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Abstract  

      High 𝑍𝑇 value and large Seebeck coefficient have been reported in the nanostructured Fe-
doped Si–Ge alloys. In this work, the large Seebeck coefficient in Fe-doped Si–Ge systems was 
qualitatively reproduced from the computed electronic density of states, where a hybrid functional, 
HSE06, was used for an exchange-correlation functional, as well as a special quasi-random 
structure (SQS) for a disordered atomic configuration. Furthermore, by replacing Fe with other 
transition metals, such as Mn, Co, Ni, Cu, Zn, and Au, a dopant that produces a large Seebeck 
coefficient in Si–Ge alloy systems was explored. It was found that the Mn-doped system produces 
a large Seebeck coefficient comparable with the Fe-doped system. 
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1. Introduction 
 
     A vast amount of available energy has been wasted as heats, and it is expected that 
thermoelectric materials are employed to extract electricity from wasted-heats. Si–Ge alloys are 
known as one of the cheapest nontoxic thermoelectric materials utilized at high temperatures [1]. 
The dimensionless figure of merit, ZT, of Si–Ge alloys, however, is quite small; ZT < 1 for both 
p- and n-type thermoelectric materials [2]. 
 
     The small ZT values in Si–Ge alloys have been somewhat improved with the use of a 
nanostructuring approach, where a phonon conductivity is reduced by making a grain size small. 
To further increase the ZT values of Si–Ge alloys, there have been some attempts to modify their 
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electronic band structure by doping transition metals [1,3,4], and it has been reported that a quite 
high ZT value, ZT > 1.88 (at T = 873 K), was obtained in the nanostructured Si0.55Ge0.35P0.10Fe0.01 
sample, as well as a large Seebeck coefficient, |S| > 517 µV/K (at T = 673 K) [1]. It is believed that 
the large Seebeck coefficient originated from a strong peak at the edge of the conduction band in 
the electronic density of states generated by the Fe-doping (a so-called 3d impurity state), and this 
large Seebeck coefficient increased the ZT value through the relation, ZT ∝ S2. Although high ZT 
values as well as large Seebeck coefficients have also been observed in other transition-metal-

doped Si‒Ge alloys, such as Au- and Ni-doped systems [3,4], their ZT values and Seebeck 

coefficients were not as high as that of the Fe-doped system. 
 
     Although an occurrence of the 3d impurity states has been confirmed in an Fe-doped Si system 
using an electronic band structure calculation [1], that in Fe-doped Si–Ge system has not been 
confirmed yet either from an experimental or theoretical approach. In this work, therefore, the 
electronic density of states in Fe-doped Si–Ge alloys is calculated using an electronic band 
structure calculation, and the reported large Seebeck coefficient is reproduced from the computed 
electronic density of states. In addition, by substituting Fe with other transition metals (TM = Mn, 
Co, Ni, Cu, Zn, or Au), a better dopant for Si–Ge alloys that produces a larger Seebeck coefficient 
than that of Fe-doped systems is sought. 
 
 
2. Theory 
 
2.1. Electronic density of states 
 
     Si–Ge alloy forms a single solid solution over the whole composition range [5]. To describe 
this material, a special quasi-random structure (SQS) is employed to mimic its true disordered 
configuration using a small number of particles [6,7] as is done in Ref. [8,9]. In this work, a 64-
atom SQS with a diamond structure (2×2×2) is searched using mcsqs code from the Alloy 
Theoretic Automated Toolkit [10]. Two alloy compositions are considered here: 
Si0.500Ge0.484TM0.016 and Si0.500Ge0.484TM0.016. 
 
     Electronic structure calculations are performed using the projector augmented-wave [11] 
method as implemented in the Vienna Ab Initio Simulation Package (VASP). For exchange-
correlation interaction, a HSE06 hybrid functional [12,13] is used. The plane-wave cut-off energy 
is set to 350eV and the Brillouin zone is sampled using 2×2×2 and 6×6×6 k-points for structure 
relaxation and density of states calculations, respectively. The k-grid has been chosen carefully to 
ensure that the total energy and band gap calculations are converged within 2 meV per atom and 
5 meV, respectively. All SQSs are fully relaxed until atomic force components are smaller than 
0.01 eV/Å. Note that the equilibrium volume of the non-doped system is used for those of the 
doped systems, assuming that the volume change by doping is negligible in a cubic lattice: the 
equilibrium volume of Si0.500Ge0.500 (or Si32Ge32), 𝑉 5.54803 Å3, and Si0.781Ge0.219 (or Si50Ge14), 
𝑉 5.47573 Å3, are used for those of Si0.500Ge0.484TM0.016 and Si0.781Ge0.203TM0.016, respectively. 
 
     Note that a Seebeck coefficient is quite sensitive to the magnitude of a band gap. Because an 
experimentally reported band gap has been relatively well-reproduced using the HSE06 functional 
[14] compared with generalized gradient approximation (GGA) of Perdew-Burke-Ernzerhof 
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(PBE) [15], the use of the HSE06 functional is important to reliably evaluate the Seebeck 
coefficient in the doped Si–Ge alloys. It is also notable that there are multiple possible atomic 
configurations which satisfy the criteria used in the determination of SQSs, but here we will 
investigate just one atomic configuration as a first attempt. 
 
2.2. Seebeck coefficient  
 
     The Seebeck coefficient, S, is given from the linear response theory as [16] 
 
 

𝑆 𝑇
1

|𝑒|𝑇

𝜎 𝜖 𝜇 𝜖 𝜇
𝜕𝑓 𝜖,𝑇

𝜕𝜖 𝑑𝜖

𝜎 𝜖 𝜇
𝜕𝑓 𝜖,𝑇

𝜕𝜖 𝑑𝜖
 , (1)  

 
where e is the unit charge of electron, μ is the chemical potential, ϵ is the energy, 𝑓 𝜖,𝑇  is the 
Fermi-Dirac distribution, and 𝜎 𝜖 𝜇  is the spectral conductivity. From the Bloch–Boltzmann 
theory, the spectral conductivity for an isotropic material is written as 
 
 

𝜎 𝜖 𝜇
𝑒
3
𝐷 𝜖 𝑣 𝜖 𝜏 𝜖,𝑇  , (2)  

 
where D(ϵ) is the electronic density of states, v(ϵ) is the group velocity, and 𝜏 𝜖,𝑇  is the relaxation 
time. 
 
     For a nanostructured bulk sample, an electron mean-free path, l (= vτ), may be approximated to 
a nanograin size, a (i.e., vτ ≈ a) (a so-called small-grain-size limit [17,18]). Then, the Seebeck 
coefficient, Eq. (1), becomes 
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1
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 . (3)  

 
Furthermore, by assuming that the group velocity, v(ϵ), is not sensitive to energy (i.e., v(ϵ) ≈ v), 
Eq. (3) can be simplified to 
 
 

𝑆 𝑇
1
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From Eq. (4), the Seebeck coefficient for a nanostructured bulk sample can be roughly estimated 
from an electronic density of states. Note that the chemical potential, μ, depends on temperature 
through the relation: 𝑛 𝐷 𝜖 𝑓 𝜖,𝑇 𝑑𝜖, where n is the number of electrons in a system. 
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     It is noteworthy that Eq. (4) is obviously a first approximation, because in general the group 
velocity, v, highly depends on energy and this dependence cannot be neglected for a reliable 
estimation of Seebeck coefficients. In a solid solution, such as Si–Ge alloys, however, it is not 

easy to calculate the group velocity, v 
ℏ

, because the dispersion relation (or E–k curve) is 

blurred due to the disorder nature of alloy system. For a SQS, on the other hand, it would be 
possible to calculate the energy dependence of group velocity because a clear dispersion relation 
can be obtained, however, it is not a “real” electronic structure of disordered configuration. In this 
work, therefore, the energy dependence of group velocity was just ignored. We focus only on the 
density of states, which is well defined for the disordered systems, and employ Eq. (4) to 
“qualitatively” evaluate the Seebeck coefficients. 
 
 
3. Results and Discussions 
 
3.1. Fe-doped Si–Ge systems 
 
     The calculated electronic density of states in the Si0.500Ge0.484Fe0.016 alloy is shown in Fig. 1, 
where their site-projected density of states of Si, Ge, and Fe are also presented. Here, the Fermi 
level is shifted so that it is located at the bottom of conduction band. From this result, one can see 
that there are two strong peaks mainly originating from the Fe-doping at the edge of the conduction 
band. The same strong peaks were observed in the Si0.781Ge0.203Fe0.016 alloy as well (see 
supplemental material). A similar impurity state has been reported in the Si0.993Fe0.007 (or Si143Fe1) 
alloy system [1], where its electronic density of states was calculated using density functional 
theory with the GGA/PBE functional. 
 
     The Seebeck coefficient calculated from Eq. (4) using the total density of states shown in Fig. 
1 is presented in Fig. 2, where various amounts of carrier (or electron) concentration, n, are 
considered: n is in a range from 1.0×1018 to 1.0×1020 cm-3. It can be seen that the Seebeck 
coefficient gets smaller as n is increased for the both alloy compositions (see supplemental material 
for the result in the Si0.781Ge0.203Fe0.016 alloy). The experimental data for the nanostructured 
Si0.55Ge0.35P0.10Fe0.01 sample are also shown in Fig. 2. One can see that the calculated Seebeck 
coefficients are close to the experimental data [1] when n = 1.0×1018 - 5.0×1018 cm-3. This amount 
of electron concentration is much smaller than the experimentally measured value, 1.24×1019 cm-

3 [1]. There are some possible reasons for this discrepancy, such as that we ignored the energy 
dependence of group velocity in this work. Another possible reason would be that we assumed that 
the doped Fe occupies a substitutional site. However, in fact, it is uncertain whether it is located at 
a substitutional or interstitial site. To make clear its preferred site from density functional theory, 
their formation energy needs to be calculated and compared, but this is beyond the scope of this 
paper and is left for future work. 
 
3.2. Other TM-doped Si–Ge systems 
 
     Next, electronic density of states and Seebeck coefficient in other transition-metal-doped 
systems are presented. The calculated electronic density of states in the Si0.500Ge0.484TM0.016 alloy 
systems is shown in Fig. 3. Similar to Fig. 1, the Fermi level is shifted so that it is located either at 
the top of valence band or the bottom of conduction band. From Fig. 3, the impurity state 
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originating from the TM-doping can be seen at the bottom of the conduction band in the Mn-doped 
system, whereas those in other TM-doped systems are at the top of the valence band. (Although 
there is no band gap in the Co-doped system, we still use the terms, valence and conduction bands, 
to make discussion easy). In this work, the transition metals are doped into SiGe SQS supercell at 
substitutional sites. Due to this, some bonds between Si, Ge atoms are broken and/or there is 
bond/anti-bond formation between the transition metal and host atoms. In addition, the local 
structure around the transition metal is re-constructed. As we can see in Fig. 3, the partial DOSs 
of Si and Ge slightly changed, especially in the energy range where appears the partial DOS of 
transition metal. The change of partial DOSs of Si and Ge are self-consistently calculated and 
included in the calculations of Seebeck coefficients. 
 
     To obtain a large Seebeck coefficient, it is important to have not only a sharp peak at the end 
of either valence or conduction band, but also a large band gap (as can be seen in the Fe-doped 
system, Fig. 1). Because our primary focus in this work is to investigate an effect of transition-
metal-doping on electronic density of states as well as Seebeck coefficient, only Seebeck 
coefficients at either conduction band or valence band side (which corresponds to electron or hole 
doping) are shown here, depending on the position of the impurity: an electron doping for the Mn-
doped system, and a hole doping for Co-, Ni-, Cu-, Zn-, and Au-doped systems. Because the band 
gap in the Mn-doped system is larger than that in the Fe-doped one (see Fig. 1) and there are large 
impurity states, it is expected that the Mn-doped system has a large Seebeck coefficient. For the 
other TM-doped systems, on the other hand, their band gap is smaller than that in the Fe-doped 
system, and cannot be expected to have a large Seebeck coefficient. 
 
     The calculated Seebeck coefficients in the TM-doped systems are shown in Fig. 4 for various 
carrier concentrations. From Fig. 4, the magnitude of the Seebeck coefficients of the Co-, Ni-, Cu-, 
Zn-, and Au-doped systems are smaller than that of the Fe-doped system (see Fig. 2), but that in 
the Mn-doped system is as large as that of the Fe-doped system, as expected from their calculated 
electronic density of states. 
 
     From Figs. 3 and 4, it is clear that as the atomic number for the 3d transition metals is increased 
(from Mn to Zn), the position of 3d impurity states is shifted to the lower energy side, which affects 
the magnitude of the Seebeck coefficients. For the Mn- and Fe-doped systems, 3d-bands are 
located at the bottom of the conduction band resulting in the large Seebeck coefficients. For the 
Co- and Ni-doped systems, on the other hand, 3d-bands have appeared in the middle of the energy 
gap of Si–Ge alloy, which leads small Seebeck coefficients. For the Cu-and Zn-doped systems, 
the positions of 3d-bands are further shifted to a low energy side, and band gaps are somewhat 
increased compared with those of Co- and Ni-doped systems, which produce a relatively large 
Seebeck coefficient. 
 
     The experimentally measured Seebeck coefficients in the nanostructured Si0.62Ge0.31Au0.04B0.03 
sample for n = 4.19×1019 cm-3 [3] are also shown in Fig. 4. Compared to the experimental data, 
the calculated Seebeck coefficients in the Au-doped system are significantly underestimated at 
high temperatures for the all hole concentrations considered here. The main reason of this 
discrepancy would be the existence of a secondary phase in the measured sample [3]. In addition, 
the difference in the alloy compositions between the calculation and experiments is also considered 
to be the cause of the discrepancy. Because a band gap of Si is larger than that of Ge, it is expected 
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that band gap is increased by increasing the fraction of Si in the calculated Au-doped system, 
which will result in the increase of Seebeck coefficient at high temperatures. 
 
     Note that only one SQS for each impurity type is considered in this work. We confirmed that 
impurity peak positions in the electronic density of states do not change significantly, but their 
magnitudes vary a little among various SQSs. In addition, it has been suggested that 64-atomic 
site supercells are sufficient for the convergence of structural parameters and energy in Si-Ge alloy 
systems [9]. For transition metal doped systems with small doping concentration investigated in 
this work, the same trend should be expected. 
 
 
4. Conclusion 
 
     In conclusion, the electronic density of states and Seebeck coefficient in the TM-doped Si–Ge 
systems (TM=Mn, Fe, Co, Ni, Cu, Zn, and Au) were investigated from the first-principles 
calculations with a hybrid functional (HSE06) using disordered configurations prepared based on 
the SQS. The impurity states in the Fe-doped Si–Ge systems were successfully produced, and the 
reported large Seebeck coefficients in the nanostructured Si0.55Ge0.35P0.10Fe0.01 sample were 
quantitatively reproduced from the computed electronic density of states. Using the same 
methodology, the electronic density of state and Seebeck coefficient in other TM-doped Si–Ge 
systems were calculated. It was found that Mn-doping produces strong impurity states at the 
bottom of conduction band, and the Seebeck coefficient becomes as large as that of the Fe-doped 
system. Thus, Mn may be considered as a promising dopant for the Si–Ge systems as well as Fe 
from the perspective of the Seebeck coefficient. 
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Figures 
 
 

 

 
 
Fig. 1. (Color) Calculated electronic density of states of the Si0.500Ge0.484Fe0.016 alloy. The black 
solid line is the total density of states, and the red dash, blue dotted, and green dash-dotted lines 
indicate the site-projected density of states of Si, Ge, and Fe, respectively. 
 
 

 

 
 
Fig. 2. Calculated Seebeck coefficients in the Si0.500Ge0.484Fe0.016 alloy system for various electron 
concentrations. The experimental data measured in the nanostructured Si0.55Ge0.35P0.10Fe0.01 
sample for the heating/cooling condition are also provided as open/filled circles [1]. 
 
 

 

: Fe: Si : Ge: total
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Fig. 3. (Color) Calculated electronic density of states of the Si0.500Ge0.484TM0.016 alloy systems, 
where (a) Mn-, (b) Co-, (c) Ni-, (d) Cu-, (e) Zn-, and (f) Au-doped systems. The black solid lines 
are the total density of states, and the red dash, blue dotted, and green dash-dotted lines indicate 
the site-projected density of states of Si, Ge, and TM, respectively. 
 
 
 

 
 
Fig. 4. Calculated Seebeck coefficients in the Si0.500Ge0.484TM0.016 alloy systems for various carrier 
concentrations, n, where (a) Mn-, (b) Co-, (c) Ni-, (d) Cu-, (e) Zn-, and (f) Au-doped systems. The 
experimental data measured in the nanostructured Si0.62Ge0.31Au0.04B0.03 sample for the 
heating/cooling condition are shown together as open/filled orange squares [3]. 
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