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Hypergeometric Groups and Dynamics on K3 Surfaces”

Katsunori Iwasaki! and Yuta Takadal

November 2, 2021

Abstract

A hypergeometric group is a matrix group modeled on the monodromy group of a generalized hypergeo-
metric differential equation. This article presents a fruitful interaction between the theory of hypergeometric
groups and dynamics on K3 surfaces by showing that a certain class of hypergeometric groups and related
lattices lead to a lot of K3 surface automorphisms of positive entropy, especially such automorphisms with
Siegel disks.

1 Introduction

This article originates from a simple question: What happens if we put the following two topics together 7 One
is the theory of hypergeometric groups due to Levelt [17], Beukers and Heckman [4], and the other is dynamics
on K3 surfaces due to McMullen [18, 20, 21]; see also Gross and McMullen [9]. In this article we present a
fruitful interaction between them by showing that a certain class of hypergeometric groups and related lattices
produce a lot of K3 surface automorphisms of positive entropy, especially such automorphisms with Siegel disks.

A hypergeometric group is a group modeled on the monodromy group of a generalized hypergeometric
differential equation. It is a matrix group H = (A, B) C GL(n,C) generated by two invertible matrices A and B
such that rank(A— B) = 1, which is equivalent to the condition rank(I —C') = 1 for the third matrix C' := A~ B.
In the context of an n-th order hypergeometric equation the matrices A, B, C are the local monodromy matrices
around the regular singular points z = oo, 0, 1, respectively. The rank condition for C is then a consequence
of the property that the differential equation has n — 1 linearly independent holomorphic solutions around
z = 1. Beukers and Heckman [4] established several fundamental properties of hypergeometric groups such as
irreduciblity, invariant Hermitian form, signature, etc. and went on to classify finite hypergeometric groups.
Along the way they also determined differential Galois groups of hypergeometric equations, that is, Zariski
closures of hypergeomtric groups.

On the other hand, McMullen [18] synthesized examples of K3 surface automorphisms with Siegel disks.
His constructions were based upon (i) K3 lattices and K3 structures in Salem number fields, (ii) Lefschetz and
Atiyah-Bott fixed point formulas, (iii) Siegel-Sternberg theory on linearizations of nonlinear maps and small
divisor problems, and (iv) Gel’fond-Baker method in transcendence theory and Diophantine approximation. In
his work the characteristic polynomials of the constructed automorphisms were Salem polynomials of degree
22, so the topological entropies of them were logarithms of Salem numbers of degree 22 by the Gromov-Yomdin
theorem [8, 28]. McMullen [20, 21] went on to construct K3 surface automorphisms with Salem numbers of lower
degrees, especially ones with Lehmer’s number Aj, in [16], whose logarithm was the minimum of the positive
entropy spectrum for all automorphisms on compact complex surfaces [19]. He discussed the non-projective
cases in [20] and the projective ones in [21], though these papers did not touch on Siegel disks. Here we should
recall from [18, Theorem 7.2] that an automorphism on a projective K3 surface never admits a Siegel disk.

Our chief idea in this article is to use hypergeometric groups and associated lattices, in place of Salem number
fields mentioned in item (i) above. To outline our idea we need to review the minimal basics about K3 surfaces
and their automorphisms (see Barth et al. [3, Chap. VII]). The middle cohomology group L = H?(X,Z) of a
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K3 surface X equipped with the intersection form is an even unimodular lattice of rank 22 and signature (3, 19).
The geometry of X then defines a triple, called the K3 structure on L, consisting of Hodge structure L ® C =
H?* @ HY! @ H2 positive cone C*(X) and Kihler cone K(X). It is accompanied by the related concepts of
Picard lattice Pic(X) (or Néron-Severi lattice NS(X)), root system A(X) and Weyl group W (X). The surface X
is projective if and only if Pic(X) contains an element of positive self-intersection. Any K3 surface automorphism
f X — X induces a lattice automorphism f* : L. — L preserving the K3 structure. Conversely, thanks to the
Torelli theorem and surjectivity of the period map, any automorphism of an abstract K3 lattice preserving an
abstract K3 structure is realized by a unique K3 surface automorphism up to isomorphisms. An automorphism
f X — X gives rise to two basic invariants: the entropy h(f) = log A(f) with A(f) being the spectral radius of
f*|H?(X), and the special eigenvalue §(f) € S* defined by f*n = §(f)n for a nowhere vanishing holomorphic
2-form n on X, or rather the special trace T(f) := 6(f) + 6(f)~! = Tr(f*|H*°(X) ® H*?(X)) € [-2, 2]. Note
that A(f) is either 1 or a Salem number A > 1, while §(f) is either a root of unity or a conjugate to the Salem
number A. The spectral radius A\(F'), special eigenvalue §(F') and special trace 7(F) are conceivable for a Hodge
isometry F': L — L of an abstract K3 lattice L with a Hodge structure. F' is said to be positive if it preserves
the positive cone. It falls into one of the elliptic, parabolic and hyperbolic types (see e.g. Cantat [5, §1.4]).
We turn our attention to hypergeometric groups. Let ¢(z) and ¥(z) be a coprime pair of monic polynomials
over Z of an even degree n = 2N such that ((z) is anti-palindromic and () is palindromic, that is, z"¢(z 1) =
—¢(z) and 2™p(27 1) = 1)(z). Consider the hypergeometric group H = (A, B) C GL(n,Z) generated by A :=
Z(p) and B := Z(1), where Z(f) is the companion matrix of a monic polynomial f(z) = 2"+ f12" "L+ -+ fn,

0 _fn
10 7.fn—1
()= 1° :
0 —f
I —h

Theorem 1.1 The matriz C := A™'B is a reflection, that is, it fizes a hyperplane in Q" pointwise and sends
a nonzero vector r € Q" to its negative —r. We have a free Z-module of rank n,

L:={(r Ar, ..., A" vy = (r,Br,...,B" 'r)y, (1)

stable under the action of H. There exists a unique, non-degenerate, H-invariant, Z-valued symmetric bilinear
form (-, ) : L x L — Z such that (r,r) = 2, which makes L into an even lattice. Its Gram matric for the
A-basis is given by (A7 1r, AT71p) = &li—j|, where & =2 and {£;}{2, is defined via the Taylor series expansion

:ﬁz; =1+ ;52» z around z = oo. (2)

The Gram matriz for the B-basis is given in a similar manner by exchanging ¢(z) and (z) upside down in the
Taylor expansion (2). The lattice L is unimodular if and only if the resultant of p(2) and ¥(z) is £1.

Since p(z) and ¥ (z) are anti-palindromic and palindromic of degree n = 2N, there exist monic polynomials
®(w) and ¥(w) of degrees N—1 and N over Z such that ¢(2) = (22—1)2VN"1®(2+271) and ¥(2) = 2N W (2+271).
We refer to ®(w) and ¥(w) as the trace polynomials of ¢(z) and ¢ (z). Being coprime, ¢(z) and 1(z) have
no roots in common and the same is true for ®(w) and ¥(w). Let A be the multi-set of all complex roots of
®(w) counted with multiplicities. Let Aoy, and Ag be those parts of A which lie on and off the interval [—2, 2]
respectively. Define B, By, and Bg in a similar manner for ¥(w). Then A, and B, dissect each other into
interlacing components, Aq,..., As+1 and By,..., B, called trace clusters, such that

—2< A1 <Bys<A;<---<B; <A <2 (3)

where one or both of the end clusters A; and A,;1 may be null, while any other cluster must be non-null. Let
A< and B be those parts of A and B which lie in (2, co) respectively. We give a formula representing the
index of L in terms of the trace clusters (3) as well as A~ and Bso (see Theorem 4.2). It in particular says
that the index up to sign + depends only on the trace clusters (3), being independent of Aso and Bxs.



We focus on the specific rank n = 22, i.e. N = 11. It is natural to ask when a hypergeometric lattice L or
its negative L(—1) becomes a K3 lattice with a Hodge structure such that the matrix A (or B) is a positive
Hodge isometry. Here we take L or L(—1) depending on whether the index of L is negative or positive, because
a K3 lattice has negative index —16. This procedure is called the renormalization of L and the renormalized
H-invariant symmetric bilinear form is referred to as the intersection form on L. To state our theorems we
introduce some notation and terminology: |Aqy| stands for the cardinality of A,, counted with multiplicities;
[Aon] = 07017127238 means that A,, consists of vg null clusters, 14 simple clusters, v5 double clusters, v5 triple
clusters, where j*/ is omitted if v; = 0. The same rule applies to B, and other related entities. By “doubles
adjacent” we mean the situation in which there exist a unique double A,,-cluster A; and a unique double
B, ~cluster B; and they are adjacent to each other. For such a pair if A; UB; consists of four distinct elements
A1 < Ao < Az < Ay, then Ay and A3 are referred to as the inner elements of the adjacent pair (AP).

Theorem 1.2 Let L = L(p, ) be a unimodular hypergeometric lattice of rank 22. After renormalization, L is
a K3 lattice with a Hodge structure such that the matriz A is a positive Hodge isometry, if and only if (—2) # 0
and the roots of ®(w) and ¥(w) are all simple and have any one of the following configurations.

(E) In elliptic case, any entry of Table 1 such that A; does not contain 2, that is, ®(2) # 0.

(P) In parabolic case, any entry of Table 1 such that Ay does contain 2, that is, ®(2) = 0.

(H) In hyperbolic case, any entry of Table 2 such that Ay does not contain 2, that is, ®(2) # 0.

The special trace T7(A) and the Hodge structure up to complex conjugation are uniquely determined by the pair
(¢, ). The location of T(A) is exhibited in the last columns of Tables 1 and 2, where we mean by “middle of

TC” that T7(A) is the middle element of the unique triple Aqn-cluster, and by “inner of AP” that it is the inner
element in Ao, of the unique adjacent pair of double clusters in Ay U Boy,.

Table 1: Conditions for A to be a positive Hodge isometry of elliptic or parabolic type.

case s  [Aon] [Bon) Ay |Bogt| constraints ST 7(A)
1 8 01173t 18 non-null 3 middle of TC
2 8 0'173' 173"  non-null 1 middle of TC
3 9 02173t 182! null 1 |B1| =2 middle of TC
4 8 1821 18 non-null 3 |Ag| =2 min Ag
5 g8 182! 173! non-null 1 |Ag| =2 min Ag
6 9 0'1%2! 182! non-null 1 doubles adjacent inner of AP
79 ol1s2t 182! null 1 |Ajp| =2, |B1| =2 | min Apg
8 10 02182t 110 null 1 |As| =2 max A
9 9 110 1821 non-null 1 |Bg| = 2 element of Ajg

Table 2: Conditions for A to be a positive Hodge isometry of hyperbolic type.

case s [Aon] [Bon] |As2| |Bog| constraints ST 7(A)
1 8 0%153¢ 18 1 3 middle of TC
2 8 0%1%3t 173! 1 1 middle of TC
3 8 of172t 18 1 3 |A1| =2 max A;
4 8 o0l172! 18 1 3 |Ag| =2 min Ag
5 8 04172t 173! 1 1 |A;| =2 max A;
6 8 01172t 173! 1 1 |Ag| =2 min Ag
7 9 02172t 182! 1 1 doubles adjacent inner of AP
8 9 0t1° 182! 1 1 |A1| =1, |B1| =2 | element of Ay
9 9 0'1° 1821 1 1 |A10| =1, |Bg| =2 | element of Ajq




Due to the asymmetry of ¢(z) and v(z) the corresponding result for the matrix B is somewhat different
and a dominant role is played by By, and A;, := Ao U---U Ag in place of A,,.

Theorem 1.3 Let L = L(p, ) be a unimodular hypergeometric lattice of rank 22. After renormalization, L
is a K3 lattice with a Hodge structure such that the matriz B is a positive Hodge isometry, if and only if all
roots of W(w) are simple, U(+2) # 0, and the roots of ®(w) and ¥(w) have any one of the configurations in
Table 3. The special trace 7(B) and the Hodge structure up to complex conjugation are uniquely determined by
the pair (p,v). The location of T(B) is exhibited in the last column of Table 3, where we mean by “middle of
TC” that 7(B) is the middle element of the unique triple Boy-cluster, and by “inner of AP” that it is the inner
element in Boy of the unique adjacent pair of double clusters in Ay, U Bon. The Hodge isometry B is always
of hyperbolic type and any root of ®(w) is simple except for at most one integer root of multiplicity 2 or 3.

Table 3: Conditions for B to be a positive Hodge isometry, always of hyperbolic type.

case $ [Ai] [Bon] |Ain| |Bs2| constraints ST 7(B)
8 1t 173t 7 1 middle of TC
2 g8 163t 173! 9 1 middle of TC
3 9 172t 182! 9 1 doubles adjacent | inner of AP
4 9 18 182! 8 1 |B1]| =2 max B
5 9 18 1821 8 1 |Bg| =2 min By
6 9 173t 182! 10 1 |B1| =2 max By
79 1731 182t 10 1 |Bg| = 2 min By
8 10 182! 110 10 1 |Ag| =2 element of B
9 10 182! 110 10 1 |A1o| =2 element of Big

Remark 1.4 Put x(z) = ¢(z) and F = A in Theorem 1.2, while x(z) = ¥(z) and F = B in Theorem 1.3.

(1) Any root of x(z) is simple except for the triple root z =1 in the parabolic case of Theorem 1.2.

(2) In the elliptic and parabolic cases of Theorem 1.2, any irreducible component of x(z) is a cyclotomic
polynomial and the spectral radius A(F') is equal to 1.

(3) In the hyperbolic case of Theorem 1.2 and in the whole case of Theorem 1.3, x(z) has a unique Salem
polynomial factor with the associated Salem number A > 1 giving the spectral radius A(F'), and any other
irreducible component of x(z) is a cyclotomic polynomial.

(4) In every case of Theorems 1.2 and 1.3 the special trace 7(F') lies in (—2, 2), so that the special eigenvalue
d(F) € St is either a root of unity different from +1 or a conjugate to the Salem number .

Let Pic := L N H! be the “Picard lattice” arising from the constructions in Theorems 1.2 and 1.3. There
are two cases: one is the projective case where Pic contains a vector of positive self-intersection and the other is
the non-projective case where no such vector exists. By item (4) of Remark 1.4 the minimal polynomial xo(z)
of §(F) is either a cyclotomic polynomial of degree > 2 or a Salem polynomial of degree > 4. Note that the
degree of xo(z) is necessarily even in either case.

Theorem 1.5 The intersection form is non-degenerate on Pic and the Picard number p := rank Pic is given
by p = 22 — deg xo(z), which is even and < 20. The projective case occurs precisely when xo(z) is a cylcotomic
polynomial of degree > 2, while the non-projective case is exactly the case where xo(z) is a Salem polynomial
of degree > 4 and the associated Salem number yields the spectral radius A\(F'). In particular both the elliptic
and parabolic cases in Theorem 1.2 are projective. If v is the vector in Theorem 1.1 and s := xo(F)r, then the
vectors s, F's, ..., FP~ls form a free Z-basis of Pic, which we call the standard basis.

Theorem 1.1 enables us to calculate the Gram matrix of Pic with respect to the standard basis and hence
its discriminant. The root system is defined by A := {u € Pic : (u,u) = —2} and the Weyl group W is the
group generated by all reflections in root vectors. Usually, F' does not preserve any Weyl chamber. Fix a Weyl



chamber C. It may be sent to a different Weyl chamber F(C'), but there exists a unique element wpr € W that
brings F(C') back to the original chamber C, since W acts on the set of Weyl chambers simply transitively. In
this article we discuss the non-projective case only, in which the intersection form is negative definite on Pic so
that the root system A and the Weyl group W are finite. Lexicographical order with respect to the standard
basis in Theorem 1.5 leads to a set of positive roots AT and the corresponding Weyl chamber K.

Theorem 1.6 In the non-projective case there exists an algorithm to output the unique element wgp € W such
that the modified matriz F := wp o F preserves the Weyl chamber K (Algorithm 7.5). This twist does not change
the Hodge structure, spectral radius A\(F) = N(F) and special trace 7(F) = 7(F). The modified Hodge isometry
F : L — L lifts to a non-projective K3 surface automorphism f : X — X of positive entropy h(f) = log A(F)
with special trace T(f) = 7(F), Picard lattice Pic(X) = Pic and Picard number p(X) = p as in Theorem 1.5,
while K lifting to the Kdhler cone of X. The map [ is uniquely determined by the pair (@, ) plus the choice of

F = A or B up to biholomorphic conjugacy and complex conjugation.

The Weyl chamber K is chosen just for the sake of algorithmic purpose. Taking any other Weyl chamber
results in a modified matrix conjugate to the one in Theorem 1.6 by a unique Weyl group element. It is an
interesting future problem to consider what is going on in the projective case, in which the spectral radius )\(F)
may change from the original one A(F'). This case should produce automorphisms of projective K3 surfaces.

Back in the non-projective case we illustrate our method by working out some examples. Let A1,..., A1g
be the ten Salem numbers of degree 22 from McMullen [18, Table 4] reproduced in this article as Table 6, and
S1(2),...,S10(2) be the associated Salem polynomials. Let Ar, be Lehmer’s number, the smallest Salem number
ever known, and L(z) be Lehmer’s polynomial (see (47a)). In this article we examine only three patterns: (i)
o(z) = C(2), ¥(z) = Si(z) and matrix B; (ii) ¢(z) = L(2) - C(2), ¥(z) = S;(z) and matrix A; (iii) ¢(z) = C(2),

¥(z) = L(z) - C(z) and matrix B, where C(z) and C(z) stand for products of cyclotomic polynomials.

Theorem 1.7 In each of the three patterns there exists a complete enumeration of all cases that produce non-
projective K3 surface automorphisms f : X — X, where we have h(f) = log\; and p(X) = 0 in pattern (i),
while h(f) =log A\, and p(X) = 12 in patterns (ii) and (iii); see Theorems 8.1, 8.2 and 8.5, respectively.

Even from these restricted setups we can obtain a lot of K3 surface automorphisms of positive entropy,
especially examples with Siegel disks. As for the results on Siegel disks we refer to Theorems 9.3, 9.4 and 9.5,
the last of which contains the following statement.

Theorem 1.8 There are automorphisms of non-projective K3 surfaces of the smallest positive entropy log Ay,
where A\, s Lehmer’s number, which admit a 3-periodic cycle of Siegel disks as well as some invariant curves.

With various other Salem polynomials and in various other settings our method allows us to construct a
much larger number of K3 surface automorphisms of positive entropy. If a K3 surface admits an automorphism
with special eigenvalue conjugate to a Salem number, then its Picard number must be an even integer between
0 and 18. Conversely, all these Picard numbers can be realized by our hypergeometric constructions (even in
the presence of Siegel disks). This result will be reported upon separately.

Tt is usually difficult to decide whether two different choices of the pair (i, ) yield the same automorphism,
or whether the construction in this article gives examples identical to those in previous works such as Oguiso
[22], McMullen [20] and others, unless some of the resulting invariants, e.g. entropies, special eigenvalues, Picard
numbers, Dynkin types of root systems, etc. are distinct, in which case the answer is clearly negative. This
is because, given a unimodular quadratic form over Z with known Gram matrix with respect to some basis,
there is no known theory (at least to the authors) to convert it to a canonical form. However, there exists
a systematic way to compare the method of hypergeometric groups with that of Salem number fields due to
McMullen [18], when (z) is an unramified Salem polynomial of degree 22; see Theorem 10.1 and Corollary
10.2. This comparison should be extended to Salem numbers of lower degrees.

We wonder whether our construction yields interesting examples of finite order automorphisms. By Theorem
1.5 only automorphisms of positive entropy, necessarily of infinite order, can occur in the non-projective case.
So we have to examine the projective case to answer this question. This is another problem yet to be discussed.

The organization of this article is as follows. The first part (§2-85) is devoted to enriching infrastructure
in the theory of hypergeometric groups in anticipation of its application in the second part as well as other
applications elsewhere. In §2, for a complex hypergeometric group H = H(p, 1) we study the Gram matrix
of an H-invariant Hermitian form and prove a large part of Theorem 1.1. Its index is expressed in terms of



the clusters of roots of ¢(z) and 9(z) (Theorem 3.2). When H is a real hypergeometric group, the index is
represented in terms of the trace clusters of roots of ®(w) and ¥(w) (Theorem 4.2). A formula for local indices
(Proposition 4.5) is also included for later use in Hodge structures. When H is defined over Z, an H-invariant
even lattice, called the hypergeometric lattice, is introduced in §5. The second part (§6-§10) is an application of
hypergeometric groups to dynamics on K3 surfaces, whose main results are already stated above. A classification
of all real hypergeometric groups of rank 22 and index 416 is given in Theorem 6.2. Theorems 1.2 and 1.3 are
then proved in §6.3. Theorems 1.5, 1.6 and 1.7 are established in §7.2, §7.3 and §8 respectively.

As the final remark, Theorems 1.2 and 1.3 say that at least two eigenvalues of B must be algebraic units
off the unit circle in order for a hypergeometric group to yield a K3 lattice. This offers a sharp contrast to
such a situation as in the classification of finite hypergeometric groups by Beukers and Heckman [4] or in their
treatment of Lorentzian hypergeometric groups by Fuchs, Meiri and Sarnak [7], in which all eigenvalues of A
and B are roots of unity. Even if they are off the unit circle, hypergeometric groups can enjoy rich structures.

There appear a lot of symbols in the sections (§2-§6) concerning hypergeometric groups. For the reader’s
convenience a list of them with brief explanations is provided in Appendix C.

2 Hypergeometric Groups

The theory of hypergeometric groups is developed by Beukers and Heckman [4]. A lucid explanation of this
concept can also be found in Heckman’s lecture notes [10]. A hypergeometric group is a group H = (4, B)
generated by two invertible matrices A, B € GL(n,C) such that rank(A — B) = 1. Let @ = {a1,...,a,} and
b= {b1,...,b,} be the eigenvalues of A and B respectively (they are multi-sets allowing repeated elements).
Then H acts on C™ irreducibly if and only if

anb=10 (4)

(see [10, Theorem 3.8]). Hereafter we always assume condition (4). Let af := a~! for a € C*. There then exists
a non-degenerate H-invariant Hermitian form (-, -) : C® x C™ — C if and only if

a' = a, bl = b, (5)

where al := {al,... al} (see [4, Theorem 4.3] and [10, Theorem 3.13]). It is unique up to a real nonzero
constant multiple and hence is referred to as the invariant Hermitian form. We remark that the “only if” part
is not mentioned there but it is an easy exercise. Hereafter we also assume condition (5).

Let ¢(z) and 9(z) be the characteristic polynomials of A and B respectively. It is interesting to describe
conditions (4) and (5) in terms of ¢(z) and (z). Note that ¢(0) = (—1)"det A and ¢(0) = (—1)" det B are
non-zero since A, B € GL(n,C). Condition (4) is equivalent to

Res(p, 1) # 0, (4)
where Res(gp, 1) denotes the resultant of ¢(z) and (z), while condition (5) is equivalent to
ez = 9(0) - p(2), 2"z = 9(0) - ¥(2), (5
where f(z) := f(2) for f(z) € C[z]. Comparing the constant terms in (5') we have
le(0) =1, |¥(0)] =1, (6)

because ¢(z) and 1(z) are monic polynomials. In the other way round, start with any monic polynomials ¢(z)
and 1(z) with nonzero constant terms that satisfy condition (4’). Then their companion matrices Z(p) and
Z (1) generate an irreducible hypergeometric group

H(p,¢) = (Z(¢), Z(¢))- (7)

Levelt’s theorem [17] states that any irreducible hypergeometric group H = (A, B) is conjugate in GL(n,C)
to this one (see [4, Theorem 3.5] and [10, Theorem 3.9]). In this sense H is uniquely determined by the
characteristic polynomials ¢(z) and t(z) of A and B, or equivalently by their eigenvalue sets a and b. Thus we
can write a general irreducible hypergeometric group H = (A, B) as H(p, ) or H(a,b).



The structure of the H-invariant Hermitian form is discussed in [4, §4] and [10, §3.3] when a and b lie on the
unit circle S*. We can extend the discussion there to the general case without this restriction. Since C':= A™'B
is a complex reflection, that is, rank(I — C) = 1, its determinant

—detc =20 _bibe g
c:=detC = S0 " man es (8)

is an eigenvalue of C| called the distinguished eigenvalue. In this article we assume that
c# 1. (9)

Let r be an eigenvector of C' corresponding to the eigenvalue c¢. As in the proof of [10, Theorem 3.14], we have
(r,r) € R* and

Cv=v—((v,r)r, veC”, (10a)

1/)(2)7 2I— A 'Ar, v where ':170
(p(z)flJrC((I A)""Ar, r), where (: oL

Recall that the H-invariant Hermitian form is uniquely determined up to scalar multiplications in R*. To
eliminate this ambiguity we take the normalization

(10b)

1—
(r,r)=|1—¢/>0 so that g:ﬁesl. (11)
—c
Let {&;}22, be the sequence defined by the Taylor series expansion
¥(2) P
=14+¢> &2 around z = oo. (12)
©(z) ;
Theorem 2.1 The vectors v, Ar, ..., A" v form a basis of C". The Gram matriz G = (9ij)7 j=1 with respect
to this basis is given by
gw:@w*nAr%ﬁz{gj ==y (13)
§-i (1 <i<y),
where & := |1 — ¢| by convention. The determinant of G has absolute value
|det G| = [Res(ep, ¥)|. (14)

Proof. First we show formula (13). Taylor expansion of (10b) around z = co reads

w(z) =14+¢((I—2ztA) 2 Ar ) =1+ Ci(Air, )zl
o(z) i=1

Comparing this with expansion (12) together with convention &y = |1 —c| yields (A'r, 7) = &; for every i € Z>o.
Since the Hermitian form is A-invariant, we have

] ’ (A, r) =& (1<i<y).

This together with normalization (11) leads to formula (13).

Next we show formula (14). Suppose for the time being that aq,...,a, are mutually distinct. Let r =
r1 + -+ + 7, be the decomposition of r into eigenvectors of A, where r; corresponds to the eigenvalue a;. By
condition at = a in (5) there exists a permutation ¢ € S, such that ¢ = 1 and (i) = a;r fori=1,...,n. Note
that o(i) = i if and only if a; € S. Tt follows from non-degeneracy and A-invariance of the Hermitian form
that (r;,753;)), ¢ = 1,...,n, are non-zero while all the other Hermitian parings (r;,r;) vanish. Thus equation
(10b) leads to

P(z) S 0 (Tis To(i))
rE R D



Taking residue at z = a; we have for i = 1,...,n,

¥(ai) :
Ai = (T, To@i) = ——— with  ¢;(2) = H(z —a;). (15)
Cai pi(ai) L
J#i
After rearranging aq,...,a, if necessary, we may assume that o fixes 1,...,[ and exchanges [ + 2i — 1 and
l+2ifori=1,...,m, where n =1+ 2m. Then rq,...,r, form a basis of C" with respect to which the Gram
matrix of the invariant Hermitian form is given by
: 0 Ayoi-1
A=M)d-dN)eM - B A,y with A; = . (16)
Al42i 0

Note that Aj,...,\ € R and \jy9; 1 = M\j1o; fori =1,...,m. From (15) and (16) we have

—1)ym " R ,
|det/1|:\(—1)m)\1~-~)\n|= ( ) ¢(a1) '(/J(a ) _ | es(gp w)‘ s,
¢"ay---an 901(a1)"'90n(an) Hi<j‘ai*aj|
where |¢| =1 = a1 - - - a,| is used. Moreover we have (r, Ar,..., A" 1r) = (ry,...,r,)V with V := (agfl)?’j:l
being a Vandermonde matrix. This implies G = *V AV and hence
|det G| = | det Al| det V|* = | det A| H la; — a;j|* = |Res(¢p, )],
i<j
which proves formula (14) when aq, ..., a, are distinct. The formula in the general case follows by a continuity

argument, which works as far as conditions (4'), (5') and (9) are fulfilled.
Finally assumption (4') and formula (14) imply det G # 0 showing that 7, Ar,... A" !r form a basis. O

Proof of Theorem 1.1. A large part of the theorem is a special case of Theorem 2.1 where ¢(z) and (z) are
polynomials over Z, ¢ = —1 in (9) so that ( =1 in (11) and (12). For the rest, see the beginning of §5. O

Remark 2.2 Tt is obvious that if H = (A, B) C GL(n,C) is a hypergeometric group then so is H* := (—A, —B).
We refer to H* as the antipode of H. Note that ¢*(z) = (—=1)"¢(—z) and ¢¥?(z) = (—=1)"(—z2), hence a®* = —a
and b* = —b. It follows from C* = C and formula (13) that H and H* have the same invariant Hermitian
form. This simple remark will be useful in discussing Hodge structures (see Remark 6.10).

3 Index of the Invariant Hermitian Form

Let ao, and aog be those components of a whose elements lie on and off S' respectively. We define by, and
bogr in a similar manner for b. If both of a, and b, are nonempty then they dissect each other into an equal

number of components a1,...,a; and by,...,b; so that ai,by, as,bs, ..., a;, by are located consecutively on
St in the positive direction (anti-clockwise) as shown in Figure 1. Each a; is called a cluster of a,, and is said
to be simple, double, triple, etc. if |a;| = 1, 2, 3, and so on, where |x| denotes the cardinality counted with

multiplicities of a multi-set . We write

[@on] = 1712723% ...
if @y, consists of 11 simple clusters, vo double clusters, v3 triple clusters, etc. Note that |aon| = v1+2v5+3v3+- - |
|aog| is even and |aon| + |@os| = n; the same is true for b. Taking a branch-cut ¢ separating b; and a; as in
Figure 1 we define the argument of z € C* so that

O <argz < O+ 27, (17)
where © € [—m, 7) is the angle of the ray £ to the positive real axis.
Let arga; = 2ma; and argb; = 2n3; for i = 1,...,n. Formula (8) allows us to write
n n
c=¢e"m7 ¢ gt with 7::2&—20@6]& (18)
i=1 i=1

where 1 := +/—1, hence condition (9) is equivalent to v € R\ Z, that is, sinmy € R*.

Remark 3.1 Taking another branch of arg has no effect on the contribution of a.¢ and bog to the value of
sin 7y, because any pair A\, A\t € aog has a common argument so the sum arg A + arg At alters only by an even
multiple of 27; the same is true for A\, At € bog.



branch cut

Figure 1: Clusters of a,, and b,, when t = 5.

3.1 Clusters and Index
Let (p, q) be the signature of the H(a, b)-invariant Hermitian form on C™. Under the condition
ao = bog = [Z), (19)

Beukers and Heckman [4, Theorem 4.5] gave a formula for the index p — ¢ (up to sign). We can state a refined
version of it in terms of the clusters of ao, and b, without assuming (19).

Theorem 3.2 If ao, and b, are nonempty then the invariant Hermitian form has index

p—q=¢e» (=)™  with K:={k=1,....t: |ax]=1mod2}, (20)

where € = £1 is the sign of sinmy € R* with v given in (18) and 7y is defined by
=0 s fan (bl e Bl k=2t
If at least one of aon and by, is empty then the index p — q is zero.

Proof. Under normalization (11) the Gram matrix G in Theorem 2.1 and hence the invariant Hermitian form
depends continuously on (A, B). Its index is kept invariant by any continuous deformation of (A, B) as far
as conditions (4), (5) and (9) are satisfied. While keeping these conditions, we can continuously unfold any
multiple element of a into a cluster of simple elements. Thus we may assume from the beginning that a4, ..., a,
are mutually distinct. After rearranging the indices of a; and b; if necessary, we may further assume that

aon—{al,...,@l}, aoﬁ_{al+1)"'7an}a A1+2i—1 _a’l+2i) 7’_17"'?m7
bon = {01, ba}ts  bor = {bap1,--- b}, bayzict =blay i=1,....¢

where n = [ + 2m = d + 2e. Suppose that both of a,, and b,, are nonempty, that is, [l > 1 and d > 1. Since
the Hermitian matrix A; in (16) has null index, we have

p—qg=I1y —1_, ly:=4#{i=1,...,0 : £\, >0}. (21)
For x, y € R* we write x ~ y if  and y have the same sign. We claim that

H?:1 sinm(B; — a;)

H;il sinm(o; — ;)

)\iNO'iZ:E‘



where H; is the product avoiding j = i. Indeed, equation (15) together with (11) yields

11— | T (@i — by) TT5—y (@i = bl 5;) (@i — baya;)
(1= 0)ai 1L, (i — ay) [T} (a; — af 1) (@i — aiia;)

fori=1,...,1. To evaluate the right-hand side we use the following identities:

P =

n=I142m=d+ 2e,

1—c= —c%(c% — C*%) = —2i-c? -sinmy,
u—v:—u%v%(u*%v% u%v*%):—%-u%v% -sinm (¢ — 0),
(u—wh)(u—w) = —uww- [u—w!® = —u(ww)? - fw|lu —w'?,

for u =29 € ST, v =e?™? ¢ §1 and w € C*. Some calculations yield
¢ 2
_ gd—l41 TT5-y [basojlla; — bl o)l

>0
H;nl:]. |ar425|ai — a’;+2j|2

Ai = i - O P -

fori=1,...,1 and hence claim (22) is proved.
Relation (22) readily shows that the sign ; = &1 of )\; is determined by

61':6'(71)”, TiZ:#{j:].,...,l20éj<0&i}+#{j:].,...,dlﬁj<ai}, (23)

where arga; = 2mo; and argb; = 2n83;. If a; is the d;-th smallest element of aj in the argument then
ri =Tk +6;—1and g; = e-(—1)™"+%~1 by (23). Since §; ranges over 1,...,|ax| as a; runs through ay, one has

Z (—1)%1 = 1 (Jax| = 1 mod 2),
a;€ay 0 (‘ak| = 0 mod 2)

Thus it follows from formula (21) that

t

p—q=1l—1l_= Zez—sz ()= (-

a;€ag keK

which establishes formula (20). When a,, is empty, the index is zero as we have | = 0 in (16). When by, is
empty, replace a with b and proceed in a similar manner. a

Remark 3.3 The following remarks are helpful in applying Theorem 3.2.

(1) Formula (20) is invariant under any cyclic permutation of the indices k for a; and by.
(2) Note that |[p—¢| < |K| <t <nand [p—q| = |[K| = n mod 2; moreover |K| = t if and only if all a,,-clusters
ai,...,a; have odd cardinalities.

(3) We may exchange the roles of @ and b in Theorem 3.2.

3.2 Lorentzian Hypergeometric Groups

It is interesting to ask when the invariant Hermitian form is definite or Lorentzian. Under condition (19) Beukers
and Heckman [4, Corollary 4.7] obtained the interlacing criterion for definiteness, while Fuchs, Meiri and Sarnak
[7, §2.2] derived the so-called almost interlacing criterion for the Lorentzian case. Even without assuming (19)
a priori, Theorem 3.2 readily implies that the Hermitian form is definite if and only if [@on] = [bon] = 1™ and
aoft = bog = 0. For the Lorentzian case we have the following classification, where types 1 and 2 appear in [7].

Theorem 3.4 The Lorentzian case is classified into five types in Table 4. In type 1 we mean by “doubles

adjacent” that the unique double cluster in ao, and the unique double cluster in by, must be adjacent to each
other. For the other types there are no constraints on the location of multiple clusters.
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Table 4: Lorentzian case.

type  [@on] [bon] constraint laog|  |bos]
1 1n=221  17=221  doubles adjacent 0 0
2 1n=331 =331 0 0
3 1m—331 1n=2 0 2
4 =2 133t 2 0
5 12 12 2 2

Proof. Tt follows from item (2) of Remark 3.3 that [p—¢| =n—2 < |K| <t <n and |K| = n mod 2. So we have
either |K| =t =n or |K| =n — 2, but ¢t = n is ruled out as it would lead to the definite case. Thus |[K|=n —2
andt=n—-—2,n—1.

First we consider the case t = n — 1. If follows from n > |aon| >t =n—1; n = |aon| mod 2 and |K| =n—2
that [acn] = 177221 and |acg| = 0. One has also [by,] = 177221 and |byg| = 0 by (3) of Remark 3.3. Let
k, 1l € {1,...,n — 1} be the indices such that |a;| = 2 and |b;] = 2. By (1) of Remark 3.3 we may assume
k=n—1 and hence K = {1,...,n — 2}. Index formula (20) now reads \ZZ;?(—I)TH = n — 2, which implies
T =71 =0mod 2 for k =2,...,n—2 and hence |ag|+ |bx| =1+ |bx| =0mod 2 for k =1,...,n— 3, which in
turn forces I =n — 2 or [ = n — 1, that is, a; and b; must be adjacent. This case falls into type 1 of Table 4.

Next we proceed to the case t = n — 2. Since |K| =n —2 =1t, all of |a4],...,|a,—2| must be odd by item
(2) of Remark 3.3. It then follows from n > |a@on| > n — 2 and n = |aen| mod 2 that a must satisfy either (Al)
[@on] = 177331, |aog| = 0; or (A2) [aon] = 1772, |@o| = 2. By item (3) of Remark 3.3, b must also satisfy either
(B1) [bon] = 177331, |bog| = 0; or (B2) [bon] = 1772, |bogg| = 2. Then the combinations (A1)-(B1), (A1)-(B3),
(A3)-(B1), (A3)-(B3) lead to types 2, 3, 4, 5 in Table 4, respectively. The converse implication is easy to verify.
O

3.3 Local Index

Let E(v) be the generalized eigenspace of A corresponding to an eigenvalue v € a. Note that m(v) := dim E(v)
is the multiplicity of v in the multi-set a. Put E(u, uf) := E(u) @ E(u') for 4 € aog. Some linear algebra shows
that non-degeneracy and A-invariance of the Hermitian form lead to an orthogonal direct sum decomposition

C' =P EN e P B ph), (24)

AI=1 lul>1

where A ranges over all distinct elements in ao, and p ranges over all distinct elements in aog such that |p] > 1.
The Hermitian form is non-degenerate on E(\) and E(u, '), though it is null on E(x) and E(u') individually.
Note that m(u) = m(u'). It is interesting to find the index of the Hermitian form restricted to F(\) or E(u, u').
The same problem also makes sense with B and b in place of A and a, where if v € b then E(v) is understood to
be the generalized v-eigenspace of B. Thanks to (4) or (4') the common notation m(v) is allowed for v € aUb,
because m(v) is the same as the multiplicity of v in ¢(z) - ¥(2).

For two distinct elements A, A’ € S we say that ) is smaller than )\ if arg \' < arg A with respect to the
argument defined in (17). In this case we write A < \. For any A € S! let

r(A) := # of all elements in aq, U by, that are smaller than A, (25)

where # denotes the cardinality counted with multiplicities.

Proposition 3.5 For each A € ao, Uboy, the Hermitian form restricted to E(\) has index

e-(—=1)r™ if A € aon and m(\) is odd,
idx(\) :={ e~ (=1)rV+1 if A € bon and m()\) is odd, (26)
0 if m(\) is even,
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where e = 1 is the sign of sin w7y mentioned in Theorem 3.2. For each p € o Ubog with |u| > 1 the Hermitian
form restricted to E(u, u) has null index, that is,

idx(y) = 0. (27)

Proof. First we show (26) and (27) for A € ao, and p € ao. In the special case where aq, ..., a, are distinct
and hence A and p are simple, they are direct consequences of (23) and (16) respectively. Here we remark that
it A =a; € aon then r(A) =r; in (23). In the general case they are obtained by a perturbation argument (see
e.g. Kato [15, Chapters I-]). If D C C is a bounded domain whose boundary contains no eigenvalue of A and
V C C"™ is the direct sum of generalized eigenspaces corresponding to the eigenvalues of A in D, then

P= i (21 — A"t dz
2mi Jop

yields the projection onto V. For any small continuous perturbation A; of A = Ag the associated projection P,
can be expressed as P, = U, PU; ', where Uy = I and U; € GL(n,C) depends continuously on ¢ [15, I-(4.42)], so
the corresponding space V; varies continuously in ¢. If h; is a continuous family of Hermitian forms on C™ such
that h = hg is non-degenerate on V' = Vj, then the index of h:|V; is locally constant in ¢. These general results
can be applied to V' = E()\) when \ € a,, is a multiple element. Keeping conditions (4), (5) and (9), slightly
perturb A so that a is unfolded into simple elements, with A split into Ay < -+ < A, and E(X) deformed into
E(\) @ - @ E(\y), where m = m(\). Tt follows from the special case that idx()\;) = & - (—=1)"N+i~1 for
7 =1,...,m, and hence

m m C(—1\r(N) : :
idX(/\) — Zidx()\j) —c. (_1)r()\) Z(_l)j—l _ {5 ( 1) if m is Odd,

= e 0 if m is even,
which proves (26). Similarly, for a multiple 1 € aog, E(u, pt) is deformed into E(uy, pl) & - & E(um, pl,)
with p1, ..., ttm all being simple. Since idx(p;) =0 for j =1,...,m, formula (27) follows.

Next we can show the results for A € by, and p € bog in a similar manner by exchanging the roles of a
and b. Notice that r,(A) := r()\) and ¢, := ¢ appearing in (26) are defined with respect to the branch cut
L, := { lying between b, and a; as in Figure 1. Changing the roles of a and b we should replace ¢, by a
new branch cut ¢, lying between a; and b; and consider the corresponding r,(A) and €. For A € by, one has

my(\) = 7a(A) — |a1| and g, = —¢, - (—1)1%1] where Remark 3.1 is used to obtain the latter relation. Thus
gy (1)) =g, - (=1)7«(M+1 which proves (26) for A € by,. The proof of (27) for ju € bog is the same as that
for u € aqs. O

Remark 3.6 Due to (27) the sum of idx(\) over all distinct elements A of aoy (or of byy) is equal to the global
index p — q of the invariant Hermitian form on the whole space C”.

4 Real Hypergeometric Groups

A hypergeometric group H = H (¢, ) = H(a,b) = (A, B) is said to be real if

o(z) € R[z], 9¥(z) € R[z], orequivalently a=a, b=0b.

In the rest of this article we always assume that H is a real hypergeometric group. We also retain the assumptions
(4), (5) and (9). Let Lg be the R-linear span of 7, Ar,..., A"~ !r. These vectors form an R-linear basis of Lg
as they are a C-linear basis of C" by Theorem 2.1. Obviously A preserves Lg. Since §; € R for every i € Z>o,
formula (13) shows that the invariant Hermitian form is R-valued on Lg. The matrix C = A~!B acts on Ly as
a real reflection because formulas (10a) and (11) read

Cv=v—(v,r)r, ve€lLg with (r,r)=2. (28)

So Ly is also preserved by B = AC and hence by the whole group H, thus H C O(Lg).
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4.1 Trace Polynomials
Conditions (6) implies ¢(0) = +1 and (0) = £1, while assumption (9) forces
c=—1, C =1, (T, T) =2, (29)

n (11), hence ¢(0) and (0) must have opposite signs. Thus after exchanging ¢(z) and (z) if necessary we
may assume ¢(0) = —1 and 1(0) = 1 so that (5') becomes z"p(271) = —¢(z) and 2" (271) = (z), that is,
©(z) is anti-palindromic while ¢ (z) is palindromic.

In general a palindromic polynomial f(z) of even degree 2d can be expressed as f(z) = z?F(z + 27 !) for a
unique polynomial F(w) of degree d, a palindromic polynomial f(z) of odd degree factors as f(z) = (z+1)g(2)
with g(z) being palindromic of even degree, and an anti-palindromic polynomial f(z) factors as f(z) = (z—1)g(2)
with ¢(z) being palindromic. Hence there exist unique monic real polynomials ®(w) and ¥(w) such that

o(z) = (2> = 1)1z +27Y), Y(z) =2NU(z 427, if n =2N; (30a)
o(z) = (z = 1)NB(z + 271, V(z) = (z+1)2NU(z 4271, ifn=2N+1. (30b)

We refer to ®(w) and ¥(w) as the trace polynomials of ¢(z) and ¥ (z). The real hypergeometric group H =
H(p, 1) can also be expressed as H = H(®,¥). The resultant of (¢, ) and that of (®, ¥) are related by

Res(p,¢) = (=1 - ¥(2) - U(—2) - Res(P, ¥)?, if n =2N; (31a)
Res(p, ) = 2(—1)N - ¥(2) - &(—2) - Res(®, ¥)?,  if n=2N + 1. (31b)
To avoid digression from the main line, we give a proof of (31) in Appendix A.

It follows from (4') and (31) that Res(@ ¥) # 0 hence ®(w) and ¥(w) have no root in common. By formulas
(30) the roots A # £1 of p(z) are in two-to-one correspondence with the roots 7 # £2 of ®(w) via the relation
T=A+A"1 sincew—7 =271z \)(z - A7!) with w = 2 + 2z71. The same statement is true for ¢(z) and
U (w). Moreover we have

M(r if A#£ 41, ie T £ £2,
mw{ () # # (32)

2M (1) +1 if A =41, ie 7==42,
under 7 := A+ A~1, where M (7) is the multiplicity of w = 7 in the equation ®(w) - ¥(w) = 0.

4.2 Trace Clusters and Index

In the real case the index formula (20) in Theorem 3.2 can be restated in terms of what we call trace clusters.
In view of formulas (30), if n is even then +1 € a,, and hence a,,, is nonempty (but b,, may be empty), while
if n is odd then 1 € aqy,, —1 € by, and hence both of ay, and by, are nonempty. In any case, as far as both
of them are nonempty, the clusters a1, b, ..., as, by can be indexed so that 1 € a;. With this convention it is
easy to see that

if n is even then ¢t = 2s is also even, —1 € as41 and |a;1| = |as+1] = 1 mod 2, (33a)
if n is odd then ¢ = 2s — 1 is also odd, —1 € b, and |a;| = |bs| = 1 mod 2. (33b)

In either case, with the convention a;4+; = ai, byy+1 = b1, we have
a; = aipo_;, b =bi1_i, i=1,...,s. (34)

Note that as,...,as are exactly those aq,-clusters which lie in the upper half-plane Im z > 0.

Let A be the multi-set of all complex roots of ®(w) and B be its ¥(w)-counterpart. Let Aoy, resp. Aog be
the component of A whose elements lie on resp. off [-2, 2]. Let B, and Bog be defined in a similar manner
for B. Notice that both of a,, and b, are nonempty if and only if

either n is even and B,, is nonempty, or n is odd, (35)
in which case Ao, and B, dissect each other into interlacing components called trace clusters,

Asy1,Bs,As,...,B1, A1 ifniseven; Bg, Ag,...,B1,A; if nis odd,
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where one or both of the end clusters may be empty but all the other clusters must be nonempty. Put
Ain = AQU"'UAS. (36)

Finally, let A~ be the components of A,g whose elements are real numbers greater than 2 and B~ be defined
in a similar manner for B.

Lemma 4.1 Let v € R\ Z be the number defined in (18). Under assumption (35) we have

e =sinmy = (—1)MAlHA=2+IB>2] (37)
Proof. We consider how each component of a contributes to the sum 27a := 27y + -+ + 27w, where
27y = arga;. The 1’s in a,y, has no Contributior_l. The —1’s in ao, has contribution mm W_here my, is the
multiplicity of —1 in a. For each non-real pair A, A € ao, with Im A > 0, the sum arg A + argA is 0 if A € a4
and 27 if A € a1. So the total contribution of a,, is given by

. |@on| — |a1| —m,
2
Let a<_1 resp. a~1 be the component of a.g whose elements are real numbers < —1 resp. > 1. For each real

pair A, A € aog, the sum arg A + arg AT is 0 if A € @~ and 27 if A € a~_;. For each non-real quartet A, A\, AT,
A€ aog with [A| > 1 and Im A > 0 we have

m™m, + 2w

= 7(|@on| = [as]).

0 (0 <argA <[0)]),

A+arg A +arg AT+ arg AT =
arg A +arg A + arg arg {47T (18] < arg A < ),

where © is the number appearing in (17), which belongs to the interval (—m, 0) due to assumption (35).
Therefore the contribution of a.g to the sum 27« is 27|a<_1| mod 47Z. In total we have 2ra = 7(|aon| —
la1]) + 27|a<_1] mod 47Z, which yields a modulo 2 congruence

|aon| — |ai]
2

In a similar manner we consider how each component of b contributes to the sum 273 := 2781 + - - - + 273,
where 27 (3; := argb;. Taking 1 ¢ b into account we find that

_ [bon|
T2

Since v = 8 — a, we use relations |aon| + |@ost| = 1, |@ost| = 2|a<—_1| + 2|as1| mod 4 and their b-counterparts
together with |a;| = 2|A1| + 1 to obtain a modulo 2 congruence

« + |a<—1] mod 2.

B

+|b<—1| mod 2.

bon| — |aon| + |a a
| on| ‘2on| ‘ 1| +|b<_1|7|a<_1‘E%+|a>1‘flb>1|

1 1
= S@IA + 1)+ [Ass| = |Bosl = 5 + [A1] + | Asa| + | Bus| mod 2.

v =

This establishes formula (37). O

In the real case the index formula (20) in Theorem 3.2 can be restated as follows.

Theorem 4.2 Let H = H(®, V) = (A, B) be a real hypergeometric group of rank n. If condition (35) is satisfied
then the index of the H-invariant Hermitian form is given by

p—qg=¢e(l+d—29), (38)

where € = £1 is given in formula (37) while § and S are defined by

(1)l A+ Bonl+1 if s even,
_ (39a)
0 if n is odd,
S = Z(_l)ai with I;:{i:27.,.,s:‘A”ElmOdQ}, (39b)
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with A, being as in (36) and o; defined by oo := |B1]| and
g; i — ‘Bl‘ + |A2| =+ |BQ‘ —+ -4 |Ai—1| =+ |Bi_1|, 1= 37. ..y S.
If n is even and B,y is empty then the index p — q is zero.

Proof. If n is even and B, is nonempty, then (33a) and (34) imply |a1| = 2|A1] + 1, |@s+1] = 2|As1| + 1,
lai| = |agsio—i| = |Ai| fori=2,...,s, and |b;| = |bast1-i| = |Bi| fori=1,...,s hence I=KN{2,...,s} and
K={l,s+1}UIu{2s+2—14 : i €I}, where K is defined in (20). For each ¢ € I we have 7, = |a1| + 0; =
1+ 0; mod 2 and

Tost2—i = |a@1]| + -+ + |agst1—| + |b1| + - - - + |bos+1-i]

=|ai|+ -+ |ai| + |asy1| + |b1] + - - - + |b;—1| mod 2

7i + |a;| + |as1| = 7 mod 2.

Moreover, 7541 = |a1| + |Ain| + |Bon| = 1 + |Ain| + |Bon| mod 2. Formula (20) then yields

(0= 0) = (D)7 = (F) 4+ D (D) () Y (e

i€eK i€l i€l
=14 (—)m 423 ()T =1 (1) - 2) (<)% =148 28
i€l icl

Note that 1, § and —25 are the contributions of a1, as+1 and ain, := azs U@z U --- U as Uas respectively.

If n is odd then (33b) and (34) imply |a1| = 2|A1|+1, |a;| = |azst2—i| = |Ai|fori =2,...,s,|bs| = 2|Bs|+1,
and |b;| = |bos—i| = |B;|fori=1,...,s—1, hence I=KN{2,...,s}and K= {1} UIU{2s+1—4¢ : i€}
For each ¢ € I we have 7; = |a1| + 0; = 1+ 0; mod 2 and

Tos41—i = |@1| + -+ |azs—i| + |b1| + - - + |bas_i]
=lai|+ -+ |ai| +1|b1] + -+ |bi—1] + |bs| mod 2
=71, + |a;| + |bs| = 7 mod 2.
Thus formula (20) in Theorem 3.2 then yields
Sp =) = Y17 = ()7 + Y1)+ Sy
icK iel iel
=142) (-7 =140-2) (-1)7 =1+4-28.
i€l iel

Here 1 and —2S are the contributions of a; and a;, respectively, while § = 0 is a dummy term.
In either case we have obtained formula (38). If n is even and B,,, is empty, then by, is empty and hence
the index p — ¢ is zero by the last part of Theorem 3.2. a

Lemma 4.3 There are the following numerical constraints

1< |I‘ + |Ain|
- 2

S=|l=|An|mod2, |S]<||<s— < |Awnl, s<|Bol. (40)

Proof. Congruence S = [I] mod 2 follows from the definition of S in (39b) and (—1)?" = 1mod 2. Since
|A;| > 1 for i = 2,...,s, the definition of S and the inclusion I C {2,...,s} imply |S] < |I]| < s -1 <
|Ag| + - +|As| = |Ain|. As |A;] is odd for ¢ € I and even for ¢ € {2,...,s}\ I, we have |I| = | Ajy| mod 2 and
1 +2(s—1—I]) < | A, that is, s—1 < 2(|I| + |Ajn). Moreover we have s < [By|+- -+ |B,| = |Boy| because
|B;| > 1fori=1,...,s. Putting all these together lead to the constraints (40). O

Remark 4.4 If n is even then the reflection of the trace clusters in A;, U Bg,,

BsaAS7BS—1a"'7327A2aB1 m BlvAQaBQ?"'vBS—17AszS (41)
results in the change of signs S — 65 and p — ¢ — d(p — q), where 9 is defined in (39a).
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4.3 Local Index in the Real Case

Proposition 3.5 gives formula (26) for the local index idx(\) at A € aon U bon. It can be restated in terms of
7= A+ A" € Aoy U By, where we are allowed to write idx(\) = idx(A™1) = Idx(7) if A # £1, i.e. T # £2.
To state the result let p : [-2, 2] — Z>¢ be a function defined by

>7 ifre -2, 2),
p(7) := # of all real roots of ®(w) - ¥(w) that are (42)
>9 ifr =2

where # denotes the cardinality counted with multiplicities.

Proposition 4.5 For any 7 € Aoy U Boy with 7 # +2 we have

(—1)POH ifr € Aoy and M(7) is odd,
Idx(7) := q (=1)7) if T € Bon and M(7) is odd, (43)
0 if M(7) is even,

where M (1) is the multiplicity of T in Aon U Boy. Moreover we have
idx(1) = (=1)P@,  idx(—1) = (=1)PD+nt (44)

Proof. First we prove (43). Take an element A € aon U boy such that A + A~! = 7. We may assume Im A > 0
since idx(\) = idx(A71). If 7 € Agy, that is, A € aoy, then definition (25) and relation |ai| = 2|A;| + 1 give
7(A) = [(AonUBon) s |+ |A1| + 1, which together with (37) and (42) yields e - (—1)"MN) = (—1)lA1l+[A>2[+]B>2] .
(—1)(AonUBon)>- [+l Arl+1 — (_1)P(1)+1 n a similar manner, if 7 € By then e - (—1)"M*! = (=1)?("), Thus
(43) follows from formula (26).

Next we prove (44). By (25) and (42) together with (32) we have

r(1) = |Aq| = M(2), r(=1) = |Aon| + [Bon| — M(=2) + [A1| + 1,
,0(2) = M(2) + ‘A>2| + |B>2|a ,0(*2) = |Aon| + |Bon‘ - M(*Q) + |A>2| + |B>2|-

Putting these equations into (26) and using (32) and (37) we establish (44), where we take into account that
1 € ayn while —1 € agy, if nis even and —1 € by, if n is odd. |

Suppose that the rank n is even; the odd case is omitted as it is not necessary in this article. Let A7 := (A1) <o
and A7 | := (Ag41)>—2. For amulti-set X given in boldface, its calligraphic style X’ denotes the ordinary set of
all distinct elements of odd multiplicity in X. We apply this rule to X = A7, A7 |, Ay, Boy to define X = A$,
AZ, 1, Ain, Bon respectively. For these sets we put Idx(&) := >, Idx(7). Note that 0 < |X|—|X| = 0 mod 2.
Moreover we denote by Par(m) the parity of m € Z, that is, Par(m) = 0 for m even and Par(m) = 1 for m odd.

Theorem 4.6 In the situations of Theorem 4.2 with the rank n being even we have

idx(1) = e - (—=1)141], idx(—1) = &6 - (—1)1A+ ], (45a)
Idx(A7) = e - Par(JA7)), Idx(AZ,,) = €d - Par(|AZ ), (45b)
Idx(Ain) = —€8, Idx(Bon) = (p — q)/2. (45¢)

Proof. Formulas in (45a) are easy consequences of (44). The right-hand side of index formula (38) consists of
three parts €, €6 and —2¢S. As mentioned in the proof of Theorem 4.2, they are the contributions of a1, as11
and ai, := asUasU- - -UasUa, respectively, and hence equal to the sums of local indices of all distinct elements
in the three respective sets. Since A — 7 = A+A~! induces two-to-one maps (a1)z1 — A7, (@st1)~-1 = Ay,
ain — Aj, and idx(\) = idx(A71) = Idx(7), we have

e =idx(1) + 2Idx(A7), e =idx(—1) +2Idx(A2,,), —2eS = 2Idx(A;u),

which in turn lead to the formulas in (45b) and the first formula in (45¢). Finally, the total index p — ¢ is the
sum of local indices over all distinct elements in by,. In view of the two-to-one correspondence by, — Bg, we
have the second formula in (45c¢). O
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5 Hypergeometric Lattices

A hypergeometric group H = H(p, 1) = H(®,¥) = (A, B) is said to be integral if

w(z) € Zlz], ¢(z) € Z[z], or equivalently ®(w) € Zlw], Y(w) € Z[w].
In this case let L = L(p,%) = L(®, ¥) be the Z-linear span of 7, Ar,..., A" 1r. Then L is a free Z-module
with free basis 7, Ar,..., A" 1r, the H-invariant Hermitian form is Z-valued on L and H C O(L). It follows

from (28) that Br = —Ar and B¥r = —A*r + Z-linear combination of Ar,..., A*~1r for every k > 2, hence
r,Br,..., B" 17 also form a Z-linear basis of L. Thus we have the equation in (1), that is,

L={(r Ar,..., A" 'v)y = (r,Br,..., B" 1)y

By the A-invariance of the Hermitian form and the normalization (r,7) = 2 we have (v,v) € 2Z for all v € L.
Thus L equipped with the H-invariant form becomes an even lattice, called a hypergeometric lattice. We say
that the group H is unimodular if so is the lattice L.

5.1 Unimodularity

Formula (14) in Theorem 2.1 implies that the hypergeometric lattice L is unimodular if and only if Res(p, ) =
+1. Then (31a) shows that when n is even this condition is equivalent to

U(2) =41, ¥(-2)==41; Res(P,¥)==+1, (46)
while (31b) shows that when n is odd L cannot be unimodular. We say that U is unramified if it satisfies the
first and second conditions in (46). Note that there is no unramified polynomial of degree one. With irreducible
decompositions ®(w) = []; ®;(w) and ¥(w) = [[; ¥;(w) in Z[w], the conditions (46) can be restated as

U,;(2) =41, T;(—2)==%1; Res(P;,T,;)==1 for all 1, j, (46")
because there is a factorization Res(®, V) = [[,; []; Res(®;, ¥;) over Z. This observation provides us with a
recipe to construct a unimodular hypergeometric lattice.

Recipe 5.1 Given an integer N € Z>o, find a finite set of monic irreducible polynomials ®;(w), ¥;(w) € Z[w]
that satisfies the unimodularity condition (46") and the degree condition

D deg®; =N -1, > deg¥; = N.
i J

Take the products ®(w) := [[; ®;(w) and ¥(w) := []; ¥;(w) and consider the integral hypergeometric group
H = H(®,¥). Then the associated lattice L is an even unimodular lattice of rank n = 2N.

We are especially interested in the settings where the irreducible factors ®;(w) and ¥,(w) are cyclotomic
trace polynomials or Salem trace polynomials.

5.2 Cyclotomic Trace Polynomials

For k € Z>3 let Ci(z) € Z[z] denote the k-th cyclotomic polynomial. It is a monic irreducible polynomial of
degree ¢(k), where ¢(k) is Euler’s totient function. For k = 1, 2, in view of our purpose, it is convenient to
employ an unconventional definition

Ci(z) = (2= 1)%, Ca(2):=(2+1)%, (1) =¢(2) =2.

Note that Ci(z) > 0 for every € R. We say that Ci(z) is unramified if Cg(£1) = 1.

For any k € Z>; Euler’s totient ¢(k) is an even integer and Cg(z) is a monic palindromic polynomial
of degree ¢(k), so there exists a unique monic polynomial CTy(w) € Z[w] of degree ¢(k)/2, called the k-th
cyclotomic trace polynomial, such that

Cr(z) = 2?W/ 20Ty (2 + 271).

Note that CT;(w) = w — 2, CTy(w) = w + 2 and CTy(w) is irreducible for every k > 1. We say that CTy(w)
is unramified if so is Cj(z), in which case CTj(2) = 1 and CTy(—2) = (—1)¢(*)/2,

The following lemma is helpful in checking the unimodularity condition (46") for cyclotomic trace factors of
®(w) and ¥(w).

17



Lemma 5.2 Let k and m be positive integers such that k > m.

(1) Res(CTy,CTy,) = %1 if and only if the ratio k/m is not a prime power,

(2) CT,.(w) is unramified if and only if neither m nor m/2 is a prime power,
where a prime power is an integer of the form pt with a prime number p and a positive integer I.

Proof. Apostol [1, Theorems 1, 3, 4] evaluates the resultants of cyclotomic polynomials:

¢(m) if k/m is a power of a prime p,
Res(Cr, Gun) = {p / p prime p

1 otherwise,

for k > m. In particular Cy(z) is unramified if and only if neither k nor k/2 is a prime power. Lemma 5.2 then
readily follows from the relation Res(Cg, Cp,) = Res(CTy, CT,,)?, which in turn follows from Lemma A.1. O

Table 5: Cyclotomic trace polynomials CTy(z) of degree < 10.

deg | k deg | k
1 [1,2,3,4,6 6 | 13,21, 26, 28, 36, 42
2 | 5,8,10,12 8 | 17, 32, 34, 40, 48, 60
3 17,9 14,18 9 | 19,27, 38, 54
4 | 15,16, 20, 24, 30 || 10 | 25, 33, 44, 50, 66
5 |11, 22

Lemma 5.3 There are exactly 41 cyclotomic trace polynomials CTk(w) of degree < 10, among which 15 are
unramified. They are given in Table 5 with unramified ones being underlined.

Proof. Indeed, the cases k = 1 and k = 2 are trivial. For k¥ > 3 Euler’s totient ¢(k) admits a lower bound

k
e7loglog k + m

p(k) > do(k) :=

Y

where « is Euler’s gamma constant (see [2, Theorem 8.8.7] and [23, Theorem 15]). Thus the condition 20 > ¢(k)
implies 20 > ¢o(k) and a careful analysis of the function ¢g(x) in real variable > 3 shows that the latter

condition holds exactly for k = 3,...,93. A case-by-case check in this range gives all solutions k to the bound
deg CTy < 10 as in Table 5. O

5.3 Salem Trace Polynomials

A Salem number is an algebraic unit A > 1 whose conjugates other than A*! lie on the unit circle S* (see Salem
[25]). The monic minimal polynomial of a Salem number is called a Salem polynomial. A Salem polynomial is
a palindromic polynomial of even degree. A Salem trace is an algebraic integer 7 > 2 whose other conjugates
lie in the interval [—2, 2]. The monic minimal polynomial of a Salem trace is called a Salem trace polynomial.
Salem numbers A and Salem traces 7 are in one-to-one correspondence via the relation 7 = A + A7!. A Salem
polynomial S(z) and the associated Salem trace polynomial R(w) are related by

S(z) = 2%R(z + 271) with d:= deg R(w).
We say that S(z) and R(w) are unramified if |S(£1)| =1 and |R(£2)| = 1 respectively.

Example 5.4 McMullen [18, Table 4] gives a list of ten unramified Salem numbers ); of degree 22 and the
associated Salem polynomials S;(z) and Salem trace polynomials R;(w). Approximate values of \; and exact
formulas for R;(w) are given in Table 6.
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Table 6: Salem trace polynomials of degree 11 from McMullen [18, Table 4].

TN Salem trace polynomial R;(w)

1] 1.37289 | w(w — 1)(w + 1)*(w? — 4)(w® — 6w + 8w —2) — 1

2 | 1.45099 | (w+ 1)(w? — 4)(w® — 8wS — w® + 19w* + 3w® — 12w? + 1) — 1
3| 148115 | w(w — 1)(w + 1)*(w 2—4)(1115—611)3—1112—1—811)—1—1)—

4| 1.52612 | w?(w + 1)(w? — 4)(w? + w — 1)(w* — w® — 5w? + 3w+ 5) — 1
5| 1.55377 | (w—1)(w + 1)%(w? — 4)(w® — Tw? — w3 + 120? + 2w — 1) — 1
6 | 1.60709 (w—|—1)2( —4)(w? +w—1)(w* — 2w® - 3w? + 6w —1) — 1
71 1.6298 | (w+ 1)(w? —4)(w® — 8wb — wd + 19w* + 2w — 14w? +2) — 1
8 | 1.6458 | w(w + 1)%(w? 4)(w6—w — Tw* + 5w3 + 13w? —6w—2)—1
9 | 1.66566 | w(w + 1)(w? —4)(w” — — 2wt + 25w + 9w? — 20w — 8) —
10 | 1.69496 | w(w + 1)*(w? — 3)(w? — 4)(w4 —wd — 4w’ +2w+1) -1

Example 5.5 Lehmer’s number A, = 1.17628 discovered in [16] is the smallest Salem number ever known (see
e.g. Hironaka [11]). The associated Salem polynomial and Salem trace polynomial, that is, Lehmer’s polynomial
and Lehmer’s trace polynomial are given by

Lz) =2104+2% - 27— 286 — 25 — 24 — 23+ 241, (47a)
LT(w) = (w+ 1)(w? — 1)(w? — 4) — 1, (47b)

respectively. Note that they are unramified. Lehmer’s trace 71, 1= A, + Af ! is approximately 2.02642.

6 Hypergeometric K3 Lattices

An even unimodular lattice of rank 22 and signature (3,19), that is, index —16 is called a K3 lattice. Tt is well
known that the second cohomology group H?(X,Z) of a K3 surface X equipped with the intersection form is
a K3 lattice. We wonder whether a K3 lattice can be realized as a hypergeometric lattice.

Definition 6.1 A hypergeometric K3 lattice is a unimodular hypergeometric lattice of rank 22 and index
+16, where the index is calculated with respect to the invariant Hermitian form normalized by (r,r) = 2 as
n (29), which we call hypergeometric normalization. In the context of K3 lattice we should employ another
normalization that makes the index always equal to —16, which we call K3 normalization. When the index is
416 in the former normalization we can switch to the latter one by negating the invariant Hermitian form; this
amounts to taking the reversed normalization (v, ) = —2. The invariant Hermitian form with K3 normalization
is often referred to as the intersection form.

6.1 Real of Rank 22 and Index +16

Putting aside the integral structure and unimodularity condition for the moment we shall classify all real
hypergeometric group of rank 22 and index +16. We employ the hypergeometric normalization in Definition
6.1 and use the notations in §4. We now have deg ®(w) = |A| = 10 and deg ¥(w) = |B| = 11.

Theorem 6.2 A real hypergeometric group of rank n = 22 has index p — ¢ = +16, if and only if Ay, and Boy
have any one of the configurations in Table 7, where in case 5 we mean by “doubles adjacent” that the unique
double cluster in Ay, and the unique double cluster in B,y must be adjacent to each other. Each of cases 6, 7,
8 divides into two subcases as indicated in the constraints column.

Proof. We use Theorem 4.2 and Lemma 4.3 with n = 22. Equation (38) yields |14 ¢ — 25| = |p—¢| = 16, which
is the case if and only if

(6,5) = (1,~7),(1,9), (-1, F8). (48)
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Table 7: Real of rank 22 and index 16, where € = + is defined in (37).
case  § |Ain| |Bon| [Ain] [Bon) constraints e(p—4q) 6 S
1 8 7 8 17 18 16 1 -7
2 8 9 8 163! 18 16 1 -7
3 8 7 10 17 173! 16 1 -7
4 8 9 10 1631 173! 16 1 -7
) 9 9 10 1721 182! doubles adjacent 16 1 -7
6 9 8 10 18 1821 |Bs+4| =2 +16 -1 =8
79 10 10 1731 182! |Bsia| =2 +16 | -1 F8
8§ 10 10 10 1821 110 |Agra| =2 +16 -1 =8

If | B,y | is odd then § = (—1)14inl by (39a) and hence |A;,| # S mod 2 by (48), which contradicts the congruence
S = |Aj,| mod 2 in (40). Hence | By, | must be even and § = —(—1)14inl. Tt follows from (40) that 8 < |S|+1 <
s <|Bon| < |B] =11, so that we have either

‘Bon| =8, s=8; or |B0n| =10, s=38,9,10. (49)

A careful inspection shows that the only ten cases in Table 8 can meet the constraints (40), (48), (49) and
|Ain| < JA| = 10. Indeed, when s = 8 these constraints force (4,5) = (1,-7), I = 7, |Aw| = 7, 9 and
|Bon| = 8, 10, leading to cases 1-4 in Table 8. Here, for example, if |A;,| = 7 and |Bo,| = 8 then [A;,] = 17
and [Bo,] = 18, while if |A;,| = 9 and |Boy| = 10 then [A;,] = 193 and [B,,] = 173!, 1522, When s = 9
those constraints yield either (i) (6,S5) = (1,=7), |I| = 7, |Ain| = 9 and |Boy| = 10, which is case 5; or (ii)
(6,5) = (=1,F8), [I] = 8, |Ain| = 8, 10 and |B,,| = 10, leading to cases 6 and 7. When s = 10 one has (iii)
(0,5) = (—1,F8), |I| = 8 and |Ajn| = |Bon| = 10; or (iv) (6,5) = (1, -7), |I| = |Awn| = 9 and |B,y,| = 10; or
(v) (6,9) = (1,9), [I] = |Aw| = 9 and |Bon| = 10, which lead to cases 8, 9, 10 respectively. Let us make a
case-by-case treatment of these ten cases. In what follows “cases” refer to those in Table 8.

Table 8: Ten cases.

case s 0 S I JAwl |Bonl [Ain] [Bon]
1 8 1 -7 7 7 8 17 18
2 8 1 -7 7 9 8§ 193! 18
3 8 1 -7 7 7 10 17 1731, 1622
4 8 1 -7 7T 9 10 1631 1731, 1692
5 9 1 -7 7 9 10 172! 1821
6 9 -1 F8 8 8 10 18 1821
7 9 -1 F8 8 10 10 173! 1821
§ 10 -1 F8 8 10 10 182! 110
9 10 1 =7 9 10 19 110
10 10 1 9 9 10 19 110
In cases 1-4 we have I = {2,...,8}. In cases 1 and 2, since o; is odd for every i = 2,...,8, S = —7 is
actually realized. The same is true in cases 3 and 4 with [B,,] = 1731, In cases 3 and 4 with [B,,] = 1622,
let |Bg| = |By] =2 with 1 < k <1 < 8. Up to reflection (41) we may assume (i) k = 1 and | = 8; or (ii)
2 <k <1<8. Incase (i) o; is even for every i = 2,...,8, so that S = 7 contradicting S = —7. In case (ii) o; is
oddfor2 <i<kori+1<i<8andevenfork+1<i<Il soS=—(k—1)—8-)+(—-k)=2(I—k)—7> -5,
which again contradicts S = —7. Thus cases 3 and 4 with [B,,] = 1522 cannot occur.

In case 5 let |Ax| = |By| = 2 with 2 < k < 9 and 1 <1 <9, in which case I = {2,...,k,...,9}, Up to
reflection (41) we may assume | < k. Then o; isodd for2 <i<lork+1<i<9andevenforli+1<i<k-—1,
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sothat S=—-(1-1)—9—k)+(k—1-1)=2(k—1)—9 = —7 implies | = k — 1. Taking reflection (41) we
have also [ = k. Thus S = —7 is realized if and only if |Ay| = |Bk_1| = 2 or |Ay| = |By| = 2 holds for some
2 <k <9, that is, the double cluster in A;, and the one in B, must be adjacent to each other.

In cases 6 and 7 we have I = {2,...,9}. Let |By| =2 with 1 < k < 9. Up to reflection (41) we may assume
5<k<9. Then o; isodd for 2 <i < k and even for k+1 <i <9, so that S = —(k—1)+(9—k) =2(5—k) = F8
implies (k,S) = (9,—8). Taking reflection (41) we have also (k,S) = (1,8). In summary S = F8 forces
|Bst4| = 2.

In case 8 let |Ax| =2 and I = {27‘..,15,...,10} with 2 < k < 10. Then o; is odd for 2 < i < k —1 and even
for k+1<i<10,80S5=—(k—2)+ (10 — k) = 2(6 — k) = F8, which implies k = 6 £ 4, that is, |Asx4| = 2.

In cases 9 and 10 we have [Bo,] = 1% and I = {2,...,10}, so o; is odd for i = 2,..., 10, and hence S = —9,
i.e. neither S = —7 nor S = 9 occurs. Thus these cases cannot happen. All these observations lead to the
classification in Table 7. a

Some important information about A and B can be extracted from Table 7. Recall that an end cluster in
Ao, may be empty. If this is the case then it is called a null cluster.

Lemma 6.3 The following are valid for A and the same is true with B.

(1) Any non-null Ay, -cluster is simple except for at most one cluster of multiplicity 2 or 3.
(2) We have |Aogt| < 3 and if |Aogt| > 2 then any non-null Aey-cluster is simple.

(3) Any element of A is simple except for at most one element of multiplicity 2 or 3.

Proof. Table 7 tells us |Ai,| > 7 and so |Ay| + |[Asp1| + [Aog| = 10 — [Ajy| < 3, in particular [Aqg| < 3,
which gives the first part of assertion (2). We have also |A1| + |As4+1]| < 10 — |Ajy|. Using this inequality we
consider how Aj;, can be extended to A, by adding A; and Agyy. A careful inspection of all cases in Table
7 leads to assertion (1). Suppose |Aog| > 2 and hence |Aj,| < 8. Then we must be in one of the cases 1, 3, 6
in Table 7, where A;, consists of simple clusters only. Then A,, can also contain simple or null clusters only,
since |A1| + |As+1] < 1. This proves the second part of assertion (2). By assertion (1) any element of Agy is
simple except for at most one element which is of multiplicity 2 or 3. Moreover it follows from |Aqg| < 3 that
Aog can contain at most one multiple element, which is of multiplicity 2 or 3. If there is such an element then
the second part of assertion (2) implies that there is no multiple element in A,,. This proves assertion (3). As
for B assertions (1) and (2) can be seen directly from Table 7 and then assertion (3) is proved just in the same
manner as in the case of A. a

We now take the integral structure and unimodularity condition into account.

Lemma 6.4 If L(®, V) is a hypergeometric K3 lattice then any root of ®(w) is simple except for at most one
integer oot of multiplicity 2 or 3, whereas any root of U(w) is simple.

Proof. Tt follows from (3) of Lemma 6.3 that ®(w) admits at most one multiple root. If ®(w) actually contains
such a root 7, then any conjugate 7’ to 7 is also a multiple root, so uniqueness forces 7/ = 7, which means that
7 must be an integer. For the same reason any root of ¥(w) is simple except for at most one integer root, but
unramifiedness of ¥(w) rules out this exception because there is no unramified polynomial of degree one. O

Remark 6.5 If ®(w) admits a multiple root 7 € Z then the last condition in (46) yields ¥(r) = +1. This
equation help us find the multiple root of ®(w) if it exists.

6.2 Hodge Isometry and Special Eigenvalue

Let L be a K3 lattice and L¢ := L ® C be its complexification equipped with the induced Hermitian form. A
Hodge structure on L is an orthogonal decomposition

Le = H2 @ HY! @ HO2 (50)

of signatures (1,0) ® (1,19) @ (1,0) such that Hii = H’. We remark that Hy" := H“' N Lg with Lg := L®R
is a real Lorentzian space of signature (1,19) and the set of time-like vectors C := {v € Hy' : (v,v) > 0}
consists of two disjoint connected cones, one of which is referred to as the positive cone C™ and the other as the
negative cone C~ = —C™T.
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A Hodge isometry is a lattice automorphism F': L — L preserving the Hodge structure (50). We then have
either F/(C*) = C* or F(C*) = CT, according to which F is said to be positive or negative, respectively. For
any positive Hodge isometry F there is a trichotomy (see e.g. Cantat [5, §1.4]):

(E) There exists a line in CU{0} preserved by F. In this case the line is fixed pointwise by F and all eigenvalues
of F lie on S*'.

(P) There exists a unique line in C preserved by F and this line is on the light-cone dC. In this case the line
is fixed pointwise by F and all eigenvalues of F lie on S*.

(H) There exists a real number A > 1 such that A*! are the only eigenvalues of F outside S*. In this case the
eigenvalues A*! are simple and their eigen-lines are on the light-cone 9C.

In the respective cases F' is said to be of elliptic, parabolic or hyperbolic type. Since F' preserves the free
Z-module L, any eigenvalue of F' must be a root of unity in the elliptic and parabolic cases, whereas it is either
a root of unity or a conjugate to a unique Salem number A > 1 in the hyperbolic case. In any case F' restricted
to H'! has a real eigenvalue \ > 1.

Remark 6.6 A Hodge isometry F is positive and of hyperbolic type, if F|H! has a real eigenvalue A > 1.

Any Hodge isometry F : L — L admits a number 6§ € S* such that F|H?° = §I and F|H"? = §~1I, where
I is an identity map. Note that if § = +1 then F|H?° @ H*2 = £1. We refer to 6! and 7 := 5+ 67! € [-2, 2]
as the special eigenvalues and the special trace of F respectively. This observation leads us to the following.

Definition 6.7 Let ' : L — L be an automorphism of a K3 lattice L. An eigenvalue § € S* of F is said to be
special, if 6 # +1 and there exists a line £ C L¢ such that F|¢ = §I and the induced Hermitian form is positive

definite on ¢; or if 6 = +1 and there exists a plane P C L¢ such that F|P = +I, P = P and the induced
Hermitian form is positive definite on P. We refer to 7 := § + 61 € [~2, 2] as the special trace of F.

Remark 6.8 Since the K3 lattice L has signature (3, 19), the special trace 7 of F' is unique if it exists. Moreover,
if 7 # 42 then the pair (6, ) in Definition 6.7 is uniquely determined by F up to exchange of (§,¢) for (671, 7).

If a lattice automorphism F' : L — L admits a special eigenvalue § # +1 with associated line £ C L¢, then
Le=H*oH"' o H*? =(o (o)l (51)

gives a unique Hodge structure up to complex conjugation such that F'is a Hodge isometry. Here the description
of the case 0 = +1 is omitted as it is not used in this article.

Let L = L(A, B) be a hypergeometric K3 lattice in K3 normalization (see Definition 6.1). It is natural to
ask if A (or B) admits a special eigenvalue or equivalently a special trace. First we focus on the matrix A.
Recall from §3.3 that F(\) stands for the generalized eigenspace of A corresponding to an eigenvalue A € aoy
and m(A) = dim E(A) is the multiplicity of A. Denote by V() the A-eigenspace of A in the narrow sense.

Lemma 6.9 For any eigenvalue A € aoy one has dimV(A) = 1 and if m(X) > 2 then V(X) must be isotropic
with respect to the invariant Hermitian form. In particular if A admits a special eigenvalue § then it is simple
i.e. m(8) =1 and different from +1, so that the special trace T := 6 + 6~ is different from +2.

Proof. Theorem 2.1 says that r is a cyclic vector for the matrix A. Let v be its projection down to E(X) relative
to the direct sum decomposition (24). Then v is a cyclic vector of A|E(\), so if we put v; := (4 — )7~ 1w
for j € Z>1 then vq,...,v,, with m := m(\) form a basis of E()A). Since v,,4+1 = 0, we have Av,, = A\v,, and
hence V(A\) = Cv,, is 1-dimensional. If m > 2, using v,, = Av,,—1 — Av,,—1 we have

)\(Um;vm) = (Avm7Avm—1 - A’U7n—1) = (Avm7Avm—1) - ()\vmy /\’Um—l)
= (Umvvmfl) - ‘)\|2(Umvvm71) = 07

by A-invariance of the Hermitian form and A € S*, so the Hermitian form vanishes on V' ()). Let § be a special
eigenvalue of A. If § = £1 then the associated plane P in Definition 6.7 must be contained in the line V(J),
but this is impossible. So we have § # +1 and ¢ = V(§). Since the Hermitian form is positive-definite on V'(4),
we must have m(d) = 1. It is evident that the special trace 7 is different from +2. O
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Remark 6.10 If A admits a special trace then the recipe (51) yields a unique Hodge structure on L up to
complex conjugation such that A is a Hodge isometry. Since +A induce the same Hodge structure, it makes
sense to speak of A being a positive or negative Hodge isometry. The hypergeometric group H = (4, B) can
then be normalized so that A is positive, otherwise by replacing H with its antipode H?* mentioned in Remark
2.2. Lemma 6.9 and these remarks are also valid for the matrix B.

6.3 Determination of Special Trace

To consider when a special trace exists and to determine it explicitly, we begin with the following.

Lemma 6.11 Suppose that A admits a special trace and becomes a positive Hodge isometry with respect to the
Hodge structure (51). Then the pair (M (2), idx(1)) is (0,1) n the elliptic case; (1,—1) in the parabolic case;
and (0, —1) in the hyperbolic case respectively, while one has M(—2) = 0 and idx(—1) = —1 in every case, where
the index is taken in K8 normalization in Definition 6.1. Moreover any root of ®(w) is simple.

Proof. Let §*! be the special eigenvalues of A. Consider the associated Hodge structure (51) and use Lemma
6.9 repeatedly. Since § # 41 we have V(£1) C E(+1) ¢ HY'. Let Ve(£1) := V(£1) N Lg C Hy'. If the
line Vg(—1) lies in C then A sends C* to CT as A = —I on Vg(—1). This contradicts the positivity of A, so
V& (—1) must be in the space-like region. Thus the Hermitian form A is negative-definite on V(—1) and we must
have m(—1) = 2M(-2) 4+ 1 =1, i.e. M(—2) =0 and idx(—1) = —1. In the elliptic and parabolic cases V(1)
is the unique line in C preserved by A. Accordingly, in the elliptic case h is positive definite on V(1), so we
have m(1) = 2M(2) +1 = 1, i.e. M(2) = 0 and idx(1) = 1. Similarly, in the parabolic case h vanishes on
V(1) and has signature (u,v) = (M(2),M(2) + 1) or (M(2) +1,M(2)) on E(1), which forces M(2) = 1 and
(u,v) = (1,2), ie. idx(1) = —1, since E(1) C HY! and H>! has signature (1,19). In the hyperbolic case h
must be negative-definite on E(1) because h has signature (1,1) on E(\) @ E(A~!) C HY! where ) is the real
eigenvalue of A strictly greater than 1. This makes M (2) = 0 and idx(1) = —1. Let U be E(1) in the elliptic or
parabolic case and E(\) @ E(A~!) in the hyperbolic case. Then h is negative-definite on U+ N H*'. Hence by
Propositions 3.5 and 4.5 any root of ®(w) other than 7 = § + ¢! and 2 is simple. Simpleness of 7 also follows
from the same propositions, while if 2 is a root then it is simple because M (2) = 1 as just shown. ]

We are now in a position to prove Theorems 1.2 and 1.3 stated in the Introduction, §1.

Proof of Theorem 1.2. Suppose that A is a positive Hodge isometry admitting a special trace 7 = 7(A).
By Lemma 6.11 we have A} = A7, A3, | = A, | = A,41 and Ay, = Ay, in the notation of Theorem 4.6. An

inspection of Table 7 allows us to rewrite (45) in K3 normalization (see Definition 6.1). Indeed, since p—¢q = —16
in this normalization, we have e = —1 from &(p — ¢) = 16 in cases 1-5; and € = F1 from e(p — ¢) = 16 in cases
6-8 of Table 7. Moreover we have § = 1 and § = —1 in respective cases. Formulas (45a) now read

idx(1) = —(=1)! 41l idx(—1) = —(=1)!4=+l  in cases 1-5,
idx(1) = F(—1)A11, idx(—1) = £(—1)MAs+1l in cases 6-8 of Table 7.

These equations are combined with Lemma 6.11 to determine the parities of |A7| and |Asy1]|. Then Idx(AJ)
and Idx(A;s11) are evaluated by the formulas (45b), which now look like

Idx(AJ) = —Par(|AJ]), Idx(A7 ;) = —Par(|As11]) in cases 1-5,
Idx(A7) = FPar(|A]]), Idx(Ag, ) = £Par(|A.11]) in cases 6-8.

Recall also from Lemma 6.11 that A; = A7 in the elliptic and hyperbolic cases, while A; = A] U {2} in the
parabolic case. The information so obtained and a further use of Lemma 6.11 confine the possibilities of A;
and As41. In particular, subcase |Bg| = 2 of case 7 and subcase |A1g| = 10 of case 8 are excluded in the elliptic
case, whereas cases 7 and 8 are altogether ruled out in the parabolic and hyperbolic cases.

The special trace is the (unique) element 7 such that idx(7) = 1. In cases 1-5 of Table 7 the first formula
in (45¢) reads Idx(A;,) = —7. In cases 1 and 3 where |A;,| = 7, this implies that all elements of A;, have local
index —1, so 7 must lie either in A; or in As;y1 = Ag. Which of them contains 7 can be seen as follows. In
elliptic case we have |A1| + |Ag| = 3, |A1] odd, |Ag| even, Idx(A;) = —1, Idx(Ag) = 0, hence (i) |A1| = 3,
|Ag] =0 and 7 € Ay; or (ii) |A1] =1, |Ag| = 2 and 7 € Ay. In parabolic case we have |A7| + |Ag| = 2, |AJ]
and |Ag| both even, Idx(A7) = Idx(Ag) = 0, hence (i) |AJ| = 2, |Ag| =0 and 7 € AJ; or (ii) |[A]| =0, |Ag| =2
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and 7 € Ag. In hyperbolic case we have |A1| + |Aq| = 2, |A1] and |Ag| both even, Idx(A;) = Idx(Aq) = 0,
hence (i) |A1]| =2, |Ag| =0 and 7 € Ay; or (ii) |[A1] =0, |Ag| =2 and 7 € Ag. In cases 2, 4, 5 where |A;,| =9,
there is a unique element of A;, with local index 1 (which is exactly 7) and all the other elements have local
index —1. Cases 6-8 can be treated in a similar manner, where the first formula in (45c) reads Idx(A;,) = —8
with |Aj,| being either 8 or 10. In any case, once the configuration of the clusters is fixed, formula (43) tells us
exactly where 7 is located. In particular 7 lies in the unique multiple cluster, if it exists, and 7 is its middle
element if it is triple. Exhausting all possibilities we obtain all conditions in Theorem 1.2 as well as in Tables
1 and 2. By a case-by-case check it can be seen that these necessary conditions are also sufficient. a

Proof of Theorem 1.3. Suppose that B is a positive Hodge isometry admitting a special trace T = 7(B). If
B is of elliptic or parabolic type then |Bog| = 0, while if B is of hyperbolic type then |Bog| = [Bs2| = 1. On
the other hand, since |B| = 11, we observe in Table 7 that |Bog| = 3 in cases 1-2, and |Bog| = 1 in cases 3-8
respectively. Thus cases 1-2 cannot occur and we must be in cases 3-8 with |Bog| = |Bs2| = 1. In particular
B must always be of hyperbolic type. Note that ¥(+2) # 0 is an immediate consequence of B,, C (-2, 2).
Assertion that all roots of ¥(w) are simple and those of ®(w) are simple except for at most one exception
follows from Lemma 6.4. This in particulat implies B,, = B,y in the notation of Theorem 4.6. The second
formula in (45¢) adapted in K3 normalization reads Idx(Bon) = —8. Since |Boy| = 10 in cases 3-8, this shows
that there exists a unique element of B, with local index 1 (which is exactly 7) and all the other nine elements
have index —1. Indeed, only in this case we have Idx(Bo,) = 1-1+ 9 (=1) = —8. The location of 7 can be
determined by formula (43). Exhausting all possibilities we obtain all conditions in Theorem 1.3 as well as in
Table 3. By a case-by-case check it can be seen that these necessary conditions are also sufficient. a

7 K3 Structure

Given a K3 lattice L with a Hodge structure (50), the Picard lattice and the root system are defined by
Pic:= LN H"! and A := {u € Pic: (u,u) = —2} respectively. Given a positive cone C* C C, a set of positive
roots is by definition a subset A* C A such that A = AT II (—A™) and

K:={veC":(v,u)>0 for any u € A"}

is nonempty, in which case K is called the Kéhler cone associated with A*. Note that AT determines a basis
Ay, of the root system A and vice versa. A Picard-Lefschetz reflection is a lattice automorphism o, : L — L
defined by 04, (v) := v+ (v, u)u for each u € AT. The group W := (0, | u € AT) generated by those reflections
is referred to as the Weyl group. It acts on C* properly discontinuously and the closure in C* of the Kéhler
cone K is a fundamental domain of this action. Each fundamental domain is called a Weyl chamber.

Definition 7.1 A K3 structure on a K3 lattice L is a specification of (i) a Hodge structure, (ii) a positive cone
C™ and (iii) a set of positive roots AT. These data determines the associated Kéhler cone K. Alternatively we
can specify (i), (ii) and (iii") a Weyl chamber K C C* which we call the Kéhler cone, in place of (iii). In this
case the set of positive roots A* is associated afterwards. See McMullen [20, §6].

7.1 Synthesis of Automorphisms

Any K3 surface X induces a K3 structure on H?(X,Z); its Hodge structure is given by the Hodge-Kodaira
decomposition of H2(X, C); its Kihler cone K(X) is the set of all Kéhler classes on X; its positive cone C*(X) is
the connected component containing K(X); the set of positive roots A*(X) is that of all effective (—2)-classes.
Any automorphism f : X — X induces a lattice automorphism f* : H(X,Z) — H?(X,Z) that preserves the
K3 structure. Conversely, the Torelli theorem and surjectivity of the period mapping tells us the following.

Theorem 7.2 Let L be a K3 lattice. Any K3 structure on L is realized by a unique marked K3 surface (X, 1) up
to isomorphism and any lattice automorphism F : L — L preserving the K3 structure is realized by a unique K3
surface automorphism f: X — X up to biholomorphic conjugacy, that is, there exists a commutative diagram:

H*(X,7) —— L

f*l JF (52)

H?*(X,Z) —— L.
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The K3 surface automorphism f : X — X so obtained is called the lift of F'. Thus constructing a K3 surface
automorphism amounts to constructing an automorphism of a K3 lattice preserving a K3 structure. There may
be curves in the surface X and it will later be necessary to see how irreducible curves are permuted by f.

Lemma 7.3 In Theorem 7.2 suppose that the intersection form is negative-definite on Pic. Then any irreducible
curve C' C X is a (—2)-curve and hence the unique effective divisor representing the nodal class [C] € Pic(X).
Through the marking isomorphism v in (52) the (—2)-curves in X are in one-to-one correspondence with the
simple roots in AT, that is, the elements of Ay, C L and how these curves are permuted by f is faithfully
represented by the action of F' on Ay, or equivalently on its Dynkin diagram.

Proof. By assumption Pic C L is negative-definite and even, so is Pic(X) C H?(X,Z). Since any irreducible
curve C' represents a non-trivial effective class [C] € Pic(X), its self-intersection number (C,C) is an even
negative integer. But the irreducibility of C forces (C,C) > —2 and so (C,C) = —2, which implies that C' is a
(—2)-curve. The remaining assertions follow from Barth et al. [3, Chap. VII, (3.7) Proposition]. 0

In particular the irreducible f-invariant curves in X are in one-to-one correspondence with those elements
of Ay, which are fixed by F. The union & = £(X) of all (—2)-curves in X is called the exceptional set. The
dual graph of its intersection relations is represented by the Dynkin diagram mentioned in Lemma 7.3.

If F: L — L is an automorphism of a K3 lattice L admitting a special trace, then F' is a Hodge isometry
with respect to the Hodge structure (51). We may assume that F is a positive Hodge isometry, otherwise by
replacing F' with —F. For any K3 structure having (51) as its Hodge structure, F obviously preserves the Hodge
structure and the positive cone C*, but it is not always true that F' preserves the Kihler cone K; it may be sent
to a different Weyl chamber F(C). However, there exists a unique element wp € W that brings F'(K) back to
KC, since the Weyl group W acts simply transitively on the set of Weyl chambers. The modified map

F:=wpoF (53)

preserves the K3 structure and hence lifts to a K3 surface automorphism via Theorem 7.2. In §7.3 we shall
apply this scenario to a hypergeometric K3 lattice with the map F' being the matrix A or B.

7.2 Picard Lattice

Let L be a K3 lattice with Hodge structure (50) and F' : L — L be a positive Hodge isometry with special
eigenvalues §(F)*!. If xo(z) is their minimal polynomial then the characteristic polynomial y(z) of F factors
as

X(2) = xo0(2) - x1(2) (54)

for some monic polynomial y1(z) € Z[z]. Consider the Picard lattice Pic := L N H"!. It is projective or not
depending on whether it contains a vector of positive self-intersection or not.

Theorem 7.4 Suppose that 6(F') is different from £1 and that xo(z) and x1(z) are coprime. Then
Pic={v e L: x1(F)v =0}, (55)

the intersection form is non-degenerate on Pic and the Picard number p := rankPic is given by p = 22 —
deg x0(z), which is necessarily even and < 20. In the projective case xo(z) is a cyclotomic polynomial of degree
> 2 and Pic has signature (1,p — 1). In the non-projective case xo(z) is a Salem polynomial of degree > 4, the
associated Salem number gives the spectral radius A(F) and Pic has signature (0, p).

Proof. There exist orthogonal direct sum decompositions
LK :LO(K)@Ll(K) for K:@7 @a (C7 (56)

where L := L ® K and L;(K) := {v € Lg : x;(F)v = 0} for i = 0,1. Indeed, since xo(z) and x1(z) are
coprime, we have ¢o(2) - x0(2) + ¢1(2) - x1(2) = d for some d € Z>1 and ¢o(2), ¢$1(%) € Z[z], so the orthogonal
projection P; : Loy — L;(Q) is given by P; := d~¢1_;(F) - x1-;(F) for i = 0,1. This yields (56) for K = Q,
which in turn gives (56) for K = Q, C. Let u € Lo(Q) be a §(F)-eigenvector of F. Since u € H?? and
Pic ¢ HY!', we have u L Pic and so o(u) L Pic for any 0 € G := Gal(Q/Q). This implies Lo(Q) L Pic
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and hence Pic C L;(Q) ¢ HY! by (56) for K = Q, because the vectors {o(u)},ec span Lo(Q). Therefore

Pic=LNL1(Q) ={v € L: x1(F)v =0}, which yields (55). Moreover we have
H*" @ H*? C Ly(C),  Picg = L1(Q), (57)

where Picg := Pic ® Q. Non-degeneracy of Pic and p = 22 — deg xo(z) follow from (56), the latter part of
(57), non-degeneracy of L and rank L = 22. Recall that Lc and H?% @ H%? have signatures (3,19) and (2,0)
respectively. Thus the former part of (57) implies that the total signature (3,19) decomposes into either (i)
(2,20 — p) & (1,p — 1); or (ii) (3,19 — p) @ (0, p), along the orthogonal decomposition (56) for K = C.

On the other hand, xo(z) is either (C) a cyclotomic polynomial; or (S) a Salem polynomial. In case (C),
since 6(F) # +1, the polynomial xo(z) is of degree even and has distinct roots Ay,..., Amy AL, .evy Ay € 1
with deg xo(2) = 2m > 2. Then Lo(C) admits an orthogonal decomposition Lo(C) = @2, E(\;) @ E()\j) by
eigenspaces, where E();) and E();) have the same signature (1,0) or (0,1). Thus Ly(C) must have a signature
of the form (even, even), so we are in case (i) and Ly (C) must have signature (1, p—1). In case (S) the polynomial
Xo(2) has distinct roots A*! and A1, ..., A\, A1, ..., A € ST with A > 1 being a Salem number and deg xo(z) =
2(m +1) > 4. Then Lo(C) admits an orthogonal decomposition Lo(C) = E(A\,A™1) @ @)L, E(\;) @ E();) as
in (24), where E(A\, A1) has signature (1,1) while E();) and E();) have the same signature (1,0) or (0,1).
Thus Lo(C) must have a signature of the form (odd, odd), so we are in case (ii) and L1 (C) must have signature
(0, p). These observations and the latter part of (57) then lead to the dichotomy in the theorem. Clearly cases

(C) and (S) correspond to the projective and non-projective cases respectively. O

Let L = L(p, %) be a hypergeometric K3 lattice and let FF = A or B. Suppose that F admits a special
eigenvalue §(F') such that F' is a positive Hodge isometry with respect to the Hodge structure (51). Let xo(2)
be the minimal polynomial of 6(F)*!. There then exists a factorization of polynomials (54).

Proof of Theorem 1.5. Recall from item (4) of Remark 1.4 that §(F) is different from £1. By item (1) of the
same remark any root of x(z) is simple except for the triple root z = 1 in the parabolic case of Theorem 1.2. In
any case xo(z) and x1(z) are coprime, since z = 1 cannot be a root of x(z). Thus Theorem 7.4 establishes all
assertions in Theorem 1.5 other than the one on standard basis. Formula (1) shows that r is a cyclic vector for
both F = A and B. So any vector v € L can be expressed as v = x2(F)r for a unique polynomial x2(z) € Z|z]
such that deg x2(z) < 21. In view of (55) we have v € Pic if and only if x;1(F') - x2(F)r = 0, which is the case
exactly when x(z) divides x1(z) - x2(2), that is, xo(z) divides x2(z). Upon writing x2(z) = x3(2) - x0(2), any
vector v € Pic can be represented as v = x3(F')s with s := xo(F)r for a unique polynomial x3(z) € Z[z] such
that deg x3(z) < p— 1. Hence s1,...,s, form a free Z-basis of Pic. O

7.3 Bringing-back Algorithm

In the non-projective case there exists an algorithm to output the Weyl group element wr € W in (53) for
F = A or B. Before stating it we make a remark about Kéhler cone. There exists an orthogonal decomposition
H]é’l = Vg @ Picg of signatures (1,19 — p) & (0, p), where Picg := Pic ® R and the Weyl group W acts on Vg
trivially. Thus the intersection form (u,v) restricted to Picg is negative-definite. For the sake of convenience
in Algorithm 7.5 below we turn it positive-definite by putting (u,v) := —(u,v). Let Cq := C* N Vg and

K1 = {v; € Picg : (v1,u) = —(vy,u) >0 for any u € A1}, (58)
We refer to Ky as the essential part of the Kéahler cone K, since the latter is represented as
K={v=vo+wv1:v9€Cq,v1 €Ki, (vo,v0) + (v1,v1) > 0}.

Algorithm 7.5 Take A = Z(p) and B = Z(v) as in (7) and specify F'= A or B.

1. Gram matrix. The Gram matrix (s;, s;) for the standard basis s1, ..., s, of Pic (see Theorem 1.5) can
be evaluated explicitly by using formula (2) in Theorem 1.1 (or its B-basis version). Note that (s;, s;) depends
only on |i — j|. We give an algorithm to find all roots of the root system A.

2. Finding all roots. We have an even, positive-definite quadratic form

P
Qtr, ... tp) = (w,u) = Y (si,s;)tit; in  (tr,....t,) €2,

i,j=1
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by expressing each element w € Pic as a Z-linear combination w = t18; + --- 4+ t,5,. Finding all roots in A
amounts to finding all integer solutions to the inequality Q(t1,...,t,) < 2. Indeed, all but the trivial solution
0 =(0,...,0) lead to the solutions of the equation Q(t1,...,t,) = 2, because Q(t1,...,t,) cannot take value 1.
As a positive-definite quadratic form, Q(t1,...,t,) can be expressed as

p
Q(tla"'atp):ch{tj_pj(t17"'7tj—1)}2, Cj€Q>0a jzlv"'ap7 (59)

Jj=1

where p1 = 0 and for j = 2,..., p the expression p;(t1,...,t;—1) is a linear form over Q in ¢1,...,t;_1. Note
that ¢; and p; can be calculated explicitly in terms of the coefficients of Q(t1,...,t,).

Let Qi (t1,...tk—1;t;) be the partial sum of (59) summed over j = 1,...,k; it is a quadratic function of t,
once t1,...,tr_1 are given. We define a rooted forest in the following manner. First, let all integer solutions ¢;
of the inequality @Q1(t1) < 2 be the roots (in graph theory) of the forest. Next, for each root t1, let all integer
solutions ty of Q2(t1;t2) < 2 be the children of ¢;. Inductively, given a parent t; with its ancestors ¢y,...,tx_1,
let all integer solutions tx11 of Q+1(t1,-..,tk;tk+1) < 2 be the children of t;. Consider all paths from roots
to leaves, say, (t1,...,tx). Some of them may continue to the p-th generation, that is, k& = p, while others
may not. All paths (¢1,...,t,) that continue to the p-th generation yield all integer solutions to the inequality
Q(t1,...,t,) <2 and hence all elements u € A along with the origin 0.

3. Positive roots, simple roots and the Kahler cone. Provide Pic with a lexicographic order in the
following manner: for w =t;8, + -+ +t,8,, u' =t}s; +--- +1,s, € Pic,

u o <L there exists an i € {1,..., p} such that t; > t; and t; =t/ for all j <. (60)

Then in the previous step all solutions w = t181 + - -- 4+ ¢,8, > 0 give the set of positive roots A*. An element
u € AT is a simple root if and only if u — uw’ &€ AT for any u’ € AT. This test can easily be carried out by
computer and we obtain the set of simple roots, say Ay, that is, the basis of A relative to AT. Looking at
Ay, we can draw the Dynkin diagram of A, which indicates the irreducible decomposition of A as well as the
Dynkin type of each irreducible component. The essential part K; of the Kéhler cone K is defined by (58). It
is the negative of the Weyl chamber C(4) containing the regular vector & := £ >, 1+ u € Picg.

4. Bringing back. The matrix F' sends —K; = C(d) to the Weyl chamber C(d) containing the regular
vector d := F'd € Picg. Let wp € W be an element maximizing (w(d), §) for w € W. We claim that wp brings
C(d) back to C(d). Indeed, for any w € Ay, one has 0,,(8) = § — u by Humphreys [12, §10.2, Lemma B] and
hence the defining property of wr and o,-invariance of the inner product yield

(wr(d),8) = ((puwr)(d),8) = (wr(d), pu(9)) = (wr(d), 6 —u) = (wr(d), §) — (wr(d), ),

that is, (wp(d),uw) > 0. This implies more strictly that (wp(d),u) > 0 for any u € Ay, since wr(d) is a regular
vector. Thus we have wp(d) € C(§) and so wp(C(d)) = C(d). Note that the element wp € W is unique
because W acts on the set of Weyl chambers simply transitively.

5. Product of Picard-Lefschetz reflections. To determine wp explicitly, let PL be the set of all
Picard-Lefschetz reflections together with the identity transformation 1. Start with dy := d and find an element
o1 € PL maximizing (o(dp),d) for ¢ € PL. If o1 = 1, stop here; otherwise, put d; := o1(dp) and find o3 € PL
maximizing (o(d;),d) for o € PL. Inductively, given o) € PL and di_;1 € Picg, if o = 1, stop at this stage;
otherwise, put di := ok (dr—1) and find yet another o411 € PL maximizing (o(dy),d) for o € PL. We claim
that

if ox+1 =1 then dj € C(6); otherwise, (oy41(dk),d) > (di, 9). (61)

Indeed, if 041 = 1 then for any u € Ay, we have from Humphreys [12, §10.2, Lemma B,
(di,8) = (ou(dr), ) = (di, 0u(d)) = (di, d — u) = (di,d) — (dy, u),

that is, (dg,u) > 0, which in turn implies (dj,u) > 0 for any u € Ay, since dy is a regular vector. Thus
di, € C(0) and the first part of (61) is proved. Next, suppose that oj1 # 1 is the Picard-Lefschetz reflection
associated with a positive root uj; € AT. Then

(ok+1(di), 0) = (di — (dk, Wt1)Uk41,0) = (di, 6) — (di, Up41) (Uk+1,9),
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where (dy, ur+1){ug+1,d) is nonzero, since dy and § are regular vectors. On the other hand, by the defining
property of o1 we have (o;11(dg),8) > (di,d) and thus (ok11(dr), d) > (dx, d).

Since {(w(d),d) : w € W} is a finite set, it follows from (61) that the step-by-step procedure mentioned
above eventually terminates with o411 = 1 and leads to the desired representation wg = o 0op_10--- 007 as
a product of Picard-Lefschetz reflections.

6. Modified matrix. Let wp act on the whole lattice L by extending it as identity to the orthogonal
complement of Pic. The modified matrix F' := wp o F then preserves the Kahler cone K and hence preserves
the K3 structure constructed from F. Thanks to factorization (54) and the non-projective assumption the
characteristic polynomial Y(z) of F' factors as

X(z) =x0(2) - x1(2),  degxo(z) =22—p, degxi(z) =p, (62)

where the Salem polynomial component xo(z) is the same as that in (54), while Y1(2) is the characteristic
polynomial of F'|Pic. Thus F' has the same spectral radius as F.

7. Action on the Dynkin diagram. Since F preserves A', it also preserves A,. Thus F induces an
automorphism of the corresponding Dynkin diagram. Describe this action explicitly.

_ Now we are able to obtain a K3 surface automorphism f : X — X as the lift of the modified Hodge isometry
F : L — L. This establishes Theorem 1.6. Step 7 is used to apply Lemma 7.3 to the constructed map f.

Remark 7.6 The Picard number p is always positive for F' = A, while it can be zero for F' = B. If p = 0 then
Pic is trivial, the Kéhler cone K coincides with the positive cone CT, so there is no need to modify B by a Weyl
group element. In this case t(z) is an unramified Salem polynomial of degree 22.

8 K3 Surface Automorphisms

We illustrate the method of hypergeometric groups by constructing many examples of non-projective K3 surface
automorphisms of positive entropy. In this article we present only a couple of cases involving ten Salem numbers
of degree 22 and Lehmer’s number. Much wider applications of our method will be reported upon elsewhere.
Tables in this section are created by implementing the Mathematica programs in our webpage [13].

8.1 Salem Numbers of Degree 22

Things are simpler with Salem numbers of degree 22 by Remark 7.6. McMullen [18, Table 4] gives a list of ten
unramified Salem polynomials S;(z) of degree 22, i = 1,...,10, for each of which he constructs a K3 surface
automorphism f : X — X with a Siegel disk such that the induced map f* : H%(X,Z) — H*(X,Z) has S;(2)
as its characteristic polynomial (see [18, Theorem 10.1]). The Salem trace polynomials R;(w) associated with
Si(z) are given in Table 6. Applying our method to them we are able to construct a much greater number of
K3 surface automorphisms with a Siegel disk. We refer to §9 for discussions about Siegel disks.

Setup and Tests. In order to deal with Salem numbers of degree 22 it is necessary to use the matrix B.
Let R(w) be an unramified Salem trace polynomial of degree 11. We look for all hypergeomtric K3 lattices L
such that ¥(w) = R(w) and ®(w) is a product of cyclotomic trace polynomials of the form

O(w) = CTh(w) == [ CTh(w) with Y degCTy(w) = 10, (63)

kek kek
where k is a multi-set of positive integers whose elements k& come from Table 5. By the last part of Theorem
1.3 any element of k is simple except for at most one element of multiplicity 2 or 3, where the multiple element

must be one of 1, 2, 3, 4, 6. An inspection of Table 5 shows that k has at most seven distinct elements and this
number reduces to six if k has a triple element. With this setup our tests proceed as follows.

(1) Find all k’s satisfying the unimodularity condition (46’), which reads Res(CTy, R) = £1 for every k € k.
(2) Judge which of the k’s above are K3 lattices according to the criterion in Theorem 1.3.

(3) Identify the special trace 7 € (—2, 2) of the matrix B by using Theorem 1.3 again.
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For each of the data in (63) passing two tests in steps (1) and (2), the information from step (3) allow
us to provide L with the Hodge structure (51), with respect to which B is a positive Hodge isometry, since
U(w) = R(w) is a Salem trace polynomial (see Remark 6.6). Specify one component of C as the positive cone
CT as well as the Kéhler cone K. Thanks to Theorem 7.2 the Hodge isometry B : L — L then lifts to a K3
surface automorphism f: X — X.

We carry out the above-mentioned tests for the ten Salem trace polynomials R;(w) in Table 6. For each
i=1,...,10, let y190 < -+ < y2 < y1 be the roots of R;(w) in the interval (—2, 2). Numerical values of them
are given in Table 9, where the roots greater than 7y := 1 — 2v/2 are separated from those smaller than 7y by a
line; this information will be used to discuss Siegel disks in §9. Note that y;( is always smaller than 7.

Table 9: Roots smaller than 2 of the Salem trace polynomials in Table 6.

R, Rs Rs Ry Rs

Y1 1.993294 1.988033 1.995401 1.995839 1.994419

Y 1.205977 1.76766 1.339130 1.495199 1.594614

Y3 0.9297159 0.7304257 0.9728311 0.5691842 0.9860031
Y4 0.3600253 0.3763138 0.1183310 0.2303372 0.2512725
Ys —0.1005899 | —0.3628799 | —0.3009327 | —0.2778793 | —0.5016395
Y6 —0.8098076 | —0.8420136 | —0.736344 —0.6300590 | —0.7481516
Y7 —1.19931 —1.280397 —1.297751 —1.18174 —1.209765
Ys —1.667161 —1.677966 —1.492648 —1.515876 —1.746739
Y9 —1.842436 —1.891176 —1.770639 —1.897604 —1.866712
y10 | —1.970982 —1.948177 —1.983677 —1.96877 —1.950669

R Ry Rg Ry R

Y1 1.997218 1.996192 1.992823 1.988808 1.995293

Y 1.368950 1.521855 1.816402 1.855143 1.738103

Y3 0.526038 0.8486504 0.6683560 1.144637 0.773170

im 0.3786577 0.4924207 0.08744302 | 0.02840390 | 0.0659823
Ys —0.1559579 | —0.4803898 | —0.3825477 | —0.4829143 | —0.4868621
Y6 —0.7702764 | —0.8293021 | —0.7409521 | —0.8693841 | —0.6959829
Y7 —1.274529 —1.297520 —1.234218 —1.419774 —1.265297
Y8 —1.464669 —1.694755 —1.698505 —1.704027 —1.548546
Y9 —1.85815 —1.838895 —1.790300 —1.868712 —1.904399
y10 | —1.97660 —1.961625 —1.971905 —1.938202 —1.956408

Theorem 8.1 In the above setting we have a hypergeometric K3 lattice such that the matriz B admits a special
eigenvalue § conjugate to the Salem number \;, if and only if ¥V(w) = R;(w) and k are as in Table 10, where the
special trace T := 5+~ is given in the “ST” column, while the “case” column refers to the case in Table 3. For
each entry of the table the positive Hodge isometry B : L — L lifts to a K3 surface automorphism f: X — X of
entropy h(f) = log A\; with special trace 7(f) = 7 and Picard number p(X) = 0. The “S/H” column is explained

in Theorem 9.3.

Proof. Carrying out the tests for each polynomial R;(w) in Table 6 by computer, we have all possible values of
k as in Table 10 along with the information about cases and special traces. Each of these data leads to a K3
surface automorphism f : X — X via Theorem 7.2.

|

Table 10: K3 surface automorphisms from Salem numbers of degree

22.
v Case k ST S/H v Case k ST S/H
Ry 1 1,1,1,3,4,6,16 ys S R 1 1,1,2,3,4,6,16 ys S
R 1 2,2,1,3,4,6,16 ys S R 1 2,2,2,3,4,6,16 ys S
Ry 2 3,3,1,3,4,6,16 ys S R, 2 3,3,2,3,4,6,16 ys S
R 2 4,4,1,3,4,6,16 ys S R, 2 4,4,2,3,4,6,16 ys S
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continued

U Case k ST S/H v Case k ST S/H
Ry 2 3,3,1,4,8,24  ys S Ry 2 3,3,2,4,8,24  ys 9
Ry 2 4,4,1,4,8,24  ys S Ry 2 4,4,2,4,8,24 ys S
Rg 2 4,4, 177, 24 yr S Rg 2 474,2, 7,24 Y7 S
Rg 2 4,471,4, 12,24 yr S Rg 2 4,4,2,4, 12,24 Y7 S
Ry 3 3,3,1,7,24 yr S Ry 3 3,3,2,7,24 yr S
Ry 3 3,3,1,4,12,24  y; S Ry 3 3,3,2,4,12,24  y; S
Ry 3 1,3,12,42 ys S Ry 3 2,3,12,42 ys S
Ry 5 1,2,3,16,18 yo H Ry 5 1,1,3,16,18 yio H
Ry 5 2,2,3,16,18 yio H Ry 7 3,3,3,16,18 yio H
Ry 7 4,4,3,16,18 yio H Ry 8 30, 42 v S
]%9 8 3,12,18,24 Y1 S }%10 1 172,3,4,36 Yo H
RIO 1 1, 1,3,4,36 Yo H R10 1 272,3,4,36 Yo H
Ry 1 1,1,1,4,12,24  y, S Ry 1 1,1,2,4,12,24  y; S
RIO 1 2,2,1,4, 12,24 yr S R10 1 272,2,4, 12,24 Y7 S
R10 2 3,3,3,4, 36 Y9 H R10 2 4,4,3,4,36 Yo H
Ry 2 4,4,1,4,12,24  y; S Ry 2 4,4,2,4,12,24  y; S
Ry 3 3,3,1,4,12,24  y; S Ry 3 3,3,2,4,12,24  y; S
R10 8 3, 12, 18, 24 Y1 S

8.2 Minimum Entropy

McMullen [19, Theorem (A.1)] shows that any automorphism f of a compact complex surface with a positive
entropy h(f) > 0 has a lower bound h(f) > log AL, where A, is Lehmer’s number in Example 5.5. In [20] he
obtains some non-projective K3 examples that actually attain this lower bound and he goes on to construct
projective ones in [21]. Our method enables us to synthesize a goodly number of non-projective K3 surface
automorphisms with minimum entropy log A, which necessarily have Picard number 12.

8.2.1 Use of Matrix A

Suppose that ®(w) = LT(w) - CTg(w), where LT(w) is Lehmer’s trace polynomial in (47b) and CTg(w) is a
product of cyclotomic trace polynomials of the form

CTh(w) := [ CTe(w)  with ) deg CTy(w) =5, (64)

kek kek

where k is a set of positive integers whose elements k come from Table 5 with deg < 5. Suppose that ¥U(w) =
R;(w) is one of the Salem trace polynomials in Table 6. We remark that k is not a multi-set but an ordinary
set because an assertion of Theorem 1.2 rules out the occurrence of multiple elements. To construct K3 surface
automorphisms we utilize the matrix A and its modification A. Let T4 < 3 < To < x1 denote the roots in
[—2, 2] of Lehmer’s trace polynomial LT(w) in (47b), whose numerical values are given by

x4 ~ —1.88660, w3~ —1.46887, =z~ —0.584663, x; ~ 0.913731. (65)

Theorem 8.2 In the above setting we have a hypergeometric K3 lattice such that the matriz A admits a special
eigenvalue § conjugate to Lehmer’s number Ay, if and only if ¥(w) = R;(w) and k are as in Table 11, where the
special trace T := 6+01 is given in the “ST” column. The modified positive Hodge isometry A := wao0A : L — L
lifts to a K3 surface automorphism f: X — X of entropy h(f) = log A1, with special trace 7(f) = 7 and Picard
number p(X) = 12, having exceptional set £(X) of Dynkin type indicated in Table 11. The matriz A or the map
f*|H?(X,Z) has characteristic polynomial $(z) = L(2) - p1(2), where L(z) is Lehmer’s polynomial in (47a) and
@1(2) is given in Table 11. The value of Tr A = Tr f*|H?(X,Z) is also included there. The “S/H” column is
explained in Theorems 9.4 and 9.5.
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Table 11: K3 surface automorphisms of minimum entropy from matrix A.

] k ST | Dynkin type $1(2) TrA | S/H
Ry 4,20 T4 E¢ ® Eg (Z — 1)4(2 + 1)4(22 + ].)2 -1 H
Rq 4,6,7 T2 Dio (Z — 1)9(2 + 1)(22 + 1) 7 S
Rs 3,15 T4 Ay (z—=1)2(2°> + 2+ 1) C15(2) 1 S
R3 3,4,6,8 | x3 E¢ ® Eg (Z — 1)4(2’ + 1)4(22 + 1)2 -1 S
Rs | 4,6,18 | 3 Do (z—1)°2(z+1)(z%+1) 7 S
Ry 3,4,9 Ty Dio z-1°(z+1)%2+1) 7 H
Ry 4,24 zo | Es ® Ay @ Ay (Z — 1)9(2 + 1)(22 + 1) 7 S
Ry 4,20 x1 E¢ ® Eg (z =Dz +1)4(22 +1)? -1 S
R5 77 12 T3 Eg D A2 (&) A2 (Z — 1)9(2 + 1)(22 + 1) 7 H
Ry 4,20 T4 E¢ ® Eg (z =Dz + 1) (22 +1)? -1 H
Ry 12,18 | =3 | Es @ Aa @ A, z-1)2(z+1)(z%2+1) 7 H
Ry 4,30 z1 | Es @Ay @Ay (z-1)%z+1)(z2+1) 7 H
Rio | 4,16 T4 E¢ ® Eg (z— D3z + 1) (22 +1)? -1 H
R10 47 24 T2 Eg D A2 () A2 (Z — 1)9(2' —+ ].)(2’2 —+ ].) S
R 3,15 X A, (Z - 1)2(,22 +z+ 1) 015(2’) 1 S

Proof. First, pick out all pairs (i, k) such that ®(w) = LT(w) - CTg(w) and ¥(w) = R;(w) satisfy unimodularity
condition (46), where k must be subject to the degree constraint in (64). Secondly, determine all the correct
solutions as well as their special traces by using the hyperbolic case of Theorem 1.2. Since the special trace
comes from Lehmer’s polynomial factor, the matrix F' = A is a positive Hodge isometry by Remark 6.6. Thirdly,
for each solution run Algorithm 7.5 to find the set of positive roots A7, its basis Ay, its Dynkin type and the
modified matrix A. The characteristic polynomial ¢(z) = @o(z) - $1(z) of A is determined by the formulas (54)
and (62) together with the non-projectivity assumption ¢g(z) = L(z), where x(z) = ¢(z) and x;(z) = ¢;(z). O

We illustrate how Algorithm 7.5 works for an entry in Table 11.
Example 8.3 Consider the case where ®(w) = LT(w) - CT(w) with k = {3,4,6,8} and ¥(w) = R3(w) in
Table 11. Steps 1-3 of Algorithm 7.5 return us 72 elements 0 < u; < us < - -+ < w7y in the lexicographic order
(60) for the set of positive roots AT and then 12 elements for the basis Ay, implying that the root system is of

type Eg ® Eg. If the basis A, = {ey,...,eq,€],...,e5} is labeled as in Figure 2 then the simple roots are given
by

€1 = U23, €2 =Ug, €3=1Uj, €4 =1U3, €5 = Ui, € = U2s,

6/1 = ur, 6/2 = U24, eg = U, eil = Us, 6{5 = Uy, eIG = Uss.
Steps 4-6 tell us that the Weyl group element w4 € W bringing A(K) back to K is
WA = 05 002300350041 0062 00570072,

where o denotes the Picard-Lefschetz reflection corresponding to the j-th positive root u;. Step 7, that is, how
the modified matrix A acts on Ay, will be mentioned in §8.2.3.

!/

€9 €
E6 EG
® ® ® ® @ @ ® ®
el es e4 es €6 e} el e eL eg

Figure 2: Dynkin diagram of type Eg @ Eg.
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Remark 8.4 A careful inspection shows that all entries in Table 11 fall into case 7 of Table 2. However, other
cases can occur in other settings, although empirically they are rather rare. The following two examples are in
cases 1 and 9 of Table 2, respectively:

®(w) = LT(w) - CTig(w) - CTs(w), ¥(w) = {(w+1)(w? —4) —1} - CTeo(w),
®(w) = LT(w) - CT5(w) - CTy(w), ¥(w) = {w(w? —1)(w? — 3)(w?* —4) — 1} - CToy(w).

8.2.2 Use of Matrix B

Suppose that ®(w) is a product of cyclotomic trace polynomials of the form (63), while ¥(w) is a product of
Lehmer’s trace polynomial and cyclotomic trace polynomials

¥(w) = LT(w) - CTy(w) such that Z deg CTy(w) =
lel

To construct K3 surface automorphisms we utilize the matrix B and its modification B. By Theorem 1.3 any
element of I must be simple and the unramifiedness condition in (46) reduces the possibilities of I considerably,
confining ¥(w) into one of the following possibilities.

Ly (w) = LT(w) - CToy (w), Lo(w) = LT (w) - CTog(w),
L3(w) = LT(w) - CT36(w), Ly(w) = LT (w) - CTya(w),
Ls(w) = LT(w) - CT12(w) - CT15(w), Le(w) = LT(w) - CT1a(w) - CTyp(w),
L7(w) = LT(w) - CTy2(w) - CTay(w), Lg(w) = LT(w) - CT12(w) - CT3p(w)

Table 12: K3 surface automorphisms of minimum entropy from matrix B.

U | case k ST | Dynkin type U1 (2) TrB | S/H
Ly | 2 | 3,6,10,21 | a4 Es ¢ E¢ -DM+1D)*EE+1)2 ] -1 | H
Ly | 2 1,6,8,28 | xo Eg @ Eg =DM+ 2+1)2 | -1 S
Lz | 2 2,6,8,28 | x9 Ees @ Eg - z+1)%2+1)2 | -1 S
Ly | 2 8,10,42 | a4 Es @ E¢ =D+ +1)2 | -1 S
Ly | 3 [1,3,5,6,11 | a9 Es ¢ E¢ -1+ +1)2 | -1 S
Ls | 3 1,3,7,11 | zo E¢ ® Eg -+ +1)2 | -1 S
Ly | 3 [23,56,11 | x9 Es ¢ E¢ -1+ D)2 +1)? | -1 S
Ly | 3 2,3, 7,11 | z9 Es @ E¢ -1+ +1)2 | -1 S
Ly | 3 50 x9 Ees @ Eg - z+1)%2+1)? | -1 S
L | 1 1,813 | 24 |Es@As@ Ay | (z—1)°z+1)(z%+1) 7 S
Le | 1 1,2,8,13 [ 24 |Egs @Ay @Ay | (z—-1)z+1D(=%2+1) 7 S
Le | 1 2,2813 |24 |[Es@ Ay @Ay | (z-1)z+D(E2+1) 7 S
L, 1 1,1,17 T4 Ees @ Eg - z+1)%*+1)? | -1 H
Ly | 1 1,2,17 T4 Es @ E¢ -1 z+1)*2+1)2] -1 | H
Ly | 1 2,2, 17 T4 Es @ Eg -1+ 1)'2+1)2 | -1 | H
L, 1 1,27 T4 Es @ Eg -1 z+1)*2+1)2 | -1 H
Ly | 1 2,27 Ty E¢ ® Eg =D z+1D)42+1)2 | -1 H
Ly | 3 16,42 T2 Es ¢ Eg -1+ +1)2 | -1 S
Ly | 3 5,20,30 | a2 Ee © Eg =D+ +1)2 | -1 S
Ls | 1 | 1,1,1,7,16 | 23 | Es®As@® Ay | (2 —1)°(z+1)(22 +1) 7 H
Ly | 1 [1,1,2,7,16 | 23 | Es®As @Ay | (2—1)°(z+1)(2*+1) 7 H
Ls | 1 [2,2,1,7,16 | 23 | Es®@As@®As | (2 —1)°(z+1)(z2+1) 7 H
Ls | 1 [2,2,2,7,16 | 23 | Es® Ay @Ay | (z—1)°(z+1)(2?+1) 7 H
Ls | 2 79,20 | x3 | Es@ A @Ay | (z—1)°z+1)(Z+1) 7 H
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Theorem 8.5 In the above setting we have a hypergeometric K3 lattice such that the matrix B admits a special
eigenvalue 6 conjugate to Lehmer’s number A, if and only if ¥(w) and k are as in Table 12, where the special
trace T := § + 6 is given in the “ST” column while the “case” column refers to the case in Table 3. The
modified positive Hodge isometry B := wg o B : L — L lifts to a K3 surface automorphism f : X — X of
entropy h(f) = log A1, with special trace 7(f) = 7 and Picard number p(X) = 12, having exceptional set £(X)
of Dynkin type indacated in Table 12. The matriz B or the map f*|H?*(X,Z) has characteristic polynomial
¥(z) = L(2) - ¢1(2) with ¢1(2) giwen in Table 12. The value of Tr B = Tr f*|H?(X,7Z) is also included there.
The “S/H” column is explained in Theorems 9.4 and 9.5.

Proof. First, pick out all pairs (k,i) such that ®(w) = CTg(w) and ¥(w) = L;(w) satisty unimodularity
condition (46), where k must be subject to the degree constraint in (63). Secondly, determine all the correct
solutions as well as their special traces by using Theorem 1.3. Since the special trace comes from Lehmer’s
polynomial factor, the matrix F' = B is a positive Hodge isometry by Remark 6.6. Thirdly, for each solution
run Algorithm 7.5 to find the set of positive roots A™, its basis Ay, its Dynkin type and the modified matrix B.
The characteristic polynomial 1(z) = tho(2) - ¢1(2) of B is determined by the formulas (54) and (62) together
with the non-projectivity assumption ¥o(z) = L(z), where x(z) = ¥(2) and x;(2) = i (2). O

In Table 12 only four polynomials Ls(w), Lg(w), L7(w), Lg(w) appear as ¥(w).

8.2.3 Action on Dynkin Diagram

Denote by F the modified matrix A or B. We are interested in how F acts on the simple roots Ay,. Let 1(2)
denote the polynomial ¢;(z) in Table 11 or 11(2) in Table 12. Then x;(2) is divisible by the characteristic
polynomial of F'|[Span Ay,. Observe that Tables 11 and 12 contain only root systems of types

E¢ © Eg, Es ® Ay @ Ag, Do, A,. (66)

With the polynomials x1(z) in Tables 11 and 12 we can identify the action of F on A, in a unique way by
enumerating all Dynkin automorphisms of types (66) and their characteristic polynomials. This may not be
true if the root system is different from (66) or if x1(z) is a different polynomial. Moreover, it is a consequence
of direct calculations that all entries of the same Dynkin type have the same polynomial ¥;(z). We do not know
if this is just by accident or with any reason. In any case, within Tables 11 and 12, how F' acts on Ay depends
only on the Dynkin type of Ay.

€2
Es Az As
® ® ® ® ® ® *—-a o*—
e es3 €4 es €6 er es c1 2 d; dy
Figure 3: Dynkin diagram of type Eg @ Ay & As.
Observation 8.6 According to Dynkin types we have the following observations, where (c1, ¢a, ..., c) stands

for the cyclic permutation ¢; = ¢co — - -+ = ¢ — 1.

(1) In case of type Eg @ Eg the matrix F acts on the simple roots in Figure 2 by

(617 6/17 €g, 6/6)(637 eé’,a €5, 6&)(62, 6/2)(647 eiL)

In particular F exchanges the two connected Eg-components.

(2) In case of type Es ® Ay ® Ao the matrix F fixes ey, ..., es in the Eg-component while it acts on the simple
roots in the Ay ® Ag-component by (e1,dq, ¢z, ds) in Figure 3.

(3) In case of type Do the matrix F fixes ey, ..., eg and exchanges ey and e in Figure 4.

(4) In case of type Ay the matrix F fixes all simple roots.

Observation 8.6 shows how the (—2)-curves in X are permuted by the K3 surface automorphism f : X — X
arising from the Hodge isometry F': L — L (see Lemma 7.3).
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€10

€1 €2 €3 €4 es €g ey es

€9
Figure 4: Dynkin diagram of type Dqg.

9 Siegel Disks

Let D and S! be the unit open disk and the unit circle in C respectively. Given (ay,as) € T := St x S, the
map g : D? — D2, (21, 22) = (@121, a229) is said to be an irrational rotation if g : T — T has dense orbits; this
condition is equivalent to saying that «; and «s are multiplicatively independent, meaning that aj" a5 =1,
mi, mg € Z, implies m; = ms = 0. Let f: X — X be an automorphism of a complex surface X, and U be an
open neighborhood of a point p € X. We say that f has a Siegel disk U centered at p if f(U,p) = (U,p) and
f1(U, p) is biholomorphically conjugate to an irrational rotation g|(D?,0). Namely, a Siegel disk is an invariant

subset modeled on an irrational rotation around the origin.

9.1 Existence of a Siegel Disk

McMullen [18] synthesizes examples of K3 surface automorphisms with a Siegel disk from Salem numbers of
degree 22. To this end he establishes a sufficient condition for the existence of a Siegel disk (see [18, Theorems
7.1 and 9.2]). We shall relax his criterion so that it may be applied to Salem numbers of lower degrees in
the presence of exceptional sets. Let F' : L — L be an automorphism of a K3 lattice L admitting a special
eigenvalue § € S! and preserving a K3 structure. Let f : X — X be the K3 surface automorphism obtained as
the lift of F'. In [18] the number ¢ is called the determinant of f because d is equal to the determinant of the
holomorphic tangent map (df), : T,X — T, X at any fixed point p of f. Thus the eigenvalues of (df), can be
expressed as a1 = 02 and ay = 672! for some a € C*.

Proposition 9.1 Suppose that the special eigenvalue & is conjugate to a Salem number and there exists a
rational function q(w) € Q(w) such that (a + a=1)? = q(7) for the special trace 7 := 6 + 6~ € (=2,2). If T
satisfies 0 < q(7) < 4 and admits a conjugate 7" € (=2, 2) such that q(7') > 4, then the fixed point p € X is the
center of a Siegel disk for the map f. If T satisfies q(7) > 4 then p is a hyperbolic fized point of f.

Proof. Since 7 € (=2, 2), we have § € S and 61/2 € 8. 1t follows from 0 < q(7) < 4 that o € S! and hence
a1, as € S'. Note that « is an algebraic number. To show a1, as € Q are multiplicatively independent we
mimic the proof of [18, Lemma 7.5]. Let ¢’ and o’ be the conjugates of § and « corresponding to 7/. We have
§ €St and o/ ¢ S by 7/ € (—2,2) and {a’ + (a/)"'}? = (7)) > 4. If afPaly = 6(mHEM/2qmn = 1 with m,
n € Z then (8')(m+™/2(a/)™~" = 1 and hence |o/|™™™ = 1, which forces m = n and 6™ = 1, but the latter
equation implies m = 0 because ¢ is not a root of unity. The Gel’fond-Baker method then shows that they are
jointly Diophantine and the Siegel-Sternberg theory tells us that there exists a Siegel disk centered at p (see [18,
Theorems 5.2 and 5.3]). On the other hand, if ¢(7) > 4 then §'/2 € S* and a ¢ S*, so we have |a;| < 1 < |ay]
for (i,7) = (1,2) or (2,1). Thus p is a hyperbolic fixed point of f. a

When f has no fixed curves in X, McMullen [18] uses Proposition 9.1 with the following setting

(w+1)?

(a) Tr[F:L— L)=-1,; (b) q(w) = 12

, (67)

by showing that under condition (a) the Lefschetz fixed point formula implies the existence of a unique transverse
fixed point p € X of f and the Atiyah-Bott formula determines g(w) in the form (b). To guarantee the non-
existence of fixed curves, he takes Salem numbers of degree 22 so that the Picard lattice and root system in it
are empty. His conclusion is that the unique fixed point p is the center of a Siegel disk, provided

7> 70 :=1—2y/2~ —1.8284271 and 7 has a conjugate 7/ < 7. (68)
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To any simple root u € Ay, the corresponding (—2)-curve in X is denoted by the same symbol u. If F' fixes
a simple root w then f preserves the curve u = P!, inducing a Mébius transformation on it, so that w is a fixed
curve of f precisely when the induced map is identity. In the possible occurrence of fixed curves we have to use
fixed point formulas stronger than the classical Lefschetz and Atiyah-Bott formulas (see §9.3). Any version of
Lefschetz-type formula involves the value of Tr f*|H?(X) and the following remark is helpful in this respect.

Remark 9.2 The trace of a monic polynomial P(z) = 2?+¢, 2971+ -4 ¢4 is defined by Tr P := —c;, the sum
of its roots. A palindromic polynomial of even degree and its trace polynomial have the same trace. Let x(z)
be the characteristic polynomial of F': L — L. It is a palindromic polynomial of degree 22. We can calculate
Tr f*|H?(X) = Tr F as the trace of x(z) or equivalently as the trace of its trace polynomial.

9.2 Salem Numbers of Degree 22

Our result on Siegel disks for Salem numbers of degree 22 is stated as follows.

Theorem 9.3 In Theorem 8.1 each K3 surface automorphism f : X — X has a unique fized point p € X,
which is either the center of a Siegel disk or a hyperbolic fized point, where the former case is indicated by “S”
while the latter case by “H” in the last columns of Table 10.

Proof. Observe from Table 6 that Tr R; = —1 for ¢ = 1,...,10. Condition (a) in (67) is checked by Remark 9.2.
Following the framework (67)-(68) the theorem can be established by Proposition 9.1. O

We remark that Table 10 contains a total of 255 entries, among which 222 are “S” and 33 are “H”. A
majority of the entries have k’s with a multiple element.

9.3 Minimum Entropy

We discuss the existence of Siegel disks for K3 surface automorphisms constructed in Theorems 8.2 and 8.5.
Let x4 < 23 < 23 < 21 be the roots in [—2, 2] of Lehmer’s trace polynomial LT (w) as in (65). We denote by £
the exceptional set in X (see Lemma 7.3). Even when £ is nonempty, the framework (67)-(68) remains valid if
f has no irreducible fixed curve in £. In particular this is the case if F acts on Ay, freely.

Theorem 9.4 For each entry of Dynkin type Eg¢ @ Eg in Tables 11 and 12, the K3 surface automorphism
f: X — X has no fized point on € and a unique fized point p € X \ €. If the special trace T is any one of x1,
To, x3 then p is the center of a Siegel disk, while if T = x4 then p is a hyperbolic fixed point; this information
is indicated in the “S/H” columns of the tables.

Proof. 1t follows from item (1) of Observation 8.6 that f exchanges the two Eg-components of £, having no
fixed point there. Thus f has no fixed curve on X and so (67)-(68) can be applied to show the existence of a
unique transverse fixed point p € X \ €. In view of 24 < 79 < x3 Proposition 9.1 leads to the theorem. a

To discuss the cases where the nontrivial automorphism f : X — X may have fixed curves, we use S. Saito’s
fixed point formula [24, (0.2)]. In the notation of Iwasaki and Uehara [14, Theorem 1.2] the formula reads

4

L(f) =Y (-)'Tef H (X)= > wnH+ Y. xcvelh)+ Y. 71 velf) (69)

=0 peXo(f) ceXi(f) ceXu(f)

where X (f) is the set of fixed points of f while X1(f) and Xy1(f) are the sets of irreducible fixed curves of types
I and I respectively, x¢ is the Euler number of the normalization of C' and 7¢ is the self-intersection number
of C. The definitions of v,(f), vo(f), Xi1(f) and Xi1(f) are given in Appendix B. Originally this formula was
stated for projective surfaces, but it remains valid for compact Kéhler surfaces (Dinh et al. [6, Theorem 4.3)).

We also use the Toledo-Tong fixed point formula [27, Theorem (4.10)] in the special case where X is a
compact complex surface, f : X — X is a holomorphic map, E is a holomorphic line bundle on X and
¢ : f*E — FE is a holomorphic bundle map. Suppose that any isolated fixed point p is transverse, that is, the
tangent map (df), : T,X — T, X does not have eigenvalue 1. Suppose moreover that any connected component
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C of the 1-dimensional fixed point set is transverse, that is, C' is a smooth curve and the induced differential
map d" f on the normal line bundle N = N¢ to C does not have eigenvalue 1. The formula is then given by

2

L(f,¢) =Y _(=1)'Tr (£,¢)*|H'(X,0(E)) = > wp(f,6) + Y _ vo(f, ), (70)
P C

=0

where the sums are taken over all isolated fixed points p and all connected fixed curves C. Let A¢ be the
eigenvalue of dV f : No — Ng¢; p, the eigenvalue of ¢, : E, — E,; and uc the eigenvalue of ¢|c : E|c — E|c,
where F|¢ is the restriction of the line bundle E to C and ¢|¢ is the restriction of the bundle map ¢ : f*E — E
to Flc. Note that A and pc are constants since they are holomorphic functions on the compact curve C.
Moreover Ac # 1 by transversality of C. The indices v,(f, ¢) and vo(f, ¢) in (70) are expressed as

Hp
(9 = T, T den(dn),” (1a)
ve(f,d) = /C t(C) - {1 — Ac ch(N)} - e ch(ED), (71b)

where td(C) is the Todd class of C, ch(E) is the Chern character of E, N is the dual line bundle to N and the
integral sign stands for evaluation on the fundamental cycle of C.

A 3-cycle of Siegel disks for f is a sequence of open subsets U, f(U), f2(U) in X such that U is a Siegel
disk for f3 centered at a point p € U which is a periodic point of period 3, that is, p, f(p), f2(p) are distinct
but f3(p) = p. Note that U, f(U), f2(U) are Siegel disks for f3 centered at p, f(p), f?(p), respectively.

Theorem 9.5 For each entry of type EsPAsDAs in Tables 11 and 12, the K8 surface automorphism f : X — X
has a unique periodic orbit p, f(p), f?(p) € X of period 3, which lie in X \ €. If the special trace T is either xs
or x4 then the three points are the centers of a 3-cycle of Siegel disks, while if T is either x1 or xs then they are
hyperbolic periodic points; this information is indicated in the “S/H” columns of the tables.

Proof. Tt follows from (2) of Observation 8.6 that f has no fixed point on the As & As-component of £. On
the other hand f preserves each (—2)-curve on the Eg-component, inducing a Mobius transformation on it.
A Mobius transformation falls into one of the three categories according to the number n of its fixed points;
parabolic for n = 1, non-parabolic for n = 2, and the identity for n > 3. In the parabolic case the derivative
at the unique fixed point is 1. In the non-parabolic case, if the derivatives at one fixed points is ¢ then the
derivative at the other fixed point is ¢!, where ¢ # 1. Notice that e, is a fixed curve of f since ey is fixed at
the three intersections e4 Nes, e4 Nes, eg Nes (see Figure 5).

1ot c c
—@ fixed curve 2
52 es 1) /

es Eg A2
: !
f
1) €5 d1 d2
A,
1)

Figure 5: Eigenvalues at the isolated fixed points on the exceptional set £.

Consider the arm a := e; Ueg U e7 Ueg emanating from e4. Let qo, q1, q2, g3 be the points at e;Nes, esNeg,
es Ner7, er Neg. Note that they are fixed points of f. We use the fact that det(df), = § at any fixed point
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q of f. Since (df)q, = 1 along es we have (df),, = 6 # 1 along es. Thus f induces a non-parabolic Mébius
transformation on es having derivative 6! at ¢;. Then f induces a non-parabolic Mobius transformation on
e having derivatives 62 at ¢; and 62 at ¢». Repeating this argument shows that f has four fixed points on
a, three of which are g1, g2, ¢3 and the final one g4 is on es, and that (df),, has eigenvalues 67 and 6! for
j=1,2,3,4. Similar statements can be made for the shorter arms b := e; U es and es. In total there are seven
isolated fixed points indicated by e and one fixed curve e4 on &.

We apply Saito’s formula (69) to f. For each entry of type Eg & As @ A in Tables 11 and 12 we have
TrF =7 where F' = A or B, and so L(f) = 2+ Tr F = 9. The seven isolated fixed point on & are transverse
and hence of index 1. The fixed curve ey is of type I and has index 1, since df has eigenvalue § # 1 in its normal
direction. Any point on e4 has index 0. The Euler number of e, = P! is 2. There is no fixed curve of type IL.
Thus formula (69) reads

9=T+ Y unH+2 e S w(f) =0, (72)

PEXo(H\E PEXo(FN\E

where 7 and 2 on the RHS are the contributions of the seven isolated fixed point on £ and the fixed curve ey
respectively. This implies that f has no fixed point on X \ &.

Next we apply the Toledo-Tong formula (70) to f with E = Kx := A?T*X and ¢ = f* : f*Kx — Kx,
the pull-back mapping. Notice that p, = Ac = pc = § with C = ey in (71). If n is a nowhere vanishing
holomorphic 2-form on X, then T, X — T;C, v+ n,(v, -) induces an isomorphism N, := T, X/T,C = T;C at
each p € C, hence N 2 TC. A little calculation yields v (f, f*) = 6(56 +1)/(6 — 1) with C = ey in (71b). Tt is
easy to see that L(f, f*) =14 ¢. Formula (70) then asserts that z = ¢ is a solution to the equation

j=1 j=1
z z(z+1)

+ - + :
1—(z7t4+22)+2  (2—1)

where the first three terms in the RHS are the contributions of the fixed points on the arms a, b, e; and the
last term is that of the fixed curve e4. A careful inspection shows that the difference D(z) of the LHS from the
RHS above admits a clean factorization

L(z) z - LT (w)

bz = (z4+1)-Cy(2) - C3(2) - Cs(2) - (z+1)-CTy(w) - CT3(w) - CT5(w)’ "

where w := z + z7!. So the Toledo-Tong formula for f is nothing other than the tautological fact that J is a
root of Lehmer’s polynomial, but the formula (73) itself will be useful later.

We again apply Saito’s formula (69) this time to f3. If F has characteristic polynomial X(2) = 222 —e 2% +
€2220 — 3219 4+ ... then Tr(F3) = p3 = 3(e3 — e1ez) + €3 by the relation between power sums and elementary
symmetric polynomials. We have e; = 7, es = 20, e3 = 29 and p3 = 10 in the present cases. This implies
L(f) = 24 Tr(F3) = 12, hence the equation (72) turns into

12=7+ Y p(fH+2,  ie S on(ff) =3

PEXo(f3\E pEXo(f3\E

Thus f3 has three fixed points on X \ € counted with multiplicity. Let p be one of them. Since f has no fixed

point on X \ £, we have p # f(p) and hence f(p) # f*(p) and f?(p) # f*(p) = p. Accordingly, p, f(p), f*(p)
must be distinet and vy;, (f3)=1for j =0,1,2.

The tangent maps (df°) i) : Ttip)X — T X, j = 0,1,2, have common determinant 4% and common
eigenvalues of the form §%/2a*! with a € C*. The Toledo-Tong formula (70) for £ is then expressed as

D(s3) — 363
( )_1—53/2(0Hr04*1)+537
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in terms of the rational function D(z) in (73). Solving this equation we have

3 2 3\2 3\2
e T R

(2 +6 3+ 2)MT(0° +67%)  (142)(r — 1)> MT(r* — 37)*

LT (63 4 §-3)2 B LT(73 — 37)2 ’

where M(z) and MT(z) are Salem polynomial and its trace polynomial defined by
M(z) =210 —22% — 27 + 220 — 25 4220 — 2% — 2241,

MT(w) := (w + 1)(w — 2)(w® —w? — 4w + 1) — 1.
Here we observe that 0 < ¢(x;) < 4 for j =2, 4 and ¢(z;) > 4 for j = 1, 3. Thus Proposition 9.1 leads to the
conclusion of the theorem. a

Remark 9.6 In case of type Dy it follows from (3) of Observation 8.6 that f has no fixed curve and nine
transverse fixed points on £. Thus the Lefschetz formula implies that f has no fixed point in X \ £. The map
f? has a unique fixed curve corresponding to the simple root eg in Figure 4 and nine transverse fixed points
on &. Saito’s formula (69) then shows that f2 has no fixed point in X \ £ Moreover, f2 has no fixed curve
and nine transverse fixed points on &, so the Lefschetz formula and an argument as in the proof of Theorem
9.5 imply that f has a unique transverse periodic cycle p, f(p), f2(p) € X \ € of period 3. The Atiyah-Bott
formula tells us that for the eigenvalues §%/2a*! of (dfs)fj(p), j=0,1,2, we have (o + a~1)? = ¢(7), where

(w+2)(w — 1)2NT(w? — 3w)?

alw) = LT(w3 — 3w)? ’

with NT(w) := (w? — 2w — 2)(w® — 3w + 1) — 1 being a Salem trace polynomial. Since 0 < g(z;) < 4 for j =1,
2, 3 and q(z4) > 4, Proposition 9.1 shows that if 7 = x1, z2, x3 then p, f(p), f?(p) are the centers of a 3-cycle
of Siegel disks for f, and if 7 = x4 they are hyperbolic periodic points of period 3. Actually we have 7 = x4, x4
for the entries of type Dy in Table 11. Notice that there is no entry of type Dyg in Table 12.

Remark 9.7 In case of type Ao, let e be the two (—2)-curves in £ and pg be their intersection. Saito’s formula
(69) and the Toledo-Tong formula (70) rule out the possibility that either e, or e_ is fixed by f. Notice that pg
is a fixed point of f, which is either (i) transverse or (ii) of multiplicity 2. But case (ii) can be ruled out by using
an Atiyah-Bott formula allowing isolated multiple fixed points, whose local indices can be expressed in terms
of Grothendieck residues (Toledo [26, formula (6.3)]). In case (i), thinking of the Mobius transformations on
ey induced by f and a use of the Lefschetz formula show that f has two transverse fixed points p1 € ey \ {po}
and no fixed point in X \ €. If the eigenvalues of (df),, are 6'/2a*! then those of (df),, are 6'/2(5°a)*! for
e = £1. The Atiyah-Bott formula yields ¢(w) = (w? — 3)?/(w + 2) at the point pg. We have 0 < ¢(z;) < 4
for j = 1, 3, 4 and ¢(xz3) > 4, hence Proposition 9.1 is applicable. The multiplicative independence of the
eigenvalues of (df),. , € = %1, can be verified in the same manner as that of the eigenvalues of (df),, (see the
proof of Proposition 9.1). We can now conclude that the three points pg and p1 are the centers of Siegel disks,
since we have 7 = x1, x4 for the entries of type Ay in Table 11; there is no entry of type Ay in Table 12.

For proofs of the results in these remarks we refer to an archive version of this article: arXiv:2003.13943v4.

10 Lattices in Number Fields

It is interesting to discuss the relationship between the method of hypergeometric groups and that of Salem
number fields by McMullen [18] and Gross and McMullen [9]. We briefly review the construction in [18]. Let
S(z) be an unramified Salem polynomial of degree 22 with the associated Salem trace polynomial R(w) where
w = z+ 2~ ', Consider the Z-algebra Lg := Z[z]/(S5(z)) together with its field of fractions K := Q[z]/(5(2)).
Let U(w) be a unit in Z{w]/(R(w)) such that the polynomial R(w) admits a unique root

7€ (=2,2) that satisfies U(r)R'(7) > 0, see [18, Theorem 8.3]. (74)
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This root 7 corresponds to the “special trace” in our method. By defining the inner product

U(w) g1(2) g2(271)
R (w)

(91, ga)s = THK ( )  01(2), () € Z[] mod 5(2), (75)

one can make Lg into a K3 lattice equipped with a Hodge structure such that multiplication by z, that is,
M, : Lg — Lg, g(z) — zg(z) induces a Hodge isometry. The map M, lifts to a K3 surface automorphism
f: X — X such that f*: H*(X,Z) — H?(X,Z) has characteristic polynomial S(z).

Table 13: Table 4 in McMullen [18] vs. Table 10 in this article.

case | R | STin [18] (1,1)s | ST in this article
1 Ry Ys 0 Y1, Y2, Ys, Y10
2 | R Yy =2 | Y1, Y2, Y3; Yas Y7, Yss Y10
3 | Rs Y7 0 | Y1, Y2, Y3, Y7, Yss Yo
4 Ry Ys =2 | y1, Y2, Y3, Yr
5 | Rs Ya —2 | Y1, Y2, Y, Y7
6 | Rs Y8 0 | y1, Y2, U3, Ya, Y7, Y10
7 Ry Y7 0 | 2, y5, Yy
8 Rg Ys 0 Y15 Y2, Y35 Y4, Uss Yg, Yss Yo
9 Ry Ye =2 | Y1, Y3, Y7, Y8y Y9, Y10
10 | Rao Y5 =2 | Y1, Y7, Yo

McMullen [18, Table 4] gives a list of ten triples (S;(z), R;(w), U;(w)), ¢ = 1,...,10, to which his method is
applied. Table 13 gives a comparison between his Table 4 and our Table 10 (in Theorem 8.1), showing to what
extent the special traces are common or not, where the common ones are shown in boldface.

An interesting thought occurs to us when we notice a similarity between the lattice in number field Lg and
the hypergeometric lattice Ly = L(A, B) = L(®, ¥), that is,

Ls={1,2,2%...,22Y4 OM, and Ly = (r,Br,...,B*r); O B.

Recall from (29) and Definition 6.1 that the vector = is normalized as (v, )y = £2. So we wonder whether
when (1, 1)s = £2 we can go back and forth between Lg and Ly via the correspondences 1 <+ r and M, < B.
The value of (1, 1)g is twice the coefficient of w!® in U(w), so cases 2, 4, 5, 9, 10 in Table 13 are relevant to this
question. In these cases we can recover the matrix A = BC and hence the polynomail ®(w) from McMullen’s
data, since the reflection in the vector 1 € Lg corresponds to the matrix C, that is, the reflection in » € L.
The results are given in Table 14, where ®(w) contains a non-cyclotomic trace factor, which is Salem in cases 4
and 10, but not Salem in cases 2, 5 and 9. These are not covered by Table 10, because there ®(w) is restricted
to a product of cyclotomic trace polynomials (see (63)).

Table 14: Examples in McMullen [18; Table 4] recovered by hypergeometric method.
case R D(w)

2 Ry CTs(w)- (w”—9w” + 25w® — 2w* — 21w? + Tw? + 2w — 2)

4 Ry CTy(w) CTy(w): (w®—w?—3w+1)

5 Ry w'® —10w® —2w" + 33w’ + 120w° — 37Tw* — 16w? + 6w? — 3w — 3

9 Ry w'®—11w® — 3w’ + 42w8 + 22w — 62w* — 49w? + 23w? 4 33w + 8

10 Ryp CTy(w)- (w® —w® — 100" + Tw® + 35w® — 14w? — 48w3 + Tw? + 18w — 1)

In the other way round some hypergeometric lattices can be realized as lattices in number fields. Thinking
a little bit more generally, let S(z) € Z[z] be a monic, irreducible, palindromic polynomial of degree 2N with
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the associated trace polynomial R(w) € Z[w]. Let Ly be an even unimodular lattice of rank 2N equipped with
an isometry F : Ly — Ly whose characteristic polynomial is S(z). Suppose that F' admits a cyclic vector r
over 7Z, that is,

Ly = (r,Fr,... F?N"lp), (76)

Let Pj(w) := 27 + 277 for j € Z> and think of them as polynomials in w = z + 271

three-term recurrence relation

Py(w)=2, Pi(w)=w,  Pj(w)—wPjw)+Pi_1(w)=0, j>1,

Then they satisfy

which shows that if j > 1 then P;(w) is a monic polynomial of degree j in Z[w]. Given a polynomial g(w) € Z[w],
we denote by [g(w)]r € Z the coefficient of w™ ! in the remainder of g(w) divided by R(w). We define the
integers ui,...,un € Z inductively by

Uy =

1 . = ,
5(7‘, ), uj:(Fj_lr, r)H—chkuk, j=2,...,N, (77)
k=1

N—k]

where ¢, == [Pj_1(w) - w r € Z. Note that u; € Z since Ly is an even lattice.

Theorem 10.1 Under condition (76) the pair (Lyg, F) is isomorphic to (Lg, M) with Ls := Z[z]/(S(2)) and
M., being multiplication by z, where Lg carries the inner product (75) with

Uw) = ug wN =t fugwN =2 4 fuy € Zw], (78)
whose coefficients are determined by the recurrence (77). It is a unit in Zjw]/(R(w)).

Proof. Identify (Lg, F) and (Lg, M,) via r <> 1 and F' < M,. Export the inner product on Ly to Lg
isometrically. The existence in Q[w]/(R(w)) of U(w) that makes (75) valid is mentioned in Gross and McMullen
[9, §4, Remark], where they suppose Ok = Z[z]/(S(z)) but the existence can be proved without this assumption.
To determine the coefficients of U(w), substitute g;(2) = 2771, j = 1,..., N, and g2(z) = 1 into (75) and use
(78) to have

U(w Pj_l w N J
— Tr(Jl) <(])~Z’(w)()) = [U(w) Pj_l(w)]R = ;cjk U = ;C]‘k U,

where J := Q[w]/(R(w)), the fifth equality is by residue calculus as in [18, page 222] and the final equality
follows from c¢j; = 0 for j < k < N. For j =1 we have (r, r)g = c11 41 = 2u;, which yields the first equality
in (77). For j > 2 we have the second equality in (77), since ¢;; = 1. Thus U(z) € Q[w] belongs to Z[w]. The
discriminant of Lg is disc(Lg) = = det? My (wy, where My, : Z[w]/(R(w)) — Zlw]/(R(w)) is multiplication
by U(w). Since Lg = Ly is unimodular, i.e. disc(Lg) = %1, we have det M,y = £1 and hence U(w) is a unit
in Z[u]/(R(w)). N

Theorem 10.1 can be applied to the unimodular hypergeometric lattice Ly = L(A, B) that arises from an

irreducible hypergeometric group H = H(A, B), since it satisfies condition (76) for F = B. In particular for
hypergeometric K3 lattices we have the following.

Corollary 10.2 In the situation of Theorem 1.3 suppose that the polynomial 1(z) is an unramified Salem poly-
nomial S(z) of degree 22. Then the pair (Ly, B) admits McMullen’s construction with unit U(w) € Z[w]/(R(w))
determined by (77) and (78), and the special trace T satisfies the compatibility condition (74).

As an illustration we give an example from the top entry of Table 10. The B-basis version of formula (2)
gives the values of (B!, r)y for j =1,...,11, then formulas (77) and (78) yield

Uw) = —w'® + 6w — 7w® — 2207 + 54w® — 4w® — 70w* + 36w + 24w? — 16w.

As for non-projective K3 surface automorphisms with minimum entropy, McMullen [20] gives only one such
example. It has characteristic polynomial L(z) - (z — 1)?(z + 1)(22 + 1), special trace z4 in (65), and root system
of Dynkin type Eg @& Ay @ Ay. Our Table 12 contains three entries with the same data. It is interesting to
compare them in a deeper level, but it needs to discuss gluing of lattices.
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A Calculations of Resultants

We give a proof of the formulas in (31), which relies on the following lemma.
Lemma A.1 Let f(z) and g(z) be monic palindromic polynomials of even degrees. If F(w) and G(w) are the
trace polynomials of f(z) and g(z) respectively, then Res(f,g) = Res(F, G)2.

Proof. We have f(z) = 2™F(z+ 27!) and g(z) = 2"G(z + 2z7!), where deg F'(w) = m and deg G(w) = n. Let
Flw) =T[%  (w— A;) and G(w) = [[}_,(w — B;). Set a; + a; ' = A; and f; + ;7 = B;. We then have

m

flz)=2" H(z—!—z*l —a;—a;t) = H{z2 — (i +a;Hz+1} = H(z —a;)(z —a;h),

i=1

and similarly g(2) = [[;_, (2 — B;)(z — 6]71). Setting A;; == (o — B5) (i — 5;1)(04;1 — Bt — 6;1) we have

ey i1 11—y Bi—ai (o — B)(ciB — 1) ?
Ay = (0 = By) Bj o B { a;f3; } ’
CBcar L g X g Bimai (e B)(eif; —1)
A, —Bj=a;+ o Bj 5; =a; — B + B, = 0i5; ,
and hence A;j = (A; — B;)?. Thus Res(f,g) = [1;%, [1j=, Aij = [[}Z, 1=, (4i — B;j)* = Res(F, G)*. O

Proof of Formulas (31a) and (31b). We use the following properties of the resultant: if deg f = m and

degg = n then Res(g, f) = (=1)""Res(f, 9); Res(fif2, ) = Res(f1,9) - Res(f2,9); Res(z — o, 9) = g(a) for
a € C. Put p1(2) := 2V "1®(2 + 271) in (30a). Then it follows from these properties and Lemma A.1 that

Res(i,¢) = (1) - 9(=1) - Res(io1,9) = ¥(2) - (=1)V¥(~2) - Res(®, ¥)?,
which verifies (31a). Similarly, putting ¢;(2) := 2V ®(z + 271) and ¥1(2) := 2N ¥(z + z71) in (30b) we have
Res(p,9) = (2 + 1)]a=1 - 91(1) - 01(=1) - Res(ip1,91) = 2 ¥(2) - (=1)V®(~2) - Res(®, V)%,

which proves (31b) as desired. O

B Saito’s Indices

We define the indices v,(f) for p € Xo(f) and ve(f) for C € Xi(f) in Saito’s formula (69), where Xo(f)
is the set of all fixed points and X;(f) is the set of all irreducible fixed curves of f. We also introduce the
decomposition X;(f) = X1(f) I X11(f). These tasks are mostly ring-theoretic. For details see [24] and [14, §3].

Let A := C[z1, 22] and m be its maximal ideal. Let o : A — A be a nontrivial ring-endomorphism continuous
in m-adic topology. It can be expressed as 0(z;) = z;+g-h;, i = 1,2, for some g, h1, ha € A, where g is nonzero
and hq, hy are coprime. Consider the ideals a = (g) and b := (hy, h2) in A. Since h; and hs are coprime,

0(o) := dimc(A/b) < 0.
Let A(o) be the set of all prime ideals p of height 1 in A that divides a. we define
vp(o) :=max{m € Z>; :a C p"} for each p € A(0). (79)

Let x[p] be the normalization of the ring A/p. It is isomorphic to C[t] for some prime element ¢. Let

At Ol A1 T Ol
Qe =1 oo Qe = 1Im Qg e
n n
where A, := A/m™ and &[p], := C[t]/(t)". Then Q,l4/<c = Adz @ Adzy and Qi@[pl/C = k[p] dt. Let

Tp: Qix/(c - Qi(p)/c = Q}g[p]/c ®nfp) #(P)
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be the homomorphism induced from the natural map A — k(p), where x(p) is the quotient field of k[p]. Put
Ar(o) :=A{p € A(0) : p(wo) # 0}, Au(o) :={p € A(0) : Tp(w,) = 0},
where w, := hy - dz; — hy - dzg € Qi‘/(c. There exists a nonzero element a € k[p] such that
Tp(we) =a-dt if p € Ai(o); we =a-du if p € An(o),
where u € A is a prime element such that p = (u). Under the identification x[p] = C[t] we define

(o) :=max{m € Z>q : (a) C (t)™},

va(o) :=68(c)+ > vp(0) - (o). (80)

peA(o)

for each p € A(0),

Back in the geometric situation we first define v,(f) at p € Xo(f). The completion @X,p of the local ring
Ox p is identified with A = C[z1, z2] and the map f induces a nontrivial ring-endomorphism o := f;: A — A
continuous in m-adic topology. Then v,(f) is defined to be v4 (o) in (80). Next we define vo(f) for C' € X1 (f)
as follows. Take a point p € C' and consider o := f; : A — A again upon identifying o xp with A. Let C,, be
the germ of C' at p and let A(C}) be the set of all prime ideals in A determined by the irreducible components of
Cp. Then one has A(C)) C A(o), so v, (o) makes sense for any p € A(C,) via (79). Moreover the value of v, (o)
is independent of p € C' and p € A(C)). This common value is just vc(f) by definition. We can also show that
either A(Cp) C Ai(o) or A(Cp) C Arr(o) holds with this dichotomy independent of p € C. We have C' € Xi(f)
in the former case while C' € X11(f) in the latter case. If C' is smooth and transverse then C € Xi(f).

C Symbols for Hypergeometric Groups

There are a lot of symbols in the sections (§2—86) concerning hypergeometric groups. Here is a list of them with
brief explanations including the places where they appear for the first time.

H, hypergeometric group in GL(n,C), §2,

A, B, matrices generating H, §2,
a={ai,...,a,}, eigenvalues of A, §2,
b={by,...,b,}, eigenvalues of B, §2,

a' :=a~!, reciprocal of conjugate of a € C*, §2,
©(z), characteristic polynomials of A, §2,

¥ (z), characteristic polynomials of B, §2,
Res(y, 1), resultant of ¢(z) and 9(z), §2,

C := A~ !B, complex reflection, ¢ := det C, §2,
T, eigenvector of C' corresponding to ¢, §2,

(-, ), H-invariant Hermitian form, §2,

Qon /0o, Parts of a lying on/off St §3,
bon/bosr, parts of b lying on/off St, §3,
ai,...,az, clusters in @y, §3,

bi,..., by, clusters in by, §3,

[@on], [Don], configurations of @y, bon, §3,
2wy, 27 B;, arguments of a;, by, §3,
vi=Pitd P — (ot Fan), §3,

€ = +1, signature of sinny, §3.1,

p — g, index of invariant Hermitian form, §3.1,

E(X), generalized eigenspace for A € a U b, §3.3,
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m(A) := dim F(\), multiplicity of A, §3.3,
idx(A), local index at A € aon U bon, §3.3,

E(p, pf) := E(u) ® E(u') for p € aor Ubos, §3.3,
®(w), trace polynomials of ¢(z), §4.1,

U (w), trace polynomials of ¥(z), §4.1,

M (X), multiplicity of w — A in ®(w) - ¥(w), §4.1,
A, B, multi-sets of roots of ®(w), ¥(w), §4.2,
Aon/Aos, parts of A lying on/off [-2, 2], §4.2,
B,/ Bs, parts of B lying on/off [—2, 2], §4.2,
Aj,..., A1, trace clusters in A,,, §4.2,
Bj,..., B, trace clusters in By, §4.2,

Ay = Ay U---UA,, §4.2,

§ = (—1)lAnl+Bonl+1 when n is even, §4.2,
Idx(7), local index at 7 € Aqp U By, §4.3,

A7 = (Ar)<a, Ay = (Asi1)>—2, 4.3,
Idx(X) := > Idx(7), local index on X, §4.3,
L, hypergeometric lattice, §5,

Ck(2), k-th cyclotomic polynomial, §5.2,
CTg(w), k-th cyclotomic trace polynomial, §5.2,
Ai, Salem numbers from McMullen [18], §5.3,
S;i(z), minimal polynomial of \;, §5.3,



- R;(w), minimal trace polynomial of A;, §5.3, - V(XA), A-eigenspace of A in narrow sense, §6.2,
- L(2), Lehmer’s polynomial, §5.3,
- LT(w), Lehmer’s trace polynomial, §5.3, - 7 =1(A), 7(B), special traces of A, B, §6.3.
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