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The Helmholtz decomposition of a BMO type vector
field in general unbounded domains

Yoshikazu Giga *and Zhongyang Gu

Graduate School of Mathematical Sciences, The University of Tokyo, 3-8-1 Komaba,
Meguro-ku, 153-8914, Tokyo, Japan

Abstract

We consider a space of L? vector fields with bounded mean oscillation whose “normal”
component to the boundary is well-controlled. In the case when the dimension n > 3, we
establish its Helmholtz decomposition for arbitrary uniformly C® domain in R™.

Keywords: Helmholtz decomposition, BMO space, uniformly C* domain.

1 Introduction

Let 2 C R” be an open subset. Throughout this entire paper, regarding dimension n we always
consider the case where n > 2 unless otherwise specified. The Helmholtz decomposition of a
vector field f = (f1, fa, ..., fn) defined in 2 is formally of the form

f:f0+Vp>

where fy is a divergence free vector field satisfying supplemental conditions like boundary con-
dition and Vp denotes the gradient of some scalar function p. For 1 < r < oo, the Helmholtz
decomposition of L"(2)™ is well studied. To be specific, it gives a topological direct sum decom-
position of the vector space L"(€2)" of all L"-vector fields of the form

L'(Q)" = Ly () © G"()
with a space of divergence free vector fields

L0(Q) = mll'\\u(m
and a space of gradients fields

G'(Q) == {Vhe L'(Q)" | he Lj,(2)}.

*labgiga@ms.u-tokyo.ac.jp
tzgu@ms.u-tokyo.ac.jp



Here,
C(Q) :={u e CZ(Q)" | divu = 0},

where C2°(£2) denotes the space of all smooth functions compactly supported in Q2. We stress
that this decomposition is not just algebraic but topological in the sense that projections f — fo,
f = Vp to each corresponding subspace are bounded in L"(2)". In other words,

[follr@) < CE ) fllr@),  IVPlLr@) < CEL ) fllr @) (1)

with some constant C'(£2,7) > 0 depending only on € and r. In the case where r = 2, this
decomposition holds for an arbitrary domain as an orthogonal decomposition of the Hilbert space
L?(Q)™. In particular, the best possible choice of the constant C(£2,2) in estimate (1) is 1. For
r € (1,00), the Helmholtz decomposition holds for various domains with C! boundary; see e.g.
[15]. For a smooth domain, the decomposition holds for a bounded domain ([41, n = 3], [14]), an
exterior domain ([41, n = 3], [39]), a layer domain ([36], [9]), an infinite cylinder [9], an aperture
domain [10], a perturbed half space [39] as well as the half space. However, it is also known that
there exist unbounded smooth domains which do not admit the L"-Helmholtz decomposition;
see e.g. [1], [15], [35]. Even if the domain  admits the L"-Helmholtz decomposition, the
dependence of constant C'(£2, r) with respect to € is unclear except the case where r = 2. In this
decomposition, the gradient field Vp must formally satisfy the homogeneous Neumann boundary
condition dp/0n = 0, where n denotes an exterior unit normal vector field of 9§2. By the way,
the divergence free part fy can be further decomposed into

fo=H + curlw,

where H is a harmonic vector field at least when 2 is a three-dimensional bounded domain.
This decomposition is unique if we impose the boundary condition H - n = 0. It is often
called the L"-Helmholtz-Weyl decomposition and projection operators to each corresponding
subspace are bounded for a bounded domain in R™ (n = 2,3) as proved in [31]. Recently, this
decomposition is studied extensively. The L"-Helmholtz-Weyl decomposition is extended to a
three-dimensional exterior domain by [26], [27] and a two-dimensional exterior domain by [24],
[25]. In a three-dimensional bounded domain, the space of harmonic vector fields represents the
L"-de Rham cohomology group (of degree 2) if one identifies the space of vector fields with the
space of two-forms on 2 [31].

Let us go back to the Helmholtz decomposition. If we consider the space

B [ D@L 2<r <o,
Tl L@+ L), 1<r<?2

instead, then for any uniformly C' domain ©, the Helmholtz decomposition of ET(Q) holds for
all 7 € (1,00). We have that
L'(Q) = Lg() & G"(©)



where

[

Er (Q) ,_ L;(Q) N L¢27(Q)7 2<r <o,
T L)+ L), 1<r<?2

and
r 2 <
Gr(Q) = G (Q)HGQ(Q), 2<r< oo,
G"(Q)+G*(Q), l1<r<2.

Moreover, there exists a constant C' > 0 such that for any f € ET(Q), the Helmholtz decompo-
sition of f satisfies the estimate

1ollze @ + 19l 2y < Cll 70 2)

see [11], [12]. We let T’ = 99 := Q \ Q to denote the boundary of Q. In this case, we know that
the constant C' in estimate (2) depends only on r and «, 3, K where «, 3, K are parameters that
characterize the C! regularity of I'. Here we would like to direct the readers to Section 2.1 for
the precise definition of a uniformly C* domain of type (a, 8, K).

It is impossible to consider the Helmholtz decomposition for L even if 2 = R" since the
projection f +— Vp is a composite of the Riesz operators which is not bounded in L*°. We have
to replace L>™ with a class of functions with bounded mean oscillation (BMO for short). In
order to understand previous results on the Helmholtz decomposition for BMO vector fields
defined in a domain, let us recall some definitions. We firstly recall the BM O#-seminorm for
€ (0, 00]. For a locally integrable function u, i.e., u € L}, (), we define

1

u =supq ———— u(y) —up, (z dy'BT:c)CQ,r<,u )
[ ]BMO“(Q) {’Br(fﬂ” B (@) | ( B, ( )‘ (

where up, (,) denotes the average over B,(r), i.e.,

1
UB . (2) = T u(y) dy
B0 = B @] Sy Y

and B, (x) denotes the open ball of radius r centered at x and |B,(x)| denotes the Lebesgue
measure of B, (x). The space BMO"(f?) is defined as

BMOMQ) = {u € Li,o(®) | [u] paron(o) < oo}

This space may not agree with the space of restrictions of f € BMO*(R™) in Q. As in [2], [3],
[4], [5], we introduce a seminorm which controls the boundary behavior. For v € (0, 00] and
M CT, we set

[u]p (ar) = sup {r_"/ lu(y)| dy | € M, 0<r<u}.
QNB;(x)

In these papers, the BMO space

BMO"(Q) := {u € BMO*(Q) | [u]ywr) < oo}



is considered. Unfortunately, it turns out that such a boundary control for all components of
a vector field is too strict to have the Helmholtz decomposition. Hence, we introduced a space
of BMO vector fields which separate tangential and normal components. For x € Q, let dp(x)
denote the distance from the boundary I, i.e., dr(x) :=inf {|z — y|, y € I'}. We consider

vBMOM(Q) := { f € BMO"(Q)" | [Vdr - flyr) < o0},

where - denotes the standard inner product in R™. The quantity (Vdr - f)Vdr on I' is the
component of f that is normal to the boundary I". We set

[f]vBMow(Q) = [f]BMOu(Q) + [Vdr - f]bV(r)-

If & = R" is the whole space, the Helmholtz decomposition of BMO(R™)" holds [37]
as the Helmholtz projection in this case can be directly constructed by Riesz transforma-
tions. If @ = R? := {(¢/,2,) € R" | @, > 0} is the half space, then by considering
even extension for the tangential component and odd extension for the normal component for
f € vBMO>*°(R"), we can make use of the Helmholtz projection from the whole space case
to prove that vBMO>>°(R") admits the Helmholtz decomposition [17]. If 2 is a bounded C®
domain, as the boundary I" has a fully curved part in the sense of [18, Definition 7], we have that
vBMO*¥(Q) = vBMO>>(Q) for any finite u,v > 0 and vBMO>>(Q) C L*(Q)". In this
case, we can omit u,v from the superscript and simply denote vBMO°>>°(Q2) by vBMO(2)
without causing any ambiguity. Moreover, the multiplication by a Hoélder continuous func-
tion is bounded in v BMO() since vBMO(2) C L'(2)". As a result, the Helmholtz decom-
position for vBMO(2) can be established through a potential theoretical approach [19]. If
Q =R} = {(2/,x,) € R" | z, > h(2')} is a perturbed C? half space that has small perturba-
tion, then in the case when the dimension n > 3, we could establish the Helmholtz decomposition
for the space vBMOL*(R}) := vBMO°>(R?) N L*(R})", see [20]. The reason why we con-
sider the intersection of vBM O (R}) and L*(R})" for Helmholtz decomposition is because
within this intersection, cut-offs by multiplication become valid [23] and thus the potential the-
oretical approach in [19] can be applied. Here we would like to direct the readers to Section 2.3
for the precise definition for a perturbed C? half space to have small perturbation.

Analogously, for general unbounded uniformly C® domain 2 C R™, we consider the intersec-
tion space vBMOL?()) := vBMO°>(Q) N L?(Q)" for Helmholtz decomposition. Let us note
that vBMOL?*(Q) = vBMO*o*°(Q) N L?(2)" for any finite 10,19 > 0 since estimates

L Cn —-n C(n
|B,(z)| \f = IBowldy < o) 12y, 7 / Vdr - f|dy < (ﬂ)HfHLQ(Q)
r By (x) U ~(20)NQ Ve

hold for any « € Q, zp € I' and r > pg,v9. The purpose of this paper is to establish the
Helmholtz decomposition for vBMOL?(Q2) for arbitrary uniformly C® domain Q C R™ in the
case when n > 3. The main theorem reads as follows.

Theorem 1. Let Q C R"™ be a uniformly C° domain of type (a, B, K) with n > 3. Then for



each f € vBMOL?(Q), there exists a unique decomposition f = fo + Vp with

fo € vBMOL2(Q) := vBMO>>(Q) N L2(Q),
Vp € GuBMOL*(Q) := {Vp € vBMOL*(Q) | p € LL.()}

satisfying the estimate

[ folloparorz@) + IVollupmorz) < Cla, B, K)| fllupmor2@)s (3)

where C(a, B, K) > 0 is a constant that depends only on «, B, K. In particular, the Helmholtz

projection P,grror2, which is defined by Pygyror2(f) = fo, is a bounded linear mapping on
vBMOL*(Q) with range vBMOL2(Q) and kernel GvBMOL?(12).

From now on, let us assume that € is a uniformly C? domain of type («, 8, K) with reach
R,.. Here the exact meaning of reach R, of I' = € is defined in Section 2.1. The key idea of
the potential theoretical approach in [19], [20] is to solve the equation

0
Ap=divf in £, —p:f-n on I
on
strongly. Although there exist a linear operator f +— p; from vBMOL?*(Q) to L*(f)) and a
constant C(«, 8, K, R,) > 0 such that —Ap; = div f in  and

IVpillopmorz) < Cla, B, K, Rl fllopmorz)s
see [20, Theorem 2], it is generally hard to solve the Neumann problem

ou

Au=0 in Q, —
uOm,an

=g on T (4)
in the strong sense. In the case where 2 is bounded [19], the Neumann problem (4) can be solved
strongly for g € L*(T") since the boundary I' is compact. Whereas in the case that Q = R}
(n > 3) is a perturbed C? half space which has small perturbation [20], by decomposing the
boundary I' into the straight part and a curved part, we can treat the straight part as part of
the boundary of the half space and the curved part as part of the boundary of some bounded
domain. The Neumann problem (4) can therefore be solved strongly for g € L®(T') N H _%(I‘)
where H _%(F) denotes the dual space of the homogeneous fractional Sobolev space H %(F)
The restriction n > 3 is mainly due to the fact that H %(F) cannot be viewed as a subspace
of distributions. However, for general unbounded domain €2, the solvability for the Neumann
problem (4) is unclear. Hence, our strategy to prove Theorem 1 follows from [11], [12].

For simplicity of notations, for any domain 2 C R™ and 1 < r < oo, we denote the inter-
section space BMO>(Q) N L"(2) by BMOL"(2). There exists a bounded linear extension for
BMOL™(Q) with any 1 < r < oo [23], i.e., there exists a constant C(c«, 8, K) > 0 such that for
any u € BMOL"(Q2), there exists u € BMOL"(R") such that |Q: u and

@l Brprorr®ny < Cla, B, K)|lullpror-()-



Together with the BM O— L™ interpolation inequality in the whole space R™ [30], we can establish
a BMO — L" interpolation inequality in domain € which guarantees that if f € vBMOL?(Q),
then f € LI(Q) for any 2 < ¢ < co. We consider the case where ¢ = 2n. Since L2"(Q) admits
the Helmholtz decomposition, there exist unique fy € Z?,"(Q) and Vp € 52”(9) such that
f = fo+ Vp. In the case when the dimension n > 3, we prove that this decomposition of f is
indeed the Helmholtz decomposition of f in vBMOL?(Q).

Here is how we implement the strategy from [11], [12]. Let € > 0 be sufficiently small. We
require € to be smaller than a specific constant that depends on «, 5, K which will be determined
later in Chapter 3. In order to prove that fy, Vp € vBMOL?(Q), we consider two types of cut-
off functions. For z € Q such that dp(z) > 3e, we firstly consider @, € CZ°(Ba(2)) with ¢, =1
in B.(z) and supp ¢, C B%s (). Let Bg, : L3"(Ba:(x)) — W12"(Bs.(2))" be the Bogovskif
operator which solves the divergence problem

divu = g, 0

u }8325(1‘):
for g € LQ"(B2E(LE)) with integral zero in Bo.(z). We set w, := B;’n(v@x . fo)- Note that
Yo f = @z fo + @z Vp implies that

Oof +Vu(p— My) —wz = (S%fO - Wm) + V(‘Pm(p - Mm)) (5)

where M, denotes the average value of p in Bo.(z). We next show that ¢, f + V., (p— M) —w,
belongs to vBMOL?(Ba.(x)). Since Ba.(x) is certainly a smooth bounded domain that admits
the Helmholtz decomposition [19], equality (5) is indeed the Helmholtz decomposition of ¢, f +
Vi (p — M) — wy in vBMOL? (BQE(:U)). Hence, there is a constant C' > 0, independent of x,
such that the estimate

oo =ell,pasors (my.w) + 1V (22 = MeD)lprsors (5auo)

< CH‘sz + V(Pm(p — Mx) — WmHUBMOLQ (ng(x))
holds for any x € Q with dr(z) > 3¢. By using Morrey’s inequality and the boundedness of the

Bogovskii operator B3, , we can estimate ||wg|| by || foll 2» (), which can further be

vBMOL? (Ba.(z))
controlled by || f[|,Bapror2(q)- Since the Sobolev space Whn is continuously emdedded into BM O,

by the Poincaré inequality we can estimate ||V, (p — ]\496)||1)BMOL2 (Bae(a) by ||Vp||i2n (Bae(a))’
which can also be further controlled by || f[l,gapror2(). Therefore, the interior BMO estimate

for fy, Vp reads as
[fO]BMOE (925) + [vp]BMOE (925) < C(Oé,,@, K)HfHUBMOLZ(Q)

where Qo := {z € Q | dp(z) > 2¢}.

The second type of cut-off function we consider is supported within a small neighborhood
of the boundary. For zy € I' and p > 0 sufficiently small, we let the intersection between {2 and
the open ball B,(zp) be denoted by Bf}(zo) and we consider an open neighborhood of zy named
Up(z0) that is of a special form which will be explicitly defined in Section 2.1; see Figure 1. We



Figure 1: Us(2) and B{}_(z0)

construct ¢, € C?(B{h.(20)) such that supp =, C Use(20) C B (20), ¢z, = 1 in Us(20) and
(Vdr - V., ) (x) = 0 for any €  such that dp(z) < 3e. Again, we follow the idea in [11], [12]
to set w., := B3 (V. - fo) where B3 : L (B4 (20)) — W (Bih.(20))" is the Bogovskif
operator which solves the divergence problem

divu=g9, u ‘83?25(%):

for g € L*" (B%E(ZO)) with integral zero in Bf,_(20). By multiplying the cut-off function ¢, to
f = fo+ Vp, we have that in this case

Pz f + Vs, (p— MZO) — Wz = (SOZOfO - WZO) + V(csz (p— Mzo)) (6)

where M., denotes the average value of p in B{,_(29). Different from the interior case where

equality (5) is treated as being defined in a ball, in this case we treat equality (6) as being

defined in a perturbed C? half space R}, which has small perturbation, i.e., we view B$,_(20)
20

as being contained in a perturbed C? half space RZ* which has small perturbation. Such

concern is the key idea of [11], [12]. We then show that Oz f + Vor,(p — M) — ws, belongs
to vBMOL? (RZ* ), which admits the Helmholtz decomposition [20]. As a result, equality (6)
20

is indeed the Helmholtz decomposition of ., f + V., (p — M) — ws, in vBMOL?*(R}. ) and
20
there exists a constant C'(a, 3, K) > 0 such that the estimate

||<1020f0 - wZOH,UBMOLQ (RZ* ) + ”v(‘pzo(p - MZO))||UBMOL2 (RZ* )
EN) Z0
)

holds for any zg € I'. Then, we perform similar estimates as in the interior case. We use Morrey’s

< C(OZ,B,K)HSDZOJC + VSOZO(p - Mzo) - wZO||vBMOL2(Rn
h;o

inequality and the boundedness of the Bogovskil operator B3 to estimate szOH’l}BM or2(ry, )
n%,

by || flloBmor2()- Since the Sobolev space W™ is continuously embedded in BM O, we use the
Poincaré inequality to estimate ||V, (p — MZO)”’UBMOL2 (rp. ) by [|flluBaor2q)- Therefore,
=0



the vBMO estimate for fo, Vp up to the boundary reads as
[fol aros (rre) [Vd - folpe(r) + [VP]BMO%(Fchn) +[Vd - Vplpe(ry < Cle, B, K)|| fllopmorz)-

Together with the interior BM O estimate for fy, Vp, we obtain Theorem 1.

As we have discussed before, the BMO — L? interpolation inequality implies the contin-
uous embedding of vBMOL?(2) in L*"(Q). As a result, the existence of the decomposition
for f in vBMOL?(2) into the sum of a solenoidal vector field fo and a gradient field Vp is
already guaranteed by the Helmholtz decomposition of f in EQ”(Q). In order to establish the
Helmholtz decomposition for f € vBMOL?(), it is sufficient to establish estimate (3) with
the constant depending only on the regularity of I' = 9€). Since the L? part of estimate (3) is
also guaranteed by the Helmholtz decomposition of f in EQ”(Q), we only need to estimate the
vBMOMY-seminorm of fy and Vp for finite u, v. Thus, it is natural to follow the strategy from
[11], [12] to cut-off f in order to make use of existing results on the Helmholtz decomposition
of the space vBMOL?. For the interior part that is far away from the boundary I', we could
locally make use of the Helmholtz decomposition of vBMOL? in either an open ball (which is a
bounded domain) or the half space. Both choices would ensure that the constant in the estimate
is explicitly determined as a fixed number. For the region that is near the boundary I', although
we can still locally make use of the Helmholtz decomposition of vBMOL? in a bounded domain,
but after the cut-off, part of the boundary I' is involved and in this case, we have an estimate
with a constant whose dependency on I' is unclear. Therefore, for the region that is near I', the
only choice we can consider is to locally make use of the Helmholtz decomposition of vBMOL?
in a slightly perturbed half space. Since the Helmholtz decomposition of vBMOL? in a slightly
perturbed half space is only established in the case when the dimension n > 3 [20], our main
theorem also needs to require the dimension n > 3. If the Helmholtz decomposition of v BMOL?
in a slightly perturbed half space can be established in the case when n = 2, then the statement
of Theorem 1 is also valid for the case n = 2.

The organization of this paper is as follows. Main contents in Chapter 2 are to ensure that the
boundedness of the Bogovskii operator, Morrey’s inequality and the Poincaré inequality holds
for both domains B,(x) and Bf}(zo) with explicit dependency on constants in estimates. We
construct our desired cut-off functions ¢, and ¢, in Section 2.1. In Section 2.2, we prove that
the domain Bf} (z0) with sufficiently small p is bounded Lipschitz and star-like. For a perturbed
C? half space R} that has small perturbation, the constant in the estimate of the Helmholtz
decomposition of vBMOL? (Rﬁ) depends on both the boundary regularity and the reach of
boundary 8RZO. Hence in Section 2.3, we show that the reach of the boundary of a uniformly
C? domain depends on its boundary regularity and the domain Bf}(zo) can be viewed as being
contained in a perturbed C® half space with small perturbation whose boundary regularity is
determined by the regularity of I'. In Section 2.4, we establish necessary inequalities with explicit
constant dependency for domains B,(z) and Bf}(zo). Chapter 3 gives the proof to Theorem 1.
In Section 3.1, we reprove an extension theorem for BMOL™ in a uniform domain and use it
to establish the domain version BMO — L interpolation inequality. In Section 3.2 and 3.3, we
establish the interior BM O estimate and the vBMO estimate up to the boundary for fy, Vp.
In Section 3.4, we give characterizations to intersections of vBMO>(Q) with L2*(€2) and



G2 ().

2 Domain dependency of some basic inequalities

2.1 Localization tool

Throughout this paper, we denote 2’ := (21, 2, ..., xyp—1) for z € R" and V' := (01, 02, ..., On—1).
Let us firstly recall some well-known details about a uniformly C*¥ domain Q C R” for k € N,
see e.g. [40, Section 1.3.2]. That is to say, there exist constants «, 3, K > 0 such that for
each zp € T', up to translations and rotations, there exists a function h,, € Cck (Ba(O’ )), where
B (0') denotes the open ball B,(0') in R"~! of radius a with center (', satisfying the following
properties:

(i)
NS . ! "N _ n/ AN
Oilsllg)kH(V) hZOHLoo(Ba(OI)) SK’ (v hzO)(O) _07 hZo(O) _07
(i) QN Uqpp.,(20) = {(2',2,) € R" | Bz (') < @p < hay(2!) + B, |2/| < a} where

Ua,ﬁ,hzo(zo) = {(:c/,a:n) cR" | ha(2') — B < 2n < hyy(2) + 8, 2| < a} ,

(i) I'N Ua,f,h-, (20) = {(x’,acn) € R } Ty, = hy(2)), |2/] < a}.

We say that Q is of type («, 3, K); see Figure 2. Since requiring § to be sufficiently small does
not affect values of o and K, without loss of generality, within this paper we may assume that

B < min{a, -2-}.

Ua,B,hzO (z0)

Figure 2: Ua,p,n., (20)

Let d denote the signed distance function from I' which is defined by

inf |z —y| for z€Q,
yel’

d(z) := 7
(=) —inf |x —y| for z¢Q 0
yell



so that d(z) = dr(z) for x € Q. For a uniformly C* domain Q, there is R® > 0 such that
for x € Q with |d(x)| < R®, there is a unique point 72 € I' such that |z — 7x| = |d(x)|. The
supremum of such R% is called the reach of T in 2, we denote this supremum by R®. Let Q° be
the complement of Q in R™. Similarly, there is R > 0 such that for € Q° with |d(x)| < R,
we can also find a unique point 72 € T' such that |z — 72| = |d(z)|. The supremum of such R
is called the reach of I' in Q°, we denote this supremum by R$¥. We then define

R, := min (R?,R?C) )

which we call it the reach of T'. Moreover, d is C* in the p-neighborhood of I" for any p € (0, R,),
ie.,deCF (an) for any p € (0, R,) with

F?n = {z e R" | |d(z)| < p};

see e.g. [21, Chap. 14, Appendix], [32, §4.4].

We next consider €2 as a uniformly C* domain with & > 3. For zy € ' and p € (0, R,), we
set
Up(20) := {& € Q| (mz)’ € B,(0'),dr(z) < p},

where mx denotes the projection of z on I'; see Figure 1. Let Fy : V, := B,(0) x (0, p) — U,(20)

T = _ n' + VA, hay (0));
Fo(n) { Do (1) 4 1O d(1) s g (7)) ?

be the normal coordinate change in U,(20). For any e € (0,1), there is a constant ¢! which
depends on  and ¢ only, such that for any p € (0, c?) and zg € I', the estimates

IVFo = Iz (v,) <, o)
—1 _
HVFO I”LOO(UP(ZO)) <e
hold simultaneously [23, Proposition 3|. Therefore, by Hadamard’s inverse function theorem,
see e.g. [32, §6.2], the C*~! mapping Fy : V, — U,(20) is indeed a C? diffeomorphism. Note
that VF, ! is actually m -adj(VF() where adj(VFp) denotes the adjugate of VFy. By
considering the relation

n o adi
(00, VFy ) () = ; (VE 1)) {anj <M) } )

by estimates (9) we can deduce that there exists a constant C' = C'(K) > 0 such that

1Follezqv,) + 1155 i <C. (10)

c2(Up(z0)) =
For p € (0,R.), we set Q, := Q\'R". In order to localize the problem, we introduce

two types of cut-off functions. one type are supported in a small ball away from the boundary
whereas the other type are supported in a small neighborhood of the boundary.

10



Proposition 2. Let Q C R" be a uniformly C' domain and R, be the reach of boundary T' = 0.
Let € € (0, %) and x € Q.. There exists p, € C°(R™) which satisfies the following conditions:

'OSQOxSl,

o supp ¢, C Ba (),
2
e v, =11in B:(x),
o [[pzllc2mny < Ce=2 where C is a constant independent of x € Q3.

Proof. Let us recall a well-known construction of a 1 dimensional cut-off function which is widely
used in various contents, see e.g. [33, Lemma 2.20 and Lemma 2.21]. We consider

¢(3-1")

W= rEoyregony SR
with
| exp(=7) for t>0,
<) = { 0 t for t<0. (11)

In our case, an easy check tells us that ¢ € C°(R) which satisfies ¢(t) = 1 for |t| < 1 and
#(t) = 0 for |t| > 3/2. For x € Qj., we let

Pa(y) = ¢(‘y_€x‘), y € R".

It is obvious that 0 < ¢, < 1, suppy, C B375 (z) and ¢, = 1 in B.(x). A direct calculation

shows that

[pallczmny < C(0)[|0]lc2(r) e 2

a

Proposition 3. Let Q C R" be a uniformly C® domain and R, be the reach of boundary T' = 0.
Q

Let 0 < € < min %, cl%} and zg € T'. There exists @,, € C?(Q) which satisfies the following
conditions:

e 0 <, <1,

e supp ¢z, C Us(20),

e Dy = 1 U35(Z()),

H90zo||c2(§) < Ce™2 where C is a constant independent of zy € T,

Vd -V, =0inIR".

11



Proof. Similar to the construction of ¢ in the proof of Proposition 2, in this case we consider

(4—1)
Ct=3)+¢(4—1)

where ¢ is the function defined by expression (11). Obviously, ¥ € C(R) which satisfies
suppt) € By(0), 0 < ¢ < 1 and ¢ = 1 in Bs(0). Let R := {(#/,mn) € R" | mn > 0} be the
upper half space. We then define

ov (') = w(?) er(n'snn) = w(’"")

e

P(t) = teR

for any (1',7m,) € R’.. Note that for 0 < n,,&, < 3¢ with n, # &,, we have that @y (1, n,) =
ov(n', &) =1 and for any || < 3¢, we have that g (n',n,) = 1. By setting

(0 ,mn) == ov(n',m) - ea(’',m)

for any (', n,) € R, our desired ¢, can be constructed as

0z () 1= (go* o Fo_l)(x), x € Uge(20).

It is obvious that 0 < ., < 1, supp ¢, C Us(20) and ¢,, = 1 in Us.(2p). Since estimate (10)

provide a uniform control on || F ) we have that

Y
€2 (Use (20)

lo20llca (1, (o) < CUmIET

Since by our construction we have that p.(n',n,) = @«(n',&,) for any 0 < n,,&, < 3¢ such that
Nn 7 &n, the fact that

(Vad) o Fo - (Vapz,) o Fo = 0y, (‘on o FO);
see e.g. [19, Proof of Lemma 5 (i)], would imply that Vd - V., = 0 in TR". 0

2.2 Geometric properties of the intersection of (2 with a ball centered on I

In this section, let 2 C R™ be a uniformly C? domain of type (c, 3, K) with boundary I = 99).
Let R, be the reach of I'. For zp € I and p € (0, R.), we denote the intersection of {2 with the
ball B,(zo) by B/?(zo), ie., Bg(zo) = B,(20) N Q.

Let us further recall that a bounded domain D C R" is said to be a Lipschitz domain if
there exist constants ag, 3o, Ko > 0 such that for each wy € D := D\ D, up to translations
and rotations, there exists a Lipschitz function h,,, € Co’l(BaO (o )) satisfying

(i)

[1Frao | ) < Koo Py (09) =0,

0,1 (Bao (0/)
(i) D N Uag,B0,hu, (Wo) = {(@, 2n) € R™ | huy(3') < & < hawy(@') + Bo, |2/ < g} where
Uaoﬂo,hwo (wo) = {(x’,a:n) e R" ‘ hao (') = Bo < T < hayy (2) + Bo, |2'| < ao} ,

12



(i) 0D N Uqg,By.hu, (Wo) = {(w',xn) e R" ‘ Ty, = hao (2)), |2/| < ag};

hug

see e.g. [40, Section 1.3.2]. We call the constant K¢ to be the Lipschitz constant for boundary
oD.

Lemma 4. Let 29 € T and 0 < p < min{(96nK +4)~! a, 8, R.}. Then Bf}(zo) s a bounded
Lipschitz domain with Lipschitz constant L = L(K) > 0.

Lemma 4 is intuitively clear at least qualitatively. However, we give a detailed proof since it
seems that there is no explicit proof in the literature. Let zp € I' and p < min{«, 3, R.}. Before
we start to prove anything, we would like to firstly clarify some concepts that are necessary
to understand the notations in this proof. Let wy € I' N 0B,(29). Here we mean that wy =
(w(), (wo)n) is the coordinate of the point wg in the local coordinate system in zy. Without loss
of generality, we assume that the coordinate system in zq is generated by the base of unit normal
vectors {eq, ez, ..., e, } where the j-th component of e; is ¢;; for all 1 <4, < n. Let (e) be the
unit normal vector at wgy with respect to boundary I', i.e., we have that in this case

)Q _ Vtho (w6) 1
(14 |V oy (wh) )2 (14 [ Voo (wh)[?)

(en

N
N

Let (e,)? be the unit normal vector at wy with respect to boundary 9B, (20), i.e., we have that

(e = = (15, L) (1 Ra)),

in this case

p 4 4 P
We then set 0 5
(6 )I — (€n) + (€n)
‘(en)g + (eN)B‘

and pick a base of orthonormal vectors {(e1)’, (e2), ..., (en_1)’} which generates the tangent
I

plane P7(wp) at wo with respect to normal (e, )!; see Figure 3. We shall prove that with (e;,)’

I

representing the direction of the n-axis, this base {(e1)’, (e2)’, ..., (e,)'} is indeed the coordinate

system in wg that we are seeking.

Figure 3: Pr(wo)

In addition, we pick two more bases of orthonormal vectors, say {(e1)?, (e2)®, ..., (en_1)"}
and {(e1)?, (e2)?, ..., (en_1)P}, which generates the tangent plane Pq(wq) at wy with respect to

13



normal (e,)* and the tangent plane Pp(wg) at wg with respect to normal (e,)? respectively.

Within this proof, for a point u € R"™, we say that u = (u1,ug, ..., uy,) is the coordinate of u in

the coordinate system in zg, u®* = (u?, ug, - ug) is the coordinate of u in the coordinate system
in wo where (e,,)*! represents the direction of the n-axis, u? = (uf, v, ..., u?) is the coordinate

of u in the coordinate system in wg where (e,)?

u! = (ul,ul,...,ul) is the coordinate of u in the coordinate system in wo where (e,,)! represents

represents the direction of the n-axis and

the direction of the n-axis. Since u is nothing but the same point in different coordinate system,
we have that

n
u = (U1, U, ..., Up —wo—i—Zu (&) —wo—i—Zu :w0+2uf~(ei)l. (12)
i=1

Proof of Lemma 4. Let wy : R™ — Pr(wg) be the projection of points in R™ onto the tangent

plane Pr(wyp), i.e., for any u € R"™ we have that either u—77(u) = |u—7mr(u)|(en)! or u—7r(u) =

—|u — 7r(u)|(en)!. Since (m(u))[ = (u!',0) where vl := (ul,ub,...,ul ), for any z,y € R®

in the coordinate system in zg, coordinate equivalence relation (12) tells us that
Imr(2) = mr(y) = |27 =y | < |zl

which means that 77 : R™ — Pr(wg) is a Lipschitz continuous map.

We claim that 7y : B§2(w0) \I' — W[(B,?Q(wo) \T) is injective where B;?Q (wo) = {u €
an}(zo) } |u —wg| < p?}. Let us consider the equation ‘y —}—E(en)l‘ =pforye B:?Q (wp) \ T and
¢ € (—o00,00). Then, we have that

!y +£(en)1’2 — ’y‘2 + 2£(y . (en)[) +£2 _ ,02,

which further implies that either £ = 0 or

_2?J : ((en)ﬂ + (en)B)
|(en) + (en) "]

as |y| = p. The mean value theorem tells us that |V'h,, (w})| < nK|wj| and |h,, (wh)| < nK|wp|?.
Hence, by making use of the explicit expressions for (e,) and (e,)”, we can deduce that

/ AYE A,
‘(en)g+(€n)B’2<2+ QW hZO(wO)‘ |1;)0’1/2 2’}% )| 20172
p(L+ [V (wp)[) 7 p(1+ [ Ve (w)]7)

<2+4nKp. (13)

On the other hand,

y- ((en)? +(en)?) = (y = wo) - ((en)? + (en)?) +wo - (en)® +wo - (en)”.

Similar to the derivation of estimate (13), we can deduce that |wp - (e,)®| < 2nKp?. Since
wo - (en)® = —p, p < (4nK +4)~! and |y — wo| < p?, we then obtain that

—y - ((en)® + (en)®) > p— (20K +2)p? g (14)
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which leads to the fact that ¢ > %. That is to say, 77 : BEQ(U)O) \[' = 71 (332 (wp) \T) is indeed

injective since for any y, v, € B;?Q (wo) \ T, we have that |y — .| < 2p? < %.

In the meantime, 7y : Bﬁz (wo) N By(z0) = 71 (ng (wo) N By(20)) is also injective. Indeed as
otherwise, there exist z, z, € B§2 (wo) N By(20) and ¢ € (0,00) such that z + £(e,)! = z,. If we
focus on the n-th component of this vector equation, we see that

Zn + E(en)£ = hzo(2) + g(en)£ = hzo(22) = (2)n-
Since £ = |z, — z| > |z — 2/|, by the mean value theorem, there exists ¢ € (0,1) such that

hao(2) = haeo ()] _ Lenn o (1

|24 = '] A

(V' (1= t)2" +t2)] > |

By a similar derivation as for estimate (13), we can deduce that

> T - —nKp| >-
(2+4nKp)2 (1+n2K2p?)2

for any p < (4nK)~!. On the other hand, since both |2.| and |2/| are less than p and the open
ball B,(0') is convex, the line segment joining z), and 2’ lies completely in B,(0'), i.e., we have
that |(1— )z’ +t2,| < p. Hence, |V'h, ((1—t)2' +t2})| can be estimated by nKp, which is less
than 1/4 as p < (4nK)~!. We obtain a contradiction. The mapping 7 : ng (wo) N By(20) —
T (352 (wo) N Bp(z0)) is indeed injective.

Moreover, we could also prove that for any z € ng (wo) N By(20) and y € Bf; (wo) \ T,
we have that m7(z) # mr(y). Suppose that there exist ¢ € (0,00), z € Bl‘?g (wo) N By(z0) and
Y€ B:?Q(wo) \ T such that y + £(e,)! = z. Since p < min{«, 8, R,}, the n-th component of this
vector equation tells us that

iz (Z/) = E(en)é +yn > K(QN){z + hz (y/>

as y € Bgz (wp) \ T lies above I'. Then same argument in the above paragraph would lead us
to the same contradiction. Suppose that there exist ¢, € (0,00), z € B/‘?Q (wo) N By(2p) and
(TS Bgz (wo) \ T such that z + £,(e,)! = y. Note that a straight line would intersect a sphere
at two points at most. Let us consider the straight line Ly := {y + {(en)! | £ € (—00,00)}.
The equation z + £,(e,)’ = y means that the straight line L, actually has intersection with the
sphere 0B,(zp). Clearly L, does not lie in the tangent plane at y with respect to the sphere
0B,(29). Indeed, since the normal at y that points inside the ball B,(zp) is —% and

wo — 1—-2nK 1 1
O Y (en) 4 (en)? (e > —— 2L s =25
p (2+4nKp)2 2V3 4

5
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as p < (4nK + 4)~'. Thus, the straight line L, must intersects dB,(zo) at two points. One
point is y, the other point must be of the form y — ¢1(e,)! for some ¢; > 0 as the ray L, =
{y — l(en)! ‘ ¢ > 0}, which starts from y, enters the open ball B,(z9). This is due to the fact
that the point z = y — f.(e,)! actually lies inside B,(zp). Hence, the ray L, must cross the
sphere 0B,(29) again in order to get out of B,(zp). On the other hand, since y € ng (wo) \ T
and L, must intersects 0B,(z9) at two points, estimate (14) and (13) implies the fact that
the ray L := {y + {(en)’ | £ > 0} starting from y would intersect dB,(zo) again for some
by > % > 0. Now, we arrived at the fact that the straight line L, intersects the sphere 0B, (o)
at three different points; i.e., y — ¢1(en)?, y and y + fa(e,)! with £1, 05 > 0, which is clearly a
contradiction. Therefore, together with the fact that n : B:?Q (wo) \T' — 71 (B;?Q (wo) \T) and
& B/‘?Q (wo) N By(20) — 71 (Bg2 (wo) N By(z9)) are both injective, we conclude that the mapping
T Bgz (wo) — 71 (Bg2 (wo)) is indeed injective.

For z,z € I'N B,(z9), the coordinate equivalence relation (12) tells us that |z —x| = [ — 21|
By the triangle inequality, we see that
|7 — onl < 128 =2+ o - 2. (16)

For 1 < 5 <n —1, note that

n—1

o — ;= 3 (el —a)(e)] + (2 — b en)]

=1

where the notation (e;)! denotes the k-th component of unit vector (e;)! for 1 < i,k < n. Similar
to the derivation of estimate (13), we can deduce that

1 ( |0jhzy (wp)] N \(wo)j\)

o\
= e @ (s wha @ T

1 .
< 1<}(MU6|+-|(UK0]|>.
(2 —4nKp)2 p

Note that by the Cauchy-Schwarz inequality, we have the estimate

n—1 n—1
2 (Z(%I - xf><ei>§) (2 — wp)(en)]

j=1 Ni=1

N[

IA
3
|
—
N
. 3
]
—
—
N
Sy
|
&
oy
S~—
—
o)
N
SN—
S~
"
[N}
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Hence, by summing up all j from 1 to n — 1, we obtain that

N

o — '] < Sﬂéﬂ#—dww%f +v#wm(§i@mﬁé

j=1 Ni=1

2 2 3
I I nK*p* +2nKp+1\2 ; T
<nfst = o] 4 (LI )
On the other hand, by the mean value theorem we see that
|20 — x| = ‘h’ZO(Z/) - hZO(a:/)‘ < nKpl| -2,

which further implies that

|2 — x| < (nKp+1)|2 — 2|

n ni:

nK2p2+2nKp+1>é| I (17)

g(nQKp+n)|ZI’,—33[’,|+(”Kp+1)< 2 —4nKp -

Since p < (12nK)~1, then

nK2p? + 2nKp + 1)5 169 169

Kp+1 < < .
(nkp+ )( 2—4nKp 4815 185

Therefore, by substituting estimate (17) back into estimate (16) and then considering the ab-
sorption principle, we obtain the estimate
12l — 2l < 13n|2" — 2! (18)
We next consider z,y € BIfQ(wO) \ (' N By(20)). Let gu,(w) :== p— (p* — ]u’|2)1/2 for
u' € B,2(0"). Within the local coordinate system in wq represented by the orthonormal base
{(e1)?, (e2)?, ..., (en) P}, we have that B?z (wo)\T' C guy (B2(0)), ie., BEQ (po) \TI' can be viewed
as the graph of g,,, on some connected open su/bset of B2 (0. Obv/iously both z and y belong to
o (sz(O’ )), which means that 2 = g, (ZL'B ’ ) and 2 = gy, (yB ’ ) By coordinate equivalence
condition (12), we see that |y’ — z!| = |y® — 2P|. The triangle inequality implies that
[y — 23l < ly” — 2P|+ |y — . (19)
By the mean value theorem, we have that

1 B,/ - B7/
< 3 |y T

v — 28] < |guwo (¥®) = guo (27)

as p < 1/4. There exist rotation matrices R and R that satisfies R. e; = (¢;)' and R e; =

(e;)P for all 1 < i < n. The coordinate equivalence condition (12) also says that

y—z=RE.-(yP -2P)=RL - (y' —2'),
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which further implies that
T
y" —af = (RE)" R - (' — ), (20)

where (RZ)T is the transpose of RZ’%. Note that the n-th column of matrix (RZ‘%)T . Réo is indeed
((e1)? - (en)!, (e2)® - (en)!, ..., (en)? - (en)!). As we have already derived it in estimate (13),

_ }l-f— (en)? - (en)Q| S 1-2nKp
(o) + (en)B] = VIT IiKp

}(en)B : (en)l‘

Since (RZB;)T . Rgo is also an orthogonal matrix, we have that

n-! 272 2
\B 112 _ B 72 _ 14+8nKp—4n“K<p
;ue» e[ = 1= (o) (e = e

From the coordinate equivalence relation (20), we deduce the estimate
B B I/ 1) B I I I
‘yi _xi‘g(n_l)‘y7 —1’"4-‘(61‘) (en) “yn_wn‘

which holds for any 1 <i <n — 1. As the Cauchy-Schwarz inequality guarantees that

n—1 . n—1 %
S e (e < = 03 (X e )
=1 =1

by summing up every ¢ from 1 to n — 1, we deduce that

/

v = 2P| < (= 1)3|y" — o

1+ 8nKp — 4n’K?p? ;‘ o I‘
24+ 4nKp Yn = Inl-

Substitute the estimate for }yB’, — ZL'B’/’ and }yf — xﬂ back into estimate (19), we have that

4 s ;A (148nKp—4n2K2p?\ 2
= an] < <3n2 H)}yL - ‘+3'< 2+ dnkp ) [y = .

Since p < (96nK)~!, then

4 (148nKp—4n2K2?\* _ 4V/5 _ 995
3 2+ 4nk p 9 " 1000°

Therefore, by absorption principle we obtain that

|yl — 2L| < 600n7|y"" — '] (21)

Since 7y : B?,Q (wo) — 71 (B;?Q (wo)) is continuous and injective, by the theorem of invariance
of domain, see e.g. [7, Corollary 19.9], 7 is a homeomorphism between ng (wp) and 7y (B;?Q (wo))

and it is an open map. Thus, 7y (ng (wo)) is open as B§2 (wg) is open. There exists g > 0
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such that B.,(0") C 7y (sz (wo)). We let ap = min {80/2,/)2/(60071%)}. The mapping 7 *
Bay(0') — 771 (Bay (1)) is continuous and bijective. For z € 77 (Bay(0')) N By(20) and y €
Tt (Bao (0))\T, there exists z € I'NIB (zo)ﬁB8 (wp) such that 77(x) = (l'[/ 0) lies exactly on
the line segment joining 77(z) = ( 1 0) and m7(y) = ( I/ O) in the hyperplane Pr(wyg). Indeed,
as the line segment joining ( I ,O) and ( 1 ,0) in Py(wy) are of the form ( I ,O) +t-( 7/—z17/, 0)
where 0 <t < 1. Let 0 < t, <1 be the smallest ¢ such that

mH((1,0) + - (yh = 21,0)) ¢ 77 (Bag (0)) N B,y(20)

for the first time. Let z = 771?1 ((ZI’/, 0) + 1ty (yl’, — 20, O)) We must have that € I'N0B,(2)
since 7} ! (Bao(0')) \ T is open. Therefore, by estimate (18) and (21) we deduce that

‘Z{l —y,ﬂ < ’z,ﬂ —xﬂ + ‘y{z —xfl‘ < GOOn%(}zl’/ — g D = 600n2’z — I’l .

Take By = ap and yo(u') := (W?l(u’))i for v’ € By, (0'), then we are done. O

Next, let us recall the concept for a bounded domain D to be star-shaped (or star-like). We
say that D is star-shaped (or star-like) with respect to a point T € D if every ray starting from
T intersects 0D at one and only one point, and that D is star-shaped (or star-like) with respect
to an open ball B C D if D is star-shaped (or star-like) with respect to every point T € B; see

g. [15, Section I1.1.4].

Lemma 5. Let zg € I and 0 < p < min{(32nK)~!, o, 3, R.}. Then Bgz(zo) is star-like with
p

respect to Bg(mo) C Bg(zo) where xq is the point whose projection on I' is zg and d(xo) = §.
Proof. For any z € Bf}(zo) and e, € S” where S” denotes the n dimensional unit sphere centered
at 0, the ray L} := {z + le, | £ > 0} would only intersects dB,(zo) once since otherwise, as we
have discussed in the proof of Lemma 4, the straight line L, := {x + e, ‘ ¢ € R} would have
intersected 0B,(2p) at more than two different points, which is absurd. Hence, it is sufficient to
prove that for any z € Be (x0), the ray L, not only cannot have two intersections on B,(z9) N T,
but also cannot have one intersection on 832 (20) \ ' and another intersection on B,(zp) NT.
We shall prove these two claims by assuming the contrary.

Note that the coordinate of xg in the local coordinate system in zg is indeed (0, §). Hence
within this proof, for any u € B,(zp), we may assume that v = (uq, ..., u,) is the coordinate of
point u in the local coordinate system in zy3. For z € Bg (x0), the triangle inequality implies

that
P — |z — x| > L

n >
- 4

l\J\b

Ty —

N |
NI

E

Hence, for = € Be (o) with £ >0, e, € 8" and 2" € B,(0') such that z + le, = (7', hz,(2')), we
then must have

—l(ey)n = Ty — hyp (2)) > g —nKp* > g >0,

i.e., in this case the n-th component of e, must be negative. Since z+0e, = (2/,h, (")) € By(20),
we must also have that £ < 2p. Thus, we can deduce that —(e,)n > 1.
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Suppose that there exist x € Bﬁ (70), €, € S™ and 0 < £1 < ¢5 such that the ray L} intersects
B,(20)NT at points z + ¢1e, and = + {2e,. That means that there exist 21, 25 € B,(0’) such that

T+ lie, = (zi,hzO(zi)), T+ loe, = (zé,hZO(zé)).

By subtracting x + £1¢e, from x + f2¢e,, we can easily deduce that

[P (21) = hao ()] (f2 — 1) (en)n _ 1

21 — 2| IEEY 16

Hence, similar as in the proof of Lemma 4, by the mean value theorem we may deduce that

1
>7

1

32 L= (B,(0))

which is a contradiction. Therefore, we conclude that for any = € Be (x0) and e, € S™, the ray
L} only intersects B,(z9) NI once.

Suppose that there exist x € Bg (%0), €, € S™ and 0 < ¢1 < ¢5 such that the ray L} intersects
B,(z0) NT" at « + ¢1e, and then an}(Zo) \I' at 2 + ¢se,. Since the n-th component of = + /e,
is of the form (2/, h;,(2')) for some 2’ € B,(0'). Then we must have that

hay (') + (b2 — £1)(€0)n = Ty + la(ey)n > hay (:c' + Eg(ev)’),

with (e,) == ((€v)1, .-, (€v)n—1) since z + lae, € OB,(20) \ T lies above I'. Similar as above, by
mean value theorem we deduce that

1 / ‘h’ZO (2') = hzy ("E/ + EQ(GU)/)‘ b —0
39 > ”V hZOHLoo (BP(O’)) 2 ‘z/ — g — g2(ev)/| ‘Z, —x - gz(ey),‘

(ev)n > _(61))717

which is a contradiction as —(ey), > 1=. Therefore, we see that for any = € B 2 (x0) and e, € S,
if the ray L intersects B, (20) NI at 24/e, for some £, > 0, then L does not intersect d B} (z0)
for any £ > /..

Finally, for x € B,(zp), we suppose that there exist e, € 8™ and 0 < ¢; < {3 such that the
ray L intersects 8Bf}(z0)\11 at x+/(1e, and then B,(z9) NI" at x+£2e,. Since x+l2e, € B,(20),
the ray L:MZGU = {z + le, ’ ¢ > 0} must intersect again at 0B,(zo) for some f3 > f5. On the
other hand, since € B,(2), the ray L, := {x — le, | ¢ > 0} must intersects 0B,(zg) for some
lop > 0. Hence, the straight line L, intersects 0B,(zo) at three different points, i.e., z — fye,,
x + l2e, and = + l3e,, which is a contradiction. Therefore, for any = € B,(29) and e, € 8", if
L} intersects OBS(ZO) \T at z + {.e, for some ¢, > 0, then L} does not intersect 8B§(zo) for

any £ > /.. O

2.3 Estimate for the reach R,
We shall derive a lower bound estimate for the reach of I' in terms of the regularity of T

Proposition 6. Let  C R" be a uniformly C? domain of type (o, 3, K) and R, be the reach
of I' = 00. There exists a constant C = C(a, B, K) > 0 such that the lower bound estimate
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R, > C >0 holds.

Proof. Let zy € I'. There exists pg > 0 such that Ba,,(20) C Ua,57hzo(zo) as Ua, B h., (z0) is open.
Let z¢g = 2o — pn(z9) where p € (0, po) and n(zg) denotes the outward unit normal at zp with
respect to I'. In the local coordinate system in zy, the coordinate of xg is indeed (0', p). Suppose
that there exists (2/,h(2")) € Ua,p,h, (20) NI such that |(z/,h () = p)| < pand 2/ # 0. By
the mean value theorem, we have that ‘hZO (7 )| < nK|Z'|?. Hence, we deduce that

£/ = n? K[ < 127 4 B (o) < 200 (21) < 20K pl"|?,

which further implies that 1 — n?K?|2/|> < 2nKp. By the triangle inequality, we see that
!(z’,hzO(z’))| < 2p. Hence, it holds that 1 < 2nKp + 4n?2K?p?, i.e., if p < min{&%{,po}, for
any z € Uq g n.,(20) NI such that z # 29, we must have that |z — zo| > p.

Suppose that there exists w € Uy g ., (z0) N T such that the coordinate of w in the local
coordinate system in z is of the form (w’, h.,(w’) — v) for some v € (0, 8) and |(w’, bz, (w') —
v— p)‘ < p. Then, we have that

02 4 hay ()% 4 12 + 20p < 20+ p)hsy (). (22)

Since the closed ball B,(((,p)) lies completely in the upper half space R". := {(2/,z,,) € R" ‘
xn > 0} except the boundary point 0, we must have that w’ # 0" and h,,(w') > v > 0. Hence,
estimate (22) implies that

[w'|? < P (W) + 2phs, (0). (23)

Since |h, (w')| < nK|w'|?, estimate (23) implies that 1 < n2K?p® +2nK p, which is a contradic-
tion for p < min{sniK, po}. Therefore, we show that for any p < min{gn#K, po}, 2o is the unique
point in I' such that |xg — 20| = dr(z¢) = inf,er |20 — 2|.

Next, we shall provide a uniform lower bound for R.. For zy € I', we define that

reach (T, 29) := sup {/ | 20 — {n(z) has a unique projection on I'}.
£>0

We show in the above two paragraphs that for any 2o € I', there exists pg > 0 such that
reach(F,zo) > min L,po > 0.
- K

Hence, for any g = z — ¢n(zp) with 0 < £ < reach(F, zo) and y € I', there exists a lower bound
for reach(F, zo), ie.,

|20 = yPlzo — 20

reach (I, zg) > ,
(L' 20) 2(wo — 20) - (20 — v)

(24)

see e.g. [13, Theorem 4.8.(7)]. Suppose that there exists || < a such that h.,(y’) > 0. Since
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h., (v') < nK|y'|?, then estimate (24) would imply that

reach(I", zp) > LT +hay(y) | > L
0= hao (y') =0 ~ K’

Suppose that h,,(y') < 0 for any |y/| < «, then we claim that reach(F, zo) > % Suppose that
there exists z, € I" such that z, # zp and ‘(O’, 0) —z*‘ < ¢ for some 0 < ¢ < g. Since |z, —zo| < 2¢
and the closed ball Bg((()/ , E)) lies completely in R} except zp, we deduce that

K 2
+nK|zi|2§§—|—n45 .

BB
2 2

0 < (2)n < = hz(2) <

NS U] e

< hy(2h) + g, which implies that

hz, (Zi) + g

Since we are assuming that g < %, we have that

o™

IN

hao() 0 < (2)a <
Hence, we must have that z, € ) as
Ua,p.hzy (20) N2 = {(Z' 2n) | 17| < @ hzg(2)) < 2n < hay(2)) + B,

which is a contradiction. For any zg € I', we conclude that reach(I‘, zo) > % as 3 < % Note
that R, > inf, cr reach (F, zo), we are done. |

Let us recall the concept for a perturbed C* (k > 2) half space R} to have small perturbation.
We say that R} is a perturbed C* half space if

R} = {(2/,z,) € R" ‘ xn, > h(z')}

with h € C¥(R"1). Let Ry, > 0 be such that supp h C Bg, (0'). We say that the perturbed C*
(k > 2) half space R} has small perturbation if
2n—1

2n-1 ]
R, < =,
h 2

Cs(h) 348, () (c*,l(h) +Ca(h) +R? ) < (25)

1
2C*(n)
where C*(n) is a specific constant depending only on the space dimension n,

Cs(h) == 1+ ||hllcrmn-1), Ci(h):=1+ Ry HVIQhHLoo(Rn_l) :
Cuat) = G (14 8] ) (REIT M) + RE Iy )
Ci2(h) = (Rh + R,{h) HV’QhHLm(RH) + (Ry + 1) ||kl (rn-1y-

In addition, we say a perturbed C* (k > 2) half space R is of type (K) if

sup ‘V’zh(:r’ﬂ < K;

z’eRn—1

see [20].
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Remark 7. If we want to say that a perturbed C* (k € N) half space R} is of type (a, 3, K)
in the sense as other general domains, then in this case constants a and 8 can be taken to be
arbitrarily large.

Let © C R” be a uniformly C? domain of type (o, 3, K) and R, be the reach of boundary
I =00. For zp e T"'and 0 < p < min{é Lis }, we have that ng(zo) C Ua,ﬂ,hzo(zo)- Hence,

172
within the coordinate system we choose in z, we see that Ba,(z0) N I' C hsy(B2,(0')). By
considering the smooth function ¢ defined by expression (11), we can construct § € C°(R"1)
such that @ = 1 in B;(0') and 0 = 0 in By(0)°. We then let 6,(2') := 0(%) for 2/ € R"! and
h%, =0, hy. A direct calculation implies that
IV B2 e (re=1y < C(n) (1 + [0l (mn-1)) PK,
922, e o1y < Cn) (1 -+ Bl cagro1)) K-

Therefore, if p is taken to be sufficiently small, then h}  satisfies the smallness condition (25).
As a result, we have the following lemma.

Lemma 8. Let Q C R" be a uniformly C? domain of type (o, 3, K) and R, be the reach of
'=09Q. Let

R,
0<p< min{i, 2,co(n,K)}

where co(n, K) is some specific constant depending only onn and K. Then Bf}(zo) can be viewed
as being contained in the perturbed C® half space RY. of type ()\(K, p)) with
20

K
M p) = C0) (Ifllnn-r) +1) -

Moreover, R}, has small perturbation and the reach of the boundary OR}. is greater than or
20 20

equal to m.

Proof. Tt is obvious that Bf}(zo) C ng(zo) C ano' The estimate of A\(K,p) can be easily
deduced since we have that [|V20,|| peorn-1) < V30| oo rn-1)/p® and |h(2')] < nKl|a'|? <
4nKp? for |2'| < 2p. There exists a constant co(n, K) > 0, depending only on dimension n
and K, such that p < co(n, K) implies that h}  satisfies the smallness condition (25), i.e., the
perturbed C? half space R?. would have small perturbation. Finally by Proposition (6) and

20
Remark 7, we see that the reach of JR}. must be greater than or equal to m. O
ZO 9

2.4 Bogovskii operator, Morrey’s & Poincaré inequalities

Let us recall the existence and boundedness of the Bogovskii operator. Let D C R™ be a
bounded domain and L{(D) := {g € LYD) | [, gdz = 0} with 1 < ¢ < co. We consider the
divergence problem

divu=g, u }GD: 0

for g € L(D). If there exist x9 € D and R > 0 such that D is star-like with respect to Br(zo)
and Br(xo) C D, then there exists a bounded linear operator B, : L{ (D) — Wol’q(D)” satisfying
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div B4(g) = g and

1B oo < S (P2 ) (14 22 lalowco (26)

where §(D) denotes the diameter of D, i.e., (D) := sup |z — y|; see e.g. [15, Lemma III.3.1].
x,yEB

Let zp € I, n < ¢ < o0 and p € (0, R.) be sufficiently small. Lemma 4 guarantees that
B?(zo) is indeed a bounded Lipschitz domain. By Jones [28, Theorem 1], we see that there
exists a bounded linear extension operator AY : W14 (B,gl(zo)) — WH4(R™) which satisfies

A?(Q) ‘B,S}(ZO): g and
HA({(Q)HWUI(R”) < C(L,q,n)HQHWLq(Bg(ZO))

for any g € W14 (Bf}(zo)), where L is the Lipschitz constant for Bg(zo). Let pg € C(R™) be
such that pg = 11in B,(20) and ¢ = 0 in By,(20)°. A direct calculation implies that

C(L,q,n)

leo - A2(9)llwraggny < ||9||W1,Q(B§(ZO)).

By Morrey’s inequality in R"™, we have that

leo - A (@)l cormny < Cn,q)llgo - Al (g)lwramny

with v =1—7. As @9 = 1 in By(z) and A(g) ‘Bg(%): g in Bg(zo), we obtain Morrey’s

inequality in Bf}(zo), ie.,

) < C(L,q,n) (27)

[ — 19 ()

where v =1 — %.
Let zg € I' and n < ¢ < co. We finally need the Poincaré inequality in Bg(zo) with detailed
dependency of the Poincaré constant. Let us recall that for p > 1, a domain D is called an

LP-averaging domain if there exists a constant ap > 0 such that the estimate

1 1
p
<|D| /D |u—upl|” dtv> < aplulpymo=(p)

holds for any u € BMO*(D); see e.g. [42]. On the other hand, a domain D is called a John
domain if there exist 0 < é < 1 and zg € D such that for any x € D, there is a rectifiable path
v : [0,1] — D which satisfies v(0) = =, v(1) = x¢ and for all ¢ € [0, 1],

d(7(t),0D) = inf [y(t) = z| 2 5[7(t) = 7(s)

, s€l0,t];

see e.g. [34, Lemma 2.7]. A bounded Lipschitz domain D is a John domain with ¢ depending only
on the Lipschitz regularity of 0D; see e.g. [6], [42]. A John domain D is indeed an LP-averaging
domain with constant ap depending on §,p only; see [42, Theorem 3.14] and [6, Lemma 2.1].
Hence, in the case where D is a bounded Lipschitz domain, it is guaranteed by [42, Theorem
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3.4] that for any g € W'4(D), the Poincaré inequality

1
19 — 9plla(p) < C(Lp,@)|D[7|[VgllLa(p) (28)

holds where
gp = ! /g(y)dy
D ‘= T
1Dl Jp

denotes the average value of g in D, |D| denotes the Lebesgue measure of domain D and Lp
represents the Lipschitz constant which characterizes the Lipschitz regularity of dD.

The Poincaré inequality for the case of an open ball is well-known. Let 1 < ¢ < oo and
B C R™. For any g € W14(B), we have that

1
o = 951 33) < Cln.a)r(B)|Volom: a5 = 1 /B o(y) dy,

where r(B) denotes the radius of B; see e.g. [8, §5.8, Th. 2]. As a result, for any open domain
D C R™ and g € W1(D), we have the estimate

1
[9lBrmo~(p) < sup —|lg — gBllzn(B) < C(N)[IVyllLn(D)- (29)
BCD |B|»

Indeed, for any open ball B C D, by Holder’s inequality we see that
lg = g8ll1m) < Cn)r(B)" g — g8llLnm)
where 7(B) denotes the radius of B. Then the Poincaré inequality for an open ball implies that
1 C(n)
@Hg —9gBllL1(B) < @”9 —98llnB) < C()||VyllLn(B)

for any open ball B C D. Therefore, estimate (29) follows and we conclude that for any open
domain D C R", the Sobolev space W™ (D) continuously embeds into BMO> (D).

3 Boundedness of the Helmholtz projection in vBMOL?

Let Q € R™ be a uniformly C® domain of type (a, 3, K). We consider f € vBMOL?(2). Within
this whole chapter, we take

el B Mo 1K)
96" 7 '12nK’1152nK +48" 12 ’

where the constant M will be defined in the proof of Lemma 14 in Section 3.3 and the constant
co(n, K) is defined in Lemma 8.
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3.1 The BMO — L" interpolation in domain

Let us firstly recall a dyadic Whitney decomposition of an open domain D in R™. Let D =
{Q;}jen be a set of dyadic closed cubes with side length £(Q;) contained in D satisfying following
four conditions.

(i) D =u;Q;,
(i) intQ; Nint Qg =0 if j =k,

(i) vn <d(Q;,R"\ D)/(Q;) < 4y/n for all j € N,
(iv) 1/4 < €(Qr)/4(Q;) < 4if Q5N Qk # 0.

We say that D is called a Whitney decomposition of DD. Such a decomposition exists for any
open domain D; see e.g. [22, Appendix J]. Here d(A, B) for sets A, B in R" is defined as
d(A,B) =inf {|z —y| |z € A, y € B}.

There are two important distance functions on D. For Q;, Qx € D, a family {Q(¢)};~, C D
is called a Whitney chain of length m if Q(0) = Q; and Q(m) = Qj, such that Q({)NQ(¢+1) # 0
for £ with 0 < ¢ < m — 1. Then the length of the shortest Whitney chain connecting (); and Qj,
gives a distance on D, which is denoted by di(Q;, Qk). The second distance for Q;,Qy € D is

defined as
Q) ‘ 0Qj, Q)
£(Qr) 0Q;) + Q)

Note that d; and dy are invariant under dilation as well as translation and rotation; see e.g. [29].

da(Qj, Qr) = 10%' + log +1].

We then recall that a domain D is called a uniform domain if there exists constants a,b > 0
such that for all x,y € D, there exists a rectifiable curve v C D of length ¢(v) < alz — y| with
min{¢(vy(z, 2)),€(v(y,z))} < bd(z,0D), where y(z, z) denotes the part of v between  and z and
v(y, z) denotes the part between y and z; see e.g. [16], [34]. A domain D is a uniform domain
is equivalent to the existence of a constant K, > 0 such that

d1(Qj, Qr) < Kida(Qj, Qr) (30)

holds for any Q;,Qr € D where D is a Whitney decomposition for D. Jones [29] proves that
there exists a bounded linear extension operator for BMO> (D) if and only if D is a uniform
domain.

Proposition 9. Let D be a uniform domain in R™. Let 1 < r < oco. For any § > 0, there exists
a constant C = C(K,,0) > 0 such that for any g € BMOL"(D), there is a linear extension
g€ BMOL"(R") such that

19l Brrorrmny < C(Kx, 9)llgll Bmorr ()
and suppg C Ds where Ds := {x € R" ! d(xz,D) < 6}.

This proposition is analogous to [18, Theorem 12], which proves that in the case where D
is a uniform domain, for any ¢ belongs to bmo3(D) and § > 0, there is an linear extension
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g € bmo(R™) such that
19llbmomn) < C (K, 6)l|9llpmoge (D)

and suppg C Ds. Here bmoX(D) := BMO> (D) N L. (D) denotes the local BMO space where

Ly(D) := {9 € Ligc(D) ‘ 191l (py := sup / l9(y)| dy < 00}
zeR™ J Bi(z)ND

and bmo(R™) := BMO(R"™) N L. ,(R"). Proposition 9 can be proved by following similar idea
of the proof of [18, Theorem 12], which is basically the idea of Jones extension [29]. For the
completeness of the story, we shall give a sketch of the proof of Proposition 9 here.

Proof of Proposition 9. Fix § > 0 and ¢ € BMOL"(D). We set ks to be the smallest integer
such that 275 < ﬁ. Let D = {Q;}jen be a Whitney decomposition of D and D’ = {Q’}jen
be a Whitney decomposition of D°. Let D, be the set of Whitney cubes in D whose side length

is strictly greater than 2%, For each Q; € Dy, we define a function g; on D by

o if x € @y,
gi(x) = { 99 “

0 else

where gg, = ITIZ\ I 0 g(y)dy for each Q; € D,. We further define a function h on R"™ by

h* = ZQieD* gi. Note that for any @Q; € D,, we have that £(Q;) > 27" > #. Hence, by

Hoélder’s inequality we deduce that

. 1 C(r,n)
I e < 30 9ol £ > 5 lgllr@y < = llgllr o)
QieD, Qiep. [Qil” ’

and

I @y < D2 Ngillr@n < D 1Qil7 - lgal < Y N9l < lgllro),
Qi€Dx Qi€Dx Qi€Dx
i.e., we have that h* € BMOL"(R").
Let g* := g —h* € BMOL"(D). We do Jones extension to ¢g*. If D is unbounded, for each
Q; e D', we find a nearset Q; € D satistying ((Q;) > E(Q;). We define that ¢* = ¢* in D
and g*(x) = gaj for x € Q;-. If D is bounded, we pick Qo € D such that £(Qg) = QSpé};)E(Qﬂ.
J

We define that ¢* = ¢* in D, g*(z) = g’fQj for x € Q;« if K(Q;) < {(Qo) where @Q; in this case
is the nearest Whitney cube in D to @ which satisfies £(Q;) > £(Q}) and g*(z) = 95, for
x € Q; if £(Q}) > £(Qo). By Jones [29], we have that g € BMO(Rj) and [gA:k]BMO(Rn) <
C(K.)[g*]Bmos(p)- By our construction, we can easily see that supp g* C Ds. It is sufficient
to establish the L" estimate for g*.

For Q; € D, we define N'(Q;) € N to be the number of Q’; in D’ such that we can pick Q;
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as the nearest Whitney cube in D to these Q) which satisfies £(Q;) > £(Q’;). We can show that

sup N'(Q;) < o0

Q;eD
Let Q7 € D' and Q; be a nearest cube to @} in D which satisfies £(Q;) > £(Q)). Let
the center of @); be denoted by z;. For any cube @, let the diameter of @ be denoted by
diam(Q), i.e., diam(Q) := sup, el ‘m — y‘ A simple triangle inequality implies that Q; C
Bdiam(Qj)eriam(Q;Hd(Qj7@3)(xj). 29, Lemma 2.10] guarantees that if Q; € D' and Q; is a near-
est cube to @} in D which satisfies £(Q;) > £(Q), then we must have d(Q;, Q) < 65K?2 Q).
Hence, we may deduce that

diam(Q;) + diam(Q}) + d(Q;, Q}) < 67K - (Q;)

as we may assume that K, > n without loss of generality. Suppose that Q;»’ € D' is another
Whitney cube such that we can pick (); as a nearest cube to Q;’ in D. Then, we must have that
QU QY C Bgrxz.4q,) (). Note that Q; is a nearest cube in D to both @ and Q7 implies that

0(Q)) < 6Qy) <20(Q)),  £(Q)) < Q) < 20(Qf).

Since D and D’ are both dyadic Whitney decompositions, £(Q}) and £(Q7) can only be either
£(Q4)/2 or £(Q;). Since Q’; and Q' have disjoint interior, we deduce that

| Bz, ()]
Nk

N'(Qj) < (2" +1)- < (2" 4+ 167K < 0.

The L" estimate for g* can be derived as follows. Since ¢* = 0 in Q) € D' such that
0Q;) > 2% we have that

17 oy = Z/ \g\derZ/ 9" dy < 9" trpy + D /Ig!dy

Q;eD QjeD’ (Qy<2"s
Since |Q'|
/ 71"y = 1)1 g, " < (5 19"z < 19

where @); is a nearest Whitney cube in D to Q’ that satisfies £(Q;) > E(Q ), we have that

DY NS VE S A (31)

0Qy)<27rs T Q<2 ks

Since for any @Q); € D, there exist at most (2" +1)67" K. 27 Whitney cubes Q;- in D’ such that we
can pick ); as a nearest cube in D to Q) which satisfies £(Q;) > £(Qj}), each Hg*||2r(Qj) appears
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in the right hand side of (31) for at most (2" + 1)67"K2" times. Therefore,

S gt i) < @ +DETE ST g T, < 27+ DETEg* 1 )-
(Qy<27*ks 0(Qy)<2 ket

Finally, by setting g = ¢* + h*, we obtain our desired extension for g. |

Now we are ready to establish the BMO — L" interpolation inequality for domain cases.

Proposition 10. Let D be either a uniformly C? domain or a uniform domain in R™. There
exists a constant C > 0, independent of u, q and r, such that the estimate

lull La(py < Cqllull Brmorr(p) (32)

holds for allu € BMOL"™(D) with 1 <r < 0o and for all ¢ with r < g < co. In the case where
D is a uniformly C? domain, the constant C = C(ap, Bp, Kp) depends only on the boundary
reqularity of 0D. While in the case where D is a uniform domain, the constant C = C(K,)
depends only on the constant K.

Proof. Let 1 < r < oo and r < ¢ < oco. Suppose that D is a uniformly C? domain of type
(ap, Bp, Kp). By [23, Theorem 1], we see that there exists ¢}, > 0 such that for any p € (0, ¢},)
and u € BMOL" (D), there is an extension u € BMOL"(R"™) such that

4l aprorr@mny < Clap, Bp, Kp, p)||ull Brorr (p)-

By the whole space BMO — L" interpolation inequality [30, Theorem 2.2], we deduce that

r r

-~ e 1=
lullzooy < Il zagrny < CONIT 2 gy 1l padon

< C(”MWHBMQU(R”) < C(O‘D7BDvKD)QHUHBMOLT(D)-

Suppose that D is a uniform domain. By Proposition 9, we see that for any u € BMOL" (D),
there exists a linear extension w € BMOL"(R™) such that

]l Brprorrmny < C(Ks)||ullBrorr ()

where K, is the constant that characterize the uniform domain D. Again, by applying the whole
space BMO — L" interpolation inequality [30, Theorem 2.2], we obtain that

r
q

momn < C(n)alullprorr@mny < C(Kv, n)qllullByporr(p)-

z 1
[ullzapy < Cln)gllull fr gy llull 5
O

By Proposition 10, f € vBMOL?(Q) implies that f € L2"(Q) := L2*(Q)" N L2(Q)". Since
L27(€) admits Helmholtz decomposition, see [11, Theorem 2.1] and [12, Theorem 1.2], f admits
the decomposition

f=fo+Vp, foeLl?™ ), VpeG™Q)
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with the estimate
||f0||z2n(g) + vaHZQn(Q) < CHfHZZn(Q)a C=C(,3,K) > 0. (33)

In the following sections, we shall prove that this Helmholtz decomposition of f in EQ”(Q), ie.,
f = fo+ Vp, is indeed the Helmholtz decomposition of f in vBMOL?(Q).

3.2 Interior BMO estimate

Let 2 € Q3. be a random point and ¢, € C2°(R™) be the cut-off function defined in Proposition
2. We then follow the idea of [11] and [12] and consider the local equation

1

= +V —M,)) -V - M), My=——F— dy.

orf = @z fo (pr(p :c)) S%(P x) x ‘B2€($)| BQE(:E)p Yy
Since C°(Q) C G**(Q), fo € L2*(Q) implies that fo € L?*(Q)" with div fo = 0 in Q and
fo-n=0onT. Since supp ¢, C Bs:(z), by considering Green’s formula in By.(x), see e.g. [40,

2
Sec. 11.1.2], we see that Vi, - fo € LE"(Ba:(x)) := {g € L**(Ba:()) | fB2E($)gdy = 0}. Let
BE : LE" (Bgs(l')) — WO1 A2 (Bge(x))n be the Bogovskil operator which solves the divergence
problem

divu = g, 0

u }aBQE(x):

for g € L3" (ng(x)). We then set w, = Bj, (Vgox . fo). Since the open ball Ba.(x) is obviously
star-like with respect to the open ball B.(x), by estimate (26) we have that

(92 120 () < CONTEr Foll (5, ) (34)

Since Bae(x) C €, the definition of G2"(2) ensures that p belongs to the Sobolev space
Wh2(Bae(2))NW 2" (Bae (). By considering the Li-interpolation, we see that p € W' (Bae(x)).
Since W' (Ba.(x)) < BMO™ (Ba:(x)), we indeed have that p € BMOL?(Ba(z)).

Lemma 11. Let x € Qs.. There exists a constant Cg > 0, which is independent of © € Qs.,
such that

||<pr0”UBMOL2(BQS(x)) + ”SDmVpHvBMOLZ(st(x))

S CB (HSOI']('HUBMOL2 (325(33)> + QHVSOQT(p - Mfl?)H,UBMOLQ (ng(ac)) + 2Hw$HUBMOL2(BQE(I))) :
(35)

Proof. Similar to the discussion in Section 2.4, by considering Jones extension for Sobolev spaces
[28], we can see that Morrey’s inequality (27) also holds for domain Ba.(z), i.e., the Sobolev
space W12 (By.(x)) is continuously embedded into the Hélder space 0z (Ba:(z)) with the
estimate

C(n)

— gl 2 (Bo-(2)) (36)

190603 (5. 07) <
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holds for any g € Wh2n (ng(x)). Hence, we have that w, = Bj, (V%: . f()) € L™ (ng(x))n.
Since supp ¢, C B%E (z), we see that . f + Vo (p — M) — w, € vBMOL? (Bga(ﬂj)).

Since Ba.(z) is a bounded smooth domain, the Helmholtz decomposition of v BM O L? (Bgs(:n))
holds, see [19, Theorem 1]. There exist fo. € vBMOL?2(Ba:(z)) and Vp, € GvBMOL?(Bs.(x))
such that ¢, f + Vo, (p — My) — wg = fo« + Vps where

vBMOLZ(Ba:(z)) = {v € vBMOL?(Ba.()) ‘ divo =0 in By (z),v-n =0 on 0Bs(z)},
GuvBMOL?(Bse(z)) = {Vh € vBMOL?(Ba:(z)) | h € L (Bs<()) }.

By Proposition 10, we have that fo ., Vps € L2 (Bgs(m)). Note that for any bounded C'! domain
D, we have that

L2(D) = {v e L*(D) | dive =0 in Ba-(z),v-n =0 on dBs(z)};

see e.g. [12], [39]. Hence, we see that fo. € L2" (Baz(x)) and Vp, € G2 (Boe(2)), ie., pof +
Vpz(p—My)—wsz = fo«+ Vs is indeed the Helmholtz decomposition of ¢ f+ Vi, (p— M) —

in L?n (ng (x)) Since the Helmholtz decomposition of z2”(D) is unique for any uniformly C!
domain D [12, Theorem 1.2, we conclude that fo. = ¢z fo — wy and Vp, = V(gpx(p — Mx))
That means that

SDfL“f + vcp:l?(p - MI) — Wy = (prfo - Wx) + V(@x(p - Mx))

is indeed the Helmholtz decomposition of . f + Ve, - (p — M) — w, in vBMOL? (BQE(.%')).

Note that for any domain D C R™, the v BMOL?-norm is translational invariant in the sense
that for any y € R", the estimate

l9llvBrrorzpy = 19 Y lvBrror2(D+y)

holds for any g € vBMOL?*(D) with g7¥(:) := g(-—y) and D+y := {z+y | € D}. Therefore,
there exists a constant Cg > 0, which is independent of x € 3., such that

”QDme - wavBMOLZ (st(x)) + HV(QOI Mx)) H

< CBHSOxf + v@z(p - Mz) -

vBMOL? (Bs<(x))
wall, g o2 (Bae(@))”
By the triangle inequality, we obtain estimate (35). |

In order to estimate the right hand side of estimate (35), we need the following multiplication
rule which enables us to estimate products of Holder continuous functions and BMOL" functions
defined in a domain.

Proposition 12. Let D C R" be a uniform domain and r € [1,00). There exists a constant
C = C(K,) > 0, depending only on the constant K, in (30) which characterizes the uniform
domain D, such that the estimate

lepvllBrror-(py < CUK)llepllcrvp vl Barorr () (37)
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holds for any v € BMOL"(D) and ¢p € CV(D) where v € (0,1).

Proof. Let pp € C7(D) with v € (0, 1), there exists an linear extension pp € C7(R") such that
the restriction of ¥p in D equals ¢p and |[¢pl|cvwrr) < ll¢pllev(py; see e.g. [18, Theorem 13].
Let v € BMOL"(R") be the Jones extension of v € BMOL"(D) constructed in Proposition 9.
Since the multiplication of ¢, € C7(R") to g € BMOL"(R") is bounded [18], by Proposition 9
we deduce that

19D -l Brorr®n) < Cllepller @m0l Brorrwny < CUK)llepllerpyllvl Barorr (p)-

g

By considering estimate (35) for every x € Q3., we can deduce an interior BM O°-estimate
for fo and Vp in Q.. For p € (0, Ry), we let 89, := {2 € Q | dr(z) = p}.

Lemma 13. The estimate
C
[fol Bros(00) + (VP BMO= (920) < ?HvaBMOLQ(Q)~ (38)

holds with C = C(«, 3, K) > 0

Proof. Let z € Q. \ Q3. and 0 < r < € be such that B.(z) C Q.. Since dr(x) < 3¢ < R.,
there exists a unique zg € I" such that dp(z) = |x — zg|. Let z¢ be the unique point in 93, such
that |xo — 29| = 3e. Since B,(z) C 2., we must have that |z — x¢| + 7 < . Thus, we deduce
that By(z) C B(x0). Let ¢g, € C°(Ba:(wo)) be defined as in Proposition 2. Since ¢z, =1 in
B.(xp), it holds that

TR gl / 01,0 40 = Lol g (5. 01) = 192000 g1 o)

\ r(:v)| Br(2) }Vp (VP)z, ()] dy < | Vp]BMOoo(Bs(wo)) = H(prVpHvBMO[E(BgE(xo))'

In the case that € Q3. and 0 < r < ¢, by considering the cut-off function ¢, € C® (Bzg(x))
directly, we naturally have that

1
|[Br(2)] /B, ()
1
By (x

|fo = (fo) B, )| dy < ez foll pyr0me (Bee ()’
‘ / ‘Vp (Vp)g, x)‘ dy < ||z V|| BMOL2(BQ (z ))

Hence, in order to estimate the BM O%-seminorm of fy and Vp in Qo,, it is sufficient to estimate
the right hand side of estimate (35).

Let o € Q3. Since supp ¢, C Bs: (), we have that
2

l22 1, paror2 (5o @) = 192 N paror2 (B o)
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and

IVer(p = M)l oror (Ba) = IV ew (= M)l 511010 (Ba. ()

In the case of a bounded Lipschitz domain D, the constant K, in (30), which characterizes D
as a uniform domain, depends only on the Lipschitz regularity of 0D, see e.g. [18]. Since the
Lipschitz regularity of 0B, (y) is a universal constant that is independent of r € (0,00) and
y € R, by the multiplication rule (37) we can deduce that

C
H(prHBMOLQ (st(x)) < CH(pf”Cl (Bzg(z)) ”f”BMOLQ(BQE(I)) < ;HfH'UBMOL%Q)

and

HVSO-T(p - Mx)HBMOLQ (BQE(I)) S C”v<p$||cl (Bzg(a?)) ||p - MxHBMOLQ (BZE(CC))

C
< 57||p ~ Mallgpror2 (Bae(@))

By estimate (29), Holder’s inequality and Poincaré inequality (28), we deduce that
= Mol s (30 ) < CONVE (5, ) < CONTl 7

and

Ip=Mell 2 (5, ) < CO 19l 5, 0y) < CONIVPg2n

2¢ (2)

)
Hence, we obtain that

C(n)

19600 = Mol asip (3, ) < g2 1Vl 200

Finally, by Morrey’s inequality (36) and estimate (34), we see that

C(n) C(n)
waHvBMOLQ(BQg(z)) < C(n)HwIHL"O (B2g(x)) = TwaHWLQ"(BQs(ﬂ?)) = g2 ||f0HL27’(Q)

By estimate (33), we obtain Lemma 13. O

3.3 vBMO Estimate up to the boundary

In this section, we consider the dimension n > 3. Let 29 € I' be a random point and ¢,, € C?(f)
be the cut-off function defined in Proposition 3. We treat ¢, as a C2 function defined in B$}_(zo)
and then consider the local equation

1

(onf gszfo + V(<Pz0 (p zo)) (v@zo) (p ZO)’ 0 |B%5(Z0)| B, (20)

pdy.

Since supp ¢z, C Usc(20) C Bh.(20), by considering Green’s formula in Bf}_(2), see e.g.
[40, Sec. 11.1.2], we have that V., - fo € L§"(Bh.(20)) := {g € L*"(B.(20)) | fB% () 9 =
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0}. Let B3Y : L"(B{h.(20)) — W&’zn (B$4.(20))" be the Bogovskif operator which solves the
divergence problem
0

divu = U =
9 ’83?25(20)

for g € L%"(B%E(zo)). We then set w,, = Bé%(V(sz . fo). By Lemma 5, there exists zg €
B$}_(20) such that Bf,_(20) is star-like with respect to Bs.(xg) C Bth.(20). Hence, by estimate
(26) we have that

2 lagsn (55, 200) < OOV~ foll o (55, () )

Since the boundary of B$}_(z) is locally a continuous function, p € G2"(9) ensures that
p € Wh(B, (20)) N W2 (B (20)), see e.g. [38, §2, Th. 7.6]. The L%interpolation further
implies that p € W1 (B{}.(2)). Since W (B, (20)) — BMO> (B4 (20)), we have that
p € BMOL?(B$}.(20)).

Lemma 14. Let zg € I and R}, be the perturbed C? half space defined in Lemma 8 such that
20
B$}_(20) C RY, . There exists a constant C = C(a, 3, K) > 0, independent of zo € ', such that
z0

©z0fo n ) ez Vp n
|| 20 ||UBMOL2(Rh»£O) || 20 ||vBMOL2(Rh§O)

S C<H('OZOfH'UBMOL2(RZ* ) + QHVSOZO(p - MZO)HUBMOLZ(RZ* ) + QHW‘:()HUBMOLQ(RZ* ))
20 20 20
(40)

where w7 denotes the zero extension of wy, to Ry, .
20

Proof. By Morrey’s inequality (27), we see that w., = B3 (Vs, - fo) € L% (B$h.(20))". Since
suppw}, C Use(20) C B:_(20), obviously w}, € vBMOL? (RZ%)' Let 0 <r < §and z, €. If
there exists z € By(z:) NI such that |z — 29| > 12¢, for any other y € B,(z,) NT' we must have
that |y — 20| > |z — 20| — |z —y| > 11le. Hence, if there exists z € B,(z4) such that |z — zg| > 12¢,
we see that ¢, = 0in By(z4) N RZZO. If there exists z € B,(z«) such that |z — 29| < 11e, then

we have that 1

7 Vd - (p, dy < [Vd- f] ¢
|Br(z:)| JB,(z0)nmR, | (Pl dy <[ f]bQ(F)
20

and Vd - Vg, = 0 in B,(z) by Proposition 3. Since a perturbed C? half space is a uni-
form domain, by Proposition 12 we see that ¢, f € BMOL? (RZ* )n. Since V., (p — M,,) €
ED)
BMO3 (R}, )" N L*(R}. )", we indeed have that Vs (p — M) € BMOL?(Rj;, )" as the
BMO#-seminorm where > 5 can be estimated by the L?-norm. Hence, we can follow the idea
in [11] and [12] to treat ¢, f + Vs, (p — Ms,) — wi, as an element of uBMOL? (R}, ).
20

20

Let us recall that there exists a constant My > 0, such that for any perturbed C" half space
Ry, with [|[V'w||peerny < Mp and 1 < 7 < oo, the Helmholtz decomposition of L” (R7)" holds,
see [12, Lemma 2.1], [39, Lemma 3.8 (a)]. Moreover, in this case we have that

LL(R}) ={ve L (R})" |divo=0in R},v-n=0 on IR},
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which is a consequence of the fact that the | - || ®y)-closure of VCE© (Ry) equals G"(R1), sce
[39, Lemma 3.7]. Hence, as ¢ < 1é\/[T()1(v for any r € (1,00) we have that L" (R}, ) admits the
Helmholtz decomposition and ’

ZQ( ZEO):{UGET( 7,f%ﬂdivvzom Rﬂzo,v-nzo on GRZ;O}.

Lemma 8 shows that R}, is a perturbed C?3 half space which has small perturbation. As
£
a result, the Helmholtz decomposition of vBMOL?(R}. ) holds [20, Theorem 1]. There exist
20

9o« € vBMOLZ(R}, ) and Vh, € GuBMOL? (R}, ) such that ¢., f + V., (p— M) — w}, =
EN) 20
9o« + Vhy where

vBMOLZ( Z;O) = {v € vBMOL?*( Z;O) | dive =0 in RZ;O,v-n =0 on 8RZ;0}7

GuBMOL?( Zzo):{VhEUBMOLQ( ) lhe [ Lis( 220)}.

loc
re(l,00)

By Proposition 10, we see that go « € Zg" (RZ%) and Vh, € G2 (RZzo ) Then, by the uniqueness
of the Helmholtz decomposition of L?" (RZ* ), we conclude that the equality
Z0

Pz f + VSOZ()(p - MZO) - WZ) = (SOZOfO - W;ko) + V((pzo(p - MZO))

is indeed the Helmholtz decomposition of ¢, f + Vi, - (p — My,) — wi, in vBMOL? (RZ;O).

Together with Lemma 8, the estimate of the Helmholtz decomposition says that

||<1020f0 7w:0||’uBMOL2(RZ* ) + HV(C)OZO(p* MZO))HUBMOLQ(RZ* )
20

20

S O(OZ’B?K)HSDZOJC + Vgpze(p - MZO) - w:0||vBMOL2(RZ* )
20

We finally obtain Lemma 14 by a simple triangle inequality. O

By considering estimate (40) for every zg € I', we can deduce an estimate which controls the
BMO3-estimate for fy and Vp in I'R" together with the b*-seminorm for Vd - fo and Vd - Vp.

Lemma 15. The estimate
C
[fO]BMo%(FSR;) +[Vd- folyery + [VP]BMOg(F?’REn) +IVd-Vpler) < Sllflloprorz)-  (41)

holds with C = C(«, 5, K) > 0.

Proof. Let z € TR®"NQ and r € (0, §) be such that B.(z) C Tt NQ. Since € < }g*, there exists

a unique zg € I' such that |z — 29| = d(z). For y € B,(z), we let yo € T' be the unique projection
of y on T'. Since |yp — 20| < d(y) + d(x) + r < Te, we have that z,y € Ur-(20). By estimate (9),

we have that ||V F, || ) < 2 where Fy ' : Ur.(20) — Vie denotes the normal coordinate

£ (Ure(20)
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change in U7.(zp). Thus, by mean value theorem we deduce that
lyo — 20| < [Fo H(y) — Fy Ha)| < 2r <,

i.e., we show that B, (x) C Uss(2p). By Proposition 3, we have that ¢,, = 1 in Us.(z9). Hence,
it holds that

20

B | fO B, w)’ dy > [fO]BMOOO(US (ZO)) = HSOZofOH BMOLQ(Rn )’
1
|B()]

; / \Vp (V9) 5,0 4 < V8] o (1) < 19908 asos (g, )
20

In addition, let zp € T" and r € (0,¢). For y € B,(29) N, we still let yo be the projection of y

on I'. Since |yg — 20| < 2¢, trivially y € Us.(z9). Hence, it holds that

-n vd - dy=r—" vd - z dy < z 5
r /B,Q(zo)‘ foldy=r /BQ( 0)| ©z0.fo| dy [Sﬁ’ofo]bg(aRZ%)

r

r /Bsz (20) ‘Vd VP‘ dy=r /Bfl(zo) |Vd . (pzovp‘ = [‘onvp]ba (6RZ* )

20
Therefore, in order to obtain Lemma 15, it is sufficient to estimate the right hand side of estimate
(40).
Let 29 € I'. Since € < ﬁ, we have that supp ¢, C Use(20) C Bioe(20). Thus, if z € OR}.
20

is such that |z — zp| > 11e, then for any y € B.(z) we have that |y — zp9| > 10g, i.e., in this case

we have that ¢,, =0 in B.(2). If z € OR]. is such that |z — zo| < 11e, then B:(z) C Bia:(20).
20

In other words, we have that

[VdaRZ:O +#z0fe (omz, ) = [Vr - ¢z fl,, (PBue () = [Vdr - flyer)

20

where daRZ* denotes the distance function for R}, in Rh* . Moreover, by Proposition 3 we

z 20

also have that

[VdaRZ% Viozy(p — M), i (omy, ) < [Vdr - Vs, (p — My,)],. (CrBiac(ee)) =
Note that for z € R}, and r € (0, 5) which satisfies B, (z) N B{}.(z9) # 0 and B,(z) C Rh* ,
20

we must have that B,(z) C B{}.(20). Hence, by Proposition 3, Proposition 12 and Lemma 4
we deduce that

1020/l pasore(ry, ) = 120F I paro8 (my, Yarz(re. ) = 19208 I sarore (59, o)

EN) 20 20
< C(a7 57 K)

S C(Oéaﬁ K)HSDZOHCvl (3?25(2,0)) HfHBMOLQ(B?2E(z0)) =

| flloBror2 (o)
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and

chpzo(p_ MZO)||BMOL2(RZ* ) = ||V(7020(p - MZO)”BMO% (RZ* )QLQ(RZ* )
z 20

0 20

= ”VSOzo (p - ‘]\430)HBMOL2 (B%E(zo))

S C(aaﬁv K)vapzoucl (3?25(20)) ||p - MzOHBMOLZ(B?zE(ZO))

Cla, B8, K)

<
e2

Hp - MZ() HBMOLZ (B?QE(ZO)) :

By estimate (29), Holder’s inequality and Poincaré inequality (28), we deduce that
[p - MZO]BMOOO (B?QS(ZO)) S C(n)HVpHL"(B%E(Zo)) S C(n)vaHZZn(Q)
and

Ip = Magll o (g, (ay) < Ol 5 K) IV ) < Clas B K) 99l 720 o

L (Bt (x0)
Hence, we obtain that

C(o, B, K)

22 HVPHZ2TL(Q)

va@z()(p_ MZO)”BMOLQ(R"* ) S

hzO
Finally, by Morrey’s inequality (27) and estimate (39), we see that

< Cla, B, K)

*
llumarors (g, ) = QMo (3, ) Izallran (o, )

20
Cla, 8, K
Si( 2 )Hf0||L2"(Q)-

By estimate (33), we obtain Lemma 15. O

Combine Lemma 13 and Lemma 15, we obtain Theorem 1.

3.4 Characterizations of the solenoidal space and the gradient space

Let D C R" be either a uniformly C? domain or a uniform domain. For 1 < r < oo, by Holder’s
inequality we can easily see that p € Lj (D) implies that p € LllOC(D). Reversely, knowing that

p € L} (D) does not necessarily mean that p € LI (D). However, if we further know that
Vp € BMOL?(D)™, then the story is different.

Lemma 16. Let D C R” be either a uniformly C? domain or a uniform domain. Then for any
p € L} (D) such that Vp € BMOL?(D)", we have that p € L} (D) for all 1 < r < co.

loc loc

Proof. Let Q cC D. We pick an arbitrary open ball B, such that Q C B,. Let B := B, N Q
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and Z* to be the set of all z € B such that dr(z) > e. Note that the union

U B:@) | U (U Bg<z>>

x€L zel

gives us an open cover for B as

Fﬁn = U Bc(2)

zel

Hence, there exist {z; € I} ’ 1<i<N}and {2 €T ’ 1 < j < M} such that

N M
2 c <U1 Be(xi)> U U1 B.(z)
1= J]=

By estimate (29), we see that

By Proposition 10, we note that ||[Vp||z~p) can be controlled by |[Vp||garor2(p)- Hence, we

have that p € BMOL'(B.(z;)) N BMOL* (B?(zj)) for any i, j. Using Proposition 10 again, we
deduce that

Summing up all ¢ and j, we see that

Ipllzri@) < 91l (g < © ZHPHBMOD( +Z”P”BMOL1(BQ< )

By Lemma 16, we see that

vBMO™®(Q) N G*(Q) = {Vp € vBMOLX(Q) | p € L2(Q)}
= {vp S UBMOL2 Q | pE LZOC(Q)}‘

In order to obtain a characterization of the solenoidal space vBMO>°(Q) N L2"(Q), we
observe the following simple fact.

Proposition 17. Let D C R"™ be a uniformly C* domain. For 2 < q < oo, it holds that
L2(D) N LY(D)" = LL(D).
Proof. For f. € L2(D)N LY(D)", let f. = fo + Vp be the Helmholtz decomposition of f. in

L(D) with fo € L&(D) and Vp € G4(D). Note that 0 = (fo — f») + Vp with fo — f. € L2(D)
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and Vp € G2(D) would imply that

HfO - f*”%Q(D) = <f0 - f*afO - f*> = _<f0 - f*an> = 0)

i.e., we must have fy = f,. O

Combine Proposition 17 with Proposition 10, we obtain the fact that

vBMO™®>®(Q) N L2"(Q) = vBMO**(Q) N L2().
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