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MATER IALS SC I ENCE

Inverse mechanical-swelling coupling of a highly
deformed double-network gel
Chika Imaoka1, Tasuku Nakajima2,3*, Tsutomu Indei2, Masaya Iwata1,4, Wei Hong5,
Alba Marcellan6, Jian Ping Gong2,3

Mechanical behaviors of a polymer gel are coupled with its swelling behavior. It has been known that typical
hydrogels display extension-induced swelling and drying-induced stiffening, called normal mechanical-swelling
coupling. In this study, we experimentally found that highly extended double-network (DN) hydrogels exhibit
abnormal inverse mechanical-swelling coupling such as extension-induced deswelling and drying-induced soft-
ening. We established theoretical hyperelastic and swelling models that reproduced all the complicated me-
chanical and swelling trends of the highly deformed DN hydrogels. From these theoretical analyses, it is
considered that the inverse mechanical-swelling coupling of a DN gel is derived from the extreme nonlinear
elasticity of its first network at its ultimate deformation state. These findings contribute toward the understand-
ing of the mechanics of rubber-like materials up to their ultimate deformation and fracture limit.
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INTRODUCTION
Elastomers and gels, known as rubber-like materials, are unique soft
polymeric materials that allow large and reversible deformation.
The elasticity of rubber-like materials regulates their reversible de-
formability and the environmentally responsive swelling properties
of gels (1–3). Thus, the elasticity of this class of materials constitutes
one of the most vital and fundamental topics in polymer science
owing to the increased demand for rubber-like materials in industry
and biotechnology. The fundamental origin of the elasticity of
rubber-like materials is the conformational entropy of their
network strands (1, 4). For an adequately small deformation of a
rubber-like material, the classical neo-Hookean (NH) hyperelastic
model grasps the elasticity and related behaviors of the rubber-
like material (5). The NH model, also sometimes called Flory’s
model, assumes that the end-to-end distance of each network
strand in a rubber-like material exhibits a Gaussian distribution
(6). On the other hand, in case a rubber-like material is highly de-
formed, the end-to-end distance distribution of its strands ceases to
follow a Gaussian distribution. Thus, a highly deformed rubber-like
material exhibits abnormal responses beyond the predictions of the
NH model, such as strongly nonlinear strain hardening (1). If a
network strand in a rubber-like material attains its maximum allow-
able deformation, the elasticity of the material is expected to be ex-
tremely non-Gaussian. Although numerous hyperelastic models
have been proposed for highly deformed rubber-like materials (7–
12), no generally accepted model can completely describe the elas-
ticity of rubber-like materials up to their fracture limit. Primarily,
the lack of experimental data on the mechanical properties of
rubber-like materials near their “ideal deformation limit” consti-
tutes one of the major reasons. The ideal deformation limit of a
rubber-like material can be stated as where (majority of ) its

network strands attain their maximum allowable deformation. To
comprehensively understand the elasticity of rubber-like materials,
mechanical data of rubber-like materials up to the ideal deforma-
tion limit must be acquired. Nevertheless, the actual deformation
limit of a typical rubber-like material is much smaller than the
ideal limit, and it is determined by the maximum scale of the inter-
nal defects (13, 14). Any rubber-like material originally contains
defects of various scales (15, 16), and such defects result in local
stress concentration and catastrophic crack propagation in a
rubber-like material before attaining its ideal deformation limit
(13, 17, 18). Although the extremely non-Gaussian elasticity of
the ultimately stretched network strands should dominate the me-
chanical responses of the ultimately deformed rubber-like materi-
als, such an effect seldom appears on the elasticity and related
phenomena of real rubber-like materials.
In this study, as rubber-like materials that are deformable in the

vicinity of the ideal deformation limit of their primary network, we
focus on double-network (or multiple-network) materials (called
“DN materials”). DN materials are tough and strong rubber-like
materials that are characterized by two or more networks with con-
trasting physical characteristics (19, 20). The primary network of
DN materials is brittle (low extensibility) and densely cross-linked
with a high modulus, whereas the other networks are highly exten-
sible and sparsely cross-linked with a lowmodulus. In principle, DN
materials can be synthesized from any polymer species if contrast-
ing networks are constructed (21). Owing to the large modulus dif-
ference between the two networks, the initial mechanical response
of the DN materials is dominated by that of the stiff primary
network (22–24). DN materials are known to be extremely insensi-
tive to defects (25–27) because the contrasting DN structure effec-
tively suppresses the stress concentration at the defects, which has
been discussed earlier (25, 28). Owing to this defect insensitivity, in
case a DN material is deformed, the primary network in the DN
material can be deformed to near its ideal deformation limit
without catastrophic failure, whereas the sole first network ruptures
much before its ideal extension limit. The deformation of the first
network in DN materials to near its ideal limit has been supported
by their unique mechanical behaviors such as extreme strain
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hardening upon extension as a consequence of extreme stiffening of
the primary network strands (23, 24, 29, 30) and yielding accompa-
nied by massive rupture of the primary network strands (22, 31, 32).
This indicates that the mechanical behavior of an ultimately de-
formed rubber-like network can be experimentally obtained by em-
bedding it as the primary network in a DN material and deforming
it. Such real mechanical data of an ultimately deformed rubber-like
material are crucial for investigating and modeling the elasticity of a
rubber-like material up to its ultimate deformation and fracture.
As particular experimental data of the ultimately deformed

rubber-like materials were obtained through measurements of
DNmaterials, here, we report inverse mechanical-swelling coupling
of the DN gels. Generally, the swelling and mechanical behaviors of
a gel are coupled (33). An example of such coupling, which is
termed “mechanical-swelling coupling” hereinafter, is the exten-
sion-induced swelling of a conventional gel. Prior researches report-
ed that when a gel at swelling equilibrium is extended in the same
solvent, its equilibrium swelling ratio increases further with a de-
crease in the restoring force (34–36). Another example of this cou-
pling is the drying-induced stiffening. In case a swollen gel is
extended and gradually dried while maintaining its length, the re-
storing force increases with a decrease in gel volume (37). Other ex-
amples such as the deswelling of a gel under compressive
deformation and the shifting of phase transition temperature of
gels by deformation have been reported as well (38–40). According
to theoretical investigations of the mechanical-swelling coupling
with the NH model, the extension-induced swelling and drying-
induced stiffening have been considered as general behaviors of
gels, regardless of their chemical species or detailed network struc-
ture (33, 37, 41, 42). However, in this study, we experimentally de-
termined that the highly extended DN gels exhibit inverse
phenomena: extension-induced “deswelling” and drying-induced
“softening,” which are the first experimental reports of inverse me-
chanical-swelling coupling and is beyond the prediction scope of
the NH model.
The remainder of this paper is organized as follows. First, we in-

troduce our experimental observations of the inversion of the me-
chanical-swelling coupling of highly deformed DN gels. Second, we
qualitatively explain the origin of the inverse coupling from the
extreme nonlinear elasticity of DN gels with the ultimately de-
formed primary network. Third, we demonstrate that the obtained
experimental trends cannot be completely reproduced using exist-
ing hyperelastic models for highly deformed rubber-like materials.
Last, we propose the hyperelastic model and related swelling model
that can explain the trends of the anomalous mechanical-swelling
coupling of DN gels.

RESULTS
Preparation of gels
The two-step DN gel preparation process is illustrated in Fig. 1. We
first prepared a poly(2-acrylamido-2-methylpropanesulfonic acid
sodium salt) (PNaAMPS) network as the primary network and
then synthesized a polyacrylamide (PAAm) secondary network
within the primary network to obtain the PNaAMPS/PAAm DN
gel. The PNaAMPS/PAAm DN gel has been commonly used for
fundamental studies of DN materials (19, 29–31) (Fig. 1A). In ad-
dition, we prepared a PAAm single-network hydrogel (PAAm gel)
as the common gel (Fig. 1B). Both gels were soaked in pure water

until swelling equilibrium was attained before the measurements.
The uniaxial σ-λ curve of the swollen PAAm gel is shown in Fig.
1C, where σ denotes the engineering stress, and λ represents the uni-
axial deformation ratio relative to the unloaded state. The σ-λ curve
of the PAAm gel until its fracture could be appropriately fitted with
the NHmodel. The σ-λ curve of the swollen PNaAMPS/PAAmDN
gel is plotted in Fig. 1D. The DN gel exhibited a much larger stress
than the PAAm gel despite containing the PAAm network because
the stiff primary network dominated the initial mechanical respons-
es of the DN gel, implying the negligible influence of the soft sec-
ondary network on the mechanical response of the DN gel. The
high Young’s modulus of the DN gel originated from the dense
cross-linking of the primary network and the swelling-induced pre-
stretching of the primary network strands during the preparation
process (25). The σ-λ curve of the DN gel could not be fitted with
the NH model at all and displayed extreme strain hardening fol-
lowed by yielding. This strain hardening originated from the
extreme stiffening of the primary network strands of PNaAMPS
near their stretching limit, and the yielding point was considered
where such primary network strands attained the limit and rup-
tured (22, 23).
Before the subsequent stress relaxation experiments, the

PNaAMPS/PAAm DN gel was subjected to “pretreatment.” The
aim of the pretreatment is to exclude the effect of strand rupture
during the stress relaxation experiments. In case a DN material is
extended, a small fraction of the primary network strands (probably
shorter ones) ruptures before attaining macroscopic yielding, which
appears as irreversible mechanical hysteresis (29, 30). To avoid the
occurrence of strand rupture during stress relaxation, we uniaxially
pre-extended the DN gel to λpre = 1.57 to cut such short strands be-
forehand, unloaded, and swelled the gel in pure water again. Since
such pretreated DN gel already experiences large deformation, no
strand rupture is expected when a second deformation smaller
than the pretreatment is applied to the gel. Details of the prereat-
ment are described in the Supplementary Materials and fig. S1.
Note that we did not apply the pretreatment to the PAAm gel
because no internal strand rupture occurs during its extension.
Hereafter, the term “the DN gel” corresponds to the pretreated
DN gel.

Stress relaxation results under water
First, the PAAm and DN gels were subjected to stress relaxation ex-
periments in water to study extension-induced swelling/deswelling.
In particular, the gel at swelling equilibrium in pure water was uni-
axially extended to various deformation ratios, λ, and maintained in
pure water at a constant length (Fig. 2A). The maximum imposed λ
for the DN gel was 1.38, which is smaller than the deformation
applied at the pretreatment. The width, w(t), and retraction force
of the gels were recorded as a function of time, t. The engineering
stress, σ(t), is defined as the retraction force divided by the initial
cross-sectional area before loading. Thus, the engineering stress
defined here is simply proportional to the retraction force without
affecting the width variations during stress relaxation.
Upon the stress relaxation of the PAAm gel in water, the width of

the extended PAAm gel gradually increased (Fig. 2B) with a reduc-
tion in engineering stress, regardless of the imposed λ (Fig. 2C).
This means that the extended PAAm gel further swells in water.
This extension-induced swelling of a gel during the stress relaxation
test in a solvent, which is a typical example of normal mechanical-
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swelling coupling, is consistent with prior reports (33–35). In the
case of DN gel, it exhibited similar normal extension-induced swell-
ing if the applied deformation ratio λ is smaller than 1.23 (Fig. 2D).
However, in case of imposing a large λ (>1.23), the width of the ex-
tended DN gel decreased rather than increased with time, thereby
indicating that the highly extendedDN gel had abnormal extension-
induced deswelling, which is an example of inverse mechanical-
swelling coupling. At a threshold λ = 1.23, the width of the DN
gel did not vary during the stress relaxation test. During stress re-
laxation, σ of the DN gel decreased over time regardless of swelling
or deswelling (Fig. 2E). This implies that the normal mechanical-
swelling coupling of the DN gel at λ < 1.23 can be characterized
on the basis of the negative correlation between the swelling ratio
and stress, whereas the inverse coupling at λ > 1.23 is characterized
by a positive correlation between them.
Subsequently, the equilibrium normalized widths, w(∞)/w(0),

of the extended PAAm and DN gels were extracted for various
imposed λ values. To estimate the equilibrium width w(∞), we

adopted w(100 min) as a value of w(∞). As depicted in Fig. 3A,
w(∞)/w(0) of the PAAm gel and DN gel at λ < 1.23 was larger
than 1, whereas that of the highly deformed DN gel at λ > 1.23
was smaller than 1. On the basis of these data, we calculated the
osmotic Poisson’s ratio, νos, of the PAAm and DN gels with
various λ values. The νos of a highly deformable material is
defined as νos = −εtrans/εtens, where εtrans and εtens denote the true
transverse and tensile strains, respectively. As these strains can be
expressed using the experimentally obtained parameters, we
derived νos as

νos ¼ �
ɛtrans
ɛtens

¼ �
ln½λ� 0:5wð1Þ=wð0Þ�

lnλ
ð1Þ

As a function of λ, the νos of the extended PAAm and DN gels in
water is depicted in Fig. 3B. In the previous work, the νos of the
diluted gel was predicted as 0.25 based on the NH model regardless
of the imposed λ (33). The νos of the PAAm gel seems to be consis-
tent with this prediction. In contrast, the νos of the DN gel was not

Fig. 1. Preparation and basic mechanical properties of gels. (A and B) Schematic preparation process of the (A) PNaAMPS/PAAm DN gel and (B) PAAm gel. (C and D)
Uniaxial tensile test results for the (C) PNaAMPS/PAAm DN gel and (D) PAAm gel. Dashed lines represent predictions of the NH model. Parameters in the NH model were
determined to reproduce the initial moduli of gels.
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constant but increased with the imposed λ. Last, the νos of the DN
gel exceeded 0.5 at λ > 1.23 as a consequence of the extension-
induced deswelling. Note that the (normal) Poisson’s ratio for an
isotropic material must not exceed 0.5. A typical material is a
closed system that does not allow mass transfer between the
system and the outside. In this case, Poisson’s ratio must be
between −1 and 0.5. In contrast, a gel is a semi-open system that
allows solvent transfer from and to the outside. Thus, an osmotic
Poisson’s ratio of gels greater than 0.5, which corresponds to the ex-
tension-induced deswelling, is allowed.
Owing to the extension-induced swelling/deswelling, the volume

of the DN gels immediately after the stress relaxation experiment
(tested gel, Fig. 4A, ii) changed from that before the experiment
(pretreated gel, Fig. 4A, i). To investigate the recovery of the
tested DN gels to their original volume, the tested DN gels were im-
mersed in pure water for 24 hours without any external force to

form reswollen DN gels (Fig. 4A, iii). We measured the volumes
of the pretreated DN gel (i), tested gel (ii), and reswollen gel (iii)
as Va, Vb, and Va′, respectively. Figure 4B shows two volume
ratios, Vb/Va and Va′/Va, of the DN gels subjected to the stress re-
laxation test as a function of λ. In all cases,Va′/Va was approximately
1, which signified that the volume of the tested DN gels returned to
its original value after free swelling in water. This result suggested
that extension-induced swelling/deswelling was not caused by the
irreversible modifications in the network structures during the
stress relaxation experiment.

Stress relaxation results at 80% RH
We also performed stress relaxation experiments on the PAAm gel
and DN gel at 80% relative humidity (RH) to gradually dry the gel
during its stress relaxation period (Fig. 5A). As a high relative hu-
midity of 80% ensures steady drying, we assume a nearly

Fig. 2. Stress relaxation inwater. (A) Experimental setup for stress relaxation under water. (B) Normalizedwidthw(t)/w(0) and (C) normalized engineering stress σ(t)/σ(0)
of the PAAm gel under water as functions of time. (D) w(t)/w(0) and (E) σ(t)/σ(0) of the pretreated PNaAMPS/PAAm DN gel under water as functions of time.
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homogeneous water content of the gel during the stress relaxation
period. The normalized width of the elongated PAAm gel at 80%
RH as a function of time is presented in Fig. 5B. The width of the
PAAm gel gradually decreased with time due to the drying. As de-
picted in Fig. 5C, the engineering stress σ of the PAAm gel increased
with decreasing width, regardless of the imposed λ. Such drying-
induced stiffening, with a negative correlation between the swelling
ratio and stress, is consistent with a previous report (37). Similarly,
the elongated DN gel was gradually dried during the stress relaxa-
tion experiment at 80% RH (Fig. 5D). However, as depicted in Fig.
5E, the σ of the DN gel varied anomalously. For λ = 1.03 (small de-
formation), the σ of the DN gel increased with drying, similar to
common gels. However, for adequately large λ (ultimately de-
formed), the σ of the DN gel monotonically decreased with
drying. Such drying-induced softening with a positive swelling
ratio–stress correlation is also an example of inverse mechanical-
swelling coupling. At an intermediate λ of 1.07 and 1.13, the
stress exhibited a nonmonotonic behavior. At λ = 1.13, the stress
initially decreased and thereafter increased as the drying proceeded.
Moreover, at λ = 1.07, the time dependence of stress followed a
third-order function of t with minimal and maximal values—it in-
creased, decreased, and increased again as drying proceeded, as de-
picted in Fig. 5F. These nonmonotonic behaviors signified that the
drying-induced stiffening and softening of the gel were possibly in-
terchanged under certain conditions.
As discussed earlier, the normal mechanical-swelling coupling

was characterized by a negative correlation between the swelling
ratio and stress, and vice versa. In Fig. 5 (G to I), the normalized
stress σ(t)/σ(0) is plotted against the normalized width w(t)/w(0).
The PAAm gel and DN gel with a small imposed λ displayed a neg-
ative correlation, corresponding to the normal mechanical-swelling
coupling. The DN gel with a large λ exhibited a positive correlation
corresponding to inverse coupling. At intermediate λ such as 1.07,
the normal and inverse couplings were complicatedly switched
during deswelling.
Incidentally, we confirmed that in case the dried gels were placed

at 100% RH, the gel reswelled via reversal on almost the same
pathway (fig. S2), thereby demonstrating the reversibility of
this process.

Hyperelastic model reproducing inverse coupling
In summary of the experimental results, the highly deformed DN
gel exhibited inverse mechanical-swelling couplings (extension-
induced deswelling and drying-induced softening). Moreover, we
detected complicated switching of the normal and inverse couplings
under certain conditions during gel drying. To the best of our
knowledge, this is the first experimental observation of inverse me-
chanical swelling coupling of gels. In this section, we establish a me-
chanical model to reproduce the inverse coupling to understand the
physical origin of the inverse coupling.
First, we propose an ideal representation of the network states for

uniaxial stress relaxation experiments that allow volume variations
during relaxation, as schematically illustrated in Fig. 6A. The as-pre-
pared network was set as the “reference state” with volume V0, and
the isotropically swollen network was set as the “swollen state” with
volume Va. The swollen network was uniaxially deformed λ times
along the x axis to attain the “initial extended state” without volume
change. The network at the initial extended state manifested swell-
ing or deswelling at a constant x-axis length to achieve the “state of
interest” with volume Vb, which corresponds to the stress relaxation
under water or 80% RH. The network at the state of interest was
then virtually unloaded with keeping the volume Vb to attain the
“virtual unloaded state.” The corresponding deformations of the
network strands are displayed in Fig. 6B. We adapted this ideal rep-
resentation to the real stress relaxation experiments of pretreated
DN gels. In this case, the network presented in Fig. 6B corresponds
to the primary network of the DN gels. As stated earlier, the effect of
the soft secondary network on the elasticity is considered to be neg-
ligible. Note that the pretreated DN gel was not isotropic but slightly
anisotropic after pretreatment; thus, it did not completely corre-
spond to the assumptions in this ideal representation. However,
in this study, we assumed that the pretreated DN gel was almost iso-
tropic, and the above ideal network representation was applicable to
our system for simplification. For stress relaxation using the DN gel,
the as-prepared primary network and pretreated DN gel were set as
the reference and swollen states, respectively.
Subsequently, we adapted existing hyperelastic models to this

ideal network representation and examined whether these models
can reproduce the obtained experimental mechanical-swelling

Fig. 3. Swelling equilibrium under tension. (A) Equilibrium normalized width, w(∞)/w(0), and (B) osmotic Poisson’s ratio, νos, of the PAAm gel and pretreated
PNaAMPS/PAAm DN gel under water as a function of imposed deformation ratio λ. The horizontal dotted line in (B) denotes νos = 0.25, which is the theoretical νos
of a dilute gel that follows the NH model.
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trends. The data presented in Fig. 5 (G to I) was used as the repre-
sentative experimental data to be reproduced by the models. For
theoretical analyses, the experimentally obtained parameters
should be converted into forms that can be theoretically treated
with convenience. Regarding deformation, we defined Λi as the de-
formation ratio of the i axis (i = x, y, z) of the network relative to its
reference state. If we express Λx,y,z at the state of interest using the

experimental parameters

Λx ;
x3
x0
¼

Va
V0

� �1=3

λ ð2Þ

and

Λy ¼ Λz ;
y3
y0
¼

Va
V0

� �1=6

λ� 1=2
w

wð0Þ
ð3Þ

Fig. 4. Reversibility of the swelling process. (A) Schematic illustration of gel state and its volume after the stress relaxation experiment and subsequent free swelling. (B)
Volume ratios Vb/Va and Va′/Va of the DN gels as a function of imposed deformation ratio λ.

Fig. 5. Stress relaxation at 80% RH. (A) Experiment setup. (B)w(t)/w(0) and (C) σ(t)/σ(0) of the PAAm gel at 80% RH as functions of time. (D)w(t)/w(0) and (E) σ(t)/σ(0) of
the pretreated PNaAMPS/PAAmDN gel at 80% RH as functions of time. (F) Enlarged version of (E). (G andH) Relationship betweenw(t)/w(0) and σ(t)/σ(0) of the (G) PAAm
gel and (H) pretreated PNaAMPS/PAAm DN gel subjected to stress relaxation experiments at 80% RH. (I) Enlarged version of (H) near σ(t)/σ(0) = 1.
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respectively. In this experiment, the volume ratio of the DN gel to
the as-prepared PNaAMPS gel was 10.9:1. Thus, we set Va/V0 = 10.9
and (Va/V0)1/3 ≈ 2.2. Regarding force, we defined the nominal
stresses along each axis, σi, as the restoring force along each axis
divided by the cross-sectional area of the gel at the reference state.
According to this definition, σx is not equal to the measured engi-
neering stress σ of the gels, but it can be expressed as

σx ¼
Va
V0

� �2=3

σ ð4Þ

In addition to these parameters, let ϕ denote the total polymer
volume fraction of the gel, and ϕ0 is ϕ at its reference state.
We assumed that the mixing of the polymer and solvent does not

vary the system volume. In addition, we follow the Flory-Rehner–
like assumption that the Helmholtz free energy per unit volume of a
gel in the reference state, F, can be separated into the osmotic term
Fos(ϕ) and the elastic term Fel(Λx, Λy, Λz) (43). Under these condi-
tions and assumptions, the variations in F of the gel from its refer-
ence state, ΔF, can be expressed as

ΔF ¼ ΔFel þ ΔFosðϕÞ ð5Þ

The relative volume of the gel, ΛxΛyΛz, is inversely proportional
to its polymer volume fraction ϕ. Thus

ΛxΛyΛz ¼
ϕ0
ϕ

Λy ¼ Λz ¼

ffiffiffiffiffiffiffiffi
ϕ0
Λxϕ

s

ð6Þ

The nominal stress σi was derived by partially differentiating ΔF
with respect to Λi. At equilibrium, σy = σz = 0 under uniaxial

deformation. Thus

σx ¼
∂ΔF
∂Λx
¼
∂ΔFel

∂Λx
þ
∂ΔFos

∂Λx
¼
∂ΔFel

∂Λx
�

ϕ0
Λx
2Λy

2
∂ΔFos

∂ϕ

� �

ð7Þ

σy ¼ σz ¼
∂ΔF
∂Λy
¼
∂ΔFel

∂Λy
�
2ϕ0
ΛxΛy

3
∂ΔFos

∂ϕ

� �

¼ 0 ð8Þ

The combination of Eqs. 7 and 8 derives the following funda-
mental equation that dictates axial stress of an uniaxially deformed
gel as a function of its deformation

σγ ¼
∂ΔFel

∂Λx
�
Λy

2Λy

∂ΔFel

∂Λy
ð9Þ

In this study, the variations in the width of the gel during stress
relaxation corresponds to a variation in Λy at constant Λx. The
normal mechanical swelling coupling (extension-induced swelling,
etc.) corresponds to a reduction in σxwith an increase in Λy, and the
inverse coupling corresponds to a reduction in σx with a decrease in
Λy. Thus, the criteria for normal/inverse mechanical-swelling cou-
pling can be stated as

∂σx
∂Λy

�
�
�
Λx

, 0 : normal coupling

∂σx
∂Λy

�
�
�
Λx

. 0 : inverse coupling
ð10Þ

Equation 9 can be solved by substituting the function form of
ΔFel. In this study, we used various hyperelastic models as ΔFel
and verified whether each model reproduces the data in Fig. 5 (G
to I). First, we adopted the classical NH model, which assumes an
isotropic polymer network composed of network strands with its
end-to-end distance distribution following Gaussian statistics (5).

Fig. 6. Ideal states of deformed gels. (A) Macroscale and (B) molecular scale illustrations of each ideal state in stress relaxation experiments—reference state, swollen
state, initial extended state, state of interest, and virtual unloaded state. We illustrate the case of Vb < Va, but Vb > Va is also allowed.
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ΔFel for the NH model is given as

ΔFel ¼ c10ðI1 � 3Þ ðNH ModelÞ ð11Þ

where c10 is the material constant, and I1 = Λx
2 + Λy

2 + Λz
2 repre-

sents the first invariant of the strain tensor (4). Substituting Eq. 11
into Eq. 9 results into

σx ¼ 2 Λx �
Λy
2

Λx

� �

c10 ð12Þ

and

∂σx
∂Λy

�
�
�
�
�
Λx

¼ � 4
Λy

Λx
c10 ð13Þ

Because c10, Λx, and Λymust be positive, the right side of Eq. 13
is always negative. It means that the NH model predicts the normal
mechanical-swelling coupling at all instances, which does notmatch
our experimental observations for the DN gel.
Second, we apply the Gent model, which is a semi-empirical

model frequently adopted to describe the nonlinear elasticity of
rubber-like materials (10). The Gent model was constructed by re-
placing I1− 3 in the NHmodel with � Jmln 1 � I1� 3

Jm

� �
to mathemat-

ically express the nonlinear strain hardening of the network strands

ΔFel ¼ � c10Jmln 1 �
I1 � 3
Jm

� �

; ðGent modelÞ ð14Þ

σx ¼ 2 Λx �
Λy
2

Λx

� �

c10
Jm

Jm � I1 þ 3
ð15Þ

∂σx
∂Λy

�
�
�
�
�
Λx

¼
4c10JmΛy 2 Λx �

Λy
2

Λx

� �
� Jm� I1þ3

Λx

h i

ðJm � I1 þ 3Þ2
ð16Þ

where Jm is the material constant that indicates themaximum allow-
able I1 − 3. The Gent model exhibits a singularity at I1 = Jm + 3,
corresponding to the theoretical deformation limit of the
network. Thus, the Gent model is considered suitable for describing

the deformation limit of a network (18). The Gent model substan-
tially reproduced the uniaxial σ-λ curve of the pretreated DN gel
with notable strain hardening (fig. S3). According to Eq. 16, the
Gent model predicted monotonical σx –Λy relationships at constant
Λx, wherein the positive or negative slope relied on Jm and Λx. Some
examples of the σx –Λy curves of the Gent model are depicted in fig.
S4. For Λx ,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJm þ 3Þ=3

p
, σxmonotonically decreased with Λy in

the physically meaningful Λy range, corresponding to normal me-
chanical-swelling coupling. However, for Λx .

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJm þ 3Þ=3

p
, σx

monotonically increased with Λy, corresponding to inverse cou-
pling. This means that the Gent model can explain the inverse me-
chanical-swelling coupling owing to the nonlinearity in the model,
which has been pointed out earlier (44). At Λx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJm þ 3Þ=3

p
, σx

is a constant regardless of Λy. However, as the Gent model predicts
monotonical σx – Λy relationships at all instances, the complex stiff-
ening-softening interchange of the DN gel portrayed in Fig. 5I
cannot be reproduced by the Gent model.
The failure of the Gent model suggests the inadequacy of its non-

linearity. An appropriate modification of the nonlinearity is re-
quired to completely reproduce the experimentally observed
stiffening-softening interchange. As an example of such a model,
one can add the quadratic term I1 to the Gent model, such as

ΔFel ¼ � c10Jmln 1 �
I1 � 3
Jm

� �

þ c20ðI1 � 3Þ2 ðour modelÞ ð17Þ

σx ¼ 2 Λx �
Λy
2

Λx

� �

c10
Jm

Jm � I1 þ 3
þ 2c20ðI1 � 3Þ

� �

ð18Þ

∂σx
∂Λy

�
�
�
�
�
Λx

¼
4c10JmΛy 2 Λx �

Λy
2

Λx

� �
� Jm� I1þ3

Λx

h i

ðJm � I1 þ 3Þ2

þ 8c20Λy 2 Λx �
Λy
2

Λx

� �

�
I1 � 3
Λx

� �

ð19Þ

The nonlinearity of the proposed model was simply controlled
by adjusting the prefactor c20 of the added term. By selecting the
appropriate values of the coefficients, this model reproduced

Fig. 7. Model prediction of the stress-width relationship. (A to C) Experimental and theoretical σ(t)/σ(0) of the PNaAMPS/PAAmDN gel as a function ofw(t)/w(0) upon
the stress relaxation test at 80% RH and at various imposed λ. Symbols and solid lines denote experimental data and model (Eq. 18) predictions, respectively.
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almost all the experimental stress relaxation trends of the DN gel. In
particular, we set c10, c20, and Jm as 38 kPa, −1.8 kPa, and 14.1, re-
spectively, and, with these coefficients, the uniaxial σ-λ curve of the
pretreated DN gel was appropriately reproduced, similar to the Gent
model (fig. S3). On the basis of Eq. 18 and these coefficients, we
attempted to reproduce the experimental data displayed in Fig. 5
(G to I). To connect the experimental data and the theoretical
model, Λx, σx, and Λy in Eq. 18 were replaced by the experimental
parameters λ, σ/σ(0), andw/w(0), respectively, using Eqs. 2 to 4. The
experimental relationships between σ/σ(0) and w/w(0) of the
PNaAMPS/PAAm DN gel subjected to the stress relaxation exper-
iments at 80% RH and corresponding model predictions are depict-
ed in Fig. 7. The model could reproduce the trends in the stress
relaxation results for the DN gel at 80% RH. At 1 < λ < 1.058, the
theoretical σ/σ(0) monotonically decreased for w/w(0) ranging
within 0 < w/w(0) < 1 (Fig. 7A). At 1.059 < λ < 1.072, two extremal
values appeared in the graph (Fig. 7B), and at 1.073 < λ < 1.268, the
graph exhibited only one minimal value (Fig. 7C). Moreover, σ/σ(0)
monotonically increased with w/w(0) at 1.269 < λ. These trends
suitably corresponded with the experimental data, despite a small
deviation from the absolute values. The negative c20 is vital for re-
producing these complex stiffening-softening interchanges.

Swelling model
Furthermore, we also tried to reproduce swelling or deswelling of
the pretreated PNaAMPS/PAAm DN gel after the stress relaxation
experiment in water by using the general gel swelling model with
our hyperelastic model. In case a gel is at its swelling equilibrium,
its total swelling pressure Πgel is zero. According to the Flory-
Rehner–like assumption, the swelling pressure of a gel is a sum of
the osmotic pressure, Πos, and the elastic pressure, Πel (6). Specifi-
cally, Πos of the DN gel can be separated into polymer-solvent
mixing and ionic contributions, as it contains PNaAMPS as a poly-
electrolyte (45). Upon adopting the classical Flory-Huggins model
for a ternary systemwith two polymer networks and one solvent, the
mixing contribution for the DN gel, Πmix, can be expressed as

Πmix ffi �
kT
vs
½lnð1 � ϕ1 � ϕ2Þ þ ϕ1 þ ϕ2 � χ12ϕ1ϕ2

þ χ1sϕ1ðϕ1 þ ϕ2Þ þ χ2sϕ2ðϕ1 þ ϕ2Þ� ð20Þ

where k denotes the Boltzmann constant, T denotes the absolute
temperature, vs represents the volume of the water molecule, ϕj
denotes the volume fraction of each component, and χjk denotes
the Flory interaction parameter between the two components ( j
or k = 1, 2, or s) (46). The subscript 1 denotes PNaAMPS, 2
denotes PAAm, and s indicates water as the solvent. When the
solvent does not contain any movable ions like this experimental
system, the ionic contribution of the DN gel, Πion, can be expressed
as

Πion ffi
αϕ1
v1

ð21Þ

where v1 denotes the volume of the NaAMPSmonomeric unit and α
indicates the ratio of themobile counterions to the total counterions
in the PNaAMPS network (46).
All of the parameters appearing in Eqs. 20 and 21 can be estimat-

ed from the experimental data. On the basis of their melt densities,
vs and v1 have been estimated as 0.03 and 0.2 nm3, respectively (47).

The interaction parameters χ12, χ1s, and χ2s have been determined
by neutron scattering experiments as 0.015, 0.3, and 0.45, respec-
tively (47), wherein α has been estimated by the swelling study as
0.238 (46). For the determination of ϕ1 and ϕ2, which are functions
of the gel volume, we first estimate the volume fractions of
PNaAMPS and PAAm in the DN gel at the swollen state, which
are defined as Φ1 and Φ2, as 0.0152 and 0.0723, respectively,
based on the preparation conditions and swelling ratios (Supple-
mentary Materials). Under constant Λx, ϕ1 and ϕ2 at the state of in-
terest vary with w as ϕ1 = Φ1[w/w(0)]−1/2 and ϕ2 = Φ2[w/w(0)]−1/2.
On the contrary, Πel was evaluated by differentiating ΔFel with

respect to the relative gel volume to obtain

Πel ¼ �
∂ΔFel

∂ðV=V0Þ
ð22Þ

In the reported stress relaxation test, the variations in the elastic
energy and volume of the gel occur as a consequence of the varia-
tions in Λy with constant Λx. Thus

Πel ¼ �
∂ΔFel

∂Λy

∂Λy

∂ðV=V0Þ

�
�
�
�
�
Λx

ð23Þ

We adopted the proposed model (Eq. 17) as an elastic energy
density function. Upon substituting Eq. 17 into Eq. 23 and perform-
ing the differentiations, we obtained the elastic pressure of the DN
gel after stress relaxation as follows

Πel ¼ � 2Λx� 1 c10
Jm

Jm � I1 þ 3
þ 2c20ðI1 � 3Þ

� �

ðour modelÞ

ð24Þ

TheDN gel subjected to the stress relaxation experiment in water
attained its swelling equilibrium upon satisfying the following equa-
tion

� 2Λx
� 1 c10

Jm
Jm � I1 þ 3

þ 2c20ðI1 � 3Þ
� �

�
kT
vs
½lnð1 � ϕ1 � ϕ2Þ þ ϕ1 þ ϕ2 � χ12ϕ1ϕ2 þ χ1sϕ1ðϕ1 þ ϕ2Þ

þ χ2sϕ2ðϕ1 þ ϕ2Þ� þ
αϕ1
v1
¼ 0

ð25Þ

where ϕ1 = Φ1[w/w(0)]−1/2 and ϕ2 = Φ2[w/w(0)]−1/2.
By using Eq. 25, the equilibrium-normalized width w(∞)/w(0)

of the DN gel subjected to stress relaxation in water as a function of
imposed λ can be estimated. For the calculation, Λx and Λy in Eq. 25
were replaced by λ and w/w(0) based on Eqs. 2 and 3, the constants
for Πos (vs, v1, α, χ12, χ1s, χ2s, Φ1, and Φ2) were determined as stated
earlier, and the constants for Πel (c10, c20, and Jm) were identical to
those used in Fig. 7. The evaluation results are depicted using solid
lines in Fig. 8. At λ < 1.25, the model predicted that w(∞)/w(0) > 1,
corresponding to extension-induced swelling and normal coupling.
On the other hand, at λ > 1.26, the model predicted w(∞)/w(0) < 1,
corresponding to extension-induced deswelling and inverse cou-
pling. These trends are consistent with the stress relaxation test
results of the DN gel in water. On the other hand, the predicted
w(∞)/w(0) at λ = 1 was not equal to 1, which did not satisfy the
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physical requirement. For c10 = 45 kPa instead of 38 kPa (dashed line
in Fig. 8), the model predicted a similar curve and w(∞)/w(0) = 1 at
λ = 1, despite the slight deviation of the absolute w(∞)/w(0) from
the experimental value. This theoretically observed transition from
normal to inverse coupling is the consequence of strong nonlinear-
ity in the hyperelastic model. If the NHmodel that did not consider
the strong nonlinearity is adopted for derivation of Eq. 25, such
swelling model predicted the extension-induced swelling at all in-
stances (fig. S5), which does not match our results for the DN gels.
We also adopted alternative hyperelastic models such as the

Mooney-Rivlin (8), Arruda-Boyce (9), Yeoh (10), and extended
Gent models (48), and examined whether each model reproduces
the mechanical trends of DN gels. The equation forms of these
models are provided in the Supplementary Materials. The results
are summarized in Table 1. None of them can reproduce all the
characteristic mechanical trends of DN gels owing to the inappro-
priate modeling of the nonlinearity of the network.

DISCUSSION
The developed hyperelastic and swelling models appropriately de-
scribed the trends of the mechanical-swelling coupling of the DN
gels. However, the limitation of the current models is that they
cannot reproduce the absolute experimental values, which is poten-
tially because of three possible reasons. The first reason is the sim-
plicity of the proposed hyperelastic model. Here, a hyperelastic
model (Eq. 17) was constructed by modifying the Gent model
using only a single quadratic term of I1. The introduction of addi-
tional correction terms may produce theoretical values that are
proximate to the experimental results. The second reason pertains
to the anisotropy of the pretreated DN gel, which was not consid-
ered in the models. Upon pretreatment (uniaxial extension) of the
DN gel, its primary network strands along the tensile axis get
damaged, but those along other axes remain intact, which leads to
anisotropy of the pretreated DN gel. For example, the modulus of
the pretreated DN gel along the x axis is expected to be smaller than
that along y and z axes due to the anisotropic mechanical damage
(30). The DN gel subjected to the pretreatment also exhibits aniso-
tropic swelling: It slightly swelled (1.14 times) along the stretching
axis but negligibly swelled (1.00 times) along the other two axes in
water. While the effect of these anisotropies on the mechanical-
swelling coupling can be considered to be not crucial, anisotropic
hyperelastic and swelling models are desired to precisely reproduce
the results of anisotropic pretreated DN gels. The third reason is ac-
counted for by the inhomogeneity of the DN gels. Since the first
network was prepared via random copolymerization of monomers
and cross-linkers, the network contained inhomogeneities of
various types and scales, as cited in previous studies (16, 49). To
avoid the effect of inhomogeneity, a DN gel with a defect-free
primary network such as a tetra-PEG network is desirable for
future studies (50). Furthermore, the dependence of the elasticity
of the ultimately deformed networks on the chemical species
should be investigated as well. Reportedly, the elasticity of single
polymer chain at its ultimately stretched state strongly relies on its
chemical species (51, 52) because the deformation of the chemical
bonds influenced the elasticity of an ultimately stretched polymer
chain in addition to the conformational entropy. Therefore, the
same stress relaxation experiments should be performed on DN
gels with the primary network of various chemical species for a
comparative analysis of the results.
In conclusion, inverse mechanical-swelling coupling was ob-

served for highly deformed PNaAMPS/PAAm DN hydrogels,
where the primary network strands were ultimately stretched and
exhibited extreme nonlinear elasticity. All experimental trends of
the stress-width relationship can be reproduced by the proposed hy-
perelastic model constructed by adding the quadratic term I1 to the
Gent model. In addition, extension-induced deswelling was repro-
duced by a combination of the proposed hyperelastic model and
swelling theory of DN gels. This research can contribute to the un-
derstanding of large deformation of rubbery materials from the fol-
lowing two viewpoints. First, this study provides a strategy to
deform a real polymer network to its ideal deformation limit. As
discussed in the Introduction, a typical real polymer network
breaks much before its ideal limit when deformed. On the other
hand, a polymer network embedded in a DN gel as the first
network can be deformed close to its ideal limit without being af-
fected by the defect. Second, analysis of the mechanical-swelling

Fig. 8. Model prediction of the equilibrium swelling state. Experimental and
theoretical w(∞)/w(0) of the PNaAMPS/PAAm DN gel as a function of imposed λ
during stress relaxation test under water. Circle symbols and lines denote experi-
mental data and model (Eq. 25) predictions, respectively.

Table 1. Applicability of each hyperelastic model. The table summarizes
whether each hyperelastic model can express a characteristic mechanical
trend of the measured DN gel or not; possible (○) and not possible (−).

Describing the
deformation
limit

Inverse
coupling
when highly
deformed

Stiffening-
softening
interchange

during the drying

Neo-
Hookean

– – –

Mooney-
Rivlin

– – –

Gent ○ ○ –
Arruda-
Boyce

○ ○ –

Yeoh – ○ ○

Extended
Gent

○ ○ –

Our model ○ ○ ○
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coupling can lead to more precise elastic models for rubbery mate-
rials. Since the elastic stress-strain relationships of a rubbery mate-
rial are derived from its strain energy density function, estimation of
accurate strain energy density function form is necessary to under-
stand its various mechanical responses. Researchers usually adopt
uniaxial or biaxial extension tests for the estimation, but these
tests only show few facets of the mechanical behavior of the
rubbery material. Here, our stress relaxation tests can be regarded
as uniaxial confined biaxial deformation test. Mechanical data from
such an unnoticed deformation mode makes the strain energy
density functionmore appropriate.We showed that most of the pro-
posed phenomenological models cannot reproduce the obtained
mechanical-swelling coupling of the DN gel, but our model can
do. Further experiments on mechanical-swelling coupling and its
analyses can lead to a more precise strain energy density function
of rubbery materials. Moreover, this study aids in understanding the
behavior of DNmaterials under largemechanical loads. Various ap-
plications of DNmaterials have been anticipated under heavy loads,
such as artificial knee cartilage working under a stress of >10 MPa
(53). Thus, the unique mechanical-swelling coupling of DN mate-
rials revealed by this study will promote the investigation of DNma-
terials used in severe mechanical environments.

MATERIALS AND METHODS
Materials
Acrylamide (AAm), divinylbenzene (DVB; mixture of isomers),
N,N′-methylenebisacrylamide (MBAA), 2-oxoglutaric acid (α-
keto), potassium peroxodisulfate (KPS), N,N,N′,N′-tetramethyle-
thylenediamine (TEMED), and N,N-dimethylformamide (DMF)
were procured from FUJIFILM Wako Pure Chemical Corporation
Inc., Japan, and 2-acrylamido-2-methylpropanesulfonic acid
sodium salt (NaAMPS) was procured from Toa Gosei Co. Ltd.,
Japan. AAmwas recrystallized from acetone, and all other chemicals
were used without further purification.

Synthesis of DN gels
PNaAMPS/PAAm DN gels were synthesized via sequential free-
radical polymerization. Initially, 20 ml of the first network precur-
sor solution was prepared by mixing 1.4 M NaAMPS as the
monomer, 56 mM DVB as the cross-linker, 14 mM α-keto as the
initiator, 9 ml of DMF, and pure water. The solution was poured
into molds formed by two soda-lime glass plates (thickness: 3
mm) and separated by a U-shaped silicone rubber spacer (thickness:
0.5 mm). Thereafter, the molds were irradiated with 365-nm intense
ultraviolet (UV; 340 mW/cm2) for 30 min and maintained under
ambient conditions (around 25°C) for 1 day to prepare the
PNaAMPS gels. Subsequently, the obtained PNaAMPS gels were
immersed in an excess second network precursor aqueous solution
containing 2 M AAm as the monomer, 4 × 10−4 M MBAA as the
cross-linker, and 4 × 10−4 M α-keto as the initiator for 1 day. After
attaining swelling equilibrium, the gels were sandwiched between
two glass plates and transferred to an argon blanket. The DN gels
were prepared by irradiation with 365-nm UV (4 mW/cm2) for 8
hours to synthesize the PAAm network in the presence of the
PNaAMPS network. The obtained DN gels were immersed in
excess pure water for at least 1 day to remove any unreacted reagents
and attain the initial swelling equilibrium.

Synthesis of PAAm gels
The gel precursor aqueous solution was prepared by mixing 2 M
AAm as the monomer, 20 mM MBAA as the cross-linker, 5 mM
KPS as the initiator, and 5 mM TEMED as the accelerator with
pure water. The solution was poured into the molds formed by
two soda-lime glass plates separated by a U-shaped silicone
rubber spacer (thickness: 1 mm) and maintained for 1 day at 4°C
to prepare the PAAm gels. The obtained PAAm gels were immersed
in excess pure water for at least 1 day to remove any unreacted re-
agents and attain the swelling equilibrium.

Uniaxial tensile tests
The swollen gels were cut into dumbbell shapes (gauge length: 35
mm; width: 10 mm). Uniaxial tensile tests were performed using a
tensile tester Instron 5965 equipped with a noncontact video exten-
someter (AVE; Instron Co.). The tensile velocity was set at 100 mm/
min. The engineering stress, σ, was defined as the force divided by
the cross-sectional area of the specimen before extension. The de-
formation ratio, λ, was defined as the current gauge length divided
by the original gauge length. A representative stress-deformation re-
lationship among three measurements is shown in the graphs.

Pretreatment of gels for stress relaxation tests
The swollen DN gels were cut into dumbbell shapes (gauge length:
35 mm; width: 10 mm). The DN gel specimen was preextended to
λpre = 1.57 and immediately unloaded with a tensile velocity of 100
mm/min. Subsequently, the specimen was removed from the tester
and immersed in pure water for 1 day to enable it to attain another
swelling equilibrium. The swollen PAAm gels were cut into the
same dumbbell shape (gauge length: 35 mm; width: 10 mm). No
pre-extension was applied to the PAAm gel specimens. Periodic
dots with black ink (1.5 mm × 1.5 mm) were stamped on the pre-
extended DN gel specimens and PAAm gel specimens to analyze
their (longitudinal) deformation ratio, λ, and the normalized
width, w(t)/w(0), during the subsequent stress relaxation tests
(fig. S6).

Stress relaxation tests under water
The pretreated DN gel or PAAm gel specimen was set to a tensile
tester Tensilon RTG-1310 (Orientec Co.) equipped with a water
bath. The specimen was attached to the tester in a water bath and
uniaxially extended to the desired length with a tensile velocity of
100 mm/min to achieve a constant longitudinal length in a water
bath. Owing to the sufficiently fast tensile velocity, the swelling/
deswelling of the specimen during loading was negligible. The en-
gineering stress σ(t) and normalized width w(t)/w(0) of the speci-
men were investigated as a function of time t. t = 0 was set when the
specimen reaches the desired length. Note that σ(t) is defined as the
restoring force divided by the cross-sectional area of the specimen
before extension; thus, change in the cross-sectional area by lateral
swelling/deswelling during stress relaxation need not be considered
in the calculation of σ. The data are from single experiments. The
w(t)/w(0) of the specimen was determined by capturing images of
the specimen using a camera EOS 90D (Canon Inc.) and analyzing
the distances between the dots on the specimen. We selected four
pairs of the stamped dots near the center of the specimen and mea-
sured the distance between them manually using ImageJ. The error
bars in the graphs represent the standard deviation in measure-
ments of four different pairs within the same sample. λ of the
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extended specimen was similarly determined by analysis of the dis-
tance of the dots.

Stress relaxation tests at 80% RH
The pretreated specimen was set to a tensile tester SHIMADZUAG-
Xplus (Shimadzu Co.) equipped with a humidity and temperature
testing chamber. Before the test, the temperature and relative hu-
midity in the chamber were preset as 25°C and 80% RH, respective-
ly. The specimen was set to the tester in the testing chamber,
extended to the desired deformation ratio λ with a tensile velocity
of 100mm/min tomaintain its constant longitudinal length at 25°C,
80% RH. As the tensile velocity was sufficiently large, the drying of
the specimen during loading was negligible. The σ(t) and w(t)/w(0)
of the specimen were analyzed as a function of time t in the same
manner. The data are from single experiments.

Supplementary Materials
This PDF file includes:
Supplementary Text
Figs. S1 to S6
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