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Abstract

This dissertation is based on [1]: (H. Motoki, Y. Suzuki, T. Kawai, and M.
Kimura, Progress of Theoretical and Experimental Physics 2022(11), 113D01
(2022)).

Background:

Recently, experiments performed using the (p, pa) reactions have revealed a
negative correlation between the a cluster formation and neutron number in
Sn isotopes, showing a trend opposite to that predicted theoretically in Be
and B isotopes. Although the observed charge radii of the Be and B isotopes
suggest the formation of clusters as the neutron drip-line is approached, these
radii themselves are not a physical quantity that can directly probe the cluster
structure.

Purpose:

I directly investigate the cluster formation in Be and B isotopes as the neu-
tron drip-line is approached to elucidate the effect of excess neutrons for the
possibilities of *He and ®He clustering as well as a clustering.

Method:

All nuclei are described by antisymmetrized molecular dynamics (AMD) plus
generator coordinate method (GCM) framework. The cluster formations are
directly analyzed by the spectroscopic factors (S-factor) of °He and ®He clus-
ters as well as « clusters using the Laplace expansion method.

Results:

Sum of the S-factors, i.e. S(a), S(°He), and S(®He), increases as the neutron
drip-line approaches although S(«) decreases. This behavior might be corre-
lated with the enhancement of clustering which is analyzed by the intrinsic
proton density distributions.

Conclusions:

The results indicate that the excess neutrons contribute to yield ®He and ®He
clusters as well as « clusters. The decrease in S(«) toward the neutron drip-
line in Be and B isotopes is due to considering only the ground state of the
residual nuclei, meaning that it does not indicate that o cluster formation
is not increased. Thus, S(«) is not enough to estimate the enhancement of
clustering in Be and B isotopes.
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1 Introduction
1.1 Clustering phenomena in nuclei

An atomic nucleus is a finite quantum many-body system composed of nucleons (pro-
tons and neutrons) that strongly interact with each other governed by the nuclear
force. This finite nucleus is an isolated system and therefore has a degree of free-
dom related to space inversion and rotation different from the infinite nuclear matter.
The nucleus has not only an energetically stable ground state but also excited states
which have higher energies and decay after specific lifetime. The nuclear force be-
tween nucleons is a strong attraction that greatly exceeds the Coulomb repulsion force
between protons, and its range is a few fm (fm = 107'5 m) which is much shorter
than that of the Coulomb force and comparable with the average distance between
nucleons in a nucleus. As a result, the density of the nucleus and the binding energy
per nucleon are well-saturated. Despite the strong correlation between nucleons due
to the nuclear forces, it is known that the structure of the nucleus is well described
by a single-particle picture of the nucleon in the mean-field. The “shell” structure
(atom-like structure) of nucleons is the most typical example of the single-particle
picture and is especially dominant in the ground state (Fig. 1).
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Fig. 1 Schematic figure of shell and cluster structures for 2C as an example. The
red and blue circles are proton and neutron, respectively.

On the other hand, the structure of the excited states, especially in the light-mass
region, can be drastically changed to “cluster” structure (molecule-like structure)
with a small amount of excitation energy (see also Fig. 1). In the cluster structure,
a group of nucleons is strongly bound to form the sub-unit called “cluster”. This
cluster structure state is a universal phenomenon in atomic nuclei. The most typical
cluster is *He nucleus called « particle which consists of two protons and two neutrons
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due to its spin-isospin saturated and double-closed shell structure. The presence of «
particles in the nuclear state has been discussed since the 1930s [2,3]. Table 1 lists the
binding energy per nucleon (B.E./A) and the first excited state energy E1s¢ for light
nuclei. The B.E./A of a particle is much larger than that of the other light nuclei
and close to the saturation energy 8 MeV. Furthermore, the E!S' of the o particle is
approximately 20 MeV which is remarkably larger than the other light nuclei, which
means the stiffness of a particle as a sub-unit.

Tab. 1 Binding energy per nucleon (B.E./A) and first excited state energy E1s¢ in
the unit of MeV.

BE./A EIt
SHe | 2.57 -
a| 707 2021
SHe | 4.88  1.80
SHe | 3.92  2.92
2H | 1.11 -
SH | 2.83 -

In order to explain in which excitation energy region the cluster structure states of
« particles can appear, a threshold rule (or hypothesis) was proposed half a century
ago [4]. The rule insists that when a cluster structure state emerges, it appears the
corresponding decomposition threshold energy. This rule also indicates that when the
excitation energy is lower than the cluster decomposition threshold, the cluster loses
its identity and the shell structure becomes dominant. Figure 2 is a so-called Ikeda
diagram that shows how cluster structures emerge according to the threshold rule for
the self-conjugate nuclei (mass number A = 4n where Z = N = 2n and n € N).

1.2 Molecular orbit model

The cluster structure of the nucleus with excess neutrons becomes more complicated.
a cluster structures also emerge in neutron-rich nuclei, and the role of excess neutrons
in these nuclei is an intriguing study. Namely, the excess neutrons in neutron-rich
nuclei stabilize unstable cluster structures such as the linear-chain configuration in
which two or more clusters are linearly aligned. The extended Ikeda diagram was
proposed [5] to explain the role of excess neutrons in neutron-rich nuclei as shown
in Fig. 3. The number of possible cluster structures is much larger than that in the
self-conjugate nuclei. Be isotopes are a well-known example for explaining the role of
the excess neutrons which surround the 2« particle cores and stabilize the nuclei [5-9].
8Be has a well-developed cluster structure consisting of 2« particles and is an unstable
nucleus that decays into 2« particles. On the other hand, both ?Be and '°Be having
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Fig. 2 Tkeda diagram proposed in Ref. [4]. The values mean the excitation energies of
a cluster-decay thresholds in the unit of MeV. The open circle shows the « particle.
The nucleus is dissolved into « particle units by providing energy.

one and two additional neutrons are stable nuclei and are famous examples of the «
clustering. The distance between the 2« particles in “Be and '“Be is shorter than that
of 8Be. Thus, the excess neutrons in °Be and °Be play a glue-like role. Furthermore,
1Be and 12Be having more additional neutrons have more developed cluster structures
than '°Be [10,11]. These discussions on the enhancement of the cluster structures
in neutron-rich Be isotopes are consistent with the experimental charge radii [12-14].
Therefore, the excess neutrons play an important role in enhancing as well as bonding
the cluster structures.

This emergence mechanism of the cluster structures in Be isotopes can be explained
by the molecular orbits of the excess neutrons that are formed around the 2« cores.
Figure 4 shows the p-orbits constructed around the « particle (panel (a)) and cor-
responding nucleon orbits in the mean-field in which two protons and two neutrons
forming the « particle occupy the s-orbit and a single excess neutron occupies the
p-orbit (panel(b)). In Be isotopes consisting of 2« cores and the excess neutrons, the
systems are expected to be described by a linear combination of the p-orbits con-
structed around the « core (Fig. 5(a)) because the p-orbit is the lowest allowed orbit
around the « particle. As a result, two types of orbits of the excess neutrons are con-
structed around the 2« cores and are called o-orbit and 7-orbit following the manner
in the covalent electron orbits in molecules. The m-orbit with negative parity is the
lowest nodal orbit with a single node in the transverse direction for the a-a direc-
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Fig. 3 Extended Ikeda diagram (as in Fig. 2) for neutron-rich nuclei as well as self-
conjugate nuclei. Some molecular structures consisting of a particles and 0 nuclei
clusters with valence neutrons are shown. The schematic shapes are given with the
threshold energies for the decomposition into the continuum state. This figure is
taken from Ref. [5].

tion and shortens the 2« core distance while the positive parity o-orbit is the higher
nodal orbit in the longitudinal direction and enhances the 2« cluster structure. Using
this molecular orbit picture, the development of the cluster structure in Be isotopes
can be explained more clearly. In the ground states of °Be and '°Be, the 2« cluster
structure is hindered due to the one and two excess neutrons occupying the m-orbit,
respectively, compared with that of ®Be ground state. As a result, the ground states
of Be and '°Be become bound states, which indicates that one or more excess neu-
trons play a role in stabilizing the 2a system. On the other hand, in the ground states
of ''Be and ?Be, the 2a core distance is elongated because of the additional excess
neutrons occupying the o-orbit showing the well-developed cluster structures. At the
same time, the cluster structures in not ground but excited states of Be isotopes are
also discussed [15] in which, for example, various “ionic” configurations are predicted
in 1?Be such as o + ®He, He + %He, and He + "He configurations.



Fig. 4 (a) p-orbits constructed around the « particle. (b) Corresponding nucleon
orbits in the mean-field. Namely, two protons and two neutrons forming the « particle
occupy the s-orbit and the third excess neutron occupies the p-orbit.
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Fig. 5 (a) Linear combination of two « cores with the p-orbits occupied by the excess
neutron. (b) o-orbit and m-orbit constructed around the 2« cores.

1.3 Studies on cluster formation in isotope chain
1.3.1 Measurement of a cluster structure

a particle plays a significant role in such as the a decay in heavy nuclei and the
astrophysical nuclear reaction in light nuclei. Thus, it is an important issue how
to experimentally verify the « cluster structure in the nucleus. The proton-induced
a knockout reaction (p, pa) has been utilized for years to investigate the a cluster
formation in the ground state of nuclei [16,17] since it can be considered that the
larger the cross section of the (p, pa) experiment, the more « particles are present in
the nucleus. However, there is a problem, for example, that a spectroscopic factors
(S-factors) deduced from a knockout experiments using the reaction theories and
phenomenological « cluster wave functions do not agree with that of the cluster model
calculations [17]. Specifically, a large discrepancy of the o S-factor in 2°Ne, known as
a nucleus having a+'°0 structure and well described by the AMD framework, was
reported between that estimated from the 2°Ne(p, pa)'®O experiment (Fig. 6(a)) and
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that calculated from cluster model calculations. This discrepancy was successfully
solved several years ago [18]. In Fig. 6(b), it is shown that the triple differential cross-
section (TDX) of the 2°Ne(p, pa)®O reaction is reproduced by the reaction theory
and the AMD-+RWA framework (see Sec. 2). The authors also evaluated the real
part of the transition matrix density using a peak of the TDX (Fig. 6(c)) to show a
“radial distribution of the cross-section”. R is a sum of the calculated matter radii
of a and Q. This means that the surface region of ?°Ne contributes to the (p, pa)
cross-section because the internal region of the presented line is much suppressed
by the absorption effect. Therefore, the proton-induced a knockout reaction is a
quantitative probe for the « cluster formation at the nuclear surface. Recently, this
(p, pa) reaction has been also applied to heavier nuclei such as 112:116,120,124Gy, 19]
(Z = 50) and 210212Pg (Z = 84) [20] in the interest of a decay and determining
the equation of state (EoS) of the matter. On the other hand, the experiments for
assessing the ®He and 8He cluster structures have not yet been established.
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Fig. 6 (a) Schematic figure of the (p, pa) reaction for 2°Ne target. (b) Energy
sharing distribution calculated by DWIA with the AMD-+RWA compared with the
experiment [17]. Namely, the triple differential cross section for the reaction as a
function of the proton emission energy 7). (c) Real part of the transition matrix
density defined by [21] at the recoil-less condition (7}, = 67 MeV). All panels are
taken from Ref. [18] and modified.

1.3.2 Cluster formation in heavy nuclei

Many unstable nuclei decay by emitting an « particle, which is called o decay and
is theoretically explained by a quantum tunneling of the « particle formed within
the nucleus. However, the mechanism of how « particles are formed in heavy nuclei
has not been elucidated to date. Theoretically, the o density distributions were
investigated for 112:116:120.124Gy jgotopes (Fig. 7(a)) [22]. These peak positions are
slightly outside of r ~ 6.2 fm which is a sum of the charge radii of a and corresponding
Cd isotopes. Therefore, it was predicted that the formation of a particles develops at
the surface of nuclei where the density is dilute approximately 1/10 of the saturation
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density (Fig. 7(b)). Motivated by this prediction, the (p, pa) reaction experiments for
the Sn isotopes have been conducted [19]. Specifically, the ground-state to the ground-
state channel 4Sn(g.s.)(p, pa)4~*Cd(g.s.) was evaluated for A = 112,116,120, 124.
Figure 8(a) shows the missing-mass spectra for the (p, pa) reaction for 112Sn target
and the Gaussians fit for the peaks of the '°8Cd ground-state, which indicates that
« particles are formed at the surface of 112Sn(g.s.). The same results were reported
for the other Sn isotopes (116:120:124Gn) As a result, the existence of o particles
was experimentally confirmed in the 112:116:120,124Gy, jsotopes. Figure 8(b) shows that
the cross sections of the (p, pa) reaction decrease as the neutron number, which is
correlated with the neutron-skin thickness, increases [22]. Thus, a negative correlation
between the neutron-skin thickness and the « cluster formation has been reported as
theoretically predicted.
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Fig. 7 (a) Radial density distribution of « particles for 112:116:120,124Gy, * (b)) Schematic
figure of « cluster at the nuclear surface of the neutron-rich nucleus. The neutron-skin

thickness is defined by the difference between the neutron and proton radii. Panel (a)
is taken from Ref. [22] and modified.

1.3.3 Cluster formation in light nuclei

A similar negative correlation was also theoretically predicted in neutron-rich C iso-
topes by directly analyzing the S-factors of the « cluster [23]. In contrast to the
trend observed in Sn isotopes and calculated in C isotopes, the « cluster formation
in light nuclei, such as Be and B isotopes, is predicted to enhance as the neutron
drip-line approaches [10,11,24-27]. In the previous studies, the development of the
a cluster formation is discussed based on the distance between the two cores in the
proton density distributions p, and the proton distribution radii. The position of the
core in the distribution p, can be regarded as the position of the a particle since the
distribution pp, is almost evenly distributed over the two cores (Fig. 9(a)). Thus, «a
cluster formation in Be isotopes is expected to be enhanced as the neutron number
increases beginning at 1Be. This trend is not inconsistent with the observed charge
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Fig. 8 (a) Missing-mass (M, = mq+mcq —msn) spectra for the a-knockout reaction
for 112Sn target. The blue line represents the result of the fit with the Gaussians for
the ground-state peaks (red line) and the simulated shapes of the continuum (dashed
line). (b) Cross sections of the (p, pa) reaction for 112116:120.124Gy a5 a function of
the neutron number compared with the theoretical values [22]. Both panels are taken
from Ref. [19] and modified.

radii [12-14] (Fig. 9(b)). Similar development of the « cluster formation has been
discussed for B isotopes where the two cores also appear in the proton density distri-
butions [10,11]. Specifically, it was reported that a cluster formation in B isotopes is
expected to enhance as the neutron drip-line approaches from ''B. However, the pro-
ton density distributions and the radii do not directly evaluate the a cluster formation
because the « particle is composed of not only two protons but also two neutrons.
Furthermore, the neutron density distributions p, are well-varied compared with that
of protons (Fig. 9(a)).
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Fig. 9 (a) Proton, neutron, and matter density distributions p of Be isotopes calcu-
lated by the AMD+VAP framework. (b) Those proton distribution radii compared
with the experimental values. Both panels are taken from Ref. [10] and modified.
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1.4 Purpose of this study

The experiments show a negative correlation between the « cluster formation and neu-
tron number in Sn isotopes using the (p, pa) reaction. In contrast, the opposite trend
is theoretically predicted in Be and B isotopes based on the proton density distribu-
tions pp, and the radii. Although the observed charge radii of the Be and B isotopes
appear to correlate with the distance between the two cores in the distributions p,,
and also the radii, these calculated values themselves are not physical quantity that
allows direct probing of the « cluster structure. Therefore, studying physical quan-
tities that can directly probe the cluster structure is highly desirable. In this study,
focusing on the opposite trends of the a cluster formation, I directly investigate the
« cluster formation in Be and B isotopes toward the neutron drip-line to elucidate
the effects of the excess neutrons on the « cluster formation. For this purpose, the «
cluster formation is evaluated by the a S-factors, which can be experimentally mea-
sured via (p, pa) reactions, in Be and B isotopes using the antisymmetrized molecular
dynamics (AMD) framework.

12Be(7'[262)

Fig. 10 Schematic figure of 2Be where the o- and m-orbits are occupied by the two
excess neutrons (blue circles), respectively.

In Be isotopes, the molecular orbits occupied by the excess neutrons play a “covalent
bond”-like role. Figure 10 schematically shows '?Be as an example where the o- and
m-orbits are occupied by the two excess neutrons, respectively. This allows considering
the conjecture that the residual nucleus ®He may be excited when the a particle is
kicked out. However, a channel related to the excited residual nucleus can not be
measured by the (p, pa) reaction since the reaction is limited to the channel between
the ground states only. Additionally, ®He+%He configuration is expected to emerge
owing to the excess neutrons surrounding the two « cores. In a similar manner, °He
cluster is also expected to play an essential role in the enhancement of the Be isotopes.
According to previous studies, many B isotopes must have two « cores and the excess
neutrons surround the two cores, which indicates that He and ®He clusters have an
influence on the enhancement of the B isotopes.

Another point is that the closer the isotope is to the neutron drip-line, the less
bound the residual nucleus corresponding to the « particle becomes although there
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are exceptions. For example, °He is a residual nucleus corresponding to the « particle
in *Be and it is known as an unbound nucleus in free space, which indicates that the
clustered structure consisting of the bound nuclei is likely to emerge, i.e., ‘He+8He
configuration. Likewise, '3Li is a residual nucleus corresponding to the a particle in
I7B and it is known as an unbound nucleus in free space.

With these conjectures, “He and ®He clusters are also taken into account as well as
the a clusters to elucidate the effects of the excess neutrons on the « cluster formation.
Since %He and 8He clusters are composed of a single o core and the excess neutrons,
those S-factors in Be and B isotopes enable us to discuss how much « cluster structure
is enhanced having the excess neutrons which surround the « cores. This analysis of
6He and ®He cluster formations is the novelty of this study.
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2 Theoretical Framework
2.1 Effective Hamiltonian

The microscopic Hamiltonian for A-body system is expressed as,

A A A
H = Zf(ﬁ') — tem. + Z@NN("%J') + Z dc(rij), (2.1)
7 1<J 1<jEproton

where #; and t.,, denote the nucleon and center-of-mass kinetic energies, respec-
tively. ©¢ is a Coulomb interaction approximated by a sum of seven Gaussians. The
Gogny D1S parameter set [28] is employed to represent the effective nucleon-nucleon
interaction Unn,

2
R R . ri— T
ONN(T45) = Z (Wi + BpPy — HyPr — M Py P;) exp [— < o J) ]
k=—1,2

+ iWLLq%(S(m —7j) X ? (o +0j)

+upp(1+ By)s(ri — ;) [p <7”2r—”)} v : (2.2)

where the first term is a central force with finite range interaction expressed as a
sum of the attractive and repulsive nuclear force. The P, and P, represent the
spin and isospin exchange operator, respectively. Thus, the W, B, H, and M are
the coefficients of direct, spin exchange, isospin exchange, and spin-isospin exchange
terms, respectively. The second term is a zero-range two-body spin-orbit interaction
where V and ? act on the bra and ket side, respectively. The final one is a functional
of nuclear density p.

2.2 AMD wave function

The model wave function of the A-body system is represented by a Slater determinant
of single-particle wave packets,

. p1(r1) - palri)
Davp = A{p1 2 - pat = ﬁ : : ) (2.3)

pi1(ra) - walra)
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where ¢, is the i-th single particle wave packet which is composed of the spatial ¢;,
spin x;, and isospin 7; parts,

@i(r) = di(T)Xini, (2.4)

oy \ 1/4 ,
i(r;Z) = ¢i(r) = == —Vo(re — Zis) V2, 2.5
641 2) = 6u(r) _H(W) exp {15y — Zio) (25)
Xi = a; X+ + bin,? |(I7;|2 + |bz|2 =1, (2.6)
1; = proton or neutron. (2.7)

The spatial part ¢; is expressed by deformed Gaussian [29]. The Gaussian widths v,,
centroids Z;,, and spin directions a;, b; are the variational parameters. The AMD
wave function Eq. (2.3) can be decomposed into the intrinsic wave function ®;,; and
the center-of-mass wave function ®.,:

(I)AMD — (I)intq)cma (28)
) @1(r7) wa(ry)
Oy = — : - : , (2.9)
e1(ry) - palry)
2Av 1/4
b, = g —v,r? . 2.10
:H( ) exp vt} (2.10)

where ®,, is renormalized. The center-of-mass coordinate 7., and relative coordinate
r, = T; —rey satisfy the relation re,, = % Zle 7;. The details of this decomposition
and the expectation values of the operators sandwiched by ®;,; are explained in
Appendices A.1 and A.2, respectively.

The parity-projected wave function is employed as the variational wave function,

1+7r]3$

" = PP, = 5

q)in‘m (211)
where P™ denotes the parity projection operator. The variational parameters of Eq.
(2.4) are independently determined for each parity by the variational calculation with
the shape constraint explained in Sec. 2.3.

2.3 Variational calculation with a shape constraint

A variational calculation is performed under constraint on the matter quadrupole
deformation parameter .

The variational parameters X; (vy, Z;s, a;, and b;) are determined by the frictional
cooling method [30] which minimizes the energy F(X;, X;). The variables X; follow
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the equation of motion,

dX; OF

I T M ax

(2.12)

where p is the positive real number. Suppose that t is the pure imaginary number
t = it, the function E(X;, X}) is minimized by developing the imaginary time 7,

- . -2
d - OF dX; OF dX! 20 oF
dTE(X“XZ) XZ: <8X¢ dr * 0X} dr > h XZ: 0X; =0 (2.13)
In the AMD framework, the energy E is defined as,
: (@™ (B)[H | (8)) 2
EQp) = +vs((B) — B)~, 2.14

where the parabolic potential is added to the total energy to impose the 8 constraint
and the constraint potential strength vg is selected sufficiently large positive value.
The 5 and (B) are the quadrupole deformation parameter as an input constraint
value and the expectation value of 8 calculated by Eq. (2.15) [31] explained below,
respectively. The Eq. (2.14) is ideally minimized when the (3) is equal to the input
B. Then one obtains the optimized wave function ®7 () which has the minimum
energy for each given value of . In this calculation, the input constraint values g are
B = 0.00, 0.05,---, 0.90.
The quadrupole deformation parameters § and v are defined as,

1+ \/§<5> {W) (=) (1 - (sw%“}] , (2.15)

R(%:% > (67, (2.16)

0=T,Y,z

(6%) = R

where (52) is the expectation value of the squared radius in the o-direction (®7|52|®™)
and Ry is the radius of the spherical nucleus. Here, the relation R, < R, < R, is
satisfied. The second term of Eq. (2.15) expresses the deviation from the sphere of
radius Ry. The parameters § and ~ represent the deformation of the entire nucleus
and the relationship among the lengths of the three principal axes of the ellipsoid,
respectively. Figure 11 shows a part of -y plane but this part is consistent with
the other parts of the plane with different principal axes. The typical shapes are
conventionally named as follows.

(a) Spherical: 8 =0, v =0 (deg.); (2%) =
(b) Prolate: 8 # 0, v =0 (deg.); (2%) = (3



(c) Oblate: 8 # 0, v =60 (deg.); (22) = (§2) > (22)

The prolate and oblate shapes show an axisymmetric deformation with a rotationally
symmetric axis. In this calculation, z-axis is employed as a rotationally symmetric

axis.
60 deg.
(©)
B-y plane 40 deg.
Y
20 deg.
(a) (b)
)

. 0 deg.

0 0.3 5 0.6 0.9 8

Fig. 11 (-y plane. (a), (b), and (c) show the region of the spherical, prolate, and
oblate shapes shown in Fig. 12, respectively.
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Fig. 12 Schematic figures showing the quadrupole deformation of a nucleus. (a),
(b), and (c) show the spherical, prolate, and oblate shapes corresponding to Fig. 11,
respectively.

2.4 Angular momentum projection

The optimized wave functions ®7(3) obtained by the energy variational calculation
have deformed shapes and therefore break the rotational symmetry. Thus, ®™(f)
is projected onto the eigenstate of the total angular momentum J to restore the
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rotational symmetry breaking,

B3 = “ 5 [ 49 Dl R@)27(9) (217)
D31ie(5) = (IMIRO)IK), (2.18)
}A%(Q) = e_io‘jze_wjye_”jz, (2.19)

where D, () and R(Q) denote the Wigner’s D-function and the rotation operator.
This integral calculation over Euler angles €2 is numerically evaluated. Then, one
obtains the spin-parity-projected wave functions @]{/}r ¢ (8) which have a different value
of the deformation parameter (3.

2.5 Generator coordinate method

The generator coordinate method (GCM) is adopted to obtain the wave functions and
energies employing the deformation parameter § as the generator coordinate. The
GCM wave function is expressed as the superposition of the spin-parity-projected
wave functions @47 (3),

UiT =Y gik.a®ifi(Bi). (2.20)
1K

This Eq. (2.20) is the wave function of the generator coordinate method (GCM) [32],
where the deformation parameter § is employed as the generator coordinate. This
GCM wave function can approximately well describe the bound state as well as the
unbound state with a bound state approximation. The coefficients g, , and the
eigenenergy E, are determined by solving the Hill-Wheeler equation [32],

Z(HinK’ - EaNinK’)ng’,a =0, (2.21)
JK'
Hipe i = (@375 (B) H| @0 (B7)), (2.22)
NinK’ = @)}(fk(ﬂz‘)@ﬁ;{' (53'))- (2-23)

The GCM wave functions can be used to derive the properties of Be and B isotopes,
such as the distribution radii and degree of clustering.

The overlap between the spin-parity-projected wave function ®77.(3) and GCM
wave function \Il}{] ., is defined to evaluate how well the GCM wave function can be
understood by a single wave function ®47,(3),

Oirc.o = [(®1Frc (B WIT P (2.24)
BT 0) = 3 il 3T (B (@7 (B | @7 (80))- (2.25)
iK
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2.6 Reduced width amplitude and its radius

To evaluate the degree of clustering in Be and B isotopes, I calculated the reduced
width amplitude (RWA), which is generally defined as the overlapping between the

A-body GCM wave function ®JT, and the reference state composed of the cluster

@ﬁ?&l with a mass C7 and the daughter nucleus @ﬁg& with a mass Cy = A — Cy:

T S(r—a ~ j1 7 jo T T
yJJlTrljolezf(a’) = n(clv 02) <% |:an ('I“) [(I)irluéﬁ qDZﬁQéQ]jlgmlz] JM‘QDK/IA> ’ (2'26)

Al It is

where n(C1,C2) is the normalization constant: n(Cy,Cs) = \/ﬁm
Loy C11C3!

: Jr Jim1 Jam2 : : :
assumed that the wave functions ®37,, ®,, &, ®;: ¢, are normalized. The spins ji

and jo are coupled to ji» with the Clebsch-Gordan coefficient (72212

Jimaigjemsa?

limoliema)| = 3" cpame (2.27)

Jiamaiz
mimsz2

and jpo is coupled to the orbital angular momentum ¢ of the inter-cluster motion to
yield the total spin-parity J™. Therefore, the parity conservation © = mma(—)* is
satisfied for w1, mo, and . Thus, the RWA is the probability amplitude of a cluster
at a distance r = a from the daughter nucleus. Using the relation combined with the
Laplace expansion (see also Appendix A.5),

Dy = % Z P(ila"'ai01)
1<i <<, <A
X X(Tﬂ il) T 771A)q)lcr;1t(zl7 e 72'01)@51%5(7;01-1—17 e 77:A) (228)

the RWA Eq. (2.26) is reduced to,

yJ"]177TT1j27TQj12£(a) - \/ﬁ Z P(i, - yicy)

1<i1 < <ioy <A

< [om (@i, i) [N (i, oo i) NET oo ia)]y | o (2:29)

which corresponds to Eq. (28) in Ref. [33]. Each overlap is defined as,

X (@311, ia) = (5 Yo, (M) x(riin, - ia)) . (2:30)

Nrjﬁlﬂl (ila T 7i01) = <(I)irlz71%’1 |q)§11t(i17 T 7iCl)>7 (2'31)

Nrjrfgﬂz (i01+17 T 7iA) = <(I)£73;%’2 |(I)i(31?c(i01+17 T 7iA>>a (2'32)

where x(r;i1,---,i4) is the relative wave function between the two subsystems;
@g&(il, -+ ,ic1) and @ﬁi(z‘qH, -+ ,i4) are the intrinsic wave function of C; and
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C5 clusters, respectively. The degree of clustering may be evaluated by the spectro-
scopic factor (S-factor), which is defined as the squared integral of the RWA,

2

oo
S(Cl) :/0 da |ayj{7;r1j2ﬂ2j12f(a)‘ : (233)
Notably, S(C7) is not normalized to unity because of the antisymmetrized effects
between the cluster and the daughter nucleus.

In the present study, the spin-parity of cluster C; and the orbital angular momentum
are j;7' = 0% and ¢ = 0, respectively, which results in the relation: j32 = JT.
Specifically, the spin-parity J™ is 0% and 3/2~ for the Be and B isotopes, respectively.
The RWA Eq. (2.26) and S-factor Eq. (2.33) can be written in a simple formula,

ra

Ve, (a) = n(Cr, A= Ch) <5(T_G)Yé:0(’f“) (50" ¢, ] J“I’iﬂ> : (2.34)

S(Cy) = / " da Ve, (). (2.35)

0

Only for t+%Be channel in 1B, the RWA Eq. (2.26) is written as,

o(r—a - 1/2 3/2—
Vo, —i(a) = (131)<%Y£:1(r) (@, +q>gge}1/2‘®1{]3 > (2.36)

where isospins of ¢t(j7' = %+) were composed of a single proton with up (or down)
spin and two neutrons with opposite spins.
The root mean square (RMS) radius of the RWA between the cluster C; and the

daughter nucleus is defined as,

(€)= { /O " da @|aYe, (@) / /0 " da |ave, (@\2] T e

where an expectation value of the squared inter-cluster distance a is normalized by
the S-factor, S(Ch).
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3 Results and Discussions
3.1 a, °He, and 3He clusters

In the present study, cluster formations of °He and ®He clusters in Be and B isotopes
are analyzed as well as that of « clusters. In general, the size of a cluster at the
nuclear surface might be different from that in free space. However, it was confirmed
that the size change of the « cluster is small enough at the surface of several light
nuclei and does not affect the magnitude of S(«) [33]. Thus, I have assumed that the
a cluster size at the nuclear surface is the same as that in free space. Additionally,
the same assumption is imposed for °He and 8He clusters.

Here, the binding energies and charge radii are listed in Tab. 2 compared with
those experimental values. ®He and 8He clusters are described by the AMD+GCM
framework explained in section 2 while « cluster is described by a product of Gaussians
whose size parameter is chosen to reproduce the observed value of the « radius. The
obtained binding energies and charge radii are qualitatively reproduced although the
former is slightly overbounded and the latter is slightly overestimated.

Tab. 2 Calculated binding energies (B.E.) and charge radii /(r2) compared with
the experimental values in the unit of MeV and fm, respectively.

B.E. B.E. (Expt.) Vir2)y  /(r?) (Expt.)
o | 297 -28.20566240(80)  1.90  1.67824(83) [34]
6He | -32.2 -29.271120(54) 216  2.068(11) [35]
SHe | -33.0  -31.396163(88) 215  1.929(26) [35]

3.2 Cluster formation in Be isotopes
3.2.1 Structure of Be isotopes

Be isotopes are well known to have an enhanced 2a-cluster core surrounded by valence
neutrons; such cores have been studied using numerous cluster models [7,9,11,36-38].
In the molecular orbital model, the excess neutrons occupy the molecular orbits and
bond with the « particles [6,39-41]. °Be is dominated by the 72 configuration, in
which the two excess neutrons occupy the m orbitals corresponding to the spherical
p-orbits in the limit of zero distance between the two « clusters. The two additional
excess neutrons in '?Be occupy the o orbitals, which correspond to the spherical
sd-shell in the limit of zero distance between the two « clusters; further, the w202
configuration is dominant in '2Be. Similarly, the two additional excess neutrons in
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14Be occupy the 7 orbitals, and the m*o? configuration is dominant. It is considered
that the o-bond structure separates the a particles, while the m-bond structure brings
them closer [9,11]. In an ordinary spherical shell model, °Be and '4Be are dominated
by the normal configuration, i.e. the Ofw configuration. In contrast, 2Be is dominated
by the 2hw configuration, in which two of the valence neutrons occupy the orbits in
the sd-shell beyond the N = 8 shell gap.

The ground-state properties of 1°Be, 2Be, and *Be deduced by our calculations
are summarized in Table 3. The point proton or charge distribution radii of the
Be isotopes increase toward the neutron drip-line in accordance with the enhance-
ment of clustering. In Fig. 13, both the observed and calculated RMS charge radii
increase from '°Be toward the neutron drip-line, although our calculations system-
atically overestimate the radii. This is because the Gogny interaction used in this
study tends to overestimate the radii of the s-shell nuclei, in particular that of the
« particle, which is an important ingredient of the clustered ground states of Be iso-
topes. The calculated RMS neutron and matter radii also show a similar trend. The
large quadrupole deformation parameter 3 also supports the presence of 2a-cluster
cores with large inter-cluster distances. Moreover, the calculated principal neutron
quantum numbers, N,,, of 1°Be and “Be are approximately 4 and 10, respectively,
which indicate the 0Aw configuration, whereas for 1?Be, N,, ~ 8, which corresponds
to the 2Aw configuration.

Tab. 3 Calculated quadrupole deformation parameter 3, the RMS proton, neutron,
and matter distribution radii of the Be isotopes in the unit of fm, and the principal
neutron quantum numbers N,,. The approximated shell model (SM) and molecular
orbital (MO) configurations [41] are also listed.

g 03 VUEI ViZ) N.|SM MO
10Be | 0.60 2.44 2.49 2.47 4.03 | Ohw
12Be | 0.55  2.57 2.85 2.76 7.60 | 2hw w202
14Be | 0.60 2.62 2.99 2.88 10.01 | Ohw 702

=N o

3.2.2 Cluster formation in Be isotopes

Here, I discuss the enhancement of clustering in Be isotopes based on the calculated
RWAs. Figure 14(a) shows the calculated o RWA of the ground state of “Be for
the |a ®47% He(07)) channel. The amplitudes are suppressed and oscillate in the
nuclear interior because of the Pauli exclusion principle. The effect of Pauli exclusion
is approximately described by the Wildermuth-Tang rule [42], which asserts that the
nodal quantum number n and orbital angular momentum ¢ of the RWA must satisfy
the condition 2n+¢ > 4 in '°Be and 2n+¢ > 6 in ?Be and “Be. Thus, the « RWAs
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Fig. 13 Calculated RMS charge radii of the Be isotope ground states compared with
the experimental charge radii from isotope shift measurements [12-14].

with ¢ = 0 have two and three nodes in °Be and '2:14Be, respectively. Note that the
condition 2n + £ > 6 for ?Be implies the dominance of the 2Aiw configuration, i.e.
the breaking of the N = 8 magic number. The amplitudes are peaked at the nuclear
exterior (r 2 3.0 fm), indicating the cluster formation at the nuclear surface. The
peak position is more outward for 12:'4Be than for 'Be, and this result is consistent
with the enhanced cluster formation by the excess neutrons occupying the o orbitals.
This trend is also evident from the calculated RMS radius of the RWA, a,ms, shown
in Fig. 15. The ayms(a) of 2Be is larger than that of °Be owing to the cluster
development in 2Be. Additionally, the a,ms(c) of 4Be is slightly shorter than that
of 1?Be, because the two neutrons of *Be occupying the 7 orbitals attract the two a
particle cores.

OBe(n?) —— 6 PBe(n’c?) ——
o (@ Qcluster B, || (b) "He cluster upeate?) |
Be(n40 )
Q/\ 02F
E K
5 0.0 ST | | | : —— | — : : —_—
\AU 4.0 6.0 gl W 4.0 6.0 8|0
a (fm) a (fm)
02 F 1t i

Fig. 14 Calculated o (panel (a)) and ®He (panel (b)) RWAs of the Be isotopes with
orbital angular momentum ¢ = 0.

However, the calculated S-factor for a clustering, shown in Fig. 16, is dependent
on the neutron number, which contradicts the aforementioned analysis. The S-factor
decreases as the neutron number increases, suggesting the suppression of the a-cluster
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Fig. 15 Calculated RMS radii of the Fig. 16 Calculated o and He S-factors

RWAs for a and ®He clusters in the Be and the sum of those S-factors as a func-

isotopes. tion of the neutron number of the Be iso-
topes.

formation by the excess neutrons. The associated mechanism may be explained as
follows: Because of the glue-like role played by the valence neutrons in ?Be, this Be
isotope has a mixing of a+%He and He+%He configurations. As a result, the S(«)
of 12Be becomes smaller than that of 19Be, although the sum of S(a) and S(°He)
is larger than that of °Be. Similarly, *Be may be an admixture of a+'°He and
6He+®He configurations. To verify this hypothesis, the calculated “He RWAs of '2Be
and 1“Be are shown in Fig. 14(b) since the ®He RWA of 19Be is equivalent to that of
the « RWA. In both ?Be and '“Be, the peak height of the “He RWA is comparable
to that of the « RWA, and the peak position slightly shifts inward, which is reflected
by the RMS radii of the RWAs for the o and %He clusters shown in Fig. 15. Thus,
the magnitude of S(°He) is comparable with that of S(«). Here, I assume that the
la @474 He) and |®He ® A~%He) channels are not similar to each other in '?Be and
14Be. The sum of S(a) and S(°He), i.e. Ssum, varies only negligibly with the neutron
number. Thus, taking into account the clustering of *He as well as «, it can be stated
that Be isotopes have a well-developed cluster structure. Furthermore, for example in
12Be, S(a) related to the excited state of the residual nucleus, Yy—s[a(0") @ 8He(2])]
channel, is S(a) ~ 0.15; Y,—4[He(2]) ® ®He(2])] channel, is S(a) ~ 0.23. The
results indicate that the excess neutrons contribute to yield not only a cluster but
also He cluster, which means that S(«) is not enough to estimate the enhancement
of clustering in Be isotopes.

3.3 Cluster formation in B isotopes
3.3.1 Structure of Li isotopes

Table 4 lists the quadrupole deformation parameters S and v, the RMS proton and
neutron distribution radii, the charge radii and those observed radii, and the principal
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neutron quantum numbers N,, of Li isotopes. 7Li is expected to have a + ¢ configu-
ration because “Li is prolately deformed and has one less proton than ®Be which is
a famous 2« resonance state having a prolate shape. ?Li is not a very characteristic
nucleus while it has a large asymmetry with N/Z = 2. N,, of ?Li indicates that all six
neutrons are within the Op-shell. Different from °Li, 'Li has interesting properties
and is known as a two-neutron halo nucleus. N,, of ''Li indicates that two valence
neutrons are in the sd-shell beyond the N = 8 shell gap. The calculated intrinsic wave
function of 1Li, explained in Appendix B.7, consists of (1s)? and (0d)? configurations
that amount to 30% and 69%, respectively. Note that this 30% contribution by (1s)?
configuration is close to that of previous works; 33(6)% [43] and 36.8% [44]. Further-
more, the calculated charge radius of ''Li is within an error range of its observed
radius. The enhancement of neutrons of 'Li can be seen as the large neutron-skin
thickness compared with those “Li and “Li, and also the deformation parameters of
the proton and neutron with 3, = 0.23 and 3,, = 0.44, respectively.

Tab. 4 Calculated quadrupole deformation parameters 3, ~; the r.m.s. proton and
neutron distribution radii and the charge radii and those observed radii [45,46] in the
unit of fm; and the principal neutron quantum numbers NV,, of Li isotopes.

B v i VI VD V) B N,
Li [ 050 2 218 2.31 2.36 2.39(3) 2.01
9Li | 0.55 29 2.24 2.45 2.42 2.217(35) 4.02
Ui 039 6 231 2.77  2.49 2.467(37) 8.00

3.3.2 Structure of B isotopes

Although the structures of B isotopes have been theoretically studied by many au-
thors [10,25-27,47, 48], the physical quantities, which directly indicate clustering,
have not been discussed in detail. Here, I explain the calculated ground-state prop-
erties of B isotopes. The calculated spin-parity of the ground states of '113:15:17,198
are J™ = 3/27, which is consistent with the experimental data. Table 5 lists the
calculated quadrupole deformation parameters 8 and ~, and the RMS proton, neu-
tron, and matter distribution radii of the B isotopes. The principal neutron quantum
numbers, N,,, are approximately 4, 6, 10, 14, and 18 for 1131517198 "yegpectively,
which indicate that all the B isotopes are dominated by the Ohw configurations. The
deformation parameters v show that !B, 1B, and "B are prolately deformed, while
1B and "B are oblately deformed. Remarkably, in the present calculations, B is
oblately deformed (7, , ~ 60°), while the spin-fixed AMD calculations [27] yielded a
prolate deformation. Figure 18 shows the energies of before (after) projected model
wave functions, Eq. (2.11), of 1B onto the 3/2~ state as a function of the quadrupole
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deformation parameter 3 as an open (a filled) circle. Prolately deformed wave func-
tions of B are also described but those energies are larger than that of oblate de-
formation. This difference significantly affects the cluster formation probabilities as
discussed later in this paper. Figure 17 shows the calculated RMS point proton radii,
which are in reasonable agreement with the experimental values, except for ''B. The
magnetic moments p and electric quadrupole moments @, of *'~1"B shown in Figs.
19 and 20 are also in good agreement with the observed values and do not exhibit
a strong dependence on the neutron number. Thus, the present calculation results
successfully describe the ground states of B isotopes.

Tab. 5 Calculated deformation parameters 3, v; the RMS proton, neutron, and
matter distribution radii; the principal neutron quantum numbers N,, of the B iso-
tope ground states. The ~ values and radii are given in the unit of degree and fm,
respectively.

By D VIR VIR N

UB [ 045 59 245 2.49 2.47 4.03
BB 1030 6 247 2.56 2.52 6.04
158 | 0.50 2.61 2.87 2.79  10.00
"B 1055 9 266 3.02 2.92  14.01
B | 045 60 2.69 3.12 3.01 18.01
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Fig. 17 Calculated RMS point Fig. 18 Energies of before (after) projected
proton radii of the B isotopes model wave functions of B onto 3/27 state as a
compared with the observed val-  function of the quadrupole deformation parame-
ues [49,50]. ter B are shown as an open (a filled) circle.
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Fig. 19 Calculated magnetic moments Fig. 20 Calculated electric quadrupole
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with the observed values [51-54]. The states compared with the observed val-
gray dashed line shows the Schmidt value  ues [55-57].

for the ps3/o proton.

3.3.3 Cluster formation in B isotopes

In this subsection, I discuss the cluster formation in B isotopes based on the intrinsic
density distributions, RWAs, radii of the RWAs, and S-factors.

Cluster formation in B isotopes can be evaluated from Fig. 21, which shows the
proton, neutron, and matter intrinsic density distributions of the Be and B isotopes.
The peak positions of the proton density distributions are marked by points, and
the distance d between them are shown in panel (c). All the Be isotopes exhibit a
prolate shape, and the distance d increases as the neutron number increases, which
is consistent with the growth of clustering toward the neutron drip-line. For the
B isotopes, the S-factors are expected to be smaller than those of the Be isotopes,
because the distance d is smaller than that of the Be isotopes. The S-factor increases
as a function of the neutron number until !“B. The isotope '?B has an oblate shape and
does not exhibit clustered structures. Thus, I expect that the clustering is enhanced
until "B, but the corresponding S-factors are always smaller than those of the Be
isotopes.

Next, I discuss the RWAs in the |a®4~4Li(3/2])) channel with A = 11, 13, and
15 as shown in Fig. 22(a). I assume that the N = 8 magic number is broken in 1'Li
and the last neutrons occupy the 1s and 0d orbits which amount to 30% and 70%,
respectively. The RWAs of the B isotopes are peaked at the nuclear exterior and
suppressed in the interior due to the Pauli exclusion satisfying the Wildermuth-Tang
rule [42]. The peak height is much smaller than that of the Be isotopes, suggesting
the presence of less developed clustered structures as expected. Similar to the case of
Be and C isotopes [23], the S(«) decreases as the neutron number increases as shown
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Cluster distance d (fm)

Neutron number

Fig. 21 Panels (a) and (b) show the proton, neutron, and matter intrinsic density of
Be and B isotopes, respectively. The peak positions of the proton density are marked
with a point and those distances are shown in panel (c). Note for !B that the largest
distance between a peak and the mean position of the other peaks is adopted and
shown as an arrow.

in Fig. 23 because of the excess neutrons, which cause the mixing of the a+°Li and
6He+"Li configurations in 3B and that of the “He+4°Li and ®He+7Li configurations in
15B. The calculated °He and ®He RWAs are shown in Figs. 22(b) and (c), respectively.
Evidently, in 3B, the peak height of the “He RWA is comparable to that of the a
RWA. In 1B, the peak heights of the He and ®He RWAs are larger than that of
«. Similarly, the excess neutrons in !“B contribute to the formation of the 8He4-9Li

29



configuration. These features are reflected in the S-factors depicted in Fig. 23 as
well as the radii of the RWAs shown in Fig. 24. Clearly, some of the o, He, and
8He cluster structures are enhanced in 11315178 In Fig. 23, Scum shows the sum of
S(a), S(°He), and S(®He) and is not hindered by the excess neutrons in the isotopes
up to '"B.

In B, the corresponding RWA and S-factor indicate a less developed 8He cluster
structure, which is expected from the intrinsic densities. Therefore, the behavior of
Ssum 18 consistent with the enhancement of clustering, determined from the intrinsic
density distributions in Fig. 21 showing a certain amount of cluster development with
smaller Sg.m, values compared with that of Be isotopes. This result indicates that
6He and ®He clusters as well as « clusters are exhibited due to the excess neutrons in

B isotopes.
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Fig. 22 Calculated « (panel (a)), °He (panel (b)), and ®He (panel (c)) RWAs of the

B isotopes with orbital angular momentum ¢ = 0.
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Fig. 24 Calculated RMS radii of the
RWAs for «, “He, and ®He clusters of the

Fig. 23 Calculated a, °He, and ®He S-
factors and the sum of those S-factors as

a function of the neutron number of the

B isotopes.

Here, I also discuss the cluster formation in 'B which has an oblate shape with

B isotopes.
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three peaks in the distributions of proton p, and neutron p, (Fig. 21). Thus, it is
expected that two excess neutrons of !B are in the vicinity of a single proton forming
t and therefore 11B is expected to have a o + o + t configuration. Addition to the «
cluster formation in Fig. 22(a) and Fig. 23, ¢t RWA and its S-factor are shown in Fig.
25 and Tab. 6, respectively. The peak position of the o and ¢ RWAs are close to each
other with the almost same amplitudes. The calculated t S-factor, S(¢) = 0.11, is
comparable to S(a) = 0.07. Thus, in !B, « and ¢ clusters emerge with approximately
the same degree of clustering. Table 6 also lists the S(a) in '2C and *C calculated by
the same framework [23]. 12C is 3a system and is composed of one more proton than
HB. 1C is composed of two more neutrons than 3a system of 2C. S(«) in 14C is
much reduced to approximately 1/3 of the 2C, but is largest among the neutron-rich
C isotopes and is comparable to the S(a) and S(t) in 'B. This indicates that the
S(a) and S(t) in B are not small because those S-factors are comparable to the
S(a) in 11C although the S(«) is reduced when a nucleon is added to the 3a system.
Therefore, !B is still keeping the o + « + t structure, which seems to support the
previous study [58].

\
/ \
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ll \S
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0.0 < H f f — a
\\ 12 4.0 6.0 8j0
\ / a (fm)
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\
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Fig. 25 Calculated o and t RWAs of !B with orbital angular momentum ¢ = 0 and
¢ =1, respectively.

Tab. 6 Calculated o and ¢t S-factors of ''B are compared with the o S-factors of 2C
and C calculated in Ref. [23].

channel S-factor
B |y, ol (0 ) ® 7L1(% )] 0.07
HB | y,_ 1[( )®8Be( )] 0.11
]

12C | Yiola (0+) 8Be(07) 0.30
MO | Yieo[a(0F) @ 1°Be(01)] 0.10
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4 Summary

Cluster formation is a universal phenomenon exhibited at all levels constituting the
hierarchy of matter. Notably, in finite nuclei, cluster formation is expected to be
hindered by the growth of a neutron skin. Recently, it was shown that the proton-
induced o knockout reaction (p, pa) is useful for assessing the « cluster formation at
the nuclear surface. Using this reaction, the negative correlation between the neutron-
skin thickness and the « cluster formation at the nuclear surface of Sn isotopes has
been reported. On the other hand, the « cluster formation in Be and B isotopes is
predicted to enhance as the neutron drip-line approaches. However, this prediction
was not based on the physical quantity which can directly probe the a cluster struc-
ture. Thus, I theoretically evaluated the « cluster formation by the a S-factors in
neutron-rich Be and B isotopes to clarify the possible clustering toward the neutron
drip-line using the AMD+RWA framework. Additionally, considering the excess neu-
trons surrounding the two o cores in Be and B isotopes, ®He and 8He clusters were also
evaluated. In this study, the ground-state ®4(g.s.) to the ground-state ®4_¢, (g.s.)
channel of (' cluster formation was only evaluated, which can be measured by the
(p, pa) reaction in the case of C; = a.

The AMD framework successfully described the ground-state properties of both the
Be and B isotope chains. I estimated the cluster formation from the intrinsic density
distributions and the proton distribution radii in the Be and B isotopes as well as by
referring to the molecular orbital model for the Be isotopes. Although the calculated «
spectroscopic factors, i.e. S(a), show a negative correlation with the neutron number,
the sum of S(a) and S(®He) for the Be isotopes and that of S(«), S(°He), and S(®He)
for the B isotopes are not being hindered as the neutron drip-line approaches except
for °B. This result is consistent with the clustering estimated from the intrinsic
density distributions. Thus, the results of this study revealed the possibility of cluster
formation as the neutron drip-line is approached in Be and B isotopes, by explaining
the mechanism of cluster formation for the former and showing consistency between
the cluster distances of the intrinsic density distributions and cluster formation for
the latter. Additionally, ¢ spectroscopic factor in ''B was microscopically calculated
and it was comparable to that of « cluster, which may support the a + a + t model.

It can be concluded that the excess neutrons surrounding « cores contribute to yield
6He and ®He clusters as well as « clusters. The decrease in a spectroscopic factor
toward the neutron drip-line in Be and B isotopes is due to considering only the
ground state of the residual nuclei, meaning that it does not indicate that « cluster
formation is not increased. Namely, S(«) is not enough to estimate the enhancement
of clustering in neutron-rich Be and B isotopes.
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Appendix A AMD wave function
A.1 Decomposition of the center-of-mass coordinate

The AMD wave function Eq. (2.3) can be decomposed into the internal wave function
®;,+ and the center-of-mass wave function ®.,:

q)AMD — q)intcl)cma (Al)
L el e ealrh)
Dipg = — : . : , (A.2)
e1(rly) 0 palrlh)
~ 24, \ 4 24, \ 4
(I)crn — Z —A o 2 — q)crn 2 5 A.
Ulh(7r) exp {~Avyr2, ) cllj )L

where icm is renormalized. Using the relation 7}, = 7i; — Tem,o, the spatial part of
the single particle wave function Eq. (2.5) can be written as,

o= T (%) oo (ontre 2001 (A4)

0=,Y,2
2 1/4
= H (—U) exp {—Vo (Tl + Temo — Zio) }2, (A.5)
o=,Y,2 T
= ¢;(r") H exp {—l/grfmp} exp{—2VoTem,o (Thy — Zio) }- (A.6)
o=T,Y,z

Inserting this equation into the AMD wave function Eq. (2.3), the center-of-mass
coordinate can be separated:

A
Davp = Ping H H exp {—ygrfmvg} exp{—2VoTem,o (Tho — Zio) }, (A.7)

i=1o0=x,y,z

A A
— q)int €xXp {_ Z Z Vargmg} €xXp {_ Z 2V0rcm,c7 <Z T;;) }

i=1 o=x,y,z o=x,Y,2 =1

A
X exp { Z 2WoTem,o (Z ZZ-J> }, (A.8)

o=Z,Y,z

= ®;, exp {—A Z Vargmyg} = i Perm, (A.9)
o=x,y,z
A r

where the relative coordinate r;_ satisfies the relation ) ;" ; ri = 0. Furthermore, it

is imposed that Zle Z;s = 0 without the loss of generality.
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A.2 Expectation values

Single particle wave packet

pi(r) = ¢i(r)xini, (A.10)
U 1/4
oi(r)= 1] (270) exp { Vo (15 — Zis) }>. (A.11)

Overlap
The matrix element B;; of an A x A overlap matrix B is defined as,

= (pile;) = DijSijdap (A.12)
Dy = (@ios) = [ dr 61(r)o,(r) (A13)
Si; = (xilxy) = aja; + biby, (A.14)

dap = (Nalnp)- (A.15)

Here, I derive the kernel D;;. The integrand is given as,

* 1% 1/2 *

r)es(re) = (3) P exp (v {0 = 2P + e = ZoPY] . (A0

- (%)1/2 e~ '3 Fie= o)’ eXp{—QVa(T’o ~ Zijo)?}, (A.17)

vo\1/2
= (%7) "2 Dijo exp{~205 (ro — Zijo)?}, (A.18)
Zijo = (Zig + Zjo) /2. (A.19)
Thus,

D’L] = H (2%)1/2 6*%(Z;a*Zja)2 /d’ro. exp{—Qlja(TU . Zijo')Q}; (AZO)

o

= TI exp{ 2(Z* —ZJU)Z}. (A.21)

O=x,Y,z

One-body operator

One-body operator O is defied as O = 2?21 0;, and its expectation value is given by,

(O) = (@it O@ine) = Y D {pilolw;) (B ). (A.22)

a 1JEQ
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o Kinetic energy
The kinetic energy and its expectation value are given by,

Ao A
T — B v £ 3
=> 5 Vi Zt
=1 =1
T h2 2 1
(T) = —%Z > (@il VPl (B,

h2
= =5 0 Y Sulenl Vo) (B

a 1jE
Using these relations:
VT(ZSj(T) - _QV’T(TT - Zj7‘>¢j(r);
V?r¢j(r) ={-2v, + 4’/72-(TT - Zj7)2}¢j (r),
07 ()0 (r) = Dy [T (22)"* expl=2v(rs = Z50)?}

o

L7 (r)V3(r) = {20 + WP (rr — Zj7)}
X DZJ H (2%)1/2 eXp{—Ql/g(Tg - Zijo)2}7

the kernel is obtained as,

@i192005) = [ dr 61(r)V20,(r)
= Dij{—vr +V2(Z} — Zj:)*Y,
2 A0il VP |¢g) = Dij Y {—ve +v2(Z;, — Zir)*}

Thus, the kinetic energy is given by,

(T) =~ S 8Dy (B~ )y Yol + V2% — 232

a jEx
2
= ;—m Z Av, — Z Z Bij(B_l>jiV72-(Zi*T - ij)z
T=x,Y,2 a jEx

o Kinetic energy of CoM

A~

(A.23)

(A.24)

(A.25)

(A.26)
(A.27)

(A.28)

(A.29)

(A.30)

(A.31)
(A.32)

(A.33)

(A.34)

The operator for the center-of-mass kinetic energy, t..,, acts only on the center-
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of-mass wave function ®.,:

(tem) = (PaMD|tem|PamD),

- <q)int|q)int><q)cm|£cm|(pcm> - <(pcm|£cm|q)cm>a
A

. B,
tcm - ; 2(Am) ch,i'

The kernel is obtained as the simple formula,

vcm T(T)crn('rcm) = _QAVTrcm,Ta)cm(Tcm)7
Vs Pom(Tem) = (2407 + 447027 ¢ +) Pern (Tem),
" <&)cm(rcm)|vcm|®cm rcm = _AZVT

Thus, the center-of-mass kinetic energy is given by,

) R s~ 2 3 n?
(fom) = =3 gy 2 PemTem) Vioa [Pm(rem)) =50 D e

o Density distribution
The intrinsic density operator and its expectation value are given by,

25
ZZSU $:(r)|5(r — R)|e;(r)) (B,

=303 8By [ dr (e - R6I ()5,
=22 Su(B )01 (R)0,(R),

a 1JEQ

o RMS radius
The RMS radius operator and its expectation value are given by,

1 A
2 L T,Zz,
= 23S Syl (B

a 1jEx
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=1>_ > BuB ]l (2%)1/2 exp{ =2V, (ro — Zijo)?} |

(A.38)
(A.39)
(A.40)

(A1)

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)

(A.47)

(A.48)



(@:12165) = [ dr 67(r)r26;(r) = Dy (14 w25 + 2o, (A9

= % > ZBij(B_l)jii{l + v (2 + Zj2)*), (A.50)

a JeEQ T

D> E L+ Z > Bij(B v (Zl + Zi)% | (ABL)

T=T,Y,z @ ILJGO‘

o Principal quantum number
The number operator N, is defined as,

A
Nor =3 g, (A.52)
i=1
R it s . . Do . . Do
TLUT — CL(TIOJT, a/l-. - /ro' + thl/ 9 ao‘ == 7“0' - QZhl/ 9y (A53)
by = —ihV,, (A.54)

where p, is a momentum operator. The operator a, satisfies the relation,

G0 () = Zyd(r). (A.55)
Thus, the principal quantum number is given by,
NG’T — Z Z Sz]<¢z|ﬁa7"¢]>(B_1)jlv (A56)

a 1jEa

=) 7,7iBi;(B™);i | (A.57)

a 1JEQ

Two-body operator

Two-body operator is defied as o= 22:1 05, and its expectation value is given by,

ZZ DD (ewpilolerer — peor) (B k(B (A.58)

jeaijep

o Central potential
The central potential is given in a Gaussian form,

A
1}:%2 —ar :_ZUU’ i':’l"i—’l“j, (A59)

X =W+BP,—HP, — MP,P,, (A.60)



Using the relations Eq. (A.28), the integrand is obtained as,

07 (11)9] (r2) Pk (r1)pe(ra)
_ leDj,g H 27,/;7 —4v, (R ——Zf;rk)z g)Qe_Va' (ra QZZ(JIJZ 0)2 (A61)

Y

where Zgﬁ)g =2(Zixr+Zj) and R = %(rl + 73). The integration over R can
easily performed:
* * 1/2 o Ve (TU 2Z< 2 )2
dR ¢7, (T1)¢J (r2)¢k<r1)¢f(r2) ZkD]gH ?‘7 ijke,o .
(A.62)

The Eq. (A.58) for the central potential is written as,

Z Z Z zykZ zyk:é (B 1)1%'(371)6]', (A63)

aB tjeEaijep

Vitee = (pip;10lorpe), (A.64)
= (Gicbsle™ " 1) (Xina X181 X Xkt Xe)- (A.65)
<¢i¢j|e*a72|¢k¢£> = /d”“dR ¢; (1) P75 (r2)dr (1) Pe(r2), (A.66)

(- \?
— DDy [ ar [TCo) e (o-2Zbie) ()

1
- Z,gDﬂH 1—A,)"2exp (—Z)\UVUZZ(J]C)£20> . (A.68)

where Ay = a/(a + vy).
o Coulomb potential
The Coulomb potential is written as,

1 1 2/°° e
— == dée ¢, A.69
ri—ril o VT o (4.69)

Thus, the kernel is expressed as,

(6i65; | du) = % /0 A (drdsle=S" onede). (A.70)
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In practical calculation, the Coulomb interaction is approximated by a sum of
seven Gaussians to reduce the computational cost:

L z env/Fexp {_(nyy,,z)l/s (—)} (A7)

Tn

where the dimensionless parameters ¢,, and n are listed in Tab. 7. The param-
eters are determined to yield approximate values of the Coulomb interaction
when the matrix elements of Eq. (A.71) are calculated from the nucleon Gaus-
sian wave packets.

Tab. 7 Dimensionless parameters for an approximation of the Coulomb interaction.

n Cn Yn
1 0.437686 8.888000
2 -0.421877 6.244998
3 0.363035 4.358899
4 0.082946 3.000000
5 0.179389 2.000000
6 0.717984 1.224745
7 2.108150 0.500000

A.3 General expression of deformed Gaussian

In general, Eq. (2.3) can be extended to,

M\ )
oi(r) = 3 exp{—"(r—Z;,)M(r — Z;)}", (A.72)
Vex Vxy Vaz
M=\ vyy Vyy vy |. (A.73)
Vez Vyz Vzz

under the assumption that M is a symmetric matrix: *M = M, which reads to
trMZ ='Z Mr for example. Here, I only show the overlap calculated by Eq. (A.72)
with different matrices M; and Ms.

—tr—ZHMi(r — ZF) —"(r — Z1)Ma(r — Zy,), (A.74)
= — t'r(Ml + MQ)T' + t'r(MlZ’f —+ MQZk) —+ (tZ;le + tZkMQ)’r
_ZIM\ZE —'Z My Zy,.  (AT5)
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The first to third terms can be transformed as,
— e Mpor + e Mo MH (ML ZE 4+ My Zy,) + H(MLZ5F + My Zy ) M5  Myor, (A.T6)
:—t(r—2)]%12(7"—2)—#’52]%122, ]\/[12 :M1+M2, (A77)

where Z = M (M1 Z} + MyZ},). Using the relation,

Mo = My M5 Mo, (A.78)
= MM (My + Ma) — My M, My = (My + Ma)M ;" My — My M, My, (A.79)
= My M, My = Moy, (A.80)

one can obtain equality:
YZM 2 Z —'Z MVZF — 1 Z My Zy = —HZ) — Zp)Myo(ZF — Z)). (A.81)
The overlap is calculated as,

/dfr exp{—t(r — Z)Ms(r — Z)} = /dR D R — 32| M |72, (A82)

where R = ]WllQ/Q(r ~2Z).

Dy = (05) = [ dr 6i(n)as(r) = |exp {~(Z: - Z0Mha(Z] - Z0)} | (A8)

A.4 Na model of AMD wave function

In the self-conjugate nuclei, a cluster structures often emerge in the excited states.
Therefore, Na model helps to understand the properties of the excited states. An «
particle can be approximately described by the spin-fixed wave functions with spher-
ical packet widths located at the same position Z:

Q. (Z) = A{o(r1; Z)xpm d(T2; Z)Xpny ¢(735 Z)Xut ¢(T43 Z)Xum, }s (A.84)
Vp = Vy = V. (A.85)

This Na wave function was combined with the time-dependent variational principle

and has applied for 12C and 190 [59, 60].

A.5 Laplace expansion of the AMD wave function

The Laplace expansion is a generalization of the cofactor expansion and is given for
the determinant of an A x A matrix B as,

‘B‘: Z P(ilf"7iC1)‘B(i17"'7iC1)‘|B(iC1+17"'7iA)

1<in < <ig; <A

. (A.86)

40



By, -+ Biig,
Beyi, - Bcﬂ'cl
Bcl+17i01+l T BCH—LZ'A
|B(’icl+1,~-- 7iA)‘ = ) (A88)
BA’iC1+1 T BA,iA
where the summation runs over all possible combinations of indices 7; < - < i¢y,.
The sign is expressed as,
4 . 1 - C Ci+1 - A GGt g0,
Pliv, - vie) = (4 0 al AT L) =T R (asy)

The A-body AMD wave function ®4,,, Eq. (2.3) can be decomposed into @%vm and
@giﬂ) by applying the Laplace expansion:

A _ C1!C5! - . C1 . . Co . .
Pamp =/ = > Piv, -+ i01)@anp (i1, i01) @ajup iy 1, -+ 5 ia).
1§i1§"'<icl <A

(A.90)
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Appendix B Others

B.6 Charge radius /(r?)

2

2) is extrapolated from the point-proton radius of

The mean-square charge radius (r

a nucleus (r7),

3h N
03 =02+ (Rt e ) + R+ 02) 4 (R (B
where R, and R,, mean the proton and neutron charge radius, respectively. (r2) and
(r? ..) represent the spin-orbit effect and the meson-exchange currents, respectively.

Eq. (B.91) corresponds to Eq. (6.48) in Ref. [61]. R, = 0.8775 fm, R,, = —0.1161 fm,
and 31/(2M,c)? = 0.033 fm? are applied.

B.7 Description of 'Li wave function

I have artificially made the model wave function of 'Li to reproduce the halo struc-
ture. Figure B.1 shows the energies for OpOh-like and 2p2h-like before projected model
wave functions of !'Li as a function of the quadrupole deformation parameter 3. The
filled points of OpOh and 2p2h wave functions are used for describing the proton
and neutron parts of 11Li, respectively, to reproduce the mixing of (1s)? and (0d)?
configurations suggested in the previous studies,

Dine = A" GG ) (B.92)
where the center of the system is shifted to be 0 (c.f. Eq.(2.4)).
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Fig. B.1 Energies for OpOh-like and 2p2h-like before projected model wave functions
of 'Li as a function of the quadrupole deformation parameter 3.
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