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ABSTRACT 

Background: Fluorescence live cell imaging is useful for monitoring the localization and 

distribution of fluorescently labeled molecules in cells. However, monitoring the concentration and 

oligomeric state of these molecules is difficult. The concentration of molecules is strongly associated 

with the advancement of chemical reactions in cells, and these reactions regulate cellular functions. 

Furthermore, some proteins form oligomers during cell signaling, changing their oligomeric state. 

Thus, quantifying the concentration and oligomeric state would yield valuable information about the 

regulations and functions of cells. In this study, we have developed statistical methods for 

quantifying the concentration and oligomeric state of fluorescently labeled molecules in cells.  

 

Problem and Solutions: Number and Brightness (N&B) analysis statistically determines the 

number and brightness of particles, which reflect the concentration and oligomeric state, respectively. 

N&B analysis is used to analyze the temporal fluctuation of fluorescence images obtained using 

confocal laser scanning microscopy (CLSM). However, because of low excitation and a limited 

number of images, the statistical accuracy and precision of this analysis are limited in actual 

experiments with fluorescent proteins. In one of our methods, we applied maximum a posteriori 

(MAP) estimation, along with the empirical Bayes (EB) method (referred to as EB−MAP). In 

EB−MAP, we constructed a statistical model for effectively using spatial information. We assumed 

that the number of particles at a pixel and that at the surrounding pixels are similar. The assumption 

of the similarity would be realistic because of the diffraction limit and overlap of confocal volume 

during sampling.  

 

Results: We conducted simulations and experiments and compared results to evaluate the accuracy 

and precision of EB−MAP. The results showed that the precision of EB−MAP was greater by an 

order of magnitude in terms of the number of particles and 1.5 times higher in terms of the 

brightness of particles than conventional N&B analysis. 

 

Conclusion: We have developed methods for monitoring the concentration and oligomeric state of 

fluorescently labeled molecules in cells. We have demonstrated that the developed methods are 

feasible and achieve high accuracy and precision. Our methods have a wide range of applications in 

the field of fluorescence live cell imaging. Furthermore, these methods would contribute to the 

understanding of the dynamic processes in protein oligomerization in cells. 
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Chapter 1  

General Introduction 

1.1 Why Quantifying Concentration in Living Cells Is Required 

In living cells, various chemical reactions occur through the interaction between molecules, 

maintaining cell activities. Characterizing chemical reactions in cells would contribute to the 

understanding of regulation in cell activities. Quantifying the concentrations of reactants and 

products during the chemical equilibrium of a chemical reaction characterizes the chemical reaction 

using an equilibrium constant. The equilibrium constant is a numerical value that depends on the 

temperature and chemical species of a reaction rather than the concentration. A high equilibrium 

constant indicates that a reaction proceeds smoothly and produces more products. Quantifying the 

concentration and equilibrium constant reveals how much a chemical reaction is downregulated or 

upregulated. Although the equilibrium constant can be quantified through experiments in a mixed 

solution (in vitro experiment), experiments in living cells (in vivo experiment) would yield more 

detailed information. This is because of competitive inhibition and macromolecular crowding. 

During competitive inhibition of a chemical reaction in living cells, other chemical species of 

interest may interrupt the reaction, reducing the equilibrium constant of the reaction. 

Macromolecular crowding increases the effective concentration locally because of the excluded 

volume effect. Therefore, quantifying the concentration in living cells is required. Moreover, the 

spatial distribution of concentration should be obtained. This is because the cell environment is 

spatially heterogeneous. Cells have many organelles partitioned by membranes, and organelles make 

the environment spatially heterogeneous. Macromolecular crowding also contributes to 

heterogeneity. 

 

1.2 Quantifying Concentration Using Fluorescence Live Cell Imaging 

Fluorescence live cell imaging is a highly sensitive tool for detecting fluorescently labeled molecules 

in living cells, and it is useful for monitoring the dynamic changes of these molecules in localization 

and distribution. Fluorescence microscopy quantifies the fluorescence emitted in measurement 

volume as fluorescence intensity. Absolute quantification of concentration could be achieved by 

single-molecule imaging. Single-molecule imaging can be conducted by reducing the number of 

fluorescent particles below one in the local illuminated field. In fluorescence imaging, diffraction 

limits a microscope from imaging the light emitted from a point light source; two neighboring point 

light sources could not be distinguished. However, the number of particles is countable if the number 
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of fluorescent particles below one in the local illuminated field. Typical methods for reducing the 

illuminated field are total internal reflection fluorescence microscopy and stimulated emission 

depletion microscopy. Absolute quantification of concentration would be difficult for measurements 

with high particle density. 

In measurements with high particle density, fluorescence intensity is a relative quantification of 

concentration if the brightness of a fluorescent particle is the same for all particles. The brightness of 

a fluorescent particle depends on four factors: (A) measuring equipment, (B) measurement 

conditions, (C) photophysical properties of a fluorescent molecule, and (D) oligomeric state. First, a 

fluorescence microscope consists of several optical elements: objective lenses, dichroic mirrors, 

emission filters, and light detectors. Second, in measurements via CLSM, typical measurement 

conditions are excitation wavelength and power, pinhole position and size, sampling time for a pixel 

(pixel dwell time), and detector gain. Third, the photophysical properties are the excitation and 

emission spectrum, molar absorption coefficient, fluorescence quantum yield, and possible energy 

state. Fourth, in the dimerization of two fluorescently labeled monomers into a dimer, a dimer carries 

two fluorescent molecules; thus, the brightness of a single particle is twice that of a monomer. If it is 

uncertain that the above four factors are the same, the relative comparison of concentration will fail. 

However, the concentration and brightness of a single particle can be estimated by analyzing the 

fluctuation in fluorescence intensity. Especially, this estimation is useful to understand the 

oligomeric state of proteins in living cells. Through experiments, the first three factors are 

commonly known, but the fourth factor is unknown for oligomer-forming proteins.  

Fluorescence fluctuation spectroscopy (FFS) (1–3) is a general term for methods that analyze the 

temporal and spatial fluctuations in fluorescence intensity. Fluorescence correlation spectroscopy 

(FCS) (4) is a well-known method. FCS analyzes temporally correlated fluctuations that originated 

from diffusing particles, and FCS can obtain concentration, oligomeric state, and rate of diffusion. 

Typically, FCS is implemented with CLSM. FCS is applied to a single-spot measurement, and 

spatial distribution information is not obtained. Another method for providing spatial distribution 

information that is implemented with CLSM is number and brightness (N&B) analysis (5). 

N&B analysis is a statistical analysis for analyzing temporally independent fluctuations in 

photon-counting images, and N&B analysis provides two-dimensional images reflecting the 

concentration and brightness of a single particle. In N&B analysis, CLSM successively counts 

photons while sampling and records the counts as an image. Iterative scanning for an image 

produces an image series. The statistical analysis is based on the method of moments (MoM) 

approach for pixels at the same position in the image series; temporal fluctuation affects results at a 

pixel position, but spatial fluctuations do not affect results. N&B analysis is more advantageous for 

monitoring the spatial distribution in living cells than FCS. 

 



1.3. Monitoring Oligomeric State by N&B Analysis 

3 

 

1.3 Monitoring Oligomeric State by N&B Analysis 

As a possible application of N&B analysis, the oligomeric state of proteins can be monitored. In 

signal transduction in cells, some receptor proteins assemble as oligomers via specific ligand 

stimulation and trigger downstream cellular functions. For example, a glucocorticoid receptor (GR) 

(6–8) is a possible target. GRs are nuclear receptors and localize in the cytoplasm as monomers 

before ligand stimulation. The stimulation activates GRs, and GRs translocate into the nucleus. 

Dimerized GRs bind to glucocorticoid response elements in the nucleus and act as transcriptional 

factors. In the downstream, metabolic pathways and anti-inflammatory responses are regulated. In 

GRs, the dynamic change of concentration and oligomeric state is related to the cellular response. 

Effective characterization of the oligomeric state can improve the understanding of response 

regulation in living cells. 

 

1.4 Basic Theory for N&B Analysis 

I describe a basic theory for estimation based on the MoM approach. The moments of a probability 

distribution are characteristic values of the probability distribution; the 𝑛-th raw moment for 

discrete probability distribution 𝑃(𝑋) is defined by an expectation of random variable 𝑋 to the 

𝑛-th power as follows: 

 

𝐸[𝑋𝑛] ≔ ∑𝑋𝑛𝑃(𝑋)

∞

𝑋=0

. (1.1) 

 

In observing temporal fluctuations for photon counting, We make the following assumptions: (a) the 

number of fluorescent diffusing particles in a measurement volume during a sampling time does not 

change; (b) the number fluctuation of the particles follows a Poisson distribution; (c) photon 

emission fluctuation from a single particle and photoelectron cascade fluctuation in a light detector 

follow a Poisson distribution. Assumption (a) would be validated if the sampling time is sufficiently 

short compared with the residence time of diffusing particles in the measurement volume. 

Assumption (b) would be validated if the measurement volume is significantly smaller than the 

volume at which particles can diffuse freely. Poisson distribution is a model for rare events; the 

observation of particles would be rare if the above condition is satisfied. In an experiment 

implemented using CLSM for diffusing particles in a HeLa cell, the measurement volume is 

approximately 0.2 fL, and the volume of a HeLa cell is 3700 ± 1500 fL; approximately, the 

assumption would be validated. Under these assumptions, the probability distribution for observing 

𝑋 photons is given by a Neyman type A distribution as follows:  
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Ney(𝑋|𝜈, 𝜀) ≔ ∑Poi(𝑋|𝜀𝑍)Poi(𝑍|𝜈)

∞

𝑍=0

, (1.2) 

 

where Poi(𝑍|𝜈) is a Poisson distribution given as follows:  

 

Poi(𝑍|𝜈) ≔
𝜈𝑍

𝑍!
exp(−𝜈), (1.3) 

 

where 𝜈 denotes the particle number, temporal mean of the number of particles in the measurement 

volume; 𝑍 represents a realized outcome of the Poisson distribution; and 𝜀 denotes the particle 

brightness, temporal mean of the number of photons emitted from a single particle. The 

probability-generating function of Neyman type A distribution is given as follows: 

 

𝐺(𝑧) ≔ ∑ 𝑧𝑋
∞

𝑋=0

𝑃(𝑋) 

= exp[𝜈{exp[𝜀(𝑧 − 1)] − 1}]. 

(1.4) 

 

The 𝑖-th order derivative of the probability-generating function with respect to 𝑧 is given as 

follows from mathematical induction (𝑖 ≥ 1):  

 

𝜕𝑖𝐺

𝜕𝑧𝑖
(𝑧) =∑(

𝑖 − 1
𝑗

) 𝜈(𝜀)𝑖−𝑗 exp[𝜀(𝑧 − 1)]
𝜕𝑗𝐺

𝜕𝑧𝑗
(𝑧)

𝑖−1

𝑗=0

. (1.5) 

 

Substituting 𝑧 = 1  into the definition of the probability-generating function yields factorial 

moments as follows: 

 

𝜕𝑖𝐺

𝜕𝑧𝑖
(1) = 𝐸[𝑋(𝑋 − 1)(𝑋 − 2)… (𝑋 − 𝑖 + 1)]. (1.6) 

 

Substituting 𝑧 = 1 and Eq. 1.6 into Eq. 1.5 produces factorial moments recursively. The first and 

second factorial moments are given as follows:  

 

𝐸[𝑋] = 𝜈𝜀, (1.7) 

𝐸[𝑋(𝑋 − 1)] = 𝜈𝜀2 + 𝜈2𝜀2. (1.8) 
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Solving Eqs. 1.7 and 1.8 for 𝜈 and 𝜀 yields 

 

𝜈 =
𝐸[𝑋]2

𝐸[𝑋2] − 𝐸[𝑋]2 − 𝐸[𝑋]
, (1.9) 

𝜀 =
𝐸[𝑋2]

𝐸[𝑋]
− 𝐸[𝑋] − 1. (1.10) 

 

The raw moments cannot be obtained experimentally, but they can be approximated through 

independent observations. Let us define an imaging duration as the period between the current 

sampling and the next sampling at a pixel position. Independent observations are possible if the 

imaging duration is sufficiently longer than the residence time of particles in the measurement 

volume. For sufficiently large 𝑀  time-independent observations, the raw moments are 

approximated as follows, from the law of large numbers:  

 

𝐸[𝑋] ≈
1

𝑀
∑ 𝑥𝑚

𝑀

𝑚=1

, (1.11) 

𝐸[𝑋2] ≈
1

𝑀
∑ 𝑥𝑚

2

𝑀

𝑚=1

, (1.12) 

 

where 𝑥𝑚 is 𝑚-th observed outcome for 𝑋 (𝑚 = 1, 2,… ,𝑀). Therefore, the estimator for 𝜈 and 

𝜀 are given as follows, with �̅� ≔
1

𝑀
∑ 𝑥𝑚
𝑀
𝑚=1  and 𝑥2̅̅ ̅ ≔

1

𝑀
∑ 𝑥𝑚

2𝑀
𝑚=1 :  

 

𝜈 =
�̅�2

𝑥2̅̅ ̅ − �̅�2 − �̅�
, (1.13) 

𝜀 =
𝑥2̅̅ ̅

�̅�
− �̅� − 1. (1.14) 

 

For sufficiently large 𝑀, the standard deviation of �̅� and 𝑥2̅̅ ̅ is proportional to 1/√𝑀 from the 

central limit theorem. 
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Chapter 2  

Problems in N&B Analysis  

and Solutions Provided by This Research 

2.1 Organization of the Doctoral Dissertation 

In N&B analysis, in 1990, Qian and Elson (1) reported a basic theory that applies to N&B analysis, 

and in 2008, Digman et al. (2) demonstrated the performance of N&B analysis implemented with 

laser scanning microscopy. N&B analysis could be used to monitor concentration and oligomeric 

state in living cells. However, in a practical experiment with fluorescent proteins, the conventional 

method estimates the particle number and particle brightness with low accuracy and precision. 

Therefore, we have developed methods for estimating these parameters accurately and precisely.  

In Chapter 3, we describe the required conditions for quantitative N&B analysis. A sampling time 

and an imaging duration (lag time in Chapter 3) are needed for optimization during fluorescence 

image acquisition. Moreover, in fluorescence measurements, different possible light sources distort 

the estimated results. Additional fluorescence intensity and fluctuation that are not assumed in the 

theory result in a biased estimation. Possible light sources are background intensity, intensity drift by 

organelles, photobleaching, and dead time of a light detector. We describe how to minimize the 

effect of these sources. Furthermore, we evaluated the influence of the number of images on the 

particle brightness. To the best of our knowledge, the effect of the number of images on analysis has 

not been evaluated, and the decision is left to the discretion of analysts. The evaluation indicated that 

the particle brightness is underestimated in analysis with a small number of images and low 

fluorescence intensity. 

In Chapter 4, we describe a simple method for reducing the dead time effect of a light detector. 

We refer to the method as two-detector number and brightness (TD−N&B) analysis. Dead time is a 

nonideal property of a photon detector that causes loss of photon count. Underestimation of the 

particle brightness has been reported (3, 4). TD−N&B analysis based on the MoM approach is 

similar to the conventional method, but its estimation is less biased than the conventional method. 

TD−N&B analysis is implemented with the following three steps: (i) splitting fluorescent light with 

a half mirror, (ii) detection with double light detectors, and (iii) covariance estimation for double 

fluorescence signals. We demonstrated the performance of the method via experiments with EGFP 

solution, EGFP tandem oligomers in lysates, and those in cells. Additionally, we applied the method 

to monitor the oligomerization state of GRs. 

In Chapter 5, we describe a method based on maximum likelihood (ML) estimation and 
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maximum a posteriori (MAP) estimation, along with the empirical Bayes (EB) method, instead of 

the MoM approach. We refer to the methods as ML−N&B and EB−MAP−N&B analysis. In the 

conventional method and TD−N&B analysis, the estimated number and brightness of particles are 

sometimes negative, which reduces accuracy and precision. ML does not produce negative values for 

the particle number and particle brightness. Additionally, ML uses information for higher moments, 

whereas the MoM approach uses information for the first and second moments. Thus, we expected 

that ML will improve accuracy and precision. However, ML occasionally estimated the particle 

number as infinity and the particle brightness as 0. This result suggests that temporal information 

about images is insufficient for determining the parameters as a point estimate. To avoid such 

estimations, we used spatial information about images by applying MAP estimation and the EB 

method. In EB−MAP−N&B analysis, we assumed that the particle number at a pixel and that at the 

surrounding pixels are similar. Because of the diffraction limit and overlap of a measurement volume 

during samplings, the assumption of similarity would be reasonable. The EB method predicts the 

particle number at the center pixel using the information in the surrounding pixels, and MAP 

estimates the particle number and particle brightness based on the prediction. Furthermore, we 

derived an equation for correcting the dead time effect, which is useful in ML and MAP estimation. 

Bédard reported the probability distribution for dead time-affected photon count, but the correction 

with the distribution is not useful in numerical estimation. This is because the probability 

distribution has an incomplete gamma function and requires numerical integration. In the derived 

equation, the probability distribution for deadtime-affected photon count is simply represented by a 

linear combination. We demonstrated the performance of EB−MAP−N&B analysis by experiments 

with EGFP solution and EGFP tandem oligomers in cells. 

 

2.2 References 
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Chapter 3  

Prerequisites for Quantitative N&B Analysis 

3.1 Abstract 

Number and brightness (N&B) analysis helps to visualize protein oligomer and its localization in a 

living cell. N&B analysis provides apparent brightness, which reflects the oligomeric state of a 

fluorescently labeled protein, by analyzing the temporal intensity fluctuation at each pixel. N&B 

analysis is useful in understanding the dynamic oligomerization in signal transduction and 

neurodegenerative diseases. Furthermore, it also helps in gaining useful insights regarding the 

controlling mechanisms in protein function. In this article, we describe the basic theory and notations 

of N&B analysis implemented with confocal laser scanning microscopy for quantitative analyses.  

 

3.2 Introduction 

3.2.1 Protein Oligomer 

Brightness analysis (Macdonald et al. 2013) is used to monitor the protein oligomers in a living cell. 

The protein oligomers can be found in signal transduction and neurodegenerative diseases. In signal 

transduction, some receptor proteins assemble as oligomer by specific ligands stimulation and trigger 

the downstream cellular functions. Several researchers have reported that protein oligomerization and 

aggregation are related to neurodegenerative diseases (Kitamura and Kinjo 2018) (Fang et al. 2014). 

An effective characterization of the oligomeric state can enhance the understanding of protein 

functions in living cells. Oligomerization is a dynamic and transient state change, and it demonstrates 

spatial heterogeneity in a living cell. A technique focused on identifying this spatiotemporal 

heterogeneity of the oligomeric state is required for accurate understanding. In this chapter, we 

introduce number and brightness (N&B) analysis method based on fluorescence fluctuation 

spectroscopy (FFS). N&B method can provide a way to characterize the oligomeric state in a living 

cell. 

 

3.2.2 Fluorescence Fluctuation Spectroscopy (FFS) 

Brightness analysis can be performed by fluorescence microscopy coupled with fluorescence 

fluctuation spectroscopy (FFS) (Youker and Teng 2014). Fluorescence microscopy is utilized to 

monitor the spatial localization and temporal changes in a fluorescently labeled molecule. Objective 

lens of the microscope creates an open measurement volume (Fig. 1A) through which the labeled 

molecules diffuses (Fig. 1B). When these molecules are passing through the measurement volume, the 
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number of photons is counted within a sampling time (Fig. 1C). The intensity of the recorded photon 

count signal fluctuates in time and space. FFS is used to analyze this fluctuations, which can help in 

determining the parameters describing concentration, oligomeric state, or diffusion coefficient etc. 

Elson and Magde demonstrated FFS for the first time in 1974; they referred it to as fluorescence 

correlation spectroscopy (FCS) (Elson and Magde 1974). FCS involves the analysis of fluorescence 

signal by using an autocorrelation function, which provides information about the brightness and the 

diffusion time. Here, brightness stands for the emitted photon count from a single particle (counts per 

particle (CPP) or counts per molecule (CPM)), and the diffusion time implies characteristic residence 

time in measurement volume. Both these parameters can be used to detect oligomerization. However, 

Fig. 1. Fluorescence fluctuation measurement using a confocal fluorescence microscope. (A) Objective lens 

creates an open measurement volume by excitation light (light blue). The dark blue ellipse is the measurement 

volume (confocal region). (B) Diffusion of fluorescent proteins (green cylinder) through the measurement volume. 

The red arrows indicate the direction of the diffusion. (C) Fluorescence intensity, i.e., the intensity of the photons 

emitted by the diffused proteins.  
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FCS is a single-spot measurement, and it is difficult to monitor changes as a two-dimensional image 

even though multiple point measurement are performed (Krmpot et al. 2015) (Yamamoto et al. 2018). 

In addition, diffusion time analysis of FCS is not sensitive enough to distinguish a small change in the 

oligomerization, e.g., monomer to dimer conversion. Here, we assume that monomer and dimer are 

spheres with molecular weights of 𝑀𝑤 and 2𝑀𝑤, respectively. Considering the diffusion time of the 

monomer to be 𝜏𝐷, Stokes-Einstein relation implies that the diffusion time of dimer is √2
3

𝜏𝐷. It is 

difficult to detect this small ratio in FCS to distinguish monomer and dimers (Meseth et al. 1999). In 

contrast, brightness analysis can help to distinguish a small change in the oligomerization compared 

to diffusion time.  

 

3.2.3 Brightness Analysis 

Brightness analysis is based on a general assumption that the recorded photon count is a random 

variable following the product of two Poisson distribution (Qian and Elson 1990a). The first Poisson 

distribution originates from the number fluctuation of diffusing particles in a measurement volume. 

The second distribution originates from photon emission fluctuation from a single particle and 

photoelectron cascade fluctuation in the detector. For one-component system, brightness (details are 

Fig. 2. Reflection of oligomeric state by brightness. Brightness analysis of a fluorescent protein (green cylinder), 

fluorescently labeled two monomers (blue circle), and dimerized protein. This brightness is the fluorescence 

intensity from a single particle. If a fluorescent protein has an intensity of 𝑋, the measured fluorescence intensities 

for the monomer and the dimer are 2𝑋  and 2𝑋 , respectively. The particle number becomes half by the 

dimerization. The dimer carries two fluorescent proteins. Therefore, the brightness of the dimer is two times higher. 
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provided in Sec. 2) analysis can help to characterize the oligomeric state. We consider the brightness 

analysis for one-component system containing fluorescent protein, fluorescently labeled monomer, 

and dimer, respectively, as shown in Fig. 2. If the fluorescence intensity for monomers and a dimer is 

same (2𝑋 and 2𝑋, respectively), the particle number for the dimer is a half of monomers. The dimer 

carries two fluorescent proteins; therefore, dimeric brightness is two times higher than monomeric 

brightness (𝐵 for monomer, 2𝐵 for dimer). The brightness of monomer normalized by brightness of 

fluorescent protein can give normalized brightness of 1, and that of dimer gives normalized brightness 

of 2. The ratio of the normalized brightness is larger than that of the diffusion time for monomer and 

dimer.  

 

3.2.4 Introduction for Number and Brightness Analysis 

Number and brightness (N&B) analysis (Digman et al. 2008)(Nolan et al. 2017b) can help to 

investigate the temporal fluctuations in fluorescence image series. It determines the apparent 

brightness across the whole image and generates a brightness map with pixel resolution. In contrast to 

FCS, it does not provide information about the characteristic residence time in the measurement 

volume. N&B analysis can help to resolve spatially heterogeneous oligomer distribution. It cannot 

resolve mixture of different brightness in same pixel (details are provided in Sec, 2). An advantage of 

this technique as compared to other analysis methods is that N&B analysis can be applied to fast-

diffusing molecules, such as soluble proteins in a living cell. In Imaging FCS, the applicability is 

limited to slow-diffusing molecules, such as membrane binding protein (details are provided in Sec. 

4).  

N&B analysis has been used in various research areas including oligomeric receptors and 

aggregation forming proteins. Zamai et al. revealed that fibroblast growth factor-2 (FGF2) and neural 

cell adhesion molecule (NCAM) form dynamic and transient oligomer at cell membrane (Zamai et al. 

2019). Ojosnegros et al. applied N&B analysis to demonstrate clustering models of Eph receptors 

(Ojosnegros et al. 2017) (Cutrale et al. 2019), and proposed a polymerization-condensation model. 

Ossato et al. monitored inclusion formation in huntingtin peptide (Ossato et al. 2010). Monitoring of 

protein transition into an oligomer is of paramount importance. As mentioned before, FCS fails to 

monitor the oligomerization because it is single-spot measurement. Therefore, N&B analysis could 

serve as a better way to monitor the oligomerization and its localization over time in a living cell.  

 

3.2.5 Organization of the article 

Section 3.3 of this article describes the basic theory of N&B analysis along with an investigation of 

various parameters. Section 3.4 describes the notations used in N&B analysis implemented with 

confocal laser scanning microscopy. Apparent brightness is prone to be a biased parameter. Various 
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factors, such as sampling time, additional intensity and fluctuations, frame number, and non-

fluorescent state of labeled protein can lead to this bias. We have also derived equations to evaluate 

the influence on apparent brightness under a low frame number. Section 3.5 provides the comparison 

of N&B analysis and other FFS techniques. 

 

3.3 Number and Brightness (N&B) Analysis 

The basic theory of N&B analysis was first proposed in 1990 (Qian and Elson 1990a) (Qian and Elson 

1990b) and it was demonstrated in a living cell in 2008 (Digman et al. 2008). N&B analysis estimates 

the apparent brightness and apparent number from the fluctuations in photon count. The analysis is 

conducted on every pixel of a fluorescence image and it produces an apparent brightness map with 

single pixel resolution. Digman et al. performed N&B analysis on fluorescence image series using a 

confocal laser scanning microscope (CLSM) equipped with two-photon excitation measurement and 

a photomultiplier tube (Digman et al. 2008). It was also demonstrated that it is possible to use images 

obtained from a detector operating in analog mode (Dalal et al. 2008) and total internal reflection 

fluorescence microscopy equipped with an electron-multiplied charge-coupled device (EMCCD) 

(Unruh and Gratton 2008). 

We assume that the measurement sample is a freely diffusing fluorescent particle and measure the 

photon counts with a sampling time (pixel time) equal to 𝑇sampling [s], and collect m images. Let 𝑋𝑖 

(𝑖 = 1, 2, 3, … , 𝑚) be the number of photon counts in the ith image at a pixel. We define estimators as 

the ratio of factorial cumulants, and it can be written by sample raw moments as following: (Müller 

2004):  

 

𝐵 ≔
𝜅[2]

𝜅[1]
=

𝑋2 − 𝑋
2

− 𝑋

𝑋
, (1) 

𝑁 ≔
𝜅[1]

2

𝜅[2]
=

𝑋
2

𝑋2 − 𝑋
2

− 𝑋
, (2) 

 

where, 𝐵 and 𝑁 are the apparent brightness and apparent number, respectively. 𝜅[1] and 𝜅[2] are 

first and second order factorial cumulant, respectively. 𝑋 is sample mean (Eq. S1.1), and 𝑋2 − 𝑋
2
 

is sample variance (Eq. S1.2). The estimation of apparent brightness has been reported in various 

articles; however, information about apparent number and quantitative comparison is scarce. To our 

knowledge, apparent number has low precision and exhibits outliers in their map compared to apparent 

brightness. 

The estimators can be expressed as function of particle brightness 𝜀 and particle number 𝑛,  
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𝐵 =
𝛾2 ∑ 𝜀𝑙

2𝑛𝑙
𝑐
𝑙=1

∑ 𝜀𝑙𝑛𝑙
𝑐
𝑙=1

, (3) 

𝑁 =
(∑ 𝜀𝑙𝑛𝑙

𝑐
𝑙=1 )2

𝛾2 ∑ 𝜀𝑙
2𝑛𝑙

𝑐
𝑙=1

, (4) 

 

where, particle brightness (or molecular brightness) is the average photon count emitted from a single 

particle in sampling time, 𝜀𝑙/𝑇sampling is particle brightness in Hz [Hz/particle], particle number 𝑛𝑙 

is the average number of particle in measurement volume, the subscript 𝑙 represents lth component, 

and 𝛾2  is the 𝛾 -factor ,  which is a constant that depends on the shape of point spread function 

(Thompson 1991)(Chen et al. 1999) (Eq. S2.14). 

If we assume that the measurement system is composed of a single component (𝑐 = 1), estimators 

𝐵 and 𝑁 can be expressed as follows: 

 

𝐵 = 𝛾2𝜀1, (5) 

𝑁 =
1

𝛾2
𝑛1. (6) 

 

N&B analysis users should note that apparent brightness is just a weighted average of multiple 

particle brightness without any constraint on the number of components. N&B analysis cannot resolve 

different components. The users need to consider the appropriate constraint. If the system is composed 

of two components, the particle number ratio can be determined by independent reference 

measurements (Fukushima et al. 2018). For further investigation in multiple components system, 

higher order moment estimation is required.  

Studies estimating higher order moments have been reported in the literature. With respect to FCS, 

Palmer and Thompson derived a higher order correlation function based on higher moments (Palmer 

and Thompson 1987) (Palmer and Thompson 1989a) (Palmer and Thompson 1989b). Melnykov and 

Hall improved the formulation based on cumulants (Melnykov and Hall 2009). This made the 

formulation simple and facilitated its application towards the characterization of chemical reactions. 

Abdollah-Nia et al. proposed methods to reduce the bias caused by detector dead time and after pulse 

by improving data collection and analysis (Abdollah-Nia et al. 2017a) (Abdollah-Nia et al. 2017b). 

The disadvantage of higher order moments and cumulants is that a larger number of sampling (frame 

number) is required to obtain a reliable estimated value. Furthermore, error analysis of the estimator 

(variance of estimator) is necessary to evaluate the reliability (uncertainty).  

 

3.4 Notation used in N&B analysis 

In this section, we describe necessary conditions for quantitative measurements. Apparent brightness 
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is easy to be biased (see Sec. 3.1-3.4), and normalized brightness does not always correspond to 

oligomeric state. We strongly recommend brightness calibration using monomer fluorescent label and 

tandem linked oligomers (dimer, trimer, tetramer, pentamer, etc.) (Pack et al. 2006) for every 

experiment (Macdonald et al. 2013)(Chen et al. 2010). Apparent brightness depends on the laser power 

and optical system, which is prone to day-to-day variations. 

For later discussions, we assume that N&B analysis is implemented with confocal laser scanning 

microscopy (CLSM) and photon counting images unless otherwise noted. For the analog detector 

system, readers are referred to the following article describing additional factors (Dalal et al. 2008). 

 

3.4.1 Optimal Sampling Time and Lag Time 

In image acquisition, a pixel value is obtained within a sampling time, and a pixel size is the x and y 

length of a pixel in a CLSM image. The x length is a scanning distance in the sampling time, and the 

y length depends on the x length. An image is obtained by scanning measurement volume across a 

sample (Fig. 3A), and image series is obtained by repeating the image acquisition multiple times (Fig. 

3B). Let us define the notations as follows. Sampling time (𝑇sampling) is defined as the time required 

to measure photon count that corresponds to a pixel value (pixel dwell time). 𝑇frame is described as 

the time duration required to obtain an image, and 𝑇wait  is the waiting time between two frame 

acquisitions. 𝑇lag is the lag time, i.e., the time between two continuous pixel acquisitions (Fig. 3C). 

𝑇sampling  and 𝑇lag  are needed to be set appropriately for quantitative measurements. 𝜏𝐷  is the 

characteristic residence time in measurement volume for diffusing particles. 𝑇sampling  should be 

smaller than 𝜏𝐷 (𝑇sampling ≪ 𝜏𝐷) (Digman et al. 2008). Furthermore, 𝑇lag should to be larger than 

𝜏𝐷 (𝜏𝐷 ≪ 𝑇lag) (Nolan et al. 2017b).  

The photon count fluctuations are required to obtain the particle number fluctuations as hidden 

parameters. For pixel acquisition, if the sampling time is not small enough, the number of particles 

during this time would change by diffusion. In addition, N&B analysis does not assume data dependent 

sampling at each photon count. If the lag time is shorter than the characteristic residence time, the 

fluorescence particle would appear to be immobile (see Sec. 3.2.1). Therefore, a longer waiting time 

is required to avoid the data dependent sampling.  

Optimization of sampling time is required for a precise estimation. Measurements with short 

sampling time lead to small photon counts, and reduced signal-to-noise ratio. However, as mentioned 

before, the sampling time is often restricted by a characteristic residence time. In FFS, Müller derived 

a theory to extend the sampling time in fluorescence cumulant analysis (FCA) (Müller 2004) and time-

integrated fluorescence cumulant analysis (TIFCA) (Wu and Müller 2005). They evaluated the 

influence of sampling time on cumulants and corrected the diffusion effect during the sampling time. 

A similar theory is applied in mean-segmented Q (MSQ) analysis (Hur and Mueller 2015) and time-

integrated multipoint moment analysis (TIMMA) (Oh et al. 2011) (see Sec. 4). 
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3.4.2 Additional Photon Counts and Signal Fluctuations 

If the recorded photon counts and the signal fluctuations originate from diffusing fluorescent particles 

only under a stationary signal, the theory described previously works well. However, there are several 

additional sources of photon counts and signal fluctuation. In this section, we have described the 

influence of some of these factors, such as (1) background, (2) non-stationary signal (intensity drift 

and photobleaching), (3) detector dead time and afterpulse and (4) additional factors. These factors 

may introduce bias if they are not corrected or removed. 

 

Fig. 3. Image acquisition in laser scanning microscopy. (A) A pixel value is obtained within a sampling time, 

and an image is obtained by scanning the measurement volume. The solid and dotted arrows indicate the scanning 

and moving directions, respectively. (B) Image series is obtained by repeating the image acquisition. Red arrow 

indicates the passage of time. (C) Sampling time (𝑇sampling) is the duration required to obtain a pixel value. The 

frame time (𝑇frame) is the time required to obtain an image. The waiting time (𝑇wait) is the duration between two 

frame acquisitions. The lag time (𝑇lag) is time between a pixel acquisition and the next acquisition at the same 

pixel.  
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Background Intensity 

In brightness analysis, background signal affects the estimated value. For example, dark count, stray 

light, autofluorescence, and immobile fraction contribute to the background signal. Some of these 

sources can be removed by modifying the condition of measurement. If the background signal is quite 

low as compared to the target fluorescence, the influence of the background would be negligible. 

Otherwise, appropriate correction is recommended. 

Dark count is defined as the inherent photon count of detectors in the absence of incident light. 

Stray light originates from the optical system. The dark count and stray light can be corrected by 

subtracting the average photon count obtained by a reference measurement (Digman et al. 2008). 

 

𝐵bgCorr ≔
𝑋2 − 𝑋

2
− 𝑋

𝑋 − 𝑋bg

, (7) 

𝑁bgCorr ≔
(𝑋 − 𝑋bg)

2

𝑋2 − 𝑋
2

− 𝑋
, (8) 

 

where, 𝐵bgCorr  and 𝑁bgCorr  are the background corrected estimators for apparent brightness and 

apparent number, respectively. 𝑋bg is the average photon count of the background. 

Autofluorescence correction is essentially difficult, as the autofluorescence intensity is different 

depending on cell and cellular components. It is recommended to confirm that the autofluorescence is 

quite low compared to target fluorescence intensity in all measurements. 

N&B analysis determines the brightness of only diffusing particles. The basic theory described in 

Sec. 2 cannot determine brightness of immobile particles, such as particle binding to cellular structure. 

Qian and Elson evaluated the immobile fraction by introducing third moment for the system composed 

of a mobile and immobile fraction (Qian and Elson 1990a). In this evaluation, it was assumed that 

photobleaching is negligible for both fractions. However, immobile particles are continuously excited 

and easy to be photobleached. Skinner et al. evaluated the influence of immobile fraction on brightness 

in FFS under similar conditions (Skinner et al. 2008).  

 

Non-stationary Signal (Intensity Drift and Photobleaching) 

The brightness estimator gives apparent brightness accurately under stationary signal. However, 

various factors distort the signal. For example, in a measurement of fluorescently labeled soluble 

proteins in a living cell, presence of large organelles or vesicles coming in and out of measurement 

volume can cause a transient intensity drift. In addition, the cellular movements and focus drift can 

also contribute to the intensity drift. Another factor is photobleaching which can decrease the measured 

intensity over time. To obtain a robust estimate, the bias caused by the intensity drift can be reduced 

by a segmentation, and the bias caused by the photobleaching can be reduced by the segmentation 
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along with detrending with a line or a curve. 

Segmentation divides a signal sequence into multiple segments in time direction, and apparent 

brightness values are estimated at each segment (Fig. 4A). If the intensity drifts are rare, only few 

segments would be biased. Therefore, the average of multiple segmented brightness values would be 

less biased as compared to their unsegmented counterparts (Chen et al. 2002)(Macdonald et al. 2013). 

This approach could also reduce the bias caused by mild photobleaching as described later. In FFS, an 

effective application of the segmentation can be found in mean-segmented Q (MSQ) analysis (Hur 

and Mueller 2015). Hur and Mueller used different length of the segmentation to obtain a robust 

estimate of brightness. 

Boxcar filtering is a similar way to reduce the bias caused by the intensity drifts and mild 

photobleaching (Trullo et al. 2013). The difference is the presence or absence of the overlap in each 

segment. A boxcar filter divides a signal sequence into multiple segments by moving sliding window 

frame by frame (Fig. 4B). For example, if we consider a signal sequence consisting of 10 photon 

counts, segmentation with a length of 5 generates 2 segments. In contrast, boxcar filtering with a length 

of 5 generates 6 segments. 

Photobleaching (photodepletion) is an irreversible process in which fluorescence molecules turn 

into non-fluorescent molecules. In contrast, the decrease could be alleviated by diffusing fluorescent 

molecule coming out of the measurement volume (Petrášek and Schwille 2008). The estimated 

brightness is overestimated under photobleaching (Hur et al. 2014). Generally, it is recommended to 

reduce excitation laser power. When photobleaching cannot be avoided, bias correction is 

Fig. 4. Segmentation and boxcar filtering. The signal sequence has 10 photon counts which contain 1 outlier. 

Estimation with a length of 10 leads to biased brightness by the outlier. (A) Segmentation divides the signal 

sequence into multiple segments without overlap. Segmentation with a length of 5 divides the signal sequence into 

2 segments. (B) Boxcar filtering divides the signal sequence with overlap. Boxcar filtering with a length of 5 

divides the signal sequence into 6 segments. 
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recommended.  

Caccia et al. removed the decreasing trend with sum of two exponential decay (Caccia et al. 2005). 

Hur et al. evaluated the estimation bias caused by photobleaching by assuming single exponential 

decay (Hur et al. 2014), and demonstrated that the bias depends on the initial number of molecules in 

measurement volume and “photodepletion fraction”. The photodepletion fraction is a decreasing 

function of the initial fluorescence intensity during the measurement. This indicates that segmentation 

is also effective to reduce the bias. Nolan et al. discussed the application of exponential filtering to 

remove the decreasing trend and automatic parameter selection for filtering (Nolan et al. 2017a). 

In addition to brightness overestimation, another problem of photobleaching is the decrease in 

brightness of the oligomer. For example, in a dimer complex carrying 2 EGFPs, photobleaching on 

the half side of EGFP will produce another bright species, that is, dimer complex carrying single EGFP. 

Hur et al. derived an equation to obtain initial brightness under single exponential decay (Hur et al. 

2014). 

 

Detector Dead Time and Afterpulsing 

Presence of detector dead time and afterpulse can lead to concentration-dependent brightness 

(Hillesheim and Müller 2003) (Hendrix et al. 2013). Dead time is the period after the detection of a 

photon in which detectors cannot detect another photon, leading to a loss of photon count (Fig. 5A). 

Afterpulse is a spurious pulse following a genuine pulse, which result in addition of photon counts 

sometimes (Fig. 5B). O’Donnell and Campbell evaluated photon count distribution affected by dead 

time (O’Donnell 1986) and afterpulsing (Campbell 1992). Hellesheim and Müller evaluated relative 

Fig. 5. Dead Time and afterpulsing. The blue bars show the arrival time of photon. (A) Dead time is the time 

period after photon detection in which detectors cannot detect any photon. The gray dashed bars are photon which 

are not recorded. (B) Afterpulse is a spurious pulse (gray bar) following a genuine pulse, which occasionally result 

in increase of photon count.  
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error of brightness estimator as Mandel’s Q factor (Hillesheim and Müller 2003). They claimed that 

afterpulsing can be neglected in typical experiments equipped with avalanche photodiode (APD). 

Sanchez-Andres et al. reported that time-shifted covariance estimation is useful to reduce this effect 

(Sanchez-Andres et al. 2005). An application of time-shifted covariance is also found in N&B analysis 

with image series obtained by EMCCD (Unruh and Gratton 2008). However, the time-shifted 

covariance estimation cannot be applied to image series obtained by CLSM because the time-series 

data is independent. We previously reported that a useful way to reduce the effect of dead time and 

afterpulsing in N&B analysis is covariance estimation between two detectors (Fukushima et al. 2018). 

In two-detector system, a half mirror splits the fluorescence signal into two channels. Consequently, 

covariance estimation reduced the effect of dead time and afterpulsing. 

 

Additional Factors 

The geometry of excitation light can also lead to biased brightness. It has been reported that the use of 

oil-immersion objective can cause focal depth dependent bias (Macdonald et al. 2013). Photon count 

collection at deep positions into the sample can cause spherical aberration, leading to biased brightness. 

The use of water-immersion objective with well-adjusted correction collar allows focal depth 

independent estimation. 

In addition, the geometry of sample can also lead to the biased brightness. Basic FFS theory 

assumes that the measurement volume completely overlaps with the sample. However this is not true 

for measurements at the peripheral regions of living cell. The measurement volume overlaps with the 

peripheral region as a thin layer. Macdonald et al. reported z-scan FFS to remove this bias (Macdonald 

et al. 2010). They suggested that the thin layer can be approximated by rectangular slab, and derived 

an equation to estimate the thickness of the slab by scanning along z direction. Consequently, they 

recovered unbiased brightness by correcting γ-factor. 

Only the large-scale variations due to intensity drifts and photobleaching can be identified through 

signal intensity changes. However, a small signal fluctuation process leading to biased brightness was 

recently reported. Hennen and coworker reported that nuclear membrane undulation leads to biased 

brightness (Hennen et al. 2017). The nuclear membrane consisted of inner nuclear membrane and outer 

nuclear membrane. The membranes were separated by lumen. They found an additional exponential 

correlation term in signal fluctuation due to lumen localized protein.  

 

3.4.3 Frame Number 

Frame number is the number of frames in fluorescence image series for estimation. The time dependent 

change of parameters is not considered in N&B analysis. Low frame number increases the time 

resolution. Ojosnegros et al. applied boxcar filtering to increase the time resolution (Ojosnegros et al. 

2017). However, low frame decreases precision as well as accuracy of measurement. To our 



3.4. Notation used in N&B analysis 

21 

 

knowledge, very few reports are available on the effect of frame number. The determination of 

appropriate frame number depends on the judgement of users. We derived the following equation to 

evaluate the influence of frame number on accuracy. This is the approximate solution for expected 

apparent brightness and its relative error for one component system (see Supplementary Information 

1 for derivation). 

 

𝐸[𝐵] = 𝛾2𝜀1 −
1
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where 𝐸[𝐵] is the expected value of 𝐵, 𝑚 is the frame number, and 𝜀1𝑛1 is average photon count 

in a sampling time. A similar approximation was previously reported in the ratio estimation (van 

Kempen and van Vliet 2000), autocorrelation function (Schätzel et al. 1988) (Saffarian and Elson 

2003), and mean segmented Q (MSQ) analysis (Hur and Mueller 2015). Eq. (9) indicates that the 

estimator is asymptotically equal to the true value with enough frame number and average photon 

count, but the bias is not negligible when the frame number or average photon count is less. Eq. (10) 

indicates that the relative error becomes smaller for high particle brightness. Fig. 6A shows the 

dependence of frame number on the relative error with different particle brightness. Here, symbols 

correspond to simulated results, and the dashed lines represent the theoretical value expected by Eq. 

(10). A relative error of 0 implies that there is no deviation between the true and estimated values. The 

relative error approaches zero with increasing frame number. The estimated brightness was critically 

underestimated, especially for lower particle brightness. This suggests that reducing the excitation 

laser power to avoid photobleaching or decreasing the frame number to improve time resolution in a 

careless manner could cause bias. Fig. 6B shows the dependence of the average photon count (𝑋) on 

relative error. The relative error decreased for average photon count equal to 1, and it saturated when 

the average photon count exceeded 1. A simple solution to reduce the bias is correction. A less biased 

estimator 𝐵corr can be defined as follows:  
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1
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(𝛾3𝜀1
2 − 𝛾2

2𝜀1
2 + 𝛾2𝜀1) + 𝛰 ((

1

𝑚
)

2

), (12) 

𝐸[𝐵corr] − 𝛾2𝜀1

𝛾2𝜀1
= −

1

𝑚

1

𝛾2𝜀1

1

𝜀1𝑛1

(𝛾3𝜀1
2 − 𝛾2

2𝜀1
2 + 𝛾2𝜀1) + 𝛰 ((

1

𝑚
)

2

). (13) 
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𝐵corr is defined as the transposed and substituted equation of 𝐸[𝐵]. The second term in Eq. (9) at 

right-hand side is transposed to the left-hand side, and estimator 𝐵 is substituted into the transposed 

true value. In fact, 𝐵corr is still a biased estimator, but it is less biased compared to 𝐵. Comparing 

Eqs. (9) and (12), the influence from the second term in Eq. (9) is vanished, but that from the third 

term still remains. Figs. 6C and 6D show the improvement by the correction. The bias in expected 

value is clearly reduced here. Further correction can be implemented to reduce the influence from the 

third term in Eq. (9). This influence is remarkable when the average photon count is less than 1. The 

bias in low average photon count has been reported even though the background intensity is low 

(Youker and Teng 2014) (Gambin et al. 2016) (Fukushima et al. 2018). However, the bias correction 

Fig. 6. Dependence of frame number and average photon count on accuracy. Average and standard error 

estimated from the simulations. The dotted line is the expected value. Dependence of frame number on the relative 

error with different particle brightness analyzed by (A) conventional estimator and (C) corrected estimator. 

Dependence of average photon count on the relative error with different particle brightness analyzed by (B) 

conventional estimator and (D) corrected estimator. Insets in (C) and (D) show the magnified plots.  
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needs to estimate third sample raw moment, which makes the precision low. N&B analysis users are 

suggested to confirm the optimal range of average photon count and frame number for quantitative 

measurements. 

 

3.4.4 Non-fluorescent State of Fluorescent Proteins 

Variation in Normalized Brightness of Tandem Dimer 

Theoretically, the normalized brightness of the tandem dimer should be 2, but a variation in this value 

is also reported (1.5-2.0). A value below 2 suggests that some fluorescent proteins are in a non-  

 

Table 1. Normalized Brightness Close to 2.0 (100% Fluorescent State) 

Sample Analysis 

Methods 

Tandem 

monomer 

Tandem 

dimer 

Unit Ratio Reference 

EGFP PCH [1] and 

moment 

analysis 

4,000 ± 300 7,800 ± 508 cpsm (counts 

per second per 

molecule) 

- (Chen et al. 2003) 

EYFP TIFCA 680 ± 50 1380 ± 80 cps - (Wu et al. 2009) 

GPI-

mEGFP 

N&B 

analysis 

0.103 ± 0.004 0.205

± 0.006 

counts/molecu

le×dwell time 

- (Zamai et al. 2019) 

GFP PCH [1] - - - ~2 (Slaughter et al. 2007) 

mEGFP PCH [1] - - - ~2 (Huet et al. 2010) 

EGFP FCS - - - 2 (Foo et al. 2012) 

[1] Photon counting histogram (Chen et al. 1999). 

 

Table 2. Normalized Brightness Lower than 2.0 (Presence of a non-fluorescence State) 

Sample Analysis 

Methods 

Tandem 

monomer 

Tandem 

dimer 

Unit Ratio Reference 

mEGFP N&B analysis 

or FCS 

- - - 1.69 ± 0.05 (Dunsing et al. 2018) 

mEYFP same as above - - - 1.63 ± 0.05 Same as above 

mCherry same as above - - - 1.41 ± 0.04 Same as above 

EGFP FCS - - - [1] (Vámosi et al. 2016) 

EGFP FCS and N&B 

analysis 

- - - [2] (Fukushima et al. 2018) 

[1] Estimated fluorescent probabilities were lower than 1.0. Probability decreased with increasing laser power. 

[2] Normalized brightness was lower than the number of subunits in EGFP oligomers in vivo. 
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fluorescent state. Let us define fluorescent probability as a probability for a fluorescent protein to be 

fluorescent. We have listed some articles that reported the normalized or monomeric brightness and 

dimeric brightness in Tables 1 and 2. Here, the brightness unit and the sample vary according to the 

source article. 

 

Possible Explanations for Non-fluorescent State of Proteins 

There are several possible explanations for the non-fluorescent state of proteins: (1) Photophysical and 

photochemical processes, such as long-lived dark states (Widengren et al. 1999), multiple brightness 

state (Wu et al. 2009), blinking or flickering (Hendrix et al. 2008), and photobleaching (Hur et al. 

2014) (2) Chromophore formation (protein maturation, incorrect folding of fluorescent protein) 

(Balleza et al. 2018) and (3) Unlabeled endogenous proteins 

It has been reported that photophysical processes resulting from one-photon or and two-photon 

excitation are different. Hendrix et al. reported the presence of blinking in mCherry due to one-photon 

excitation (Hendrix et al. 2008). However, Wu et al. reported the absence of blinking due to two-

photon excitation (Wu et al. 2009). Regarding chromophore formation, Dunsing et al. reported that 

there is negligible differences in the brightness between HEK, A549, CHO, and HeLa cells, and 

between 23°C and 37°C (Dunsing et al. 2018). Foo et al. used FCS and reported that cycloheximide 

treatment increased the fluorescent probability in mCherry (Foo et al. 2012). This indicates that a 

fraction of mCherry had not matured. These reports suggest that the normalized brightness for tandem 

dimer is not always 2.  

Subunit counting (Ulbrich and Isacoff 2007)(Das et al. 2007) is a method to estimate the number 

of subunits in a complex. It observes stepwise photobleaching and count the number of the steps. The 

photobleaching in each fluorescent protein occurs independently. Subunit counting indicate the 

following fluorescent probability: 79.5% for EGFP tagged CNG channel (Ulbrich and Isacoff 2007), 

80% for Kv4.3-EGFP (Zhou et al. 2015), 78% for GFP-ASIC1a, and 77% for GFP-ASIC2a (Bartoi et 

al. 2014).  

 

Correction for Non-fluorescent State of Proteins 

If the fluorescent probability for a protein is assumed to be constant, a simple correction method can 

be used (Vámosi et al. 2016)(Dunsing et al. 2018). This method assumes two states of the protein; 

fluorescent state (on) and non-fluorescent state (off). It also assumes that the number of fluorescent 

subunits in an oligomer follows binomial distribution. Let 𝑝 be the fluorescent probability, and 𝐵𝑠 

be the apparent brightness for one component system that is comprised of oligomers with 𝑠 subunits 

(for example, 𝐵1 is apparent brightness for monomer and 𝐵2 is that for tandem dimer). The apparent 

brightness with non-fluorescent state can be written as following (Vámosi et al. 2016):  
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𝐵𝑠 = {1 + (𝑠 − 1)𝑝}𝛾2𝜀1, (14) 

𝐵𝑠

𝐵1
= 1 + (𝑠 − 1)𝑝, (15) 

 

where, 𝜀1  is particle brightness for a monomer subunit. 𝐵1 = 𝛾2𝜀1  and normalized brightness 

𝐵𝑠/𝐵1 = 𝑠  for 𝑝  = 1.0. Fig. 7 shows the dependence of number of subunits on the normalized 

brightness with different fluorescent probabilities. The normalized brightness increases linearly with 

the number of subunits, and the slope of the line is smaller in low fluorescent probability. The 

fluorescent probability can be determined from independent reference measurements for one-

component system, and estimated number of subunits can be corrected (Dunsing et al. 2018). Vamosi 

et al. reported that fluorescent probability depends on pH and laser power (Vámosi et al. 2016). 

Dunsing et al. confirmed that corrected number of subunits provides better estimation by using dimeric 

and trimeric Influenza A virus HA protein variants and 12-meric E. Coli GlnA, respectively (Dunsing 

et al. 2018).  

 

3.5 Comparison with other techniques 

FCS coupled with fast frame rate camera, such as electron-multiplied charge-coupled device 

(EMCCD), is called Imaging FCS (Kannan et al. 2006) (Bag and Wohland 2014). This technique 

enables a spatially simultaneous measurement of fluorescence intensity over time. Imaging FCS 

determines not only concentration and brightness distribution but also the diffusion time by 

implementing autocorrelation analysis at each pixel. However, its applicability is limited to slow-

diffusing molecules, such as membrane binding protein. A necessary condition for autocorrelation 

analysis is that frame time must be sufficiently smaller than the diffusion time. In EMCCD, frame time 

is restricted to milliseconds order. In contrast, the diffusion time of EGFP is several hundred 

microseconds. Therefore, it is difficult to apply this method to EGFP labeled soluble protein unless 

the diffusion time of the labeled protein is sufficiently long. An advantage of Imaging FCS technique 

as compared to N&B analysis is that the former facilitates the visualization of diffusion time 

distribution, and helps to distinguish diffusion modes on cellular membrane (Wawrezinieck et al. 

2005). The FCS diffusion law calculates the dependence of spatial scale on diffusion coefficient, and 

estimates the contribution from the diffusion mode, free diffusion, raft partitioning, and meshwork. 

Time-integrated multipoint moment analysis (TIMMA) (Oh et al. 2011) is an application of N&B 

analysis and TIFCA. TIMMA determines the distribution of concentration, brightness, and diffusion 

time. Oh et al. used a stationary spinning disk confocal microscope equipped with an EMCCD, an 

acousto-optic tunable filter (AOTF), and a 50/50 beam splitter. They used the beam splitter to divide 

the signal into two parts. In EMCCD, the frame time primarily consists of sampling time (exposure 

time) and readout time. They measured the fluorescence signal with different sampling times to 
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estimate the average and covariance. TIFCA facilitates the measurement of the fluorescence signal 

with a longer sampling time and determination of diffusion time. Oh et al. demonstrated that TIMMA 

enables the measurement of soluble EGFP. It is difficult to measure soluble EGFP in Imaging FCS 

implemented with an EMCCD. The long readout time of EMCCD hampers the application. On the 

contrary, a necessary condition to apply the basic N&B analysis theory is to reduce the sampling time 

as compared to the diffusion time (see Sec. 3.1). Consequently, it can be applied even if the readout 

time is long. 

 

3.6 Software 

Nolan et al. described software for N&B analysis in their article (Nolan et al. 2017b). 

 

3.7 Simulations 

Photon count images were numerically simulated by using Microsoft Visual Studio Community 2017 

version 15.9.10 (Microsoft, USA). All programs were written in Visual C++. Here, we assumed that 

photon count is a random variable following the product of two Poisson distribution along with a 

uniform illumination (𝛾𝑟 = 1). The photon counts were simulated with a sampling time of 10 μs. The 

frame size of simulated images was 128×128, and the brightness map was obtained in the same size. 

An average and a standard error of relative error were estimated from the brightness map. For Fig. 6A, 

photon count images were simulated with a fixed true particle number (𝑛 = 20) and different true 

particle brightness (𝜀 = 20, 5, 2, and 1 kHz/particle), and they were analyzed with different frame 

numbers (𝑚 =  100, 200, 300, 400, 500, 700, and 1,000). For Fig. 6B, photon count images were 

simulated with different average photon count (𝜀1𝑛1 = 0.1, 0.2, 0.4, 1, 2, 4 and 10 counts/sampling 

time) and different true particle brightness (𝜀 = 20, 5, 2, and 1 kHz/particle), and they were analyzed 

with fixed frame number (𝑚 = 100). In Figs. 6A and 6B, each plot is obtained from independent 

simulations. In Fig. 6C and 6D, photon count images for each plot in Fig. 6A and 6B are analyzed with 

Eq. (11). 

 

3.8 Conclusion 

N&B analysis facilitates the determination of apparent brightness per pixel using fluorescence image 

series. This brightness is defined as the emitted photon count from a single particle, and it reflects the 

dynamic oligomer formation of protein. Therefore, it helps in visualizing the spatially heterogeneous 

oligomeric state of diffusing particle over time in a living cell. However, N&B analysis does not 

resolve multiple brightness components. In addition, apparent brightness is easy to be biased by 

several factors, such as improper sampling and lag time, background intensity, non-stationary intensity, 

detector dead time and afterpulse, and insufficient frame number. Even if all these biases are removed, 
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normalized brightness does not reflect the oligomeric state (the number of subunits in complex) 

directly in the presence of non-fluorescent state. These facts suggest that brightness calibration must 

be performed for each experiment. Otherwise, the experimental results may not be reliable.  

N&B analysis has the potential to enhance the understanding of the controlling mechanism in the 

protein function, especially in signal transduction and neurodegenerative diseases. Moreover, N&B 

analysis coupled with time-integrated fluorescence cumulant analysis (TIFCA) can help in 

determining the diffusion time by measurements at different sampling times. Future advancement may 

help in analyzing other kinetics that are slower than diffusion, such as quenching affected by 

circumstance.  

 

3.9 Supplementary Information 1 

We evaluate the dependence of relative error on frame number. Suppose that we obtain 𝑚 images 

with a sampling time 𝑇sampling  by fluorescence microscopy. Let 𝑋𝑖  ( 𝑖 = 1, 2, 3, … , 𝑚 ) be 

independent and identically distributed random variables with expected photon count value equal to 

𝜇 for in ith image at one pixel. We assume that the number of fluorescent particles in a measurement 

volume does not change during the sampling time. We define first sample raw moment 𝑋 (sample 

mean) and second sample raw moment 𝑋2 as follows:  

 

𝑋 ≔
1

𝑚
∑ 𝑋𝑖

𝑚

𝑖=1

, (S1.1) 

𝑋2 ≔
1

𝑚
∑ 𝑋𝑖

2

𝑚

𝑖=1

. (S1.2) 

 

Sample variance can be expressed as follows:  

 

1

𝑚
∑(𝑋𝑖 − 𝑋)

2
𝑚

𝑖=1

= 𝑋2 − 𝑋
2

. (S1.3) 

 

The photon count 𝑋𝑖  can be written as the sum of first raw moment 𝜇  (population mean) and 

instantaneous fluctuation around the first raw moment Δ𝑋𝑖, i.e.  

 

𝑋𝑖 = 𝜇 + Δ𝑋𝑖 . (S1.4) 

 

Since the expectation value of the photon count is similar to the first raw moment (E[𝑋] = 𝜇), the 

expectation value of the instantaneous fluctuation becomes 0 (E[Δ𝑋] = 0). Substituting Eq. (S1.4) 

into Eqs. (S1.1) and (S1.2), we get 
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𝑋 = 𝜇 + Δ𝑋, (S1.5) 

𝑋2 = 𝜇2 + 2𝜇Δ𝑋 + Δ𝑋2, (S1.6) 

 

where,  

 

Δ𝑋 ≔
1

𝑚
∑ Δ𝑋𝑖

𝑚

𝑖=1

, (S1.7) 

Δ𝑋2 ≔
1

𝑚
∑ Δ𝑋𝑖

2

𝑚

𝑖=1

. (S1.8) 

 

The average instantaneous fluctuation (Δ𝑋) can be removed by considering large samples (𝑚). 

In other words, the expectation value of Δ𝑋  is 0 (E[Δ𝑋] = 0) . Next, we consider the brightness 

estimator, which can be defined from Eqs. (S1.5) and (S1.6) as follows: 

 

𝐵 ≔
𝑋2 − 𝑋

2
− 𝑋

𝑋
 

=
Δ𝑋2 − Δ𝑋

2

𝜇 + Δ𝑋
− 1 

=
1

𝜇

Δ𝑋2 − Δ𝑋
2

1 +
Δ𝑋
𝜇

− 1. 

(S1.9) 

 

Taylor series expansion of the denominator up to second order around 0 gives  

 

1

1 +
Δ𝑋
𝜇

= 1 −
Δ𝑋

𝜇
+ (

Δ𝑋

𝜇
)

2

− 𝛰 ((
Δ𝑋

𝜇
)

3

). (S1.10) 

 

Therefore,  

 

𝐵 =
1

𝜇
(Δ𝑋2 − Δ𝑋

2
) (1 −

Δ𝑋

𝜇
+ (

Δ𝑋

𝜇
)

2

− 𝛰 ((
Δ𝑋

𝜇
)

3

)) − 1. (S1.11) 

 

The expectation value of brightness estimator is  
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𝐸[𝐵] =
1

𝜇
{(𝐸 [Δ𝑋2] − 𝐸 [Δ𝑋

2
]) −

1

𝜇
(𝐸 [Δ𝑋 Δ𝑋2] − 𝐸 [Δ𝑋

3
])

+
1

𝜇2
(𝐸 [Δ𝑋

2
Δ𝑋2] − 𝐸 [Δ𝑋

4
]) + ⋯ } 

=
1

𝜇
{(1 −

1

𝑚
) 𝐸[Δ𝑋2] −

1

𝜇

1

𝑚
(1 −

1

𝑚
) 𝐸[Δ𝑋3] +

1

𝜇2

1

𝑚2
(1 −

1

𝑚
) 𝐸[Δ𝑋4]

+
1

𝜇2

1

𝑚
(1 −

1

𝑚
) (𝐸[Δ𝑋2])2 + ⋯ } − 1 

=
𝐸[Δ𝑋2]

𝜇
− 1 −

1

𝑚
{
𝐸[Δ𝑋2]

𝜇
+

1

𝜇
(

𝐸[Δ𝑋3]

𝜇
− (

𝐸[Δ𝑋2]

𝜇
)

2

)} + 𝛰 ((
1

𝑚
)

2

) 

=
𝜅[2]

𝜅[1]
−

1

𝑚
(

𝜅[2]

𝜅[1]
+ 1 +

1

𝜅[1]
(

𝜅[3]

𝜅[1]
− (

𝜅[2]

𝜅[1]
)

2

+
𝜅[2]

𝜅[1]
)) + 𝛰 ((

1

𝑚
)

2

). 

(S1.12) 

 

where, we used the solution obtained in Supplementary Information 2 shown below. For one 

component system, the expectation value of brightness estimator is 

 

𝐸[𝐵] = 𝛾2𝜀1 −
1

𝑚
(𝛾2𝜀1 + 1) −

1

𝑚

1

𝜀1𝑛1

(𝛾3𝜀1
2 − 𝛾2

2𝜀1
2 + 𝛾2𝜀1) + 𝛰 ((

1

𝑚
)

2

) (S1.13) 
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We consider the expected values in the first row of Eq. (S1.12). The expected values are written in 

terms of central moments (𝐸[Δ𝑋], 𝐸[Δ𝑋2], 𝐸[Δ𝑋3], 𝐸[Δ𝑋4]) as follows:  

 

𝐸 [Δ𝑋2] =
1

𝑚
𝐸 [∑ Δ𝑋𝑖

2

𝑚

𝑖=1

] =
1

𝑚
∑ 𝐸[Δ𝑋𝑖

2]

𝑚

𝑖=1

 

= 𝐸[Δ𝑋2], 

(S2.1) 

𝐸 [Δ𝑋
2

] =
1

𝑚2
𝐸 [(∑ Δ𝑋𝑖

𝑚

𝑖=1

)

2

] =
1

𝑚2
𝐸 [(∑ Δ𝑋𝑖

𝑚

𝑖=1

) (∑ Δ𝑋𝑗

𝑚

𝑗=1

)] 

=
1

𝑚2
𝐸 [∑ ∑ Δ𝑋𝑖Δ𝑋𝑗

𝑚

𝑗=1

𝑚

𝑖=1

] 

(S2.2) 
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=
1

𝑚2
𝐸 [∑ Δ𝑋𝑖

2

𝑚

𝑖=1

+ 2 ∑ ∑ Δ𝑋𝑖Δ𝑋𝑗

𝑚

𝑗=1<𝑖

𝑚

𝑖=1

] 

=
1

𝑚2
∑ 𝐸[Δ𝑋𝑖

2]

𝑚

𝑖=1

+
2

𝑚2
∑ ∑ 𝐸[Δ𝑋𝑖Δ𝑋𝑗]

𝑚

𝑗=1<𝑖

𝑚

𝑖=1

 

=
1

𝑚
𝐸[Δ𝑋2] +

2

𝑚2

𝑚2 − 𝑚

2
𝐸[Δ𝑋]2 =

1

𝑚
𝐸[Δ𝑋2], 

 

where, we used the following facts: (1) We considered that 𝐴𝑖𝐵𝑗 is the element of m×m matrix, and 

∑ ∑ 𝐴𝑖𝐵𝑗
𝑚
𝑗=1

𝑚
𝑖=1   is the summation of all matrix elements. The summation of matrix elements is 

separated into summation of diagonal and non-diagonal elements. (2) We assume that 𝐶 and 𝐷 are 

independent random variables, 𝐸[𝐶𝐷] = 𝐸[𝐶]𝐸[𝐷]. (3) 𝐸[Δ𝑋] = 0. 

Similarly, we have  

 

𝐸 [Δ𝑋 Δ𝑋2] =
1

𝑚
𝐸[Δ𝑋3], (S2.3) 

𝐸 [Δ𝑋
3

] =
1

𝑚2
𝐸[Δ𝑋3], (S2.4) 

𝐸 [Δ𝑋
2

Δ𝑋2] =
1

𝑚2
𝐸[Δ𝑋4] +

1

𝑚
(1 −

1

𝑚
) (𝐸[Δ𝑋2])2, (S2.5) 

𝐸 [Δ𝑋
4

] =
1

𝑚3
𝐸[Δ𝑋4] +

1

𝑚2
(1 −

1

𝑚
) (𝐸[Δ𝑋2])2. (S2.6) 

 

The expectation value of 𝑋  and central moment are written in terms of cumulants as follows 

(Abdollah-Nia 2016):  

 

𝐸[𝑋] = 𝜇 = 𝜅1, (S2.7) 

𝐸[Δ𝑋2] = 𝜅2, (S2.8) 

𝐸[Δ𝑋3] = 𝜅3. (S2.9) 

 

In addition, cumulants are written in terms of factorial cumulants as follows:  

 

𝜅1 = 𝜅[1], (S2.10) 

𝜅2 = 𝜅[2] + 𝜅[1], (S2.11) 

𝜅3 = 𝜅[3] + 3𝜅[2] + 𝜅[1]. (S2.12) 
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𝑘th factorial cumulants of photon count is expressed in terms of particle brightness 𝜀, particle number 

𝑛, and 𝛾-factor as follows (Müller 2004):  

 

𝜅[𝑘] = 𝛾𝑘 ∑ 𝜀𝑙
𝑘𝑛𝑙

𝑐

𝑙=1

, (S2.13) 

 

where,  

 

𝛾𝑘 ≔
∫ (PSF̅̅ ̅̅ ̅(𝑟))

𝑘

𝑉
𝑑𝑟

∫ PSF̅̅ ̅̅ ̅(𝑟)
𝑉

𝑑𝑟
, (S2.14) 

 

PSF(𝑟)  is normalized point spread function at position 𝑟  with PSF(0) = 1 , 𝑉  is measurement 

volume. 
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Chapter 4  

Reduction of Dead Time Effect  

by Estimating Covariance 

4.1 Abstract 

Number and brightness analysis (N&B) is a useful tool for the simultaneous visualization of protein 

oligomers and their localization, with single-molecule sensitivity. N&B determines particle brightness 

(fluorescence intensity per particle) and maps the spatial distribution of fluorescently labeled proteins 

by performing statistical analyses of the image series obtained using laser scanning microscopy. The 

brightness map reveals presence of the oligomers of the targeted protein and their distribution in living 

cells. However, even when corrections are applied, conventional N&B is affected by afterpulsing, shot 

noise, thermal noise, dead time, and overestimation of particle brightness when the concentration of 

the fluorescent particles changes during measurement. 

The drawbacks of conventional N&B can be circumvented by using two detectors, a novel 

approach that we henceforth call two-detector number and brightness analysis (TD-N&B), and 

introducing a linear regression of fluorescence intensity. This statistically eliminates the effect of noise 

from the detectors, and ensures that the correct particle brightness is obtained. Our method was 

theoretically assessed by numerical simulations and experimentally validated using a dilution series 

of purified enhanced green fluorescent protein (EGFP), EGFP tandem oligomers in cell lysate, and 

EGFP tandem oligomers in living cells. Furthermore, this method was used to characterize the 

complex process of ligand-induced glucocorticoid receptor dimerization and their translocation to the 

cell nucleus in live cells. Our method can be applied to other oligomer-forming proteins in cell 

signaling, or to aggregations of proteins such as those that cause neurodegenerative diseases. 

 

4.2 Introduction 

Upon stimulation with specific ligands, many receptors change their localization and oligomeric states. 

It is, therefore, important to characterize protein localization and oligomerization in live cells. 

Fluorescence microscopy coupled with fluorescence fluctuation spectroscopy (FFS) is suitable for 

monitoring the localization and oligomerization of proteins in living cells. Fluorescence Correlation 

Spectroscopy (FCS) [1,2], the longest used FFS, can be used to determine the number of particles in 

the measurement volume, the diffusion coefficient, and the particle brightness (fluorescence intensity 

per one particle), which can be used to deduce the oligomeric state of the target particles. However, it 

is difficult to detect long-distance changes in protein localization using FCS because there is usually 
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only one point of measurement. Imaging-based FFS techniques have been developed to overcome this 

drawback. They include image correlation spectroscopy (ICS) [3], raster image correlation 

spectroscopy (RICS) [4,5], temporal image correlation spectroscopy (TICS) [6], and imaging FCS [7]. 

ICS determines the radius of the particles, the number of particles in a field of view, and the particle 

brightness. RICS can measure tiny and fast-diffusing particles/molecules, including organic 

fluorescent dyes, and small proteins. However, the spatial resolution of RICS is always lower than the 

resolution of the original image, owing to the correlation calculation between adjacent pixels. For 

example, when we get original images as 512 × 512 and the correlation is calculated between adjacent 

16 × 16 pixels, the spatial resolution of the result becomes 32 × 32. TICS is useful for measuring 

relatively slow-diffusing particles such as membrane proteins, but is not suitable for fast-diffusing 

particles because of the low frame rate of confocal imaging. Imaging FCS, which is similar to TICS, 

uses an electron multiplying charge-coupled device (EMCCD) or a complementary metal oxide 

semiconductor (CMOS) for image acquisition. 

Number and brightness analysis (N&B) is another FFS technique. It produces a map of the number 

of particles and the particle brightness [8]. Spatial resolution in N&B is the same as that achieved 

using a laser scanning microscope (LSM). N&B can be applied to fast-diffusing particles, such as 

diffusing protein in living cells, compared to TICS and Imaging FCS. For TICS and Imaging FCS, 

frame time (time taken to obtain a frame and lag time of each frame) is important and required to be 

much shorter than the characteristic decay time of the fluctuating particles (residence time of particles 

in measurement volume at a pixel) for calculation of correlation in the temporal domain. This restricts 

their application to measuring slow-diffusing particles, such as membrane proteins. On the other hand, 

for N&B, frame time is not required to be shorter than the characteristic decay time of the fluctuating 

particles. However, pixel dwell time (time taken to obtain a pixel value) is required to be much shorter 

than the characteristic decay time of the fluctuating particles for N&B [8]. N&B does not analyze the 

temporal intensity fluctuation during crossing of the particles through the measurement volume, but 

analyze the variance of instantaneous intensity depending on number of particles in measurement 

volume during shorter time than characteristic decay time (corresponding to diffusion time in FCS). 

Therefore the lag time of N&B is not effective but only pixel dwell time is effective, and N&B can be 

applied to relatively fast-diffusing particles such as diffusing protein in living cells. Nevertheless, 

N&B does not determine the characteristic decay time or diffusion coefficient unlike TICS and 

Imaging FCS. N&B has been used in several studies, including a distribution analysis of the oligomeric 

receptor protein ErbB1, before and after stimulation with epidermal growth factor (EGF) [9]. This 

study revealed the ligand-independent dimerization of ErbB1 when the density of ErbB1 is sufficiently 

high and the conversion of ErbB1 into its higher oligomeric state after the stimulation. Another 

example of the use of N&B is for the investigation of the formation of huntingtin peptide inclusions 

in degenerative neurological disorders [10]. This study revealed a time-dependent formation of 
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inclusions and a two-step pathway to inclusion formation. Yet another example of the use of N&B is 

for the investigation of dynamin-2 oligomer formation in HIV-1 infection [11]. This study revealed 

that the low oligomeric state of dynamin-2 was associated with the HIV envelope protein. N&B is 

useful for investigating the diffusing particles in living cells and for resolving the particles spatially. 

Currently, it is impossible to predict when and where oligomers or inclusions will form. N&B enables 

simultaneous measurements to be carried out over relatively wide fields in living cells. Therefore, it 

is expected that N&B will be used widely for the study of oligomer or aggregation formation. However, 

the accuracy of conventional N&B is not adequate and the results are easily affected by sample 

concentration, necessitating correction for detector dead time [12,13] and correction for noise. 

Furthermore, conventional N&B overestimates particle brightness when the concentration of the 

fluorescent particles is changed (Supplementary Note S1) or fluorescence intensity is decreased by 

photobleaching during measurement [14]. 

In this study, we developed an improved N&B, called two-detector N&B (TD-N&B), which 

overcomes the problems associated with conventional N&B without any mathematical corrections. 

We achieved improvements by eliminating noise effects from detectors, by incorporating a two-

detector optical system, and by introducing linear regression to compensate for the change in 

fluorescence intensity. Furthermore, we demonstrated the feasibility of our method quantitatively by 

analyzing enhanced green fluorescent protein (EGFP) dilution series, and by investigating EGFP 

tandem oligomers in cell lysate and living cells. Finally, we monitored the dimerization of EGFP-

tagged glucocorticoid receptors (EGFP-GR), as a cell signaling process. The nuclear translocation and 

dimerization of GR were visualized from a time series of the brightness map of EGFP-GR, which was 

obtained by TD-N&B. This is the first step towards using quantitative imaging to elucidate dynamic 

GR mechanisms. Moreover, our method can be applied to other oligomer-forming proteins, or to 

aggregation of proteins, such as those that cause neurodegenerative diseases, which are difficult to 

visualize in living cells or whole organisms using biochemical methods and molecular biology. 

 

4.3 Methods 

4.3.1 Two-detector number and brightness analysis (TD-N&B) 

The experimental setup of the TD-N&B system is shown in Figure 1A. Two image series were 

obtained simultaneously using a LSM and two avalanche photodiodes (APDs) operating in the photon 

counting mode (Figure 1B). We used the APDs to detect fluorescence, but it is also possible to use a 

detector operating in the analog mode or pseudo-photon counting mode with calibration for image 

acquisition [15]. The calibration includes: the offset; the S factor, which converts photon counts into 

digital data, and the read-out variance of the detector. Regardless of the operating mode, the pixel 

dwell time must be short, compared to the characteristic decay time of the particles in the measurement 
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volume to detect the fluctuation in the number of particles, which is a necessary condition for image 

acquisition. In our condition, pixel dwell time was 12.61 µs. The characteristic decay time of EGFP 

monomer in solution measured by FCS was 90 µs. The characteristic decay time of EGFP tandem 

oligomers in cell lysate and living cells and EGFP-GR in living cells were longer than 90 µs, and the 

pixel dwell time is 10 times shorter than those. The TD-N&B system analyzes the time sequence of 

the count rate (photon counts per second), which is corresponding to fluorescence intensity at the same 

pixel in the two-image series. A schematic diagram of count rate as a function of time at one pixel is 

shown in Figure 1C. TD-N&B determines the particle brightness and the number of particles at every 

pixel using a linear component and a fluctuation component of the count rate.  

The time series of the count rate at a pixel detected by the two avalanche photodiodes APD1 and 

APD2 are given by: 

 

),()()( 111 tDtNtI +=   (1) 

),()()( 222 tDtNtI +=  (2) 

 

where )(1 tI  and )(2 tI  are the count rates detected by APD1 and APD2, respectively, and 1  and 

2  are the particle brightness values detected by APD1 and APD2, respectively (defined as photon 

counts detected per second per particle). The ratio of 1  to 2  depends on the performance of the 

half mirror and the quantum efficiencies of the APDs. )(tN   is the number of particles in the 

measurement volume (the confocal volume of the LSM). )(1 tD   and )(2 tD  are the noise from 

APD1 and APD2, respectively. 

)(1 tI , )(2 tI , )(tN , )(1 tD , and )(2 tD  can be separated into two components, linear and 

fluctuating, as follows (Figure 1C): 

 

),()()( 111 tItItI l +=  (3) 

),()()( 222 tItItI l +=  (4) 

),()()( tNtNtN l +=  (5) 

),()()( 111 tDtDtD l +=  (6) 

).()()( 222 tDtDtD l +=  (7) 

 

where, subscript l represents the linear component and δ signifies the fluctuations. The linear 

component with offset can be obtained by the least square method from the time sequence of the pixel 
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of interest. The following equation can be constructed from equations (1–7): 
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(8) 

 

where  represents the ensemble average. Here, we assumed the following: 

 

),()()( 111 tDtNtI lll +=   (9) 

).()()( 222 tDtNtI lll +=   (10) 

Fig. 1. The concept of two-detector number and brightness analysis (TD-N&B). 

(A) Schematic diagram of the experimental setup. (B) Cartoons of image series simultaneously obtained by two 

avalanche photodiodes (APD). (C) Linear regression of count rate. Count rate at the same pixel was plotted as a 

function of time. 
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and we can get the following from equations (1–7, 9, 10): 

 

),()()( 111 tDtNtI  +=  (11) 

).()()( 222 tDtNtI  +=  (12) 

 

In addition, we assumed that there is no correlation between the fluctuations of the number of particles 

and the detector noise ( 0)()()()( 12 == tDtNtDtN   ). There was also no correlation 

between the fluctuation fractions of the noise from the two different detectors ( 0)()( 21 =tDtD  ). 

Most of the noise effect can be eliminated using those relations. 

When the number of particles in the confocal region obeys the Poisson distribution, the variance 

of the number is equal to the average: 

 

.)()( 2tNtN l =  (13) 

 

Finally, the number of particles and the particle brightness can be obtained from equations (8) and 

(13) as follows: 
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.)()()()()( 21 tDtNtItItItotal +=+=   (16) 

 

where )()()( 21 tItItItotal += , 21  += , and )()()( 21 tDtDtD += . When the count 

rate is markedly larger than the noise intensity, we can assume the following: 

 

,)()( 11 tNtI   (17) 
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,)()( 22 tNtI   (18) 

.)()()()( 21 tNtItItItotal +=  (19) 

 

This theory can be applied to even non-linear concentration change when the concentration change is 

much slower than frame time, and the concentration change in a small sliding segment (described in 

the Analysis condition section) can be assumed as linear. 

If there are only monomers and dimers of fluorescently labeled target particles, the ratio between 

the two can be analyzed using an advanced approach. The count rate arising from a monomer and 

dimer is given by: 

 

,ddmm NNI  +=  (20) 

 

where I  is the count rate, m  and d  are the particle brightness values of the monomer and 

dimer, respectively, which must be determined or measured by reference measurement, and mN  

and dN  are the numbers of monomers and dimers, respectively. The ratio of the number of 

monomers to the number of dimers is given by: 
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 (21) 

 

where mB   is the particle brightness normalized to the particle brightness of an EGFP monomer. 

md   is the ratio between the particle brightness of the monomer and that of the dimer when the 

measurements are performed independently. 

 

4.3.2 Simulation 

The fluctuating count rate was numerically simulated using MATLAB R2009b (MathWorks, USA), 

and the simulated results from conventional N&B and TD-N&B were compared. In the simulation, 

the particle brightness and the average number of particles were 4= [kHz] and 50)( =tN , 

respectively. The linear component )(tNl  was calculated using the given slope and )(tN , and 

the fluctuation component )(tN  was generated from a random number obeying the Poisson 
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distribution. Finally, the total count rate )(tI total  was calculated using equation (19), and it was 

distributed among )(1 tI  and )(2 tI  in a 2:3 ratio. 

 

4.3.3 Purification of EGFP 

EGFP was purified using the his-tag method, which was described previously [16]. 

 

4.3.4 Preparation of EGFP tandem oligomer lysate 

COS-7 cells were maintained at 37°C under a humidified atmosphere of 5% CO2, in Dulbecco’s 

modified Eagle’s medium (DMEM; #D5796; Sigma-Aldrich, USA) supplemented with 10% fetal 

bovine serum (FBS; GE Healthcare, USA), 100 µg/mL penicillin G (Sigma-Aldrich, USA), and 100 

µg/mL streptomycin (Sigma-Aldrich, USA). The COS-7 cells were seeded into a 6-well chamber 

(#140675, Thermo Fisher Scientific, USA) and incubated for 24 h. The cells (5 × 105 cells) were 

transfected with 1.0 µg of EGFP-C1 plasmids encoding EGFP monomer, or the plasmids encoding 

flexible linker (FL)-linked EGFP tandem oligomers (2–5 mer) [16] using Lipofectamine 2000 (Life 

Technologies, USA). The cells were incubated for 24 h. The medium was then renewed, followed by 

a 24-h incubation. The cells were then lysed using CelLytic M cell lysis reagent (Sigma-Aldrich, 

USA), and a protease inhibitor cocktail (Sigma-Aldrich, USA). The cell debris was then scraped, 

collected into microtubes, and centrifuged at 20,400 g for 10 min at 4°C. The supernatant cell lysate 

was collected and subjected to further analysis. 

 

4.3.5 Preparation of EGFP tandem oligomer-transfected U2OS cells 

U2OS cells were maintained at 37°C under a humidified atmosphere of 5% CO2 in McCoy’s 5A 

medium (#16600-820; Life Technologies, USA) supplemented with 10% charcoal-stripped fetal 

bovine serum (CS-FBS; Thermo Fisher Scientific, USA), 100 µg/mL penicillin G (Sigma-Aldrich, 

USA), and 100 µg/mL streptomycin (Sigma-Aldrich, USA). The U2OS cells were seeded into an 8-

well chambered coverglass (#155411, Thermo Fisher Scientific, USA) and incubated for 24 h. The 

cells (1.6 × 104 cells) were then transfected with 0.1 µg of EGFP-C1 plasmids encoding EGFP 

monomer, or the plasmids encoding FL-linked EGFP tandem oligomers (2–5 mer) [16] using 

ViaFect (Promega, USA). The cells were incubated for 24 h. The medium was then renewed and 

incubation was continued for 24 h. The medium was renewed again before the measurements were 

taken. 

 

4.3.6 Measurement of EGFP-GR translocation 

U2OS cells were seeded into an 8-well chamber cover glass (Thermo Fisher Scientific, USA), and 
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incubated at 37°C in 5% CO2 for 24 h. The cells (1.6 × 104 cells) were transfected with 0.1 µg of 

EGFP-GRWT and EGFP-GRA458T plasmids using ViaFect (Promega, USA). The cells were incubated 

for 24 h. The medium was then renewed and incubation was continued for 24 h. The medium was 

renewed again before the measurements were taken. The measurements were performed 

immediately after the addition of dexamethasone (final concentration of 100 nM). 

 

4.3.7 Image acquisition for TD-N&B 

Confocal fluorescence microscopy images were obtained using an LSM 710 META ConfoCor3 

system (Carl Zeiss, Germany) with a C-Apochromat 40×/1.2W Corr objective (Carl Zeiss). The 

EGFP was excited at a wavelength of 488 nm. EGFP fluorescence was split into two channels by a 

half mirror, and filtered using a long-pass filter (LP505). The pinhole size was 34 µm. The zoom 

factor was × 6. The X- and Y-scanning sizes were 256 × 64 pixels. The pixel dwell time was 12.61 

µs. Scanning was bi-directional. Except for in the GR experiment, 1,000 images were sequentially 

obtained; 10,000 images were obtained in the GR experiment. The laser had an output of 0.25 µW at 

the objective for all measurements. 

 

4.3.8 FCS measurements 

FCS measurements were performed using an LSM 710 META ConfoCor3 system (Carl Zeiss) with a 

C-Apochromat 40×/1.2W Corr objective (Carl Zeiss). The EGFP was excited at a wavelength of 488 

nm. EGFP fluorescence was split into two channels by a half mirror and filtered using a long-pass 

filter (LP505). The pinhole size was 32 µm. The measurement duration was 10 s × 10 times. A multi-

component diffusion model with one triplet state was used for curve-fitting: 
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  (22) 

 

where, ( )G  is a temporal autocorrelation function, T  is the triplet fraction, 
triplet  is the 

relaxation time of the triplet state, N is the average number of fluorescent particles in the 

measurement volume, iF  and i  are the fraction and diffusion time of the ith component, 

respectively, s  is a structure parameter representing the ratio of the beam waist to the axial radius, 

and m  is the number of components. For the purified EGFP experiment, 1=m ; for the lysate and 

live cell experiments, 2=m . After pinhole adjustment, the structure parameter was determined 

using a 10−7 M standard solution of rhodamine 6G for which the diffusion coefficient is known as 

DRh6G = 414 μm2/s [17,18]. 
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Particle brightness was calculated as count rate divided by the number of particles, determined 

by FCS. In the lysate, high-intensity fluorescence bursts were occasionally observed. This might be 

caused by sporadic passage of aggregated EGFP tandem oligomers. The particle brightness is not 

significantly affected by this because the aggregates are rarely formed (Supplementary Figure S2). 

 

4.3.9 Analysis conditions 

Boxcar filtering [19] and median filtering [8] were introduced for TD-N&B. Except for the GR 

experiments, 1,000 images were obtained and divided into small sliding segments. The length of 

each sliding segment was determined to be 200, and there were 801 sliding segments. The TD-N&B 

calculation was performed on every sliding segment. It produced 801 maps for particle brightness 

and 801 maps showing number of particles. Median filtering was applied to these two maps. For 

each pixel, the first-neighbor pixels (3 × 3) were analyzed. The pixel value was replaced by the 

median value of the 3 × 3 array. After median filtering, the results for the two maps were obtained by 

averaging the 801 maps. 

For the GR experiments, 10,000 images were divided into medium sliding segments. We 

determined the length of each medium sliding segment to be 1,000. This produced 9,001 medium 

sliding segments. An averaged particle brightness map and an averaged number of particles map 

were calculated for every medium sliding segment, as described above. Finally, 9,001 maps of the 

particle brightness and the number of particles were obtained. To reduce the enormous computation 

time required, parallel computing with a graphics processing unit (GPU) was performed using a 

JETSON TK-1 developer kit (NVIDIA, USA). The calculation time was approximately 6 h for 

10,000 images. 

The length of each sliding segment needs to be determined for TD-N&B analysis. Longer sliding 

segments produce more accurate maps, although there is the possibility that artifacts may arise 

owing to nonlinear changes in count rate, which are caused by cell migration or photobleaching. 

However, shorter sliding segments produce less accurate maps. Monomers and oligomers cannot be 

distinguished in the maps if the sliding segments are too short. 

After the calculation, the average count rate and average particle brightness of a map was 

obtained in the region of interest (ROI). For the purified EGFP experiments, the ROI was set at 254 

× 62 because the pixels at the edges of the images were distorted by median filtering. For the lysate 

experiments, the ROI was set at 254 × 62, and the average particle brightness was calculated by 

fitting the histogram of particle brightness into the Gaussian distribution in order to avoid the 

distortion caused by aggregated EGFP tandem oligomers. For the cell experiments, the ROI was set 

in the nucleus or in the cytoplasm along the nuclear envelope. 
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4.4 Results 

4.4.1 Comparison by simulation 

Conventional N&B assumes that the fluorescence intensity is ergodic and its properties can therefore 

be deduced from a single, sufficiently long, random sample of the process. However, fluorescence 

intensity can change during the measurement, owing to changes in concentration or to 

photobleaching, especially in living cells. Therefore, the results of conventional N&B can be 

seriously distorted. A simulation was performed to assess these effects. In the simulation,   was 

Fig. 2. Two-detector number and brightness analysis (TD-N&B) and conventional N&B simulation over a 

range of concentrations. 

Numerical simulation in a comparison between TD-N&B and conventional N&B. 4= [kHz] and 

50)( =tN . The count rate was distributed in a 3:2 ratio between APD1 and APD2 by a half mirror. A linear 

concentration change was assumed, and it caused a linear change of count rate. (A) Simulated count rate with a 

slope of 0. (B) Simulated count rate with a linear concentration change with a slope of 0.1. (C) Average particle 

brightness as a function of the slope. (D) Average number of particles as a function of the slope. 
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fixed at 4 kHz and 〈𝑁(𝑡)〉 was fixed at 50. As a model, it was assumed that the count rate was 

detected by APD1 and APD2 in a 3:2 ratio, and the slope of the count rate depended on the change in 

the concentration of the fluorophore. The simulation results are shown in Figure 2. Typical simulated 

signals with a slope of 0 and signals with linear concentration change with a slope of 0.1 are shown 

in A and B (Figure 2), respectively. The average particle brightness in conventional N&B increased 

with the slope of the count rate change (Figure 2C). The average number of particles in conventional 

N&B decreased with the count rate change (Figure 2D). The results suggest that conventional N&B 

is not suitable as a quantitative method when the count rate is not stable (slope ≠ 0). Introducing a 

linear regression of the TD-N&B signals eliminated the effect of concentration change, and the 

average particle brightness and the average number of particles remained constant. 

 

4.4.2 TD-N&B in solution 

Figure 3 illustrates the dependency of particle brightness and the number of particles on the 

concentration of EGFP, measured by conventional N&B and TD-N&B. The samples were taken 

from a series comprising various dilutions of EGFP in phosphate-buffered saline. The average count 

rate increased with the concentration of EGFP (Figure 3A). Theoretically, the average number of 

particles increases with concentration, but average particle brightness remains constant. In the 

present study, the average particle brightness decreased at concentrations over 0.05 µM, as 

determined by conventional N&B (Figure 3B). The average number of particles did not increase 

with concentration (Figure 3C). In contrast, the average particle brightness was correctly estimated, 

even at concentrations over 0.05 µM, and the average number of particles increased with 

concentration when TD-N&B was used. This suggests that the quantitative results for particle 

brightness and the number of particles determined by TD-N&B are more accurate than those 

determined by conventional N&B. However, average particle brightness was not constant at 

concentrations under 0.05 µM when either method was used. This was caused by insufficient photon 

counts for statistical analyses. 

 

4.4.3 In vitro investigation of EGFP tandem oligomers using TD-N&B 

Next, we confirmed the dependency of particle brightness on the number of EGFP units. The particle 

brightness of EGFP does not precisely correspond to the number of EGFP units, because it is 

possible that particle brightness is affected by molecular mechanisms such as energy transfer and/or 

quenching. Therefore, TD-N&B requires control and calibration experiments. Those experiments 

were performed on EGFP tandem oligomers in the cell lysate. The schematic sequences of the EGFP 

tandem oligomers are shown in Figure 4A. Particle brightness was measured using both TD-N&B 

and conventional N&B, and the results were also compared with those of experiments that used FCS 
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as a control method (Figure 4B). Each average particle brightness was normalized to the average 

particle brightness of the EGFP monomers. Significant differences in normalized particle brightness 

using FCS, TD-N&B, and conventional N&B are shown in Figure 4C–E. A comparison between 3 

different methods is shown in Figure 4F. With FCS, the normalized particle brightness increased 

with the number of EGFP units. Similar results were obtained using TD-N&B, but different results 

were obtained using conventional N&B. This was probably due to underestimation of particle 

brightness using conventional N&B. Particle brightness versus count rate plot is shown in 

supplementary figure S3A. 

Fig. 3. Two-detector number and brightness analysis (TD-N&B) and conventional N&B experiments on a 

purified EGFP diluted series. 

Dependency of particle brightness and the number of particles on the concentration of EGFP. The experiment 

was performed with a series of purified EGFP dilutions. The concentrations were measured by fluorescence 

correlation spectroscopy (FCS). (A) Average count rate versus concentration. (B) Average particle brightness 

versus concentration. (C) Average number of particles versus concentration. 
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Fig. 4. Two-detector number and brightness analysis (TD-N&B), fluorescence correlation spectroscopy 

(FCS), and conventional N&B experiments on EGFP tandem oligomers in vitro. 

The particle brightness of EGFP tandem oligomers in lysates was investigated using FCS, TD-N&B, and 

conventional N&B. Average particle brightness was normalized to that of EGFP monomers. (A) Schematic 

structure of EGFP tandem oligomers. (B) Comparison of normalized particle brightness among the different 

methods (N = 5). (C–E) Significant differences in normalized particle brightness as determined by FCS, TD-

N&B, and conventional N&B (ns: not significant; *p < 0.05, **p < 0.01). (F) Significant differences in 

normalized particle brightness among FCS, TD-N&B, and conventional N&B (ns: not significant; *p < 0.05, **p 

< 0.01). 
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4.4.4 Investigation of EGFP tandem oligomers in live cells 

Figures 5A–O show the count rate, the particle brightness, and the number of EGFP tandem 

oligomers in living cells. Normalized particle brightness was compared using FCS and TD-N&B, as 

seen in Figures 5P and 5Q. Significant differences in normalized particle brightness in the nucleus 

and cytoplasm, as determined by FCS, are shown in Figures 5R and 5S. Significant differences in 

normalized particle brightness in the nucleus and cytoplasm, as determined by TD-N&B are shown 

in Figures 5T and 5U. The results obtained using TD-N&B were similar to those obtained using 

FCS. Normalized particle brightness increased linearly in the cytoplasm. However, the average 

values of normalized particle brightness did not correspond with the number of EGFP units in the 

cytoplasm, unlike in the lysate, indicating that some of the EGFP units in the EGFP tandem 

oligomers did not fluoresce, owing to the effects of quenching, temperature, pH, and photobleaching. 

A detailed investigation of this phenomenon in the near future is warranted. 

Moreover, normalized particle brightness did not increase linearly in the nucleus (Figures 5P and 

5Q). One explanation is that larger EGFP tandem oligomers do not pass through the nuclear pores 

easily, resulting in a nuclear count rate that is too low to be determined accurately. Another 

explanation is that some of the EGFP tandem oligomers are digested into smaller fragments, which 

pass though the nuclear pores. The particle brightness versus count rate plot is shown in 

supplementary figure S3B and S3C. 

 

4.4.5 GR measurement 

Finally, we investigated the spatio-temporal distribution of nuclear translocating GR using TD-N&B. 

GRs are nuclear receptors that are ubiquitously expressed in almost all cells in the human body. GRs 

and their associated steroid ligands, the glucocorticoid hormones, regulate numerous genes that 

modulate the immune system [20], and play a critical role in the development and the constitutive 

activity of the central nervous system [21]. Although steroid hormones were first used in clinical 

treatments in 1948 [20], the detailed molecular mechanism of GR action remains unclear. This lack 

of basic mechanistic understanding hampers our ability to efficiently treat/avoid the serious side-

effects related to prolonged treatment with steroid hormones. 

GRs act as transcription factors by binding to the glucocorticoid response elements (GREs) in the 

nucleus, and act as modulators of other transcription factors. They exhibit complex dynamic 

behaviors such as nuclear translocation upon stimulation with steroid hormones and assembly at the 

DNA as dimers [22–24]. However, whether GRs form monomers or dimers during translocation is 

still unknown. 

Figure 6 shows the particle brightness of EGFP-GRWT and EGFP-GRA458T in U2OS cells during 

nuclear translocation, as determined by TD-N&B. GRA458T is a dimerization-deficient mutant. The 
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Fig. 5. Two-detector number and brightness analysis (TD-N&B) and FCS experiments on EGFP tandem 

oligomers in vivo. 

Count rate, particle brightness, and the number of particles of EGFP tandem oligomers in living cells. Count rate 

images (A–E), particle brightness images (F–J), and the number of particles images (K–O). N: nucleus; C: 

cytoplasm. (P) Comparison of normalized particle brightness determined by FCS (N = 5). Nuc: in the nucleus; 

Cyto: in the cytoplasm. (Q) Comparison of normalized particle brightness determined by TD-N&B (N = 5). (R–

U) Significant differences in normalized particle brightness in the nucleus and cytoplasm as determined by FCS 

and TD-N&B (ns: not significant; *p < 0.05, **p < 0.01). 
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average count rate and average particle brightness were calculated among pixels in a selected ROI. 

Average particle brightness was normalized to the average particle brightness of the EGFP monomer. 

Therefore, a normalized particle brightness of 1.0 or 2.0 indicated EGFP-GR monomers and dimers, 

respectively. The average count rate of both the wild-type (WT) and A458T increased in the nucleus 

and decreased in the cytoplasm, owing to nuclear translocation. The normalized particle brightness 

of both the WT and A458T was constant at approximately 1.0 in the cytoplasm, indicating that 

EGFP-GRWT and EGFP-GRA458T were monomeric. However, the normalized particle brightness of 

EGFP-GRWT increased in the nucleus to 1.63 (Figure 6F), compared to the case in A458T, in which 

the normalized particle brightness increased to 1.34 (Figure 6H). The increase in the normalized 

particle brightness in the nucleus after translocation was larger in the EGFP-GRWT than in EGFP-

GRA458T. This implies that EGFP-GRWT translocated as a monomer and dimerized in the nucleus. 

 

4.5 Discussion 

We have developed and present here a two-detector optical system significantly improved N&B 

analysis, which we call TD-N&B. TD-N&B enables a more precise quantitative determination of 

particle brightness and the number of particles, compared to conventional N&B. Underestimation of 

particle brightness by conventional N&B in regions of high concentration was observed (Figure 3B), 

which is caused by the effect of dead time in the APDs. The authors of previous studies [12,13] have 

described a correction method for such an effect. However, TD-N&B provides accurate 

measurements without the need for detector dead time correction. Furthermore, TD-N&B and the 

linear regression analysis developed here can also eliminate other noise, including afterpulsing, shot 

noise, and thermal noise from detectors. Generally, it is difficult to completely predict such noise and 

correct the fluorescence intensity accordingly. Therefore, TD-N&B has a marked advantage in this 

respect. TD-N&B is applicable to concentration change during measurement in time regimes where 

changes in fluorescence intensity can be assumed to be linear (Figure 2). 

The sensitivity to increased particle brightness using EGFP tandem oligomers is clearly 

demonstrated in Figure 4. The normalized particle brightness of TD-N&B corresponds to the number 

of EGFP units in the lysate experiment. This suggests that the number of EGFP units included in the 

EGFP tandem oligomers can be estimated by normalized particle brightness. We also performed TD-

N&B analysis in live cells (Figure 5). The normalized particle brightness in TD-N&B increased 

linearly with the number of EGFP units in the live cells, but it did not directly correspond to the 

number of EGFP units. This suggests that the number of EGFP units included in the EGFP tandem 

oligomers needs to be estimated carefully. However, we were able to deduce oligomer formation 

from the increasing normalized particle brightness. 

Finally, we were able to simultaneously monitor protein behaviors, such as the nuclear 

translocation and dimerization of GR in living cells using TD-N&B. It is impossible to investigate 
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Fig. 6. Particle brightness of EGFP-GRWT and EGFP-GRA458T during nuclear translocation. 

GRA458T is a dimerization-deficient mutant. U2OS cells were transfected with EGFP-GRWT and EGFP-GRA458T, 

and stimulated with 100 nM dexamethasone. (A, B) Count rate image of EGFP-GRWT before and after 

translocation. N: nucleus; C: cytoplasm. (C, D) Particle brightness image of EGFP-GRWT before and after 

translocation. Average count rate during the translocation of EGFP-GRWT (E) and EGFP-GRA458T (G). 

Normalized particle brightness during the translocation of EGFP-GRWT (F) and EGFP-GRA458T (H). 
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the translocation of GR using conventional N&B, because the count rate in a ROI is dramatically 

changed by nuclear translocation. After translocation, the normalized particle brightness of EGFP-

GRWT was 1.63, and the normalized particle brightness of EGFP-GRA458T was 1.34. When we 

assumed that the normalized particle brightness of EGFP-GR was 2.0, as it should ideally be when 

EGFP-GR is dimerized, the concentration ratio of the number of monomers to dimers of EGFP-

GRWT was estimated to be 1:0.85, and the concentration ratio of EGFP-GRA458T was 1:0.26, 

according to equation (21). However, the normalized particle brightness of the EGFP dimers was 

actually 1.65 times higher than that of the EGFP monomers. Therefore, because the normalized 

particle brightness of EGFP-GR was 1.65 and not 2.0 when EGFP-GR was dimerized, the 

concentration ratio between the monomers and dimers of EGFP-GRWT was 1:19.1, and the 

concentration ratio between the monomers and dimers of EGFP-GRA458T was 1:0.66. Hence, it is 

possible to estimate the ratio of monomers to dimers in living cells using TD-N&B. 

Our results suggest that a small amount of EGFP-GRA458T dimerized in the nucleus. It has been 

reported that GRA458T is partially dimerized in the nucleus [25]. Moreover, it has also been reported 

that GR dimerizes in the cytoplasm when its concentration is high [26]. The concentration of GR 

may have been low in our experiments, compared to the case in previous reports. 

 

4.6 Conclusion 

We have developed TD-N&B from N&B. The problems of conventional N&B were solved by 

introducing a two-detector optical system and linear regression of fluorescence intensity. The 

accuracy of TD-N&B was confirmed quantitatively by simulations and measurements in a dilution 

series of purified EGFP, EGFP tandem oligomers in cell lysate and living cells. TD-N&B can 

sequentially detect protein oligomerization over a wide field, even if the protein is diffused in living 

cells. Finally, the spatio-temporal measurement of localization and oligomer state change was 

demonstrated by an investigation of GR. We expect that TD-N&B will be useful for the discovery of 

compounds that promote/inhibit oligomerization, especially those that inhibit aggregation, which 

may be useful for the treatment of neurodegenerative diseases. 
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4.8 Supplemental Information 1 

We will show that the concentration change of fluorescent particles in measurement time causes 

overestimation of particle brightness when the linear regression is not performed. We assume linear 

concentration change in measurement time for simplification. Let T  be the number of frames. 

( )N t  can be separated into two components, linear and fluctuating: 

 

 ( ) ( ) ( ).lN t N t N t= +  (S1) 

 

We assume that the linear component has a slope of A  and an offset of B as the following:  

 

 ( ) .lN t At B= +  (S2) 

 

In addition, time average corresponds to the time average of linear component:  

 

 ( ) ( ) .lN t N t=  (S3) 

 

 

 

Figure 1. Linear concentration change in measurement time. 

Number of particle as a function of time. Solid red line is the number of particles. Dotted line is linear component of 

( )N t .  

 

 

Apparent number of particles appN   and apparent particle brightness appB   without linear 

regression are defined as follows:  
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Substitution of equation (1, 2) and (S1, S3) into the following equation gives 
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Here, we assumed the following: 

 

 ( )( ) ( ) ( ) 0.lN t N t N t− =  (S7) 

 

( )lN t  and ( )
2

( ) ( )l lN t N t−  are calculated as follows: 
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Finally, apparent particle brightness appB  can be obtained from equations (S6, S8, S9) and (13, 
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17-19): 

 

 

2 21
.

12 ( )
app

A T
B

N t
 = +  (S10) 

 

In equation (S10), the second term is always larger than 0 when the slope of the linear component 

A  is not 0:  

 

 

2 2

0.
( )

A T

N t
   (S11) 

 

Therefore, the concentration change in measurement time cause overestimation of particle brightness 

when the linear regression is not performed:  

 

 .appB B  =  (S12) 
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4.9 Supplemental Information 2 

 
Supplementary Fig. S2. Aggregation of EGFP tandem oligomers in cell lysate estimated by the distribution of 

photon counts in FCS. 

(A) and (B) show the fluorescence intensity fluctuation in the EGFP monomer lysate and EGFP pentamer lysate, 

respectively. High-intensity fluorescence burst were occasionally observed (black arrows). Photon count distribution 

of the EGFP monomer lysate (C) and EGFP pentamer lysate (D). Frequency was normalized to 1. The distributions 

were fitted to a normal distribution (red line). Rarely formed aggregated EGFP tandem oligomers were occasionally 

observed (blue arrow). (E) Fraction of photon count from aggregation was estimated by the area outside of the normal 

distribution.  
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4.10 Supplemental Information 3 

 

 

Supplementary Fig. S3. Particle brightness versus count rate plot. 

(A) Particle brightness versus count rate of EGFP tandem oligomer in the lysate. (B) Particle brightness versus count 

rate of EGFP tandem oligomer in the nuclei of living cells. (C) Particle brightness versus count rate of EGFP tandem 

oligomer in the cytoplasm of living cells. Colored horizontal lines are average for the particle brightness of EGFP 

tandem oligomers. 
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Chapter 5  

Application of ML  

and MAP Estimation Along With EB Method 

5.1 Abstract 

Number and brightness (N&B) analysis is useful for monitoring the spatial distribution of the 

concentration and oligomeric state of fluorescently labeled proteins in cells. N&B analysis is based on 

the statistical analysis of fluorescence images by using the method of moments (MoM). Further, N&B 

analysis can determine the particle number and particle brightness, which indicate the concentration 

and oligomeric state, respectively. However, the statistical accuracy and precision are limited in actual 

experiments with fluorescent proteins, owing to low excitation and the limited number of images. In 

this study, we applied maximum likelihood (ML) estimation and maximum a posteriori (MAP) 

estimation coupled with the empirical Bayes (EB) method (referred to as EB–MAP). In EB–MAP, we 

constructed a simple prior distribution for a pixel to utilize the information of the surrounding pixels. 

To evaluate the accuracy and precision of our method, we conducted simulations and experiments and 

compared the results of MoM, ML, and EB–MAP. The results showed that MoM estimated the particle 

number with many outliers. The outliers hampered the visibility of the spatial distribution and cellular 

structure. In contrast, EB–MAP suppressed the number of outliers and improved the visibility notably. 

The precision of EB–MAP was better by an order of magnitude in terms of particle number and 1.5 

times better in terms of particle brightness compared with those of MoM. The proposed method (EB–

MAP–N&B) is applicable to studies on fluorescence imaging, and would aid in accurately recognizing 

changes in the concentration and oligomeric state in cells. Our results hold significant importance 

because quantifying the concentration and oligomeric state would contribute to the understanding of 

dynamic processes in molecular mechanism in cells.  

 

5.2 Introduction 

Fluorescence imaging reveals the localization and distribution of fluorescently labeled molecules in 

cells. The concentration of molecules is strongly related to the progress of chemical reactions in cells, 

and the reactions regulate cellular functions. Thus, quantifying the concentration would yield valuable 

information about the regulations and the functions of cells. However, changes in the fluorescence 

intensity of images are caused by changes in the concentration and brightness of a single particle. Thus, 

with the exception of single molecule detection, it is challenging to quantify the concentration of 

fluorescent molecules from only the fluorescence images. Continuously observing the changes in 
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fluorescence intensity allows for the deconstruction of the fluorescence intensity into two factors.  

Fluorescence fluctuation spectroscopy (FFS) (1–3) is a general term for methods that analyze the 

temporal and spatial fluctuations in fluorescence intensity; it also provides useful information on 

factors such as concentration, oligomeric state, and rate of diffusion. Fluorescence correlation 

spectroscopy (FCS) (4) is a well-known method based on the statistical analysis of temporally 

correlated fluctuations caused by diffusing particles. The measurement type of this method is a single-

spot measurement, typically achieved using confocal fluorescence microscopy. Fluorescent particles 

freely diffuse and pass through the confocal volume (i.e., measurement volume) created by microscopy. 

Microscopy records the fluctuation in fluorescence intensity over time, and the fluctuation is described 

as an autocorrelation function. Typically, the weighted least squares method determines the parameters 

of the autocorrelation function. However, with the exception of several reports (5, 6), FCS could obtain 

single-spot information.  

Number and brightness (N&B) analysis (7) is another method based on the statistical analysis of 

temporally independent fluctuations in photon-counting images. In this method, images are typically 

obtained using confocal laser scanning microscopy. This microscopy method successively counts 

photons within a given sampling time while scanning and recording the counts as an image consisting 

of pixels. Iterative scanning produces a sequence of images, and the temporal fluctuation at each pixel 

position is analyzed based on the method of moments (MoM). Let us define an imaging duration as 

the period between a sampling and the next sampling at a pixel position. Under typical measurement 

conditions, the sampling time for a single pixel is less than several tens of microseconds, and the 

imaging duration is between hundreds of milliseconds to seconds for images of a sufficiently large 

size. This imaging duration is sufficient for fluorescent particles to pass through the confocal volume, 

and the temporal fluctuations become independent, unlike those in FCS because of the long imaging 

duration. In MoM, the first and second raw moments are estimated; moments are characteristic values 

of the probability distribution. The first moment is the sample average, and the second is an element 

constituting sample variance. The estimator consisting of the moments gives the particle number and 

particle brightness (7–10). The particle number reflects the concentration, whereas the particle 

brightness reflects the fluorescence intensity of a single particle. The fold change in particle brightness 

can be used to infer the oligomeric state. In the dimerization of two monomers into a dimer (Fig. 1), 

the fluorescence intensities of the monomers and the dimers are the same. In contrast, the numbers of 

particles are different, i.e., 2 and 1 for the monomers and the dimers, respectively. A dimer carries two 

fluorescent proteins; thus, the particle brightness of a dimer is twice that of a monomer.  

FCS is a single-spot measurement, whereas N&B analysis is a two-dimensional imaging-based 

measurement. The N&B analysis determines the particle number and particle brightness at each pixel 

position, and reveals their distribution as an image. Thus, N&B analysis is advantageous for 

monitoring the wide spatial range in cells. However, the conventional method estimates the particle 
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number and particle brightness with low accuracy and precision in a practical experiment with 

fluorescent proteins. Theoretically, a measurement with high excitation and an analysis with a large 

number of images yield accurate and precise estimation; however, they cause photobleaching and have 

low time-resolution in an actual experiment. If photobleaching occurs, MoM underestimates the 

particle number and overestimates particle brightness. Under undesired conditions, such as low 

excitation and small number of images, the particle number and particle brightness are sometimes 

estimated negatively, and outliers of particle number appear often. In this report, we consider the 

estimation of the particle number and particle brightness in the absence of photobleaching. 

In this study, we evaluated the performance of three different approaches, namely, MoM estimation, 

maximum likelihood (ML) estimation, and maximum a posteriori (MAP) estimation coupled with the 

empirical Bayes (EB) method (hereinafter referred to as EB–MAP). Regarding MoM, Qian and Elson 

reported a basic theory for N&B analysis in 1990, and Digman et al. applied it to laser scanning 

microscopy in 2008. However, little research has been conducted on devising solutions to improve the 

accuracy and precision of N&B analysis at a fundamental level, although it has been 30 years since 

the introduction of this theory. Furthermore, the application of ML estimation and EB–MAP to N&B 

analysis has not been studied before. In the estimation using MoM, we adopted two-detector N&B 

(TD–N&B) analysis, which reduces the effect of afterpulse and dead time reported previously (11). 

The ML determines the parameters by maximizing the likelihood function. The MAP estimation is a 

Bayesian approach, and utilizes prior distribution in addition to the likelihood function. The 

FIGURE 1: Reflection of oligomeric state by particle brightness 

Fluorescent protein (green cylinder), two fluorescently labeled monomers, and one dimer. Fluorescence intensity 

of the monomers and the dimer are given by 𝑋 (the overline represents average). In the dimerization, the particle 

number reduces by half, and the particle brightness doubles.  
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advantages of ML and Bayesian approaches have been reported in several studies. Strey investigated 

the least squares method and ML for the autocorrelated time trace originating from the Ornstein–

Uhlenbeck process (12). He reported that using the least squares method in FCS causes systematic 

deviation from the true parameters. Jazani et al. reported such a deviation in FCS using Bayesian non-

parametrics (13). Regarding the fluorescence lifetime measurement, Santra et al. investigated the least 

squares method, ML, and the related methods, and reported robustness of ML (14, 15). In the N&B 

analysis, a simple assumption (detailed later, before Eq. 3) enables the description of the probability 

distribution of photon counts based on Neyman type A distribution. Shenton evaluated the asymptotic 

efficiency of an MoM estimator (16), and Shenton and Bowman investigated the bias and variance of 

MoM and ML with a sample size of 100 (17). These reports suggested that the estimations of ML are 

more precise than those of MoM. However, ML sometimes estimates the particle number and particle 

brightness as infinity and 0, respectively, although their parameter space is limited on the intervals 

over 0 and below infinity; these estimates are known as boundary estimates (18, 19).  

To avoid such parameters, we applied MAP estimation. The prior distribution acts as a 

regularization term and prevents the boundary estimates. We assumed that the distribution of the 

particle number at a pixel and the surrounding pixels follows lognormal distribution. Then, we applied 

the EB method to determine the parameters of the distribution. Finally, we demonstrated the feasibility 

of our methods by simulations and experiments on an enhanced green fluorescent protein (EGFP) 

solution and the cells expressing EGFP tandem-oligomers.  

 

5.3 Methods 

5.3.1 Photon-counting model 

Single detector 

We constructed a double-detector system for single-color imaging by coupling a half mirror. In our 

single-detector system, the saturation of the photon count in the avalanche photodiode is severe if the 

fluorescence intensity is higher than 500 kHz. To extend the applicability of our method, we included 

the half mirror and reduced the fluorescence intensity of the detector. First, we describe a theory for 

photon counting by a single detector, and then extend the theory to double detectors.  

A semiclassical description of photon counting was made by Mandel (20). Here, we make 

assumptions based on the theory of photon counting histogram (PCH) (21). Let 𝐼𝑡(𝑡)  be the 

instantaneous light intensity of a detector at time 𝑡, and 𝑇 be the sampling time. The light intensity 

at a sampling time is given by the integral from 𝑡  to 𝑡 + 𝑇  of 𝐼𝑡(𝑡) . Here, we assume that the 

sampling time is sufficiently short compared with the residence time of the diffusing particles in the 

confocal volume. This assumption indicates that the number of particles does not change during the 

sampling time, and thus enables to track the number of particles at the moment of sampling. Under 
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this assumption, the light intensity during the sampling time is given by 𝐼𝑡𝑇 , and the probability 

distribution for observing 𝑊  photons during sampling by a single detector is given by rewriting 

Mandel’s formula (21, 22):  

 

𝑃(𝑊|𝜂) = ∫ Poi(𝑊|𝜂𝐼0)𝑃(𝐼0)d𝐼0

∞

0

, (1) 

 

where 𝜂 denotes the detection efficiency of the detector; 𝐼0 is the integrated light intensity (𝐼0 =

𝐼𝑡𝑇 ); 𝑃(𝐼0)  is the probability distribution for 𝐼0 ; Poi(𝑊|𝜂𝐼0)  is a Poisson distribution given as 

follows: 

 

Poi(𝑊|𝜂𝐼0) =
(𝜂𝐼0)

𝑊

𝑊!
exp(−𝜂𝐼0). (2) 

 

We simply assume that the intensity fluctuation depends only on the changes in the number of particles, 

and the fluctuation follows Poisson distribution. The probability distribution for observing 𝑊 

photons is given by Neyman type A distribution as follows:  

 

Ney(𝑊|𝜈, 휀) = ∑Poi(𝑊|휀𝑍)Poi(𝑍|𝜈)

∞

𝑍=0

, (3) 

 

where 𝜈 denotes the particle number (0 < 𝜈), a parameter of the Poisson distribution characterizing 

the fluctuation in the instantaneous number of particles in the confocal volume; 𝑍 is a hidden variable 

and a realized outcome of the Poisson distribution; 휀 denotes particle brightness (0 < 휀), an average 

photon count from a single particle within a sampling time; and 휀/𝑇 represents the particle brightness 

in Hz. Calculating the probabilities using Eq. 3 is difficult because it contains an infinite series; 

however, the following recursive formula is available (23, 24):  

 

Ney(𝑊|𝜈, 휀) = {

exp[𝜈{exp(−휀) − 1}] , (𝑊 = 0),

1

𝑊
𝜈휀 exp(−휀) ∑

휀𝑊−𝑙−1

(𝑊 − 𝑙 − 1)!

𝑊−1

𝑙=0

Ney(𝑙|𝜈, 휀), (𝑊 ≥ 1).
 (4) 

 

Double detectors 

We extend the equations obtained above to a double-detector system. The light intensity is separated 

by a half mirror and detected by two photon detectors. Let 𝐼1 and 𝐼2 be integrated light intensities 

in detector 1 and 2, respectively. The probability distribution for observing 𝑋  and 𝑌  photons at 
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detector 1 and 2, respectively, is given as follows (22): 

 

𝑃(𝑋, 𝑌|𝜂1, 𝜂2) = ∫ ∫ Poi(𝑋|𝜂1𝐼1)Poi(𝑌|𝜂2𝐼2)𝑃(𝐼1, 𝐼2)
∞

0

d𝐼1

∞

0

d𝐼2, (5) 

 

where 𝜂1 and 𝜂2 denote the detection efficiency of detector 1 and 2, respectively. Under the same 

assumptions as those for Eq. 3, the probability distribution for observing 𝑋 and 𝑌 photons is given 

by 

 

𝑃(𝑋, 𝑌|𝜈, 휀, 𝑝) = ∑Poi(𝑋|휀𝑝𝑍)Poi(𝑌|휀(1 − 𝑝)𝑍)Poi(𝑍|𝜈)

∞

𝑍=0

 

= Bin(𝑋, 𝑌|𝑝)Ney(𝑊|𝜈, 휀), 

(6) 

 

where 𝑝  represents a fraction of light intensity reaching detector 1, 𝑊  is equal to 𝑋 + 𝑌 , and 

Bin(𝑋, 𝑌|𝑝) is a binomial distribution given by 

 

Bin(𝑋, 𝑌|𝑝) =
(𝑋 + 𝑌)!

𝑋! 𝑌!
𝑝𝑋(1 − 𝑝)𝑌. (7) 

 

The recursive formula similar to Eq. 4 is given by (see Supporting Material for derivation) 

 

𝑃(𝑋, 𝑌|𝜈, 휀, 𝑝)

=

{
  
 

  
 

exp[𝜈(exp[−휀] − 1)] , (𝑋 = 0, 𝑌 = 0),

1

𝑌
𝜈휀(1 − 𝑝) exp[−휀] ∑

{(1 − 𝑝)휀}𝑌−𝑚−1

(𝑌 −𝑚 − 1)!
𝑃(0,𝑚|𝜈, 휀, 𝑝)

𝑌−1

𝑚=0

, (𝑋 = 0, 𝑌 ≥ 1),

1

𝑋
𝜈휀𝑝 exp[−휀] ∑

{(1 − 𝑝)휀}𝑌−𝑚

(𝑌 −𝑚)!

𝑌

𝑚=0

∑
(𝑝휀)𝑋−𝑙−1

(𝑋 − 𝑙 − 1)!
𝑃(𝑙,𝑚|𝜈, 휀, 𝑝)

𝑋−1

𝑙=0

, (𝑋 ≥ 1, 𝑌 ≥ 0).

 
(8) 

 

Single detector affected by dead time 

Dead time is a non-ideal property of a photon detector that causes loss of photon count. Dead time is 

a time period after photon detection during which detectors cannot detect any photons. 

Underestimation of particle brightness without correction for dead time has been reported (11, 25). 

Let 𝜏 be the dead time, and 𝛿 = 𝜏/𝑇. The probability distribution for observing 𝑊 photons on a 

dead-time-affected detector is given as follows for 𝑊 < 1/𝛿  (see Supporting Material for 

derivation):  
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𝑃(𝑊|𝜈, 휀, 𝛿) = ∑ 𝐴𝑚(𝑊, 𝛿)Ney(𝑊 +𝑚|𝜈, 휀)

∞

𝑚=0

, (9) 

 

where the function 𝐴𝑚(𝑊, 𝛿) is given by 

 

𝐴𝑚(𝑊, 𝛿) = (
𝑊 +𝑚
𝑊

) ∑ (−1)𝑘−𝑚 (
𝑊

𝑘 −𝑚
)𝛿𝑘 [(1 −

𝑚

𝑘
)(𝑊 − 1)𝑘 +

𝑚

𝑘
𝑊𝑘]

𝑊+𝑚

𝑘=𝑚

. (10) 

 

Double detectors affected by dead time 

For a double-detector system, let 𝜏1 and 𝜏2 be the dead time for detectors 1 and 2, respectively, and 

let us define 𝛿1 = 𝜏1/𝑇 and 𝛿2 = 𝜏2/𝑇. The joint probability distribution for observing 𝑋 and 𝑌 

photons on a dead-time-affected detector is given as follows for 𝑋 < 1/𝛿1  and 𝑌 < 1/𝛿2  (see 

Supporting Material for derivation):  

 

𝑃(𝑋, 𝑌|𝜈, 휀, 𝑝, 𝛿1, 𝛿2) = ∑∑𝐴ℎ(𝑋, 𝛿1)𝐴𝑚−ℎ(𝑌, 𝛿2)𝑃(𝑋 + ℎ, 𝑌 +𝑚 − ℎ|𝜈, 휀, 𝑝)

𝑚

ℎ=0

∞

𝑚=0

. (11) 

 

In this study, we assumed that higher terms of the infinite series, such as 3 ≤ 𝑚, are negligible.  

 

5.3.2 Maximum likelihood estimation 

Double-detector model 

The ML determines parameters by maximizing a likelihood function. We assume independent 𝐼 time 

observations. In the N&B analysis, independent observations are realized if the imaging duration is 

sufficiently longer than the residence time of the fluorescent particles in the confocal volume. The 

likelihood function is given as follows, with 𝒙 = (𝑥1, 𝑥2, … , 𝑥𝐼) and 𝒚 = (𝑦1, 𝑦2, … , 𝑦𝐼):  

 

ℒ(𝒙, 𝒚|𝜈, 휀, 𝑝) =∏𝑃(𝑥𝑖 , 𝑦𝑖|𝜈, 휀, 𝑝)

𝐼

𝑖=1

. (12) 

 

We numerically estimate the maximum point on the natural logarithm of the likelihood function by 

using the Newton–Raphson method. This is an iterative method and requires the first and second 

derivatives of the log-likelihood function. The first derivatives with respect to the parameters are given 

by,  
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∂ logℒ

𝜕𝜈
(𝒙, 𝒚|𝜈, 휀, 𝑝) = −𝐼 +

1

𝜈휀
𝑆1(𝒙 + 𝒚, 𝜈, 휀), (13) 

∂ logℒ

𝜕휀
(𝒙, 𝒚|𝜈, 휀, 𝑝) =

1

휀
𝑆0(𝒙 + 𝒚) −

1

휀
𝑆1(𝒙 + 𝒚, 𝜈, 휀), (14) 

∂ logℒ

𝜕𝑝
(𝒙, 𝒚|𝜈, 휀, 𝑝) =

1

𝑝
𝑆0(𝒙) −

1

1 − 𝑝
𝑆0(𝒚), (15) 

 

where  

 

𝑆0(𝒘) ≔∑𝑤𝑖

𝐼

𝑖=1

, (16) 

𝑆1(𝒘, 𝜈, 휀) ≔∑
(𝑤𝑖 + 1)Ney(𝑤𝑖 + 1|𝜈, 휀)

Ney(𝑤𝑖|𝜈, 휀)

𝐼

𝑖=1

, (17) 

 

𝒘 = (𝑤1, 𝑤2, … ,𝑤𝐼), and 𝑤𝑖 = 𝑥𝑖 + 𝑦𝑖 (𝑖 = 1, 2,… , 𝐼). Setting the first derivatives to zero gives 

 

𝜈휀 =
1

𝐼
∑(𝑥𝑖 + 𝑦𝑖)

𝐼

𝑖=1

, (18) 

�̂� =
∑ 𝑥𝑖
𝐼
𝑖=1

∑ (𝑥𝑖 + 𝑦𝑖)
𝐼
𝑖=1

. (19) 

 

Substituting 휀 = �̅�/𝜈  (�̅� =
1

𝐼
∑ 𝑥𝑖 + 𝑦𝑖
𝐼
𝑖=1  ) into the probability distribution and the log-likelihood 

function gives a univariate likelihood function. The first and second derivatives with respect to 𝜈 are 

given by, 

 

∂ logℒ

∂𝜈
(𝒙, 𝒚|𝜈,

�̅�
𝜈 , 𝑝) = −𝐼 −

𝐼�̅�

𝜈
+ (

1

𝜈
+
1

�̅�
) 𝑆1 (𝒙 + 𝒚, 𝜈,

�̅�

𝜈
), (20) 
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∂2 logℒ

∂𝜈2
(𝒙, 𝒚|𝜈,

�̅�
𝜈
, 𝑝)

=
𝐼�̅�

𝜈2
−
1

𝜈
(
2

𝜈
+
1

�̅�
) 𝑆1 (𝒙 + 𝒚, 𝜈,

�̅�

𝜈
) + (

1

𝜈
+
1

�̅�
)
2

𝑆2 (𝒙 + 𝒚, 𝜈,
�̅�

𝜈
)

− (
1

𝜈
+
1

�̅�
)
2

𝑆3 (𝒙 + 𝒚, 𝜈,
�̅�

𝜈
), 

(21) 

 

where  

 

𝑆2(𝒘, 𝜈, 휀) ≔∑
(𝑤𝑖 + 1)(𝑤𝑖 + 2)Ney(𝑤𝑖 + 2|𝜈, 휀)

Ney(𝑤𝑖|𝜈, 휀)

𝐼

𝑖=1

, (22) 

𝑆3(𝒘, 𝜈, 휀) ≔∑{
(𝑤𝑖 + 1)Ney(𝑤𝑖 + 1|𝜈, 휀)

Ney(𝑤𝑖|𝜈, 휀)
}

2𝐼

𝑖=1

. (23) 

 

For the initial value of 𝜈(0), the 𝑘-th iteration process of the Newton–Raphson method (𝑘 = 0,1,2,…) 

is given by, 

 

𝜈(𝑘+1) = 𝜈(𝑘) −

∂ logℒ
∂𝜈 (𝒙, 𝒚|𝜈,

�̅�
𝜈 , 𝑝)

∂2 logℒ
∂𝜈2

(𝒙, 𝒚|𝜈,
�̅�
𝜈 , 𝑝)

. (24) 

 

Dead-time-affected double-detector model 

The likelihood function for a dead-time-affected photon count is given by, 

 

ℒ(𝒙, 𝒚|𝜈, 휀, 𝑝, 𝛿1, 𝛿2) =∏𝑃(𝑥𝑖 , 𝑦𝑖|𝜈, 휀, 𝑝, 𝛿1, 𝛿2)

𝐼

𝑖=1

. (25) 

 

In the dead-time-affected model, the relationship between 𝜈  and 휀 , similar to Eq. 18, was not 

obtained; thus, we use the Newton–Raphson method for two variables to find the maximum of the 

likelihood function. The first and second derivatives of the log-likelihood function are calculated from 

the probability distribution for the dead-time-affected photon count and the first and second derivatives 

of this probability distribution. The first and second derivatives are obtained by taking the derivative 

of Eq. 11. We assumed a constant dead time of 50 ns (𝛿1 = 𝛿2 = 7.82 × 10
−3). The first and second 

derivatives of the probability distribution for an ideal photon count are given by, 
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∂𝑃

𝜕𝜈
(𝑋, 𝑌|𝜈, 휀, 𝑝) = −𝑃(𝑋, 𝑌|𝜈, 휀, 𝑝) +

𝑋 + 1

𝜈휀𝑝
𝑃(𝑋 + 1,𝑌|𝜈, 휀, 𝑝), (26) 

∂𝑃

𝜕휀
(𝑋, 𝑌|𝜈, 휀, 𝑝) =

𝑋 + 𝑌

휀
𝑃(𝑋, 𝑌|𝜈, 휀, 𝑝) −

𝑋 + 1

휀𝑝
𝑃(𝑋 + 1, 𝑌|𝜈, 휀, 𝑝), (27) 

∂2𝑃

𝜕𝜈2
(𝑋, 𝑌|𝜈, 휀, 𝑝)

= 𝑃(𝑋, 𝑌|𝜈, 휀, 𝑝) −
(2𝜈 + 1)(𝑋 + 1)

𝜈2휀𝑝
𝑃(𝑋 + 1, 𝑌|𝜈, 휀, 𝑝)

+
(𝑋 + 1)(𝑋 + 2)

𝜈2휀2𝑝2
𝑃(𝑋 + 2, 𝑌|𝜈, 휀, 𝑝), 

(28) 

∂2𝑃

𝜕𝜈𝜕휀
(𝑋, 𝑌|𝜈, 휀, 𝑝)

= −
𝑋 + 𝑌

휀
𝑃(𝑋, 𝑌|𝜈, 휀, 𝑝) +

(𝑋 + 𝑌 + 𝜈휀)(𝑋 + 1)

𝜈휀2𝑝
𝑃(𝑋 + 1, 𝑌|𝜈, 휀, 𝑝)

−
(𝑋 + 1)(𝑋 + 2)

𝜈휀2𝑝2
𝑃(𝑋 + 2, 𝑌|𝜈, 휀, 𝑝), 

(29) 

∂2𝑃

𝜕휀2
(𝑋, 𝑌|𝜈, 휀, 𝑝)

=
(𝑋 + 𝑌)(𝑋 + 𝑌 − 1)

휀2
𝑃(𝑋, 𝑌|𝜈, 휀, 𝑝)

−
2(𝑋 + 𝑌)(𝑋 + 1)

휀2𝑝
𝑃(𝑋 + 1, 𝑌|𝜈, 휀, 𝑝)

+
(𝑋 + 1)(𝑋 + 2)

휀2𝑝2
𝑃(𝑋 + 2, 𝑌|𝜈, 휀, 𝑝). 

(30) 

 

For the initial values of 𝜈(0) and 휀(0), the 𝑘-th iteration process of the Newton–Raphson method 

(𝑘 = 1,2,3,…) is given by, 

 

(𝜈
(𝑘+1)

휀(𝑘+1)
) = (𝜈

(𝑘)

휀(𝑘)
) −

(

 

∂2 log 𝐿

∂𝜈2
∂2 log 𝐿

𝜕𝜈𝜕휀
∂2 log 𝐿

𝜕𝜈𝜕휀

∂2 log 𝐿

∂휀2 )

 

−1

(

∂ log 𝐿

𝜕𝜈
∂ log 𝐿

𝜕휀

), (31) 

 

where logℒ is the abbreviated form of logℒ (𝒙, 𝒚|𝜈, 휀, 𝑝, 𝛿1, 𝛿2). 
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5.3.3 Maximum a posteriori estimation 

In ML, the estimates are sometimes on the boundary of the parameter space, which are known as 

boundary estimates (18, 19). In our N&B analysis, although the parameter space of 𝜈 and 휀 is 0 <

𝜈 < ∞ and 0 < 휀 < ∞, respectively, the maximum point of the log-likelihood is sometimes given by 

𝜈  of infinity and 휀  of 0 (see Fig. S3.3 in Supporting Material). Some studies have reported that 

boundary estimates are obtained via analyses using a statistical model that contains hidden variables, 

and appear on a small sample size (18). In fact, N&B analysis has a hidden variable 𝑍 for the number 

of particles at the moment of a sampling. The boundary estimates appeared well in an analysis with a 

small frame number or low particle brightness (see Fig. S3.1 in Supporting Material). To avoid the 

estimates, we applied MAP estimation. A MAP estimate is given by maximizing the product of the 

likelihood function and prior distribution. The prior distribution is a probability distribution, which 

characterizes the uncertainty of the parameters before observations. The prior distribution prevents the 

estimates from moving to the boundary.  

In this study, we assumed lognormal distribution as the prior distribution to represent the similarity 

in particle number between a pixel and the surrounding eight pixels. For N&B analysis, the assumption 

of similarity would be realistic, because of two reasons. (a) Diffraction limit: diffraction prevents a 

microscope from imaging the light emitted from a point light source. Even if the particle number 

changes sharply between a pixel and the surrounding eight pixels, the change would be alleviated. (b) 

Overlap of confocal volume during sampling: to maintain the lateral resolution, a pixel size smaller 

than the resolution is recommended. Confocal laser scanning microscopy scans the pixel size within 

a sampling time. During scanning, the illuminated area overlaps between the adjacent pixels if the 

confocal volume has a radius as large as the pixel size. We simply consider a fraction of the overlap 

in the x–y plane. In our measurement, we used an excitation wavelength of 488 nm and a numerical 

aperture of 1.2; further, we theoretically calculated the radius of the Airy disk (lateral resolution) as 

248 nm. We set a pixel size of 146 nm and estimated the radius of the confocal volume as 214 nm by 

using FCS (see Materials and Methods in Supporting Material). The overlap fraction of the illuminated 

area can be calculated by 𝜋𝑟2/(𝜋𝑟2 + 2𝑠𝑟), where 𝑟 is the radius of the confocal volume and 𝑠 is 

the pixel size (see Supporting Material for derivation). In our measurement, this fraction is 0.697, 

suggesting that the illuminated area does not change markedly in the adjacent pixels. To determine the 

parameters of the lognormal distribution, we applied the EB method to a pixel by using the surrounding 

eight pixels. The EB method is described later. 

 

Double-detector model 

We assumed that the prior distributions of the particle number 𝜈  and particle brightness 휀  are 

independent, and are given by lognormal and uniform distributions from 0 to ∞, respectively. The 

joint posterior distribution is given by 
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𝑃(𝜈, 휀|𝒙, 𝒚, �̂�, �̂�, �̂�) ∝ ℒ(𝒙, 𝒚|𝜈, 휀, �̂�)LN(𝜈|�̂�, �̂�)Uni(휀), (32) 

 

where �̂� is an estimate for 𝑝. We assumed that 𝑝 can be approximated as a constant independent of 

the pixel position and measurements, and can be estimated prior to the measurements by using Eq. 19 

(�̂� = 0.5665). The same assumption is used in the following. Further, �̂� and �̂� are estimates given 

by the EB method; LN and Uni represent the lognormal and uniform distributions, respectively. We 

estimated the maximum of the joint posterior distribution using the Newton–Raphson method as 

before. Taking the logarithm of both sides on Eq. 32 and the derivative of the log-posterior distribution 

gives the equations required for the Newton–Raphson method. The first and second derivatives of 

logℒ (𝒙, 𝒚|𝜈, 휀, �̂�) and log LN(𝜈|�̂�, �̂�) are given by Eq. 13 and 14, and  

 

∂2 logℒ

𝜕𝜈2
(𝒙, 𝒚|𝜈, 휀, �̂�)

= −
1

𝜈2휀
𝑆1(𝒙 + 𝒚, 𝜈, 휀) +

1

𝜈2휀2
𝑆2(𝒙 + 𝒚, 𝜈, 휀) −

1

𝜈2휀2
𝑆3(𝒙 + 𝒚, 𝜈, 휀), 

(33) 

∂2 logℒ

𝜕𝜈𝜕휀
(𝒙, 𝒚|𝜈, 휀, �̂�) = −

1

𝜈휀2
𝑆2(𝒙 + 𝒚, 𝜈, 휀) +

1

𝜈휀2
𝑆3(𝒙 + 𝒚, 𝜈, 휀), (34) 

∂2 logℒ

𝜕휀2
(𝒙, 𝒚|𝜈, 휀, �̂�) = −

1

휀2
𝑆0(𝒙 + 𝒚) +

1

휀2
𝑆2(𝒙 + 𝒚, 𝜈, 휀) −

1

휀2
𝑆3(𝒙 + 𝒚, 𝜈, 휀), (35) 

∂ log LN

∂ν
(𝜈|�̂�, �̂�) = −

1

𝜈
−
log 𝜈 − �̂�

�̂�2𝜈
, (36) 

∂2 log LN

𝜕𝜈2
(𝜈|�̂�, �̂�) =

1

𝜈2
+
log 𝜈 − �̂� − 1

�̂�2𝜈2
. (37) 

 

For the initial values of 𝜈(0) and 휀(0), the 𝑘-th iteration process of the Newton –Raphson method 

(𝑘 = 1,2,3,…) is given by Eq. 31 by replacing log ℒ with log𝑃(𝜈, 휀|𝒙, 𝒚, �̂�, �̂�, �̂�).  

 

Dead-time-affected double-detector model 

The joint posterior distribution is given by 

 

𝑃(𝜈, 휀|𝒙, 𝒚, �̂�, 𝛿1, 𝛿2, �̂�, �̂�) ∝ ℒ(𝒙, 𝒚|𝜈, 휀, �̂�, 𝛿1, 𝛿2) LN(𝜈|�̂�, �̂�)Uni(휀). (38) 

 

To find the maximum of the posterior distribution, we used the Newton–Raphson method for two 

variables as done previously. The first and second derivatives of the log-posterior distribution are given 

by those of the log-likelihood and log-prior distribution, which are given by Eq. 25, 36, and 37. The 
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iteration process of the Newton–Raphson method is given by Eq. 31 by replacing logℒ  with 

log𝑃(𝜈, 휀|𝒙, 𝒚, �̂�, 𝛿1, 𝛿2, �̂�, �̂�). 

 

5.3.4 Empirical Bayes method 

Lognormal prior model 

As mentioned above, we assumed that the particle number distributions of a pixel (center pixel) and 

the surrounding eight pixels are given by identical lognormal distributions. The parameter of the 

lognormal distribution is a hyperparameter, and we estimated the hyperparameters 𝜇  and 𝜎  for 

predicting the center pixel by using the surrounding eight pixels. In this study, we estimated the 

hyperparameters using the EB method (26, 27); this method determines the hyperparameters by 

maximizing the marginal likelihood. To find the maximum point, we used the expectation 

maximization (EM) algorithm (26, 27). We simply write the joint posterior distribution on the 

surrounding pixels with 𝜈1:𝐽 = (𝜈1, 𝜈2… , 𝜈𝐽) and 휀1:𝐽 = (휀1, 휀2… , 휀𝐽) as follows:  

 

𝑃(𝜈1:𝐽, 휀1:𝐽|𝒙1:𝐽, 𝒚1:𝐽, �̂�, 𝜇, 𝜎) =
1

ℳ
∏[ℒ(𝒙𝑗 , 𝒚𝑗|𝜈𝑗 , 휀𝑗 , �̂�)LN(𝜈𝑗|𝜇, 𝜎)Uni(휀𝑗)]

𝐽

𝑗=1

, (39) 

 

where the subscript 𝑗  represents the addresses between the surrounding pixels, subscript 1: 𝐽 

represents the vector of the addresses (in this study, 𝐽 = 8). The photon count observations at each 

pixel are assumed to be conditionally independent given 𝜇 and 𝜎. For MoM and ML, photon count 

observations at each pixel are assumed to be independent. ℳ is the marginal likelihood given by 

 

ℳ(𝒙1:𝐽, 𝒚1:𝐽|�̂�, 𝜇, 𝜎) = ∫ ∫ ∏[ℒ(𝒙𝑗 , 𝒚𝑗|𝜈𝑗 , 휀𝑗 , �̂�)LN(𝜈𝑗|𝜇, 𝜎)Uni(휀𝑗)]

𝐽

𝑗=1

d𝜈1:𝐽

∞

0

d휀1:𝐽

∞

0

 

=∏[∫ ∫ ℒ(𝒙𝑗 , 𝒚𝑗|𝜈𝑗 , 휀𝑗 , �̂�)LN(𝜈𝑗|𝜇, 𝜎)Uni(휀𝑗)d𝜈𝑗

∞

0

d휀𝑗

∞

0

]

𝐽

𝑗=1

. 

(40) 

 

The EM algorithm is an iterative method to find the maximum, which is given by maximizing the 

following function 𝒬(𝜇, 𝜎, 𝜇old, 𝜎old) (see Supporting Material for derivation):  

 

𝒬(𝜇, 𝜎, 𝜇old, 𝜎old) =∑∫ ∫ 𝑃(𝜈𝑗 , 휀𝑗|𝒙𝑗 , 𝒚𝑗 , �̂�, 𝜇old, 𝜎old) log LN(𝜈𝑗|𝜇, 𝜎)  d𝜈𝑗

∞

0

d휀𝑗

∞

0

𝐽

𝑗=1

. (41) 
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The algorithm consists of an E step and an M step. The E step is a calculation step of expectations 

with the fixed hyperparameters 𝜇old  and 𝜎old . The M step is a maximization step of 

𝒬(𝜇, 𝜎, 𝜇old, 𝜎old)  by changing the hyperparameters 𝜇  and 𝜎 . The first derivative of 

𝒬(𝜇, 𝜎, 𝜇old, 𝜎old) is given by, 

 

𝜕𝒬

𝜕𝜇
(𝜇, 𝜎, 𝜇old, 𝜎old) =

1

𝜎2
∑[𝔼𝜈𝑗𝜀𝑗[log𝜈𝑗] − 𝜇]

𝐽

𝑗=1

, (42) 

𝜕𝒬

𝜕𝜎
(𝜇, 𝜎, 𝜇old, 𝜎old) =∑[−

1

𝜎
+
𝔼𝜈𝑗𝜀𝑗 [(log 𝜈𝑗 − 𝜇)

2
]

𝜎3
]

𝐽

𝑗=1

, (43) 

 

where 𝔼𝜈𝑗𝜀𝑗[ ]  denotes an expectation with posterior distribution 𝑃(𝜈𝑗 , 휀𝑗 , |𝒙𝑗 , 𝒚𝑗 , �̂�, 𝜇old, 𝜎old) . 

Setting the first derivatives to zero gives 

 

𝜇new =
1

𝐽
∑𝔼𝜈𝑗𝜀𝑗[log 𝜈𝑗]

𝐽

𝑗=1

, (44) 

𝜎new = (
1

𝐽
∑𝔼𝜈𝑗𝜀𝑗 [(log 𝜈𝑗)

2
]

𝐽

𝑗=1

− 𝜇new
2)

1
2

. (45) 

 

In this model, 𝔼𝜈𝑗𝜀𝑗[log 𝜈𝑗] and 𝔼𝜈𝑗𝜀𝑗 [(log 𝜈𝑗)
2
] are calculated in the E step, and 𝜇new and 𝜎new 

are estimated in the M step. The estimated 𝜇new and 𝜎new are used as 𝜇old and 𝜎old, respectively, 

in the following E step. The iteration of the E step and the M step continues until convergence. 

 

Lognormal prior with gamma hyperprior model 

In the previously described lognormal prior model, the EB method gives the estimates, and the 

estimates can be substituted for lognormal distribution LN(𝜈|�̂�, �̂�) . The distribution enables the 

prediction of particle number in a pixel. However, the precision of the estimates is insufficiently high; 

thus, the prediction sometimes fails (see Fig S1.1 in Supporting Material). The low precision could be 

attributed to the small number of grouped pixels; especially, a low �̂� reduces the variance of the 

distribution, and the prediction fails to represent the variation in the particle number of grouped pixels. 

To avoid this problem, Chung et al. proposed to use gamma distribution as a hyperprior (28). A 
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hyperprior is a prior distribution for a hyperparameter, which acts as a penalty against a low �̂�. A 

gamma hyperprior for 𝜎 is given by 

 

Gam(𝜎|𝛼, 𝛽) =
𝛽𝛼

Γ(𝛼)
𝜎𝛼−1 exp(−𝛽𝜎), (46) 

 

where 𝛼 and 𝛽 are parameters taking a positive value (0 < 𝛼, 0 < 𝛽), Γ(𝛼) is a gamma function, 

and Γ(𝛼) = ∫ 𝑢𝛼−1 exp(−𝑢) d𝑢
∞

0
. Chung et al. recommended to use 𝛼 = 2 and 𝛽 → 0 by default. 

In this study, we used 𝛼 = 𝐽 + 1 and 𝛽 = 0.01𝐽 (we assumed 𝐽 = 8; thus, 𝛼 = 9 and 𝛽 = 0.08). 

We choose a pair of 𝛼 and 𝛽 to simplify the calculation in the M step and construct the gamma 

distribution with a mode of 100 . With this choice, the 25th and 75th percentiles of the gamma 

distribution are 𝑄25 = 85.5  and 𝑄75 = 135.0 , respectively. The gamma distribution works to 

positively increase �̂� and prevents the prediction from failing. Simply considering the default amount 

of particle number variation whose 𝜎  of 100  is given, the 25th and 75th percentiles for 𝜈  are 

𝑄25 = 5.10 × 10
−30 exp(𝜇)  and 𝑄75 = 1.96 × 10

29 exp(𝜇) , respectively. The median of the 

distribution is given by exp(𝜇). Although the percentiles depend on 𝜇, the 𝑄25–𝑄75 interval would 

be regarded as sufficiently wide. An actual experimental range of the particle number in an N&B 

analysis would be 10−3 < 𝜈 < 103. With a small particle number, the fluorescence background and 

autofluorescence are not negligible. In contrast, with a large particle number, the fluorescence intensity 

increases, and the photon count saturation of the detectors is not negligible. The joint posterior 

distribution is given by 

 

𝑃(𝜈1:𝐽, 휀1:𝐽|𝒙1:𝐽, 𝒚1:𝐽, �̂�, 𝜇, 𝜎, 𝛼, 𝛽)

=
1

ℳ
∏[ℒ(𝒙𝑗 , 𝒚𝑗|𝜈𝑗 , 휀𝑗 , �̂�)LN(𝜈𝑗|𝜇, 𝜎)Uni(휀𝑗)]

𝐽

𝑗=1

Gam(𝜎|𝛼, 𝛽), 
(47) 

 

where  

 

ℳ(𝒙1:𝐽, 𝒚1:𝐽|�̂�, 𝜇, 𝜎, 𝛼, 𝛽)

=∏[∫ ∫ ℒ(𝒙𝑗 , 𝒚𝑗|𝜈𝑗 , 휀𝑗 , �̂�)LN(𝜈𝑗|𝜇, 𝜎)Uni(휀𝑗)d𝜈𝑗

∞

0

d휀𝑗

∞

0

]

𝐽

𝑗=1

Gam(𝜎|𝛼, 𝛽). 
(48) 

 

𝒬 is given by (see Supporting Material for derivation), 
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𝒬(𝜇, 𝜎, 𝜇old, 𝜎old)

=∑∫ ∫ 𝑃(𝜈𝑗 , 휀𝑗 , |𝒙𝑗 , 𝒚𝑗 , �̂�, 𝜇old, 𝜎old, 𝛼, 𝛽) log LN(𝜈𝑗|𝜇, 𝜎) d𝜈𝑗

∞

0

d휀𝑗

∞

0

𝐽

𝑗=1

+ logGam(𝜎|𝛼, 𝛽). 

(49) 

 

The first derivatives are given by 

 

𝜕𝒬

𝜕𝜇
(𝜇, 𝜎, 𝜇old, 𝜎old) =

1

𝜎2
∑[𝔼𝜈𝑗𝜀𝑗[log𝜈𝑗] − 𝜇]

𝐽

𝑗=1

, (50) 

𝜕𝒬

𝜕𝜎
(𝜇, 𝜎, 𝜇old, 𝜎old) =∑[−

1

𝜎
+
𝔼𝜈𝑗𝜀𝑗 [(log 𝜈𝑗 − 𝜇)

2
]

𝜎3
] +

𝛼 − 1

𝜎
− 𝛽

𝐽

𝑗=1

. (51) 

 

Setting the first derivatives to zero and substituting 𝛼 = 𝐽 + 1 gives 

 

𝜇new =
1

𝐽
∑𝔼𝜈𝑗𝜀𝑗[log 𝜈𝑗]

𝐽

𝑗=1

, (52) 

𝜎new = [
𝐽

𝛽
{
1

𝐽
∑𝔼𝜈𝑗𝜀𝑗 [(log 𝜈𝑗)

2
]

𝐽

𝑗=1

− 𝜇new
2}]

1
3

. (53) 

 

The model for a dead-time-affected detector is given by replacing ℒ(𝒙𝑗 , 𝒚𝑗|𝜈𝑗 , 휀𝑗 , �̂�) in Eq. 48 with 

ℒ(𝒙𝑗 , 𝒚𝑗|𝜈𝑗 , 휀𝑗 , �̂�, 𝛿1, 𝛿2), and by replacing posterior distribution on the expectation.  

 

5.4 Results 

5.4.1 Comparison of different concentrations by simulation 

To determine if the ML and EB–MAP methods produce estimates accurately and precisely, we 

simulated images imitating measurements with different concentrations. Fig. 2A–F show the variation 

in estimates given by MoM (Fig. 2A and 2D), ML (Fig. 2B and 2E), and EB–MAP (Fig. 2C and 2F). 

One thousand images were simulated with a fixed particle brightness of 10 kHz and different particle 

numbers.  

Fig. 2A–C show the dependence of the estimated particle number on the true particle number. In 
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FIGURE 2: Simulations with different particle numbers 

One thousand images were simulated with a fixed particle brightness of 10 kHz and different particle numbers, and 

analyzed by MoM (A, D), ML (B, E), and EB–MAP (C, F). (A, B, C) Dependence of the estimated particle number 

on true particle number. Dashed lines represent the true value. In the box plot, open circle: average, box: interval 

between 25th and 75th percentiles, central bar: median, diamonds: outliers, crosses: 5th and 95th percentiles, and 

the error bars are minimum and maximum points without outliers. Fig. 2A and 2B contain numerous outliers, which 

are shown in an enlarged view (see Fig. S2.1 in Supporting Material for broad view). In MoM and ML estimations, 

estimates are sometimes out of the parameter space; the fraction of estimates outside the parameter space is shown 

on the right axes. (D, E, F) Dependence of the estimated particle brightness [kHz] on true particle number. A 

fraction of estimates outside the parameter space is shown. (G–J) Normalized bias and standard deviation are 

shown for particle numbers (G, I) and particle brightness (H, J).  
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Fig. 2A, the averages are scattered around the true values and do not overlap with them. The medians 

are closer to the true values than to the averages. In Fig. 2B, the averages are overestimated, and the 

medians overlap with the true values. In Fig. 2C, the averages are close to the true values. Fig. 2G and 

2I show the normalized bias and standard deviation of the particle number; the normalization is divided 

by the true value. A bias of 0 indicates accurate estimation, and a low standard deviation indicates 

high-precision estimation. Fig. 2G and 2I show that EB–MAP estimated the particle number with the 

highest accuracy and precision. The precision of EB–MAP estimation was an order of magnitude 

higher than that of MoM. Note that the bias and the standard deviation of ML were given by excluding 

the particle number of infinity; these values are only for reference. Fig. 2D–F show the dependence of 

the estimated particle brightness on the true particle number. For all the methods, the averages and the 

medians were close to the true value and were constant. The number of outliers was notably smaller 

than that estimated for the particle number. Fig. 2H and 2J show the normalized bias and standard 

deviation of the particle brightness. Fig. 2H indicates that MoM and ML estimated the particle 

brightness accurately, but EB–MAP overestimated the values. The magnitude of bias on EB–MAP 

was constant. Fig. 2J indicates that the estimation of EB–MAP was the most precise, that of ML was 

the second-best, and that of EB–MAP was 1.5 times better than that of MoM. One could consider that 

either the particle number or particle brightness would be underestimated if the other was 

overestimated in Fig. 2G and 2H. Although each estimate of MoM and ML satisfies Eq. 18, the average 

of the estimates does not satisfy such relation (see Supporting Material for details).  

These results suggest that EB–MAP is more advantageous than MoM and ML for estimating the 

particle number. In contrast, the median of the estimates given by MoM and ML would be useful as a 

representative value. Moreover, Digman et al. (7) and our group (11) applied a spatial median filter to 

the images of the estimates in previous studies (see Fig. S2.2 in Supporting Material for the results 

regarding application of median filter). Regarding particle brightness, MoM and ML are advantageous 

for accurate estimation, but EB–MAP estimates with the highest precision.  

 

5.4.2 Comparison of different laser powers or oligomeric states by simulation 

Next, we simulated images imitating measurements with different laser powers or oligomeric states. 

One thousand images were simulated with a fixed particle number and varying particle brightness. In 

the simulation of the fixed particle number, we simulated a 2×2 grid-patterned area to demonstrate the 

applicability of the EB–MAP estimation. The EB–MAP implemented by lognormal prior with gamma 

hyperprior can be applied even if the particle number changes sharply (see Fig. S1.2 in Supporting 

Material).  

Fig. 3A and 3B show the true and estimated particle numbers given by MoM, ML, and EB–MAP. 

In the image with the particle brightness of 20 kHz, the grid pattern was observed clearly for all the 

methods. In the images with lower particle brightness of 10 and 5 kHz, many outliers appeared in the 
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FIGURE 3: Simulations with different particle brightness on grid-patterned image 

One thousand images were simulated with a fixed particle number and different particle brightness. The particle 

number has a 2×2 grid-patterned area, in which each pixel has 50 or 100 particles. (A) True image for particle 

number. (B) Estimated images for the particle number given by MoM, ML, and EB–MAP under different particle 

brightness [kHz]. The brightness and contrast of the images are the same between A and B. The pixels below the 

range are colored in blue, and those beyond the range are colored in red. (C, E, G) True images for the particle 

brightness of 20, 10, and 5 kHz, respectively. (D, F, H) Estimated images for particle brightness [kHz]. The 

brightness and contrast of the images are the same between C and D, E and F, and G and H. (I–L) Normalized bias 

and standard deviation for a true particle number of 100 particles (I, K) and particle brightness (J, L).  



Chapter 5. Application of ML and MAP Estimation Along With EB Method 

82 

 

MoM and ML methods. However, outliers were very small in number, and the edge of the grid pattern 

was stored, in the case of the EB–MAP method. Fig. 3I and 3K show the normalized bias and standard 

deviation of the particle number, respectively (see Fig. S3.1 in Supporting Material for box plot). As 

seen from Fig. 3I, MoM estimated unstably, and sometimes overestimated and underestimated. Further, 

ML markedly overestimated at lower particle brightness; EB–MAP estimated with a bias of 0 for a 

particle brightness of over 7.5 kHz and underestimated for a particle brightness of less than 7.5 kHz. 

As seen in Fig. 3K, ML and EB–MAP estimated more precisely compared with MoM. The precision 

of EB–MAP estimation was an order of magnitude better than that of MoM. Fig. 3C–H show the true 

and estimated particle brightness. Although outliers were fewer in number, MoM and ML sometimes 

estimated negatively if the true particle brightness was low. Fig. 3J and 3L show the normalized bias 

and standard deviation of the particle brightness, respectively. As seen from Fig. 3J, MoM and ML 

estimated accurately, except for a true particle brightness of 2.5 kHz; however, EB–MAP markedly 

overestimated if the true particle brightness was low. Fig. 3L shows that ML and EB–MAP estimated 

more precisely compared with MoM. To carefully examine the bias produced by MoM and ML, we 

performed another simulation with a particle brightness of less than 5 kHz (see Fig. S3.4 in Supporting 

Material). The results showed that MoM underestimated and ML overestimated, if the true particle 

brightness was low. The magnitude of bias of ML was smaller than that of EB–MAP.  

 

5.4.3 Experimental comparison of different concentrations 

To demonstrate the applicability of ML and EB–MAP, we experimentally obtained images of the 

EGFP solution and analyzed them. In the previous simulations, we simulated the ideal photon counts 

based on Neyman type A distribution. However, the effect of the dead time on photon detectors cannot 

be neglected in actuality. We analyzed the images using MoM, ML, and EB–MAP, which can be 

applied to dead-time-affected photon counts (see Fig. S4.3 in Supporting Material for results without 

correction for dead time). For analyses based on MoM, we adopted the TD–N&B analysis (11), which 

does not require correction for dead time. This method is based on covariance and fluorescence 

intensity estimation; the covariance is not affected by dead time. Although the fluorescence intensity 

is affected by dead time, we assume that the effect is negligibly small in our measurements. This effect 

has been previously evaluated by Hillesheim et al. (29). As a control for N&B analysis, FCS 

measurements were also performed (see Fig. S4.4 in Supporting Material). We prepared different 

concentrations of EGFP using phosphate-buffered saline (pH 7.4). The average of fluorescence 

intensity increased with the concentration; we plotted the averages in the x-axis. It can be expected 

that increasing the concentration will increase the particle number, but the particle brightness will 

remain constant.  

Fig. 4A shows the dependence of the average particle number on the average of fluorescence 

intensity (see Fig. S4.1 in Supporting Material for box plot) and fitted lines. Each line shows an 
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increase in particle number (see Table S4.3 in Supporting Material for details on parameters of the 

lines). For MoM, the averages were scattered around the fitted line. For ML, the averages were closer 

to the line, but a few were away from the line at high concentration. For EB–MAP, all the symbols of 

the average overlapped with the line. Fig. 4B shows the dependence of the average particle brightness 

on the average of the fluorescence intensity and fitted lines. For all the methods, the averages were 

close to the fitted line and showed a constant particle brightness. The particle brightness was the 

highest for EB–MAP and second-highest for ML. The magnitude relationship of particle brightness 

between MoM, ML, and EB–MAP was similar to that of the simulated result for low particle 

brightness (see Fig. S3.4 in Supporting Material). Fig. 4C and 4D show the standard deviations of the 

particle number and particle brightness, respectively. The ML and EB–MAP estimated more precisely 

compared with MoM. The precision of EB–MAP estimation was an order of magnitude better for 

particle number and 1.5 times better for particle brightness than those of MoM. These results are 

consistent with the simulated results. 

 

5.4.4 Experimental comparison of different laser powers 

Next, we obtained images of the EGFP solution with different laser powers and analyzed them. As a 

control, FCS measurements were also performed (see Fig. S5.3 in Supporting Material). It can be 

FIGURE 4: Experiments on EGFP solution with different concentrations 

Dependence of average and standard deviation on the concentration for particle number (A, C) and particle 

brightness [kHz] (B, D). Fluorescence intensity is plotted on the x-axis, instead of the concentration. The solid 

lines in A and B are fitted lines obtained by the weighted least squares method. 

 



Chapter 5. Application of ML and MAP Estimation Along With EB Method 

84 

 

expected that increasing the laser power will increase the particle brightness, but the particle number 

will remain constant. 

Fig. 5A shows the dependence of average particle number on the laser power (see Fig. S5.1 in 

Supporting Material for box plot). For MoM, the averages had a large variation and were not constant. 

For ML, the averages increased roughly and seemed to become constant at high laser power, but did 

not increase monotonically. For EB–MAP, the averages increased and saturated at high laser power. 

The dotted line was arbitrarily drawn with a slope of 0 and an intercept of 53.1, which is an average 

of the first three largest values (i.e., the highest average, second-highest average, and third-highest 

average). Fig. 5B shows the dependence of the average particle brightness on the laser power. For all 

the methods, the averages were close to the fitted line and increased (see Table S5.3 in Supporting 

Material for details on parameters of the lines). For MoM, the lines had an intercept of nearly 0. In 

contrast, for ML and EB–MAP, although the fitted line characterized the averages precisely, the lines 

had positive intercepts. Fig. 5C and 5D show the standard deviations of the particle number and 

particle brightness, respectively. Both ML and EB–MAP estimated more precisely than MoM. The 

precision of EB–MAP estimation was an order of magnitude better for particle number and 1.5–2 

times better for particle brightness than those of MoM. These results are consistent with the simulated 

results. 

 

FIGURE 5: Experiments on EGFP solution with different laser power 

Dependence of average and standard deviation on the laser power for particle number (A, C) and particle brightness 

[kHz] (B, D). The dotted line in A was arbitrarily drawn with a slope of 0 and an intercept of 53.1. The solid lines 

in B are fitted lines obtained by the weighted least squares method.  
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5.4.5 Experimental comparison of EGFP tandem oligomers 

Finally, we prepared HeLa cells expressing the EGFP monomer, dimer, and trimer separately. The 

dimer and trimer are EGFP tandem-oligomers, and have flexibly linked two and three EGFP units, 

respectively. Increasing the EGFP unit will increase the particle brightness. We obtained their images 

and analyzed them. For quantification, we placed regions of interest (ROIs) of the size 16×16 in the 

nucleus and cytoplasm, and estimated the averages. Additionally, FCS measurements were also 

performed as a control (see Fig. S6.4 in Supporting Material). 

Fig. 6A shows the fluorescence intensity of a cell expressing EGFP monomer, and Fig. 6B shows 

the particle number (see Fig. S6.1 and S6.2 in Supporting Material for other results). For MoM and 

ML, the outline of the nuclear membrane and cellular structure is not clear due to the presence of many 

outliers. On the other hand, for EB–MAP, there are no outliers and the contrast between the 

fluorescence intensity and particle number seems similar. The histogram of the particle number in the 

cytoplasm shows that EB–MAP suppressed the appearance of larger values (see Fig. S6.3 in 

Supporting Material). Fig. 6C–E show the dependence of the average particle brightness on the 

number of EGFP units, and Fig. 6F shows the normalized particle brightness and fold change in the 

particle brightness in the cytoplasm; the normalization is divided by the average of the average particle 

brightness of the monomer. The fold change in the particle brightness is the normalized average of 

averages. For MoM, increasing the number of EGFP units increased the average of averages in 

cytoplasm, and the average did not clearly increase from EGFP dimer to trimer in the nucleus. The 

fold change in particle brightness did not correspond with the number of EGFP units. The results of 

FCS were similar to those of MoM. All these results are consistent with the results of a previous study 

(11). For ML and EB–MAP, the averages were higher, and the fold changes were smaller than those 

of MoM. To examine the cause of the decreasing fold change, we subtracted the intercept obtained in 

Fig. 5B from the average particle brightness (the intercept is 2.80 and 6.62 for ML and EB–MAP, 

respectively), and calculated the fold change (indicated by “+” in Fig. 6F). The corrected fold changes 

of ML and EB–MAP were recovered and found to be equivalent to those of MoM.  

 

5.5 Discussion 

Thus far, we have demonstrated that EB–MAP can estimate precisely. In our statistical model, we did 

not include a model describing the point spread function (PSF) and scanning to reduce the 

computational cost. The spatial intensity distribution of the excitation light is described by PSF, and 

the position of a fluorescent particle in PSF affects the particle brightness. Additionally, scanning 

changes the position of the fluorescent particles in PSF. In a photon counting histogram (PCH) (21), 

the Gaussian–Lorentzian distribution and 3D Gaussian distribution are used for two-photon excitation 

and one-photon excitation (21), respectively. Including a model for PSF requires the calculation of 
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convolution. Our algorithm for EB–MAP requires iterative computation for numerical integration; the 

iterative computation is required for each pixel. To prevent any further increase in computational cost, 

we did not include the model. Nevertheless, the dependence of the estimated particle number and 

FIGURE 6: Experiments on EGFP tandem oligomers in cells 

(A) Fluorescence intensity [kHz] of a cell expressing an EGFP monomer. The red squares are regions of interest 

(ROIs) placed in the nucleus and cytoplasm. (Please see the digital version of this figure because printed version 

could seem different.) (B) Estimated images for particle number analyzed by MoM, ML, and EB–MAP. The pixels 

below the range are colored in blue, and those beyond the range are colored in red. (C–E) Dependence of average 

particle brightness [kHz] on the number of EGFP units in the nucleus (Nuc) and cytoplasm (Cyto). Dots: sample 

average of particle brightness in the ROIs, bar: average of the averages, and error bar: sample standard deviation 

of the averages. (F) Normalized particle brightness in the cytoplasm. Bar: fold change in particle brightness (sample 

average of the normalized average particle brightness), error bar: sample standard deviation of the normalized 

average particle brightness. The symbol “+” represents the correction for particle brightness by subtracting the 

intercept in Fig. 5B. 
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particle brightness on the sample concentration and laser power corresponded well with the 

theoretically expected relationship (see Fig. 4 and 5). These results suggest that our method 

characterized the intensity fluctuation comparatively. However, these results are not absolute 

estimations, and the estimates could be affected by a shape factor of the PSF described in PCH (21). 

In the construction of prior distribution, we assumed lognormal distribution for the particle number; 

this assumption limits the particle number. In contrast, we assumed uniform distribution for the particle 

brightness; this assumption does not limit the particle brightness. Another construction of prior 

distribution is possible, i.e., limiting both the parameters. Such a prior distribution would be useful in 

further improving the precision. However, this construction increases the number of hyperparameters 

to be optimized simultaneously, and consequently increases the computational cost. Thus, we 

simplified the prior distribution and limited only the particle number. In future studies, a prior 

distribution limiting both the parameters would be required. Our assumption in the prior distribution 

ignored the distribution of particle brightness and the correlation between the particle number and 

particle brightness. However, the particle number and particle brightness correlate negatively on the 

likelihood function. Ignoring the particle brightness in the prior distribution would result in omitted-

variable bias (30) (Chapter 3.3), which could have been a possible cause for the overestimated particle 

brightness in EB–MAP (Fig. 3J). To construct a prior distribution limiting both the parameters, an 

orthogonal parameterization (31) would be useful to eliminate the correlation of the parameters. 

In fluorescence imaging and N&B analysis, the background intensity is a problem. For example, 

dark count, stray light, and autofluorescence would be sources of background intensity. Dark count 

and stray light can be corrected by implementing an additional probability distribution such as Poisson 

distribution, and by estimating the intensity of the background by a reference measurement. However, 

the correction for autofluorescence is challenging, because the intensity of autofluorescence differs 

depending on the position in cell and the cellular structure. We assumed that the effect of background 

intensity can be suppressed by increasing the fluorescence intensity from the target particles. We 

measured cells with fluorescence intensity, to the maximum extent possible; therefore, we did not 

perform corrections for background in this research (see Materials and Methods in Supporting 

Material).  

We simulated photon count images with different particle numbers (Fig. 2) and particle brightness 

(Fig. 3), and evaluated the bias and standard deviation. The evaluation of the bias and standard 

deviation suggested the following. (a) For estimating the particle number, EB–MAP would be better 

to improve the accuracy and precision; however, EB–MAP underestimates the particle number if the 

true particle brightness is low. (b) MoM and ML often cause outliers, which skews the average. The 

median would be useful to characterize the distribution instead. (c) For estimating the particle 

brightness, the choice of estimator would change depending on the purpose of the analyst. MoM would 

be a better choice if the analyst expects estimation with less bias. On the other hand, ML and EB–
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MAP would be better if the analyst expects precise estimation, and already knows that the true particle 

brightness is constant or a correction for the bias is available. 

We applied these methods to the images of EGFP solution with different concentrations (Fig. 4) 

and laser powers (Fig. 5). We analyzed the images with the models considering the dead-time effect; 

considering this effect enabled recovery of the behavior of the parameters on different concentrations 

(see Fig. S4.4 in Supporting Material for results without correction). This suggests that the 

consideration of dead time is essential.  

In the estimations of particle number with different laser powers using EB –MAP (Fig. 5), the 

particle number increased with the increasing laser power and saturated at the highest laser power. 

Considering the simulated results, the saturated value of 53.1 would be an unbiased estimation, 

although the true particle number is unknown in the experiments. However, decreasing the laser power 

below 1.6% decreased the estimates. Although experiments with different concentrations (Fig. 4) were 

conducted with a laser power of less than 1.6%, increasing the concentration increased the particle 

number linearly. This suggests that an underestimated particle number would be comparable, if the 

true particle brightness is the same. 

In the estimation of particle brightness with different laser powers (Fig. 5), EB–MAP estimated the 

highest average of particle brightness, and ML and MoM estimated the second- and third-highest 

averages, respectively. These estimates were characterized well by lines, and ML and EB–MAP had 

clear positive intercepts. This result indicates that doubling or tripling the true particle brightness does 

not proportionally increase the particle brightness estimated by ML and EB–MAP. Therefore, in the 

experiments with EGFP tandem oligomers, the fold change in particle brightness by ML and EB–MAP 

decreased compared with that of MoM (Fig. 6F). We calculated the fold change again by subtracting 

the intercept (indicated by “+”: ML (+) and EB–MAP (+) in Fig. 6F). This correction recovered the 

fold change in particle brightness by ML and EB–MAP to be equivalent to that of MoM. This result 

implies that although ML and EB–MAP overestimate the particle brightness, they could be useful for 

relative quantification of particle brightness. The theoretical behavior of the estimated particle 

brightness was not investigated in detail in this study. Further studies are required for robust correction 

of the fold change. We performed simulations to investigate the origin of the positive intercept (see 

Fig. S5.4 in Supporting Material). The simulation results showed that the intercept decreased with the 

increasing number of images. The origin of the positive intercept would be the insufficient number of 

images at low particle brightness. Subtracting the intercept would compensate when sufficient number 

of images is not available. Further, the number of EGFP units did not correspond with the fold change 

obtained by MoM (Fig. 6C); this result is the same as that of FCS (see Fig. S6.4 in Supporting Material) 

and consistent with that of a previous study (11). These results suggest the presence of a non-

fluorescent state of EGFP. There are several possible explanations for this phenomenon. One could be 

the photophysical processes, such as long-lived dark states (32) and photobleaching (33), and another 
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could be the chromophore formation (protein maturation and incorrect folding) (34–36). To estimate 

the number of EGFP units accurately, a simple correction method was proposed for the non-fluorescent 

state (35, 37). For error analyses on the fold change, see the sections in page 33–42, Supporting 

Material.  

 

5.6 Conclusion 

We applied ML and EB–MAP to N&B analysis to accurately and precisely estimate the particle 

number and particle brightness, which reflect the concentration and oligomeric state, respectively, of 

a fluorescently labeled protein in a cell. In the construction of EB–MAP, we effectively utilized the 

information of the surrounding pixels by assuming lognormal prior and gamma hyperprior. To extend 

the feasibility of our analysis, we combined the double-detector system achieved by a half mirror (11) 

and the correction for the dead time of photon detectors. We demonstrated the feasibility, accuracy, 

and precision of our method by simulations and experiments. The results showed that EB–MAP can 

be applied even if the particle number of the surrounding pixels changes sharply; further, EB–MAP 

estimated with better precision compared with that of the conventional method. Although EB–MAP 

overestimated the particle brightness, a simple correction recovered the fold change in particle 

brightness comparable to the conventional method. Our method (EB–MAP–N&B) recognizes the 

changes in parameters sensitively.  

The N&B analysis is advantageous for monitoring the spatial distribution of the concentration and 

oligomeric state in cells. The measurement in this method is performed using confocal laser scanning 

microscopy. Our method has a wide range of applications in the field of fluorescence imaging. 

Furthermore, our method would contribute to the understanding of the dynamic processes in 

oligomerization and protein aggregation in cells. 
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5.8 Supplemental Information 

 

Empirical Bayes Method Using Surrounding Pixel Information for 

Number and Brightness Analysis 

 

R. Fukushima, J. Yamamoto, M. Kinjo 

 

 

Herein, we provide supplemental information to describe the theoretical derivations, materials and 

methods, and supplemental data in detail. First, we briefly describe the derivation of the equations in 

the main text. Then, we describe the simulation method, preparation of EGFP and cells, and 

measurement and analysis methods. Finally, in the supplemental data, we present additional results 

that complement the main text and figures.  
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5.8.1 Theoretical Derivations 

Derivation of the recursive formula describing the probability distribution for photon count detected 

by double detectors 

The probability distribution for observing 𝑋 and 𝑌 photons by double detectors is given in Eq. 6. 

The equation is a summation of 𝑊  time Bernoulli processes, and 𝑊  is an independent random 

variable determined by a Neyman type A distribution. The probability-generating function is given by  

 

𝐺(𝑧1, 𝑧2) = ∑ ∑ 𝑃(𝑋, 𝑌)𝑧1
𝑋𝑧2

𝑌

∞

𝑌=0

∞

𝑋=0

 

= exp[𝜈(exp[휀(𝑝𝑧1 + 𝑞𝑧2 − 1)] − 1)], 

(S1) 

 

where 𝑝 + 𝑞 = 1. The 𝑎-th order derivative of the probability-generating function with respect to 𝑧1 

is given as follows from mathematical induction (𝑎 ≥ 1):  

 

𝜕𝑎𝐺

𝜕𝑧1
𝑎 (𝑧1, 𝑧2) = ∑  (

𝑎 − 1
𝑙

) 𝜈(휀𝑝)𝑎−𝑙 exp[휀(𝑝𝑧1 + 𝑞𝑧2 − 1)]
𝜕𝑙𝐺

𝜕𝑧1
𝑙

(𝑧1, 𝑧2)

𝑎−1

𝑙=0

. (S2) 

 

The 𝑏 -th order derivative of Eq. S2 with respect to 𝑧2  is given as follows from mathematical 

induction (𝑏 ≥ 0):  

 

𝜕𝑎+𝑏𝐺

𝜕𝑧1
𝑎𝜕𝑧2

𝑏
(𝑧1, 𝑧2) 

= ∑ (
𝑏
𝑚

) ∑ (
𝑎 − 1

𝑙
) 𝜈휀𝑎−𝑙+𝑏−𝑚𝑝𝑎−𝑙𝑞𝑏−𝑚 exp[휀(𝑝𝑧1 + 𝑞𝑧2 − 1)]

𝜕𝑙+𝑚𝐺

𝜕𝑧1
𝑙𝜕𝑧2

𝑚
(𝑧1, 𝑧2)

𝑎−1

𝑙=0

𝑏

𝑚=0

. 

(S3) 

 

Substituting 𝑧1 = 𝑧2 = 0 into the definition of the probability-generating function yields  

 

𝜕𝑎+𝑏𝐺

𝜕𝑧1
𝑎𝜕𝑧2

𝑏
(0,0) = 𝑎! 𝑏! 𝑃(𝑎, 𝑏). (S4) 

 

Substituting 𝑧1 = 𝑧2 = 0 and Eq. S4 into Eq. S3 gives 

 

𝑃(𝑎, 𝑏) =
1

𝑎
𝜈휀𝑝 exp[−휀] ∑

(휀𝑞)𝑏−𝑚

(𝑏 − 𝑚)!
∑

(휀𝑝)𝑎−𝑙−1

(𝑎 − 𝑙 − 1)!
𝑃(𝑙, 𝑚)

𝑎−1

𝑙=0

𝑏

𝑚=0

. (S5) 
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Derivation of a photon-counting model for a dead-time-affected single detector 

Bédard described the probability for dead-time-affected photon count (1). The probability distribution 

for observing 𝑊 photons on a dead-time-affected detector is given as follows for 𝑊 < 1/𝛿:  

 

𝑃(𝑊|𝜂, 𝛿) = ∫ 𝑃(𝑊|𝜂, 𝐼0, 𝛿)𝑃(𝐼0)d𝐼0

∞

0

 

= ∫ {𝐹(𝑊 − 1|𝜂, 𝐼0, 𝛿) − 𝐹(𝑊|𝜂, 𝐼0, 𝛿)}𝑃(𝐼0)d𝐼0

∞

0

, 

(S6) 

 

where the probability distribution 𝐹 is given by 

 

𝐹(𝑊|𝜂, 𝐼0, 𝛿) =
𝛾{𝑊 + 1, 𝜂𝐼0(1 − 𝑊𝛿)}

𝑊!
, (S7) 

 

where 𝛾(𝑊 + 1, 𝜉) is an incomplete gamma function, and 𝛾(𝑊 + 1, 𝜉) = ∫ 𝑢𝑊 exp(−𝑢) d𝑢
𝜉

0
. 𝛿 is 

obtained by dividing dead time 𝜏  by the sampling time (𝛿 = 𝜏/𝑇 ). O’Donnell derived a Taylor 

expansion of the probability distribution from the first to third terms, and Ackermann and Hogreve 

derived that from the fourth to fifth terms (2). Hillesheim and Müller corrected the dead-time effect 

with the first term of the expansion (3, 4). We generalize this formulation and present it in a different 

form for our purpose of approximation. The Taylor expansion is given by 

 

𝑃(𝑊|𝜂, 𝐼0, 𝛿) = ∑
𝛿𝑘

𝑘!

𝜕𝑘𝑃

𝜕𝛿𝑘
(𝑊|𝜂, 𝐼0, 0)

∞

𝑘=0

 

= ∑
𝛿𝑘

𝑘!
{

𝜕𝑘𝐹

𝜕𝛿𝑘
(𝑊 − 1|𝜂, 𝐼0, 0) −

𝜕𝑘𝐹

𝜕𝛿𝑘
(𝑊|𝜂, 𝐼0, 0)}

∞

𝑘=0

, 

(S8) 

 

where the derivative of the distribution 𝐹  is given as follows from mathematical induction (𝑘 =

1, 2, 3, …):  

 

𝜕𝑘𝐹

𝜕𝛿𝑘
(𝑊|𝜂, 𝐼0, 0) = (𝑊)𝑘Poi(𝑊|𝜂𝐼0) ∑ [(−1)𝑙+1 (

𝑘 − 1
𝑙

) (𝜂𝐼0)𝑘−𝑙
𝑊!

(𝑊 − 𝑙)!
]

𝑘−1

𝑙=0

. (S9) 

 

(
𝑎
𝑏

)  is a binomial coefficient given by (
𝑎
𝑏

) =
𝑎!

𝑏!(𝑎−𝑏)!
 . Each term in the infinite series of Eq. S8 

contains a Poisson distribution multiplied by (𝜂𝐼0)𝑘 : Poi(𝑊|𝜂𝐼0) , (𝜂𝐼0)Poi(𝑊|𝜂𝐼0) , …or 
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(𝜂𝐼0)𝑘Poi(𝑊|𝜂𝐼0) . Such a Poisson distribution can be rewritten by using (𝜂𝐼0)𝑘Poi(𝑊|𝜂𝐼0) =

(𝑊 + 𝑘)!/𝑊! Poi(𝑊 + 𝑘|𝜂𝐼0) . The infinite series can be separated into multiple terms having 

Poi(𝑊 + 𝑚|𝜂𝐼0) and function 𝐴𝑚(𝑊, 𝛿) with 𝑚 = 0,1,2, … as follows:  

 

𝑃(𝑊|𝜂, 𝐼0, 𝛿) = ∑ 𝐴𝑚(𝑊, 𝛿)Poi(𝑊 + 𝑚|𝜂𝐼0)

∞

𝑚=0

. (S10) 

 

Under our assumption, the probability distribution for observing 𝑊 photons on a dead-time-affected 

detector is 

 

𝑃(𝑊|𝜈, 휀, 𝛿) = ∑ 𝐴𝑚(𝑊, 𝛿)Ney(𝑊 + 𝑚|𝜈, 휀)

∞

𝑚=0

. (S11) 

 

Derivation of a photon-counting model for dead-time-affected double detectors 

For a double-detector system, the joint probability distribution for observing 𝑋 and 𝑌 photons on 

dead-time-affected detectors is given as follows:  

 

𝑃(𝑋, 𝑌|𝜂1, 𝜂2, 𝛿1, 𝛿2) = ∫ ∫ 𝑃(𝑋|𝜂1, 𝐼1, 𝛿1)𝑃(𝑌|𝜂2, 𝐼2, 𝛿2)𝑃(𝐼1, 𝐼2)
∞

0

d𝐼1

∞

0

d𝐼2, (S12) 

 

where 𝛿1 and 𝛿2 represent the dead time of each detector divided by the sampling time. Under our 

assumption, the joint probability is rewritten as follows for 𝑋 < 1/𝛿1  and 𝑌 < 1/𝛿2  with 𝑓 =

0,1,2, … and 𝑔 = 0,1,2, …:  

 

𝑃(𝑋, 𝑌|𝜈, 휀, 𝑝, 𝛿1, 𝛿2) = ∑ ∑ 𝐴ℎ(𝑋, 𝛿1)𝐴𝑚−ℎ(𝑌, 𝛿2)𝑃(𝑋 + ℎ, 𝑌 + 𝑚 − ℎ|𝜈, 휀, 𝑝)

𝑚

ℎ=0

∞

𝑚=0

= 𝐴0(𝑋, 𝛿1)𝐴0(𝑌, 𝛿2)𝑃(𝑋, 𝑌|𝜈, 휀, 𝑝)

+ 𝐴1(𝑋, 𝛿1)𝐴0(𝑌, 𝛿2)𝑃(𝑋 + 1, 𝑌|𝜈, 휀, 𝑝)

+ 𝐴0(𝑋, 𝛿1)𝐴1(𝑌, 𝛿2)𝑃(𝑋, 𝑌 + 1|𝜈, 휀, 𝑝)

+ 𝐴2(𝑋, 𝛿1)𝐴0(𝑌, 𝛿2)𝑃(𝑋 + 2, 𝑌|𝜈, 휀, 𝑝)

+ 𝐴1(𝑋, 𝛿1)𝐴1(𝑌, 𝛿2)𝑃(𝑋 + 1, 𝑌 + 1|𝜈, 휀, 𝑝)

+ 𝐴0(𝑋, 𝛿1)𝐴2(𝑌, 𝛿2)𝑃(𝑋, 𝑌 + 2|𝜈, 휀, 𝑝) + ⋯

+ 𝐴𝑓(𝑋, 𝛿1)𝐴𝑔(𝑌, 𝛿2)𝑃(𝑋 + 𝑓, 𝑌 + 𝑔|𝜈, 휀, 𝑝). 

(S13) 
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Derivation of 𝓠 function on expectation maximization algorithm 

We describe the derivation of the 𝒬 function on lognormal prior with gamma hyperprior. Bishop 

described the details of the derivation generally (5) (Section 9.4, the EM Algorithm in General). The 

𝒬 function on lognormal prior is derived similarly. The marginal likelihood is given in Eq. 48. The 

natural logarithm of the marginal likelihood is given by 

 

log ℳ(𝒙1:𝐽, 𝒚1:𝐽|�̂�, 𝜇, 𝜎, 𝛼, 𝛽)

= ∑ [log ∫ ∫ ℒ(𝒙𝑗 , 𝒚𝑗|𝜈𝑗 , 휀𝑗 , �̂�)LN(𝜈𝑗|𝜇, 𝜎)Uni(휀𝑗)d𝜈𝑗

∞

0

d휀𝑗

∞

0

]

𝐽

𝑗=1

+ log Gam(𝜎|𝛼, 𝛽). 

(S14) 

 

We introduce a probability distribution 𝑅(𝜈𝑗 , 휀𝑗) and use Jensen's inequality as follows:  

 

log ℳ(𝒙1:𝐽, 𝒚1:𝐽|�̂�, 𝜇, 𝜎, 𝛼, 𝛽) 

= ∑ [log ∫ ∫ 𝑅(𝜈𝑗 , 휀𝑗)
ℒ(𝒙𝑗 , 𝒚𝑗|𝜈𝑗 , 휀𝑗 , �̂�)LN(𝜈𝑗|𝜇, 𝜎)Uni(휀𝑗)

𝑅(𝜈𝑗 , 휀𝑗)
d𝜈𝑗

∞

0

d휀𝑗

∞

0

]

𝐽

𝑗=1

+ log Gam(𝜎|𝛼, 𝛽) 

≥ ∑ [∫ ∫ 𝑅(𝜈𝑗 , 휀𝑗) log
ℒ(𝒙𝑗 , 𝒚𝑗|𝜈𝑗 , 휀𝑗 , �̂�)LN(𝜈𝑗|𝜇, 𝜎)Uni(휀𝑗)

𝑅(𝜈𝑗 , 휀𝑗)
d𝜈𝑗

∞

0

d휀𝑗

∞

0

]

𝐽

𝑗=1

+ log Gam(𝜎|𝛼, 𝛽) 

= ∑ [∫ ∫ 𝑅(𝜈𝑗 , 휀𝑗) log LN(𝜈𝑗|𝜇, 𝜎) d𝜈𝑗

∞

0

d휀𝑗

∞

0

]

𝐽

𝑗=1

+ log Gam(𝜎|𝛼, 𝛽) + const. 

(S15) 

 

The right-hand side of the last equation in Eq. S15 is a lower bound on the log-marginal likelihood. 

The lower bound is maximized with a fixed 𝜇old  and 𝜎old  when 𝑅(𝜈𝑗 , 휀𝑗)  is equal to 

𝑃(𝜈𝑗 , 휀𝑗 , |𝒙𝑗 , 𝒚𝑗 , �̂�, 𝜇old, 𝜎old, 𝛼, 𝛽), and the maximized lower bound is a 𝒬 function.  

 

Derivation of overlap fraction 

We simply consider the overlap fraction during scanning in the x–y plane. We assume that the confocal 

volume has a radius 𝑟  and the microscope scans a pixel size 𝑠  within a sampling time. The 

illuminated area within a sampling time is the trajectory that is given by moving the circular confocal 

volume along the line of scanning. The illuminated area is the summation of the areas of the circle 
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with a radius 𝑟  and the rectangle with lengths of 2𝑟  and 𝑠  for its two sides: 𝜋𝑟2 + 2𝑠𝑟 . The 

overlapped area between the adjacent pixels is the circular area, and is thus given by 𝜋𝑟2. Therefore, 

the overlap fraction is given by 𝜋𝑟2/(𝜋𝑟2 + 2𝑠𝑟). 

 

Relation between average of particle number, particle brightness, and photon count average 

The product of the particle number and particle brightness is equal to the temporal average of the 

photon counts (Eq. 18) for MoM and ML. Either the particle number or particle brightness is 

underestimated if the other is overestimated. One could consider that these relations are the same for 

the average of the estimates as well, and that the results presented in Fig. 2 are doubtful. Fig. 2G shows 

an overestimation of the particle number, but Fig. 2H shows an accurate estimation of the particle 

brightness in MoM and ML. However, these relations are not the same for the average of the estimates. 

We present a counter-example below, wherein we assume that the spatial distribution of the particle 

number and the temporal average of the photon counts follow gamma distribution and delta 

distribution, respectively:  

 

Gam(𝜈|𝛼, 𝛽) =
𝛽𝛼

Γ(𝛼)
 𝜈𝛼−1 exp(−𝛽𝜈), (S16) 

Del(𝜆|𝑑) = {
∞, 𝜆 = 𝑑,
0, 𝜆 ≠ 𝑑,

 (S17) 

 

where 𝜆 is a random variable for the temporal average of photon counts. The assumption of delta 

distribution means that the temporal average of the photon counts is a constant 𝑑  at any spatial 

position. The distribution of 1/𝜈 is an inverse gamma distribution, and 휀 = 𝜆/𝜈. The distribution of 

particle brightness is given by  

 

P(휀|𝛼, 𝛽, 𝑑) =
1

𝑑

𝛽𝛼

Γ(𝛼)
 (

휀

𝑑
)

−𝛼−1

exp (−
𝛽𝑑

휀
). (S18) 

 

The spatial average of the particle number and particle brightness is 𝔼[𝜈] = 𝛼/𝛽  and 𝔼[휀] =

𝑑𝛽/(𝛼 − 1) , respectively. Therefore, the product of the averages is 𝔼[𝜈]𝔼[휀] = 𝛼𝑑/(𝛼 − 1) . In 

contrast, the spatial average of photon count averages is 𝔼[𝜆] = 𝑑. The product of the averages is not 

equal to the average of the photon count averages, i.e., 𝔼[𝜈]𝔼[휀] > 𝔼[𝜆]. For a sufficiently large 𝛼, 

the gamma distribution converges to normal distribution, and the product of averages is close to 𝑑. 

This discussion reveals that the results presented in Fig. 2 are not doubtful.  
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Appearance of negative particle number and particle brightness in MoM 

In MoM, a negative value of the particle number and brightness is occasionally observed. The cause 

for this is an insufficient number of observations for covariance estimation. Let 𝑋𝑖  and 𝑌𝑖  be a 

photon count at the 𝑖th observation (𝑖 = 1, 2, … , 𝐼) in detectors 1 and 2, respectively. The estimators 

for the particle number and brightness in TD–N&B are respectively as follows (6):  

 

�̂� =
�̅��̅�

�̅�
, (S19) 

휀̂ =
(�̅� + �̅�)�̅�

�̅��̅�
. (S20) 

 

where �̅� and �̅� are the sample average of 𝑋𝑖 and 𝑌𝑖, respectively, and �̅� is sample covariance. �̅�, 

�̅�, and �̅� are given as follows:  

 

�̅� =
1

𝐼
∑ 𝑋𝑖

𝐼

𝑖=1

, (S21) 

�̅� =
1

𝐼
∑ 𝑌𝑖

𝐼

𝑖=1

, (S22) 

�̅� =
1

𝐼
∑(𝑋𝑖 − �̅�)(𝑌𝑖 − �̅�)

𝐼

𝑖=1

. (S23) 

 

The expected values of the sample average and covariance are given from the probability-generating 

function (Eq. S1) as follows:  

 

𝔼[�̅�] = 𝑝𝜈휀, (S24) 

𝔼[�̅�] = (1 − 𝑝)𝜈휀, (S25) 

𝔼[�̅�] = 𝑝(1 − 𝑝)𝜈휀2. (S26) 

 

If the number of observations is infinite, the estimators for particle number and brightness are equal 

to the true particle number and brightness, respectively; thus, the estimates are positive. However, 

there is no guarantee that the estimators are equal to the true ones if the number of observations is 

finite. Under finite observations, estimates are close to the true values, and deviate from the true value 

if the number of observations is insufficient. The sample covariance could become negative if the 

number of observations is insufficient. The negative value of the sample covariance results in negative 

values of particle number and brightness.   
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5.8.2 Materials and Methods 

Simulation 

Photon count images were numerically simulated using Microsoft Visual Studio Community 2017, 

version 15.9.10 (Microsoft, USA). All programs were written in Visual C++. A typical simulation of 

FCS must simulate the trajectories of diffusing particles, but the temporal fluctuation of the 

fluorescence intensity is independent in number and brightness (N&B) analysis; thus, we simulated 

the temporal fluctuation with independent generation of random numbers. We generated the random 

numbers by using functions implemented in the header “random.” The seeds for random numbers were 

generated by the function “std::random_device” and pseudorandom numbers were generated by the 

function “std::default_random_engine” and the seed. The pseudorandom numbers were transformed 

into distributions representing photon counts by using the functions “std::poisson_distribution” and 

“std::binomial_distribution.” The separation probability on binomial distribution was assumed to be 

0.5665 (this value is the same as the experimentally estimated value). We did not add any noise and 

background, to simplify our model. The photon counts were simulated with a sampling time of 10 μs. 

The frame size of the simulated images was 18×18, and the pixels excluding the edge were analyzed. 

As a result, the particle number and brightness with the size of 16×16 were obtained. One thousand 

images were simulated with a fixed particle brightness of 10 kHz and different particle numbers (𝜈 =

 10, 20, 30, 40, 50, 60, 70, 80, 90, and 100) (Fig. 2). Further, the frame was separated into 2×2 grids, 

and 1000 images were simulated with a fixed particle number of 50 or 100 and different particle 

brightness (휀 = 0.025, 0.050, 0.075, 0.100, 0.125, 0.150, 0.175, and 0.200) (Fig. 3). These simulations 

were performed independently on each pixel.  

 

Purification of EGFP 

The EGFP was purified using the His-tag method, which has been described previously (6). 

 

Preparation of EGFP tandem oligomer-transfected HeLa cells 

HeLa cells were maintained at 37 ℃ under a humidified atmosphere of 5% CO2 in a Dulbecco’s 

Modified Eagle’s Medium (DMEM; Sigma-Aldrich, USA) supplemented with 100 µg/mL penicillin 

G (Sigma-Aldrich, USA) and 100 µg/mL streptomycin (Sigma-Aldrich, USA). The HeLa cells were 

seeded into an 8-well chambered coverglass (#155411, Thermo Fisher Scientific, USA) and incubated 

for 24 h. The cells (1.5 × 104 cells) were then transfected with 0.02 µg of EGFP-C1 plasmids encoding 

EGFP monomer, or plasmids encoding flexible linker (FL) linked EGFP tandem-oligomers (2–3 mer) 

(7, 8) using ViaFect (Promega, USA). The pCAGGS plasmid was added as necessary to increase the 

total amount of plasmids to 0.1 µg. The cells were incubated for 24 h. The medium was then renewed, 

and incubation was continued for 24 h. The medium was renewed again before the measurements were 

performed. 
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Image acquisition for N&B analysis 

Confocal fluorescence microscopy images were obtained using an LSM 510 META ConfoCor3 system 

(Carl Zeiss, Germany) with a C-Apochromat 40×/1.2W Corr objective (Carl Zeiss, Germany). The 

EGFP was excited at a wavelength of 488 nm. EGFP fluorescence was split into two channels by a 

half mirror, filtered using a long-pass filter (LP505), and detected by two avalanche photodiodes, 

which has been described previously (6). The pinhole size was 94 µm (1.32 airy unit). The zoom factor 

was ×6, and the pixel size was 0.146 µm × 0.146 µm. The X- and Y-scanning sizes were 256×64 pixels. 

The pixel dwell time was 6.39 µs, and the scanning was raster scan. Two thousand images were 

sequentially obtained. The laser had an output of 0.30 µW at the objective for 1.0% output (see Fig. 

S1.3 for details). For Fig. 4, the images were obtained with different dilution ratios of EGFP with a 

laser output of 1.0%. For Fig. 5, the images were obtained with different laser outputs (0.2, 0.4, 0.6, 

0.8, 1.0, 1.2, 1.4, 1.6, 1.8, and 2.0%). For Fig. 6, the images of the cells were obtained with a laser 

output of 0.4%. To minimize the background intensity, we selected the cell having a fluorescence 

intensity greater than 400 kHz on average in the cytoplasm. The fluorescence intensity of the non-

transfected cell was less than 20 kHz in an area where the fluorescence intensity was stationary. Thus, 

the fraction of the background intensity would be less than 0.05 in cytoplasm. On the other hand, the 

fluorescence intensity in the nucleus was lower than that in the cytoplasm for EGFP dimer and trimer. 

This could be because of the larger molecular size than an EGFP monomer; EGFP dimer and trimer 

are difficult to pass through nuclear pores. The fluorescence intensity in the nucleus was greater than 

150 kHz on average. Thus, a fraction of the background intensity would be less than 0.13.  

 

Analysis conditions 

For analysis based on method of moments (MoM), we adopted two-detector number and brightness 

analysis (TD–N&B), which has been described previously (6). A method based on covariance 

estimation of photon count sequence and correction for dead time are not required. In this study, linear 

regression, boxcar filtering, and median filtering were not implemented, unlike in a previous study (6). 

For maximum likelihood (ML) estimation and empirical Bayes–maximum a posteriori (EB–MAP) 

estimation, a statistical model without correction for dead time was applied to the simulated images. 

In contrast, a statistical model with correction for dead time was applied to the experimentally obtained 

images. We assumed the same dead time of 50 ns (performance data, EG&G, Canada) on both 

detectors (𝛿1 = 𝛿2 = 7.82 × 10−3), and a separation probability �̂� of 0.5665. The estimated value 

and standard error for �̂�  was 0.566565±0.000031. In the calculation of 𝐴0 , 𝐴1 , and 𝐴2 , we 

approximated the summation in Eq. 10 by partial summation from 0 to 5, 1 to 5, and 2 to 5, respectively. 

Although the upper limit of the summation is 𝑊 + 𝑚, the difference only slightly affects our result. 

This is because the difference between the total and partial summations is negligibly small. We plan 
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to calculate the total summation in future experiments.  

In the Newton–Raphson method, the initial pairs of 𝜈(0) and 휀(0) were determined by choosing 

the pair giving the maximum log-likelihood between candidates. The candidates were chosen 

arbitrarily within the interval of the parameters. The iteration process of the Newton–Raphson method 

was terminated when the relative error of the parameters was less than 1.0 × 10-6 for each parameter. 

The relative error was estimated as follows for 𝜈(𝑘) and 𝜈(𝑘+1): 𝜈(𝑘+1)/𝜈(𝑘) − 1. The relative error 

for 휀(𝑘) was similarly estimated. In ML estimation, log-likelihood sometimes gives maximum on the 

boundary of the parameter space. In the iteration process, we considered the estimates as boundary 

estimates, �̂�  of infinity, and 휀̂  of 0, when the estimates did not satisfy the above termination 

condition after 100 iterations. To solve the simultaneous linear equations in Eq. 31, we used Boost 

uBLAS (http://www.boost.org/libs/numeric/ublas/) implemented in Boost C++ Libraries, version 

1.72.0.  

In the EM algorithm, the choice of the initial pair of 𝜇old and 𝜎old and the termination of the 

iteration process were the same as those in the Newton–Raphson method. EB–MAP estimation was 

not performed on the edge of the image because the number of surrounding pixels is less than 8. For 

numerical integration, we used a double exponential formula (9) implemented with the transformation 

exp(𝜋/2 sinh 𝑡). We calculated the double integral as iterated integral, and applied the transformation 

formula to the first and second integrals. The numerical integration was iteratively performed by 

doubling the number of nodes. The iteration was terminated when the relative error of the integral was 

less than 1.0 × 10-6. The EM algorithm requires an iterative calculation of the double integral with 

different 𝜇 and 𝜎. In the first integral with respect to 휀, the integration does not depend on 𝜇 and 

𝜎 . To reduce the computational costs, we recorded the integrated value of the first integral, and 

calculated the second integral iteratively using the recorded first integral. For the first integral, we 

truncated the infinite summation when the truncation error was less than 1.0 × 10-6. For the second 

integral, we fixed the interval of 𝑡  on the second integration as -2 to 3 ( 3.36 × 10−3 < ν <

6.82 × 106), and confirmed that the truncation error is less than 1.0 × 10-6 at the endpoints. In this 

numerical integration, arithmetic computations were performed in a logarithmic scale to avoid 

underflow and overflow. For the analysis in Fig. 2, the typical computation time was 30 ms, 6 s, and 

1400 s for MoM, ML, and EB–MAP, respectively. 

 

Evaluation of analysis results 

The fluorescence intensity was calculated by dividing the temporal average of the photon count by the 

sampling time. After estimations by MoM, ML, and EB–MAP, the variation of the estimates was 

shown by a box plot, and the sample average and sample standard deviation were estimated within the 

regions of interest (ROIs). In Fig. 2 and 3, the normalized bias for the particle number was estimated 

by �̅�/𝜈true − 1, where �̅� is the sample average of the particle number and 𝜈true is the true particle 
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number. The normalized bias for particle brightness was similarly estimated. Normalized standard 

deviation was estimated from the sample standard deviation divided by true parameters. In the 

calculation of the sample average and sample standard deviation, infinite values were excluded, but 

negative values and 0 were included. Note that the fraction of the negative values in the particle 

number and particle brightness estimated by MoM is the same because the estimates of MoM satisfy 

Eq. 18. Further, the weighted least squares method was applied with the weight of sample variance 

(Fig. 4 and 5). One could consider that the negative values of particle number and brightness are non-

physical and should be excluded when calculating the sample average. However, we do not 

recommend excluding the negative values. Fig. S3.5 shows the influence of negative values on the 

calculation of the normalized bias. Excluding negative values resulted in an overestimation of the 

normalized bias. Thus, we do not recommend excluding the negative values when calculating the 

sample average. Readers interested in why negative values appear may refer to the section above, 

“Appearance of negative particle number and particle brightness in MoM.” 

For experiments with EGFP in solution, an ROI of size 16×16 was placed at the center of a 256×64 

image of the estimates. For experiments with EGFP monomer, dimer, and trimer in a cell, the position 

of the ROIs of size 16×16 was chosen carefully within the nucleus and cytoplasm. Our theory assumed 

independent and identical distribution of the photon count sequence. Cell migration and 

photobleaching could be the causes of artifacts, owing to nonstationary changes in the sequence. We 

confirmed that the sequences are stationary on each pixel in the ROI. Strong distortion of the sequence 

would be easily identified, but weak distortion would be missed if the sequence is checked only pixel-

by-pixel. To avoid missing the weak distortion, we additionally confirmed that the time sequence made 

by averaging the spatial photon counts in the ROIs is stationary. 

 

FCS measurements 

FCS measurements were performed using an LSM 510 META ConfoCor3 system (Carl Zeiss, 

Germany) with a C-Apochromat 40×/1.2W Corr objective (Carl Zeiss, Germany). The EGFP was 

excited at a wavelength of 488 nm. EGFP fluorescence was split into two channels by a half mirror 

and filtered using a long-pass filter (LP505). The pinhole size was 66 µm. The measurement duration 

was 10 s × 20 times. In Fig. S5.3, the measurement duration was 20 s × 20 times for the lowest and 

second-lowest laser power. A single-component diffusion model with one triplet state was used for 

curve-fitting: 

 

𝐺(𝜏cor) =
1

𝜈FCS
[1 + 𝑓tri exp (−

𝜏cor

𝜏tri
)] [1 +

𝜏cor

𝜏dif
]

−1

[1 +
𝜏cor

𝜑2𝜏dif
]

−
1
2

+ 1, (S27) 

 

where 𝐺(𝜏cor)  is a temporal correlation function, 𝑓tri  is a triplet fraction, 𝜏tri  denotes the 
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relaxation time of triplet state, 𝜈FCS  denotes the average number of fluorescent particles in the 

confocal volume, 𝜏dif is the diffusion time, and 𝜑 is a structure parameter representing the ratio of 

beam waist to the axial radius. After pinhole adjustment, the structure parameter was determined using 

a 10−7 M standard solution of rhodamine 6G, whose diffusion coefficient is known, i.e., DR6G = 414 

μm2/s (10, 11). The radius of confocal volume was calculated by (4𝜏dif𝐷R6G)0.5 theoretically. The 

particle brightness was calculated as a summation of count rate divided by the number of particles 

determined by curve-fitting with a cross correlation function. For Fig. 4, the measurements were 

performed with different dilution ratios of EGFP with a laser output of 1.0%. For Fig. 5, the 

measurements were performed with different laser outputs (0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6, 1.8, 

and 2.0%). For Fig. 6, the measurements on cell were performed with a laser output of 0.2%. 
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5.8.3 Supplemental Data 

Validation of construction for prior distribution with lognormally distributed particle number  

In a single pixel analysis, MoM and ML estimations are conducted at each pixel on an image, and the 

neighboring pixels of the analyzed pixel play no role in this. In contrast, the EB–MAP estimation 

utilizes the information of the surrounding pixels. To verify the EB method, we simulated a 

lognormally distributed particle number and determined the hyperparameter using two models, namely, 

lognormal prior and lognormal prior with gamma hyperprior. The purpose is to choose the appropriate 

hyperparameters for prediction; hyperparameters representing ambiguous prediction are acceptable. 

Fig. S1.1A and S1.1B show the spatial distribution of the particle number. Fig. S1.1C and S1.1D show 

the estimated hyperparameters and the 𝑄25–𝑄75 interval, respectively, determined by lognormal prior. 

FIGURE S1.1: Comparison between prior models with lognormally distributed particle number  

One thousand images were simulated with particle number and particle brightness of 10 kHz, and hyperparameters 

were estimated by the EB method with different models. The particle number was lognormally distributed 

independently (𝜇 = 2, 𝜎 = 1). (A) Spatial distribution of particle number. (B) Histogram of the particle number 

in A. The red curved line is a theoretical line of lognormal distribution. The black solid line shows the 25th and 

75th percentiles of the distribution. (C, E) Scatter plot of the hyperparameters estimated by lognormal prior (C) 

and lognormal prior with gamma hyperprior (E). The dashed lines are true hyperparameters. (D, F) 𝑄25–𝑄75 

interval of the lognormal distribution for which the estimated hyperparameters are substituted. The symbols show 

median, the error bars show the 25th and 75th percentiles of the lognormal distribution. The black solid lines show 

the 25th and 75th percentiles of the true distribution.  
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In Fig. S1.1C, the estimates are scattered around the intersection of the true values. In Fig. S1.1D, the 

estimated 𝑄25 –𝑄75  interval is sometimes shorter than the true one. These results suggest that 

underprediction of the 𝑄25 –𝑄75  interval occurs sometimes, which would cause bias. Thus, the 

lognormal prior model is not appropriate for the prediction of particle number. Fig. S1.1E and S1.1F 

show the estimated hyperparameters and the 𝑄25 – 𝑄75  interval, respectively, determined by 

lognormal prior with gamma hyperprior. Fig. S1.1E shows that the estimates for 𝜎 increased, but those 

for 𝜇 did not change markedly as before. Fig. S1.1F shows that the estimated 𝑄25–𝑄75 interval is 

wider than the true one. These results suggest that the prediction is ambiguous and it is difficult to 

miss the prediction, although the estimation of the hyperparameters is not accurate. Thus, the 

lognormal prior with gamma hyperprior can be applied to predict the particle number.  

 

Validation of construction for prior distribution with grid-patterned particle number  

In the lognormal prior model, a problem would arise if the distribution of the particle number on the 

surrounding pixels does not follow lognormal distribution. However, we assumed gamma distribution 

in addition to the lognormal distribution. The gamma distribution widens the lognormal distribution 

by increasing �̂�. The wide prior distribution weakly constrains the estimation. It can be applied to 

predict distributions other than lognormal distribution. We simulated 2×2 grid-patterned images of the 

particle number to confirm that the presence of a sharp change in the surrounding pixels does not affect 

the estimation. The grid-patterned image has two types of area, each of which has the same particle 

number. The pixels have the particle number of 50 in one area, and 100 in the other.  

Fig. S1.2A shows the distribution of the estimated �̂� and �̂� for different particle brightness. At a 

low particle brightness, �̂� was estimated highly. Fig. S1.2B and S1.2C show the 𝑄25–𝑄75 interval 

of the lognormal distribution for which �̂� and �̂� were substituted. Fig. S1.2B shows the intervals for 

a particle brightness of 20 kHz. �̂� inside the grid-patterned area having a particle number of 100 was 

close to the true value, and �̂� on the edge of the grid-patterned area was smaller than the true value. 

The smaller �̂� could have been caused by the adjacent pixels having a particle number of 50. The 

𝑄25–𝑄75 intervals contain the true value both on the edge and in the inner area, and they would be 

sufficiently wide to predict the particle number. Fig. S1.2C shows the intervals for a particle brightness 

of 5 kHz. The 𝑄25–𝑄75 intervals were wider than those in Fig. S1.2B, and contain the true value. The 

lognormal prior with gamma hyperprior can be applied if the particle number changes sharply between 

the surrounding pixels.  
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FIGURE S1.2: Optimization of hyperparameters by lognormal prior with gamma hyperprior on grid-

patterned particle number 

Simulation condition is the same as that in Fig. 3. (A) Spatial distribution of estimated hyperparameters with 

different particle brightness [kHz]. (B, C) 𝑄25–𝑄75 interval of the lognormal distribution for which the estimated 

hyperparameters are substituted. The intervals are shown for a particle brightness of 20 kHz (B) and 5 kHz (C). 

The symbols represent median, and error bars represent the 25th and 75th percentiles of the lognormal distribution. 

All plots belong to the area with the true particle number of 100. The results on the edge of the area are colored in 

red, and those inside the area are colored in blue. The black solid lines denote the particle number of 100.  



5.8. Supplemental Information 

109 

 

Relation between laser power setting and actual output 

 

 

 

 

 

  

FIGURE S1.3: Dependence of actual laser output on laser power setting 

The solid line is a fitted line obtained by the least square method (see Table S1.1 for details on parameters of the 

line).  

TABLE S1.1: Slope and intercept for the fitted line in Fig. S1.3 

Estimated value and standard error 
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Supplemental data for Fig. 2 

 

 

 

  

  

FIGURE S2.1: Broad view of estimated particle number in Fig. 2A and 2B 

The view is adjusted to show the 5th and 95th percentiles of the particle number. The plots are shown similarly in 

Fig. 2. The minimum and maximum values are shown in Table S2.1 and S2.2. (A) Broad view of Fig. 2A. (B) 

Broad view of Fig. 2B.  

 

TABLE S2.1: Minimum and maximum values 

of estimated particle number in Fig. 2A 

TABLE S2.2: Minimum and maximum values of 

estimated particle number in Fig. 2B 
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FIGURE S2.2: Noise smoothing by median filter 

For noise smoothing, a median filter of size 3×3 was applied to the result of MoM and EB–MAP in Fig. 2. 

Normalized bias and standard deviation are shown for particle numbers (A, C) and particle brightness (B, D). 
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Supplemental data for Fig. 3 

 

 

 

  

FIGURE S3.1: Variation in estimates for different particle brightness 

One thousand images were simulated with a fixed particle number and different particle brightness, and analyzed 

by MoM (A, D), ML (B, E), and EB–MAP (C, F). (A, B, C) Dependence of estimated particle number on true 

particle brightness [kHz]. The particle number is shown for the area having a true particle number of 100. Figures 

S3.1A and S3.1B are shown in enlarged view (see Fig. S3.2 for broad view). (D, E, F) Dependence of estimated 

particle brightness [kHz] on true particle brightness. All figures are shown similarly in Fig. 2.  
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FIGURE S3.2: Broad view of estimated particle number in Fig. S3.1A and S3.1B 

The view is adjusted to show the 5th and 95th percentiles of the particle number. The minimum and maximum 

values are listed in Table S3.1 and S3.2. (A) Broad view of Fig. S3.1A. (B) Broad view of Fig. S3.1B. 

 

TABLE S3.1: Minimum and maximum values of 

the estimated particle number in Fig. S3.1A 

 

TABLE S3.2: Minimum and maximum values of 

the estimated particle number in Fig. S3.1B 
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FIGURE S3.3: Shape of likelihood function 

Typical results obtained by simulation in Fig. 3. Shape of the likelihood function when the ML estimate is (A) not 

on the boundary and (B) on the boundary. The dashed lines show the true value of particle number. The images 

were simulated with a particle brightness of (A) 20 kHz and (B) 5 kHz.  

 

FIGURE S3.4: Normalized Bias of particle brightness 

One thousand images were simulated with a fixed particle number of 100 and different particle brightness, and 

analyzed by MoM, ML, and EB–MAP. The size of the simulated images is 34×34, and the bias was estimated by 

excluding the edge of the image (32×32 pixels).  
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FIGURE S3.5: Influence of negative values on normalized bias 

Normalized bias was estimated by excluding negative values in the results of Fig. 3. (A, B) Normalized bias for 

true particle number of 100 particles (A) and particle brightness (B).   
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Supplemental data for Fig. 4 

 

 

 

  

FIGURE S4.1: Variation in estimates for different concentrations 

Two thousand images were obtained with different concentrations, and analyzed by MoM (A, D), ML (B, E), and 

EB–MAP (C, F). (A, B, C) Dependence of the estimated particle number on fluorescence intensity [kHz]. Figure 

S4.1A and S4.1B are shown in enlarged view (see Fig. S4.2 for broad view). (D, E, F) Dependence of the estimated 

particle brightness [kHz] on fluorescence intensity [kHz]. All figures are shown similarly in Fig. 2.  
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FIGURE S4.2: Broad view of estimated particle number in Fig. S4.1A and S4.1B 

The view is adjusted to show the 5th and 95th percentiles of the particle number. The minimum and maximum 

values are listed in Table S4.1 and S4.2. (A) Broad view of Fig. S4.1A. (B) Broad view of Fig. S4.1B. 

 

TABLE S4.1: Minimum and maximum values of 

the estimated particle number in Fig. S4.1A 

 

TABLE S4.2: Minimum and maximum values of 

the estimated particle number in Fig. S4.1B 
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TABLE S4.3: Slope and intercept for the fitted line 

in Fig. 4A 

Estimated value and standard error 

 

TABLE S4.4: Slope and intercept for the fitted line 

in Fig. 4B 

Estimated value and standard error 

 

FIGURE S4.3: Variation in estimates without correction for dead time  

The images for analysis are the same as those in Fig. 4 and Fig. S4.1, and were analyzed by ML (A, C) and EB–

MAP (B, D) without correction for dead time. (A, B) Dependence of the estimated particle number on fluorescence 

intensity. (C, D) Dependence of the estimated particle brightness [kHz] on fluorescence intensity. All figures are 

shown similarly in Fig. 2.  
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FIGURE S4.4: Estimation by FCS with different concentration 

FCS measurements on EGFP solution with different concentrations. (A) Dependence of the estimated particle 

number on fluorescence intensity. (B) Dependence of the estimated particle brightness [kHz] on fluorescence 

intensity. In the plot, diamonds: results obtained from a single measurement, open squares: averages, and error 

bars: standard deviations. The solid lines are fitted lines obtained by the least squares method (see Table S4.5 for 

details on parameters of the lines).  

 

TABLE S4.5: Slope and intercept for the fitted line in Fig. S4.4A and S4.4B 

Estimated value and standard error 
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Supplemental data for Fig. 5 

 

 

 

  

FIGURE S5.1: Variation in estimates for different laser powers 

Two thousand images were obtained with different laser powers, and analyzed by MoM (A, D), ML (B, E), and 

EB–MAP (C, F). (A, B, C) Dependence of the estimated particle number on laser power. Figure S5.1A and S5.1B 

are shown in enlarged view (see Fig. S5.2 for broad view). (D, E, F) Dependence of the estimated particle brightness 

[kHz] on laser power. All figures are shown similarly in Fig. 2.  
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FIGURE S5.2: Broad view of estimated particle number in Fig. S5.1A and S5.1B 

The view is adjusted to show the 5th and 95th percentiles of the particle number. The minimum and maximum 

values are listed in Table S5.1 and S5.2. (A) Broad view of Fig. S5.1A. (B) Broad view of Fig. S5.1B. 

 

TABLE S5.1: Minimum and maximum values 

of the estimated particle number in Fig. S5.1A 

 

TABLE S5.2: Minimum and maximum values 

of the estimated particle number in Fig. S5.1B 
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TABLE S5.3: Slope and intercept for the fitted line in Fig. 5B 

Estimated value and standard error 

 

FIGURE S5.3: FCS measurements on EGFP solution with different laser powers 

(A) Dependence of the estimated particle number on laser power. (B) Dependence of the estimated particle 

brightness [kHz] on laser power. In the plot, diamonds: results obtained from a single measurement, open squares: 

averages, and error bars: standard deviations. The solid lines are fitted lines obtained by the least squares method 

(see Table S5.4 for details on parameters of the lines).  

 

TABLE S5.4: Slope and intercept for the fitted line in Fig. S5.3A and S5.3B 

Estimated value and standard error 
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FIGURE S5.4: Simulations with different numbers of images 

1000 (A), 2000 (B), and 3000 images (C) of size 34×34 were simulated with a fixed particle number of 10 and 

different particle brightness. (A, B, C) Dependence of the estimated particle brightness on true particle brightness. 

The symbols show the average of particle brightness. The dashed lines represent the true value. The solid lines are 

fitted lines obtained by the weighted least squares method (see Table S5.5 for details on parameters of the lines).  

 

TABLE S5.5: Slope and intercept for the fitted line in Fig. S5.4 

Estimated value and standard error 
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Supplemental data for Fig. 6 

Fig. S6.1 and S6.2 show the particle number and particle brightness in the experiments with EGFP 

tandem-oligomer in a living cell. The fluorescence intensity in the nucleus is lower than that in the 

cytoplasm for the EGFP dimer and trimer. This could have been caused by the higher molecular weight 

of the EGFP dimer and trimer than the monomer. The higher molecular weight species would be 

difficult to pass through nuclear pores. At the boundary between the nucleus and cytoplasm, the 

estimation of the particle number was markedly lower, and that of particle brightness was markedly 

higher than those in the nucleus and cytoplasm; this is remarkable in the EGFP trimer (Fig. S6.2D and 

S6.2F). This occurs due to the non-stationary change in fluorescence intensity by the movement of the 

nuclear membrane within the field of imaging. In actuality, the total measurement time is 

approximately 8 min to obtain 2000 images, and the cells migrate during the entire time period. We 

have previously reported that non-stationary changes cause artifacts, underestimation of particle 

number, and overestimation of particle brightness (6). Thus, we carefully placed the ROIs by avoiding 

the areas on which the pixel values would be biased by the artifact. Performing corrections for the 

non-stationary changes would improve the estimations.  

 

 

 

 

  

FIGURE S6.1: Particle brightness images of EGFP monomer 

Estimated images of particle brightness [kHz]. Fluorescence intensity and particle number are shown in Fig. 6. The 

pixels below the range are colored in blue, and those beyond the range are colored in red. (Please view the digital 

version of this figure because the printed version could appear different.) 
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FIGURE S6.2: Estimated images for EGFP dimer and trimer 

Experiments on EGFP dimer and trimer. Images of fluorescence intensity [kHz] for EGFP dimer (A) and trimer 

(B). Red squares represent the ROIs placed in the nucleus and cytoplasm. Estimated images of particle number for 

dimer (C) and trimer (D), and that of particle brightness [kHz] for dimer (E) and trimer (F). The pixels below the 

range are colored in blue, and those beyond the range are colored in red. (Please view the digital version of this 

figure because the printed version could appear different.) 
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FIGURE S6.3: Histogram of particle number 

The histogram was created from the particle number for EGFP monomer in the cytoplasm (ROI is shown in Fig. 

6A).  

 

FIGURE S6.4: FCS measurements on EGFP tandem oligomers 

(A) Dependence of the particle brightness [kHz] on the number of EGFP units in the nucleus (Nuc) and cytoplasm 

(Cyto). Dots: particle brightness, bar: sample average of particle brightness, and error bar: sample standard 

deviation of particle brightness. (B) Normalized particle brightness with respect to the particle brightness of the 

monomer in the cytoplasm. Bar: fold change in particle brightness (sample average of normalized particle 

brightness), error bar: sample standard deviation of normalized particle brightness.  
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Supplemental data for Fig. 6C–E and Fig. S6.4A 

Verification of linearity in particle brightness of EGFP tandem oligomers 

In experiments with EGFP tandem oligomers, particle brightness is expected to proportionally increase 

(with intercept of 0) for the monomer, dimer, and trimer. Even if a non-fluorescent state of EGFP 

appears, the particle brightness linearly increases (with intercept of any value). In Fig. S6.4A, the 

average particle brightness seems to increase linearly in the cytoplasm for FCS. However, in Fig. 6C–

E, the average of the average particle brightnesses does not seem to increase linearly in the cytoplasm 

for MoM, ML, and EB–MAP. One could consider that particle brightness of the trimer is positively 

biased.  

We assume that the particle brightness for the monomer and dimer was estimated accurately, but 

that for the trimer was overestimated. To evaluate the uncertainty, we estimated credible intervals for 

the difference between actual and predicted particle brightness of trimer. The particle brightness is 

predicted by assuming linearity between particle brightness of the monomer and dimer. The aim of 

this evaluation is not to specify the cause resulting in the non-linear change of particle brightness in 

our experiments, but to provide a method to evaluate the uncertainty of results in readers’ experiments. 

In a strict sense, we cannot specify the cause that resulted in the non-linear change of particle 

brightness because our experiment is conducted on three different oligomeric states. Other 

combinations of assumptions are possible: The particle brightness for the dimer and trimer were 

estimated accurately, but the particle brightness for the monomer was overestimated; the particle 

brightness for the monomer and trimer were estimated accurately, but the particle brightness for the 

dimer was underestimated. Naturally, the linearity of the particle brightness between the monomer, 

dimer, and trimer is lost if two of the three particle brightness are not estimated accurately. The 

following analyses do not determine whether a scientific assumption is true. In the interpretation of 

the following results, we referred to papers (12, 13). 

 

Statistical Model 

First, we predict the particle brightness of the trimer by assuming linearity between the particle 

brightness of the monomer and dimer. Let 𝑋 be the EGFP subunit number for the monomer, dimer, 

and trimer (𝑋 = 1, 2, 3) and 𝑌 be the particle brightness. Note that variables used in this section are 

different from those used in the main text. We assume that particle brightness plotted as dots in Figs. 

S6.4A and 6C–E follow an independent normal distribution with average 𝜇 and standard deviation 

𝜎, and we assume that the average of the normal distribution is equal to 𝑎𝑋 + 𝑏 for the monomer and 

dimer, where 𝑎  and 𝑏  are the regression coefficient and intercept, respectively. In addition, we 

assume that the prior distribution of 𝑎 and 𝑏 follow a normal distribution, and the prior distribution 

of 𝜎 follows a half-Cauchy distribution. The joint probability distribution is given by  
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𝑃(𝒀m, 𝜎m, 𝒀d, 𝜎d, 𝑎, 𝑏) = 𝑃(𝒀m|𝑎, 𝑏, 𝜎m)𝑃(𝒀d|𝑎, 𝑏, 𝜎d)𝑃(𝑎, 𝑏, 𝜎m, 𝜎d), (S28) 

 

where  

 

𝑃(𝒀m|𝑎, 𝑏, 𝜎m) = ∏ Nor (𝑌m
(𝑖)

|𝑎 + 𝑏, 𝜎m)

𝐼m

𝑖=1

, (S29) 

𝑃(𝒀d|𝑎, 𝑏, 𝜎d) = ∏ Nor (𝑌d
(𝑖)

|2𝑎 + 𝑏, 𝜎d)

𝐼d

𝑖=1

, (S30) 

𝑃(𝑎, 𝑏, 𝜎m, 𝜎d) = Nor(𝑎|𝜇1, 𝜎1)Nor(𝑏|𝜇2, 𝜎2)Cau(𝜎m|𝜑1, 𝜓1)Cau(𝜎d|𝜑2, 𝜓2). (S31) 

 

The subscripts m  and d  represent variables for the monomer and dimer, respectively. The 

superscript (𝑖)  represents the ordinal number of observations. For 𝐼m  times observation, 𝒀m =

(𝑌m
(1)

, 𝑌m
(2)

, … , 𝑌m
(𝐼m)

). Nor and Cau are normal and half-Cauchy distribution, respectively:  

 

Nor(𝑌|𝜇, 𝜎) =
1

√2𝜋𝜎2
exp (−

(𝑌 − 𝜇)2

2𝜎2
), (S32) 

Cau(𝜎|𝜑, 𝜓) =
2

𝜋𝜓
[

𝜓2

𝜓2 + (𝜎 − 𝜑)2
]. (S33) 

 

The hyperparameters are fixed as follows: 𝜇1 = 𝜇2 = 0, 𝜎1 = 𝜎2 = 103, 𝜑1 = 𝜑2 = 0, and 𝜓1 =

𝜓2 = 25. We believe that prior distributions with the hyperparameters would not be informative. In 

experiments with EGFP in the cells, the plausible values of particle brightness are in the range from 0 

to 20 kHz, and a particle brightness of 40 kHz has a less likely yield than 20 kHz. For the 

hyperparameters, the prior distributions for 𝑎 + 𝑏  and 2𝑎 + 𝑏  are given by Nor(𝑎 + 𝑏|0, √2 ×

103)  and Nor(2𝑎 + 𝑏|0, √5 × 103) , respectively. Nor(𝑎 + 𝑏|0, √2 × 103)  is flat in the range 

from 0 to 100 kHz, while the probability density is 2.82 × 10−4 at 𝑎 + 𝑏 = 0 and 2.81 × 10−4 at 

𝑎 + 𝑏 = 100. Nor(2𝑎 + 𝑏|0, √5 × 103) is flat in the range from 0 to 100 kHz. A plausible value of 

the standard deviation for particle brightness is less than 10 kHz. Particle brightness is a universal 

parameter under the same experimental conditions, where the change of particle brightness in different 

cells is small. Cau(𝜎m|0, 25)  and Cau(𝜎d|0, 25)  are weakly-informative (14–16). The posterior 

distribution of predicted particle brightness for the trimer is 𝜇t
pred

= 3𝑎 + 𝑏  by the posterior 
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distribution for 𝑎 and 𝑏, where the subscript t represents variables for the trimer. Next, we estimate 

the average particle brightness of the trimer. We assume that the prior distribution of 𝜇t  and 𝜎t 

follow normal and half-Cauchy distributions, respectively. The joint probability distribution is given 

as follows, with 𝒀t = (𝑌t
(1)

, 𝑌t
(2)

, … , 𝑌t
(𝐼t)

):  

 

𝑃(𝒀t, 𝜇t, 𝜎t) = ∏ [Nor (𝑌t
(𝑖)

|𝜇t, 𝜎t)]

𝐼t

𝑖=1

Nor(𝜇t|𝜇3, 𝜎3)Cau(𝜎t|𝜑3, 𝜓3). (S34) 

 

The hyperparameters are fixed similarly as follows: 𝜇3 = 0, 𝜎3 = 103, 𝜑3 = 0, and 𝜓3 = 25. 

Nor(𝜇t|0, 103) is flat in the range from 0 to 100 kHz; the probability density is 3.99 × 10−4 at 

𝜇t = 0 and 3.97 × 10−4 at 𝜇t = 100. The difference between the actual and predicted particle 

brightness of the trimer is given by the posterior distribution of 𝜇t and 𝜇t
pred

 as follows:  

 

𝛿𝜇 = 𝜇t − 𝜇t
pred

. (S35) 

 

 

Results 

We evaluated the difference between the actual and predicted particle brightness of the trimer, 𝛿𝜇, 

using different methods: FCS, MoM, ML, and EB–MAP. We used Markov chain Monte Carlo 

(MCMC) to simulate random numbers drawn from the posterior distribution of 𝛿𝜇 . The random 

numbers are a better approximation of the posterior distribution at the convergence to stationary 

distribution. We assessed the convergence using �̂�eff/(𝑚𝑛) and �̂� (17), where �̂�eff is the effective 

number of the simulated draws, 𝑚 is the number of multiple simulated sequence, 𝑛 is the actual 

number of the simulated draws in each simulated sequence, and �̂� is the potential scale reduction 

factor. Fig. S7.1 shows the posterior distribution of 𝛿𝜇, and Table S7.1 shows the posterior mean and 

percentiles, assessment factors for convergence, and the probability for differences less and greater 

than 0. In Table S7.1, �̂�eff/(𝑚𝑛)  for all methods ranged from 0.86 to 0.99, indicating minimal 

autocorrelation between the simulated draws, and �̂� for all methods ranged from 0.9999 to 1.0000, 

indicating the convergence of the simulated draws. In Fig. S7.1 and Table S7.1, FCS results suggest 

that the actual particle brightness of the trimer is 0.22 kHz higher than the predicted particle brightness 

on average. On the contrary, the 95% credible interval suggests that the difference in the particle 

brightness ranging from −0.58 to 1.02 kHz is compatible with our data, given our assumptions. From 

the credible interval, we infer the following: The difference of −0.58 indicates that the actual particle 

brightness of the trimer is 0.58 kHz lower than the predicted line, the difference of 0 indicates that the 
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actual particle brightness of the trimer is on the predicted line, and the difference of 1.02 indicates that 

the actual particle brightness of the trimer is 1.02 kHz higher than the predicted line. In Table S7.1, 

the posterior probability for 𝛿𝜇 less and greater than 0 are 0.22 and 0.78, respectively, indicating that 

the probability for 𝛿𝜇 greater than 0 is high compared with the probability for less than 0. In Fig. S7.1 

and Table S7.1, MoM, ML, and EB–MAP showed a wider range of 95% credible interval, and the 

posterior mean was higher than FCS. The posterior probability for 𝛿𝜇 > 0 increased to 0.95, 0.92, and 

0.92 for MoM, ML, and EB–MAP, respectively. To show how suitable our statistical model for 

characterizing observed samples are, we calculated the posterior predictive p-value (17) (Chapter 6, 

Model checking, p. 141), using sample mean and standard deviation as test quantities. In Table S7.2, 

the posterior predictive p-value of the sample average for all methods ranged from 0.49 to 0.50, 

indicating the sample averages are similar for replicated and observed samples. In Table S7.3, the 

posterior predictive p-value of sample standard deviations ranged from 0.61 to 0.64, indicating the 

sample standard deviations of replicated samples are occasionally higher than that of the observed 

samples.  
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FIGURE S7.1: Uncertainty in linearity of particle brightness for EGFP trimer 

Posterior distribution for the difference between actual and predicted particle brightness [kHz] of the trimer in the 

cytoplasm. The light blue shaded area represents 95% credible interval (interval between 2.5th and 97.5th 

percentiles), red histogram the posterior probability density, and solid blue line the posterior mean.  

 

TABLE S7.1: Summary of posterior distribution in Fig. S7.1 
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TABLE S7.2: Summary of posterior predictive p-values estimated by sample mean for Fig. S7.1 

 

TABLE S7.3: Summary of posterior predictive p-values estimated by sample standard deviation for Fig. 

S7.1 
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Discussions and Comments 

We predicted the particle brightness of the EGFP trimer by assuming a linearity between the particle 

brightness of the monomer and dimer. The 95% credible intervals in Fig. S7.1 indicate a wide range 

of uncertainty; thus, we cannot make strong implications, such as whether the actual particle brightness 

of the trimer is higher than the predicted line or whether the actual particle brightness is on the 

predicted line, for all methods. We need to increase the sample sizes to distinguish whether the actual 

particle brightness is on the predicted line. The 95% credible interval in FCS has an important sense 

practically; the difference of −0.58 and 1.02 kHz between the actual and predicted particle brightness 

is not negligible, compared with the sample average of 1.78 kHz for the particle brightness of the 

trimer (Fig. S6.4A). The uncertainty of the difference between the particle brightnesses are also not 

negligible for MoM, ML, and EB–MAP. According to statistical hypothesis testing with a significance 

level of 0.05, if the 95% credible interval does not contain a difference of 0 between the actual and 

predicted particle brightness, it is possible to mechanically make the decision that the actual and 

predicted particle brightness is significantly different. Note that we obtained these results using small 

sample sizes and our assumptions, and we should not place too much confidence on the exact 

numerical values of these results. This is because our statistical model is not perfectly true. Although 

we constructed our statistical model using normal and half-Cauchy distributions, we have no evidence 

that the model is true. However, we can show the suitableness of our statistical model for 

characterizing observed samples through the posterior predictive p-value. If the statistical model is 

suitable to characterize the observed samples, replicated samples produced by posterior predictive 

distribution and observed samples would be similar. The results in Table S7.2 suggest that our 

statistical model is suitable to estimate the mean, but the results in Table S7.3 suggest that our statistical 

model tends to overestimate the standard deviation. However, we believe that the use of our statistical 

model for the observed samples do not cause serious problems. The posterior predictive p-value of 

approximately 0.6 indicates overestimated standard deviation in 60% of replicated samples among the 

multiple sets of replicated samples. We believe that the deviation between 0.5 and 0.6 is not 

significantly large.  

 

Methods 

Markov chain Monte Carlo (MCMC) 

Posterior draws were simulated using R, version 4.0.3 (18), and Stan, version 2.21.2 (19). Five 

sequences of draws are simulated in parallel to assess convergence of the simulated draws. The total 

number of simulated draws for each sequence is 305,000. The first 5,000 draws were discarded, and 

the remainder of the sequence was thinned by keeping every 30th draw, resulting in 10,000 draws for 

each sequence.  
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Supplemental data for Fig. 6F and Fig. S6.4B 

Credible interval of fold change in particle brightness 

In experiments with EGFP tandem oligomers, Fig. 6F shows the normalized particle brightness, 

where the average of normalized particle brightness is the fold change. We estimated the credible 

interval of the fold change for FCS, MoM, ML, and EB–MAP. The credible interval is useful to 

compare results obtained by different methods and verify the compatibility of the results. Using the 

same notation from the previous section, we assume that the joint probability distributions are given 

by  

 

𝑃(𝒀m, 𝜇m, 𝜎m) = ∏ [Nor (𝑌m
(𝑖)

|𝜇m, 𝜎m)]

𝐼m

𝑖=1

Nor(𝜇m|𝜇4, 𝜎4)Cau(𝜎m|𝜑4, 𝜓4), (S36) 

𝑃(𝒀d, 𝜇d, 𝜎d) = ∏ [Nor (𝑌d
(𝑖)

|𝜇d, 𝜎d)]

𝐼d

𝑖=1

Nor(𝜇d|𝜇5, 𝜎5)Cau(𝜎d|𝜑5, 𝜓5), (S37) 

𝑃(𝒀t, 𝜇t, 𝜎t) = ∏ [Nor (𝑌t
(𝑖)

|𝜇t, 𝜎t)]

𝐼t

𝑖=1

Nor(𝜇t|𝜇6, 𝜎6)Cau(𝜎t|𝜑6, 𝜓6). (S38) 

 

We fixed the hyperparameters as follows: 𝜇4 = 𝜇5 = 𝜇6 = 0, 𝜎4 = 𝜎5 = 𝜎6 = 103, 𝜑4 = 𝜑5 =

𝜑6 = 0, and 𝜓4 = 𝜓5 = 𝜓6 = 25. The fold changes in the particle brightness for the EGFP dimer 

and trimer are given as follows using the posterior distributions of 𝜇m, 𝜇d, and 𝜇t:  

 

𝑟d =
𝜇d

𝜇m
, (S39) 

𝑟t =
𝜇t

𝜇m
. (S40) 

 

 

Results 

Fig. S8.1 shows the posterior distributions of 𝑟d and 𝑟t for FCS, MoM, ML (+), and EB–MAP (+). 

We used MCMC to simulate the draws from the posterior distribution in the same way as the 

previous section. Table S8.1 summarizes the posterior mean, posterior percentiles, and the 

assessment factors for convergence. �̂�eff/(𝑚𝑛) for all methods ranged from 0.94 to 1.00, indicating 

minimal autocorrelation between the simulated draws, and �̂� for all methods ranged from 1.0000 to 

1.0001, indicating the convergence of the simulated draws. In Fig. S8.1 and Table S8.1, FCS result 
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for the dimer shows that the 95% credible interval ranged from 0.98—indicating that the particle 

brightness of the dimer is equal to that of the monomer—to 2.12—indicating that the particle 

brightness of the dimer is approximately two times higher than that of the monomer. The 95% 

credible intervals of the fold change for the dimer in each method are within the range of 0.6 to 2.2 

and overlapped each other, indicating that the results are compatible with each other. Similarly, the 

95% credible intervals of the fold change for the trimer are compatible with each other. Tables S8.2 

and S8.3 summarize the posterior predictive p-value calculated by the sample mean and standard 

deviation, respectively. In Table S8.2, the posterior predictive p-value of the sample averages for all 

methods ranged from 0.49 to 0.50, indicating that they were similar between replicated and observed 

samples. In Table S8.3, the posterior predictive p-value of sample standard deviations ranged from 

0.62 to 0.65, indicating the sample standard deviations of the replicated samples are occasionally 

higher than that of the observed samples.  

 

 

 

 

FIGURE S8.1: Uncertainty in fold change of particle brightness for EGFP dimer and trimer with respect to 

monomer 

Posterior distribution for fold change in particle brightness in cytoplasm. The light blue shaded area represents 95% 

credible interval: interval between 2.5th and 97.5th percentiles, red histogram: posterior probability density, and 

blue solid line: posterior mean.  
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Discussions and Comments 

In Fig. S8.1, the 95% credible intervals for FCS, MoM, ML (+), and EB–MAP (+) showed a wide 

range of uncertainty that was non-negligible. In Fig. 6F, particle brightness is divided by the sample 

average of particle brightness for monomer, which is the normalized particle brightness, and thus, 

the uncertainty in the population average of the particle brightness for the monomer is neglected. 

The credible interval is more useful than the standard deviation of the normalized particle brightness 

to estimate uncertainty. However, while useful to translate the uncertainty into numerical values, 

credible intervals must be interpreted with care. This is because the statistical model is not true, 

similar to the previous section. Tables S8.2 and S8.3 summarize the similarity between the observed 

and replicated samples. The statistical model introduced in this section is not the only model to 

estimate uncertainty, and other models can be used.  

 

 

 

 

 

TABLE S8.1: Summary of posterior distribution in Fig. S8.1 
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TABLE S8.2: Summary of posterior predictive p-values estimated by sample mean for Fig. S8.1 

 

TABLE S8.3: Summary of posterior predictive p-values estimated by sample standard deviation for Fig. 

S8.1 
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Chapter 6  

Conclusions and Future Perspectives 

I developed TD−, ML−, and EB−MAP−N&B analyses to accurately and precisely estimate the 

particle number and particle brightness, which reflect the concentration and oligomeric state, 

respectively, of fluorescently labeled proteins in cells. TD−N&B analysis is less affected by the dead 

time effect compared with the conventional method and produces a more accurate estimation. ML− 

and EB−MAP−N&B analyses provide more accurate and precise estimation than does TD−N&B 

analysis. In EB−MAP−N&B analysis, the statistical model effectively uses spatial information based 

on Bayesian statistics. We demonstrated that the developed methods are feasible and achieve higher 

accuracy and precision than the conventional method. Our methods have a wide range of 

applications in the field of fluorescence live cell imaging. Furthermore, these methods would 

contribute to the understanding of dynamic processes in protein oligomerization in cells. 

To the best of our knowledge, this is the first study that applies Bayesian statistics to N&B 

analysis, and we have demonstrated the great potential of Bayesian statistics. The methods reported 

in this study create avenues for further research in this field. In this study, although we mainly 

focused on the pair of parameters that maximizes the joint posterior distribution, other estimators can 

be used. The MAP estimate can be determined by maximizing the marginal distribution of the joint 

posterior distribution. Additionally, the expected a posteriori estimate can also be determined. 

Evaluating the accuracy and precision of other estimators would widen the choice of estimators. We 

further note that EB–MAP can be applied to other FFS techniques, namely, scanning and imaging 

FCS, to improve accuracy and precision. These methods record the spatial distribution of 

fluorescence fluctuation, as with N&B analysis. Therefore, expecting a similarity between 

parameters at spatially close positions would be reasonable. The spatial similarity of parameters is 

typically not assumed if the parameters are estimated by analyzing the temporal fluctuation at a 

position. We demonstrated that assuming the spatial similarity of parameters is useful to effectively 

extract the information in fluorescence images. 


