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Abstract 

 

This study experimentally verifies robustness of a model-free vibration controller based on a 

virtual controlled object (VCO) considering parametric uncertainty of actuator. A proof-mass 

actuator, which can be modeled as a single-degree-of-freedom (SDOF) system, is used. A VCO, 

which is defined as an SDOF structure, is introduced between a real controlled object and the 

actuator model. The parameters of the VCO are determined so as to achieve model-free vibration 

control. A state equation to derive the model-free controller is constructed using the two-degree-

of-freedom (2DOF) structure composed of the actuator model and the VCO. The parametric 

uncertainty of the actuator is quantitatively characterized in the 2DOF structure. The mixed 

𝐻𝐻2/𝐻𝐻∞  control theory is used to design a model-free controller. The vibration suppression 

performance and robustness to the actuator uncertainty of the proposed method are validated by 

experiments. Simulation studies are also conducted to enhance the validity of the experimental 

results. As a result, the proposed damping method exhibits good damping performance and strong 

robustness to the actuator uncertainty and characteristic changes in controlled object. 
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1. Introduction 

 

Vibration suppression is necessary for downsizing, reducing the weight, and improving the 

performance of mechanical systems. Especially, active vibration control has been widely examined 

because of its good vibration reduction performance 1–3. For example, an active vibration control 

method for an automotive drive system with backlash has been investigated 4–6. In general, 

mathematical models of controlled objects are needed to design active vibration control systems. 

That is, mathematical modeling of controlled objects is needed—specifically, model-based control 

7,8. However, such modeling processes are costly and troublesome for designers. In addition, 

modeling errors, which always exist in actual systems, adversely affect the systems’ performance, 

or even destabilize closed-loop systems. 

Consequently, numerous studies have examined model-free control, which does not require 

concrete mathematical models of controlled objects 9,10. These methods are developed for specific 

mechanical systems. Introducing neural networks 11,12  and employing fuzzy logic 13,14  are typical 

model-free control approaches. However, many of these approaches have cumbersome and 

impractical design procedures due to their complexities. Data-driven control is an effective method 

to construct a control system without using concrete mathematical models of controlled objects 15–

17. Typically, such a technique requires many parameters to be tuned to derive an appropriate 

controller. 

By contrast, a model-free vibration control based on a virtual controlled object (VCO) has 

been proposed as a simple and implementable model-free vibration suppression system 18–20. This 

approach derives an active vibration controller on the basis of an actuator model and a VCO, 

implying that the accuracy of the actuator model heavily influences the closed-loop stability and 



damping performance of the system 21,22. In general, actuators have parametric uncertainties that 

originate from their aging and their individual differences. Studies have examined VCO-based 

model-free vibration control that considers the actuator uncertainty 21,22. Nevertheless, these 

methods have several problems, such as conservativeness of the damping performance 21 and a 

chattering phenomenon 22, that diminish their practical applicability. On the other hand, the model-

free mixed 𝐻𝐻2/𝐻𝐻∞ vibration control considering actuator uncertainty can overcome the problems 

which deteriorate the practicability 23. However, the basic properties of this damping scheme such 

as robustness to the characteristic changes in real controlled object has not been studied.  

In this study, robustness of the VCO-based model-free mixed 𝐻𝐻2/𝐻𝐻∞ control considering 

parameter uncertainty of actuator is experimentally validated. A proof-mass actuator is used in the 

present work because it can be modeled as a single-degree-of-freedom (SDOF) system 18. First, a 

VCO, which is defined as an SDOF system, is inserted between an actual controlled object and the 

SDOF actuator model. Setting appropriate VCO parameters considering frequency transfer 

characteristic from the actual controlled object to the VCO results in model-free active vibration 

suppression. A state equation for model-free controller design is derived using the two-degrees-

of-freedom (2DOF) system composed of the SDOF actuator and the VCO. Second, parametric 

uncertainty occurring in the actuator is quantitatively evaluated in the 2DOF system. The mixed 

𝐻𝐻2/𝐻𝐻∞ control theory is applied for the uncertain 2DOF plant to establish a model-free controller 

considering the actuator uncertainty. An advantage of the VCO-method is that various model-

based control theories can be used to design the controller without controlled object modeling. 

Moreover, the proposed control technique has strong robustness to the parametric uncertainty of 

the actuator and good damping performance. Finally, vibration control experiments validate the 

damping performance and robustness to the actuator uncertainty and characteristic changes in 



controlled object of the proposed control scheme. An aluminum plate structure and the aluminum 

plate with a 1.37 kg weight on it are used for the controlled objects in the experiments. As a result, 

the proposed control scheme realizes good vibration suppression for both controlled objects 

despite the actuator uncertainty. 

Compared with the previous study exploring the design method of the VCO-based model-

free control 19, this study is devoted to improving the robustness of the model-free vibration control 

based on the VCO to the parametric uncertainty of the actuator, whereas the previous study 19 

focuses on the controller tuning issue for the VCO-based model-free control. The controller 

proposed in the previous work 19 was designed based on the simple linear quadratic regulator 

theory and did not consider the parametric uncertainty of the actuator. Moreover, the previous 

study 19 lacks the robustness verification to the actuator uncertainty. However, unlike the previous 

work 19, this study proposes a novel VCO-based model-free controller design using the mixed 

𝐻𝐻2/𝐻𝐻∞ synthesis with consideration of the actuator uncertainty. The robustness to the parametric 

error of the actuator is experimentally validated. The actuators in real mechanical systems often 

have parametric uncertainties that originate from their aging and their individual differences, 

significantly affecting the system performance. Therefore, this study further thrusts the VCO-

based vibration control forward to the practical implementations. 

One of the representative virtues of the technique proposed in this study is that the proposed 

method is robust to uncertainties of both actual controlled objects and parameters of actuator. 

Hence, the proposed method can be employed for various vibration suppression problems of 

mechanical systems that require high reliability or have uncertainties. This technique is expected 

to be applied to a variety of mechanical systems, such as machine tools, automotive systems (e.g., 



engine mount system), aerospace structures, and mechanical products with large individual 

differences. 

The main limitation of the proposed method is that the actuator must be mounted directly to 

the place where vibrations should be reduced. Due to various limitations such as lack of space, the 

actuator is not always attachable to every mechanical structure freely.  

  However, if the actuator can be implemented directly to the damping point, the proposed 

method has significant advantages over conventional passive vibration mitigation methods and 

model-based active control approaches. To name a few, the proposed method is expected to replace 

a passive damping using multiple tuned mass dampers for machine tool chatter 24 and a model-

based active vibration control for floor structure via inertial actuators 25. Compared with the 

passive vibration mitigation, which often requires multiple damping equipment, active vibration 

control methodology is effective in wide frequency range of vibrations via simpler system 

configuration. Moreover, compared with the traditional model-based control, the proposed method 

has much simpler design process because of its model-free nature. 

 

 

2. Basic concepts of VCO-based model-free control 

 

2.1. Actuator  

 

The actuator used in this study is shown in Figure 1. It is an electromagnetic proof-mass actuator. 

Such an actuator can be modeled as an SDOF system because of its mechanical properties 18. 

Hereafter, 𝑚𝑚0, 𝑐𝑐0, 𝑘𝑘0 denote the mass, damping, and stiffness of the actuator, respectively. In this 



study, 𝑚𝑚0 = 0.2013 kg, 𝑐𝑐0 = 1.186 Ns/m, and 𝑘𝑘0 = 3518 N/m 18. These parameter values are 

obtained via the system identification. 𝑥𝑥0 represents the displacement of the point mass of the 

actuator.  

 

2.2. VCO 

 

Inserting an SDOF VCO between the actuator and an actual controlled object achieves model-free 

control. The actual mechanical system is described in Figure 2(a). The control input 𝑢𝑢 generated 

by the actuator suppresses vibration 𝑥𝑥1 at the actuator mounting position of the actual controlled 

object. Figure 2(b) shows the model used for controller design. The VCO is introduced between 

the actuator and the actual controlled object shown in Figure 2(a). 𝑚𝑚𝑣𝑣, 𝑐𝑐𝑣𝑣, 𝑘𝑘𝑣𝑣 denote the mass, 

damping, and stiffness of the VCO, respectively, and 𝑥𝑥𝑣𝑣 does the displacement of the point mass 

of the VCO. The fundamental principle of the VCO-based model-free control is that the vibration 

of the actual controlled object, 𝑥𝑥1, is damped indirectly by suppressing that of the VCO, 𝑥𝑥𝑣𝑣 18. 

The equations of motion of the actuator and the VCO in Figure 2(b) are 

𝑚𝑚0�̈�𝑥0 + 𝑐𝑐0(�̇�𝑥0 − �̇�𝑥𝑣𝑣) + 𝑘𝑘0(𝑥𝑥0 − 𝑥𝑥𝑣𝑣) = 𝑢𝑢 (1)  

𝑚𝑚𝑣𝑣�̈�𝑥𝑣𝑣 + 𝑐𝑐𝑣𝑣(�̇�𝑥𝑣𝑣 − �̇�𝑥1) + 𝑘𝑘𝑣𝑣(𝑥𝑥𝑣𝑣 − 𝑥𝑥1) + 𝑐𝑐0(�̇�𝑥𝑣𝑣 − �̇�𝑥0) + 𝑘𝑘0(𝑥𝑥𝑣𝑣 − 𝑥𝑥0) = −𝑢𝑢 (2)  

Laplace transforming equations (1) and (2) yields equation (3). 𝑠𝑠 denotes the Laplace variable. 

The Laplace transformed functions are represented as capital letters. 𝑇𝑇𝑥𝑥𝑣𝑣𝑥𝑥1 is the transfer property 

from 𝑥𝑥1 to 𝑥𝑥𝑣𝑣. 

𝑇𝑇𝑥𝑥𝑣𝑣𝑥𝑥1 =
𝑋𝑋𝑣𝑣(𝑠𝑠)
𝑋𝑋1(𝑠𝑠)

=
(𝑚𝑚0𝑠𝑠2 + 𝑐𝑐0𝑠𝑠 + 𝑘𝑘0)(𝑐𝑐𝑣𝑣𝑠𝑠 + 𝑘𝑘𝑣𝑣)

{𝑚𝑚𝑣𝑣𝑠𝑠2 + (𝑐𝑐0 + 𝑐𝑐𝑣𝑣)𝑠𝑠 + (𝑘𝑘0 + 𝑘𝑘𝑣𝑣)}(𝑚𝑚0𝑠𝑠2 + 𝑐𝑐0𝑠𝑠 + 𝑘𝑘0) − (𝑐𝑐0𝑠𝑠 + 𝑘𝑘0)2 
(3)  



The parameters of the VCO—specifically, 𝑚𝑚𝑣𝑣 , 𝑐𝑐𝑣𝑣 , and  𝑘𝑘𝑣𝑣—are determined so as to achieve 

model-free vibration control. The inequalities (4) and (5) have been proposed in a previous study 

to design such an appropriate VCO 18: 
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(4)  

��
(𝛺𝛺𝑙𝑙𝑙𝑙𝑙𝑙𝑢𝑢𝑢𝑢)2
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�𝑘𝑘𝑣𝑣 + (𝛺𝛺𝑙𝑙𝑙𝑙𝑙𝑙𝑢𝑢𝑢𝑢)2�
1
𝑚𝑚𝑣𝑣

> �
(𝛺𝛺𝑙𝑙𝑙𝑙𝑙𝑙𝑢𝑢𝑢𝑢)2

𝑘𝑘0
−

1
𝑚𝑚0

� (𝛺𝛺𝑙𝑙𝑙𝑙𝑙𝑙𝑢𝑢𝑢𝑢)2 
(5)  

where 𝛺𝛺𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢  and 𝛺𝛺𝑙𝑙𝑙𝑙𝑙𝑙𝑢𝑢𝑢𝑢  are the upper and the lower bound frequencies, respectively, of a 

controlled frequency band satisfying 𝛺𝛺𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 > 𝛺𝛺𝑙𝑙𝑙𝑙𝑙𝑙𝑢𝑢𝑢𝑢 ≥ �𝑘𝑘0/𝑚𝑚0. In this study, the controlled 

frequency band is 50–1000 Hz. 

When conditions (4) and (5) are satisfied, 𝑇𝑇𝑥𝑥𝑣𝑣𝑥𝑥1 ≈ 1 is realized in the controlled frequency 

band, implying that 𝑥𝑥1 ≈ 𝑥𝑥𝑣𝑣 holds and that indirect vibration suppression is achieved 18. This study 

uses 𝑚𝑚𝑣𝑣 = 1.0 × 10−5 kg, 𝑐𝑐𝑣𝑣 = 0.0 Ns/m, and 𝑘𝑘𝑣𝑣 = 7.0 × 105 N/m 18. Figure 3 shows the Bode 

plot of 𝑇𝑇𝑥𝑥𝑣𝑣𝑥𝑥1, demonstrating that 𝑇𝑇𝑥𝑥𝑣𝑣𝑥𝑥1 ≈ 1 (i.e., 𝑥𝑥1 ≈ 𝑥𝑥𝑣𝑣) is achieved in the controlled frequency 

band. 

It should be noted that the purpose of this study is to suppress the vibration at the actuator 

mounting position on the actual controlled object. This is because the actuator and the damping 

point (the position of the sensor to get the measured output) must be collocated to achieve the 

VCO-based model-free vibration control. Closed-loop control is performed by feeding the 

vibration of the VCO back as the measured output. Nevertheless, the VCO does not exist in the 

real mechanical system. Hence, vibration 𝑥𝑥1 of the actual controlled object, which is almost equal 

to 𝑥𝑥𝑣𝑣 because 𝑇𝑇𝑥𝑥𝑣𝑣𝑥𝑥1 ≈ 1, is used as the measured output. In particular, 𝑥𝑥1 at the actuator mounting 

location is measured by a sensor and suppressed when the actual controlled object is a continuous 

structure 19. 



 

2.3. State equation to design a VCO-based model-free controller 

 

In equations (1) and (2), disturbance 𝑤𝑤 is defined as 

𝑤𝑤 = 𝑐𝑐𝑣𝑣�̇�𝑥1 + 𝑘𝑘𝑣𝑣𝑥𝑥1 (6)  

Equations (1), (2), and (6) yield the state equation for model-free controller design as 

�̇�𝑥𝑣𝑣𝑣𝑣 = 𝐴𝐴𝑣𝑣𝑣𝑣𝑥𝑥𝑣𝑣𝑣𝑣 + 𝐵𝐵𝑣𝑣𝑣𝑣1𝑤𝑤 + 𝐵𝐵𝑣𝑣𝑣𝑣2𝑢𝑢 (7)  

𝑥𝑥𝑣𝑣𝑣𝑣 = [𝑥𝑥𝑣𝑣 𝑥𝑥0 �̇�𝑥𝑣𝑣 �̇�𝑥0]𝑇𝑇 (8)  
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(9)  
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(11)  

Notably, equation (7) is a simple and low-order state equation that does not contain any parameters 

or models of the actual controlled object. Hence, a model-free vibration controller based on a VCO 

can be easily derived by applying familiar model-based control theories to equation (7). 

 

  



3. Model-free controller with robustness to parametric uncertainty of an actuator 

 

The accuracy of the actuator parameter is critical to the vibration suppression performance and 

closed-loop stability because equation (7) includes the actuator parameters 21,22. However, 

actuators always have parametric uncertainties due to modeling errors, individual differences, and 

aging. Consequently, the VCO-based controller design should take such parametric uncertainties 

into account. This study considers the uncertainties in an actuator’s damping and stiffness—𝑐𝑐0 and 

𝑘𝑘0—because their exact values are generally more difficult to obtain than the actuator’s mass, 𝑚𝑚0. 

 

3.1. Characterization of actuator’s parametric uncertainty 

 

The uncertain damping 𝑐𝑐0𝑚𝑚 and stiffness 𝑘𝑘0𝑚𝑚 of the actuator can be modelled as: 

𝑐𝑐0𝑚𝑚 = 𝑐𝑐0𝑛𝑛 + ∆𝑐𝑐𝑐𝑐𝑢𝑢 (12)  

𝑘𝑘0𝑚𝑚 = 𝑘𝑘0𝑛𝑛 + ∆𝑘𝑘𝑘𝑘𝑢𝑢 (13)  

Here, the nominal values are indicated by the subscript 0𝑛𝑛. The maximum errors occurring in the 

actuator damping and stiffness are denoted as 𝑐𝑐𝑢𝑢  and 𝑘𝑘𝑢𝑢 , respectively. ∆𝑐𝑐  and ∆𝑘𝑘  are the 

fluctuations satisfying �∆𝑐𝑐,𝑘𝑘� ≤ 1. The nominal parameters and the maximum errors are assumed 

to be known. 

Substituting 𝑐𝑐0𝑚𝑚 and 𝑘𝑘0𝑚𝑚 for 𝑐𝑐0 and 𝑘𝑘0 in equations (1) and (2) yields equations (14)–(20). 

𝑃𝑃�(𝑠𝑠) =
𝑠𝑠2𝑋𝑋𝑣𝑣
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𝑚𝑚0𝑚𝑚𝑣𝑣𝑠𝑠4 + (𝑚𝑚0 + 𝑚𝑚𝑣𝑣)𝑐𝑐0𝑛𝑛𝑠𝑠3 + {(𝑚𝑚0 + 𝑚𝑚𝑣𝑣)𝑘𝑘0𝑛𝑛 + 𝑚𝑚0𝑘𝑘𝑣𝑣}𝑠𝑠2 + 𝑐𝑐0𝑛𝑛𝑘𝑘𝑣𝑣𝑠𝑠 + 𝑘𝑘0𝑛𝑛𝑘𝑘𝑣𝑣
 

(15)  

𝑊𝑊(𝑠𝑠) = �
𝑊𝑊1(𝑠𝑠)
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𝑊𝑊1𝑛𝑛𝑢𝑢𝑚𝑚(𝑠𝑠)
𝑊𝑊2𝑛𝑛𝑢𝑢𝑚𝑚(𝑠𝑠)� 

(16)  

𝑊𝑊𝑑𝑑𝑢𝑢𝑛𝑛(𝑠𝑠) = 𝑚𝑚0𝑚𝑚𝑣𝑣𝑠𝑠4 + (𝑚𝑚0 + 𝑚𝑚𝑣𝑣)𝑐𝑐0𝑛𝑛𝑠𝑠3 + {(𝑚𝑚0 + 𝑚𝑚𝑣𝑣)𝑘𝑘0𝑛𝑛 + 𝑚𝑚0𝑘𝑘𝑣𝑣}𝑠𝑠2 + 𝑐𝑐0𝑛𝑛𝑘𝑘𝑣𝑣𝑠𝑠

+ 𝑘𝑘0𝑛𝑛𝑘𝑘𝑣𝑣 

(17)  

𝑊𝑊1𝑛𝑛𝑢𝑢𝑚𝑚(𝑠𝑠) = (𝑚𝑚0 + 𝑚𝑚𝑣𝑣)𝑐𝑐𝑢𝑢𝑠𝑠3 + 𝑘𝑘𝑣𝑣𝑐𝑐𝑢𝑢𝑠𝑠 (18)  

𝑊𝑊2𝑛𝑛𝑢𝑢𝑚𝑚(𝑠𝑠) = (𝑚𝑚0 + 𝑚𝑚𝑣𝑣)𝑘𝑘𝑢𝑢𝑠𝑠2 + 𝑘𝑘𝑣𝑣𝑘𝑘𝑢𝑢 (19)  

∆= [∆𝑐𝑐 ∆𝑘𝑘] (20)  

𝑃𝑃�(𝑠𝑠) is the transfer function from control input 𝑢𝑢 to measured output �̈�𝑥𝑣𝑣 when the actuator has the 

parametric uncertainties. 𝑃𝑃(𝑠𝑠) represents the nominal transfer function from 𝑢𝑢 to �̈�𝑥𝑣𝑣 . Equation 

(14) implies that the uncertain transfer function 𝑃𝑃�(𝑠𝑠) can be modelled as the plant set of 𝑃𝑃(𝑠𝑠) with 

the feedback-type fluctuations as shown in Figure 4 21,26. 

 

3.2. Model-free mixed 𝑯𝑯𝟐𝟐/𝑯𝑯∞ controller design 

 

For equation (14), the generalized plant 𝐺𝐺 for a robust controller design is constructed as Figure 5 

for the evaluation with the small-gain theorem 26. Equations (21)–(29) show formulations of each 

property shown in Figure 5; 𝑤𝑤𝑑𝑑 is the disturbance and 𝑧𝑧𝐻𝐻2 and 𝑧𝑧𝐻𝐻∞ are the controlled outputs. 

𝑃𝑃 : �
�̇�𝑥𝑃𝑃 = 𝐴𝐴𝑃𝑃𝑥𝑥𝑃𝑃 + 𝐵𝐵𝑃𝑃1𝑤𝑤𝑢𝑢 + 𝐵𝐵𝑃𝑃2𝑢𝑢
𝑦𝑦 = 𝐶𝐶𝑃𝑃𝑥𝑥𝑃𝑃 + 𝐷𝐷𝑃𝑃1𝑤𝑤𝑢𝑢 + 𝐷𝐷𝑃𝑃2𝑢𝑢

 
(21)  

𝑦𝑦𝑣𝑣 = 𝑦𝑦 − 𝑤𝑤𝑢𝑢 (22)  



𝑊𝑊1 : ��̇�𝑥𝑙𝑙1 = 𝐴𝐴𝑙𝑙1𝑥𝑥𝑙𝑙1 + 𝐵𝐵𝑙𝑙1𝑦𝑦𝑣𝑣
𝑧𝑧𝑙𝑙1 = 𝐶𝐶𝑙𝑙1𝑥𝑥𝑙𝑙1 + 𝐷𝐷𝑙𝑙1𝑦𝑦𝑣𝑣

 (23)  

𝑊𝑊2 : ��̇�𝑥𝑙𝑙2 = 𝐴𝐴𝑙𝑙2𝑥𝑥𝑙𝑙2 + 𝐵𝐵𝑙𝑙2𝑦𝑦𝑣𝑣
𝑧𝑧𝑙𝑙2 = 𝐶𝐶𝑙𝑙2𝑥𝑥𝑙𝑙2 + 𝐷𝐷𝑙𝑙2𝑦𝑦𝑣𝑣

 (24)  

𝐼𝐼 : � �̇�𝑥𝐼𝐼 = 𝐴𝐴𝐼𝐼𝑥𝑥𝐼𝐼 + 𝐵𝐵𝐼𝐼𝑦𝑦𝑣𝑣
𝑦𝑦𝑣𝑣𝑙𝑙 = 𝐶𝐶𝐼𝐼𝑥𝑥𝐼𝐼 + 𝐷𝐷𝐼𝐼𝑦𝑦𝑣𝑣

 (25)  

𝑧𝑧1 = 𝑄𝑄𝑦𝑦𝑣𝑣𝑙𝑙 (26)  

𝑧𝑧𝑢𝑢 = 𝑅𝑅𝑢𝑢 (27)  

𝑧𝑧𝐻𝐻2 = 𝑧𝑧1 (28)  

𝑧𝑧𝐻𝐻∞ = [𝑧𝑧𝑢𝑢 𝑧𝑧𝑙𝑙1 𝑧𝑧𝑙𝑙2]𝑇𝑇 (29)  

Equation (21) is the state-space realization of equation (15) and is the state equation of the nominal 

actuator and the VCO. 𝑦𝑦 is the acceleration �̈�𝑥𝑣𝑣 of the VCO when the actuator is nominal. Equations 

(23) and (24) are the state-space realizations of 𝑊𝑊1(𝑠𝑠) and 𝑊𝑊2(𝑠𝑠) in equation (16), respectively. 

Equation (25) is the state-space realization of the approximate integrator shown in equation (30). 

In equation (30), 𝛿𝛿  is a small positive value. 𝑄𝑄 and 𝑅𝑅 in equations (26) and (27) are constant 

weights. In this study, 𝛿𝛿 = 1.0 × 10−7 , 𝑄𝑄 = 1.0 × 100 , and 𝑅𝑅 = 1.2 × 101 . They were 

empirically determined by actually conducting the vibration control experiments for Structure 1 

described in Chapter 4 when the actuator is nominal. 

𝐼𝐼(𝑠𝑠) =
1

𝑠𝑠 + 𝛿𝛿
 (30)  

The controller 𝐾𝐾 is derived on the basis of the mixed 𝐻𝐻2/𝐻𝐻∞ control theory 27,28 for both 

compensating the parametric uncertainty of the actuator and suppressing the vibration. In particular, 

for the closed-loop system in Figure 5, 𝐾𝐾 is designed so as to minimize the 𝐻𝐻2 norm of 𝑇𝑇𝑧𝑧𝐻𝐻2𝑙𝑙𝑑𝑑 

(the closed-loop transfer function from 𝑤𝑤𝑑𝑑 to 𝑧𝑧𝐻𝐻2) under the 𝐻𝐻∞ norm constraint of 𝑇𝑇𝑧𝑧𝐻𝐻∞𝑙𝑙𝑑𝑑 (the 



closed-loop transfer function from 𝑤𝑤𝑑𝑑 to 𝑧𝑧𝐻𝐻∞). The controller was numerically derived using the 

Control System Toolbox and Robust Control Toolbox of MATLAB. 

 

 

4. Experimental study 

 

4.1. Experimental setup 

 

The effectiveness of the proposed control scheme was verified via vibration control experiments. 

Figure 6 shows the controlled objects used in this study. Hereafter, the structure described in Figure 

6(a) (an aluminum cantilever plate with dimensions 248 mm × 190 mm × 10 mm) is referred to as 

Structure 1 and that described in Figure 6(b) (Structure 1 with a 1.37 kg weight on it) is referred 

to as Structure 2. The 1.37kg mass was fixed to the cantilever plate using an adhesive. A load cell 

was installed at position A to apply an exciting force with a shaker and to measure the force. The 

actuator mounted at position B provided the control input. The measured output was obtained via 

an accelerometer attached at position C on the back of the cantilever plate at the actuator mounting 

position. Figure 7(a) shows the closed-loop system for the experiments. The signal generator 

applied a 1–1000 Hz linear sweep sinusoidal signal as an excitation disturbance. The measured 

output obtained by the accelerometer was input into the digital signal processor (DSP). The DSP 

calculated the control input command value. The command value passed through an analog low-

pass filter to prevent spillover and was then amplified by the current amplifier to drive the actuator. 

A spectrum analyzer measured the frequency response from the disturbance (force obtained from 

the load cell) to the measured output (acceleration obtained from the sensor). That is, the damping 



performance was evaluated via the acceleration of the controlled object. The controlled frequency 

band was 50–1000 Hz. The experimental setup is shown in Figure 7(b). 

It is difficult to use multiple actuators with various parameters to evaluate robustness to the 

actuator uncertainty in the actual experiments. Therefore, the parameters of the actuator model for 

controller design (𝑐𝑐0𝑛𝑛 , 𝑘𝑘0𝑛𝑛 ) were fluctuated from the values which are the parameters of the 

actuator used for the experiments (𝑐𝑐0, 𝑘𝑘0). Designing controllers using such actuator model, the 

situation where parameter errors occurred was created equivalently for the unique actuator 

employed in the experiment 21,22. The error range to be compensated was ±50%. 

 

4.2. Results 

 

Table 1 lists main experimental results for Structure 1 23, and Table 2 does those for Structure 2. 

𝐸𝐸𝐸𝐸𝐶𝐶 and 𝐸𝐸𝐸𝐸𝐾𝐾 represent that the damping and the stiffness of the actuator parameters employed in 

the experiment had errors of 𝐸𝐸𝐸𝐸𝐶𝐶 [%] and 𝐸𝐸𝐸𝐸𝐾𝐾 [%] with respect to the damping and the stiffness 

of the actuator employed for controller design, respectively. Figures 8 and 9 show typical 

frequency responses from the disturbance to the measured output obtained by experiments with 

Structures 1 and 2, respectively. The black and magenta lines in each graph are the frequency 

response without control and the closed-loop frequency response with control, respectively.  

  



 

Table 1. Results of vibration control experiment with Structure 1 
Parameters of actuator Vibration reduction amount [dB] 
ErC [%] ErK [%] 115 Hz peak 257 Hz peak 

0 0 −14.7 −13.7 
50 50 −13.9 −13.0 
50 −50 −14.6 −13.8 
−50 50 −14.7 −11.6 
−50 −50 −14.5 −11.4 

19.62 −46.65 −14.6 −13.9 
−49.00 14.05 −14.7 −13.6 
−0.57 −44.06 −14.9 −14.1 

 

Table 2. Results of vibration control experiment with Structure 2 
Parameters of actuator Vibration reduction amount [dB] 
ErC [%] ErK [%] 98 Hz peak 217 Hz peak 

0 0 −6.4 −8.7 
50 50 −7.5 −9.4 
50 −50 −7.5 −9.6 
−50 50 −7.1 −9.4 
−50 −50 −7.0 −9.4 

19.62 −46.65 −7.2 −9.7 
−49.00 14.05 −5.6 −9.6 
−0.57 −44.06 −7.1 −9.8 

 

4.3. Comparison with numerical simulation results 

 

The experimental results are compared with the numerical study, enhancing the validity of the 

experiments. In the simulations, Structure 1 is the controlled object. The plant model for the 

simulation is obtained by experimental modal analysis 18. The model-free controller used for the 

simulations is the same as that used for the experiments. Table 3 lists the simulation results. Figure 

10 shows the representative frequency responses obtained by the simulation, where the color has 



the same meanings as Figures 8 and 9. Compared with the experimental results, almost the same 

results are obtained by the simulations.  

 

Table 3. Results of vibration control simulations with Structure 1 
Parameters of actuator Vibration reduction amount [dB] 
ErC [%] ErK [%] 114 Hz peak 257 Hz peak 

0 0 −13.08 −9.48 
50 50 −13.41 −9.46 
50 −50 −12.43 −8.85 
−50 50 −12.97 −9.13 
−50 −50 −12.51 −8.94 

 

4.4. Discussion 

 

The results in Tables 1–3 and Figures 8–10 indicate that the proposed controller achieved good 

damping performance for major peaks without destabilization. Notably, these results were 

obtained using actuators with parametric uncertainty. These results are attributed to the VCO-

based model-free 𝐻𝐻2/𝐻𝐻∞  controller design with the evaluation of the parametric errors of the 

actuator. In particular, the vibration suppression performance is achieved from the point of view 

of the 𝐻𝐻2 norm, and the robustness to the actuator uncertainty is guaranteed in terms of the 𝐻𝐻∞ 

norm. Such design method enables to simultaneously achieve both good vibration suppression 

performance and strong robustness to the uncertainty. Consequently, the proposed controller 

performed very well and exhibits strong robustness to the parametric uncertainty of the actuator. 

This study employs two controlled objects—Structures 1 and 2—whose characteristics 

differ from each other. However, although the controller is tuned for Structure 1, the controller 

reduced the vibrations occurring in both Structures 1 and 2. That is, the same controller suppressed 

vibrations occurring in different structures, implying that the proposed controller has robustness 



not only to the parametric uncertainty of the actuator but also to the uncertainties of the controlled 

objects. Such robustness to the uncertainties of controlled objects originates from the fact that the 

proposed controller is designed using the VCO instead of the actual controlled object 19; that is, 

robustness is attributable to the controller being model-free. Actual mechanical systems have many 

uncertainties, including parametric uncertainty of the actuator and characteristic changes of the 

controlled object. Therefore, the proposed control method is well suited to practical vibration 

control problems in actual plants in terms of its robustness to the uncertainties. 

The proposed control technique can be employed only when both the actuator and the sensor 

for obtaining the measured output can be directly attached to the point to be damped. This 

limitation occurs because the VCO-based model-free vibration control can be achieved only when 

the actuator and the sensor are collocated at the damping point. However, the actuator may not 

always be attachable at the damping point of an actual mechanical structure because of various 

limitations, such as a lack of space. If this limitation can be overcome, the versatility of the VCO-

based model-free vibration control will be further improved. 

 

 

5. Conclusion 

 

This study experimentally evaluates the damping performance and robustness of the VCO-based 

model-free mixed 𝐻𝐻2/𝐻𝐻∞ vibration controller. The VCO is introduced between the actuator model 

and an actual controlled object, yielding the 2DOF plant for model-free controller design. The 

2DOF plant is composed only of the actuator and VCO. The influence of the parametric uncertainty 

of the actuator is quantitatively characterized in the 2DOF plant. The VCO-based model-free 



controller that can compensate for the effect of the actuator uncertainty is designed using the mixed 

𝐻𝐻2/𝐻𝐻∞  synthesis. The vibration control experiments and simulations validate the damping 

performance and robustness to the actuator uncertainty of the proposed method. Moreover, the 

experiments also reveal that the novel controller has strong robustness not only to the actuator 

uncertainty but also to the uncertainty in the characteristics of an actual controlled object.  

In the future, the proposed method will be applied to practical mechanical vibration 

problems such as a chatter reduction in a machine tool 24 and a vibration mitigation in a pedestrian 

structure 25, examining its effectiveness. 
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Figure captions list 

 

Figure 1. Electromagnetic proof-mass actuator used in this study. 

Figure 2. (a) actual mechanical system, and (b) system for model-free controller design. 

Figure 3. Bode plot of 𝑇𝑇𝑥𝑥𝑣𝑣𝑥𝑥1. 

Figure 4. Uncertain plant 𝑃𝑃�(s), which is represented as 𝑃𝑃(𝑠𝑠) with feedback-type fluctuations. 

Figure 5. Generalized plant for VCO-based mixed 𝐻𝐻2/𝐻𝐻∞  controller design considering 

parametric uncertainty of the actuator. 

Figure 6. Controlled objects: (a) Structure 1, and (b) Structure 2. 

Figure 7. Configuration of experimental system: (a) closed-loop system, and (b) experimental 

setup. 

Figure 8. Frequency responses obtained by vibration control experiments with Structure 1: (a) ErC: 

0%, ErK: 0%, and (b) ErC: 50%, ErK: −50%. 

Figure 9. Frequency responses obtained by vibration control experiments with Structure 2: (a) ErC: 

0%, ErK: 0%, and (b) ErC: −50%, ErK: 50%. 

Figure 10. Frequency responses obtained by vibration control simulations with Structure 1: (a) 

ErC: 0%, ErK: 0%, and (b) ErC: 50%, ErK: −50%. 

 






















