, q ∈ Ω} , w ∈ R3.

In the Euclidean case, where the quasiconvex envelope, written as Qeucl(f), satisfies

Qeucl(f) = Teucl[f ]

in a bounded convex domain Ω. In contrast, the following example shows that in the
Heisenberg group, in general T [f ] is not necessarily an h-quasiconvex function.

Example 2.8. Let f : H → R be defined as f(p) = |1− z2| for p = (x, y, z) ∈ H. One can
compute directly to get, for p = (x, y, z),

T [f ](p) =




z2 − 1 |z| ≥ 1,

0 |z| < 1 and (x, y) ̸= (0, 0),

1− z2 |z| < 1 and (x, y) = (0, 0),

which fails to be quasiconvex. In fact, letting p = (x, y, t), q = (−x,−y, t) with |t| < 1,
we see that q ∈ Hp and at w = (0, 0, t) ∈ [p, q], we have

T [f ](w) = 1− t2 > 0 = max{T [f ](p), T [f ](q)}.
However, if we apply the operator one more time, then we have, for p = (x, y, z) ∈ H,

T 2[f ](p) =

{
z2 − 1 |z| ≥ 1,

0 |z| < 1.

It is not difficult to see that Q(f) = T 2[f ] in H. Indeed, Noticing that T 2[f ] is h-
quasiconvex, by definition we have T 2[f ] ≤ Q(f) in H. On the other hand, the reverse
inequalityQ(f) ≤ T 2[f ] can be obtained by applying the operator T twice to the inequality
Q(f) ≤ f .

It turns out that in general one can obtain the quasiconvex envelope by iterating the
operator T . Such type of iteration is also used in [22] to construct the h-convex envelope
of a given continuous function in the Heisenberg group.

Theorem 2.9 (Iterative scheme with direct convexification). Let Ω be an h-convex domain
in H. Suppose that f is bounded from below. Let T be the operator given by (2.5). Then
Tn[f ] → Q(f) pointwise in Ω as n → ∞.

Proof. Notice that by the monotonicity of Tn[f ] in n and boundedness of f from below,
the pointwise limit of Tn[f ] exists. Let us denote it by F , i.e.,

F := lim
n→∞

Tn[f ].
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operator T . Such type of iteration is also used in [22] to construct the h-convex envelope
of a given continuous function in the Heisenberg group.

Theorem 2.9 (Iterative scheme with direct convexification). Let Ω be an h-convex domain
in H. Suppose that f is bounded from below. Let T be the operator given by (2.5). Then
Tn[f ] → Q(f) pointwise in Ω as n → ∞.

Proof. Notice that by the monotonicity of Tn[f ] in n and boundedness of f from below,
the pointwise limit of Tn[f ] exists. Let us denote it by F , i.e.,

F := lim
n→∞

Tn[f ].
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and (3.2)(3.3) hold for some K > 0. It turns out that the h-convex hull of E coincides
with the zero sublevel set of Q(f), i.e.,

co(E) = {p ∈ Ω : Q(f) < 0}. (3.8)

We remark that co(E) is independent of the choices of f and Ω. As long as (3.7) together
with (3.2)(3.3) holds, co(E) obtained in (3.8) will not change. We state the second main
result below.

Theorem 3.2 (Level set method for h-convex hull). Let E ⊂ H be a bounded open (resp.,
closed) set. Let Ω = BR(0) with R > 0 large such that co(E) ⊂⊂ Ω. Assume that
f ∈ C(H) satisfies

E = {p ∈ H : f(p) < 0} (resp., E = {p ∈ H : f(p) ≤ 0}). (3.9)

Assume also that there exists K > 0 such that

f ≡ K in H \BR(0). (3.10)

Let Q(f) be the h-quasiconvex envelope of f . Then, Q(f) ∈ C(H) and Q(f) satisfies

Q(f) ≡ K in H \BR(0) (3.11)

and

co(E) = {p ∈ Ω : Q(f)(p) < 0} (resp., co(E) = {p ∈ Ω : Q(f)(p) ≤ 0}). (3.12)

This PDE approach leads us to a better understanding about h-convex hulls. One
application is about the inclusion principle. By definition, it is easily seen that co(D) ⊂
co(E) holds for any sets D,E ⊂ H satisfying D ⊂ E. We also establish a quantitative
version of the inclusion principle in H. For any bounded open (or closed) sets D,E ⊂ H,
we obtain

inf
{
d̃H(p, q) : p ∈ co(D), q ∈ H \ co(E)

}
≥ inf

{
d̃H(p, q) : p ∈ D, q ∈ H \ E

}
. (3.13)

where d̃H denotes the right invariant gauge metric in H; see (2.1). This property amounts
to saying that taking h-convex hulls of two sets in H, one contained in the other, does
not reduce the shortest d̃H distance between their boundaries. If E contains the right
invariant δ-neighborhood of D for some δ > 0, then co(E) also contains the right invariant
δ-neighborhood of co(D).

While such a result can be obtained comparatively easily in the Euclidean case, the
proof is more involved in the Heisenberg group. Our proof is based on comparing the
h-quasiconvex envelopes of defining functions of both sets combined with arguments in-
volving sup-convolutions. It is not clear to us whether one can replace d̃H by the left
invariant gauge metric dH . This problem is related to the h-convexity preserving property
for solutions of evolution equations in the Heisenberg group; see some partial results in
[21, 22].

The details of the proofs and more results are available in [20]. The well-posedness of
the nonlocal Hamilton-Jacobi equation, including the uniqueness and existence of viscosity
solutions is presented in Section 3. Our PDE-based iterative scheme and the proof of
Theorem 3.1 are given in Section 4. Applications of our results to the h-convex hull of a
given open or closed set including the proof of Theorem 3.2 are given in Section 5.
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satisfying the same set of conditions as in (3.2)–(3.3), that is,
{
un = K on ∂Ω, (3.5)

un ≤ K in Ω. (3.6)

It turns out that un is a nonincreasing sequence and converges uniformly to Q(f) as
n → ∞. This is in fact our main theorem.

Theorem 3.1 (Iterative scheme for envelope). Suppose that Ω is a bounded h-convex
domain in H and f ∈ C(Ω) satisfying (3.2)–(3.3) for some K ∈ R. Let Q(f) ∈ USC(Ω)
be the h-quasiconvex envelope of f in Ω. Let u0 = f in Ω and un be the unique solution
of (3.4) satisfying (3.5)(3.6) for n ≥ 1. Then un → Q(f) uniformly in Ω as n → ∞.

Such type of nonlocal schemes is proposed in [5] in the Euclidean case for general
Dirichlet data. We remark that in the Euclidean space a similar class of nonlocal equations
depending on the level sets of the unknown is also studied for applications in geometric
evolutions and front propagation [10, 11, 28, 19]. Although our PDE looks analogous
to theirs, the well-posedness in the sub-Riemannian case is not straightforward at all.
The main difference from the Euclidean case lies in an additional constraint that requires
ξ ∈ Hp ∩ Ω, which depends on the space variable p. This extra constraint brings us
much difficulty in proving the comparison principle for (3.4). It is the coercivity-like
setting (3.5)(3.6) that enables us to overcome the difficulty and obtain the uniqueness of
solutions.

The existence of viscosity solutions, on the other hand, can be handled in a standard
way by adapting Perron’s method [13]. Once the sequence un is determined iteratively for
all n = 1, 2, . . ., Theorem 3.1 can be proved by applying a stability argument for viscosity
solutions.

It is worth mentioning two variants of our main result above. Instead of adopting the
restrictive setting (3.5)(3.6), one can alternatively impose a slightly stronger h-convexity
assumption on Ω to solve (3.4) with general boundary data and obtain the scheme conver-
gence as in Theorem 3.1. The strengthened convexity assumption demands Ω be h-convex
up to its boundary; namely, the horizontal segment [p, q) ∈ Ω for any p ∈ Ω and q ∈ ∂Ω.
For bounded sets, it is easy to see that h-convex up to its boundary condition implies
the set is h-convex; in general, it is not clear if there two notions of convexity of sets are
equivalent.

Another possible modification of the scheme is to consider the maximal subsolution of
(3.4) rather than its solutions at each step. Although we only get pointwise convergence
of the scheme in this case, it allows us to avoid the uniqueness issue and to construct the
h-quasiconvex envelopes for a general class of upper semicontinuous functions, even in an
unbounded domain Ω.

As an application of our constructive methods for h-quasiconvex envelopes, we study
the h-convex hull of a given bounded set in H. A key ingredient is the so-called level set
formulation, which plays an important role in the study of geometric evolutions [12, 16, 17].
We can apply the same idea to our problem, since the nonlocal Hamiltonian is actually
a geometric operator, homogeneous in u. Suppose that E is a bounded open set in H.
Take a bounded h-convex domain Ω such that E ⊂ Ω. We next choose a defining function
f ∈ C(Ω) such that

E = {p ∈ Ω : f(p) < 0} (3.7)
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and (3.2)(3.3) hold for some K > 0. It turns out that the h-convex hull of E coincides
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co(E) = {p ∈ Ω : Q(f) < 0}. (3.8)

We remark that co(E) is independent of the choices of f and Ω. As long as (3.7) together
with (3.2)(3.3) holds, co(E) obtained in (3.8) will not change. We state the second main
result below.

Theorem 3.2 (Level set method for h-convex hull). Let E ⊂ H be a bounded open (resp.,
closed) set. Let Ω = BR(0) with R > 0 large such that co(E) ⊂⊂ Ω. Assume that
f ∈ C(H) satisfies

E = {p ∈ H : f(p) < 0} (resp., E = {p ∈ H : f(p) ≤ 0}). (3.9)

Assume also that there exists K > 0 such that

f ≡ K in H \BR(0). (3.10)

Let Q(f) be the h-quasiconvex envelope of f . Then, Q(f) ∈ C(H) and Q(f) satisfies

Q(f) ≡ K in H \BR(0) (3.11)

and

co(E) = {p ∈ Ω : Q(f)(p) < 0} (resp., co(E) = {p ∈ Ω : Q(f)(p) ≤ 0}). (3.12)

This PDE approach leads us to a better understanding about h-convex hulls. One
application is about the inclusion principle. By definition, it is easily seen that co(D) ⊂
co(E) holds for any sets D,E ⊂ H satisfying D ⊂ E. We also establish a quantitative
version of the inclusion principle in H. For any bounded open (or closed) sets D,E ⊂ H,
we obtain

inf
{
d̃H(p, q) : p ∈ co(D), q ∈ H \ co(E)

}
≥ inf

{
d̃H(p, q) : p ∈ D, q ∈ H \ E

}
. (3.13)

where d̃H denotes the right invariant gauge metric in H; see (2.1). This property amounts
to saying that taking h-convex hulls of two sets in H, one contained in the other, does
not reduce the shortest d̃H distance between their boundaries. If E contains the right
invariant δ-neighborhood of D for some δ > 0, then co(E) also contains the right invariant
δ-neighborhood of co(D).

While such a result can be obtained comparatively easily in the Euclidean case, the
proof is more involved in the Heisenberg group. Our proof is based on comparing the
h-quasiconvex envelopes of defining functions of both sets combined with arguments in-
volving sup-convolutions. It is not clear to us whether one can replace d̃H by the left
invariant gauge metric dH . This problem is related to the h-convexity preserving property
for solutions of evolution equations in the Heisenberg group; see some partial results in
[21, 22].

The details of the proofs and more results are available in [20]. The well-posedness of
the nonlocal Hamilton-Jacobi equation, including the uniqueness and existence of viscosity
solutions is presented in Section 3. Our PDE-based iterative scheme and the proof of
Theorem 3.1 are given in Section 4. Applications of our results to the h-convex hull of a
given open or closed set including the proof of Theorem 3.2 are given in Section 5.
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satisfying the same set of conditions as in (3.2)–(3.3), that is,
{
un = K on ∂Ω, (3.5)

un ≤ K in Ω. (3.6)

It turns out that un is a nonincreasing sequence and converges uniformly to Q(f) as
n → ∞. This is in fact our main theorem.

Theorem 3.1 (Iterative scheme for envelope). Suppose that Ω is a bounded h-convex
domain in H and f ∈ C(Ω) satisfying (3.2)–(3.3) for some K ∈ R. Let Q(f) ∈ USC(Ω)
be the h-quasiconvex envelope of f in Ω. Let u0 = f in Ω and un be the unique solution
of (3.4) satisfying (3.5)(3.6) for n ≥ 1. Then un → Q(f) uniformly in Ω as n → ∞.

Such type of nonlocal schemes is proposed in [5] in the Euclidean case for general
Dirichlet data. We remark that in the Euclidean space a similar class of nonlocal equations
depending on the level sets of the unknown is also studied for applications in geometric
evolutions and front propagation [10, 11, 28, 19]. Although our PDE looks analogous
to theirs, the well-posedness in the sub-Riemannian case is not straightforward at all.
The main difference from the Euclidean case lies in an additional constraint that requires
ξ ∈ Hp ∩ Ω, which depends on the space variable p. This extra constraint brings us
much difficulty in proving the comparison principle for (3.4). It is the coercivity-like
setting (3.5)(3.6) that enables us to overcome the difficulty and obtain the uniqueness of
solutions.

The existence of viscosity solutions, on the other hand, can be handled in a standard
way by adapting Perron’s method [13]. Once the sequence un is determined iteratively for
all n = 1, 2, . . ., Theorem 3.1 can be proved by applying a stability argument for viscosity
solutions.

It is worth mentioning two variants of our main result above. Instead of adopting the
restrictive setting (3.5)(3.6), one can alternatively impose a slightly stronger h-convexity
assumption on Ω to solve (3.4) with general boundary data and obtain the scheme conver-
gence as in Theorem 3.1. The strengthened convexity assumption demands Ω be h-convex
up to its boundary; namely, the horizontal segment [p, q) ∈ Ω for any p ∈ Ω and q ∈ ∂Ω.
For bounded sets, it is easy to see that h-convex up to its boundary condition implies
the set is h-convex; in general, it is not clear if there two notions of convexity of sets are
equivalent.

Another possible modification of the scheme is to consider the maximal subsolution of
(3.4) rather than its solutions at each step. Although we only get pointwise convergence
of the scheme in this case, it allows us to avoid the uniqueness issue and to construct the
h-quasiconvex envelopes for a general class of upper semicontinuous functions, even in an
unbounded domain Ω.

As an application of our constructive methods for h-quasiconvex envelopes, we study
the h-convex hull of a given bounded set in H. A key ingredient is the so-called level set
formulation, which plays an important role in the study of geometric evolutions [12, 16, 17].
We can apply the same idea to our problem, since the nonlocal Hamiltonian is actually
a geometric operator, homogeneous in u. Suppose that E is a bounded open set in H.
Take a bounded h-convex domain Ω such that E ⊂ Ω. We next choose a defining function
f ∈ C(Ω) such that

E = {p ∈ Ω : f(p) < 0} (3.7)
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Basel, 2007.

[10] P. Cardaliaguet. On front propagation problems with nonlocal terms. Adv. Differential Equations,
5(1-3):213–268, 2000.

[11] P. Cardaliaguet. Front propagation problems with nonlocal terms. II. J. Math. Anal. Appl.,
260(2):572–601, 2001.

[12] Y. G. Chen, Y. Giga, and S. Goto. Uniqueness and existence of viscosity solutions of generalized mean
curvature flow equations. J. Differential Geom., 33(3):749–786, 1991.

[13] M. G. Crandall, H. Ishii, and P.-L. Lions. User’s guide to viscosity solutions of second order partial
differential equations. Bull. Amer. Math. Soc. (N.S.), 27(1):1–67, 1992.

[14] D. Danielli, N. Garofalo, and D.-M. Nhieu. Notions of convexity in Carnot groups. Comm. Anal.
Geom., 11(2):263–341, 2003.

[15] F. Dragoni, N. Garofalo, and P. Salani. Starshapedness for fully non-linear equations in Carnot groups.
J. Lond. Math. Soc. (2), 99(3):901–918, 2019.

[16] L. C. Evans and J. Spruck. Motion of level sets by mean curvature. I. J. Differential Geom., 33(3):635–
681, 1991.

[17] Y. Giga. Surface evolution equations, volume 99 of Monographs in Mathematics. Birkhäuser Verlag,
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STABLE BIG BANG SINGULARITY FORMATION IN GENERAL RELATIVITY

TODD A. OLIYNYK

Extended Abstract

Background: Since the 1920’s, it has been known that the spatially homogeneous and isotropic Friedmann-
Lemâıtre-Robertson-Walker (FLRW) spacetimes generically develop curvature singularities in the contracting
time direction along spacelike hypersurfaces, known as big bang singularities, both in vacuum and for a wide
range of matter models. For many years, it remained unclear if the big bang singularities were physically relevant.
It was thought by some that big bang singularities were due to the unphysical assumption of spatial homogeneity
and that they would disappear in non-homogenous spacetimes, or in other words, big bang singularities were
unstable under nonlinear perturbations as solutions to the Einstein field equations. A partial resolution to
this situation came in 1967 when Hawking established his singularity theorem that guarantees a cosmological
spacetime will be geodesically incomplete for a large class of matter models and initial data sets, including
highly anisotropic ones. While Hawking’s singularity theorem guarantees that cosmological spacetimes are
geodesically incomplete (i.e. at least one observer will experience something pathological at a finite time in the
past) for a large class of initial data sets, it is silent on the cause of the geodesic incompleteness. It has been
widely anticipated that the geodesics incompleteness is due to the formation of curvature singularities, and it
is an outstanding problem in mathematical cosmology to rigorously establish the conditions under which this
expectation is true and to understand the dynamical behaviour of cosmological solutions near singularities.

The well known BKL-conjecture [4, 18] suggests that singularities should generically be big bang singularities
that are spacelike and oscillatory. However, currently there is little in the way of rigorous arguments beyond
the work of [23] in the spatially homogeneous setting to support the BKL-picture. While it is worth noting that
there is some numerical support [1, 8, 13, 14, 15, 16, 25], recent work on spikes [5, 7, 19, 20, 22] and weak null
singularities [9, 21] indicate that the BKL-picture is incomplete. At the moment, understanding cosmological
solutions near generic singularities seems out of reach. However, the situation improves considerably for cos-
mological spacetimes that exhibit asymptotically velocity term dominated (AVTD) behaviour [11, 17] near the
singularity. By definition, AVTD singularities are special types of big bang type singularities that are spacelike
and non-oscillatory.

Near FLRW stable big bang singularity formation. The Einstein-scalar field equations are given by1

R̄ij = 2∇̄iϕ∇̄jϕ, (1)

�ḡϕ = 0, (2)

where R̄ij and ∇̄i are the Ricci curvature tensor and Levi-Civita connection of the spacetime metric ḡ =
ḡijθ

i⊗ θj , ϕ is the scalar field, and �ḡ = ḡij∇̄i∇̄j is the wave operator. The first instance where the breakdown
in the Hawking singularity theorem was shown for an open set of initial data to be due to a big bang singularity
along which the curvature blows was in the article [24] by Rodnianski and Speck, which first appeared as a
preprint in 2014. In particular Rodnianski and Speck established that (i) FLRW solutions to the Einstein-scalar
field equations are stable in the contracting direction under small, nonlinear perturbations, (ii) the perturbed
solutions all terminate in a big bang singularity characterized by curvature blow up, and (iii) that the big bang
singularities exhibit AVTD (i.e. non-oscillatory) behaviour.

Conformal Einstein-scalar field equations. Rather than solving the Einstein-scalar field equations (1)-(2)
directly, it turns out to be useful to replace the scalar field ϕ with a scalar field τ defined by

ϕ =

√
n− 1

2(n− 2)
ln(τ)

1We use lower case Latin indices, e.g. i, j, k, which run from 0 to n− 1 to index frame indices. For example, if ei is a local basis,

then a vector field X can be expressed locally as X = Xiei. Letting θi denote the dual basis, i.e. θi(ej) = δij , then a one form ω

can be expressed locally as ω = ωiθ
i
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Extended Abstract

Background: Since the 1920’s, it has been known that the spatially homogeneous and isotropic Friedmann-
Lemâıtre-Robertson-Walker (FLRW) spacetimes generically develop curvature singularities in the contracting
time direction along spacelike hypersurfaces, known as big bang singularities, both in vacuum and for a wide
range of matter models. For many years, it remained unclear if the big bang singularities were physically relevant.
It was thought by some that big bang singularities were due to the unphysical assumption of spatial homogeneity
and that they would disappear in non-homogenous spacetimes, or in other words, big bang singularities were
unstable under nonlinear perturbations as solutions to the Einstein field equations. A partial resolution to
this situation came in 1967 when Hawking established his singularity theorem that guarantees a cosmological
spacetime will be geodesically incomplete for a large class of matter models and initial data sets, including
highly anisotropic ones. While Hawking’s singularity theorem guarantees that cosmological spacetimes are
geodesically incomplete (i.e. at least one observer will experience something pathological at a finite time in the
past) for a large class of initial data sets, it is silent on the cause of the geodesic incompleteness. It has been
widely anticipated that the geodesics incompleteness is due to the formation of curvature singularities, and it
is an outstanding problem in mathematical cosmology to rigorously establish the conditions under which this
expectation is true and to understand the dynamical behaviour of cosmological solutions near singularities.

The well known BKL-conjecture [4, 18] suggests that singularities should generically be big bang singularities
that are spacelike and oscillatory. However, currently there is little in the way of rigorous arguments beyond
the work of [23] in the spatially homogeneous setting to support the BKL-picture. While it is worth noting that
there is some numerical support [1, 8, 13, 14, 15, 16, 25], recent work on spikes [5, 7, 19, 20, 22] and weak null
singularities [9, 21] indicate that the BKL-picture is incomplete. At the moment, understanding cosmological
solutions near generic singularities seems out of reach. However, the situation improves considerably for cos-
mological spacetimes that exhibit asymptotically velocity term dominated (AVTD) behaviour [11, 17] near the
singularity. By definition, AVTD singularities are special types of big bang type singularities that are spacelike
and non-oscillatory.

Near FLRW stable big bang singularity formation. The Einstein-scalar field equations are given by1

R̄ij = 2∇̄iϕ∇̄jϕ, (1)

�ḡϕ = 0, (2)

where R̄ij and ∇̄i are the Ricci curvature tensor and Levi-Civita connection of the spacetime metric ḡ =
ḡijθ

i⊗ θj , ϕ is the scalar field, and �ḡ = ḡij∇̄i∇̄j is the wave operator. The first instance where the breakdown
in the Hawking singularity theorem was shown for an open set of initial data to be due to a big bang singularity
along which the curvature blows was in the article [24] by Rodnianski and Speck, which first appeared as a
preprint in 2014. In particular Rodnianski and Speck established that (i) FLRW solutions to the Einstein-scalar
field equations are stable in the contracting direction under small, nonlinear perturbations, (ii) the perturbed
solutions all terminate in a big bang singularity characterized by curvature blow up, and (iii) that the big bang
singularities exhibit AVTD (i.e. non-oscillatory) behaviour.

Conformal Einstein-scalar field equations. Rather than solving the Einstein-scalar field equations (1)-(2)
directly, it turns out to be useful to replace the scalar field ϕ with a scalar field τ defined by

ϕ =

√
n− 1

2(n− 2)
ln(τ)

1We use lower case Latin indices, e.g. i, j, k, which run from 0 to n− 1 to index frame indices. For example, if ei is a local basis,

then a vector field X can be expressed locally as X = Xiei. Letting θi denote the dual basis, i.e. θi(ej) = δij , then a one form ω

can be expressed locally as ω = ωiθ
i
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STABLE BIG BANG SINGULARITY FORMATION IN GENERAL RELATIVITY 3

Once suitable initial data (5) that satisfies the constraint equations (6) has been specified, then the conformal
Einstein-scalar field equations can be solved, generally only “locally-in-time” for large initial data, to yield a
solution {g, τ} on

Mt1,t0 =
⋃

τ∈(t1,t0]

t−1({τ})

for some t1 ∈ (0, t0]. It is important to note that if ψ : Mt1,t0 −→ Mt1,t0 is a diffeomorphism that leaves
the initial data set fixed, then {ψ∗g, ψ∗τ} will also satisfy the conformal Einstein-scalar field equations, and
as a consequence, solutions to the conformal Einstein-scalar field equations are not unique in the usual sense.
However, they are unique in the geometric sense that the only source of non-uniqueness is due to the action by
initial data preserving diffeomorphism on solutions. In this sense, the solutions are unique up to diffeomorphism,
which is a mathematical manifestation of Einstein’s physical notion of covariance.

Remark 2. While establishing the local-in-time existence of solutions to the IVP for the conformal Einstein-
scalar field equations is now well understood, establishing the existence of solutions to the IVP that terminate
in a big bang singularity is much more difficult. There are a number of serious technical challenges that need to
be overcome in order to establish a result of this type. I will discuss some of these over the course of my talk.

Gauge reductions of the conformal Einstein-scalar field equations. From a PDE point of view, it is not
possible to solve conformal Einstein-scalar field equations directly, since when they are expressed as a system
of PDEs, they are not of a well-defined type due to the diffeomorphism invariance. To break the invariance, a
gauge needs to be imposed and there is an infinite number of ways to do this. Choosing a gauge is an art and
the choice of gauge is often crucial to establishing the existence of solutions to the Einstein equations, especially
in the neighbourhood of singularities or globally to future or past. In this talk, I will only consider wave gauges
in any detail. These gauges are defined by first introducing a background metric

g = gijθ
i ⊗ θj

on M . Letting Di denote the Levi-Civita connection of g and introducing a vector field X = Xkek via

Xk =
1

2
gijgkl

(
2Digjl −Dlgij

)
,

the (wave gauge) reduced version of the conformal Einstein-scalar field equations (3)-(4) are defined by

−2Rij + 2∇(iXj) = −2

τ
∇i∇jτ, (7)

�gτ = 0. (8)

The virture of these equations over the conformal Einstein-scalar field equations is that they now form a coupled
system of quasi-linear wave equations. In particular, the “local-in-time” existence and uniqueness of solutions
to (7)-(8) in Mt1,t0 generated from the initial data (5) can be obtained from standard hyperbolic PDE theory.

Now, in general, solutions of the reduced conformal Einstein-scalar field equations will not solve the conformal
Einstein-scalar field equations. However, if the initial data (5) is chosen so that it satisfies

Xk|Σ = 0 (9)

in addition to the constraint equations (6), then it can be shown that solutions of reduced conformal Einstein-
scalar field equations (7)-(8) will necessarily satisfy

Xk = 0 in Mt1,t0 ,

and by virtue of this, will also satisfy the conformal Einstein-scalar field equations (3)-(4).

Remark 3. It is always possible for a given choice of geometric initial data {g, K, τ̊ , τ̀} to choose the remaining
initial data, which is non-physical, so that the wave gauge constraints (9) are satisfied.

Remark 4. It is worth noting that Rodnianski and Speck do not use the conformal Einstein-scalar field equations
in the proof of their stability result [24]; they work directly with the Einstein-scalar field equations. Also, they
do not use a wave gauge. Instead, they employ a gauge that consists of a constant mean curvature time foliation
along with a zero shift condition. One drawback of this gauge is that it is non-local and as a consequence the
big bang stability results of Rodnianski-Speck cannot be localized; I will say more about this fact below.

2 T.A. OLIYNYK

and the physical spacetime metric ḡij with a (unphysical) conformal spacetime metric gij defined via

ḡij = τ
2

n−2 gij .

In terms of these variables, the Einstein-scalar field equations can be expressed as

Rij =
1

τ
∇i∇jτ, (3)

�gτ = 0, (4)

where Rij and ∇j are the Einstein tensor and Levi-Civita connection of the conformal metric gij , respectively.
In the following, I will refer to these equations as the conformal Einstein-scalar field equations. It is important
to note the conformal Einstein-scalar field equations (3)-(4) are completely equivalent to the Einstein-scalar
field equations (1)-(2) and their solutions are in a one-to-one correspondence via the transformation

{
ḡij = τ

2
n−2 gij , ϕ =

√
n− 1

2(n− 2)
ln(τ)

}
.

Initial value problem for the conformal Einstein-scalar field equations. Before further discussing
the Rodnianski-Speck big bang stability result, I recall the initial value problem (IVP) for the Einstein field
equations. Initial data is specified on a (n−1)-dimensional manifold Σ, which I will take to be diffeomorphic to
a (n−1)-dimensional torus Tn−1. Here, n is the spacetime dimension of which n = 4 is the most important as it
corresponds to reality. Now, Σ should be viewed as a spacelike hypersurface of an ambient spacetime manifold
M , i.e. a spatial slice of M at a fixed moment of time. The picture one should have in mind is that there exists
a time function2

t : M −→ R
such that the spacetime manifold M can be decomposed as

M =
⋃

t̃∈(0,t0]

t−1({t̃})

where
t−1({t̃}) ∼= Tn−1 and Σ = t−1({t0}).

The big bang singularity is then taken to occur along the hypersurface t−1({0}) that lies on the boundary of
M .

Initial data for the conformal Einstein-scalar field equations consists of specifying the following fields on Σ:

{g|Σ = g̊,Ln g|Σ = g̀, τ |Σ = τ̊ ,Ln τ |Σ = τ̀}, (5)

where n = niei is a vector field satisfying n(dt) = 1 and Ln is the Lie derivative along n. However, not all of
this initial data can be chosen freely. As is well known the initial data must satisfy the constraint equations3

ni

(
Rij −

1

τ
∇i∇jτ

)∣∣∣
Σ
= 0. (6)

Remark 1. The geometric initial data on Σ consists of the fields {g, K, τ̊ , τ̀} where4 g = gΛΩdx̂
Λ ⊗ dx̂Ω is the

spatial metric and K = KΛΩdx̂
Λ ⊗ dx̂Ω is the second fundamental form, which are determined from the initial

data {̊gµν , g̀µν , τ̊ , τ̀} via

gΛΩ = g̊ΛΩ and KΛΩ =
1

2N
(g̀ΛΩ − 2D(ΛbΩ)),

respectively. Here,
bΛ = g̊0Λ and N2 = −g̊00 + bΛbΛ

define the shift b = bΛdx̂
Λ and lapse N, respectively, DΛ denotes the Levi-Civita connection of the spatial metric

gΛΩ, and we have used the inverse metric gΛΩ of gΛΩ to raise indices, e.g. bΛ = gΛΩbΩ. The importance of the
geometric initial data is that it represents the physical part (i.e. non-gauge) of the initial data. Moreover, the
gravitational constraint equations (6) can be formulated entirely in terms of the geometric initial data.

2The existence of such a time function needs to be established as part of any big bang stability proof.
3Here and in the following, the conformal metric g = gijθ

i ⊗ θj will be used to raise and lower the frame indices. For example,

if X = Xiei is a vector filed then Xi = gijX
j denotes the components of the one-form X♭ = Xiθ

i obtained from X using g.

Similarity, given a one form ω = ωiθ
i, the inverse conformal metric g−1 = gijei ⊗ ej ((gij) = (gij)

−1) can be used to construct

the vector field ω♯ = ωiei where ωi = gijωj .
4Lower case Greek indices, e.g. α, β, γ, will run from 0 to n − 1 and will be used to label coordinate indices associated to a

coordinate system (xµ). Upper case Greek indices, e.g. Λ,Σ,Γ, will run from 1 to n−1 and will be used to label coordinate indices

associated to the “spatial coordinates” (xΛ), while the “time” coordinate x0 will often be denoted by t.
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STABLE BIG BANG SINGULARITY FORMATION IN GENERAL RELATIVITY 3

Once suitable initial data (5) that satisfies the constraint equations (6) has been specified, then the conformal
Einstein-scalar field equations can be solved, generally only “locally-in-time” for large initial data, to yield a
solution {g, τ} on

Mt1,t0 =
⋃

τ∈(t1,t0]

t−1({τ})

for some t1 ∈ (0, t0]. It is important to note that if ψ : Mt1,t0 −→ Mt1,t0 is a diffeomorphism that leaves
the initial data set fixed, then {ψ∗g, ψ∗τ} will also satisfy the conformal Einstein-scalar field equations, and
as a consequence, solutions to the conformal Einstein-scalar field equations are not unique in the usual sense.
However, they are unique in the geometric sense that the only source of non-uniqueness is due to the action by
initial data preserving diffeomorphism on solutions. In this sense, the solutions are unique up to diffeomorphism,
which is a mathematical manifestation of Einstein’s physical notion of covariance.

Remark 2. While establishing the local-in-time existence of solutions to the IVP for the conformal Einstein-
scalar field equations is now well understood, establishing the existence of solutions to the IVP that terminate
in a big bang singularity is much more difficult. There are a number of serious technical challenges that need to
be overcome in order to establish a result of this type. I will discuss some of these over the course of my talk.

Gauge reductions of the conformal Einstein-scalar field equations. From a PDE point of view, it is not
possible to solve conformal Einstein-scalar field equations directly, since when they are expressed as a system
of PDEs, they are not of a well-defined type due to the diffeomorphism invariance. To break the invariance, a
gauge needs to be imposed and there is an infinite number of ways to do this. Choosing a gauge is an art and
the choice of gauge is often crucial to establishing the existence of solutions to the Einstein equations, especially
in the neighbourhood of singularities or globally to future or past. In this talk, I will only consider wave gauges
in any detail. These gauges are defined by first introducing a background metric

g = gijθ
i ⊗ θj

on M . Letting Di denote the Levi-Civita connection of g and introducing a vector field X = Xkek via

Xk =
1

2
gijgkl

(
2Digjl −Dlgij

)
,

the (wave gauge) reduced version of the conformal Einstein-scalar field equations (3)-(4) are defined by

−2Rij + 2∇(iXj) = −2

τ
∇i∇jτ, (7)

�gτ = 0. (8)

The virture of these equations over the conformal Einstein-scalar field equations is that they now form a coupled
system of quasi-linear wave equations. In particular, the “local-in-time” existence and uniqueness of solutions
to (7)-(8) in Mt1,t0 generated from the initial data (5) can be obtained from standard hyperbolic PDE theory.

Now, in general, solutions of the reduced conformal Einstein-scalar field equations will not solve the conformal
Einstein-scalar field equations. However, if the initial data (5) is chosen so that it satisfies

Xk|Σ = 0 (9)

in addition to the constraint equations (6), then it can be shown that solutions of reduced conformal Einstein-
scalar field equations (7)-(8) will necessarily satisfy

Xk = 0 in Mt1,t0 ,

and by virtue of this, will also satisfy the conformal Einstein-scalar field equations (3)-(4).

Remark 3. It is always possible for a given choice of geometric initial data {g, K, τ̊ , τ̀} to choose the remaining
initial data, which is non-physical, so that the wave gauge constraints (9) are satisfied.

Remark 4. It is worth noting that Rodnianski and Speck do not use the conformal Einstein-scalar field equations
in the proof of their stability result [24]; they work directly with the Einstein-scalar field equations. Also, they
do not use a wave gauge. Instead, they employ a gauge that consists of a constant mean curvature time foliation
along with a zero shift condition. One drawback of this gauge is that it is non-local and as a consequence the
big bang stability results of Rodnianski-Speck cannot be localized; I will say more about this fact below.
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STABLE BIG BANG SINGULARITY FORMATION IN GENERAL RELATIVITY 5

Heuristic arguments [2, 3, 10] suggest that the big bang singularity of a Kasner-scalar field solution will
be stable and exhibit AVTD behaviour (i.e. non-oscillatory behaviour near the singularity) if and only if the
constants q̆Λ from the Kasner exponents (11) satisfy the inequality

max
{
q̆Λ + q̆Σ − q̆Γ |Λ,Σ,Γ ∈ {1, 2, . . . , n− 1}, Λ < Σ

}
< 1. (13)

It is worth noting that if this condition is not satisfied, then it is expected that the behaviour of the metric and
matter field near the singularity will be exhibit a chaotic, oscillatory behaviour, known as mixmaster behaviour,
in agreement with the BKL conjecture. The analysis of these spacetimes remains out of reach with current
techniques.

Recently in [12], Rodnianski, Speck and Fournodavlos have generalized the FLRW-stablity result from The-
orem 6 to establish the stability of the big bang singularity of Kasner-scalar field solutions whose Kasner
exponents satisfy (13).

Theorem 7. For spacetime dimensions n ≥ 4, the big bang singularity of a Kasner-scalar field solution (10) is
stable provided its exponents satisfy (13).

Remark 8. More detailed behaviour of the perturbed solutions near their big bang singularities has been derived
in [12, 24]. In particular, the AVTD behaviour of the singularities has been established and blow-up rates for
the curvature near the singularities are computed.

Localized big bang stability. One important question that is not addressed by Theorems 6 and 7 is whether
or not big bang stability is a local property. By a local property, we mean that if the geometric initial data is
changed in a localized region of the initial hypersurface Σ, will this change lead to a corresponding local change
on the singular hypersurface Σ0 = t−1({0}) or will all of Σ0 be affected? One reason to believe that the effects
might be local is that there exist gauges, e.g. wave gauges, that lead to reduced Einstein-scalar field equations
that are a hyperbolic system of PDEs. The hyperbolicity of the reduced equations implies a finite propagation
speed, and consequently, that local changes in the initial data should lead to local changes in the solutions at
later times.

A precise statement of localized big bang stability is as follows.

Definition 9. The big bang singularity of a Kasner-scalar field solution (10) is said to be locally stable, if for

any open, connected set Σ̃ ⊂⊂ Σ, there exist constants t0 > 0 and δ > 0 such that for all geometric initial data
{g, K, τ̊ , τ̀} on Σ̃ satisfying6

∥(g, K, τ̊ , τ̀)− (ğ, K̆, t0, 1)∥ < δ

there exists a (geometrically) unique C2 solution {g, τ} to the conformal Einstein-scalar field equations (3)-(4)
on

M̃ =
⋃

t̃∈(0,t0]

Σ̃t̃

such that the following hold:

(a) Σ̃t̃
∼= Σ̃ for all t̃ ∈ (0, t0] and Σ̃t0 = Σ̃.

(b) The time function t : M̃ −→ R, defined by t|Σ̃t̃
= t̃, is C1 and extends continuously to the closure of M̃ .

Furthermore, dt is uniformly timelike on M̃ , i.e. there exists a c > 0 such that |dt|2g < c on M̃ .

(c) There exists at least one curvature invariant R̄ (e.g. ḡµνR̄µν , R̄
µνR̄µν , R̄

µναβR̄µναβ , etc.) of the physical

metric ḡ = t
2

n−2 g that is unbounded everywhere along the hypersurface Σ̃0 = t−1({0}), i.e.
inf
M̃

(R̄) = ∞.

The main reason that the stability Theorems 6 and 7 do not address the question of local stability is that
they were established using a gauge that lead to a reduced system with an infinite propagation speed. The
infinite propagation speed was introduced into the reduced system through the use of a time function t, known
as a CMC (Constant Mean Curvature) foliation, that is chosen according to

t = − 1

trK

where trK = gΛΓKΛΓ is the mean curvature of the hypersurfaces Σt̃ = t−1{t̃}. This choice of gauge played a
critical role in the proofs of Theorems 6 and 7, and remained an open question if this choice of gauge was
essential to establishing big bang stability. If it turned out that it was, then big bang singularities would not
be locally stable.

6Here, the norm ∥ · ∥ should be interpreted as a Hs Sobolev norm on Σ̃ with s > 0 sufficiently large.
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FLRW and Kasner spacetimes. In the conformal picture, the Kasner-scalar field spacetimes are exact
solutions {g = ğ, τ = τ̆} of the conformal Einstein-scalar field equations (3)-(4) on the spacetime manifold
R>0 × Tn−1 that are defined by

ğ = −tr̆0dt⊗ dt+
n−1∑
Λ=1

tr̆ΛdxΛ ⊗ dxΛ and τ̆ = t, (10)

where the (xΛ) are period coordinates on Tn−1 and t = x0 is a time coordinate. The constants r̆µ in the above
expressions are known as the Kasner exponents and are defined by

r̆0 =
1

P̆

√
2(n− 1)

n− 2
− 2(n− 1)

n− 2
and r̆Λ =

1

P̆

√
2(n− 1)

n− 2
q̆Λ − 2

n− 2
, (11)

where 0 < P̆ ≤
√
(n− 2)/(2(n− 1)) and the q̆Λ satisfy the Kasner relations

n−1∑
Λ=1

q̆Λ = 1 and
n−1∑
Λ=1

q̆2Λ = 1− 2P̆ 2.

The physical Kasner metric is defined by ḡµν = t
2

n−2 ğµν and its curvature invariants R̄µνR̄
µν and R̄ = ḡµνR̄µν

are given explicitly by

R̄µνR̄
µν =

(
n− 1

n− 2

)2

t−4n−1
n−2−2r̆0 and R̄ = −n− 1

n− 2
t−2n−1

n−2−r̆0 ,

respectively. It is clear from these formulas that R̄µνR̄
µν and R̄ = ḡµνR̄µν blow-up along the spacelike hyper-

surface {0} × Tn−1, which defines the Kasner big bang singularity.
Kasner spacetimes where the constants qΛ are all the same equal to

q̆Λ =
1

n− 1

coincide with FLRW spacetimes. In this situation, the conformal Kasner-scalar field solution (10) simplifies to

ğ = −dt⊗ dt+ δΛΩdx
Λ ⊗ dxΩ and τ̆ = t. (12)

Kasner big bang stability. For a given t0 > 0, each Kasner-scalar field solution (10) determines a corre-
sponding geometric initial data set

{ğ, K̆,˚̆τ = t0, `̆τ = 1}
on the initial hypersurface

Σ = {t0} × Tn−1.

Definition 5. The big bang singularity of a Kasner-scalar field solution (10) is said to be stable if there exist
constants t0 > 0 and δ > 0 such that for all geometric initial {g, K, τ̊ , τ̀} data satisfying5

∥(g, K, τ̊ , τ̀)− (ğ, K̆, t0, 1)∥ < δ

there exists a (geometrically) unique C2 solution {g, τ} to the conformal Einstein-scalar field equations (3)-(4)
on

M =
⋃

t̃∈(0,t0]

Σt̃

such that the following hold:

(a) Σt̃
∼= Tn−1 for all t̃ ∈ (0, t0] and Σt0 = Σ.

(b) The time function t : M −→ R, defined by t|Σt̃
= t̃, is C1 and extends continuously to the closure of M .

Furthermore, dt is uniformly timelike on M , i.e. there exists a c > 0 such that |dt|2g < c on M .

(c) There exists at least one curvature invariant R̄ (e.g. ḡµνR̄µν , R̄
µνR̄µν , R̄

µναβR̄µναβ , etc.) of the physical

metric ḡ = t
2

n−2 g that is unbounded everywhere along the hypersurface Σ0 = t−1({0}), i.e.
inf
M

(R̄) = ∞.

The stability result [24] of Rodnianski and Speck can now be stated informally as follows.

Theorem 6. For spacetime dimensions n ≥ 4, the big bang singularity of the FLRW-scalar field solution (12)
is stable.

5Here, the norm ∥ · ∥ should be interpreted as a Hs Sobolev norm on Σ with s > 0 sufficiently large.
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Heuristic arguments [2, 3, 10] suggest that the big bang singularity of a Kasner-scalar field solution will
be stable and exhibit AVTD behaviour (i.e. non-oscillatory behaviour near the singularity) if and only if the
constants q̆Λ from the Kasner exponents (11) satisfy the inequality

max
{
q̆Λ + q̆Σ − q̆Γ |Λ,Σ,Γ ∈ {1, 2, . . . , n− 1}, Λ < Σ

}
< 1. (13)

It is worth noting that if this condition is not satisfied, then it is expected that the behaviour of the metric and
matter field near the singularity will be exhibit a chaotic, oscillatory behaviour, known as mixmaster behaviour,
in agreement with the BKL conjecture. The analysis of these spacetimes remains out of reach with current
techniques.

Recently in [12], Rodnianski, Speck and Fournodavlos have generalized the FLRW-stablity result from The-
orem 6 to establish the stability of the big bang singularity of Kasner-scalar field solutions whose Kasner
exponents satisfy (13).

Theorem 7. For spacetime dimensions n ≥ 4, the big bang singularity of a Kasner-scalar field solution (10) is
stable provided its exponents satisfy (13).

Remark 8. More detailed behaviour of the perturbed solutions near their big bang singularities has been derived
in [12, 24]. In particular, the AVTD behaviour of the singularities has been established and blow-up rates for
the curvature near the singularities are computed.

Localized big bang stability. One important question that is not addressed by Theorems 6 and 7 is whether
or not big bang stability is a local property. By a local property, we mean that if the geometric initial data is
changed in a localized region of the initial hypersurface Σ, will this change lead to a corresponding local change
on the singular hypersurface Σ0 = t−1({0}) or will all of Σ0 be affected? One reason to believe that the effects
might be local is that there exist gauges, e.g. wave gauges, that lead to reduced Einstein-scalar field equations
that are a hyperbolic system of PDEs. The hyperbolicity of the reduced equations implies a finite propagation
speed, and consequently, that local changes in the initial data should lead to local changes in the solutions at
later times.

A precise statement of localized big bang stability is as follows.

Definition 9. The big bang singularity of a Kasner-scalar field solution (10) is said to be locally stable, if for

any open, connected set Σ̃ ⊂⊂ Σ, there exist constants t0 > 0 and δ > 0 such that for all geometric initial data
{g, K, τ̊ , τ̀} on Σ̃ satisfying6

∥(g, K, τ̊ , τ̀)− (ğ, K̆, t0, 1)∥ < δ

there exists a (geometrically) unique C2 solution {g, τ} to the conformal Einstein-scalar field equations (3)-(4)
on

M̃ =
⋃

t̃∈(0,t0]

Σ̃t̃

such that the following hold:

(a) Σ̃t̃
∼= Σ̃ for all t̃ ∈ (0, t0] and Σ̃t0 = Σ̃.

(b) The time function t : M̃ −→ R, defined by t|Σ̃t̃
= t̃, is C1 and extends continuously to the closure of M̃ .

Furthermore, dt is uniformly timelike on M̃ , i.e. there exists a c > 0 such that |dt|2g < c on M̃ .

(c) There exists at least one curvature invariant R̄ (e.g. ḡµνR̄µν , R̄
µνR̄µν , R̄

µναβR̄µναβ , etc.) of the physical

metric ḡ = t
2

n−2 g that is unbounded everywhere along the hypersurface Σ̃0 = t−1({0}), i.e.
inf
M̃

(R̄) = ∞.

The main reason that the stability Theorems 6 and 7 do not address the question of local stability is that
they were established using a gauge that lead to a reduced system with an infinite propagation speed. The
infinite propagation speed was introduced into the reduced system through the use of a time function t, known
as a CMC (Constant Mean Curvature) foliation, that is chosen according to

t = − 1

trK

where trK = gΛΓKΛΓ is the mean curvature of the hypersurfaces Σt̃ = t−1{t̃}. This choice of gauge played a
critical role in the proofs of Theorems 6 and 7, and remained an open question if this choice of gauge was
essential to establishing big bang stability. If it turned out that it was, then big bang singularities would not
be locally stable.

6Here, the norm ∥ · ∥ should be interpreted as a Hs Sobolev norm on Σ̃ with s > 0 sufficiently large.
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In the article [6], my collaborator Florian Beyer and I revisited the big bang stability question using a wave
gauge and a different time function that led to a reduced system with a finite propagation speed. Using this new
reduction, we were able to prove a localized version of the Rodnianski-Speck FLRW big bang stability theorem,
Theorem 6.

Theorem 10. For the spacetime dimensions n ≥ 3, the big bang singularity of the FLRW-scalar field solution
(12) is locally stable.

Florian and I are currently investigating the possibility of establishing a localized version of the Fournodavlos-
Rodnianski-Speck Kasner big bang stability theorem, Theorem 7.

Plan for the talk. I will begin the talk by introducing the FLRW and Kasner solutions of the Einstein-scalar
field equations, which are exact, spatially homogeneous solutions that play a distinguished role in the analysis
of big bang singularities. After briefly providing context for the FLRW and Kasner solutions in the historical
development of the field of cosmology, I will define what it means for a FLRW/Kasner big bang singularity to be
stable. With this notion in hand, I will then discuss in some detail the recent influential FLRW and Kasner big
bang stability proofs of Rodnianski-Speck and Fournodavlos-Rodnianski-Speck. Once aspect of these stability
results that I will pay particular attention to is their global nature. To conclude the talk, I will discuss some
recent work done in collaboration with Florian Beyer where we improve the Rodnianski-Speck FLRW big bang
stability result by establishing that the FRLW big bang is locally stable, which is a significantly stronger notion
of stability with important physical consequences that I will briefly discuss. I will make an effort to identify
the essential role that PDE techniques play in our localized FLRW big bang stability result. Time permitting,
I will also briefly discuss open questions and future directions for research.
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Small energy stabilization of 1D Klein-Gordon equation

with potential

Masaya Maeda

June 10, 2022

1 Introduction and main theorem

In this talk, we will discuss a partial extension of the result of Bambusi-Cuccagna [1] (which is a
generalization of the result by Soffer-Weinstein [11]) to a one dimensional setting. The equation
which we will be studying is the nonlinear Klein-Gordon equation (NLKG) with potential in one
dimension:

∂2
t u+ L1u+ f(u), u : R× R → R, (1.1)

where

L1 = −∂2
x + V +m,

the potential V is a Schwartz function and f is a smooth function with f(0) = f ′(0) = 0.
We will assume that the Schrödinger operator L1 has N eigenvalues

(0 <)λ2
1 < · · · < λ2

N (< m2).

Notice that by the eigenvalues, corresponding linear Klein-Gordon equation will have periodic or
quasi-periodic solutions with the form

N∑
j=1

aj cos(λjt+ θj)ϕj ,

where ϕj are the eigenfunction of L1 associated to λ2
j . However, for the nonlinear problem with

small initial data we can show that there are no such solutions.

Theorem 1.1 (Cuccagna-M.-Scrobogna, in preparation). Under several assumptions (exponential
decay of V , nonlinear Fermi Golden Rule condition, repulsivity of the potential after Darboux trans-
form etc.), there exists δ0 > 0 s.t. if ∥(u0, u1)∥H1×L2 < δ0, then for any R > 0, we have

lim
t→∞

∥(u(t), ∂tu(t))∥H1×L2(−R,R) = 0,

where u is the solution of (1.1) with (u(0), ∂tu(0)) = (u0, u1).

Remark 1.2. The Fermi Golden Rule assumption is given in Assumption 2.2 below.
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2.1 1st virial estimate

We will consider the norms

∥η∥ΣA
:=

∥∥∥∥exp
(
2

A
|x|

)
η′1

∥∥∥∥
L2

+A−1

∥∥∥∥exp
(
2

A
|x|

)
η

∥∥∥∥
L2

and

∥η∥L2
−κ

:= ∥exp (κ|x|)η∥L2 ,

where A ≫ 1 will be chosen after all the estimates are done.
We fix an even function χ ∈ C∞

0 (R, [0, 1]) satisfying

1[−1,1] ≤ χ ≤ 1[−2,2] and xχ′(x) ≤ 0

and we set

χA := χ(·/A). (2.2)

For the above χ, we set

ζA(x) := exp

(
−|x|

A
(1− χ(x))

)
,

φA(x) :=

∫ x

0

ζ2A(y) dy and

SA :=
1

2
φ′
A + φA∂x.

We will consider the virial functional

I1st :=
1

2

((
0 −1
1 0

)
η, SAη

)
,

Differentiating I1st by time, we will obtain the following estimate:

Lemma 2.1. We have

∥ exp
(
2

A
|x|

)
η′1∥2L2 +A−2∥ exp

(
2

A
|x|

)
η1∥2L2

≲ −İ1st,1 +A2δ∥η∥2ΣA
+ ∥η∥2L2

−κ
+

∑
m∈Rm

|zm|2.

Lemma 2.1 provides an estimate for the ΣA norm. ΣA norm cannot control the local norm L2
−κ

so for the estimate for this norm, we will need another virial estimate (2nd virial estimate).
From 2.1 and similar estimate coming from another virial functional, we have

∥η∥L2(I,ΣA) ≲ δ + ∥η∥L2(I,L2
−κ)

+
∑

m∈Rm

∥zm∥L2 .

2.2 Fermi Golden Rule estimate

To explain the Fermi Golden Rule estimate, we restrict our attention to the case N = 1. We set
M ≥ 2 so that Mλ1 > m > (M − 1)λ1 (we will assume nλ1 ̸= m for m ∈ N ). In this situation, we
can construct an approximate periodic solution ϕ[z] of (1.1) (which is the refined profile) satisfying

Dϕ[z]z̃ =

(
0 1
−1 0

)((
L1 0
0 1

)
+

(
f(ϕ1[z])

0

)
+ (zN + zN )G+R[z]

)
, (2.3)

3

By Theorem 1.1, even thought small solutions behave like linear solution for long time, one see
that the asymptotic behavior of the nonlinear solutions is completely different. Such phenomena
was first studied by Sigal [10], who showed that there are no periodic (in time) solution exists in
some sense. The dynamical result, which is to show that all solutions locally decay and therefore
no periodic solution can exists, was first given by Soffer-Weinstein [11]. The result of Sigal and
Soffer-Weinstein were rather restricted in the sense they were considering only the case N = 1 and
m < 2λ1. For general spectral configuration, Bambusi-Cuccagna [1] proved Theorem 1.1 for the
3 dimensional case. In their work, the remainder is proved to scatter. For related works and the
development in this field, we refer [2] and reference therein.

The difficulty in the one dimensional problem lie in the fact that the remainder is not expected
to scatter. That is, for example if f(u) = up with p = 2 or 3, it is a long range nonlinearity and
one do not expect that the remainder behaves as a free wave. Thus, the strategy used in the 3
dimensional case, which is to use Strichartz estimate, seems to be hopeless.

Instead of relying on Strichartz estimate, for the proof of Theorem 1.1, we use virial estimate
following the works by Kowalzyck-Martel-Munoz(-Van den Bosch) [5, 6, 7, 8, 9] combined with the
notion of refined profile developed for the study of solitons of nonlinear Schrödigner equations having
many internal modes [3, 4].

2 Strategy of the proof of Theorem 1.1

In the following, we write
u = (u, ∂tu).

As usual for asymptotic stability problems, we introduce a coordinate in the H1 ×L2 neighborhood
of the origin such as

u = ϕ[z] + η,

where z ∈ CN and η ∈ H1 × L2 satisfies some orthogonality condition. The function ϕ[z] is the
refined profile which is like a linear combination of periodic solutions

ϕ[z] ∼
N∑
j=1

(
zjϕj + zjϕj

)
,

where ϕj = (ϕj , iλjϕj) but with higher order corrections to encode the nonlinear interaction.
By such coordinate, the problem is to estimate z and η. The main estimate will be as follows:

∑

(m1,··· ,mN )∈NN

≤λ
−1
1 (m+1)+1

,

∑N
j=1 λjmj>m

∥zm1
1 · · · zmN

N ∥L2(R) + ∥e−κ|x|η∥L2(R,H1×L2) ≤ C∥(u0, u1)∥H1×L2 , (2.1)

where κ and C are some constants.
To obtain (2.1), we need three estimates, which are

1. The 1st virial estimate,

2. The 2nd virial estimate,

3. The Fermi Golden Rule estimate.

Here, we will only explain the 1st viral estimate and the Fermi Golden Rule estimate. In the
following, we will express the 1st term of (2.1) as

∑
m∈Rm

∥zm∥L2(R).

2
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where

Dϕ[z]z̃ =
d

dϵ

∣∣∣∣
ϵ=0

ϕ[z + ϵz̃],

and z̃ and R[z] satisfies
|z̃ −Mλ1z| ≲ |z|2

and
∥ea⟨x⟩R[z]∥H1 ≲ |z|M+1

for some a > 0.
Using (2.3), we can explicitly state the Fermi Golden Rule assumption as follows.

Assumption 2.2 (Fermi Golden Rule). There exists a bounded solution g of

(
0 1

−L1 0

)
gm = iMλ1gm

s.t.

⟨G,g⟩ = γ ̸= 0.

Remark 2.3. By replacing g to −g if necessary, we can assume γ > 0.

As the virial estimate, we consider the following functional.

JFGR := Ω(η, χA(z
M + zM )g),

where χA is given in (2.2).
Computing the time derivative of JFGR, we have the following estimate.

Lemma 2.4. We have
∣∣∣J̇FGR −

〈(
zM + zM

)
G,

(
zM + zM

)
g
〉∣∣∣ ≲ A−1/2

(
|zM |2 + ∥η∥2ΣA

)
.

Since the nonresonant terms like z2M can be ignored, from Lemma 2.4, we obtain the estimate:
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.
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d

dϵ

∣∣∣∣
ϵ=0

ϕ[z + ϵz̃],

and z̃ and R[z] satisfies
|z̃ −Mλ1z| ≲ |z|2

and
∥ea⟨x⟩R[z]∥H1 ≲ |z|M+1

for some a > 0.
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⟨G,g⟩ = γ ̸= 0.
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