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Abstract. A virtual state plays an important role in reaction cross sections just above the breakup threshold energy, such as
producing the peak behaviour. However, the virtual state cannot be directly obtained as an isolated pole solution in the complex
scaling method (CSM) because of a limit of the scaling angle in the CSM. Recently, we proposed a useful approach to find the pole
position of the virtual state using the continuum level density (CLD), the scattering phase shift, and scattering length calculated in
the CSM [4]. On the basis of the proposed method, we investigate the photo-disintegration cross sections of resonance and virtual
states above the threshold energy to see their differences.

INTRODUCTION

Nuclear states observed around threshold energies provide us with interesting problems associated with nuclear cluster
structure. Most of them are also interested astrophysically from the viewpoint of nucleosynthesis. The Hoyle state of
the excited 0+ in 12C is one of typical examples in light nuclei. The first excited Jπ = 1/2+ state in 9Be, which is an
α+α+n Borromean nuclei, offers us the similar problem as well. The first excited 1/2+ state in 9Be has been observed
as a sharp peak above the 8Be+n threshold energy in the photo-disintegration cross section of γ+9Be→ α + α + n.
Since the size of the peak has a strong influence on the reaction rate of the 9Be synthesis, new experimental data have
been investigated recently [1, 2].

We performed calculations using an α + α + n three-cluster model together with the complex scaling method
(CSM), which well reproduces the recently-observed photo-disintegration cross section [3, 4]. The results indicate
that the virtual state character of the 1/2+ state plays an important role in formation of the peak structure appearing
in the cross section observed above the 8Be+n threshold. However, the virtual state cannot be directly obtained as an
isolated pole solution in the CSM, because the scaling angle in the CSM cannot be increased over the position of the
virtual state pole on the negative imaginary axis of the complex momentum plane [5]. A new approach for the CSM
to describe the virtual state is needed, and we here discuss a useful approach to find the pole position of the virtual
state using the continuum level density (CLD), the scattering phase shift, and scattering length calculated in the CSM
[6]. Using the present method, we also discuss the difference in the shapes of the photo-disintegration cross sections
of resonant and virtual states.

For this purpose, we apply the CSM to a two-body model, which simulates a 8Be+n model. This model describes
the p- and s-state neutron motions around the 8Be cluster corresponding to the ground and first excited states of
9Be, respectively. Changing the strength of the n-8Be potential, we reproduce resonant or virtual state. From results
obtained in the calculation, we investigate the accurate position of the virtual state in the CSM and the E1 transition
strength from the p-wave ground state to the s-wave excited state involving the contribution of the virtual state.
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METHOD

We solve the Schrödinger equation applying the complex scaling method (CSM):

ĤθΨνJ(θ) = EθνΨ
ν
J(θ), (1)

where J is the total spin and ν is the state index. The complex-scaled Hamiltonian and wave function are given as

Ĥθ = U(θ)ĤU−1(θ) and ΨνJ(θ) = U(θ)ΨνJ , (2)

respectively. The complex scaling operator U(θ) transforms the relative coordinate r as

U(θ) : r→ r exp (iθ), (3)

where θ is the scaling angle being a positive real number.
To simulate the relative motion of the 8Be+n system, we employ the Hamiltonian Ĥ like

Ĥ = − ℏ
2

2µ
∇2

r + V(r). (4)

For simplicity, we use ℏ2

µ
= 1 and assume that the interaction potential without the spin-orbit term is V(r) =

V0 exp (−ar2) with a = 0.16 fm−2. The Schrödinger equation (1) can be easily solved by using a basis function
expansion with a finite number N for the wave function:

Ψνℓ(θ) =
N∑

n=1

cℓ,νn (θ)ϕℓn(r), (5)

where we neglected the spin of the neutron (J = ℓ). As basis functions, we employ the different-range Gaussian wave
functions [7]

ϕℓn(r) = Nℓnφn(r)Yℓm(r̂), {φn(r) = rℓ−1 exp (−r2/2b2
n) and bn = b0γ

n−1 for n = 1, 2, · · · ,N}. (6)

Nℓn and Yℓm(r̂) are the normalisation factor and the spherical harmonics, respectively. Expansion parameters b0, γ and
N are chosen appropriately so as to obtain well-converged solutions.

Solving the eigenvalue problem, we obtain energies and wave functions; {Eθν, Ψν(θ); ν = 1, 2, · · · ,N}. The
energies of complex numbers in the CSM are generally classified to three groups; bound-state energies (Eb; real and <
0), resonant-state energies (Er = ER

r − i
2Γr, where tan−1 (Γ/(2ER

r )) < 2θ) and continuum-state energies (Eθc = ER
c −iEI

c).
Here, it is worthwhile to note that Eb and Er are independent from θ while θ-dependent Ec are obtained along the 2θ-
line in the complex energy plane [5]. Using the energy solutions (Eθν, Eθ0ν) of the Hamiltonian Ĥ(θ) (Eq. (4)) and the
free-Hamiltonian Ĥ0(θ) without potential terms, we can construct the continuum level density (CLD) ∆(E):

∆(E) = ρ(E) − ρ0(E) =

−1
π

Im
N∑
ν

1
E − Eθν

 −
−1
π

Im
N∑
ν

1
E − Eθ0ν

 . (7)

From the CLD, the phase shift δ(E) is calculated as

δ(E) = π
∫ E

0
∆(E′)dE′. (8)

Assuming a dominant electric-dipole transition described by the operator Ô(E1), we can calculate the photo-
disintegration cross section:

σ
γ
E1(Eγ) =

16π3

9

(
Eγ
ℏc

)
dB(E1; Eγ)

dEγ
, (9)

where the transition strength is expressed [5] as

dB(E1; Eγ)
dEγ

= −1
π

1
2Jgs + 1

Im

 N∑
ν

⟨Ψ̃gs
Jgs

(θ)||(Ôθ(E1))†||ΨνJ(θ)⟩ 1
E − Eθν

⟨Ψ̃νJ(θ)||Ôθ(E1)||Ψgs
Jgs

(θ)⟩
 . (10)

Here it should be noticed that a hat of the bra-state indicates the adjoint state for the non-Hermitian Hamiltonian Ĥ(θ).
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RESULTS

A. Virtual state
It is believed that the CSM cannot describe virtual states corresponding to S-matrix poles located on the negative imag-
inary axis on the complex momentum plane. However, in our previous work [3], the peak of the photo-disintegration
cross section calculated by using the CSM suggests the existence of the virtual state. To confirm that continuum so-
lutions of the CSM describe the virtual state, we investigate the solutions of the CSM for Jπ = 0+ and 1− in more
detail.

The energy level diagram of the potential model is shown in Fig. 1 (Left). Here we show the levels of Jπ = 0+

and 1−, which are obtained by solving the complex-scaled Schrödinger equation (Eq. (1)). The potential strength V0 is
taken to reproduce one bound Jπ = 0+1 of s-waves. But this Jπ = 0+1 solution is assumed to be the Pauli forbidden state,
because in this model we simulate the 8Be(0+)+n system which has the Pauli-forbidden (0s) neutron configuration.
In this model, the 1−1 solution describes the ground state. We investigate E1 transitions from the 1− ground state to
the excited 0+ unbound states including the 0+2 state. We investigate the behaviour of the E1 transition strength as
changing the potential strength V0 for 0+ and 1− states.

The pole trajectories for the Jπ = 0+1 , 1− and 0+2 bound states are shown in Fig. 1 (Right). From the results, we
can see that the 0+2 state changes from bound to unbound in the range of −1.45 MeV < V0 < − 1.42 MeV. For
V0 = −1.43 MeV, we obtain the bound 0+2 state, but this bound-state solution disappears at V0 = −1.42 MeV. The
unbound state for V0 = −1.42 MeV is expected to be a virtual state.

0

FIGURE 1. Left: The energy level diagram of the two-body potential model simulating 9Be. The dotted line represents the thresh-
old energy. Right: The pole trajectories for the Jπ = 0+1 (circles), 1−1 (triangles), and 0+2 (squares) states calculated as changing the
potential strength V0.

B. Position of a virtual state in the CSM
To see a difference between the calculated CLD’s for V0 = −1.42 MeV and −1.43 MeV, we calculate the phase shifts
by using solutions of the CSM. The CLD results are presented in Fig. 2 (Left), and we can see a large difference in
the low-energy region. In the case of V0 = −1.43 MeV, there is one bound state except for the lowest bound state
assigned to the Pauli forbidden state, and then the phase shift (Fig. 2 (Right)) starts from π at E = 0 MeV because of
the Levinson theorem and decreases with energy. On the other hand, in the case of V0 = −1.42 MeV, the phase shift
starts from zero and increases up to about π/3 but not π/2 unlike a resonance. This phase shift behavior supports the
existence of the virtual state.

We calculate the scattering length as from the s-wave phase shift obtained by using the relation

as = − lim
k→0

tan δ(E)/k, (11)

where k =
√

2µE/ℏ is a momentum. For different potential strengths in the range of −1.43 < V0 < −1.42 MeV, the
calculated scattering lengths as are shown in Fig. 3. We find a sudden change of as in the range of −1.43 < V0 < −1.42

020023-3
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FIGURE 2. Left: Calculated CLD ∆(E) at the strengths of V0 = −1.42 MeV (solid curve) and −1.43 MeV (dashed curve). Right:
Calculated phase shifts δ(E) of the 0+ state for V0 = −1.42 MeV (solid curve) and −1.43 MeV (dotted curve). The scale of the
graph was magnified in the inset.

MeV. While as is positive for the potential strength (V0 ≤ −1.43 MeV) reproducing a bound 0+2 state, as is negative
for V0 ≥ −1.42 MeV. And at V0 = −1.42 MeV, it is seen that as has a large negative value, which also indicates the
existence of the virtual state.

0

FIGURE 3. Scattering length of the 0+ state calculated for V0 = −1.2 to −1.5 MeV in the CSM. The horizontal dotted line indicates
as = 0 and the vertical broken line shows a border where as changes sign.

We try to extract the virtual-state position in the complex energy plane from the continuum solutions. The CLD
∆(E) of Jπ = 0+ states is expected to have a contribution from the virtual state in the case of V0 = −1.42 MeV, which
disappears in the case of V0 = −1.43 MeV. In the case of V0 = −1.43 MeV, a bound 0+ state appears instead of the
virtual state, and then the CLD is expressed as

∆N(E; V0 = −1.43 MeV) = ∆2
b(E) + ∆N−2

c (E; V0 = −1.43 MeV), (12)

where ∆2
b and ∆N−2

c are the contribution from bound-state and continuum-state solutions, respectively. In this case,
there are two bound 0+ states including the Pauli forbidden state, and then the contribution from continuum states is
calculated by using the number of N − 2 continuum solutions along the 2θ-line because of no resonances. In the case
of V0 = −1.42 MeV, we have

∆N(E; V0 = −1.42 MeV) = ∆1
b(E) + ∆N−1

c (E; V0 = −1.42 MeV), (13)

where the bound 0+ state is the Pauli forbidden state alone.

020023-4
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FIGURE 4. Left: The difference ∆virt(E) between the CLD’s for V0 = −1.42 MeV and −1.43 MeV. Right:The phase shift of the
virtual state, calculated from the integration of the virtual-state CLD ∆virt(E).

From these results, we can calculate a difference

∆virt(E) = ∆N−1
c (E; V0 = −1.42 MeV) − ∆N−2

c (E; V0 = −1.43 MeV). (14)

The difference ∆virt(E) is displayed in Fig. 4 (Left), which shows the sharp peak near the zero energy. Here we assumed
that ∆N−1

c (E; − 1.42 MeV) consists of two types of contributions; one is a virtual-state contribution and another is a
background. The background contribution was also assumed to have a weak dependence of the strength of V0. Then
the background contributions are considered to be almost the same in both cases of V0 = −1.42 MeV and −1.43 MeV.
When the background is expressed by the term of ∆N−2

c (E; − 1.43 MeV) in Eq. (12) approximately, we can consider
that ∆virt(E) corresponds to the virtual-state contribution of the CLD.

Since the phase shift is obtained by integrating the CLD as shown in Eq. (8), the phase shift of the virtual state is
given as

δvirt(E) = π
∫ ∞

0
∆virt(E′)dE′. (15)

and the result is presented in Fig. 4 (Right). This result indicates a characteristic behaviour of the phase shift of the
virtual state, which is is described by an increasing function of energy but does not reach π/2. When we assume a
negative real energy Ev for the virtual pole, the CLD of the virtual state is considered to be expressed as ∆virt(E) ≈
1/(E − Ev). Using numerical data shown in Fig. 4 (Left), we can estimate Ev = −0.001 MeV.

C. Photo-disintegration cross sections of resonant and virtual states

To reproduce s-wave neutron resonances, we add a long-range repulsive potential artificially as

V(r) = −1.42e−0.16r2
+ V2e−0.01r2

, (16)

where the first term makes the virtual state when V2 = 0.0 MeV as discussed above. Increasing values of V2, we
obtained s-wave poles by using the Jost function method [9] and show the trajectory of the complex-energy solutions
in Fig. 5 (Left). We can see the resonance solutions are obtained for V2 > 0.004 MeV.

Using the CSM solutions for these potentials with 0 < V2 ≤ 0.01 MeV, the E1 strength functions are calculated
and their results are shown in Fig. 5 (Right). The results indicate that the E1 strength functions of resonant states
obtaind near the zero energy with V2 < 0.01 MeV shows the shape very similar to that of the virtual state though the
size of the peaks changes. When V2 > 0.01 MeV, the peak position leaves from the zero-energy region and the shape
gradually changes to the Breit-Wigner type for the resonance.
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2

FIGURE 5. Left: The pole trajectory of s-wave states obtained by increasing the strength V2 of a barrier potential at a large
distance. Right: The E1 strength functions for the photo-disintegration cross section calculated by using the wave functions of
s-waves for different V2-values in the CSM.

CONCLUSION

The photo-distintegration cross section for the 1/2+ state in 9Be shows a peculiar enhancement near the 8Be+n thresh-
old energy and its origin is interesting in relation with the unbound states of 9Be such as virtual state. In this study,
simulating the 8Be+n system, we solved the schematic two-body potential model with the CSM in detail.

In the CSM, the virtual state cannot be obtained as an isolated solution, but the continuum solutions are con-
sidered to include the effect of the virtual state. We tried to extract the information of the virtual-state pole in terms
of the continuum solutions in the CSM. The virtual-state energy Ev obtained by using the CLD was compared with
the solution of the Jost function method [9]. The result of very small negative energy of the virtual state is consistent
with each other when we employ the basis expansion approach with a finite number of basis states. The E1 strength
functions for the photo-disintegration cross section of the virtual state has been shown to have the peak just above the
threshold energy, which is very similar to that of resonant states near the zero energy. However, in the case of 9Be, it
is an open problem to explain the resonance mechanism for an s-wave neutron to be trapped in the inside region of
the nucleus.
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