
 

Instructions for use

Title Bedrock incision due to the interaction between flow and sediment transport in uniformly curved channels

Author(s) Andriamboavonjy, Mamy Rija

Citation 北海道大学. 博士(工学) 甲第15366号

Issue Date 2023-03-23

DOI 10.14943/doctoral.k15366

Doc URL http://hdl.handle.net/2115/89720

Type theses (doctoral)

File Information Mamy_Rija_Andriamboavonjy.pdf

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP

https://eprints.lib.hokudai.ac.jp/dspace/about.en.jsp


Bedrock incision due to the interaction between 

flow and sediment transport in uniformly curved 

channels 

 

 

ANDRIAMBOAVONJY Mamy Rija 

 

A thesis submitted in partial fulfillment of the requirements for the degree of 

Doctor of Engineering 

 

 

 

 

 

Examination Committee 

 

Prof. Norihiro IZUMI 

Assoc. Prof. Toshiki IWASAKI 

Prof. Yasunori WATANABE 

 

Doctoral Theis No. 

Division of Field Engineering for the Environment 

Graduate School of Engineering, Hokkaido University 

March 2023 

 





 

i 

 

Acknowledgment 

First of all, “Yours, O Lord, is the strength and the power and the glory, and the 

authority and the honor: for everything in heaven and on earth is yours; yours is the 

kingdom, O Lord, and you are lifted up as head over all.” (1 Chronicles 29:11).  

This dissertation would not have been possible without the support, guidance, and 

encouragement of unique people who contributed their assistance in this work. 

My first and most earnest acknowledgment must go to my advisor and supervisor, 

Professor Norihiro Izumi, for his scientific contributions throughout the work. During 

my experimental works, analytical development, manuscript-writing, and 

dissertation writing period, he encouraged me, provided valuable suggestions, and 

lots of good ideas. I express my appreciation for all his contributions to time, ideas, 

and guidance. Additionally, I would also like to offer great gratitude to Professor 

Tomohito Yamada for his scientific contributions, pieces of advice, suggestions, and 

comments, and for giving me direction. 

I would like to thank Dr. Hiroki Okachi for his continuous support and Mr. Tomoya 

Terakado for assisting me with the experimental measurements. The list of people 

who helped me is extensive; impossible to mention everyone involved here. However, 

thanks to the River and Watershed Engineering Laboratory members, the e3 

Community, and the staff. Thank you for everything; you made my life easier and 

more pleasant here. 

During the COVID pandemic, SOWA Project supported a lot; thank you! The 

financial support for this Ph.D. work came from the Japanese Government Scholarship 

(MEXT) and the River and Watershed Engineering Laboratory led by Prof. Norihiro 

Izumi. Please find here my sincere gratitude. 



 

ii 

 

My parent and family have been an essential motivation for supporting my emotion 

and morals during my Ph.D. time. Not easy to be the first kid in the family; I am far 

from perfect, but I dedicate this to you, sisters and brothers. Valiha and Kintanay - my 

daughters, no matter how distant we are, you are always the source of my motivation, 

the strength that picks me up whenever I am down. I said a long time ago, and I want 

to become “Plusieurs-genieur,” not only “1-genieur” here I am, Dad. You always 

motivate and show me to be a good man. Mom, you are always part of me. THANK 

YOU. 

Lau, I wonder how to thank you. Five – six years, we have been separated, many 

things happened, up-and-downs, come-and-go…you were there, yet still here, 

supporting me. No words can express it; at least receive my humble and sincere 

“thank you”. 

ありがとうございます。 

Finally, I would like to close this section by saying, “Put all your hope in God, not 

looking to your reason for support.” (Proverbs 3:5). 

 

  



 

iii 

 

 

Abstract 

This study aims to investigate the bedrock incision in uniformly curved channels. 

The flow dynamics and mass transfer in curved channels are more complex than the 

straight channels due to the inherent spiral flow. The spiral flow combines the 

channel’s primary/streamwise and secondary/transverse flow. This particular flow 

drags and deposits the sediment along the inner wall. However, this specific feature 

raises questions regarding how it can affect the bed erosion of the channels. 

The actual study mainly uses analytical and experimental methods. The flow 

characteristics in curved channels are analytically derived, as well as the deposition 

morphology - transverse slope bed profile. The experiments are conducted to 

investigate the bedrock incision in uniformly curved channels. The flow conditions 

necessary to produce the spiral flow are presumed to be met; however, bedload 

transport of sediment predominates with minor suspended sediment. Moreover, it is 

assumed that the primary erosion of the channel bedrock occurs by incision, i.e., by 

physical interaction between the bedrock surface and the sediment grains 

displacement, such as grain saltation or sliding. 

The flow velocities in uniformly curved channels are derived from the three-

dimensional Reynolds-averaged Navier-Stokes equations and the continuity 

equation. For simplicity and due to the symmetricity, the channel is subdivided into 

two similar domains, the lower and the upper half domains. The wall effect is 

neglected. After the normalization, the equations are expressed as a function of the 

parameter ϵ - the channel width ratio for the curvature radius. The 

primary/streamwise flow velocity is obtained as the solution of the normalized 

equation for straight channels. The secondary flow velocity, however, is obtained by 
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doing the asymptotic expansion on ϵ. The velocities are obtained separately from the 

predefined domains but satisfy the continuity at the center of the channel. The flow 

velocities are expressed as funa ction of the boundary roughness z0. The transverse 

bed profile is obtained using the lateral sediment transport equation with the previous 

flow velocities in the equilibrium state.  

It is found that the flow velocities distribution along the vertical is generally 

symmetrical, due to the assumption that the top ceiling and the bottom would have 

the same roughness. Indeed, the boundary roughness greatly influences the shape of 

the flow velocity distribution: the water column flows more uniformly, and there is 

less secondary flow at smoother boundaries. Additionally, the transverse slope 

becomes steeper with the boundary roughness and with the depth-average velocity 

On the other hand, the experiments in an annular flume aim to simulate the bedrock 

incision. Two cases – Case 1 and Case 2 are carried out, each with different rotation 

speeds of the top ceiling, 40 and 48 RPM, respectively. Both cases use plaster as the 

bedrock and the same amount of sediment - grain size 0.45 mm, density 2.61 g/cc - as 

the abrasive tools. In both cases, sediment motion is kept as bedload transport. It is 

found that the sediment deposition and the moving bedforms along the inner wall 

differ for each case. A uniform transverse slope is observed for a rotation speed o, 4,8 

RPM, and wavy bedforms are found for a rotation speed of 40 RPM. The bedrock 

incision results in the development of the inner channel along the base of the 

transverse slope. This inner channel grows more quickly and toward the inner wall 

under the wavy bedforms than under the uniform transverse slope. These findings 

suggest that in the case of bedload transport of the sediment, the bedrock erosion 

would depend mainly on the bed morphology, and that the bedform influences more 

on the bedrock incision than flow speed. 

Nevertheless, comparing the analytical results with the experimental data shows 

suitable agreements. Such results are obtained under the following conditions: the 
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depth-averaged flow velocity is estimated to be 60 - 70 % of the top ceiling speed, and 

the boundary roughness becomes a “bedform roughness” for wavy bedforms and a 

“grain roughness” for uniform transverse slope. 

The thesis includes five chapters. Chapter 1 introduces the background, literature 

review, objectives, and organization of this study. Chapter 2 introduces the theoretical 

model to evaluate the secondary flow in uniformly curved closed channels using the 

mixing length turbulent model, one of the simplest turbulent closure models, and 

demonstrates their primary and secondary flow solutions. In addition, the shape of 

sediment deposition in the riverbed is derived from the velocity profiles in the 

uniformly curved channel obtained in the analysis. Chapter 3 describes laboratory 

experiments using a uniformly curved closed channel, with a detailed description of 

the results of the experiments. Chapter 4 compares the experimental and analytical 

results and discusses the physical implications of the results. Finally, Chapter 5 and 6 

deal with the discussion and the conclusions, respectively, with several 

recommendations for future studies. 
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1 Introduction 

Natural mechanisms for river path changes include alluvial and incision meandering. The 

former is mainly the result of bank erosion on an alluvial plain, and the latter happens when 

a bedrock incision occurs [1,2]. In alluvial meandering, the floodplains are usually well-

vegetated and rich in fine sediment. The combination of vegetation and fine sediment slows 

down the erosion and the lateral expansion of the river, which positively impacts the 

aquaculture of the river system [3,4]. In contrast, meandering by the incision is commonly 

active on the bedrock and plays an essential role in landscape evolution. This explains why 

discussions on river incisions tend to be limited to their contribution to landscape evolution 

[5,6]. Nonetheless, the incision meandering also finds its implication in different fields, such 

as engineering. The bedrock incisions were first discussed from an engineering perspective 

at the end of the nineteenth century, with arguments about their dynamics [7,8] and recently 

about their importance in urbanism and construction alongside river paths [9–11].  

Here, the bedrock incision is investigated due to the interaction between flow and 

sediment transport in uniformly curved channels. According to previous studies, the main 

parameters influencing bedrock incisions are sediment distribution, channel geometry, and 

flow fluctuation [12]. Sklar and Dietrich suggested that bedrock incisions occur at the 

optimal bed coverage and shear stress [13]. On the other hand, Zhang et al. [14] proposed a 

model considering the local bed state by integrating the bed cover fraction and the ratio of 

alluvial thickness to bedrock macro-roughness. These two models assume that the bedload 

transport of the sediment and the sediment grain saltation on the bedrock is the origin of 

the incision. While these interpretations are widely accepted, few studies have examined 

the factors influencing bedrock incisions in curved channels.  

Both alluvial and incision meandering cause infrastructures such as bridges and 

construction to collapse (e.g., [15,16]). Consequently, several human interventions are done 

along the river channels to prevent such hazards, including but not limited to dam 

construction, bank revetment, groins, and so on (e.g., [17–19]). They are supposed to control 
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the stream power (flow, sediment transport control…). Those interventions mainly deal 

with the riverbanks where the erosion occurs quickly, leaving the riverbed more or less 

unattended. Interestingly, Simon and Rinaldi suggested that those interventions lead to the 

increase of the bed channel degradation/incisions as feedback to a disturbance in which an 

excess of flow energy, shear stress, or stream power occurs relative to the amount of 

sediment supplied to the stream [20]. Several studies reported from field observation that 

any intervention on the riverbank for its protection increases the bed incision. In contrast, 

no intervention results in less or no bed erosion. Notably, Amissah et al. [9] reported the 

degradation of the bed along the inner side of a curved part of the Tisza River in Hungary. 

They highlighted that such a phenomenon might threaten humanity and need to be 

considered in the community's urbanization or development. 

In curved channels, the generation of helical/spiral flow, as presented in Figure 1, is the 

main flow feature (e.g., [21]). The imbalance between the uniformly distributed pressure 

gradient and the non-uniform centrifugal force causes the spiral flow. The term spiral flow 

will be used throughout this document for convenience. The spiral flow is the combination 

of the tangential/longitudinal/primary and the transversal/radial/secondary flows—also, 

the terms primary and secondary flows will be used from this point forward. Previous 

studies demonstrated that, near the surface, the flow goes diagonally from the inner wall to 

the outer wall and then goes down along the outer wall; at the bottom, it flows from the 

outer wall to the inner wall, where it rises again, and so forth [21–25]. Exceptionally, the 

reverse spiral flow may also be observed in the case of a density-driven flow, whose 

maximum primary velocity is observed near the bed [26]. Anyhow, this flow pattern forces 

the redistribution of the velocity and the bed shear stress and has consequences on bed 

morphology and engineering [9,24,27–35].  
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Figure 1: Schematic diagram of the spiral flow along curved channels as the combination of the primary and 

the secondary flow.  

Erosion typically occurs on the outer bank of curved channels due to the quick erosion 

process on that side, posing risks and threats to the area [4,36]. River channels, particularly 

curved ones, were subjected to several interventions to manage the flow and sediment 

transport to prevent such catastrophes. These interventions include but are not limited to, 

the construction of levee dams, artificial meander cutoffs, bank protection, and stabilization 

[37]. Despite this, the riverbed frequently receives less care and is left unattended, and in 

this instance, it is the weakest and least protected part of the channel, subject to potential 

erosion, with little research done [38].  

Due to its complexity, spiral flow studies are often conducted experimentally, 

numerically, or analytically [39–41]. The actual study - bedrock incision due to the 

interaction between flow and sediment transport in uniformly curved channels will be 

investigated analytically and experimentally. 

Recently, the annular flume has been widely adopted to study hydrodynamics in curved 

channels experimentally. This is because the annular flume allows a continuous spiral flow 

to be reproduced like that in curved channels during the necessary timespan (e.g., [23,42–

45]). Also, to control the spiral flow, the rotation of the cover lid of the annular flume is 

varied, and the other parameters are maintained at constant values (water depth, sediment 
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amount, and caliber) [14,43,44]. In the present study, the rotation speed of the cover lid is 

the primary variable to monitor the flow, sediment transport and deposition investigations, 

and the erosion process. 

A review of the literature on the experiments using an annular flume found that the flow 

velocity components (primary and secondary) and the bed shear stress increase with the top 

lid rotation speed (e.g., [23,43]). The primary flow velocity increases from the inner wall 

towards the outer wall; the shear stress may also increase towards the inner wall with the 

increase of the bed roughness [41]. Simultaneously, the sediment is dragged towards the 

inner bank and forms the transverse slope (e.g., [22,46–49]). The secondary flow velocity is 

less than half of the primary flow velocity near the bed [23]; when the flow pattern varies in 

space and time, the bed topography also fluctuates, and conversely (e.g., [14,39,43,50,51]). 

The minimal second flow criteria are met after the cover lid rotation begins. The sediment 

is deposited along the inner wall, forming a uniform transverse slope that gradually turns 

into regular deposition patterns (e.g., [27,43,49–51]). Taguchi et al. [32,33] discovered a 

limited incised area experimentally and suggested that the erosion mainly occurs under the 

moderately covered bed, namely at the base of the transverse slope. They added the 

alternation of the bed’s condition between covered and exposed as another contributing 

factor to the erosion. Their results were obtained with a constant cover lid rotation speed of 

40 RPM, and mortar simulated the bedrock. In contrast, the experiments in the present study 

adopt two different rotation speeds, one with 40 RPM for reference with the previous study 

and the second one with 48 RPM; in addition, plaster is used for the bedrock, and the 

experiments are performed longer in time to see the advanced state of the erosion growth. 

Often, the flow velocities models derived from open curved channels are adopted to 

compare with the experimental data, employing approximations and assumptions and 

leading to a certain level of agreement, or vice-versa [28,30,31,52]. Flow velocity and 

transverse bed profile models will be derived analytically in this study. The analytical part 

uses a variation of Engelund F. [22] and Sheng Y. [23]’s approaches and allows to express 

the flow model as a function of the boundary roughness. The spiral flow is still complex, 
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even using the annular flume. Nonetheless, Engelund has already noted an unrealistic 

velocity near the top lid. Sheng also highlighted that the results could not correctly describe 

the turbulent boundary layer using a laminar model.  

The experiments will be conducted to monitor the interaction between the flow and the 

sediment transport on the bedrock incision, an interaction that is based on the bottom 

roughness. First, the flow velocity distribution will be derived to study the bedrock incision 

due to the interaction between flow and sediment transport in uniformly curved channels. 

From that will be calculated the transverse bed slope model, which will be compared with 

the transverse slope obtained experimentally. 

After this introduction, Chapter 2 introduces the theoretical model to derive the primary 

and secondary flow in uniformly curved closed channels using the mixing length turbulent 

model. The transverse slope model in the uniformly curved channel will be derived from 

those flow velocities. Chapter 3 will describe laboratory experiments using a uniformly 

curved closed channel, with a detailed description of the results of the experiments. The 

validation of the experimental and analytical results is in Chapter 4. Chapter 5 is dedicated 

to the discussion, and the conclusions of this study are given in chapter 6, with some 

recommendations for future studies. 
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2 Bed transverse slope in uniformly curved channels 

This chapter will derive the secondary flow in uniformly curved closed channels. The 

turbulent model, “the mixing length turbulent model,” will be adopted to obtain the main 

flow and secondary flow velocities. In addition, the analytical transverse slope of the 

sediment deposition in the riverbed will also be expressed from the velocity profiles in the 

uniformly curved channel obtained in the analysis. 

2.1 Formulation 

2.1.1 Governing equation 

The Reynolds-averaged Navier-Stokes equations and the continuity equation for 

sufficiently shallow flow in a curved channel read: 

 
𝑟0
∗

𝑟0
∗ + 𝑛∗
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𝜕𝑣∗

𝜕𝑠∗
+ 𝑣∗

𝜕𝑣∗

𝜕𝑛∗
+ 𝑤∗

𝜕𝑣∗

𝜕𝑧∗
−

𝑢∗2

𝑟0
∗ + 𝑛∗

= −
1

𝜌

𝜕𝑝∗

𝜕𝑛∗
+

𝜕

𝜕𝑧∗
(𝜈𝑇

∗
𝜕𝑣∗

𝜕𝑧∗
 ) (2)  

 
𝑟0
∗

𝑟0
∗ + 𝑛∗

𝑢∗
𝜕𝑤∗

𝜕𝑠∗
+ 𝑣∗

𝜕𝑤∗

𝜕𝑛∗
+𝑤∗

𝜕𝑤∗

𝜕𝑧∗
= −

1

𝜌

𝜕𝑝∗

𝜕𝑧∗
+

𝜕

𝜕𝑧∗
(2𝜈𝑇

∗
𝜕𝑤∗

𝜕𝑧∗
 ) − 𝑔 (3)  

 
𝑟0
∗

𝑟0
∗ + 𝑛∗

𝜕𝑣∗

𝜕𝑠∗
+
𝜕𝑣∗

𝜕𝑛∗
+
𝜕𝑤∗

𝜕𝑧∗
+

𝑣∗

𝑟0
∗ + 𝑛∗

= 0 (4)  

Where𝑠∗, 𝑛∗  And𝑧∗  are the coordinates in the streamwise, lateral and depth directions 

respectively; 𝑢∗, 𝑣∗  and 𝑤∗ are the velocity components in the 𝑠∗, 𝑛∗  and 𝑧∗   directions 

respectively, 𝑟0
∗ is the curvature radius of the channel center, 𝑝∗ is the pressure, 𝜈𝑇

∗  is the 

eddy viscosity, and 𝑔 is the gravity acceleration. Note that we take the origins of 𝑛∗ and 𝑧∗ 

at the lateral and depth centers of the channel, respectively. 
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Figure 2: Representation of the coordinate system: (a) Top view, (b) 3D view, and (c) Section view 

2.1.2 Normalization 

In this study, we express the normalization of the form: 

 
(𝑠∗,  𝑛∗ ) =  𝐵∗(𝑠, 𝑛) (5 .a)   z*= D0

*  z (5 .b)  𝑟0
∗  =  𝑅0

∗ 𝑟0  =  
𝑅0
∗

𝐶  (5 .c)  

 
(𝑢∗,  𝑣∗)  =  𝑈𝑎

∗(𝑢, 𝑣) (5 .d)   w*= 
Ua
*

β
 w (5 .e)  𝑝∗ −  𝜌𝑔(𝐷0

∗ −  𝑧∗ ) =  𝜌𝑈𝑎
∗2𝑝 (5 .f)  

 𝜈𝑇
∗  =  𝑈𝑎

∗𝐷0
∗𝜈𝑇 (5 .g)      

where 𝐵∗  is the half–width of the channel, 𝐷0
∗  is the half-height of the channel, 𝑈𝑎

∗  is the 

depth-averaged velocity in the flume, 𝑅0
∗  is a typical curvature radius, C   is the non-

dimensional curvature (inverse of  r0), p is the normalized piezometric pressure, and β is 

the aspect ratio defined by 𝐵∗ 𝐷0
∗⁄ . As already described, the origins of n , and 𝑧 are located 
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at the lateral and depth centers of the channel, respectively (Figure 2). Therefore, the flow 

domain is -1 ≤ n ≤ 1 and -1 ≤ z  ≤ 1. 

Applying these to the equations (1) to (4), we obtain: 

 
1

1 + 𝜖𝑛𝐶
𝑢
𝜕𝑢

𝜕𝑠
+  𝑣

𝜕𝑢

𝜕𝑛
+  𝑤

𝜕𝑢

𝜕𝑧
+

𝜖𝐶𝑢𝑣

1 + 𝜖𝑛𝐶
=  −

1

1 + 𝜖𝑛𝐶

𝜕𝑝

𝜕𝑠
+  𝛽

𝜕

𝜕𝑧
(𝜈𝑇

𝜕𝑢

𝜕𝑧
) (6)  

 
1

1 + 𝜖𝑛𝐶
𝑢
𝜕𝑣

𝜕𝑠
+  𝑣

𝜕𝑣

𝜕𝑛
+ 𝑤

𝜕𝑣

𝜕𝑧
−

𝜖𝐶𝑢2

1 + 𝜖𝑛𝐶
=  −

𝜕𝑝

𝜕𝑛
+  𝛽

𝜕

𝜕𝑧
(𝜈𝑇

𝜕𝑣

𝜕𝑧
) (7)  

 
1

1 + 𝜖𝑛𝐶
𝑢
𝜕𝑤

𝜕𝑠
+  𝑣

𝜕𝑤

𝜕𝑛
+  𝑤

𝜕𝑤

𝜕𝑧
=  −𝛽2

𝜕𝑝

𝜕𝑧
+  𝛽

𝜕

𝜕𝑧
(2 𝜈𝑇

𝜕𝑤

𝜕𝑧
) − 𝐹  −2 (8)  

 
1

1 + 𝜖𝑛𝐶

𝜕𝑢

𝜕𝑠
+
𝜕𝑣

𝜕𝑛
+
𝜕𝑤

𝜕𝑧
+

𝜖𝐶𝜐

1 + 𝜖𝑛𝐶
= 0 (9)  

where 𝐹 is the Froude number, and 𝜖 is the ratio of the half-width for the typical curvature 

radius of the channel; it is a parameter defining the sinuosity of the channel and is expressed 

by: 

 𝜖 =
𝐵∗

𝑅0
∗ (10)  
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2.2 Analytical solutions – Uniformly Curved Channels 

2.2.1 Primary flow velocity – Solution for straight channels 

Except near the side walls (𝑛 = ±1), the following equation holds: 

 𝐶 =  1,
𝜕

𝜕𝑠
=  0, 𝑤 =  0 (11)  

Then, the equations (6) - (9) reduce to: 

 𝑣
𝜕𝑢

𝜕𝑛
+

𝜖𝑢𝑣

1 + 𝜖𝑛
=  𝛽

𝜕

𝜕𝑧
(𝜈𝑇

𝜕𝑢

𝜕𝑧
) (12)  

 𝑣
𝜕𝜐

𝜕𝑛
−

𝜖𝐶𝑢2

1 + 𝜖𝑛𝐶
 =  −

𝜕𝑝

𝜕𝑛
+  𝛽

𝜕

𝜕𝑧
(𝜈𝑇

𝜕𝑣

𝜕𝑧
) (13)  

 𝛽 2 
𝜕𝑝

𝜕𝑧
=  𝐹  −2 (14)  

 
𝜕𝑣

𝜕𝑛
+

𝜖𝑣

1 +  𝜖𝑛
=  0 (15)  

Remember that 𝜖 is the ratio of 𝐵∗ to 𝑅0
∗. It follows that if the channel is straight, then 𝑅0

∗  

is infinity, the lateral velocity and the variation in the lateral direction vanish. Therefore, we 

have the following relations: 

 𝜖 =  0, 𝑣 =  0,
𝜕

𝜕𝑛
=  0 (16)  

These relations reduce the equation (12) to: 

 
d

d𝑧
(𝜈𝑇 

d𝑢

d𝑧
) =  0 (17)  

where we replace the partial derivatives with total derivatives because 𝑢 is a function only 

of 𝑧. After the integration of this equation (17), we obtain: 

 𝜈𝑇
d𝑢

𝑑𝑧
= 𝐶𝑓  (18)  
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where 𝐶𝑓  is the friction coefficient defined by (𝑈𝑓
∗ 𝑈𝑎

∗⁄ )
2
, Uf

∗ is the shear velocity defined by 

√
𝜏∗

𝜌 , and 𝜏∗is the shear stress.  

From Equation (18), we find that the shear stress is constant in the 𝑧 direction in this flow. 

It means the shear stress exerted on the flow by the lid is exerted downward without change. 

The kinematic eddy viscosity νT is defined by: 

 𝜈𝑇 = 𝑙 
2 |
d𝑢

d𝑧
| (19)  

where l is the mixing length defined as the distance from the boundary. 

2.2.1.1 In the lower half domain 

In the lower half domain of the channel (−1 ≤ 𝑧 ≤ 0) , the effect of the bottom is 

dominant, and the distance from the bottom to the height z is 1 + 𝑧. Therefore, the mixing 

length l  is defined by: 

 l = κ ( 1 + z ) (20)  

Combining the above relation with (18) and (19), we obtain: 

 𝜅  2 ( 1 +  𝑧 ) 2 |
d𝑢

d𝑧
|
d𝑢

d𝑧
=  𝐶𝑓 (21)  

The above differential equation has the solution of the form: 

 𝑢 =  
√𝐶𝑓

𝜅
ln(1 + 𝑧) + 𝐶0  (22)  

where 𝐶0 is an integral constant which is determined by a great number of past experimental 

results. In the case of the bottom surface being smooth, it is found 

 𝑢 =
√𝐶𝑓

𝜅
ln[9𝑅𝑒(1 + 𝑧)] (23)  

where 𝑅𝑒 is the Reynolds number defined by 
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 𝑅𝑒 =
𝑈𝑓
∗ 𝐷0

∗

𝜈  (24)  

where ν is dynamic viscosity of the fluid. 

In the case of the bottom surface being rough, it is found 

 𝑢 =
√𝐶𝑓

𝜅
ln [

30 (1 + 𝑧)

𝑘𝑠
] (25)  

where 𝑘𝑠 is the roughness height. 

The velocity distribution in the lower half can be written in the following unified form:  

 𝑢 =  
√𝐶𝑓

𝜅
𝑙𝑛 (

 1 + 𝑧

𝑧0
) (26)  

 𝑧0 = {

1

9𝑅𝑒
  𝑓𝑜𝑟 𝑠𝑚𝑜𝑜𝑡ℎ 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦

𝑘𝑠
30
  𝑓𝑜𝑟 𝑟𝑜𝑢𝑔ℎ 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦  

(27)  

2.2.1.2 In the upper half-domain 

In the upper half domain of the channel (0 ≤ 𝑧 ≤ 1), the effect of the ceiling is dominant. 

Because the distance from the ceiling to the height 𝑧 is 1 − 𝑧, the mixing length 𝑙 is defined 

by: 

 𝑙 =  𝜅 ( 1 −  𝑧 ) (28)  

Combining the above relation with (18) and (19), we obtain  

 𝜅 2 ( 1 −  𝑧 )2 |
d𝑢

d𝑧
|
d𝑢

d𝑧
= 𝐶𝑓  (29)  

and after some modification, we obtain: 

 d𝑢 =  − 
√𝐶𝑓

𝜅
 
d( 1 − 𝑧)

1 −  𝑧  (30)  
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The above differential equation has the solution of the form: 

 𝑢 =  −
√𝐶𝑓

𝜅
ln(1 − 𝑧) +  𝐶1 (31)  

Assuming that the ceiling has the same roughness as the bottom, and that the flow 

velocity where 𝑧 = 1 − 𝑧0 is the moving speed of the ceiling Uc we obtain the constant of 

integration: 

 𝐶1  =  𝑈𝑐 + 
√𝐶𝑓

𝜅
ln 𝑧0 (32)  

And the velocity distribution in the upper half domain is thus: 

 𝑢 =  𝑈𝑐 − 
√𝐶𝑓

𝜅
ln (

1 − 𝑧

𝑧0
) (33)  

Furthermore, the solutions in the lower and upper half domains should be matched at the 

depth center of the channel (𝑧 = 0), such that: 

 
√𝐶𝑓

𝜅
ln
1

𝑧0
= 𝑈𝑐 −

√𝐶𝑓

𝜅
ln
1

𝑧0
ln
1

𝑧0
 (34)  

From the above equation, we obtain the relation of the form: 

 𝐶𝑓 = (
𝜅𝑈𝑐

2 ln(1 𝑧0⁄ )
)
2

 (35)  

Substituting the above relation into (26) and (33), we find that the velocity 𝑢 in the whole 

domain is written in the form: 

 𝑢(𝑧) =

{
 
 

 
 𝑈𝑐
2
(1 −

ln(1 + 𝑧)

ln 𝑧0
)    (−1 ≤ 𝑧 ≤ 0)

𝑈𝑐
2
(1 +

ln(1 − 𝑧)

ln 𝑧0
)    (0 ≤ 𝑧 ≤ 1)  

(36)  
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Note that the velocity vanishes at the point where the distances from the bottom and 

ceiling are both 𝑧0 (𝑧 = −1 + 𝑧0 and 𝑧 = 1 − 𝑧0, respectively). Taking the depth average of 

the above equation, we obtain the depth-averaged velocity in the form 

 1

2
∫ 𝑢 d𝑧
1

−1
 = ∫

𝑈𝑐
4
(1 −

ln(1 + 𝑧)

ln 𝑧0
)

0

−1

d𝑧 + ∫
𝑈𝑐
2
(1 +

ln(1 − 𝑧)

ln 𝑧0
)

1

0

d𝑧 

= 
𝑈𝑐
4
[𝑧 −

(1 + 𝑧) ln(1 + 𝑧) − (1 + 𝑧)

ln 𝑧0
]
−1

0

+ 
𝑈𝑐
4
[𝑧 −

(1 − 𝑧) ln(1 − 𝑧) − (1 − 𝑧)

ln 𝑧0
]
0

1

 

= 
𝑈𝑐
4
(
1

ln 𝑧0
+  1) +

𝑈𝑐
4
(1 −  

1

ln 𝑧0
) 

=
Uc
2  

(37)  

Furthermore, because the non-dimensional depth-averaged velocity should be equal to 1 

due to the normalization, we find that 𝑈𝑐 = 2. Thus, (36) is rewritten in the form, and is 

presented in Figure 3: 

 𝑢(𝑧) =

{
 
 

 
 1 −

ln(1 + 𝑧)

ln 𝑧0
    (−1 ≤ 𝑧 ≤ 0)

1 −
ln(1 − 𝑧)

ln 𝑧0
    (0 ≤ 𝑧 ≤ 1)  

(38)  

In addition, the important resistance law (35) reduces to: 

 𝐶𝑓  = (
1

𝑘
ln
1

𝑧0
)
−2

 (39)  
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Figure 3: Non dimensional streamwise U velocity distribution along the vertical. 

The primary flow velocity distribution along the vertical direction, expressed in Equation 

(38), is plotted in Figure 3. The plot is non-dimensional, the vertical axis represents the z-

direction and the horizontal axis represents the primary flow. It is shaped like a standing 

letter “S” and symmetrical at the channel center, located at (𝑢0, 𝑧) = (1, 0). Three graphs 

with different values of 𝑧0 are presented and show that the roughness increase affects the 

velocity distribution shape and makes the near-boundary velocity rise and reduce.   
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2.2.2 Secondary flow velocity - Asymptotic expansions 

We expand u, v and p with the use of 𝜖 in the form 

 𝑢 = 𝑢0(𝑧)  +  𝜖𝑢1(𝑠, 𝑛, 𝑧)  + 𝜖 
2𝑢2(𝑠, 𝑛, 𝑧)  + ⋯ (40)  

 𝑣 =  𝜖 𝑣1 (𝑠, 𝑛, 𝑧)  +  𝜖
 2𝑣2(𝑠, 𝑛, 𝑧)  + ⋯ (41)  

 𝑝 =  𝜖 𝑝1(𝑠, 𝑛)  +  𝜖 
2𝑝2(𝑠, 𝑛)  + ⋯ (42)  

As already described, 𝜖 is the parameter standing for the channel sinuosity; therefore, the 

terms of 𝑂(𝜖0) correspond to solutions for straight channels. It follows that (38) corresponds 

to 𝑢0(𝑧). 

Substituting the above expansions (40)-(42) into (12), (13), and (15), and picking up the 

terms of each order of ϵ, we obtain the following results. 

 0 =  𝛽
𝜕

𝜕𝑧
(𝜈𝑇0

𝜕𝑢1
𝜕𝑧
) (43)  

 −𝑢0
2(𝑧)  =  −

𝜕𝑝1
𝜕𝑛

+  𝛽
𝜕

𝜕𝑧
 (𝜈𝑇0

𝜕𝑣1
𝜕𝑧
) (44)  

 
𝜕𝑣1
𝜕𝑛

=  0 (45)  

where 

 𝜈𝑇0 = {
𝜅2(1 + 𝑧)2 |

d𝑢0
d𝑧
|  =   𝜅(1 + 𝑧)   (−1 ≤ 𝑧 ≤ 0)

𝜅2(1 −  𝑧)2 |
d𝑢0
d𝑧
| =   𝜅(1 − 𝑧)   (0 ≤ 𝑧 ≤ 1)  

(46)  

From (45), we find v1 not a function of n. Then, 
𝜕𝑝1

𝜕𝑛
 in (44) is not a function of n either. 

Because 𝑝1 is not a function of 𝑧, 
𝜕𝑝1

𝜕𝑛
 turns out to be a constant. We assume that 

𝜕𝑝1

𝜕𝑛
= 𝑎 , 

hereafter. 

2.2.2.1 Secondary flow velocity in the lower half 

In the lower half domain (−1 ≤ 𝑧 ≤ 0), we find (44) to be 
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 d

d𝑧
(𝜅(1 + 𝑧)

d𝑣1
d𝑧
) =

1

𝛽
[𝑎 − (1 −

ln(1 + 𝑧)

ln 𝑧0
)

2

] 

=
1

𝛽
[𝑎 − 1 + 2

ln(1 + 𝑧)

ln 𝑧0
−
(ln(1 + 𝑧))2

(ln 𝑧0)2
] (47)  

The above differential equation describes the velocity distribution of the secondary flow 

v1 in the lower half domain. Integrating the above relation for z, we obtain 

 

𝜅(1 + 𝑧)
d𝑣1
d𝑧  =

1

𝛽
[(𝑎 − 1)(1 + 𝑧) + 2

(1 + 𝑧) ln(1 + 𝑧) − (1 + 𝑧)

ln 𝑧0

−
(1 + 𝑧)(ln(1 + 𝑧))2 − 2(1 + 𝑧) ln(1 + 𝑧) + 2(1 + 𝑧)

(ln 𝑧0)2
] + 𝐶2 

=
1

𝛽
[(𝑎 − 1 −

2

ln 𝑧0
−

2

(ln 𝑧0)2
) (1 + 𝑧)

+ (
2

ln 𝑧0
+

2

(ln 𝑧0)2
) (1 + 𝑧) ln(1 + 𝑧)

−
(1 + 𝑧)(ln(1 + 𝑧))2

(ln 𝑧0)2
] + 𝐶2 (48)  

where 𝐶2 is an integral constant determined by the boundary conditions at the bottom and 

the matching conditions between the solutions in the upper and lower half domains. Note 

that the above equation is the shear stress due to the secondary flow and is used to match 

the solutions in the lower and upper half domains.  

Dividing both hand sides of the above equation by 𝜅(1 + 𝑧), we obtain 

 

d𝑣1
d𝑧

=
1

𝜅𝛽
[(𝑎 − 1 −

2

ln 𝑧0
−

2

(ln 𝑧0)
2
) + (

2

ln 𝑧0
+

2

(ln 𝑧0)
2
) ln(1 + 𝑧) −

(ln(1 + 𝑧))2

(ln 𝑧0)
2
]

+
𝐶2

𝜅(1 + 𝑧) 

(49)  

This equation is further integrated to be 
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𝑣1 =
1

𝜅𝛽
[(𝑎 − 1 −

2

ln 𝑧0
−

2

(ln 𝑧0)2
) (1 + 𝑧)

+ (
2

ln 𝑧0
+

2

(ln 𝑧0)2
) ((1 + 𝑧) ln(1 + 𝑧) − (1 + 𝑧))

−
(1 + 𝑧)(ln(1 + 𝑧))2 −  2 (1 + 𝑧) ln(1 + 𝑧) + 2 (1 + 𝑧)

(ln 𝑧0)2
]

+
𝐶2
𝜅
 ln(1 + 𝑧)+ 𝐶3 

𝑣1 =
1

𝜅𝛽
[(𝑎 − 1 −

4

ln 𝑧0
−

6

(ln 𝑧0)2
) (1 + 𝑧) + (

2

ln 𝑧0
+

4

(ln 𝑧0)2
) (1 + 𝑧) ln(1 + 𝑧)

−
(1 + 𝑧)(ln(1 + 𝑧))2

(ln 𝑧0)
2

] +
𝐶2
𝜅
ln(1 + 𝑧)+𝐶3 

(50)  

The velocity should vanish at the bottom. However, the velocity of the secondary flow 

has a singularity at the bottom as the velocity of the main flow. Therefore, the velocity 

becomes −∞ at the bottom. We assume that the velocity of the secondary flow vanishes at 

the point (𝑧 = −1 + 𝑧0)  where the velocity of the main flow vanishes. Applying this 

assumption v(-1+z0)=0 to the above equation, we obtain a relation between 𝐶2 and 𝐶3 in 

the following form: 

 𝐶3 = −
1

𝜅𝛽
(𝑎 −

6

(ln 𝑧0)2
)𝑧0  −

𝐶2
𝜅
ln 𝑧0 (51)  

Substituting the above equation into (50), we obtain: 

 

𝑣1 =
1

𝜅𝛽
[(𝑎 − 1 −

4

ln 𝑧0
−

6

(ln 𝑧0)2
) (1 + 𝑧) + (

2

ln 𝑧0
+

4

(ln 𝑧0)2
) (1 + 𝑧) ln(1 + 𝑧)

−
(1 + 𝑧)(ln(1 + 𝑧))2

(ln 𝑧0)
2

] +
𝐶2
𝜅
(ln(1 + 𝑧)+ ln 𝑧0) 

(52)  

2.2.2.2 Secondary flow velocity in the upper half 

In the upper half domain (0 ≤ 𝑧 ≤ 1), we obtain: 
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 d

d𝑧
(𝜅(1 − 𝑧)

d𝑣1
d𝑧
) =

1

𝛽
[𝑎 − (1 +

ln(1 − 𝑧)

ln 𝑧0
)

2

] 

=
1

𝛽
[𝑎 − 1 − 2

ln(1 − 𝑧)

ln 𝑧0
−
(ln(1 − 𝑧))2

(ln 𝑧0)2
] (53)  

The above differential equation describes the velocity distribution of the secondary flow 

𝑣1 in the upper half domain. Integrating the above equation concerning 𝑧, we obtain: 

 
𝜅(1 − 𝑧)

d𝑣1
d𝑧  =

1

𝛽
[(−𝑎 + 1)(1 − 𝑧) + 2

(1 − 𝑧) ln(1 − 𝑧) − (1 − 𝑧)

ln 𝑧0

+
(1 − 𝑧)(ln(1 − 𝑧))2 − 2(1 − 𝑧) ln(1 − 𝑧) + 2(1 − 𝑧)

(ln 𝑧0)2
] + 𝐶4 

=
1

𝛽
[(−𝑎 + 1 −

2

ln 𝑧0
−

2

(ln 𝑧0)2
) (1 − 𝑧)

+ (
2

ln 𝑧0
−

2

(ln 𝑧0)2
) (1 − 𝑧) ln(1 − 𝑧)

+
(1 − 𝑧)(ln(1 − 𝑧))2

(ln 𝑧0)2
] + 𝐶4 (54)  

where 𝐶4 is an integral constant determined by the boundary condition at the ceiling and 

the matching conditions between the solutions in the upper and lower half domains. As 

already explained, the above equation describes the shear stress due to the secondary flow. 

Dividing the above equation by 𝜅(1 − 𝑧), we obtain: 

 

d𝑣1
d𝑧

=
1

𝜅𝛽
[(−𝑎 + 1 −

2

ln 𝑧0
+

2

(ln 𝑧0)2
) + (

2

ln 𝑧0
−

2

(ln 𝑧0)2
) ln(1 − 𝑧) +

(ln(1 − 𝑧))2

(ln 𝑧0)2
]

+
𝐶4

𝜅(1 − 𝑧) 

(55)  

This equation is further integrated to be 
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𝑣1  =
1

𝜅𝛽
[(𝑎 −  1 +

4

ln 𝑧0
−

6

(ln 𝑧0)2
) (1 − 𝑧) − (

2

ln 𝑧0
−

4

(ln 𝑧0)2
) (1 − 𝑧) ln(1 − 𝑧)

−
(1 − 𝑧)(ln(1 − 𝑧))2

(ln 𝑧0)2
] +

𝐶4
𝜅
ln(1 − 𝑧)  + 𝐶5 

(56)  

where 𝐶5 is another integral constant determined by the boundary condition (𝑣(1 − 𝑧0) =

0). We find 

 𝐶5  =  −
1

𝜅𝛽
(𝑎 − 4 +

8

ln 𝑧0
−

6

(ln 𝑧0)2
)𝑧0 +

𝐶4
𝜅
ln 𝑧0 (57)  

Substituting the above equation into (56), we obtain 

 

𝑣1 =
1

𝜅𝛽
[(𝑎 − 1 +

4

ln 𝑧0
−

6

(ln 𝑧0)2
) (1 − 𝑧) − (

2

ln 𝑧0
−

4

(ln 𝑧0)2
) (1 − 𝑧) ln(1 − 𝑧)

−
(1 − 𝑧)(ln(1 − 𝑧))2

(ln 𝑧0)
2

− (𝑎 − 4 +
8

ln 𝑧0
−

6

(ln 𝑧0)
2
)]

−
𝐶4
𝜅
(ln(1 − 𝑧)− ln 𝑧0) 

(58)  

2.2.2.3 Matching the Solutions in the lower and upper half domains 

At the depth center of the channel (𝑧 = 0), the shear stresses (48) and (54) should be 

continuous. Therefore, we have the relation 

 
1

𝛽
(𝑎 − 1 −

2

ln 𝑧0
−

2

(ln 𝑧0)2
) +  𝐶2 = 

1

𝛽
(−𝑎 +  1 −

2

ln 𝑧0
+

2

(ln 𝑧0)2
) +  𝐶4 (59)  

The above equation reduces to 

 
𝐶4  =  

1

𝛽
 (2 𝑎 −  2 −  

4

(ln 𝑧0)2
) +  𝐶2 

(60)  

The velocities 𝑣1 described by (52) and (58) should be matched at the depth center of the 

channel (𝑧 = 0), such that 
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1

𝛽
[𝑎(1 − 𝑧0) − 1 −

4

ln 𝑧0
+
6(1 − 𝑧0)

(ln 𝑧0)2
] −  𝐶2 ln 𝑧0

= 
1

𝛽
[𝑎(1 − 𝑧0) − 1 + 4𝑧0 +

4(1 − 2𝑧0)

ln 𝑧0
−
6(1 − 𝑧0)

(ln 𝑧0)2
] +  𝐶4 ln 𝑧0 

(61)  

The above equation reduces to 

 𝐶4  =  
1

𝛽
 ( 
8𝑧0 − 8

(ln 𝑧0)2
 − 

4𝑧0
ln 𝑧0

) −  𝐶2 (62)  

Solving (60) and (62) for 𝐶2 and 𝐶4, we obtain 

 𝐶2 =
1

𝛽
(
4𝑧0 − 2

(ln 𝑧0)2
−
2𝑧0
ln 𝑧0

− 𝑎 + 1) (63)  

and 

 𝐶4 =
1

𝛽
(
4𝑧0 − 6

(ln 𝑧0)2
−
2𝑧0
ln 𝑧0

+ 𝑎 − 1) (64)  

In the lower half domain and the upper half, we obtain respectively 

 

𝑣1 =
1

𝜅𝛽
[(𝑎 − 1 −

4

ln 𝑧0
−

6

(ln 𝑧0)2
) (1 + 𝑧) + (

2

ln 𝑧0
+

4

(ln 𝑧0)2
) (1 + 𝑧) ln(1 + 𝑧)

−
(1 + 𝑧)(ln(1 + 𝑧))2

(ln 𝑧0)2
+ (1 − 𝑎 −

2𝑧0
ln 𝑧0

+
4𝑧0 − 2

(ln 𝑧0)2
) (ln(1 + 𝑧)− ln 𝑧0)

− (𝑎 −
6

(ln 𝑧0)2
)𝑧0] 

(65)  

 

𝑣1 =
1

𝜅𝛽
[(𝑎 − 1 +

4

ln 𝑧0
−

6

(ln 𝑧0)2
) (1 − 𝑧) − (

2

ln 𝑧0
−

4

(ln 𝑧0)2
) (1 − 𝑧) ln(1 − 𝑧)

−
(1 − 𝑧)(ln(1 − 𝑧))2

(ln 𝑧0)2
− (𝑎 − 1 −

2𝑧0
ln 𝑧0

+
4𝑧0 − 6

(ln 𝑧0)2
) (ln(1 − 𝑧)− ln 𝑧0)

− (𝑎 − 4+
8

ln 𝑧0
−

6

(ln 𝑧0)2
) 𝑧0] 

(66)  
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Figure 4 shows the secondary flow velocity distribution due to the combination of 

Equation (65) and Equation (66). The plot is non-dimensional, the z-direction is represented 

along the vertical left axis and the secondary flow velocity varies along the horizontal 

bottom axis. The velocity distribution takes a quasi-symmetric shape “Z” and reveals the 

increase of 𝑧0  rises the local maximum near-bed 𝑣1  and its distance from the boundary. 

Positive and negative values indicate that the flow goes toward the outer and inner wall, 

respectively. 

 

Figure 4: Non-dimensional secondary velocity distribution along the vertical.  
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2.2.3 Determination of the lateral gradient of the pressure “a” 

In addition, the integration of the secondary flow from the bottom to the water surface 

has to vanish, such that 

 ∫ 𝑣1 d𝑧
1

−1

= ∫ 𝑣1 
0

−1

d𝑧 + ∫ 𝑣1 d𝑧
1

0

=  0 (67)  

Integrating (65) in the lower half domain (−1 ≤ 𝑧 ≤ 0), we obtain 

 ∫ 𝑣1 d𝑧
0

−1

=
1

𝜅𝛽
[(
3

2
− 𝑧0 + ln 𝑧0) 𝑎 − (

3

2
−  2𝑧0 + ln 𝑧0) −

1 2⁄  +  2𝑧0
ln 𝑧0

− 
9 4⁄ −  2𝑧0
(ln 𝑧0)2

] (68)  

Integrating (66) in the upper half domain (0 ≤ 𝑧 ≤ 1), we obtain 

 ∫ 𝑣1 d𝑧
1

0

=
1

𝜅𝛽
[(
3

2
−  𝑧0 + ln 𝑧0) 𝑎 − (

3

2
−   2𝑧0 + ln𝑧0) −

7 2⁄  + 6𝑧0
ln 𝑧0

−
41 4⁄ −  10𝑧0
(ln 𝑧0)2

] (69)  

Substituting (68) and (69) into (67), we obtain 

 [(3 − 2𝑧0 + 2 ln 𝑧0)𝑎 − (3 − 4𝑧0 + 2 ln 𝑧0) −
4 + 8𝑧0
ln 𝑧0

−
50 4⁄ − 12𝑧0
(ln 𝑧0)2

] = 0 (70)  

This condition determines another unknown 𝑎. The result is 

 𝑎 =
3 − 4𝑧0 + 2 ln𝑧0
3 − 2𝑧0 + 2 ln 𝑧0

+
4 + 8𝑧0

(3 − 2𝑧0 + 2 ln 𝑧0) ln 𝑧0
+

50 4 ⁄ − 12𝑧0
(3 − 2𝑧0 + 2 ln 𝑧0)(ln 𝑧0)2

 (71)  
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2.2.4 Depositional morphology 

Suppose we supply a sufficient amount of sediment in the channel, the sediment deposits 

and covers part of the channel bed. Denoting the height of the depositional surface by 𝜂, 

and the half flow depth by 𝐷, which are both normalized by the original half depth 𝐷0
∗, we 

have the relation: 

 2𝐷 = 2 − 𝜂 𝑜𝑟 𝐷 = 1 −
1

2
𝜂 (72)  

The flow domain is now −1 + 𝜂 < 𝑧 < 1. To project this physical flow domain in the 

imaginary domain −1 < 𝜁 < 1, we employ the coordinate transformation of the form: 

 𝜁 =
𝑧 −

𝜂
2

𝐷  
(73)  

From the above equation, we obtain the following differential relation: 

 d𝑧 = 𝐷 d𝜁 (74)  

The depositional surface is 𝑧 = −1 + 𝜂, and therefore, the flow depth (distance from the 

depositional surface to the ceiling) is 2 − 𝜂, the half-depth is 1 −
𝜂

2
, and the depth center 

locates where 𝑧 =
𝜂

2
, corresponding to 𝜁 = 0. 

We assume that the effect of the bed (depositional surface) is dominant in the lower part 

half domain −1 + 𝜂 ≤ 𝑧 ≤
𝜂

2
, corresponding to −1 ≤ 𝜁 ≤ 0 . As the distance from the 

depositional surface to the height z is 𝑧 + 1 − 𝜂, the eddy viscosity is expressed in the form 

 𝜈𝑇0 = 𝜅
2(1 + 𝑧 − 𝜂)2

d𝑢0
d𝑧  (75)  

Using the new vertical coordinate 𝜁 and the differential relation d𝑧 = 𝐷 d𝜁, we can rewrite 

the above equation into the form 
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 𝜈𝑇0 = 𝜅
2
(1 −

𝜂
2 + 𝐷 𝜁)

𝐷

d𝑢0
d𝜁  

(76)  

Because 1 −
𝜂

2
= 𝐷, the above reduces to 

 𝜈𝑇0 = 𝜅
2𝐷(1 + 𝜁)2 |

d𝑢0
d𝜁
| (77)  

Substituting the above equation into (18) with 𝜈𝑇  replaced with 𝜈𝑇0, and transform 𝑧 into 

ζ , we obtain  

 𝜅2(1 + 𝜁)2 |
d𝑢0
d𝜁
|
d𝑢0
d𝜁

= 𝐶𝑓  (78)  

We find that the above equation is identical to (21) with 𝑧 replaced with 𝜁. Therefore, the 

solution of the above equation is  

 𝑢0 = 1 −
ln(1 + 𝜁)

ln 𝜁0
 (79)  

Where 𝜁0 is now 
𝑧0

𝐷
. 

 

Figure 5: Definitions of non-dimensional variables describing the cross-section 

In the upper half domain (0 ≤ 𝜁 ≤ 1), we assume that the effect of the ceiling is dominant. 

The distance from the ceiling to the height z is 1 − 𝑧, and therefore, we have the relation 

2

η

z
D n
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 𝜈𝑇0 = 𝜅2(1 − 𝑧)2 |
d𝑢0
d𝑧
| (80)  

With the use of the new vertical coordinate 𝜁 , we can rewrite the above equation in the 

form 

 𝜈𝑇0 = 𝜅
2
(1 − 𝐷𝜁 −

𝑛
2)

2

𝐷
|
d𝑢0
d𝜁
| 

(81)  

Because 1 −
𝜂

2
= 𝐷, the above equation reduces to 

 𝜈𝑇0 = 𝜅
2𝐷(1 − 𝜁)2 |

d𝑢0
d𝜁
| (82)  

Substituting the above equation into (18), we obtain: 

 𝜅2(1 − 𝜁)2 |
d𝑢0
d𝜁
|
d𝑢0
d𝜁

= 𝐶𝑓  (83)  

We also find the above equation is identical to (29) with 𝑧 replaced with 𝜁. Therefore, we 

find the solution of the form: 

 𝑢0 = 1 +
ln(1 − 𝜁)

ln 𝜁0
 (84)  

where again 𝜁0 =
𝑧0

𝐷
. 

The solution in the whole domain is 

 𝑢𝑜 =

{
 
 

 
 1 −

ln(1 + 𝜁)

ln 𝜁0
, (−1 ≤ 𝜁 ≤ 0)

1 +
ln(1 − 𝜁)

ln 𝜁0
, (0 ≤ 𝜁 ≤ 1)  

(85)  

In the lower half domain (−1 ≤ 𝜁 ≤ 0), substituting (79) into (77), we obtain 

 𝜈𝑇0 = 𝜅2𝐷(1 + 𝜁) (86)  
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Substituting the above equation into (44) and applying the coordinate transformation (73), 

we obtain 

 
𝜕

𝜕𝜁
[𝜅2(1 + 𝜁)

𝜕𝑣1
𝜕𝜁
] =

𝐷

𝛽
(𝑎 − 𝑢0

2) (87)  

Therefore, the secondary flow is written in the form 

 𝑣1 = 𝐷𝒱1
𝑙(𝜁) (88)  

where 𝜗1
𝑙  is the solution of (65) with 𝑧  and 𝑧0  replaced with 𝜁  and 𝜁0 , respectively. 

Similarly, the secondary flow in the upper half domain is 

 𝑣1 = 𝐷𝒱1
𝑢(𝜁) (89)  

where 𝜗1
𝑢 is the solution of Error! Reference source not found. with 𝑧 and 𝑧0 replaced w

ith 𝜁 and 𝜁0, respectively. 

The lateral sediment transport 𝑞𝑛 is described by 

 𝑞𝑛 = 𝑞𝑠 (
𝑣1𝑏
𝑢0𝑏

+
𝑟

𝛽𝜃
1
2

𝜕𝜂

𝜕𝑛
)

 
(90)  

where qs  is the sediment transport rate in the s direction, u0b  and v1b  are the u0  and v1 

evaluated near the bed at the height of the sediment particle, r is a coefficient standing for 

the effect of the bed slope in lateral direction, and θ is the non-dimensional bed shear stress. 

r is in the range 0.5 – 0.6 approximately [53]. Previous studies [29,54,55] showed that the 

coefficient r is theoretically described by: 

 𝑟 =
1 + 𝛼𝜇

𝜆𝜇
𝜃𝑐

1
2
 (91)  

where 𝛼 is the ratio between the lift and the drag forces, 𝜇 is the Coulomb friction factor, 𝜆 

is the sheltering factor, and 𝜃𝑐 is the non-dimensional critical bed shear stress.  When the 
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values of 𝛼, 𝜇, 𝜆 and 𝜃𝑐  are assumed to be 0.85, 0.43, 0.59, and 0.05 respectively [56], 𝑟 is 

calculated to be 0.597. 

In the equilibrium state, the lateral sediment transport rate 𝑞𝑛  vanishes. Thus, (90) 

reduces to 

 d𝜂

d𝑛
=
𝛽𝜃

1
2

𝑟

𝑣1𝑏
𝑢0𝑏

 
(92)  

The non-dimensional bed shear stress 𝜃 is defined by 

 𝜃 =
𝑢∗
 2

𝑅𝑠𝑔𝐷𝑠
∗ =

𝐶𝑓𝑈𝑎
∗2

𝑅𝑠𝑔𝐷𝑠
∗ (93)  

Where 𝑈𝑎
∗  is the depth-averaged velocity as already explained, 𝑅𝑠  is the submerged 

specific gravity (=
𝜌𝑠

𝜌
− 1 = 1.65) , 𝑔  is the gravity acceleration (= 9.8

𝑚

𝑠2
) , and 𝐷𝑠

∗  is the 

sediment diameter. 

We evaluate the flow velocity acting on the sediment particle at the center height of the 

particle 𝐷𝑠
∗ 2⁄ . If we assume that the dimensional roughness height 𝑘𝑠

∗  is identical to the 

sediment size 𝐷𝑠
∗ , the evaluation height 

𝐷𝑠

2
 normalized by the initial half-depth 𝐷𝑜

∗  is 
𝑘𝑠

2
. 

Because 𝑧0 =
𝑘𝑠

30
, we find 𝐷𝑠 2⁄ = 15 𝑧0 . As 𝜁0  depends on 𝐷 , 𝜁0  changes in the lateral 

direction. Since the change in the flow depth is relatively small, we assume that 𝜁0  is 

constant in the lateral direction. As a result, we have the relations 

 

 𝑣1𝑏 = 𝐷𝒱1
𝑙(−1 + 15𝜁0),  𝑢0𝑏 = 𝑢0(−1 + 15𝜁0) (94)  

Substituting the above relations into (92), we obtain the following equation: 

 
d𝜂

d𝑛
= 𝑀 (1 −

1

2
𝜂) (95)  

where  
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 𝑀 =
𝛽 𝜃

1
2 𝜗1

𝑙(−1 + 15𝜁0)

𝑟 𝑢0(−1 + 15𝜁0)
 

(96)  

Integrating (95) from 𝜂(𝑛0) = 0 to 𝜂(𝑛), we obtain  

 𝜂(𝑛) = 2 [1 − 𝑒−
1
2𝑀

(𝑛−𝑛0)] (97)  

where 𝑛0 is the coordinate where the deposition begins. 

2.3 Results 

Overall, under bedload sediment transport, Equation (97) implies that the average 

transverse bed slope mainly depends on two main factors: the sediment deposition limit 𝑛0 

and the parameter 𝑀 . According to Equation (93), various parameters intervene in the 

second factor 𝑀 such as the bed roughness z0, the channel geometry (channel aspect ratio - 

𝛽), the near-bed flow dynamics (friction coefficient – 𝐶𝑓 , bed shear stress – 𝜃, flow velocities 

ratio – 𝒱1
𝑙 𝑢0⁄ ).  

The analysis of Equation (97) reveals that, for 𝑛 < 𝑛0, the transverse bed slope surface η 

is always positive. The flow velocities ratio is negative near the bed (𝒱1
𝑙 𝑢⁄

0
≤ 0), implying 

that 𝑀  is negative. In addition, the term 𝑛 − 𝑛0  is always positive, and Equation 97 

converges and is positive. In contrast, 𝜂  becomes 0 whenever 𝑛 ≥ 𝑛0 . Meaning that the 

transverse bed slope reaches its maximum near the inner wall, decreases towards the outer 

wall and becomes null beyond 𝑛 = 𝑛0. It makes sense that the sediment is deposited along 

the inner wall because near the bottom, the flow goes from the outer wall to the inner wall, 

and there is no sediment deposit between the outer wall and 𝑛0.  

Figure 6 shows the transverse bed profile graphs with different values of n0. With the 

increasing distance n0 from the inner wall, the transverse bed slope appears to decrease 

slightly. 
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Figure 6: Analytical cross-sections of the sediment deposition η, according to Equation (97), depending on the 

values of the start of the sediment deposition 𝑛0 along the radial coordinate. 

The fluctuation of the transverse bed slope as a function of the parameter 𝑀 is shown in 

Figure 7 to Figure 10. Equation (97) indicates that the transverse bed slope flattens as 𝑀 

decreases.  

Figure 7 displays a group of transverse bed slope graphs plotted with two different depth-

averaged flow velocities (𝑈𝑎
∗) and three values of bed roughness z0. The transverse slope 

angle appears to increase when the depth-averaged flow velocity grows.  
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Figure 7: Analytical cross-sections of the sediment deposition η, according to Equation (97), depending on the 

values of (a) 𝑈𝑎
∗ and 𝑧0. 

 

Figure 8: Analytical cross-sections of the sediment deposition η, according to Equation (97), as a function of the 

the channel aspect ratio 𝛽. 
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Figure 9: Analytical cross-sections of the sediment deposition η, according to Equation (97), depending on the 

near bed flow 𝜗1
𝑙 𝑢⁄

0
,. 

 

Figure 10: Analytical cross-sections of the sediment deposition η, according to Equation 

(97), as a function of the bed shear stress 𝜃.  
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3 Bed Configurations in Mixed Bedrock-Alluvial in 

Uniformly Curved Channels 

3.1 Materials and Methods 

The experiments use an annular flume, similarly to the work conducted by Taguchi et al. 

[32,33], but with different cover lid rotation speeds: 40 RPM and 48 RPM. Each experiment 

with different lid rotation speeds is referred to as Case 1 and Case 2, respectively. We use 

the plaster model of the bedrock for simulation purposes and we use different rotation 

speeds of the cover lid. 

3.1.1 Annular flume 

We conducted the experiments in an annular flume made of plexiglass, the cover lid of 

metal for better stability, and the plate in contact on the water surface is also made of 

plexiglass. as seen in Figure 11. Figure 12 shows the schematic diagram of the annular flume.  

 

Figure 11: Photo of the annular flume with the white plaster. 

It has a rectangular cross-section with a half-width B∗ = 50 mm, and a maximum depth 

H∗max = 180 mm, and a radius at the centerline of R𝑐
∗ = 450 mm. We adjusted the cover lid 
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to have D0
∗ = 25 mm of the water column. The rotation of the cover lid on the water column 

permitted the flow to generate inside the flume. 

 

Figure 12: Schematic diagram of the cross section of the annular flume and the original bed configuration 

inside the flume channel. (a) electrical motor, (b) cover lid, (c) lever for the cover lid plate to obtain the desired 

water depth, (d) flume channel, (e) 50 mm of water depth, (f) 2.5 kg of sediment, (g) 6 cm of plaster, a mixture 

of gypsum powder and water. 

3.1.2 Bed materials 

We used plaster, a mixture of gypsum and water, as bedrock. We used the HS-650® 

gypsum provided by Noritake Co., Ltd., Nagoya, Japan. [57]. After the mixing process, the 

plaster was poured into the flume and was left for 12 h, then the excess water was pumped 

out, and the plaster was left to cure for 24 h. The amount of plaster used in our studies was 

such that it reached a thickness d = 60 mm. Plaster was used because it is easier and faster 

to prepare than mortar [32–34,58]. In addition, plaster has a lower resistance against 

erosion[59]. For Case 1 and Case 2, the plaster mixtures were 1:2 and 1:2.5 by weight of 

gypsum and water, respectively. It means that the bedrock in Case 2 was slightly softer than 

in Case 1. Regardless, the bedrock preparation was identical for both cases. 

As sediment, 2.5 kg of sand was used. It is a natural sand (No. 5® provided by Tohoku 

Keisya Co., Ltd.) and it has a diameter 𝐷𝑠
∗ = 0.45 𝑚𝑚 with a density of 𝜌𝑠 = 2.61

𝑔

𝑐𝑚3. Its 

grain-size distribution curve is presented in Figure 13 [60]. The sand was painted red to 

contrast the bedrock with the sediment [32,33]. The sediment was dispersed on the bed 

surface before each start, as uniformly as possible. Water was then poured carefully into the 
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flume to avoid the possibility of sediment disruption and any damage to the bed surface 

due to the water jet. For these reasons, the pouring flow was kept as low as possible, and 

the water was passed through a small-screen sponge. In our experiments, the water depth 

was 50 mm, and any excess water was removed for safety reasons. 

 

Figure 13:  Grain - size distribution curve of the sand No.5® used during the experiments [60] 

3.2 Experimental conditions and data acquisition 

As previously stated, two experimental cases were conducted. In Case 1, the rotation 

speed was 40 RPM of top lid rotation, and in Case 2, it was 48 RPM. The studies by Taguchi 

et al. [32,33] were used as a guide for the speed in Case 1, and in Case 2 the aim was simply 

to investigate the higher rotation speed effects on the erosion. The amount of sediment 

remained constant throughout the experiments, and the sediment transport was kept to 

bedload transport, which was checked visually at the start of each experiment. 

We ran the experiments within specified timesteps (Table 1). After each timestep, the bed 

surface topography was surveyed twice. First, the bed surface with the sediment coverage 

(WS) was surveyed, and then the bed surface without the sediment coverage (NS) was done. 

Table 1. Experimental conditions and resultant bed formation. 
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 Timestep ∆𝒕 1 T 2 Speed 3 𝜶 4 W 5 Bedforms, Number of Wavelengths (k) 

Case 1 1 1/12 0 40 23–24 26 Uniform transform slope 

 2 3 3 40 8–37 41 5 bedforms 

 3 3 6 40 16–28 34 5 bedforms 

 4 6 12 40 15–38 37 6 bedforms 

 5 12 24 40 15–61 24 8 bedforms 

 6 24 48 40 18–55 33 9 bedforms 

Case 2 1 1/12 0 48 20–30 20 Uniform transform slope 

 2 3 3 48 12–33 24 12 bedforms 

 3 3 6 48 15–31 22 12 bedforms 

 4 6 12 48 21–26 17 Uniform transform slope 

 5 12 24 48 20–26 17 Uniform transform slope 

 6 24 48 48 20–22 17 Uniform transform slope 

 7 24 72 48 20–27 18 Uniform transform slope 

 8 12 84 40 12–38 34 6 bedforms 
1 ∆𝑡: the timestep’s duration, in hours (h); 2 T: the cumulative time, in hours (h); 3 Speed: the annular flume top 

lid rotation speed, in rounds per minute (RPM); 4 𝛼: the transverse slope angle, in degrees (°); 5 W: the 

transverse slope base sweep width, in millimeters (mm). 

We used laser scanning to measure the topography of the bed surface. However, the 

scanning equipment was different for the two cases: Case 1 used a Keyence CMOS Multi-

Function Analog Laser Sensor, whereas Case 2 used an Artec EVA 3D scanner. The Sensor 

head IL-300 was utilized with the Keyence CMOS Multi-Function Analog Laser Sensor and 

was placed above the bed surface at a distance of 300 mm to provide the optimal precision 

of 0.5 mm [34]. Similar to the studies of Taguchi et al. [32,33], the bed surface was surveyed 

circumferentially at every 50 mm from the inner wall side. The 3D scanner Artec EVA of 

Artec 3D was operated at a 500–600 mm distance from the bed surface to provide better 

resolution. It has a resolution of up to 0.2 mm [61]. Contrary to the Keyence IL 300 Laser 

Sensor, the bed surface and the flume were surveyed and provided complete and 

continuous topography data. 

3.3 Data processing and calculation 

The measured data were in (𝑥∗, 𝑦∗, 𝑧∗) format, representing the relative bed elevation of 

the bed surface in the cartesian coordinates system. It is then changed into a curvilinear 

coordinates system (𝑠∗,  𝑛∗, 𝑧∗) or (𝑠, 𝑛, 𝑧) for visual convenience. The tangential and radial 

coordinates (𝑠, 𝑛)  are respectively defined by the following: 

 𝑛 = 𝑅∗ − 𝑅𝑐
∗ (98)  
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 s = 𝑅𝑐
∗ ∗ 𝜃 (99)  

where 𝑅𝑐
∗ is the radius at the centerline of the flume, which is 450 mm, 𝑅∗ = √𝑥∗2 + 𝑦∗2 is 

the radius, and 𝜃 =  𝑡𝑎𝑛−1(𝑦∗ 𝑥∗⁄ ). Hence, in non-dimensional form, 𝑠 = [0, 18] ∗ 𝜋; and 𝑛 =

[−1, 1]. The negative values of n indicate the half side near the inner wall of the annular 

flume. In contrast, the positive ones represent the half near the outer wall, and 0 is the flume 

centerline. Note that -1 represents the inner wall side, and 1 represents the outer wall. 

3.3.1 Transverse slope 

We generated cross-section profiles for each timestep from the bed surface topographical 

map. We measured the width and the depth of the inner channel along those sections, 

denoted as Be and He, respectively (Figure 14).  

 

Figure 14: Schematic diagrams of the bed configurations and parameters definition. The sediment coverage is 

colored in red; the bedrock is gray (left). The corresponding plan and section views are on the upper right and 

bottom right, respectively 

Photos of the bed surface are presented in Figure 15. We also retrieved the profile data 

from the 18 transverse sections distant by π, presented in Figure 16 and Figure 17. The 

average erosion rate (Em) is obtained by dividing the difference between the sequential bed 

surface and the original bed surface by the duration. 
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3.3.2 Sweep width 

The sweep width, denoted as W, was defined as the bedrock surface area inside which 

the transverse slope base undulates (Figure 14). This sweep width is also retrieved from 

these cross-section profiles. The difference between the minimum and maximum radial 

coordinates of the transverse slope base on the bedrock surface defines it. 

3.3.3 Fraction of exposed bed 

The fraction of the exposed bed, denoted as Po, was calculated by analyzing the 

topographical map of the bed surface. First, we generated the sediment thickness maps. 

Then the spatial analysis tools implemented in ArcGIS [62] were used to delineate and 

calculate the areas of the exposed bed (Ao) and the sediment coverage (Ac) (Figure 14). To 

differentiate the sediment coverage to the exposed bed, we applied a criteria value of 0.02 

on the sediment thickness map, which is the diameter of the grain. Values below 0.02 were 

considered to represent the exposed bed, and higher values were considered sediment 

coverage. The following formula can be used to describe Po, according to the study of Sklar 

and Dietrich [13]: 

 𝑃0 = 𝐴0 (𝐴0 + 𝐴𝑐)⁄  (100)  

3.4 Results 

The sediment deposition patterns with the corresponding transverse slope profiles and 

the evolution of the bedrock incision were determined for Case 1 and Case 2. Figure 15 

shows two photos of the resultant bed configurations for Case 1. The bed incision resulted 

in the formation of an inner channel along the centerline of the flume. The sediment bed 

coverage constituting the bedforms (red-colored) was deposited along the inner wall, and 

the exposed bed (white-colored) along the vicinity of the outer wall could be observed 

(Figure 15, left). Moreover, light and linear scours were also noticed on the exposed bedrock 

(Figure 15, right). 
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Figure 15: Photos of the bed configuration inside the flume—top view—Case 1 at the end of timestep 6. The 

white-colored area represents the exposed bed, the reddish part is the sediment coverage (left). The inner 

channel is visible after removing the sediment coverage, and linear scouring is visible under magnification 

(right) 

3.4.1 Sediment deposition 

Figure 16 and Figure 17 show the plan views of the sediment deposition pattern for Case 

1 and Case 2, respectively. The figures represent the sediment deposition patterns and 

height in the annular flume, plotted dimensionless. The timesteps-displays allow to observe 

the temporal evolution of the bed configurations.  

The boundary between the exposed bed and the sediment coverage is located at the limit 

of the light-blue and light-yellow color; the dashed lines represent the transverse sections 

for the profiles data for all 18 cross-sections. 

The sediment transport inside the flume started soon after the experiment began. Initially, 

the sediment was dragged toward the inner wall due to the spiral flow and formed a 

uniform transverse slope along the inner wall. The uniform transverse slope was observed 

in Case 1 (Figure 16a) and Case 2 (Figure 17a). The sediment generally covered half the 

flume width. 

Gradually, the uniform transverse slope turned into migrating bedforms, depending on 

the flow dynamic conditions in the flume. For instance, bedforms were observed throughout 

Case 1, their wavenumber increased, and their shape changed with time (Figure 16 b-f). In 
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Case 2 , there was minimal evidence of bedforms and the sediment deposition along the 

inner wall side looked like a uniform transverse slope (Figure 17). There were also six 

bedforms at timestep 8, when the rotation speed was reduced to 40 RPM (Figure 17 h). 

 

Figure 16: Plan views of the bed configurations - sediment deposition patterns, Case 1 (40 RPM) for all the 

timesteps: (a) timestep 1 (T = 5 min), (b) timestep 2 (T = 3 h), (c) Timestep 3 (T = 6 h), (d) timestep 4 (T = 12 h), 

(e) timestep 5 (T = 24 h), and (f) timestep 6 (T = 48 h). 
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Figure 17: Plan views of the bed configurations - sediment deposition patterns, Case 2 (48 RPM) for all the 

timesteps: (a) timestep 1 (T = 5 min), (b) timestep 2 (T = 3 h), (c) timestep 3 (T = 6 h), (d) timestep 4 (T = 12 h), (e) 

timestep 5 (T = 24 h), (f) timestep 6 (T = 48 h), and (g) timestep 7 (T = 72 h); (h) timestep 8 (T = 84 h) but with 40 

RPM 

3.4.2 Transverse slopes and sweep width 

The transverse slope profile sections are displayed in Figure 18 to Figure 23 for Case 1 

and Figure 24 to Figure 31 for Case 2. The vertical axis z represents the relative height, non-

dimensional, and the horizontal axis n represents the channel width from the inner wall (n 

= -1) to the outer wall (n = 1), also non-dimensional. The 18 profile sections, announced 

previously are plotted in gray-colored curves, whereas the average is colored in red. The 
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transverse slope angle (α) and the transverse slope base sweep width (W) were measured 

and are reported inTable 1. 

The average transverse slopes in both cases are close and vary between 23 and 24 degrees. 

However, the results revealed that, in Case 2, the transverse slope angle α hardly varies, 

between 20 and 27 degrees, except at timesteps 2 (Figure 25), 3 (Figure 26), and 8 (Figure 

31), where the fluctuation of the angle α became significant, from 12 to 38 degrees. In 

contrast, in Case 1, the variation of the angle α was significant, from 8 to 61 degrees, as 

observed in Figure 18 to Figure 24. 

 

Figure 18: Transverse slope profile sections obtained for each timestep, Case 1 (40 RPM): (a) timestep 1 (T = 5 

min). 

In addition, with the formation of the bedforms, the sweep width (W) became wider. Case 

1 showed well-formed bedforms (long wavelength), and W became wider than 25 mm 

(Table 1). Contrarily, when the bedforms were poorly formed (short wavelength) or 

remained as a quasi-uniform transverse slope as in Case 2, W became narrower, at less than 

25 mm. 
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Figure 19: Transverse slope profile sections obtained for each timestep, Case 1 (40 RPM), timestep 2 (T = 3 h). 

 

Figure 20: Transverse slope profile sections obtained for each timestep, Case 1 (40 RPM), timestep 3 (T = 6 h). 
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Figure 21: Transverse slope profile sections obtained for each timestep, Case 1 (40 RPM), timestep 4 (T = 12 h). 

 

Figure 22: Transverse slope profile sections obtained for each timestep, Case 1 (40 RPM), timestep 5 (T = 24 h). 
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Figure 23: Transverse slope profile sections obtained for each timestep, Case 1 (40 RPM), timestep 6 (T = 48 h). 

 

Figure 24: Transverse profile sections obtained for each timestep, Case 2 (48 RPM): timestep 1 (T = 5 min). 
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Figure 25: Transverse profile sections obtained for each timestep, Case 2 (48 RPM), timestep 2 (T = 3 h). 

 

Figure 26: Transverse profile sections obtained for each timestep, Case 2 (48 RPM), timestep 3 (T = 6 h). 
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Figure 27: Transverse profile sections obtained for each timestep, Case 2 (48 RPM), timestep 4 (T = 12 h). 

 

Figure 28: Transverse profile sections obtained for each timestep, Case 2 (48 RPM), timestep 5 (T = 24 h). 
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Figure 29: Transverse profile sections obtained for each timestep, Case 2 (48 RPM), timestep 6 (T = 48 h). 

 

Figure 30: Transverse profile sections obtained for each timestep, Case 2 (48 RPM), timestep 7 (T = 72 h). 
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Figure 31: Transverse profile sections obtained for each timestep, Case 2 (48 RPM), timestep 8 (T = 84 h) but 

with 40 RPM. 

3.4.3 Fraction of exposed bed and average erosion 

Figure 32 displays the plots of the fraction of exposed bed (Po) and the average erosion 

rate (Em) over time, revealing a close link between the two: a rise in Po was accompanied 

by a rise in Em. 

In both Case 1 and Case 2, around 45% of the bed surface is exposed at the beginning. 

Then, until T = 6 h, Em and Po grew and achieved local maxima.  

Following that, Em and Po in Case 1 increased, reaching 1.78 × 103 mm3/h and 56%, 

respectively, by the end of the experiment T = 48 h. Conversely, in Case 2, Em and Po 

decreased and stabilized at 4.8 × 103 mm3/h and 47%, respectively.  

The graphs pointed out that, particularly in Case 2, Po increased and reached 52%, leading 

to a slight increase of Em by the end of the experiment when the rotation speed was reduced 

to 40 RPM. 
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Figure 32:  Graphs of the mean erosion rate (Em, dashed lines, mm3/h) and the fraction of exposed bed (Po, 

solid line) for Case 1 (in red) and Case 2 (in blue). The horizontal axis is the cumulative time T (h); the vertical 

axes represent Po on the left and Em on the right. 

 

 

Figure 33: Temporal evolution of the erosion for Case 1 (red) and Case 2 (blue) over cumulative time T (h). The 

vertical axis on the left represents the depth (He) and the width (Be) of the inner channel (mm), and the right 

axis represents the volume of erosion (mm3/h). 
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3.4.4 Bedrock surface and erosion 

As previously explained, the water depth and sediment used during both Case 1 and Case 

2 were identical, and the only difference was the cover lid rotation speed, which was 40 

RPM for Case 1 and 48 RPM for Case 2. This made it possible to investigate the effect of 

rotation speed on abrasion erosion on the bedrock surface by comparing the two cases. 

First, the erosion in Case 2 was less than half that of Case 1. In fact, at the end of timestep 

6, the total volume of erosion in Case 1 was 800,000 mm3, whereas it was only 300,000 mm3 

in Case 2 (Figure 33). In general, the erosion graphs grew quickly from the start until T = 6 

h, and gradually increased afterward. However, a sudden rise in the erosion appeared at T 

= 24 h in Case 1, and at T = 84 h in Case 2. 

 

Figure 34: Plan views of the bed configurations - Bedrock surface, Case 1 (40 RPM) for all the timesteps: (a) 

timestep 1 (T = 5 min), (b) timestep 2 (T = 3 h), (c) timestep 3 (T = 6 h), (d) timestep 4 (T = 12 h), (e) timestep 5 (T 

= 24 h), and (f) timestep 6 (T = 48 h). 

Second, the lateral expansion of the inner channel was faster than the vertical expansion. 

The increase in width (Be) was more significant than the increase in depth (He) throughout 
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the experiments in both cases. At the end of the experiments, Be was 35 and 22 mm in Case 

1 and 2, respectively, while He was 18 and 8 mm, respectively (Figure 33). 

 

Figure 35: Plan views of the bed configurations - Bedrock surface, Case 2 (48 RPM) for all the timesteps: (a) 

timestep 1 (T = 5 min), (b) timestep 2 (T = 3 h), (c) timestep 3 (T = 6 h), (d) timestep 4 (T = 12 h), (e) timestep 5 (T 

= 24 h), (f) timestep 6 (T = 48 h), and (g) timestep 7 (T = 72 h); (h) timestep 8 (T = 84 h) but with 40 RPM. 

Figure 34 and Figure 35 show the plan views of the bedrock surface after pouring the 

water and removing the sediment inside the flume, for Case 1 and Case 2, respectively. The 

figures represent the relative height of the bedrock surface in the annular flume, also plotted 

dimensionless. The corresponding profile sections are presented in Figure 36 as NS. The 

timesteps-displays allow to observe the temporal evolution of the inner channel, which is 
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the result of the incision of the bedrock surface. Growth in the inner channel, considered 

primary erosion, was observed along the boundary between the bed coverage and the 

exposed bed, inside the sweep width (W) area. 

Finally, Case 1 obtained a much more advanced inner channel stage than Case 2. The 

bedrock was vertically incised, then downcut toward the inner wall (Figure 36 a). In Case 1, 

the incision toward the inner wall was visible from T = 12 h. The vertical incision was 

observed until T = 12 h in Case 1, while in Case 2 (Figure 36 b), it was observed until T = 84 

h. 

 

Figure 36: Circumferentially averaged bedrock surface profiles evolution with the cumulative time T, Case 1 

(a) and Case 2 (b). The radial and vertical coordinates (n, z) are represented by the horizontal and vertical axes, 

as shown in Figure 7. The centerline of the flume is represented by n = 0, with negative values on the half side 

near the inner wall and positive values on the outer wall side. The measured mortar bedrock surface level by 

Taguchi et al. [28] at T = 24 h are plotted as blue crosses. 

  



 

53 

 

4 Comparison with Experiments 

4.1 Preprocessing 

The applicability of Equation (97) is compared with the experimental data, presented in 

the previous section. Among the parameters involved in that equation, the bed roughness 

z0 and the depth-averaged velocity Ua
∗ can be considered for validation. 

It should be reminded that two experiments, Case 1 and Case 2, were conducted in an 

annular flume for bedrock erosion investigation in uniformly curved channels. Both cases 

employed identical sediment (2.5 kg, Ds
∗ = 0.45 mm, ρs = 2.61

g

cm3); however, the top ceiling 

rotation speeds were different, 40 and 48 RPM, respectively. Each experiment is subdivided 

into timesteps (Table 1), 6 timesteps for Case 1 and reaches a total runtime of 48 hours and 

8 timesteps for Case 2 with a total time of 84 hours [63]. 

The bed surface was surveyed circumferentially after each timestep using laser scanners 

[32,33,63]. The experiments results showed that the sediment is deposited along the inner 

wall, showing two bedform types: uniform and wavy, as presented in Figure 16 and Figure 

17.  

The depth-averaged velocity in the flume 𝑈𝑎
∗ can be estimated directly from the top ceiling 

rotation speed using [39]: 

 𝑈𝑎
∗ = 𝛺 𝑅𝑐

∗ 3⁄  (101)  

where 𝛺 is the rotation speed of the top ceiling expressed in rad/s.  

On the other hand, two different values of 𝑧0 can also be extracted from the experiments 

when considering the obtained two bedform types, as observed in Figure 16 and Figure 17. 

Assuming a rough boundary, 𝑧0 − 𝐺𝑅 and 𝑧0 −𝐵𝐹𝑅 are calculated using Equation (27) and 

the equivalent roughness [64]. Consequently, herein, 𝑧0 − 𝐺𝑅  represents the grain 

roughness, and 𝑧0 −𝐵𝐹𝑅 is the bedform roughness. 
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From the bed surface of both Case 1 and Case 2, the average profile sections presented in 

Figure 23 and Figure 31 will be used for the validation [22,63]. 

Table 2 summarizes the calculated parameters to reproduce the analytical bed profiles. 

Table 2. Calculated parameters (depth-averaged flow velocity and boundary roughness) obtained from the 

experiments. 

 Case 1 Case 2 

𝑼𝒂
∗ 𝟑 0.62 0.75 

Timestep z0 – GR1  z0 – BFR2 n0  z0 – GR1  z0 – BFR2 n0 

1 0.0012 0.0038 -0.08 0.0012 0.0047 0.07 

2 0.0012 0.0054 -0.05 0.0012 0.0035 0.1 

3 0.0012 0.0059 -0.13 0.0012 0.0033 0.07 

4 0.0012 0.0072 0.01 0.0012 0.0049 0.18 

5 0.0012 0.0088 -0.15 0.0012 0.0047 0.065 

6 0.0012 0.00946 -0.2 0.0012 0.0045 0.06 

7 0.0012 - - 0.0012 0.0052 0.06 

8 0.0012 -  0.0012 0.0067 0.02 
1 z0 – GR: the bed roughness calculated based on the Grain Roughness [64], equal to 2Ds

∗; 2 z0 – BFR: the bed 

roughness calculated based on the Bed Form Roughness [64], equal to 𝛿(𝛿 𝐿⁄ )0.1, 𝛿 and 𝐿 are the bedform height 

and length respectively; 3 Ua
∗: the depth-averaged of the flow velocity rotation speed (m/s) [39,63]. 

4.2 Results 

The comparison results are plotted from Figure 37 to Figure 40. As in Figure 23 and Figure 

31, the vertical axis z represents the relative height, and the horizontal axis n represents the 

channel width from the inner wall (𝑛 = −1)  to the outer wall (𝑛 = 1) , both non-

dimensional. 

The calculated cross sections are obtained using Equation (97) and the parameters in Table 

2. The corresponding graphs for Case 1 and Case 2 are colored in red ad in blue, respectively. 

The value of 𝑛0 may vary for each timestep and each Case (cf. Table 2). The experimental 

data, however, are scatter-plotted as dots for Case 1 and diagonal crosses for Case 2. Figure 

37 shows the comparisons for timesteps 1 and 2, Figure 38 for the timesteps 3 and 4, Figure 

39 for the timesteps 5 and 6, and finally Figure 40 for timesteps 7 and 8.  
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Figure 37: Calculated and measured bed profile cross-sections for Timestep 1 – 00h (a) and Timestep 2 – 03h 

(b).  

At the beginning of the experiment (Figure 37a), both Case 1 and 2 data agreed well with 

the theoretical models based on the Grain Roughness (z0-GR). In Figure 37b, 3 hours later, 

the Case 2 data still agreed with the z0-GR model, whereas the Case 1 data shifted to the 

model made on the Bedform Roughness (z0-BFR). 
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Figure 38: Calculated and measured bed profile cross-sections for Timestep 3 – 06h (a) and Timestep 4 – 12h 

(b). 

Again, the Case 1 data still fitted more with z0-BFR models for the timesteps 3 and 4. In 

contrast, the Data for Case 2 is closer to z0-GR models (Figure 38a & b). The same scenario 

was also observed after timesteps 5 and 6 for Case 1 and 2, respectively (Figure 39a & b). 
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Figure 39: Calculated and measured bed profile cross-sections for Timestep 5 – 24h (a) and Timestep 6 – 48h 

(b). 

Timesteps 7 and 8 are exclusively dedicated to Case 2, as Case 1 ended at timestep 6 (Table 

1). The experimental data showed good agreement with the z0-GR model for timestep 7 

(Figure 40a); in contrast, the experimental data shifted to the z0-BFR model at timestep 8, 

when the rotation speed was reduced to 40 RPM (Figure 40b, Table 1). 
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Figure 40: Calculated and measured bed profile cross-sections for Timestep 7 – 72h (a) and Timestep 8 – 84h 

(b). 

  



 

59 

 

5 Discussion 

5.1 Discussion on the velocity distribution and bed morphology 

Figure 3 exhibited the distribution of the primary velocity at the centerline of the flume 

in a non-dimensional form. The flow distribution appears to be symmetrical at the center of 

the flume. This symmetry feature is attributed to the fact that the boundary roughness at 

the top and the bottom are assumed to be similar during the analysis for simplicity. 

However, this assumption stands because, in the experiments, the roughness difference 

between the top lid cover (Plexiglas) and the bottom (fine grain gypsum) is negligible 

compared to the sediment characteristics. Thus, it is supposed not to affect the primary flow 

velocity distribution significantly.  

Similarly, the secondary flow velocity distribution in Figure 4 shows a symmetrical 

likewise shape. It indicates that the flow goes toward the outer wall near the top (positive 

value) and the inner wall near the bottom. However, the velocity magnitudes differ so that 

the near-top velocity is slightly higher than the bottom one, which makes sense because the 

flow motion of the top lid cover generates the flow inside the flume. Near the bottom, the 

secondary flow velocity varies between 25 − 30% of 𝑈𝑎
∗  for 𝑧0  ranging between 0.0001 −

0.01. This is in good agreement with the suggested results by previous studies [23]. 

However, in contrast to the primary flow, the secondary flow velocity distribution does 

not match at the center of the flume; it matches around 𝑧 = 0.1. This is because the shear 

stress due to the secondary flow should match at the center of the flume (Equation (59)), not 

the secondary flow velocity. As a result, the center of the spiral flow is located slightly above 

the center of the flume. 

In addition, further analysis was made to examine the effect of the parameters listed above 

on the transverse bed slope, expressed in Equation (97). The results are reported in Figure 6 

to Figure 10. 
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With the increasing distance n0 from the inner wall, the transverse bed slope appears to 

decrease slightly (Figure 6). The geometrical analysis on the wavy bedforms reported in 

previous studies reveals similarities with this variation of the transverse bed slope with n0 

[22,29,33,50,63]. This bed slope and 𝑛0 relationship could be attributed to various factors, 

such as the decrease of the bed shear distribution, the amount and characteristics of the 

sediment–dynamic friction angle, and the secondary flow along the transverse bed slope 

[22,29,50]. Further investigation would be needed to confirm this connection between the 

transverse bed slope and n0.  

Figure 7 shows that the transverse slope angle increases when the depth-averaged flow 

velocity grows. This transverse bed slope behavior looks apparent because the increase of 

𝑈𝑎
∗ makes 𝜃 more significant (Figure 10, Equation (93)), which diminishes 𝑀 (Equation (96)) 

and thus increases 𝜂 (Equation (97)).  

Interestingly, previous experimental results show alike variation of the transverse slope 

with the depth-averaged flow velocity, however not that significant [22,29,63]. The reasons 

for this slight discordance might be the result of the interference of other parameters during 

the experiments, which are kept constant here. Moreover, an increase in the bed roughness 

also causes the bed slope to rise, as seen in Figure 7. Previous studies suggested that the 

bedforms strongly affect the secondary flow, which, in turn, impacts the transverse bed 

slope [50,53,65]. When z0 increases, the secondary flow increases (Figure 4), whereas the 

primary flow decreases (Figure 3), thus increasing the parameter 𝑀  (Equation (96)). In 

addition, the height where the maximum velocity occurs also increases (Figure 4). 

Combined, those two conditions would ease the growth of the transverse bed slope, as also 

observed in Figure 8 and Figure 9. Figure 8 highlights the effect of the channel aspect ratio 

𝛽 on the transverse bed slope. The transverse slope appears to rise with the channel aspect 

ratio. The bed slope is sharp when the channel is broader than the water depth. 

Finally, the transverse bed slope variation with flow velocities ratio is presented in Figure 

9. It shows that the increase of the near-bed flow velocities ratio 𝜗1
𝑙 𝑢⁄

0  enlarges the 
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transverse bed slope. In contrast to the channel width, a thick water column has less impact 

on the transverse bed slope.  

5.2 Discussion on the erosion 

The results reveal the mechanism involved at the onset of the erosion. Also, the 

spatiotemporal evolution of the inner channel and the sediment deposition pattern found 

during the experiments allow us to determine how erosion evolves in space and time. 

5.2.1 The erosion locus 

The inner channel formed along the boundary between the bed coverage with sediment 

and the exposed bedrock. This boundary is located around the channel centerline. 

Furthermore, if looking into the transverse slope, this boundary was at the base of the 

transverse slope, where the sediment coverage is relatively thin. A close observation of the 

incision of the bedrock surface at the end of timestep 2 reveals that the bedrock was downcut 

vertically (Figure 23). 

While it was impossible to accurately determine the thickness of sediment coverage under 

which the bed incision occurs, we could graphically estimate that it required about 0.2 in 

the experimental conditions employed in this study, or approximately 20 times the sediment 

grain size. It should be noted, however, that this estimation was deduced from the 

transverse slope at the end of each timestep, meaning that it was at its angle of repose. This 

suggests that the thickness of the deposit was less than 0.2 in our study. 

Under that thickness, the sediment grains can saltate, hit, and wear the bedrock surface. 

When the coverage exceeds that boundary, no erosion occurs because the motion of the 

sediment grains cannot reach the bed surface and can be considered a fully covered bed. 

According to previous researchers, that boundary is the place of “tradeoff between the 

availability of abrasive tools and the partial alluviation of the bedrock” [9] or the toe of the 

alluvial bedforms [12] or the portion moderately covered with sediment [27,28]. In sum, the 
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base of the transverse slope would be the only place where the sediment grains may collide 

with the bedrock surface [30]. 

On the other hand, increased cover lid rotation speed did not affect the location of erosion 

occurrence. That is, the boundary between the sediment coverage and the exposed bed was 

positioned at the same place across the flume width on both Case 1 and Case 2. This can 

likely be attributed to the mean transverse slope and the amount of sediment used, since 

they specify the position of the boundary between the sediment coverage and the exposed 

bed, as well as the location of the incision. This is consistent with Engelund’s findings [21] 

that the mean transverse slope was almost independent of the top lid rotational speed as 

long as the sediment grains flowed as bedload. Taguchi et al. [28] also obtained similar 

results to the current study with the same amount and caliber of sediment. From these 

results it can be concluded that the border between the sediment-covered bed and the 

exposed bedrock where erosion occurs is essentially the same regardless of how fast the 

cover lid rotates. 

We also observed linear scours on the exposed bed surface even though erosion should 

not have happened on the exposed bed based on the abrasion models. These scours, we 

believe, were the consequence of interaction between sediment grains and flow directly on 

the bedrock surface, with the fine structure of the gypsum powder in the plaster allowing 

this interaction engraved on the bed surface (Figure 15, right). If this is the case, these linear 

scours should be investigated further to understand flow dynamics at the bedrock-fluid 

interface better. 

5.2.2 The evolution of the bedrock incision and the inner channel 

5.2.2.1 The bedrock incision evolution 

The rate and spatial extension of the bedrock incision was found to be inversely 

proportional to the cover lid rotation speed. That is, a faster rotation speed is associated with 

less erosion. This is due to the sediment deposition patterns imposed by the flow conditions. 

With a higher rotation speed (48 RPM in Case 2), uniform transverse slope formed, and the 
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incision occurred only along its base. With a slower rotation speed (40 RPM in Case 1), 

migrating bedforms formed, leading to an increase in the bed area subjected to erosion, 

which can be attributed to the undulations of the bedform boundary (Figure 16, Figure 17, 

Figure 23, and Figure 31). Also, when reducing the rotation speed from 48 to 40 RPM (Case 

2, timestep 8), the bedforms reappeared (Figure 17 h), resulting in a greater erosion rate at 

the end of the experiment in Case 2 (Figure 32). 

The bedforms vary with rotation speed because the speed influences the secondary flow 

(e.g., [16,24]), and with time as the bedforms fluctuate and stabilize at a “mature” stage (e.g., 

[21,26,24]). 

In addition, when the undulating bedforms are formed, their migration allows for the 

alternation of “covered” and “exposed” bedrock surfaces, a phenomenon known as 

runaway alluviation [37]. This runaway alluviation combined with the saltation of the 

sediment grains and the undulation of the boundary explains the higher erosion in Case 1 

than in Case 2. In the latter, no runaway alluviation was observed. Our results provided one 

quantitative example of runaway alluviation to add to the results obtained in previous 

studies (e.g., [8,20,21,31]). 

5.2.2.2 The inner channel development 

Initially, the incision vertically downcut the bedrock, slightly shifting toward the outer 

wall (Figure 36). This vertical incision occurred at the center of the sweep width (W), or right 

under the boundary of sediment coverage and the exposed bed, because this location had a 

high probability and high frequency of erosion. This high probability of erosion was due to 

the primary conditions of incision and high frequency due to its position inside the sweep 

width. 

The advanced state of the incision shows that it gradually downcut towards the inner wall 

(Figure 36 a). This shift resulted from the alternating lateral shift toward the inner wall and 

the downward incision on the bedrock surface. Because no extra sediment was supplied, 

the bedrock near the outside wall was left exposed. Because the sediment was only available 
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along the inner wall side due to the spiral flow, it is evident that the conditions for maximum 

incision also move towards the inner wall. The height of the bedform gradually decreased 

with the growth of the inner wall, suggesting that the incision would erode the bedrock 

along the inner channel at some point. 

This incision toward the inner wall is consistent with the results reported by Fernández 

et al. [12] using a meandering channel of highly fixed sinuosity in the absence of sediment 

supply. Shepherd [31] also discovered similar findings in his experiment along the manually 

excavated sinuous channel and reported that the erosion went toward the inside of the bend 

until the gradient and the velocity dropped, allowing the sediment to deposit, and after that 

the erosion process inverted toward the outer wall. 

However, this was not reported by Taguchi et al. [27,28] in their experiment. The 

geometry of the inner channel may explain this. In this study, the simulated bedrock, made 

of plaster, provided faster erosion. For instance, at T = 24 h, the inner channel size was larger 

in plaster than in mortar (Figure 36a). The flow dynamics combined with this growth of the 

inner channel and the sediment transport inside the flume likely explain the actual result. 

In the current study, there was no sediment supply, and the rotation speed was 

maintained constant so the erosion would continue toward the inner wall. However, further 

investigation is required to determine the progress of the inner channel. 

5.2.3 The deposition patterns 

Along uniformly curved channels, the bedforms depend on the rotation speed, time, and 

development of the inner channel resulting from the bedrock incision. 

First, the averaged transverse slope angle for both cases was similar, at about 23 degrees, 

throughout the timesteps (Figure 23 and Figure 31). This averaged angle represents the 

angle of the mean bedforms and was found to be independent of the rotation speed in case 

of sediment bedload transport [24]. However, the difference in the slope angles in Case 1 

and Case 2 may be related to the timing of the measurements and the rotation speed. The 
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slightly higher transverse slope angle and height in Case 2 than in Case 1 can likely be 

attributed to the faster rotation speed of Case 2 [24]. However, we should remember that 

the obtained values may be underestimated because these measurements were made after 

the experiments were stopped. 

Second, while the secondary flow increases when the rotation speed is high, the spiral 

flow wavelength, as well as the wavelength of the bedforms decreases. Case 2, at 48 RPM, 

for example, had poorly formed bedforms that were hardly discernible (Figure 17). 

Engelund [21] discovered a similar result when the rotation speed was increased and 

attributed it to the reformation of the uniform transverse slope. Inversely, with a slower 

rotation speed, the secondary flow decreases, and the effects of the spiral flow on the 

bedforms could be well observed, as we could witness the well-formed bedforms in Case 1 

at 40 RPM. After timestep 2, for example, there were 5 and 12 bedforms in Case 1 and Case 

2, respectively. This is consistent with the results reported by Baar et al. [24] and Kikkawa 

et al. [23] when observing the effect of the variation of the secondary flow intensity on the 

bed morphology. 

Third, the number of bedforms increases with the growth of the inner channel. When the 

rotation was lowered from 48 to 40 RPM, as in Case 2 timestep 8, the bedforms reappeared, 

with a total of 6 bedforms (Figure 35 h). However, for the same 12 h of experimentation in 

timestep 4 in Case 1, there were 8 bedforms (Table 1). This discrepancy could be attributed 

to the difference in the dimension of the inner channel, which is more significant in Case 1 

than in Case 2 (Figure 36). A larger inner channel was associated with increased bedforms 

from 5 to 9, as seen in Case 1 (Figure 34). 

Finally, another feature revealed by the experimental results is the reformation of the 

uniform transverse slope over a longer experiment run, as indicated in Case 2 (Figure 17). 

The bedforms gradually faded as the rotation speed increased, restoring the uniform 

transverse slope. The gradual convergence of the sediment surface towards the uniform 

transverse slope can be seen in the section profiles (Figure 23 and Figure 31). However, these 
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results do not agree with the results reported by Engelund [21] and Taguchi et al. [27]. They 

claimed that the number of bedforms increased and then decreased as the experiment 

progressed. In Engelund’s experiment, the erosion was not part of the study, whereas in 

Taguchi et al.’s experiment, the erosion was not significant compared to the erosion 

observed. Most likely, the development of the inner channel was the reason for this 

discrepancy (Case 1). While it remains unclear, it appears that the inner channel's growth 

adds to the flow dynamics' complexity. On the other hand, this discrepancy can also be the 

outcome of the bedforms splitting and merging processes in Case 2, leading to an 

equilibrium state at a mature experiment stage. This is a topic for further investigation. 

5.3 Discussion on the analytical and experimental data comparison 

One of the objectives of this study is to compare the analytical transverse bed slope with 

the transverse bed slope obtained during the experiments, which results from the 

interaction between the flow and the sediment transport in the annular flume.  

One of the physical terms of this interaction that has been considered here is the bottom 

roughness 𝑧0, affecting the flow near the bed, and thus influencing the transverse bed slope. 

Interestingly, analytical data showed good agreements with the experimental data. This 

agreement provides further evidence for the importance of considering the bottom 

roughness even in curved channels. In contrast to earlier findings [22,35], the actual 

transverse bed slope model permits to include this bottom roughness and qualitatively 

provides better accuracy of the estimation of the transverse bed slope. 

When there are the wavy bedforms, the transverse slope section of the depositional 

morphology can be predicted with Equation (97), but using the equivalent roughness 

“Bedform Roughness”, as seen at the timesteps 2 – 6 for Case 1 (Figure 37 b, Figure 38, and 

Figure 39)and at the timesteps 8 for the Case 2 (Figure 40 b). Conversely, the use of the 

equivalent roughness “Grain Roughness” provides more accurate prediction of the 

transverse slope section in case of uniform transverse slope, as observed at the timestep 1 
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for both cases (Figure 36), and at timesteps 2 to 7 for Case 2 (Figure 37, Figure 38, Figure 39, 

and Figure 40 a). 

With the calculated and the chosen parameters, each figure revealed suitable agreements 

of the theoretical and the experimental data. Particularly, the experimental data for Case 1 

fit more with the theoretical model which uses z0 − BFR . Case 2, on the contrary, the 

experimental data are closer to the theoretical model, which are obtained with z0 − GR.  

Our data comparison was only limited to the parameter Transverse bed slope, due to the 

lack of available data. In addition, the relationship between the transverse bed slope and the 

erosion by incision, as function of n0  and the wavy bedforms characteristics (e.g., wave 

celerity) has not been modeled. First, a better understanding on the sediment thickness 

under which the abrasion may occur, and second, an accurate estimation of the variation of 

n0 as function of the near bed flow fluctuation would be able to calculate the erosion. 
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6 Conclusion 

This work has shown the close interaction between the flow and the sediment 

transport/deposition in uniformly curved channels. This interaction significantly affects the 

bedrock incision along such channels. 

The flow velocities distribution in annular flume revealed a spiral flow pattern. The spiral 

flow center is located slightly above the center of the channel and the near flow velocity. 

The near-bottom velocity varies between 25 − 30% of the depth-averaged velocity in the 

flume. The bed roughness level significantly affects the flow velocity distribution, and 

inversely, the flow pattern also conditions the bed morphology, based on which the bed 

roughness calculation is based. 

The analytical findings indicated that, under the bedload transport mode of the sediment, 

the bed morphology accentuates the bottom boundary roughness, influencing the near-bed 

primary and secondary flow velocities. Conversely, the flow at the bottom of the channels 

also conditions sediment transport and deposition. At the first order of the channel 

curvature, the bed morphology, expressed as the transverse bed slope, depends on different 

parameters such as the ratio of the secondary to the primary flow near the bed, the aspect 

ratio of the channel, the boundary roughness, the shield stress, and the location of the 

transverse slope base. 

The experiments in annular flume allowed to simulate erosion by incision of the bedrock 

along uniformly curved channels. The bedrock incision was observed at the base of the 

transverse slope. The rotation speeds significantly impacted sediment deposition and 

transport. The evolution of erosion and the in-flume flow were closely related and varied 

with time and space. The rotation speed does not significantly impact the average transverse 

slope angle, but it does condition the formation of wavy bedforms. The initial uniform 

transverse slope gradually turns into bedforms. After a long experiment run, the bedforms 

may turn back into uniform transverse slopes, thanks to the bedforms splitting and merging. 
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The bedrock incision occurs mainly at the base of the transverse slope and the growth of 

the inner channel – the result of the incision depends on whether the bed deposition pattern 

constitutes a uniform transverse slope or bedforms. The base of the transverse slope - the 

boundary of the exposed bed and the sediment coverage appears linear under the uniform 

transverse slope and undulates inside the sweep width when the bedforms form. The 

erosion is minimal when the transverse slope is uniform along the flume, leading to a 

vertical, shallow, and narrow channel. In contrast, erosion is significant when there are 

bedforms: the spatiotemporal variation of the bedforms conditions the development of the 

inner channel. When there is no sediment supply, the inner channel progresses towards its 

convex side, leaving the concave side and the bedrock surface near the outer wall of the 

flume intact. 

The study’s results constitute an initial step toward understanding the bedrock incision 

in curved channels. Further analysis would be necessary to investigate the bond between 

the transverse slope and the bedrock incision, by introducing the obtained transverse slope 

model to the existing erosion models along the transverse direction, also by inserting a 

function varying with time, which permits to control the start of the deposition 𝑛0.  

In addition, more experiments are also necessary; not only would it bring more data for 

validation, but also would increase the data's accuracy. A large value of each variable (water 

depth, bedrock type, sediment type and amount, slope…)  is to be monitored, including the 

rotation speed of the top cover lid.  

Last but not the least, a deeper investigation of the effect of the development of the inner 

channel and the suspended sediment on the flow dynamics is required. The bigger the inner 

channel becomes, the greater its influence on the flow velocity distribution and sediment 

transport and deposition Simultaneously; the effect of suspended sediment from the eroded 

bedrock on the flow dynamics should also be examined; it may affect the sediment transport 

and deposition, increase the boundary roughness, it may reduce the average flow, even the 

erosion rate. 
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