
 

Instructions for use

Title Synthesis of S-Coupled PL Waves

Author(s) SASATANI, Tsutomu

Citation Journal of the Faculty of Science, Hokkaido University. Series 7, Geophysics, 7(4), 307-326

Issue Date 1984-02-29

Doc URL http://hdl.handle.net/2115/8744

Type bulletin (article)

File Information 7(4)_p307-326.pdf

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP

https://eprints.lib.hokudai.ac.jp/dspace/about.en.jsp


Jour. Fac. Sci., Hokkaido Univ., Ser. VII (Geophysics), Vol. 7, No.4, 307-326, 1984. 

Synthesis of S-Coupled PL Waves 

Tsutomu Sasatani 

Department of Geophysics, Faculty of Science, 
Hokkaido University, Sapporo 060, Japan 

(Received October 31, 1983) 

Abstract 

The generation of the S-coupled PL waves has been studied through analyses of 
synthetic seismograms. The computation of the synthetic seismograms was made by 
the method of discrete wavenumber representation of elastic wave field developed by 
Bouchon and Aki (1977). A model used in the computation is a simple structure 
consisting of a single crustal layer over a half-space mantle for which the surface 
displacements resulting from a point SV source located in the mantle were computed. 
The analyses of the synthetic seismograms confirm the S-coupled PL wave hypothesis 
of Oliver (1961): the coupling of shear wave of the SV type with the PL mode of the 
wave guide formed by the crust and upper mantle. The mode of S-coupled PL waves 
varies depending on the spectrum of incident SV waves at the base of the crust. 

1. Introduction 

It is well known that one or more wave trains lie between the onset of S 
wave and the beginning of surface waves on most long-period seismograms 
obtained at epicentral distances between 30' and 90' (Oliver, 1961; Su and 
Dorman, 1965; Chander et ai., 1968; Poupinet and Wright, 1972; Yamagishi, 
1972). Figure 1 shows an example of the wave trains. The periods of these 
waves most often observed are between 20-80 sec. The waves show normal 
dispersion and the particle motion of these waves is prograde elliptical with a 
vertical plane of motion through the epicenter and the station. Oliver (1961) 
called these waves the S-coupled PL waves and explained these waves as being 
due to the coupling of shear waves of the SV type with the gravest PL mode of 
the wave guide formed by the crust and upper mantle: any ray impinging on the 
crust can be coupled with the modes of the crust that propagate with the same 
phase velocity (the S-coupled PL wave hypothesis of Oliver; Fig. 2). 

The PL waves are the so-called leaking modes, i.e., the waves propagate 
with phase velocities between the compressional and shear velocities of the 
mantle so that radiation of energy into the mantle in the form of shear waves 
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Fig.1 An example of an S-coupled PL wave (PL (S)). t.=36.15°. Figure after 
Poupinet and Wright (1972). 

S-coupled PL wave 

Oliver's Hypothesis 

Fig. 2 S-coupled PL waves in the Earth. 

takes place. Theoretical and experimental studies of dispersion curves and 
particle motion of the PL waves have been made by many authors (e.g., Oliver 
and Major, 1961; Gilbert, 1964; Su and Dorman, 1965; Laster et aI., 1965; 
Tazime and Y oshii, 1969 ; Y oshii, 1970). However, studies of generation of the 
S-coupled PL waves have been few. Chander et aI. (1968) synthesized the S
coupled PL waves by appropriate superposition of sine waves representing PL 
waves of different periods. In spite of the simplifying assumptions regarding 
amplitudes and relative phases of the sine waves, they obtained a fairly good 
agreement between the observed and synthetic seismograms and proved the 
success of the S-coupled PL wave hypothesis of Oliver. Y oshii (1970) confirmed 
the existence of coupling waves through the model experiments of surface 
waves, using a model consisting of a high velocity layer over a half-space. In 
this paper, the generation of the S-coupled PL wave are studied through 
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analyses of synthetic seismograms. The synthetic seismograms are computed 
for a model consisting of a single crustal layer over a half-space mantle for 
which a point SV source is located in the mantle. The analyses of the synthetic 
seismograms confirm the S-coupled PL wave hypothesis of Oliver. 

2. The method for the computation of synthetic seismograms 

We applied the method of discrete wavenumber representation of elastic 
wave field developed by Bouchon and Aki (1977) and Bouchon (1979) to the 
computation of synthetic seismograms for a point SV source in a layered 
medium. The method is based on the representation of the source radiation by 
a superposition of plane waves propagating in discrete directions. We briefly 
discuss the method of computation for the point SV source. 

We consider a point SV source in an infinite homogeneous medium, which 
is located at the origin of a Cartesian coordinate system (x, y, z) and has a time 
dependence exp( iwt ). The SV displacement potential IjJsv generated from this 
source is represented by the Weyl integral as follows (Aki and Richards, 1980) : 

IjJSV(x, y, Z; (0)= 8i;Z~i~l flexp (- ikxx-:kyy - irl z I) dkxdky (1) 

where 
r=(k~-ki--k~)112, 1m rsO, 

ks = wi Vs, kx = wavenumber in the x direction, 
ky = wavenumber in the y direction, 
w = angular frequency, Vs = shear velocity, 
p = density, F = source strength. 

According to Bouchon and Aki (1977) and Bouchon (1979), we consider an infinity 
of such sources distributed in the plane z = 0 at equal intervals L x in the x 

direction and at equal intervals L y in the y direction. The SV displacement 
potential radiated by this source array can be written 

N M 

L L 1 (. 2J[ . 2J[ . I I) - exp - z~nx- z-my- zr z 
r Lx L y 

n=-N m=-M 

(2) 
2J[ 2J[ 

with kx= Lx n, ky= L y m 

and where the time factor has been omitted. Nand M are any integer large 
enough to ensure the convergence of the series. Differentiating the displace
ment potential (2), we obtain for the radial and the vertical components of 
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motion (u, w) the expressions 

u(x, y, z; (0) 2Lx~:Vl LLexp ( -i i: nx-ii:my-irlzl) 
n m 

(3 ) 

where k=(k~+k~)112. 

The final step is to retrieve the time domain solution in the time interval (to, 

t 1) for one single source from the steady state solution for the source array. 
We first choose the source interval Lx and Ly such that no disturbance from 
another source will arrive before the time t1' The inversion to the time domain 
is performed by using the fast Fourier transform. The use of the discrete 
Fourier transform will result in aliasing in the time domain solution. To 
prevent this effect, we give to the frequency a negative imaginary part W I that 
is taken as (01 = - J[ / (t1 - to) (Bouchon, 1979). This attenuation effect is then 

removed by multiplying the solution by the factor exp [- (01(t - to )]. The 
impulse response, say u(x, y, z; t), then can be written 

00 

u(x, y, z; t)=e-wIU-to) f u(x, y, z; (O)eiwRtd(OR, (4 ) 

where (0= (OR+ i(Ol and (OR is the real part of the frequency. Details of this step 
have been given by Bouchon (1979). 

A case of special interest arises when the integrand in equation (1) is an 

even function of kx and ky as given by Bouchon (1980). We take the source
receiver point configuration as shown in Fig. 3 : 

y 
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Fig. 3 Geometry of the source-receiver configuration used in the computations. 
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Lx=Ly=Lo, 
x=y= lo=L1 / J2 

(5) 

where L1 denotes the horizontal distance between the source and the receiver. 
Then, u(x, y, Z; (f) in equation (3) may be written 

N M 

u(x'Y'Z;(f)=2L~:Vi L L g(n,m,Z;(f)exp[-ii~lo(n+m)] 
n~-N m~-M (6) 

N M 

2L~:Vs2 L L h(n, m, z; (f) 
n=O m=O 

where 

g(O, 0, Z; (f) n=O, m=O 

g(O, m, z; (f)'2cos(i~lom) n=O, m=l=O 

h(n, m, Z; (f)= g( n, 0, Z ; (f)' 2 cos (i~ Ion) n =1= 0, m=O 

g(n, m, Z; (f)' 2{cos [i: lo(n+ m)] 

+cos[i: lo(n-m)]} 
n =1= 0, m=l=O 

with 

g(n, m, Z; (f)=exp{-i[k~-(i~nr-(i~m)7/2Izl}. 
This configuration allows the calculation of the displacement for times before 
the arrival of the disturbance from another source located at a horizontal 
distance [(Lo-lo)2+ aJ'/2 from the receiver (Fig. 3). For w(x, y, Z; (f) in 
equation (3), an expression similar to equation (6) can be obtained when g( n, m, 
z; (f) is replaced by 

g(n, m, Z; 
- [( ¥On r +(¥om r],,2 

(f)= [k~-( i~ n Y -( i~ m r],,2 
. exp {-i[ k~-( i~ n r -(i~ m r],,21 Z I}. 

When the source is located in a layered medium, the solution is obtained by 
propagating the source wave field through the different layers using propagator 
matrices (Haskell, 1962; Dunkin, 1965). For example, the surface displace
ments (u, w) in the frequency domain resulting from a point SV source in a 
half-space can be written 
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1 (. 21C .21C . 1 I) ·-exp -z--nx-z-my-zy z 
y Lx Ly 

_ iF \l \l - i4l1ykk~ 
w(x, y, z; (0)- 2LxLypVS

2 LJ LJ (f4+4k 2 l1Y) 
n m 

1 (. 21C .21C . 1 I) ·-exp -z--nx-z-my-zy z 
y Lx Ly 

where [2 = 2k2 - k~, 

lI=(k~-k;,-k~)1!2, 1m lI~O, 
kp = (0 / Vp , Vp = compressional wave velocity. 

(7) 

The time domain solution obtained using equation (4) gives the impulse 
response due to a point SV source. For the response resulting from a source 
with a time function s (t), we have to convolve the impulse response with s (t ). 
The source time function adopted in the following computations is 

s (t ) = ~ [ 1 + cos (oo( t - :JJ 0 ~ t ~ ~: = To (8 ) 

=0 t<O, t> To 
The far-field displacement is proportional to the derivative of the source time 
function s ( t ) : 

Source Time 
Function 

+---- To ---+ 

Spectrum of s·(t) 

1.01::--------1---

0.1 L...----".---l.£...J.....J...J....u..J.J_--'---'---L..J--L.I..J.l.L_...JL--'-.l....1...Ll...LU 

0.01 
II f. 

To! T 

1.0 10.0 

Fig. 4 Source time function s (t) adopted in computations of synthetic seismograms. 
Its derivative s' (I) and the Fourier amplitude spectrum of s' (I) are also shown. 
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Fig.5 Radial (u) and vertical (w) displacements radiated by a point SV source in an 
infinite medium. To = 1 sec. 

s'(t)=- ~o sin wo(t- ;J 
(9) 

=0 t<O, t>To 
where s'(t) is a one cycle sine wave with a period of To=27r Iwo. The Fourier 
transform of s'(t) is 

where I 5' (w) I gives the amplitude spectrum of the far-field displacement. 
s'U) and I S'(w)1 are shown in Fig. 4. 

(10) 

Examples of calculations are shown in Figs. 5 and 6 in order to measure the 
accuracy of the method. Figure 5 gives the numerical results for a point SV 
source in an infinite medium (equation (3)). The source-receiver configuration 
and the other parameters are given in the Figure. The displacements show a 
one cycle sine wave with a period of 1 sec and the particle motion shows the pure 
shear wave of SV type, as expected analytically. The surface displacements' 
resulting from a point SV source in a half-space (equation (7)) are shown in Fig. 

6. Since L1 is greater than the critical distance, SP wave appears. The particle 
motion is prograde elliptical due to a phase change (Kawasaki et ai., 1973; Aki 
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Fig.6 Radial (u) and vertical (w) surface displacements radiated by a point SV 
source in a half-space. SP indicates the surface P wave. To = 1 sec. 

and Richards, 1980). These results show the great accuracy of the method. 

3. S-coupled PL waves 

The synthetic seismograms were computed using a simple crust-mantle 
model consisting of a layer over a half-space. Parameters of the model are 
shown in Fig. 7a. Su and Dorman (1965) obtained dispersion curves for PL and 
Rayleigh waves and particle motion for PL waves based on this model (Fig. 7b). 
Phase velocity curves for PL waves vary between the compressional and shear 
velocities of the mantle. Particle motion for PL waves associated with the 
phase velocity curves is either retrograde or prograde elliptical, or linear. 
Figure 8 shows the horizontal and vertical components of surface displacement, 
as functions of phase velocity (4.8-8.0 km/sec) and period (4-90 sec), resulting 

from the incident SV wave (plane wave) at the bottom interface of a layered 
half-space (Haskell, 1962; Su and Dorman, 1965). According to Su and Dor
man (1965), the loci of the displacement maxima approximately delineate the 
phase velocity curves for PL waves and the amplitudes provide information on 

the relative strength of the PL wave excitation as functions of phase velocity 
and period. 
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Fig. 7 (a) Crust-mantle model used. A point SV source is located at a depth H in 
the mantle. (b) Phase (C) and group (U) velocity curves for PL and Rayleigh 
waves based on the model shown in the left side. Particle motion of surface 
displacements resulting from the incidence of SV wave at the base of the crust is 
also shown. Hatched areas designate retrograde elliptical motion; clear areas 
designate prograde motion. Solid lines separating the hatched and clear areas 
designate linear-vertical motion; broken lines, linear-horizontal motion. 
Figure after Su and Dorman (1965). 
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SVwaves are generated from a point source at a depth H in the mantle and 
then the resulting surface displacements are computed at various epicentral 
distances (Fig. 7a). The derivation of expressions of the surface displacements 
in the case of one layer over a half-space, when the source is located in the half
space, was completely given by Bouchon (1978) using Dunkin's formulation of 
the Thomson-Haskell technique (Dunkin, 1965). Since the method of computa
tion of synthetic seismograms mentioned in the previous section excites all the 
possible waves, we can not synthesize a specific wave type, for example, PL 
wave with a given period. The largest trouble in the study of generation of S
coupled PL waves is the fundamental Rayleigh waves. To depress the excita
tion of the Rayleigh waves, we take the source as deeply as possible. The 
period range of the synthetic seismograms can be confined by the amplitude 
spectrum of the incident SV wave at the bottom of the crust (Fig. 4). We study 
how the S-coupled PL waves are generated on the basis of (1) phase velocity, 
(2) group velocity, (3) particle motion, (4) relative strength of the vertical and 
horizontal components of the motion and (5) amplitude decay with distances. 
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Fig. 8 Horizontal and vertical components of surface displacements, as a function of 
phase velocity and period, resulting from the incidence of SV wave at the base of 
the crust. 
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Fig.9 Horizontal and vertical corr1ponents of surface displacements resulting from a 
point SV source located in the mantle. To = 20 sec and H = 300 km. Dashed 
curve indicates the travel times of the direct S wave. The numbers above the 
various recordings indicate the relative amplitude of that trace. 

Fundamental PL waves 

We studied the generation of the S-coupled fundamental PL waves, assum
ing To = 20 sec in equation (8) and H = 300 km. Figure 9 shows the resulting 
surface displacements at various epicentral distances. The seismograms at a 
distance of 300 km show a simple SV pulse with a period of 20 sec, while the 
waveforms become complicated as the distance increases (also see Fig. 12). 
First we investigate wave trains which arrive before S wave and have a period 
of 40-50 sec. These wave trains become predominant at distances greater than 
900 km and have a phase velocity greater than the shear velocity of the mantle, 
that is considered to be one of characteristics of the PL waves. 

Phase and group velocities of the wave trains were obtained using band
pass filtered seismograms which were computed from equation (4) (Aki, 1960 ; 
Kanamori and Abe, 1968). The band-pass filtered seismogram centered at (J)= 
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Wi and of width L]Wi is 

u,(x, y, z; t)=e-w/(t-tO); I u(x, y, z; w;)1 

. [L]Wi (t - t;) ] 
sm 2 

. L]Wi L]Wi(t _ t;) cos (wd - wiri) 

2 

where I u(x, y, z; Wi) I = amplitude spectrum of u(x, y, z; w;), 

t i = group delay time, 
r i = phase delay time, 

(11 ) 

and the subscript i refers to the value at W = Wi. The band-pass filtered 
seismogram is a wave train whose envelope takes a maximum. Examples of 
the filtered seismogram are shown in Fig. 10. We can obtain phase velocities 
from the time difference of the corresponding phases on the seismograms at two 
receivers. Group velocities are obtained from the time difference of the 
maxima of the envelope at two receivers. Phase and group velocities thus 
obtained from the well developed wave trains are compared with the theoretical 
dispersion curves (Su and Dorman, 1965) in Fig. 11. From this Figure, it is 
found that the wave trains concerned correspond to the fundamental PL waves, 
although some differences exist between the obtained and theoretical velocities. 

Time, sec Time, sec 
100 200 JOO 400 100 200 JOO 400 

T:::32 sec 

900 

E 
x 

~ 
u 

1200 c 
~ 

~ 

a 

1500 

C=7.11. U:::6.0km/s C:::6.38 U=5.0 km/s 

Fig. 10 Band-pass filtered seismograms centered at T = 40 sec and 32 sec for the 
horizontal components. Phase and group velocities obtained are shown. 
Dashed line indicates the theoretical travel time of the maximum of energy (see 
equation (12) in the text). 
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Fig. 11 Phase and group velocities obtained from seismograms in Fig. 9. Circles are 
obtained from the horizontal components; squares, from the vertical compon· 
ents. Open symbols refer to the wave trains before the S wave arrival; closed 
symbols refer to the wave trains after the S wave arrival. Theoretical curves are 
based on the model shown in Fig. 7 (a) (Su and Dorman, 1965). 
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Fig. 12 Examples of particle motion for seismograms in Fig. 9. S indicates the 
travel time of the direct S wave. 
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The differences may be due to the computational method: as mentioned above, 
we can not synthesize only the PL wave with a given period, thus the other 
waves excited contaminate the PL wave. 

Several particle motions of the surface displacements in Fig. 9 are shown in 
Fig. 12. Particle motion of the wave trains concerned is prograde elliptical. 
This can be expected theoretically from Fig. 7b, as the character of the funda
mental PL waves with periods greater than 25 sec. The amplitude ratio of the 
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horizontal component to the vertical component for these waves is about two as 
shown in Figs. 9 and 12. This ratio approximately coincides with that of the 
surface displacement with the corresponding period (-40 sec) and phase velocity 
(-7.0 km/sec), resulting from the incidence of SV wave at the base of the crust 
as shown in Fig. 8a. This fact indicates that the amplitudes of the displacement 
maxima in Fig. 8a determine the relative strength of the corresponding PL 
waves. 

We investigate the amplitude decay of the wave trains concerned, on the 
basis of the well developed horizontal components at distances of 1200 and 1500 
km. From Fig. 9, the amplitude decay of these waves propagating from Ll = 
1200 km to Ll = 1500 km is 0.59. The amplitude decay due to the geometrical 
spreading of surface waves propagating through the same distance is 0.87, thus 
the decay rate of these waves is larger than this rate, This fact clearly 
indicates that these waves have the character of the leaking mode. The imagi· 
nary part of the complex root of the period function gives the extra amplitude 
decay of the leaking mode (e.g., Gilbert, 1964). 

According to the S-coupled PL wave hypothesis of Oliver (1961), the travel 
time t( T) of the maximum of envelope of the band-pass filtered seismogram, 
that is, the arrival time of the maximum of energy, is 

where 

t( T)= Llm + Ll- Llc 
VS2 U( T) 

C( T)D + Ll- Vs2D / (C 2
( T)- Vs

2
2 )112 

VS 2(C2
( T)- Vl2)112 U( T) 

(12) 

VS2 = shear velocity of the mantle, 
Ll c = distance of point of generation of PL wave, 

C( T) = phase velocity of PL wave as a function T, the corresponding 
period, 

U( T)=group velocity of PL wave, 
and for Ll m and D, see the inset of Fig. 13 (Yoshii, 1970; Poupinet and Wright, 
1972). The travel times of these maxima shown in Fig. 10 approximately 
coincide with those expected from equation (12) as shown in that Figure. This 
confirms the S-coupled PL wave hypothesis of Oliver. In equation (12), the 
time delay due to PL wave generation at the coupling point is neglected. The 
difference between the theoretical and obtained travel times might be due to this 
time delay. In Fig. l3, the travel time curve given by equation (12) for the 
fundamental PL wave with a period of 40 sec, which is the most predominant 
wave train, is drawn on the synthetic seismograms (horizontal component). 
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Fig. 13 Development of the S-cclUpled fundamental PL waves. A straight line 
indicates the travel time of the fundamental PL wave (T =40 sec and U =6.0 km/ 
sec). The inset is the schematic diagram showing generation of the S-coupled 
PL waves. Notations refer to equation (12) in the text. 

From this Figure, we can see how the S-coupled PL waves are generated and 
are developed with distance. 

Finally we investigate wave trains after the S wave arrival. As shown in 
Fig. 9, a period of these wave trains is about 20 sec, and the vertical components 
have a large amplitude than the horizontal components. We determine the 
phase velocity of these waves using the predominant vertical components by 
correlating the wave trains obtained at two receivers; that is, the peak and 
trough method. The obtained phase velocity is shown in Fig. 11. Particle 
motion of these waves is retrograde elliptical as shown in Fig. 12 (Ll = 900 km). 
The retrograde elliptical motion and the predominant vertical component of the 
wave trains concerned are expected theoretically on the basis of Figs. 7b and 8a 
for the fundamental PL wave with a period of about 20 sec and a phase velocity 
of about 4.7 km/sec. 
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a point SV source located in the mantle. To = 10 sec and H = 100 km. The direct 
S times are shown by dots. The numbers above the various recordings indicate 
the relative amplitude of that trace. 
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Fig. 15 Phase velocities obtained from seismograms in Fig. 14. Symbols are the 
same as in Fig. 11. 

Higher mode PL waves 

We computed the synthetic seismograms at various distances assuming To 
= 10 sec and H = 100 km. The resulting surface displacements are shown in 
Fig. 14. At large distances (Ll:2300 km), wave trains with a period of about 15 
sec appear before the S wave arrival, while wave trains with a period of about 
8 sec appear after the S wave arrival. We determined phase velocities for the 
predominant wave trains by the peak and trough method. The results are 
shown in Fig. 15. From this Figure, we can see that the mode of the predo
minant wave in the horizontal component is different from that in the vertical 
component; for the wave trains before the S wave arrival, the horizontal 
component corresponds to PL1 mode and the vertical component corresponds to 
PL2 mode, while for the wave trains after the S wave arrival, the horizontal 
component corresponds to PL2 mode and the vertical component corresponds to 
PL1 mode. This can be understood from Fig. 8b which shows the predominant 
component of PL wave motion varies depending on the phase velocity and 
period. For example, for PL1 wave with a period of 15 sec and a phase velocity 

of 6.2 km/sec, the horizontal component has much larger amplitude than the 
vertical component. On the other hand, for PL1 wave with a period of 8 sec and 
a phase velocity of 5.0 km/sec, the vertical component predominates over the 
horizontal component. 

Examples of particle motion of the synthetic seismograms are shown in Fig. 
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Fig. 16 Examples of particle motion for seismograms in Fig. 14. S indicates the 
travel time of the direct S wave. 

16. They show not simple elliptical motion but very complicated motion except 
for that at L1 = 50 km. The complicated motion is due to that different modes 
are predominant in the horizontal and vertical components of motion and that 
the particle motion for a given mode varies depending on the period and phase 
velocity as shown in Fig. 7b. 
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Fig. 17 Observed seismograms and particle motion diagrams of SV wave for the 
Mid-Atlantic Ridge earthquake of November 16, 1965. Solid lines represent the 
pure SV motion, whereas dashed lines, the S-coupled PL waves. Figure after 
Imahori and Sasatani (1983). 
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4. Discussion and conclusion 

We studied how the S-coupled PL waves were generated through analyses 
of synthetic seismograms. We used a simple crust-mantle model consisting of 
a single layer over a half-space and computed the surface displacements result· 
ing from a point .SV source located in the mantle. Although the model used is 
somewhat different from the real earth (compare Fig.7a with Fig. 2), the 
analyses of the synthetic seismograms confirmed the S-coupled PL wave hypo
thesis of Oliver (1961). 

The wave trains after the S wave arrival shown in Fig. 1 correspond to the 
fundamental PL waves judging from the particle motion and the predominant 
period (-30 sec). In addition to these waves, we observe frequently short
period (-10 sec) wave trains after the S wave arrival as shown in Fig. 17 
(Imahori and Sasatani, 1983). The particle motion of the short-period wave 
trains is very complex (Fig. 17). From Figs_14 and 16, we can see that these 
waves correspond to the higher mode PL waves. The mode of S-coupled PL 
waves varies depending on the spectrum of the incident SV wave at the base of 
the crust as shown in Figs_ 9 and 14. The generation of the S-coupled PL waves 
makes the SV wave analysis difficult in studying the source mechanism (Imahori 
and Sasatani, 1983) and the upper mantle shear structure (Heimberger and 
Engen, 1974). 
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