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ABSTRACT 

 

Coupled vibration control (CVC) system is a promising method formed by linking two or 

more adjacent buildings with a connecting mechanism to reduce the response under 

dynamic excitations such as earthquakes. A spring and/or a damping element as vibration 

controllers connecting a mainframe and a subframe represent a typical passive CVC 

system. Over the last years, a number of control techniques have been proposed for the 

structural protection of CVC systems against earthquakes. The control techniques include 

passive, active, and semiactive control strategies. Various vibration control devices, 

primarily energy dissipators, have been proposed and practically applied to reduce the 

CVC systems' seismic response. Negative stiffness, which exerts an opposing restoring 

force when the displacement increases, is considered a potential vibration control 

technique for structures. In the past decades, rapid progress has been made in researching 

and developing negative stiffness devices (NSDs) incorporated into individual buildings. 

However, research on the incorporation of NSDs into CVC structures is very limited and 

remains challenging, despite the increasing applications of coupled building control. 

There has been limited research on assessing the seismic control effectiveness of a passive 

or active negative stiffness as a connecting controller for CVC systems. 

 

This thesis explores the behaviour and control efficiency of a passive NSD 

(PNSD) to improve the seismic resistance of coupled buildings. PNSD as a connecting 

element is installed between the mainframe and subframe, forming the CVC system. This 

work highlights four objectives to accomplish the aim: (1) to investigate the behaviour of 

PNSD as the vibration control device and optimal tuning of the CVC structures; (2) to 

examine the linear and nonlinear numerical response of adjacent single degree of freedom 

(SDOF) structures connected by PNSD; (3) to figure out the control performance of 

PNSD on multi degrees of freedom (MDOF) CVC systems; (4) to validate the analytical 

and numerical investigation of the effective control technique of PNSD on CVC system 

through experiments. In this dissertation, the optimal parameters to effectively reduce the 

seismic response of the CVC systems were established. The numerical investigation of 

the CVC system incorporated with PNSD was verified with the experimental data. 
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Chapter I 

 

Introduction 
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1. Research background 

 

Coupled Vibration Control (CVC) structures are systems formed by linking two or more 

adjacent buildings with different or same natural periods using a connecting mechanism 

for reducing vibration, such as earthquake responses [1,2]. CVC strategies have been 

proven viable approach for protecting adjacent structures by enhancing their seismic 

resistance [3–8]. The idea of CVC structures with a connecting device to reduce their 

dynamic response from external excitation is extensively utilized in the control theory 

[7–9]. 

 

Many experimental and numerical studies have proven that coupling the adjacent 

building employing damping devices improves the CVC systems' seismic performance. 

Over the last years, a number of control techniques have been proposed for the structural 

protection of CVC systems against earthquakes. The control techniques include passive, 

active, and semiactive control strategies [10–18]. Among the various types of passive 

damping devices, viscous or viscoelastic dampers, hysteretic dampers, and friction 

dampers, primarily energy dissipators, have been proposed, developed, and practically 

applied to reduce the seismic response of the CVC systems. Researchers have studied the 

efficacies of these devices [19–26]. 

 

Past research has shown that the controlling performance of CVC structures varies 

depending on the structural parameters, including the stiffness, damping coefficient at the 

connecting portion, and the mass and stiffness of the adjacent structures (i.e., mainframe 

and subframe). Thus, there exists optimal parameters to reduce the earthquake response 

effectively [27–31]. The control effects of passive CVC system can be evaluated based 

on the peak amplitude of the transfer function (TF) for the systems [27]. An optimal 

design formula based on the fixed-point theory [30] is often used to design seismic tuned 

mass dampers [31–32]. Based on the fixed-point theory of CVC buildings, Kageyama et 

al. [27] theoretically derived an optimal design formula for a connection spring at the 

connecting portion of CVC structures. Depending on the structural parameter conditions 

for the mainframe and subframe, there are cases in which it is sometimes difficult to 
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obtain an optimal tuning that minimizes the peak amplitude of the TF of CVC structures 

by using only positive or zero stiffness at the connecting portion. Therefore, despite the 

vast study base and increasing applications of coupled building control, more research on 

the effects of diverse building layouts and types of coupling elements is still needed. 

 

Negative stiffness, which exerts an opposing restoring force when the 

displacement increases, may be used as a vibration control (VC) technique for civil, 

building, and mechanical structures [33]. In the past decades, rapid progress has been 

made in the research and development of negative stiffness devices (NSDs) and systems 

incorporating NSDs [34–39]. More recently, several VC systems with NSDs for seismic 

protection of structures have been studied [40–43]. The authors proposed a passive 

negative stiffness device (PNSD) made of curved leaf springs that use geometric 

nonlinearity to generate a negative restoring force characteristic by exploiting elastic 

snap-through buckling reversal phenomena [44]. They conducted shake table tests and 

demonstrated that adopting negative stiffness in a vibrating system decreases the 

equivalent stiffness, resulting in an increase in the apparent period during an earthquake. 

 

It should be highlighted that all these studies on NSDs focus solely on the seismic 

response of the individual buildings. The incorporation of NSD for CVC structures has 

yet to be examined for a broad range of buildings and connector configurations. There 

has been limited research on assessing the seismic control effectiveness of a passive or 

active negative stiffness as the connecting controller for CVC system [45–48]. Upon 

incorporating negative stiffness and damper devices as the connecting portion of CVC 

structures, it is anticipated that the range of the optimal tuning conditions may be extended, 

which is usually challenging when using only positive or zero stiffness, as mentioned 

previously. 

 

Based on the above literature, NSD as connecting vibration controller is expected 

to enhance the structural performances of the coupled structures. However, studies in this 

area are very limited and remain challenging. Therefore, the present study was conducted 

to understand the behavior of the NSD and its controlling efficiency. This study includes 

an analytical investigation for optimal tuning of CVC structures and to understand the 
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essential characteristics of negative stiffness as the connecting device. The CVC 

structures were formed by connecting two adjacent structures, namely mainframe and 

subframe, with a vibration control device(s). The mainframe was considered the target-

controlled structure, whereas the subframe wasn’t the target-controlled structure. The 

time history seismic response simulation of the linear and nonlinear CVC structures to 

evaluate the control effect by negative stiffness connection subjected to earthquakes was 

also computed. Experiments on incorporating the PNSD in CVC structures using the 

shake table test were performed to validate the analytical and numerical investigation. 
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2. Critical review 

 

Although several studies have been done in the past about the coupling of adjacent 

buildings utilizing dampers as controllers, to the authors' knowledge, the implementation 

of NSD as a vibration controller for CVC models has not yet been fully clarified. There 

is much research on NSD as a vibration controller for individual buildings; however, the 

seismic response control effects of CVC adjacent structures incorporating PNSDs at the 

connecting portion remain unclear [40–48]. Therefore, research in this area is necessary. 

 

Additionally, there are cases in which it is sometimes difficult to obtain an optimal 

tuning that minimizes the peak amplitude of the TF of CVC structures by using only 

positive or zero stiffness at the connecting portion. Based on previous research, it is 

anticipated that introducing NSD as a coupling mechanism may solve the limitation of 

optimal tuning conditions [27,44]. Extensive parametric studies are required to find 

optimum NSD properties for adjacent buildings with different stiffness ratios and mass 

ratios of the coupled structures. 

 

Furthermore, available research needs to investigate further on the sensitivity of 

NSDs based on their design parameters. Investigation on the formulation of multi-degree 

of freedom CVC structures used for numerical studies on the seismic response control 

effects by incorporating PNSDs at the connecting portion under various dynamic 

excitation is required. Analytical models of the CVC structures for efficient vibration 

control and numerical and experimental study for negative stiffness devices are still in 

the infant stage. The analytical, numerical, and experimental investigation presented in 

this thesis is an appealing control technique for CVC structure. This study validates the 

effective technique of seismic response reduction of CVC structures by a passive NSD 

through simulation and experimental studies. 
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3. Objectives 

 

This research aims to comprehend the control effect that the PNSD has on CVC structures 

to increase the connected buildings' seismic resistance. To accomplish this aim, the 

following objectives have been attained: 

 

(1) To investigate the optimal tuning of the peak amplitude response of CVC models 

on incorporating of PNSD as the connecting vibration controller by establishing 

analytical models of two degree of freedom (2DOF) CVC structures.  

(2) To evaluate the linear and nonlinear seismic response control of the 2DOF CVC 

systems linked with a PNSD.  

(3) To perform the numerical investigation of linear seismic response control of the 

multi-degree of freedom (MDOF) CVC system connected by PNSD. 

(4) To conduct a shake table test and experimentally validate the control effectiveness 

of the PNSD on CVC structures. 
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4. Methodology 

 

In this study, the research methodology consisted of: 

− Performing analytical investigation on the 2DOF CVC structures based on transfer 

function analysis. 

− Numerical investigation on the linear and nonlinear seismic response analyses of 

2DOF CVC structures. 

− Investigating the numerical analysis of the linear seismic response of MDOF CVC 

structures. 

− Conducting a shake table test to experimentally obtain the response and validate the 

vibration control effect of the PNSD on CVC systems under dynamic excitations. 
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5. Overview 

 

In addition to the introductory chapter that clarifies the research background, critical 

review, and research objectives, the main body of this thesis consists of four chapters 

(Chapter II-V), with the sixth chapter addressing the conclusion and recommendations 

for future research. Therefore, this thesis is structured into six chapters, which can be 

summarized as follows: 

 

Chapter I introduces the background and review of existing research on PNSD-

based vibration control techniques for CVC systems. 

 

Chapter II conducts an analytical investigation of a linear two-degrees-of-freedom 

(2DOF) vibrating system model representing a simplified coupled vibration-controlled 

building to ascertain the fundamental properties of PNSD on adjacent structures. Based 

on the transfer function (TF) of the model's relative displacement and absolute 

acceleration, the peak amplitude was investigated for the CVC system. For optimal tuning 

of the displacement TF for the mainframe, the optimal stiffness ratio and optimal viscous 

damping coefficient were calculated against various stiffness ratio (α) and mass ratio (µ). 

For comparison, a reference viscous damping coefficient for the connecting element that 

minimizes the peak amplitude of the displacement TF for the mainframe without the 

connecting spring element was numerically obtained. The analysis found that adopting 

negative stiffness in the connection elements enabled optimal tuning of the TF for the 

mainframe, even if it was impossible to achieve by positive or zero stiffness. 

 

Chapter III inspects linear and nonlinear seismic response analyses of 2DOF CVC 

systems linked by PNSD to determine adjacent structures' dynamic characteristics and 

seismic responses. Four groups of numerical models having linear characteristics were 

used, i.e., SDOF mainframe models, SDOF subframe models, 2DOF CVC models with 

PNSD and damper as the connecting elements (CVC-SD), and 2DOF CVC models with 

damper as the connecting element (CVC-D). For the state of the mainframe alone, three 

natural periods were specified, and six combinations of α and µ were selected such that 

each group consisted of 18 cases of models. The optimization was done using the 
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mainframe displacement TF as a control target. The mainframe response was effectively 

controlled to a significant extent as a result. In addition, nonlinear earthquake response 

simulations were conducted using the CVC-SD, CVC-D, and SDOF-mainframe models. 

 

Chapter IV discusses a study on the numerical investigation of the seismic 

controlled motion for multi-story coupled structures linked by negative stiffness 

connection. The analysis included the MDOF mainframe model and MDOF subframe 

model of equal heights with substantially different structural properties connected by 

vibration controller(s) subjected to various earthquake motions. The study indicates that 

the reduction in the structural responses of the CVC system subjected to input motions 

depends on the setting of the connecting elements. The negative stiffness's significant 

ability to control vibration as a connecting vibration controller of coupled models was 

observed. 

 

Chapter V addresses shaking table tests carried out for obtaining the earthquake 

response of connected building models using a prototyped PNSD to study the vibration 

control effects experimentally. The CVC model used in this experiment was of one mass 

system of mainframe and one mass system of a subframe. The CVC systems were 

examined by shaking table tests with/without the prototyped PNSD, subjected to 

sinusoidal and simulated earthquake waves. The result shows that PNSD exhibited 

negative stiffness over a displacement range. A reduction in the displacement response of 

the coupled structures occurred upon incorporating PNSD. 

 

Chapter VI concludes the thesis and discusses the scope of future work. The 

results of the evaluations show that adopting PNSD in CVC structures can extend the 

range of optimal tuning conditions. The effective control performance of PNSD as a 

vibration controller of adjacent structures was understood. Evidently, the results show 

that PNSD can be considered as one of the potential vibration controllers for adjacent 

structures. Lastly, some directions for future work are listed. 
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Chapter II  

 

Analytical investigation of coupled vibration control structures 

incorporating negative stiffness connection based on the transfer 

function 

 

Conference paper: 

 

(1) Longjam S, Shirai K (2021) Use of negative stiffness for coupled vibration control 

structures: an analytical investigation. The 17th World Conference on Earthquake 

Engineering, September 27−October 2, 2021, Sendai, Japan. 

 

Journal paper: 

 

(1) Longjam S, Shirai K (2022) Numerical investigation of earthquake response 

reduction effects by negative stiffness connection for adjacent building structures. 

Structures, Vol. 38, 672-688. https://doi.org/10.1016/j.istruc.2022.01.078 

 

The contents of this Chapter II have been taken from the above 

journal and conference papers except for the Sections 1 (Introduction) and 5 

(Conclusions), in which some modifications have been made. 

  

https://doi.org/10.1016/j.istruc.2022.01.078
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1. Introduction 

 

Different vibration controllers are employed in coupled vibration control (CVC) systems 

to protect the structures against dynamic excitation such as earthquakes. These vibration 

controllers are the supplemental connecting structural elements in the form of stiffness 

and damping devices. A spring and/or a damping element connecting a mainframe and a 

subframe represent a typical passive CVC system [1–4]. Extensive research on CVC 

structures, mainly using energy dissipators as connecting elements, has been practically 

implemented, and the efficacies of these devices on CVC structures have been studied 

[5–16]. 

 

Structural parameters, including the stiffness and damping coefficient at the 

connecting portion and the mass and stiffness of the mainframe and subframe, affect the 

controlling performance of CVC structures. As a result, optimal parameters exist to 

effectively reduce the seismic response [17–20]. The peak amplitude of the transfer 

function (TF) for the systems can be used to evaluate the control effects of PNSD on CVC 

structures [18]. An optimal design technique based on the fixed-point theory [21] is often 

utilized to design seismic tuned mass dampers [22,23]. Theoretically, Kageyama et al. 

[18] leveraged the fixed-point theory to derive an optimal design formula for a connection 

spring and a viscous damping element at the connecting portion of a passive CVC 

structure. While research on the coupling of structures using only positive or zero stiffness 

has been developed extensively, research on obtaining an optimal tuning that minimizes 

the peak amplitude of the TF of CVC structures is very limited. 

 

Negative stiffness exerts a negative restoring force with the increase in the 

displacement, which has the potential to be adopted as a vibration control (VC) technique 

for structures [24]. The study of negative stiffness devices (NSDs) and systems 

incorporating NSDs have advanced significantly during the past few decades [25–30]. It 

is expected that if negative stiffness is implemented together with a damper device at the 

connecting portion of CVC adjacent building structures, then the limitation of optimum 

tuning conditions may be extended. However, limited work has been carried out on 



17 
 

assessing the response control effectiveness of a passive or active negative stiffness 

connecting controller for CVC structures [33–36]. More in-depth research in this area is 

necessary to effectively overcome the limitation of optimum tuning conditions. 

 

This study investigates the control strategies of coupled structures incorporating 

passive negative stiffness as the connecting spring element between the mainframe and 

subframe. An analytical control solution using TF analysis is assessed with a parametric 

study to examine the basic characteristics of negative stiffness as the vibration controller 

of a CVC system. A brief description of various NSDs is provided in Section 2 to grasp 

the concept of the negative stiffness mechanism. Section 3 describes the proposed 

approach for accomplishing the objective using a linear 2DOF vibrating system model 

that represents a simplified coupled vibration-controlled building. The analytical 

investigation’s results and discussion are presented in Section 4. Finally, the conclusion 

derived from this study is summarized in Section 5. 

 

The description of Sections 2-5 is an excerpt from the authors’ work [37]. In this 

study, the authors numerically investigated the effectiveness of negative stiffness as an 

extensive study on the former analytical investigation of the CVC structures incorporated 

with negative stiffness as the connecting spring element [38]. For a better understanding, 

the detailed description of the analytical investigation of a linear two-degree-of-freedom 

(2DOF) system, representing a simplified coupled vibration-controlled building model, 

is vividly explained in this chapter. 
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2. Description of passive negative stiffness devices 

 

This section describes the concept and operation of two passive NSDs that were already 

proposed by other researchers. In general, negative stiffness works in opposition to 

positive stiffness, and produces a decreased (i.e., negative) restoring force with the 

progression of the displacement of the device. A passive NSD using a vertical pre-

compressed spring has been developed and studied [27,28,31]. This NSD comprises a 

pivot plate, a lever, top and bottom chevrons, a pre-loaded spring, gap spring assemblies, 

and double-hinged columns. In a small displacement range, the NSD generates a total 

stiffness of approximately zero or slightly larger than zero. When the NSD deforms, the 

device produces a force that assists motion, i.e., negative stiffness. However, as the NSD 

deforms, the magnitude of negative stiffness is reduced, leading to positive stiffness at a 

larger displacement.  

Another passive NSD using curved leaf springs has been proposed by one of the 

authors [32]. This PNSD consists of two curved leaf springs rigidly connected to a pair 

of beams. The curved leaf springs are pre-compressed such that the strain energy stored 

leads to an initial negative stiffness before the onset of snap-through buckling. When 

exceeding a certain displacement, snap-through buckling occurs, resulting in an increase 

of negative restoring force. This PNSD has a displacement-dependent restoring force 

characteristic with both negative and positive stiffness; it offers a positive restoring force 

to resist further deformation once the device’s displacement limit is reached. Although 

the above passive NSD has nonlinearity that depends on the device’s displacement, in the 

present study, PNSD with linear characteristics was supposed for simplicity and used in 

the subsequent sections. 
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3. Methods of transfer function analysis 

3.1. Analytical models 

 

The linear two-degrees-of-freedom (2DOF) systems shown in Figs. 2a and 2b, assuming 

simplified CVC structures (Fig. 1), were adopted as the analytical models in the TF 

analysis. The mainframe (Fig. 2c) and subframe (Fig. 2d) of vibrating systems, 

representing a pair of adjacent structures, were horizontally connected to each other by a 

spring element and a viscous damping element at the connection portion. Negative 

stiffness, as well as positive or zero stiffness, was applied for the connecting spring 

element. This study aimed to understand the basic characteristics of the response control 

effects of adjacent buildings with negative stiffness connection using a passive NSD. 

Response control for the first modal vibration of the mainframe was intended. To this end, 

the 2DOF model was adopted for simplicity. The supposed building was a building where 

the first vibration mode was predominant and the stiffness distribution in the height 

direction was continuous, in each of the mainframe and subframe. The mainframe and 

subframe were simplified into the SDOF systems and linked by the connection elements. 

In general, the location in the structural height of the connecting elements affects the 

control performance of CVC structures. The present study assumed cases of SDOF 

models where the equivalent height (i.e., the position of the equivalent mass point) of the 

first mode for the mainframe and subframe was approximately the same, and the 

mainframe and subframe were horizontally connected at the same floor level close to the 

equivalent height. 
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Fig. 1 Conceptual diagram of a coupled vibration control (CVC) building structure: (a) elevation view 

of whole system; and (b) enlarged view of connecting portion consisting of a spring and a viscous damping 

element 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2 Analytical models considered: (a) optimal-controlled coupled 2DOF model (CVC-SD model); (b) 

reference-controlled coupled 2DOF model (CVC-D model); (c) mainframe alone (SDOF-mainframe 

model); and (d) subframe alone (SDOF-subframe model) 
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3.2. Investigated CVC models and structural parameters 

 

Two CVC models with different connection types, referred as CVC-SD and CVC-D 

models, were considered, as shown in Figs. 2a and 2b. The CVC-SD model (Fig. 2a) was 

the 2DOF system connected with both the stiffness element (i.e., spring) and the viscous 

damping element (i.e., dashpot) at the connecting portion (expressed by Equations (1) 

through (15)). On the other hand, the mainframe and subframe of the CVC-D model (Fig. 

2b) were the same as those of the CVC-SD model, but the connecting element in the 

CVC-D model consisted of a dashpot alone (i.e., without the negative, or positive stiffness 

contribution). The equation of motion and the amplitude of the TF for the CVC-D model 

can be obtained by substituting K0 = 0 into Equations (1) through (15). The TFs for the 

mainframe and subframe were compared for these two CVC models. 

 

For each of the CVC models, two structural parameters of the 2DOF system, α 

and µ, were investigated, where α (= K2/K1) is the stiffness ratio (i.e., ratio of the lateral 

stiffness of the subframe to that of the mainframe, and µ (= M2/M1) is the mass ratio (i.e., 

ratio of the mass of the subframe to that of the mainframe). The considered ranges of 

these two parameters were 0 ≤ α ≤ 2 and 0 ≤ µ ≤ 2. Table 1 lists the combination values 

of α and µ investigated in this section. 

 

The equations of motion for the mainframe and subframe, respectively, connected 

by the spring and viscous damping elements of the 2DOF-CVC system (Fig. 2a) can be 

expressed as follows: 

 

M1(ẍ1+ẍG)+C0(ẋ1−ẋ2)+K1x1+K0(x1−x2) = 0 ,     (1) 

M2(ẍ2+ẍG)+C0(ẋ2−ẋ1)+K2x2+K0(x2−x1) = 0 ,     (2) 

 

where x1, x2, and xG are the lateral relative displacement from the ground for the 

mainframe, subframe, and ground motion, respectively, in the time domain; M1 and M2 

are the mass of the mainframe and subframe, respectively; K1 and K2 are the lateral 

stiffness of the mainframe and subframe, respectively; and K0 and C0 are the lateral 

stiffness and viscous damping coefficient of the connecting elements, respectively. 
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Equations (1) and (2) can be also expressed in matrix form as follows: 

 

[
M1 0

0 M2
] [

ẍ1+ẍG

ẍ2+ẍG
] + [

C0 −C0

−C0 C0
] [

ẋ1

ẋ2
] + [

K1+K0 −K0

−K0 K2+K0
] [

x1

x2
] = [

0

0
] . (3) 

 

Using the Laplace transform, the equations of motion in the frequency domain can be 

expressed as follows: 

 

M1(s
2X1+s2XG)+C0(sX1−sX2)+K1X1+K0(X1−X2) = 0 ,    (4) 

M2(s
2X2+s2XG)+C0(sX2−sX1)+K2X2+K0(X2−X1) = 0 ,    (5) 

 

where X1, X2, and XG are the lateral relative displacement from the ground for the 

mainframe, subframe, and ground motion, respectively, in the frequency domain; s is the 

Laplace variable (= iω); i is an imaginary unit, and ω is the circular frequency. 

Solving Equations (4) and (5) for X1 and X2 yields the following: 

 

X1 = −
s2[−(sC0+K0)M2−M1(K2+K0+s(C0+sM2)]XG

(sC0+K0)2−[K1+K0+s(C0+sM1)][K0+K2+s(C0+sM2)]
 ,    (6) 

X2 = −
s2[(K1+s2M1)M2+sC0(M1+M2)+K0(M1+M2)]XG

(K2K0+s2K2M1+s2K0M1+s2K0M2+s4M1M2+K1(K0+K2+s2M2)+sC0[K1+K2+s2(M1+M2)]
 . (7) 

 

The amplitude of the TF for the relative displacement of the mainframe, A1,disp, and 

subframe, A2,disp, can be expressed as follows: 

 

A1,disp = 
|X1|

|XG|
 ,         (8) 

=
√

M1
2
M2

2
ω8+{C0

2
(M1+M2)

2−2M1M2[K2M1+ K0( M1+M2)]} ω6+{[K2M1+K0(M1+M2)]2}ω4 

M1
2
M2

2
ω8+{C0

2
(M1

2
+M2

2
)+2M1M2[C0

2−(K0+K2)M1−(K0+K1)M2]}ω6+{K2
2
M1

2
+K0[4K1M1M2+K0(M1+M2)

2

]+K1(K1+2K0)M2
2−2C0

2
(K1+K2)(M1+M2)+2K2M1[2K1M2+K0(M1+2M2)]}ω4+{C0

2
(K1+K2)

2

−2[K0K2+K1(K0+K2)][K2M1+K1M2+K0(M1+M2)]}ω2+[K0K2+K1(K0+K2)]
2

,

           (9) 

A2,disp = 
|X2|

|XG|
 ,         (10) 
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=

√
  
  
  
  
 M1

2
M2

2
ω8+{C0

2
(2M1+M1

2
+M2

2
)−2M1M2(K1M2+K0(M1+M2))}ω6+{M2(K1

2
M2+2K0K1(M1+M2)

+K0
2
(2M1+M1

2
+M2))}ω4

M1
2
M2

2
ω8+{C0

2
(M1+M2)

2−2M1M2[K2M1+K1M2+K0(M1+M2)]}ω6−{K2
2
M1

2
+K1

2
M2

2
+K0

2
(M1+M2)

2
+2K1K0M2

(2M1+M2) +2C0
2
[K1(M1−M2)−K2(M1+M2)]+2K2M1[2K1M2+K0(M1+2M2)]}ω4+{C0

2
(K1+K2)

2

−2[K0K2+K1(K0+K2)][K2M1+K1M2+K0(M1+M2)]}ω2+[K0K2+K1(K0+K2)]
2

 .

          (11) 

 

In addition, the amplitudes of the TF for the absolute acceleration of the mainframe, A1,acc, 

and subframe, A2,acc, can be expressed as follows: 

 

A1,acc = 
|s2X1+s2XG|

|s2XG|
 ,        (12) 

=
√

K1
2
M2

2
ω4+{C0

2
(K1+K2)

2−2K1M2[K0K2+K1(K0+K2)]}ω2+[K0K2+K1(K0+K2)]
2

M1
2
M2

2
ω8+{C0

2
(M1+M2)

2−2M1M2(K2M1+K1M2+K0(M1+M2))}ω6−{2K2
2
M1

2
+K1

2
M2

2
+K0

2
(M1+M2)

2
+2K0K1M2

(2M1+M2)+2C0
2
(K1(M1−M2)−K2(M1+M2))+2K2M1(2K1M2+K0(M1+2M2))}ω4+{C0

2
(K1+K2)

2

−2(K0K2+K1(K0+K2))(K2M1+K1M2+K0(M1+M2))}ω2+[K0K2+K1(K0+K2)]
2

 ,

           (13) 

A2,acc = 
|s2X2+s2XG|

|s2XG|
 ,        (14) 

 

= 
√

K2
2
M1

2
ω4+{C0

2
(K1+K2)

2−2K2M1[K1K2+K0(K1+K2)]}ω2+[K1K2+K0(K1+K2)]
2

M1
2
M2

2
ω8−{C0

2
(M1+M2)

2
+2M1M2[K2M1−K1M2−K0(M1+M2)]}ω6+{K2

2
M1

2
+K1

2
M2

2
+K0

2
(M1+M2)

2
+2K1K0M2

(2M1+M2)−2C0
2
(K1+K2)(M1+M2)+2K2M1[2K1M2+K0(M1+2M2)]}ω4+{C0

2
(K1+K2)

2

−2[K2K0+K1(K2+K0)][K2M1+K1M2+K0(M1+M2)]}ω2+[K0K2+K1(K0+K2)]
2

 .

           (15) 
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4. Results of transfer function analysis 

4.1. Optimal stiffness and damping characteristics 

 

Since the CVC-SD model had linear characteristics and a single damping element, the 

fixed-point theory [21] can be adopted to determine the optimal parameters of the 

connecting elements (i.e., optimal spring stiffness, K0,opt, and optimal viscous damping 

coefficient, C0,opt) that minimize the peak amplitude of the TF of the system. Based on 

the fixed-point theory, Kageyama et al. [18] proposed a theoretical formula for optimal 

tuning and damping conditions for a CVC system connected by a spring and a viscous 

damping element. The formula of the optimal connection stiffness (K0,opt) that minimizes 

the peak amplitude of the displacement TF for the mainframe of the CVC-SD model can 

be expressed as follows: 

 

K0,opt = 
(α−µ)(−2−µ+αµ)

2(1+α)(1+µ)
2 K1 .       (16) 

 

In the present study, Equation (16) was used to determine the optimal stiffness 

ratio, K0,opt/K1, for the optimal tuning of the displacement TF for the mainframe of the 

CVC-SD model. Then, the optimal damping coefficient (C0,opt) was determined such that 

the peak amplitude of the displacement TF for the mainframe (K0 = K0,opt) was minimized 

for the CVC-SD model. The calculated values of K0,opt/K1 against the given α and µ are 

shown in Table 1. In the several combinations of the given α and µ, negative values of 

K0,opt/K1 were obtained. These negative values of K0,opt/K1 indicated that negative stiffness 

may be required at the connecting portion for optimal tuning to minimize the peak 

amplitude of the TF. In the TF analysis (Section 3), the inherent damping of the 

mainframe and subframe was set to zero. The main reason for this is that the optimal 

stiffness formula (Equation (16)) has been derived based on the fixed-point theory from 

the condition of undamped state for the mainframe and subframe. 

 

Figures 3 and 4 illustrate the response amplitudes of the TF for the displacement 

and acceleration, respectively, for the CVC-SD model (α = 0.1, µ = 0.02, and K0 = K0,opt). 

In these figures, cases when C0 = zero, C0,opt, and infinity are depicted. In addition, the 
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horizontal axis in these figures is a normalized circular frequency (= ω/ω1), where ω1 is 

the natural circular frequency for the state of the mainframe alone. As shown in Fig. 3a, 

by setting K0 = K0,opt (i.e., for the case of a negative stiffness of K0,opt/K1 = −0.0705), the 

amplitude of the two fixed-points showed the same height, indicating an optimal tuning 

was obtained for the displacement TF of the mainframe. Moreover, by setting C0 = C0,opt, 

a significant reduction in the peak amplitude was achieved compared with the cases with 

C0 = zero and infinity. As shown in Figs. 3b and 4, by giving K0,opt and C0,opt, the peak 

amplitude of the TF for the displacement of the subframe (Fig. 3b) and the acceleration 

of the mainframe and subframe (Figs. 4a and 4b) was reduced compared with the 

corresponding cases with C0 = zero and infinity. 

 

Figure 5 pictures a two-dimensional (2D) contour diagram of calculated K0,opt/K1 

with respect to α and µ. The calculated K0,opt/K1 varied between positive and negative 

values depending on the parameters α and µ. It was observed that in the given range of α 

and µ, negative stiffness was required to achieve an optimal tuning when µ < α. In 

addition, when α = µ, a zero value of K0,opt/K1 was obtained. This was likely because the 

mainframe and subframe had the same individual natural period when α = µ, resulting in 

the same vibration behavior and no relative displacement between the mainframe and 

subframe. 
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Fig. 3 Amplitude of the relative displacement transfer function (TF) for the CVC-SD model ( = 0.1,  

= 0.02, and K0 = K0,opt): (a) mainframe; and (b) subframe 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4 Amplitude of the absolute acceleration TF for the CVC-SD model ( = 0.1,  = 0.02, and K0 = 

K0,opt): (a) mainframe; and (b) subframe 
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Fig. 5 Two-dimensional (2D) contour diagram of the optimal stiffness ratio (K0,opt/K1) at the connecting 

portion with respect to the stiffness ratio () and the mass ratio () 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6 Two-dimensional (2D) contour diagram of the optimal damping ratio (h0,opt) at the connecting 

portion with respect to  and  

Stiffness ratio () 

M
a
s
s
 r

a
ti
o

 (


) 

K
0
,o

p
t/K

1
 

Stiffness ratio () 

M
a
s
s
 r

a
ti
o

 (


) 

h
0
,o

p
t 



28 
 

The subsequent investigations adopted the combinations of α and µ where 

negative stiffness (i.e., a negative value of K0,opt/K1) was required as the optimal stiffness, 

taken from Table 1. Table 2 gives an optimal damping ratio, h0,opt, obtained based on the 

optimization of the peak amplitude of the displacement TF for the mainframe when K0,opt 

was set for the CVC-SD model. Here, h0,opt was calculated as h0,opt = C0,opt/[2(M1K1)
0.5]. 

In addition, for the CVC-D model, the reference damping ratio, h0,ref, was calculated as 

h0,ref = C0,ref/[2(M1K1)
0.5], where C0,ref is a reference viscous damping coefficient at the 

connecting portion for minimizing the peak amplitude of the displacement TF for the 

mainframe of the CVC-D model. The obtained h0,ref is shown in Table 2. Moreover, a 

reduction index of the damping ratios calculated as 1 – (h0,opt/h0,ref) is listed in Table 2. 

The optimal damping ratio (h0,opt) was clearly reduced when a negative stiffness (K0,opt) 

was applied at the connection portion for the CVC-SD model, as compared to the 

reference damping ratio (h0,ref) for the CVC-D model without negative stiffness. A 2D 

contour diagram of h0,opt with respect to α and µ is depicted in Fig. 6. The diagram shows 

that h0,opt is dependent on the parameters α and µ. 
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Table 1 Combination list of α and µ, along with K0,opt/K1 

 

α µ K0,opt/K1 

0.1 0.02 −0.0705 

0.2 0.02 −0.1453 

0.2 0.1 −0.0716 

0.5 0.25 −0.1133 

1.0 0.5 −0.1111 

2.0 0.5 −0.1667 

0.2 0.2 0 

1.0 1.0 0 

0.02 0.2 0.1346 

0.1 0.2 0.0688 

0.5 1.0 0.1042 

0.5 2.0 0.1667 

 

 

 

Table 2 Optimal connecting stiffness ratio along with optimal and reference viscous damping ratios 

 

α µ K0,opt/K1 h0,opt h0,ref 1 − (h0,opt/h0,ref) 

0.1 0.02 −0.0705 0.0063 0.0367 0.828 

0.2 0.02 −0.1453 0.0135 0.0772 0.825 

0.2 0.1 −0.0716 0.0149 0.0406 0.633 

0.5 0.25 −0.1133 0.0421 0.0783 0.463 

1.0 0.5 −0.1111 0.0750 0.1114 0.326 

2.0 0.5 −0.1667 0.1696 0.2406 0.295 
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4.2 Control effects by negative stiffness connection 

 

In order to understand the control effects by negative stiffness for the CVC-SD model, 

the values of PA1,disp,opt, PA2,disp,opt, PA1,acc,opt, and PA2,acc,opt were examined. Here, 

PA1,disp,opt and PA2,disp,opt are the optimized peak amplitude of the displacement TF for the 

mainframe and the corresponding peak amplitude of the displacement TF for the 

subframe, respectively, and PA1,acc,opt and PA2,acc,opt are the peak amplitude of the 

acceleration TF for the mainframe and subframe, respectively, when K0,opt and C0,opt were 

set for the CVC-SD model. Figures 7 through 10 show 2D contour diagrams of PA1,disp,opt, 

PA2,disp,opt, PA1,acc,opt, and PA2,acc,opt with respect to α and µ. Each contour line is cut off 

when the value exceeds 20. In Fig. 7, under the optimized condition, PA1,disp,opt varied 

depending on α and µ. Here, PA1,disp,opt generally increased as α decreased and µ increased 

(when µ < α) in the given range of α and µ. A similar tendency to that shown in Fig. 7 

was observed in Figs. 8 through 10. However, a comparison at the same values of α and 

µ revealed that the obtained peak amplitudes for the displacement of the subframe 

(PA2,disp,opt) and the acceleration of the subframe (PA2,acc,opt) were generally greater than 

that for the displacement of the mainframe (PA1,disp,opt). In addition, the peak amplitude 

of the acceleration of the mainframe (PA1,acc,opt) was generally greater than that of the 

displacement of the mainframe (PA1,disp,opt). This is because the optimization in the 

present study was conducted by targeting the displacement TF for the mainframe. 

 

Tables 3 and 4 give PA1,disp,opt and PA2,disp,opt, respectively, calculated for the cases 

of α and µ where negative stiffness was required for the optimal tuning. Reference peak 

amplitudes of the displacement TF for the mainframe, PA1,disp,ref, and subframe, PA2,disp,ref, 

are also shown in these tables. Here, PA1,disp,ref and PA2,disp,ref are the peak amplitudes of 

the displacement TF for the mainframe and subframe, respectively, when C0,ref was set 

for the CVC-D model. Then, reduction indices were calculated as 1 – (PA1,disp,opt 

/PA1,disp,ref) and 1 – (PA2,disp,opt /PA2,disp,ref) and are listed in Tables 3 and 4. A significant 

reduction in the peak amplitude of the mainframe was achieved by applying negative 

stiffness connection (the CVC-SD model) compared to the case with zero stiffness 

connection (the CVC-D model). For the mainframe, the reduction index increased as α 

and µ decreased (Table 3). In other words, the “relative” control effects for the mainframe 
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achieved by negative stiffness connection became clearer when the stiffness and mass of 

the subframe were small as compared to those of the mainframe. 

 

Similarly, Tables 5 and 6 show PA1,acc,opt and PA2,acc,opt, respectively, along with 

the corresponding PA1,acc,ref and PA2,acc,ref. Here, PA1,acc,ref and PA2,acc,ref are the reference 

peak amplitudes of the acceleration TF for the mainframe and subframe, respectively, 

when C0,ref was set for the CVC-D model. In addition, corresponding reduction indices 

obtained as 1 – (PA1,acc,opt/PA1,acc,ref) and 1 – (PA2,acc,opt/PA2,acc,ref) are given in these tables. 

Since the optimization in the present analysis was focused on the control for the 

mainframe, the obtained reduction indices for the subframe [i.e., 1 − (PA2,disp,opt/PA2,disp,ref) 

and 1 − (PA2,acc,opt/PA2,acc,ref)] were lesser than those for the mainframe [i.e., 1 − 

(PA1,disp,opt/PA1,disp,ref) and 1 − (PA1,acc,opt/PA1,acc,ref)]. 
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Fig. 7 Two-dimensional (2D) contour diagram of the peak amplitude of the relative displacement TF 

for the mainframe (PA1,disp,opt) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8 Two-dimensional (2D) contour diagram of the peak amplitude of the relative displacement TF 

for the subframe (PA2,disp,opt) 
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Fig. 9 Two-dimensional (2D) contour diagram of the peak amplitude of the absolute acceleration TF 

for the mainframe (PA1,acc,opt) 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 10 Two-dimensional (2D) contour diagram of the peak amplitude of the absolute acceleration TF 

for the subframe (PA2,acc,opt) 
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Table 3 Peak amplitude of relative displacement TF for mainframe 

 

α µ PA1,disp,opt PA1,disp,ref 1 − (PA1,disp,opt/PA1,disp,ref) 

0.1 0.02 2.95 26.50 0.889 

0.2 0.02 1.69 12.33 0.863 

0.2 0.1 5.53 23.00 0.760 

0.5 0.25 4.48 11.00 0.593 

1.0 0.5 4.34 7.00 0.380 

2.0 0.5 2.39 3.00 0.204 

 

Table 4 Peak amplitude of relative displacement TF for subframe 

 

α µ PA2,disp,opt PA2,disp,ref 1 − (PA2,disp,opt/PA2,disp,ref) 

0.1 0.02 15.40 18.38 0.162 

0.2 0.02 7.14 8.36 0.147 

0.2 0.1 16.56 15.94 −0.039 

0.5 0.25 10.21 7.53 −0.357 

1.0 0.5 8.69 5.05 −0.721 

2.0 0.5 4.30 3.05 −0.409 

 

Table 5 Peak amplitude of absolute acceleration TF for mainframe 

 

α µ PA1,acc,opt PA1,acc,ref 1 − (PA1,acc,opt/PA1,acc,ref) 

0.1 0.02 3.32 26.50 0.875 

0.2 0.02 2.00 12.33 0.838 

0.2 0.1 5.90 23.00 0.744 

0.5 0.25 4.81 11.00 0.563 

1.0 0.5 4.62 7.01 0.341 

2.0 0.5 2.63 3.05 0.138 
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Table 6 Peak amplitude of absolute acceleration TF for subframe 

 

α µ PA2,acc,opt PA2,acc,ref 1 − (PA2,acc,opt/PA2,acc,ref) 

0.1 0.02 15.91 19.10 0.167 

0.2 0.02 7.61 9.09 0.162 

0.2 0.1 16.84 16.66 −0.010 

0.5 0.25 10.21 8.26 −0.236 

1.0 0.5 8.68 5.65 −0.537 

2.0 0.5 4.23 3.00 −0.410 
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5. Conclusions 

 

In this chapter, the control effects by negative stiffness connection between the mainframe 

and subframe for CVC adjacent structures were numerically assessed based on a TF 

analysis. The following conclusions could be observed: 

 

1) Adopting negative stiffness in the connecting elements enabled an optimal tuning for 

minimizing the peak amplitude of the displacement TF for the mainframe, even in 

the cases in which it was impossible to achieve only by positive or zero stiffness. 

Thus, adopting negative stiffness in CVC structures can extend the range of optimal 

tuning conditions. 

 

2) When optimal tuning and optimal damping coefficient were given by incorporating 

optimal negative stiffness, the peak amplitude of the TF of the mainframe of the 

CVC-SD model was significantly decreased, as compared with that for the CVC-D 

model without negative stiffness and with only a viscous damping element. 

 

3) The optimal damping coefficient required for minimizing the peak amplitude of the 

displacement TF of the mainframe of the CVC-SD model with optimal negative 

stiffness was reduced compared to the CVC-D model without negative stiffness. 

 

Further research includes time history seismic response simulations using linear and 

nonlinear CVC models with different natural periods and structural parameters under 

various earthquake motions for assessing the response control effectiveness on CVC 

structures. 
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Chapter III 

 

Numerical investigation on control effects by negative stiffness 

connection for CVC buildings subjected to earthquakes 

 

 

 

Longjam S, Shirai K (2022) Numerical investigation of earthquake response reduction 

effects by negative stiffness connection for adjacent building structures. Structures, Vol. 

38, 672-688. https://doi.org/10.1016/j.istruc.2022.01.078 

 

 

The contents of this Chapter III have been taken from the above 

journal paper except for the Sections 1 (Introduction) and 4 (Conclusions), in 

which some modifications have been made. 
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1. Introduction 

 

CVC of structures is a promising method to mitigate earthquake response by connecting 

two or more vibrating structural systems. The CVC techniques have emerged as an 

efficient way to reduce the seismic response and effective control of the adjacent 

structures against earthquakes. These coupled vibration techniques as passive, semi-

active, and active [1–19] in the form of a spring and/or a damping vibration controller 

device [20–24], mainly using energy dissipators, have been proposed and practically 

employed as the supplemental connector of the CVC structures. 

 

The negative stiffness device is an emerging vibration control device with the 

potential for incorporation into the CVC system. Negative stiffness works in opposition 

to positive stiffness and produces a decreased (i.e., negative) restoring force with the 

progression of the displacement of the device [25]. Research and development of negative 

stiffness devices (NSDs) and systems incorporating NSDs have progressed much in the 

past decades [26–32]. Optimal parameters such as stiffness and damping coefficient of 

the connecting portion and the structural parameters of the adjacent structures must be 

appropriately defined for effective vibration control of the CVC systems [33–39]. 

 

The authors investigated the basic characteristics of negative stiffness as the 

connecting element based on the TF of vibrating models representing simplified CVC 

structures [40]. The negative stiffness applied with a damper device as the connecting 

elements of CVC structures was expected to extend the optimum tuning conditions. The 

investigation demonstrated that the peak amplitude of the TF for the models could be 

utilized to evaluate the control effects on the CVC systems. In addition, limited research 

on incorporating a passive or active NSD as a connecting element in the CVC system for 

numerically assessing the response control effectiveness on CVC structures has been 

made available [41–44]. The seismic response control effects of PNSD at the connecting 

portion of CVC structures remain unclear. 

 

This chapter demonstrates that PNSD with proper structural parameters could 

significantly reduce the seismic responses of CVC buildings. The study deals with a 
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numerical seismic analysis of CVC adjacent buildings. In Section 2, the methods of 

seismic response simulation using 18 cases of linear CVC system models are described, 

followed by subsections explaining the obtained results, response behavior, and 

evaluation criteria. The nonlinear seismic response simulation method of CVC systems 

of different natural periods and structural parameters are described in Section 3, followed 

by the subsections on the discussion and validation of the obtained results. Finally, the 

conclusion is discussed in Section 4. This study expands on the previous study in Chapter 

II by presenting findings based on the linear and nonlinear seismic response simulation.  
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2. Linear earthquake response simulation 

 

A time history seismic response simulation was conducted using 2DOF and single-

degree-of-freedom (SDOF) models to evaluate the control effects by negative stiffness 

connection on CVC buildings subjected to earthquakes. 

 

2.1. Methods of linear seismic response simulation 

2.1.1. Modeling of mainframe and subframe 

 

In the response simulation, four groups of numerical models were used, namely CVC-SD, 

CVC-D, SDOF-mainframe, and SDOF-subframe models, as shown in Fig. 1. The CVC-

SD models represented 2DOF models, the mainframe and subframe of which were 

connected by both spring (K0) and dashpot (C0) elements. The CVC-D models 

represented 2DOF models, in which only a dashpot (C0) was placed between the 

mainframe and subframe. The SDOF-mainframe models and SDOF-subframe models 

represented the models for the state of the mainframe and subframe alone, respectively. 

 

Each group consisted of 18 cases of models. All of the models had linear 

characteristics. The mainframe and subframe were common to each model in the 

corresponding groups and cases. Unlike the models used in the TF analysis (Chapter II 

Section 3), regarding the models used in the response simulation, a dashpot was set for 

each mainframe and subframe such that a damping factor of 2% was obtained for the state 

of the mainframe and subframe alone, respectively. 

 

Table 1 gives the model properties for each case (common to each group, except 

K0,opt, C0,opt, and C0,ref). For the mainframe, three natural periods for the state of the 

mainframe alone, T1, were set as T1 = 0.5, 1.0, and 2.0 s. The mainframe had a mass of 

M1 = 1,000 t. The lateral stiffness of the mainframe (K1) was given by T1 and M1. The 

structural parameters for the subframe were set using the stiffness ratio (α = K2/K1) and 

the mass ratio (µ = M2/M1), where K2 is the lateral stiffness of the subframe, and M2 is the 

mass of the subframe. The combinations of α and µ were set from Chapter II Table 2, 

where a negative stiffness connection was required for the optimal tuning based on the 
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TF analysis (Chapter II Section 3). Six combinations of α and µ were set for each T1. The 

natural period of the subframe for the state of the subframe alone, T2, was obtained from 

M2 and K2. As for the case name in Table 1, the symbols A, B, C, D, E, and F denote the 

combination of α and µ. The numbers 05, 10, and 20 denote T1 = 0.5, 1.0, and 2.0 s, 

respectively. Thus, a total of 18 cases were prepared. 
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Fig. 1 Analytical models considered: (a) optimal-controlled coupled 2DOF model (CVC-SD model); (b) 

reference-controlled coupled 2DOF model (CVC-D model); (c) mainframe alone (SDOF-mainframe 

model); and (d) subframe alone (SDOF-subframe model) 

  

(c) 

Mainframe 

Input motion 

K1 

M1 

(a) 

Viscous 

damping 

element 

 Mainframe Subframe 

Input motion 

C0 

K0 

K2 K1 

M2 M1 

(b) 

Viscous 

damping 

element 

Input motion 

Mainframe Subframe 
C0 

M1 M2 

K1 K2 

(d) 

Subframe 

Input motion 

K2 

M2 

Note: In seismic response simulation, a dashpot was placed at both the mainframe and the subframe in each model 

such that a damping factor of 0.02 was obtained for the state of the mainframe and subframe alone 
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Table 1 Properties of numerical models used in earthquake response simulation 

 

Case α µ 
T1 

(s) 

T2 

(s) 

M1 

(t) 

K1 

(MN/m) 

M2 

(t) 

K2 

(MN/m) 

K0,opt 

(MN/m) 

C0,opt 

(MNs/m) 

C0,ref 

(MNs/m) 

A05 0.1 0.02 0.50 0.22 1000 157.91 20 15.79 −11.14 0.159 0.920 

B05 0.2 0.02 0.50 0.16 1000 157.91 20 31.58 −5.74 0.340 1.938 

C05 0.2 0.10 0.50 0.35 1000 157.91 100 31.58 −11.31 0.375 1.019 

D05 0.5 0.25 0.50 0.35 1000 157.91 250 78.96 −17.90 1.057 1.964 

E05 1.0 0.50 0.50 0.35 1000 157.91 500 157.91 −17.55 1.885 2.796 

F05 2.0 0.50 0.50 0.25 1000 157.91 500 315.83 −26.32 4.263 6.040 

A10 0.1 0.02 1.0 0.45 1000 39.48 20 3.95 −2.78 0.079 0.460 

B10 0.2 0.02 1.0 0.32 1000 39.48 20 7.90 −5.74 0.170 0.969 

C10 0.2 0.10 1.0 0.71 1000 39.48 100 7.90 −2.83 0.187 0.510 

D10 0.5 0.25 1.0 0.71 1000 39.48 250 19.74 −4.47 0.529 0.982 

E10 1.0 0.50 1.0 0.71 1000 39.48 500 39.48 −4.39 0.943 1.398 

F10 2.0 0.50 1.0 0.50 1000 39.48 500 78.96 −6.58 2.132 3.020 

A20 0.1 0.02 2.0 0.89 1000 9.87 20 0.99 −0.70 0.040 0.230 

B20 0.2 0.02 2.0 0.63 1000 9.87 20 1.97 −1.43 0.085 0.484 

C20 0.2 0.10 2.0 1.41 1000 9.87 100 1.97 −11.31 0.094 0.255 

D20 0.5 0.25 2.0 1.41 1000 9.87 250 4.93 −1.12 0.264 0.491 

E20 1.0 0.50 2.0 1.41 1000 9.87 500 9.87 −1.10 0.471 0.699 

F20 2.0 0.50 2.0 1.00 1000 9.87 500 19.74 −1.64 1.066 1.510 

 

  



48 
 

2.1.2. Modeling of connecting stiffness and viscous damping element 

 

In each CVC-SD model, the spring stiffness (K0) and the viscous damping coefficient 

(C0) at the connection portion were set using the same approach in Chapter II Section 3 

(i.e., the TF-based method, where no damping factors were considered at the mainframe 

and subframe). First, the optimal stiffness (K0,opt) was obtained using Chapter II Equation 

(16). Then, the optimal damping coefficient (C0,opt) was determined such that the peak 

amplitude of the displacement TF of the mainframe (without damping at the mainframe 

and subframe) was minimized. The values of K0,opt and C0,opt for each CVC-SD model are 

shown in Table 1. 

 

Regarding each CVC-D model, C0 of the connection dashpot was set using the 

same approach in Chapter II Section 3. The reference damping coefficient (C0,ref) was 

determined such that the peak amplitude of the displacement TF of the mainframe (no 

damping at the mainframe and subframe) was minimized. Table 1 shows the calculated 

C0,ref for each CVC-D model. 

 

2.1.3. Input motions and analytical conditions 

 

Five simulated earthquake waves and 10 observed seismic records were used for input 

motions. The peak ground acceleration (PGA) for each input motion is listed in Tables 2 

and 3. The five simulated waves, namely Waves M1 through M5, were ground motions 

used in the literature [45]. The five simulated waves were made such that the response 

spectra were fitted to the same target response spectrum (damping factor: 0.05) but having 

different phase characteristics using random numbers. The 10 observed records consisted 

of El Centro 1940, Taft 1952, Hachinohe 1968, and Tohoku 1978 (provided by Building 

Performance Standardization Association [46]), and Kobe 1995 (provided by Japan 

Meteorological Agency [47]), for each NS and EW component. Each observed record 

was normalized such that the peak ground velocity (PGV) was set to be 0.5 m/s. Fig. 2 

depicts the velocity response spectra (damping factor: 0.05) of the input motions. The 

numerical integration was based on the Newmark-β method (β = 0.25) with a time 

increment of 0.001 s for each case of the time history response simulation. 
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Table 2 Simulated earthquake waves 

 

Input motion name PGA (m/s2) 

Wave M1 4.19 

Wave M2 3.80 

Wave M3 3.39 

Wave M4 3.39 

Wave M5 3.14 

 

 

 

Table 3 Observed seismic records (each PGV was normalized to 0.5 m/s) 

 

Input motion name Original record PGA (m/s2) 

Elcn NS 1940 El Centro NS 5.100 

Elcn EW 1940 El Centro EW 2.847 

Taft NS 1952 Taft NS 4.863 

Taft EW 1952 Taft EW 4.969 

Hach NS 1968 Hachinohe NS 3.338 

Hach EW 1968 Hachinohe EW 2.384 

Tohk NS 1978 Tohoku NS 3.565 

Tohk EW 1978 Tohoku EW 3.685 

Kobe NS 1995 Kobe NS 4.460 

Kobe EW 1995 Kobe EW 4.132 
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Fig. 2 Velocity response spectra of the input motions (damping factor of 5%): (a) simulated waves; and 

(b) observed records 
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2.2. Results of linear earthquake response simulation 

2.2.1. Response behavior 

 

Figures 3 and 4 illustrate the response hysteresis loops for the CVC-SD and CVC-D 

models, respectively (for the mainframe and the connecting portion, case A10, Wave M1 

input,). Unlike the CVC-D model without connection springs (Fig. 4b), the connecting 

portion of the CVC-SD model incorporating the connection spring showed an elliptical 

loop with a negative slope by the effect of negative stiffness (Fig. 3b). 

 

Figure 5 compares the time history response waveforms of the mainframe 

between the CVC-SD and CVC-D models for case A10 under Wave M1 input. For both 

the relative displacement (Fig. 5a) and absolute acceleration (Fig. 5b) responses of the 

mainframe, a decreased response was generally observed in the case with an optimal 

negative stiffness connection (the CVC-SD model), as compared to the case without an 

optimal negative stiffness connection (the CVC-D model), through the earthquake event. 

Also, the waveforms for the SDOF-mainframe model (case A10, Wave M1) are shown 

in Fig. 5. The time history response of the mainframe for the controlled cases (the CVC-

SD and CVC-D models) was decreased compared to that of the uncontrolled case (the 

SDOF-mainframe model). 
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Fig. 3 Response hysteresis loops of the CVC-SD model (case A10, Wave M1 input): (a) mainframe; 

and (b) connecting portion (spring and damping elements) 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4 Response hysteresis loops of the CVC-D model (case A10, Wave M1 input): (a) mainframe; and 

(b) connecting portion (damping element) 
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Fig. 5 Time history response waveforms of the mainframe for the controlled and uncontrolled models 

(case A10, Wave M1 input): (a) relative displacement; and (b) absolute acceleration 
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2.2.2. Peak response 

 

Figure 6 compares the peak relative displacement responses of the mainframe between 

the CVC-SD and CVC-D models (case A10) under each input motion. The results showed 

that the obtained peak displacement of the mainframe for the CVC-SD models was 

decreased compared with those for the CVC-D models under all 15 inputs, except for the 

Elcn EW input. Similarly, the peak absolute acceleration responses of the mainframe for 

the CVC-SD and CVC-D models (case A10) under each input motion are plotted in Fig. 

7. A reduction in the peak acceleration of the mainframe for the CVC-SD model was 

observed compared to that of the CVC-D model under every input motion. Also, the peak 

response displacement and acceleration (case A10) for the uncontrolled case (the SDOF-

mainframe model) are shown in Figs. 6 and 7, respectively. The peak responses of the 

mainframe for the CVC-SD model were lesser than those of the uncontrolled case (the 

SDOF-mainframe model) for all input motions. 

 

Figures 8a and 9a depict the peak response displacement reduction ratio averaged 

for the five simulated waves and 10 observed record inputs, respectively (for the 

mainframe and subframe, cases A10–F10). Here, the displacement reduction ratio was 

calculated as the ratio of the peak displacement of the CVC-SD model to that of the CVC-

D model and was then averaged for the input motions. Similarly, Figs. 10a and 11a plot 

the peak response acceleration reduction ratios averaged for the five simulated waves and 

10 observed record inputs, respectively. The acceleration reduction ratio was calculated 

as the ratio of the peak acceleration of the CVC-SD model to that of the CVC-D model 

and was then averaged for the input motions. The results indicated that both peak 

displacement and acceleration of the mainframe for the CVC-SD model were 

significantly reduced compared to those of the CVC-D model for cases A10 through F10. 

However, in general, the response reduction ratios of the subframe became larger than 

unity. This was because the parameter optimization for the connecting portion in the 

response simulation was done based on the displacement TF of the mainframe (Section 

2.1). Also, Figs. 8b, 9b, 10b, and 11b show the ratios of the peak response of the 

mainframe and subframe for the CVC-SD model to that of the uncontrolled cases (the 

SDOF-mainframe and SDOF-subframe models). The response of the mainframe of the 
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CVC-SD model was significantly reduced in comparison with that of the uncontrolled 

case (the SDOF-mainframe model). 
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Fig. 6 Peak response displacement of the mainframe for the controlled and uncontrolled models (case 

A10) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7 Peak response acceleration of the mainframe for the controlled and uncontrolled models (case 

A10) 
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Fig. 8 Peak displacement response reduction ratios averaged for five simulated waves (mainframe and 

subframe, cases A10 to F10): (a) ratio of the CVC-SD model to the CVC-D model; and (b) ratio of the 

CVC-SD model to the SDOF model 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9 Peak displacement response reduction ratios averaged for 10 observed records (mainframe and 

subframe, cases A10 to F10): (a) ratio of the CVC-SD model to the CVC-D model; and (b) ratio of the 

CVC-SD model to the SDOF model  
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Fig. 10 Peak acceleration response reduction ratios averaged for five simulated waves (mainframe and 

subframe, cases A10 to F10): (a) ratio of the CVC-SD model to the CVC-D model; and (b) ratio of the 

CVC-SD model to the SDOF model 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 11 Peak acceleration response reduction ratios averaged for 10 observed records (mainframe and 

subframe, cases A10 to F10): (a) ratio of the CVC-SD model to the CVC-D model; and (b) ratio of the 

CVC-SD model to the SDOF model  
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Tables 4 and 5 list the obtained peak response displacement of the mainframe 

averaged for the five simulated waves and the 10 observed records, respectively, for all 

18 cases of the CVC-SD, CVC-D, and SDOF-mainframe models. In these Tables, 

PR1,disp,opt, PR1,disp,ref, and PR1,disp,SDOF denote the peak seismic response displacement of 

the mainframe for the CVC-SD, CVC-D, and SDOF-mainframe models, respectively. 

Similar to Tables 4 and 5, Tables 6 and 7 show the peak response acceleration of the 

mainframe averaged for the five simulated waves and the 10 observed records, 

respectively. Here, PR1,acc,opt, PR1,acc,ref, and PR1,acc,SDOF denote the peak seismic response 

acceleration of the mainframe for the CVC-SD, CVC-D, and SDOF-mainframe models, 

respectively. From these results, the peak displacement responses for the mainframe of 

the CVC-SD model were lower than those for the CVC-D and SDOF-mainframe models, 

except for the F05 and F20 cases (Tables 4 and 5). In addition, a decrease in the peak 

acceleration for the CVC-SD model was attained compared with the CVC-D and SDOF-

mainframe models (Tables 6 and 7). 

 

The displacement reduction index and the acceleration reduction index for the 

CVC-SD model compared with the CVC-D model were calculated as 1 − 

(PR1,disp,opt/PR1,disp,ref) and 1 − (PR1,acc,opt/PR1,acc,ref), respectively, and these reduction 

indices averaged for the input motions are shown in Tables 4 through 7. The displacement 

reduction indices yielded a promising result (Tables 4 and 5). In addition, a satisfactorily 

high acceleration reduction index was obtained (Tables 6 and 7). 
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Table 4 Peak displacement of mainframe for SDOF-mainframe, CVC-D, and CVC-SD models obtained 

from response simulation, along with reduction index (mean for five simulated waves) 

 

Case PR1,disp,SDOF (m) PR1,disp,ref (m) PR1,disp,opt (m) 1 − (PR1,disp,opt/PR1,disp,ref) 

A05 0.078 0.056 0.038 0.329 

B05 0.078 0.045 0.032 0.288 

C05 0.078 0.056 0.044 0.221 

D05 0.078 0.046 0.040 0.134 

E05 0.078 0.039 0.038 0.020 

F05 0.078 0.028 0.029 −0.052 

A10 0.194 0.143 0.090 0.364 

B10 0.194 0.143 0.090 0.362 

C10 0.194 0.141 0.110 0.222 

D10 0.194 0.119 0.100 0.156 

E10 0.194 0.106 0.097 0.079 

F10 0.194 0.070 0.070 0.003 

A20 0.356 0.293 0.180 0.383 

B20 0.356 0.238 0.158 0.335 

C20 0.356 0.291 0.217 0.251 

D20 0.356 0.246 0.197 0.198 

E20 0.356 0.220 0.196 0.111 

F20 0.356 0.150 0.149 0.004 
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Table 5 Peak displacement of mainframe for SDOF-mainframe, CVC-D, and CVC-SD models obtained 

from response simulation, along with reduction index (mean for 10 observed records) 

 

 Case PR1,disp,SDOF (m) PR1,disp,ref (m) PR1,disp,opt (m) 1 − (PR1,disp,opt/PR1,disp,ref) 

A05 0.074 0.062 0.048 0.221 

B05 0.074 0.053 0.050 0.023 

C05 0.074 0.062 0.052 0.160 

D05 0.074 0.054 0.048 0.116 

E05 0.074 0.049 0.046 0.055 

F05 0.074 0.033 0.037 −0.116 

A10 0.222 0.192 0.124 0.293 

B10 0.222 0.168 0.092 0.413 

C10 0.222 0.194 0.155 0.148 

D10 0.222 0.173 0.145 0.140 

E10 0.222 0.157 0.142 0.082 

F10 0.222 0.106 0.099 0.055 

A20 0.329 0.271 0.200 0.255 

B20 0.329 0.236 0.161 0.306 

C20 0.329 0.271 0.226 0.160 

D20 0.329 0.246 0.214 0.122 

E20 0.329 0.227 0.208 0.073 

F20 0.329 0.168 0.170 −0.061 
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Table 6 Peak acceleration of mainframe for SDOF-mainframe, CVC-D, and CVC-SD models obtained 

from response simulation, along with reduction index (mean for five simulated waves) 

 

Case PR1,acc,SDOF (m/s2) PR1,acc,ref (m/s2) PR1,acc,opt (m/s2) 1 − (PR1,acc,opt/PR1,acc,ref) 

A05 12.400 9.247 5.541 0.401 

B05 12.400 7.734 3.598 0.535 

C05 12.400 9.187 6.774 0.264 

D05 12.400 7.930 6.353 0.199 

E05 12.400 7.029 6.352 0.095 

F05 12.400 5.408 4.908 0.094 

A10 7.648 5.852 3.383 0.420 

B10 7.648 5.036 2.225 0.559 

C10 7.648 5.810 4.398 0.242 

D10 7.648 5.147 4.100 0.202 

E10 7.648 4.787 4.161 0.129 

F10 7.648 3.735 3.262 0.127 

A20 3.521 2.999 1.710 0.427 

B20 3.521 2.566 1.201 0.531 

C20 3.521 2.998 2.199 0.262 

D20 3.521 2.667 2.065 0.225 

E20 3.521 2.505 2.106 0.159 

F20 3.521 2.076 1.859 0.100 
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Table 7 Peak acceleration of mainframe for SDOF-mainframe, CVC-D, and CVC-SD models obtained 

from response simulation, along with reduction index (mean for 10 observed records) 

 

Case PR1,acc,SDOF (m/s2) PR1,acc,ref (m/s2) PR1,acc,opt (m/s2) 1 − (PR1,acc,opt/PR1,acc,ref) 

A05 11.646 10.182 6.588 0.343 

B05 11.646 9.023 5.255 0.406 

C05 11.646 10.273 8.200 0.201 

D05 11.646 9.298 7.632 0.175 

E05 11.646 8.658 7.543 0.122 

F05 11.646 6.624 5.954 0.100 

A10 8.772 7.898 4.868 0.329 

B10 8.772 7.229 3.159 0.534 

C10 8.772 8.024 6.253 0.172 

D10 8.772 7.526 6.021 0.175 

E10 8.772 7.218 6.186 0.137 

F10 8.772 5.891 4.904 0.161 

A20 3.252 2.795 1.905 0.307 

B20 3.252 2.552 1.443 0.424 

C20 3.252 2.802 2.271 0.183 

D20 3.252 2.672 2.194 0.175 

E20 3.252 2.584 2.222 0.134 

F20 3.252 2.330 2.103 0.089 
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Overall, from the response simulation results, effective control performance for 

the response of the mainframe against various earthquakes was demonstrated by 

installation of negative stiffness as well as viscous damping at the connecting portion of 

the CVC models. This good performance with negative stiffness can be attained by a 

smaller viscous damping coefficient (C0,opt in Table 1), as compared with that without 

negative stiffness (C0,ref in Table 1). 

 

In the present analysis, the optimization was done by using the mainframe 

displacement TF as a control target. As a result, a sufficient control effect was achieved 

for the mainframe response; on the other hand, an increase in the subframe response was 

observed. If both the mainframe and subframe displacements are used as control targets, 

the increase in subframe response may be mitigated, albeit with a deterioration in the 

control effect for the mainframe response. However, in the case where the subframe’s 

mass is significantly smaller than the mainframe’s mass, it is inferred that an increase in 

the response of the subframe may be unavoidable. When the response of the subframe is 

evaluated to be a large value, a sufficient deformation capacity needs to be ensured for 

the subframe. 

  



65 
 

2.2.3. Evaluation criteria 

 

To evaluate the control performance of the CVC-SD and CVC-D models, evaluation 

criteria expressed as Equations (1)–(3) were used in reference to the literature [18,48]. 

 

J1 = 
max|x1(t)|C

max|x1(t)|U
 ,         (1) 

 

J2 = 
max|ẍ1(t)+ẍg(t)|C

max|ẍ1(t)+ẍg(t)|U
 ,        (2) 

 

J3 = 
RMS(x1)C

RMS(x1)U

 ,         (3) 

 

where t is the time, x1(t) is the response displacement of the mainframe, 𝑥̈1(t) is the 

response acceleration of the mainframe, and 𝑥̈g(t) is the input acceleration. Subscript C 

denotes the controlled case (the CVC-SD and CVC-D models), and subscript U denotes 

the uncontrolled case (the SDOF-mainframe model). RMS(x1) denotes the root mean 

square calculated as follows: 

 

RMS(x1) = √
1

tf
∫ [x1(t)]

2dt
tf

0
 ,       (4) 

 

where tf is the duration (= Nt), N is the number of data, and t is the time interval. 

 

The obtained evaluation criteria (J1, J2, and J3) for the mainframe of the CVC-SD 

and CVC-D models are given in Tables 8 and 9. Here, each of J1–J3 was averaged for the 

input motions in each group (the simulated waves and observed records). From the results, 

the obtained evaluation criteria J1–J3 showed lesser values than unity, indicating a good 

seismic control performance. 

 

Moreover, the evaluation criteria obtained from the present study were compared 

with corresponding evaluation criteria reported in a past study on semi-active control for 
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coupled adjacent buildings [18]. Summarized evaluation criteria from the literature [18] 

are as follows (for Building 1, intensity 0.5, averaged for three earthquakes): J1 = 0.75, J2 

= 1.02, and J3 = 0.74 by simple adaptive controller (SAC); and J1 = 0.78, J2 = 0.89, and 

J3 = 0.70 by LQR controller. Although the building conditions and control methods 

considered are different between the literature [18] and the present study, thus direct 

comparison is just only for reference, the evaluation criteria obtained in the present study 

(Tables 8 and 9) were roughly comparable with the above summarized values of J1–J3 

from the literature. 
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Table 8 Evaluation criteria for mainframe of controlled (CVC-SD and CVC-D) models obtained from 

response simulation (mean for five simulated waves) 

 

Model CVC-SD CVC-D 

Case J1 J2 J3 J1 J2 J3 

A05 0.492 0.455 0.426 0.733 0.759 0.667 

B05 0.418 0.295 0.406 0.589 0.638 0.515 

C05 0.563 0.555 0.499 0.726 0.756 0.656 

D05 0.515 0.520 0.451 0.601 0.654 0.522 

E05 0.495 0.521 0.428 0.508 0.578 0.445 

F05 0.377 0.403 0.321 0.358 0.446 0.287 

A10 0.499 0.469 0.414 0.768 0.797 0.739 

B10 0.413 0.308 0.362 0.639 0.691 0.591 

C10 0.594 0.602 0.523 0.763 0.795 0.732 

D10 0.543 0.560 0.469 0.647 0.709 0.604 

E10 0.525 0.568 0.452 0.570 0.655 0.524 

F10 0.382 0.442 0.362 0.382 0.509 0.329 

A20 0.517 0.497 0.486 0.834 0.865 0.812 

B20 0.451 0.346 0.430 0.684 0.747 0.659 

C20 0.627 0.644 0.606 0.830 0.866 0.808 

D20 0.568 0.602 0.546 0.708 0.778 0.673 

E20 0.566 0.615 0.526 0.637 0.731 0.588 

F20 0.424 0.540 0.385 0.427 0.600 0.383 
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Table 9 Evaluation criteria for mainframe of controlled (CVC-SD and CVC-D) models obtained from 

response simulation (mean for 10 observed records) 

 

Model CVC-SD CVC-D 

Case J1 J2 J3 J1 J2 J3 

A05 0.666 0.585 0.479 0.855 0.885 0.747 

B05 0.718 0.470 0.487 0.738 0.794 0.601 

C05 0.728 0.722 0.561 0.861 0.895 0.741 

D05 0.667 0.675 0.509 0.758 0.818 0.613 

E05 0.638 0.670 0.488 0.680 0.766 0.532 

F05 0.517 0.530 0.369 0.466 0.596 0.343 

A10 0.611 0.602 0.399 0.864 0.898 0.739 

B10 0.458 0.398 0.328 0.776 0.844 0.591 

C10 0.747 0.759 0.529 0.875 0.914 0.733 

D10 0.700 0.738 0.470 0.805 0.884 0.602 

E10 0.689 0.756 0.450 0.746 0.870 0.517 

F10 0.486 0.606 0.312 0.514 0.722 0.313 

A20 0.625 0.612 0.391 0.838 0.874 0.699 

B20 0.502 0.463 0.317 0.741 0.811 0.545 

C20 0.710 0.725 0.497 0.839 0.879 0.689 

D20 0.677 0.705 0.447 0.772 0.852 0.556 

E20 0.661 0.717 0.430 0.720 0.834 0.482 

F20 0.556 0.684 0.317 0.536 0.761 0.317 
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3. Nonlinear seismic response simulation 

3.1. Methods 

 

A nonlinear earthquake response simulation was conducted using the CVC-SD, CVC-D, 

and SDOF-mainframe models for Case C10 ( = 0.2,  = 0.1, and T1 = 1.0 s). A normal 

bilinear restoring force characteristic was adopted for the nonlinear spring of the 

mainframe. Except for the restoring force characteristic of the mainframe, the other 

parameters were the same as those used in the linear response simulation (Section 2.1). 

For the mainframe bilinear spring, the initial stiffness was the same as that in the linear 

model (Section 2.1), the yield base shear coefficient was 0.25, the second stiffness after 

yielding was 0.2 times the initial stiffness, and the unloading stiffness was the same as 

the initial stiffness. Waves M1–M5 were used for input motions, and three input 

multipliers of 0.5, 1.0, and 1.5 were adopted for each wave. Unlike the linear simulation 

(Section 2.1), a time increment of 0.0001 s was used in the nonlinear simulation. 

 

3.2. Results 

 

The obtained response displacement and acceleration for the nonlinear mainframe with 

respect to the input multiplier are shown in Figs. 12 and 13, respectively. Here, each value 

in the vertical axis was the mean for the five input motions. Figure 12a shows the peak 

response displacement ductility ratio of the mainframe calculated by dividing the peak 

response displacement with the yield displacement. Fig. 12b plots the ratio of the peak 

response displacement of the mainframe for the controlled case (the CVC-SD and CVC-

D models) to that for the uncontrolled case (the SDOF-mainframe model). Also, Fig. 13 

shows the peak response acceleration for the mainframe and the acceleration ratio of the 

controlled case to that of the uncontrolled case. From Fig. 12a, when the input multiplier 

was 0.5, the averaged displacement ductility ratio of the CVC-SD model was smaller than 

unity, indicating the mainframe was approximately within the elastic range. Under this 

input multiplier of 0.5, the CVC-SD model showed a significant reduction in the peak 

displacement and acceleration compared with the SDOF-mainframe model (Figs. 12 and 

13). This was because the parameters of the connecting spring and damping elements (K0 

and C0) were set based on the initial stiffness state of the mainframe. From Fig. 12b, the 
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averaged displacement ratios (CVC-SD model/SDOF-mainframe model) under the input 

multiplier of 1.0 and 1.5 increased compared to that under the input multiplier of 0.5; 

however, the ratios were smaller than unity, showing a control effect on the mainframe 

of the CVC-SD model. 
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Fig. 12 Response displacement of the mainframe averaged for five simulated waves obtained from 

nonlinear simulation of the CVC-SD, CVC-D and SDOF-mainframe models (case C10, Waves M1–M5, 

input multipliers 0.5, 1.0, and 1.5): (a) displacement ductility ratio; and (b) displacement ratio 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 13 Response acceleration of the mainframe averaged for five simulated waves obtained from 

nonlinear simulation of the CVC-SD, CVC-D and SDOF-mainframe models (case C10, Waves M1–M5, 

input multipliers 0.5, 1.0, and 1.5): (a) peak acceleration; and (b) acceleration ratio 
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4. Conclusions 

 

In this chapter, numerical investigation on the control effects by negative stiffness 

connection between the mainframe and subframe for CVC adjacent structures were 

conducted based on a time history seismic response simulation. The following 

conclusions could be drawn: 

 

1) An effective control performance for the response of the mainframe was achieved by 

installing the optimized negative stiffness and optimized damping elements at the 

connecting portion of the CVC-SD model under various earthquakes, including 

simulated waves and observed records. 

 

2) The peak seismic response of the subframe for the CVC-SD model generally became 

larger as compared with that of the CVC-D model. This was because the optimization 

for the connecting portion was based on the displacement TF of the mainframe. 

 

The study contributes to effective structural design for not only newly constructed 

coupled adjacent buildings but also aseismic retrofitting of existing mainframes by 

connecting with newly added subframes. Future research tasks include investigation 

using multi-story building models for both the mainframe and subframe of the CVC 

structures and optimization problems for the location in the height of the connection 

elements. 
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Chapter IV 

 

Numerical analysis of the seismic controlled motions for coupled MDOF 

buildings by negative stiffness connection 
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1. Introduction 

 

Negative stiffness generally functions in opposition to positive stiffness, generating a 

decreased (i.e., negative) restoring force as the device's displacement increases. Negative 

stiffness is considered one of the potential control strategies for building structures against 

dynamic action such as an earthquake. During the past few decades, considerable works 

have been done to explore negative stiffness devices (NSDs) and systems consisting 

NSDs [1–6]. 

 

A pseudo-negative-stiffness damper generating a negative-stiffness hysteresis 

loop was devised. The device's effectiveness was assessed on structures, including 

bridges and buildings subjected to seismic motions [2]. A passive NSD based on a vertical 

pre-compressed spring was proposed [3,4]. The device gave an approximately zero total 

stiffness in a small displacement range. Another passive NSD consisting of two curved 

leaf springs rigidly connected to a pair of beams was also proposed [7]. Before the 

occurrence of snap-through buckling, pre-compressed strain energy stored in the form of 

curved leaf springs creates an initial negative stiffness. 

 

The mentioned past studies on NSD have solely depended on the seismic response 

of the individual structures. Limited research on adjacent structures linked by NSD has 

been made available [8–11]. An analytical and numerical investigation based on coupled 

structures formed by connecting two single degree of freedom structures, namely 

mainframe and subframe, were proposed as described in Chapters II and III. Different 

linear and nonlinear 2DOF-coupled systems, depending on structural parameters and 

natural periods of the connected structures, were adopted for seismic response analysis 

under various ground motions, including simulated waves and observed earthquake 

records. Effective control by the negative stiffness linking the mainframe and subframe, 

forming a coupled vibration control (CVC) structure, was observed. 
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This chapter investigates the control effects of negative stiffness connecting multi-

degree of freedom (MDOF) mainframe and MDOF subframe, forming a CVC model, as 

a strategy for mitigation of vibration caused by earthquakes. Different settings of 

connecting portion were studied to compare the controlling performance of the connector 

on the CVC models. Various damping and negative stiffness values of the connecting 

vibration controllers were considered for the CVC structures against seismic ground 

motions.   
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2. Linear earthquake response simulation 

2.1. Modeling of mainframe and subframe 

 

For the objectives of the investigation, two adjacent structures namely, 6DOF-

mainframe and 6DOF-subframe with structural parameters combination for the stiffness 

ratio (α = 𝑘𝑛
𝑆/𝑘𝑛

𝑀) of 0.2 and the mass ratio (µ = 𝑚𝑛
𝑆/𝑚𝑛

𝑀) of 0.10 for each nth story were 

considered. Fig.1 shows the individual MDOF models of the mainframe and subframe 

with the stories’ mass lumped at the floor level. Table 1 shows the structural properties 

of the mainframe and subframe models to form MDOF CVC systems. A mass of 1000 t 

for each story of the mainframe was adopted. The floor-to-floor height of each storey 

equals to 4.0 meters. The viscous damping coefficient was set based on the stiffness 

proportional type damping with a damping factor of 0.02 for the first mode. The stiffness 

and damping values of each story of the mainframe were distributed in a proportion ratio 

of 2.0, 1.8, 1.6, 1.4, 1.2, and 1.0 from the bottom to the top story, such that the target first 

modal natural period of the mainframe (T = 0.72s) was achieved. The first modal natural 

period of the subframe was determined to be 0.51s. The stiffness and damping values of 

each story of the subframe were distributed based on the target structural parameters 

combination of  and  of each story of the mainframe, as shown in Table 1. The primary 

study was based on simplified SDOF models adopted in Chapters II and III. Based on the 

equivalent heights and optimal design using equivalent vibration behavior of the SDOF-

models, the analysis using MDOF-models was to be conducted. Therefore, MDOF-

mainframe and MDOF-subframe models were linked by vibration control mechanism at 

their corresponding sixth floor, i.e., near the equivalent heights of the SDOF-models.  
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Fig. 1 Analytical models considered: (a) 6DOF mainframe and (b) 6DOF subframe 
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Table 1 Structural properties of the 6DOF mainframe and 6DOF subframe models 

 

 

 Mainframe  Subframe 

Story, 

n 

Mass, 

𝑚𝑛
𝑀 (t) 

Stiffness, 𝑘𝑛
𝑀 

(N/m) 

Damping 

coefficient, 𝑐𝑛
𝑀 

(Ns/m) 

Mass, 

𝑚𝑛
𝑆  (t) 

Stiffness, 𝑘𝑛
𝑆 

(N/m) 

Damping 

coefficient, 𝑐𝑛
𝑆 

(Ns/m) 

1 1000 1581768001.07 7250290.811 100 316353600.21 1025346.01 

2 1000 1423591200.97 6525261.730 100 284718240.19 922811.41 

3 1000 1265414400.86 5800232.649 100 253082880.17 820276.80 

4 1000 1107237600.75 5075203.568 100 221447520.15 717742.20 

5 1000 949060800.64 4350174.487 100 189812160.13 615207.60 

6 1000 790884000.54 3625145.406 100 158176800.11 512673.00 

 

 

 

Table 2 The K0 and C0 values of the connecting vibration controller in the CVC models 

 

MDOF model name 
Negative stiffness, K0 

(N/m) 

Damping coefficient, C0 

(Ns/m) 

CVC-D 0 1815505 

CVC-S -12378144 0 

CVC-SD -9796595 467044 
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2.2. Modeling of connecting stiffness and viscous damping element 

 

The linear 6DOF mainframe and 6DOF subframe models shown in Fig. 1(a) were adopted 

as the individual MDOF models. The governing equation of motions of the MDOF CVC 

system can be expressed as follows [12,13]: 

 

M𝑥̈ + C𝑥̇ +Kx = − M ẍG       (1) 

where, 

M = [
𝑀6
𝑚 0

0 𝑀6
𝑠]        (2) 

 

𝑀6
𝑚=[

𝑚1
𝑀 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑚6

𝑀
]; 𝑀6

𝑠=[
𝑚1
𝑆 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑚6

𝑆
]  

 

K = [
𝐾6
𝑚 0

0 𝐾6
𝑠]        (3) 

 

𝐾6
𝑚= 

[
 
 
 
 
𝑘1
𝑀 + 𝑘2

𝑀 −𝑘2
𝑀 ⋯ 0

−𝑘2
𝑀 ⋱ ⋱ ⋮

⋮ ⋱ ⋱ −𝑘6
𝑀

0 ⋯ −𝑘6
𝑀 𝑘6

𝑀 ]
 
 
 
 

; 𝐾6
𝑠= 

[
 
 
 
 
𝑘1
𝑆 + 𝑘2

𝑆 −𝑘2
𝑆 ⋯ 0

−𝑘2
𝑆 ⋱ ⋱ ⋮

⋮ ⋱ ⋱ −𝑘6
𝑆

0 ⋯ −𝑘6
𝑆 𝑘6

𝑆 ]
 
 
 
 

 

 

C = [
𝐶6
𝑚 0

0 𝐶6
𝑠]         (4) 

 

 

𝐶6
𝑚= 

[
 
 
 
 
𝑐1
𝑀 + 𝑐2

𝑀 −𝑐2
𝑀 ⋯ 0

−𝑐2
𝑀 ⋱ ⋱ ⋮

⋮ ⋱ ⋱ −𝑐6
𝑀

0 ⋯ −𝑐6
𝑀 𝑐6

𝑀 ]
 
 
 
 

; 𝐶6
𝑠= 

[
 
 
 
 
𝑐1
𝑆 + 𝑐2

𝑆 −𝑐2
𝑆 ⋯ 0

−𝑐2
𝑆 ⋱ ⋱ ⋮

⋮ ⋱ ⋱ −𝑐6
𝑆

0 ⋯ −𝑐6
𝑆 𝑐6

𝑆 ]
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These mainframe model and subframe model were linked using three different 

settings of the connecting portions, i.e., firstly, dashpot (damper) only with K0 = 0 as the 

coupled vibration controller for the CVC-D model (in Section 2.2.1.), secondly, negative 

stiffness only with C0 = 0 represented as CVC-S models (in Section 2.2.2.), and thirdly, 

negative stiffness (K0 ≠ 0) and dashpot (C0 ≠ 0) as connector defined the CVC-SD model 

(in Section 2.2.3.). The combination values of K0 and C0 were adopted based on the 

connecting types for each model, and the combination of α and µ are shown in Table 2. 

The analysis focused primarily on the negative stiffness device’s control performance as 

a connecting element for the coupled structure. This investigation did not consider other 

aspects, such as the deformation limit of the negative stiffness device. The descriptions 

for each model are explained in the corresponding sub-sections (Sections 2.2.1. to 2.2.3). 
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2.2.1. CVC-D model linked by dashpot element 

 

Firstly, the CVC-D model linked by the dashpot element was considered, as shown in Fig. 

2. The linear 6DOF mainframe and 6DOF subframe models as described in Section 2.1. 

were adopted and linked at the sixth floor of each model by a dashpot represented as C0. 

The equation of motion subjected to the excitation is expressed by Equation (1), where 

the damping matrix given in Equation (5) was used upon incorporating dashpot as the 

connecting element. The combination values of C0 and K0 corresponding to the adopted 

combination of structural parameters,  and , were used as shown in Table 2. The same 

mass matrix and stiffness matrix of the models shown in Equations (2) and (3) were used 

for the analysis. 

 

C= 

[
 
 
 
 
 
 
 
 
 
𝑐1
𝑀 + 𝑐2

𝑀 −𝑐2
𝑀 ⋯ ⋯ ⋯ ⋯ ⋯ 0

−𝑐2
𝑀 ⋱ ⋱ ⋱ ⋱ ⋱ ⋱ ⋮

⋮ ⋱ 𝑐5
𝑀 + 𝑐6

𝑀 + 𝐶0 −𝑐6
𝑀 ⋱ ⋱ −𝐶0 ⋮

⋮ ⋱ −𝑐6
𝑀 𝑐6

𝑀 ⋱ ⋱ ⋱ ⋮

⋮ ⋱ ⋱ ⋱ 𝑐1
𝑆 + 𝑐2

𝑆 −𝑐2
𝑆 ⋱ ⋮

⋮ ⋱ ⋱ ⋱ −𝑐2
𝑆 ⋱ ⋱ ⋮

⋮ ⋱ −𝐶0 ⋱ ⋱ ⋱ 𝑐5
𝑆 + 𝑐6

𝑆 + 𝐶0 −𝑐6
𝑆

0 ⋯ ⋯ ⋯ ⋯ ⋯ −𝑐6
𝑆 𝑐6

𝑆 ]
 
 
 
 
 
 
 
 
 

       

(5) 

when C0 ≠ 0, i.e., dashpot (damper) is provided as the connecting element 
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Fig. 2 Analytical CVC-D model with dashpot as connector 
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2.2.2. CVC-S model linked by negative stiffness element 

 

Secondly, Fig. 3 shows the analytical CVC-S model where the mainframe and subframe 

were linked by a negative stiffness element as the connecting vibration controller. The 

same mainframe and subframe models as described in Section 2.1. were adopted. The 

negative stiffness element linked the mainframe and subframe at the sixth floor. In this 

case, Equations (1), (2), (4), and the stiffness matrix expressed in equation (6) were 

evaluated for the analysis. The corresponding negative stiffness value, K0, for CVC-S 

model is given in Table 2. 

 

K 

= 

[
 
 
 
 
 
 
 
 
 
𝑘1
𝑀 + 𝑘2

𝑀 −𝑘2
𝑀 ⋯ ⋯ ⋯ ⋯ ⋯ 0

−𝑘2
𝑀 ⋱ ⋱ ⋱ ⋱ ⋱ ⋱ ⋮

⋮ ⋱ 𝑘5
𝑀 + 𝑘6

𝑀 + 𝐾0 −𝑘6
𝑀 ⋱ ⋱ −𝐾0 ⋮

⋮ ⋱ −𝑘6
𝑀 𝑘6

𝑀 ⋱ ⋱ ⋱ ⋮

⋮ ⋱ ⋱ ⋱ 𝑘1
𝑆 + 𝑘2

𝑆 −𝑘2
𝑆 ⋱ ⋮

⋮ ⋱ ⋱ ⋱ −𝑘2
𝑆 ⋱ ⋱ ⋮

⋮ ⋱ −𝐾0 ⋱ ⋱ ⋱ 𝑘5
𝑆 + 𝑘6

𝑆 + 𝐾0 −𝑘6
𝑆

0 ⋯ ⋯ ⋯ ⋯ ⋯ −𝑘6
𝑆 𝑘6

𝑆 ]
 
 
 
 
 
 
 
 
 

  

(6) 

when K0 ≠ 0, i.e., negative stiffness spring is provided as the connecting element 
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Fig. 3 Analytical CVC-S model with negative stiffness spring as connector 
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2.2.3. CVC-SD model linked by both dashpot and negative stiffness element 

 

As shown in Fig. 4, in this setting of connecting portion, the CVC-SD model was formed 

by using both damper (dashpot) and negative stiffness elements as the connecting coupled 

vibration controller. The mainframe and subframe models as described in Section 2.1. 

were linked at the sixth floor of the mainframe and subframe by a damper and a negative 

stiffness element. Equation (1) was adopted as the equation of motion for the CVC model. 

The corresponding mass, damping, and stiffness matrices expressed by Equations (2), (5), 

and (6) respectively, were used for the linear analysis subjected to input motions. The 

combination values of C0 and K0 corresponding to CVC-SD model are shown in Table 2. 
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Fig. 4 Analytical CVC-SD model with dashpot and negative stiffness spring as connectors 
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2.3. Input motions and analytical conditions 

 

For input motions, three simulated earthquake waves were used. Waves M1 through M3 

represent the three simulated earthquake waves adopted from the literature [14]. For each 

time history response simulation, the numerical integration was based on the Newmark β 

method (β = 0.25) with a time increment of 0.001 s. 

 

3. Results of linear earthquake response simulation 

3.1. Peak response 

 

Figures 5 and 6 show the story-wise relative peak displacement from the ground and 

absolute peak acceleration responses of the mainframe based on the different settings of 

connecting elements subjected to three simulated earthquakes (Waves M1-M3) input 

motions. Fig. 5 shows that the obtained peak displacement of each story of the mainframe 

for the CVC-S model was decreased compared to the mainframe model with no 

connection (uncontrolled model) under all the three input motions. Moreover, it was also 

observed that when the connecting portion consists of both negative stiffness element and 

dashpot, i.e., CVC-SD model, there was further improvement in the response reduction 

of the peak displacement of the mainframe. The peak displacement response of the 

mainframe for the CVC-SD model indicated better performances compared to the peak 

displacement response of the mainframe for the CVC-D models under each input motion. 

 

Similarly, the peak absolute acceleration responses of the mainframe for the 

controlled CVC-S, CVC-SD, and CVC-D models under each input motion were plotted 

as shown in Fig. 6. Also, the peak acceleration response for the uncontrolled case (the 

MDOF-mainframe model) is shown in Fig. 6. Although a reduction in the peak 

acceleration response of the mainframe for the CVC-S model was obtained, the control 

effects in the peak acceleration response of the mainframe for the CVC-SD model was 

larger when compared to the responses of the mainframe for controlled cases, i.e., CVC-

S and CVC-D models. Whereas, an increase in the subframe’s responses was observed. 

This could be because when the subframe's mass is much less than the mainframe's mass, 

it is assumed that an increase in the subframe's reaction is inevitable. This also shows that 
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the subframe should have an adequate deformation capacity when the subframe's 

responses are evaluated as having a large value. 
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Fig. 5 Story wise peak displacement response of mainframe models based on the connecting elements of 

CVC model subjected to simulated earthquake (a) Wave M1, (b) Wave M2, and (c) Wave M3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6 Story wise peak acceleration response of mainframe models based on the connecting elements 

CVC model subjected to simulated earthquake (a) Wave M1, (b) Wave M2, and (c) Wave M3 
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3.2. Evaluation criteria 

 

The control performance of controlled (CVC-SD and CVC-D) models was evaluated 

based on the evaluation criteria expressed in Equations (7)–(8) in reference to the 

literature [15,16]. 

 

J1 = 
max|xj(t)|C

max|xj(t)|U
 ,         (7) 

 

J2 = 
max|ẍj(t)+ẍg(t)|C

max|ẍj(t)+ẍg(t)|U
         (8) 

 

where t is the time, jth is the number of floor level, xj(t) is the response displacement of 

the structures (mainframe and subframe) from the ground, 𝑥̈𝑗 (t) is the response 

acceleration of the structures, and 𝑥̈g(t) is the input acceleration. Subscript C denotes the 

controlled case (the CVC-SD and CVC-D models), and subscript U denotes the 

uncontrolled case (the MDOF-mainframe and the MDOF-subframe models).  

 

J1 and J2 represent the evaluation criteria for the performance of the peak 

displacement and peak absolute acceleration responses. For a particular model, a smaller 

value of evaluation criteria implies a better performance and more reduction in responses 

of the models. The obtained J1 and J2 for the top floors of the mainframe and subframe 

for the CVC-SD and CVC-D models subjected to three input motions are given in Table 

3. J1 and J2 were the averaged value for the three simulated waves (Waves M1–M3) input 

motions. The acquired evaluation criteria J1 and J2 of the mainframe for CVC-SD had 

less than unity values, indicating a good seismic control performance. The criteria also 

showed that the mainframe of the controlled models linked by negative stiffness and 

damper (CVC-SD model) performed better than that of the mainframe of the controlled 

models linked by damper solely (CVC-D model). However, the performance of the 

subframe for the CVC-SD model based on the displacement response (J1) was greater 

than unity, but the subframe for CVC-SD performance based on acceleration response 

(J2) was less than unity. 
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Table 3 Evaluation criteria for top floors of the controlled (CVC-SD and CVC-D) models subjected to 

simulated earthquake (mean for three simulated waves)  

 

CVC models 

CVC-SD CVC-D 

J1 J2 J1 J2 

Mainframe 0.657 0.673 0.723 0.774 

Subframe 1.213 0.945 0.838 0.585 
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4. Conclusions 

 

This chapter numerically assessed the control effects of negative stiffness utilized as the 

vibration controller between the MDOF mainframe and MDOF subframe forming the 

MDOF CVC systems based on linear analysis. 

 

The simulation results showed that combining the negative stiffness element with 

a supplemental damping element resulted in a significant control effect over the 

uncoupled/uncontrolled structures. Furthermore, the combination of connecting vibration 

controller elements resulted in a more significant response reduction of the peak 

displacement and acceleration of the mainframe for the CVC-SD model than the other 

controlled models with negative stiffness (CVC-S) or damping element (CVC-D) solely. 

 

Overall, an effective control performance for the response of the mainframe 

against earthquakes was achieved upon installation of negative stiffness and damping 

elements at the connecting portion of the CVC models. However, a broader range of input 

motions, different structural parameters, and optimal connecting elements should be 

considered to better understand the control performance of the negative stiffness 

connection on the MDOF CVC system. Also, additional future work includes an 

investigation of the non-linear analysis of the MDOF CVC system. 
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Chapter V 

 

Experimental investigation on the coupled vibration control structures 

using a passive negative stiffness device 
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1. Introduction 

 

Over the past years, researchers have proposed and developed several vibration control 

(VC) techniques for the structural protection of CVC systems against dynamic excitation 

such as earthquakes. The control techniques include passive, active, and semiactive 

control strategies. To mitigate the seismic response of CVC systems, several VC devices, 

particularly energy dissipators, have been designed and practically implemented [1–12]. 

 

Negative stiffness that exerts an opposing restoring force when the displacement 

increases is considered a potential VC technique for building structures. Rapid progress 

has been made in researching and developing negative stiffness devices (NSDs) and 

individual buildings incorporating NSDs [13-18]. These NSDs are adopted in multi-story 

structures as a base isolation control method to reduce seismic loads. Although extensive 

analytical and experimental structural control research on NSDs has been conducted, little 

research on incorporating NSDs into CVC structures has been done. Despite the 

increasing applications of coupled building control, there has been limited research on 

assessing the seismic control effectiveness of a passive or active negative stiffness as a 

connecting vibration controller for CVC systems. The incorporation of NSDs as vibration 

controllers for CVC systems is relatively a new concept.  

 

An extension of the range of optimal tuning was previously reported to achieve 

with the adoption of negative stiffness in CVC structures (Chapter II). The linear and non-

linear responses of CVC structures incorporated with NSD were also numerically 

investigated by previous study (Chapters III and IV). In the present research, in Chapter 

V, an experiment on implementing NSD in a CVC system was conducted. Shaking table 

tests were carried out to obtain the earthquake responses of a connected building model 

using a prototyped passive negative stiffness device (PNSD) and the vibration control 

effects were studied experimentally. The organization of this Chapter V is as follows. 

Section 2 describes the functionality of the prototype PNSD specimen. Section 3 

describes the criterion for the installation of the specimens. Section 4 contains the 

evaluation of the results. Conclusions with the findings from the study are drawn in 

Section 5.  
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2. Negative Stiffness Device for CVC model description 

 

Negative stiffness exerts an opposing restoring force when the displacement increases, 

unlike the positive stiffness spring. The PNSD concept employed here is comparable to 

the device developed by Shirai et al. [19], except for the installation and corresponding 

specification. Shirai et al. [19] provided an in-depth overview of the PNSD. It should be 

emphasized that, in this study, the PNSD was utilized as a vibration controller that 

connect two adjacent structures in this work. For completeness, a shorter description of 

the PNSD development is included herein.  

 

The schematic PNSD shown in Fig. 1 demonstrates how the device functions as a 

connecting vibration controller between two structures namely mainframe and subframe. 

The two curved leaf springs are pre-compressed and kept at a constant distance between 

the beams in the Z-direction. In Fig. 1(a), the dotted regions represent the curved leaf 

springs subjected to snap-through buckling during relative motion of the upper and lower 

beams in the X-direction. When the mainframe and subframe corresponding to the 

connected lower and upper beams moves in the opposite direction, as shown in Figs. 1b 

and 1c, snap-through buckling will occur in the curved regions depending on the 

movement of the mainframe in the left or right direction opposite to that of the subframe 

movement. The mainframe and subframe motions depend on the restoring force produced 

by the PNSD. It is important to note that forces are exerted on the beams in the increasing 

direction of the beam displacement when snap-through buckling occurs. This indicates 

the characteristics of negative restoring force known as negative stiffness through 

geometric non-linearity. 
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Fig. 1 Schematic diagram of passive negative stiffness device 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2 Photograph of plan view of CVC system connected with PNSD mounted upon shaking table 
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3. Experimental Methods 

3.1. Test Specimens 

 

The CVC system consisting of one mass system of mainframe and one mass system of a 

subframe was manufactured. This CVC system with and without PNSD was mounted on 

the shaking table for experimentation. Also, a CVC system with a rigid connection (CVC-

R) was tested. Each vibrating specimen (mainframe and subframe) was subjected to 

excitations. Fig. 2 illustrates the incorporation of the PNSD between the mainframe and 

subframe, forming the CVC system.  

 

An SDOF-mainframe, an SDOF-subframe, two bearings (linear guides), and 

positive stiffness restoring members corresponding to the mainframe and subframe 

specimens together formed the vibrating parts of the CVC system model. The set up was 

designed to move in one horizontal direction of the shake table excitation (X-direction). 

The masses of the moving part, namely the mainframe (M1) and subframe (M2), were 

0.945 kg and 0.468 kg, respectively, resulting in a mass ratio (µ) of 0.5. The two linear 

guides were installed in the excitation direction of the shake table. The positive restoring 

forces for the mainframe and subframe were generated by series and parallel connections 

of tension coil springs. With the application of an initial tensile deformation on them, 

these springs function in both the -X and +X directions without becoming loose. 

 

3.2. Passive negative stiffness device 

 

The production layout of the PNSD before it was pre-compressed is shown in Fig. 3. As 

mentioned in Section 2, the concept of PNSD is the same as that of the proposed device 

by Shirai et al. [19]. Each of the PNSD’s curved leaf spring consisted of three plates 

which were formed such that the ends of the outer plates were bolted to the middle of the 

center plate. Two such springs were fabricated and pre-compressed between two rigid 

beams forming curvatures required for occurrence of snap through buckling phenomena. 

The PNSD was constructed such that both the leaf springs achieved initial curvature and 

were bilaterally symmetrical. Fig. 4 shows the PNSD adopted for the experimentation. 

The PNSD specimen’s specification for the shake table test is shown in Table 1. 
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The moving masses, the SDOF-mainframe and SDOF-subframe, were mounted 

on the shaking table using the two bearings (linear guides). The PNSD was incorporated 

between these two moving masses forming a coupled system. The two linear guides were 

positioned on the shake table such that the inner span of the PNSD was maintained 

constant, i.e., 146 mm, during the shaking experiments. This study utilized the PNSD 

with a negative stiffness value of −0.00685 N/mm. This negative stiffness was determined 

by keeping the subframe in a fixed position and mainframe as the vibrating part only and 

subjected to sinusoidal input wave of frequency 1.0 Hz and displacement amplitude of 10 

mm, 12 mm, 13 mm, and 15 mm. The detailed measurement of the negative stiffness is 

explained in Section 4.2. 
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Fig. 3 Production layout of the PNSD before bending process 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4  Photograph of plan view and side view of the PNSD installed between mainframe and subframe 
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Table 1 Specification of the passive negative stiffness devices 

 

Device name 
Plate thickness 

(mm) 

Plate width 

(mm) 

Plate length 

(before bending) 

(mm) 

Inner span of 

device (when 

installed) 

(mm) 

PNSD 0.2 3.5 174 146 

 

 

 

Table 2 Natural frequencies and damping factor of the vibrating specimens 

 

Specimen name Natural period (s) Natural frequency (Hz) Damping factor 

SDOF-mainframe 0.953 1.05 0.15 

SDOF-subframe 0.689 1.45 0.13 

CVC-R’s mainframe 0.833 1.20 0.17 

CVC-R’s subframe 0.832 1.20 0.17 
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3.3. Input motions 

 

Sinusoidal waves and simulated earthquake waves were used as the input motions for the 

shake table test. The sinusoidal waves consisted of five cycles sine function with 

displacement amplitude of 10–15 mm and with three different frequencies, 1.0 Hz, 1.5 

Hz, and 1.2 Hz roughly corresponding to the natural frequencies of the mainframe, 

subframe, and CVC-R models, respectively. A detailed description of the measurement 

of these natural frequencies is explained in Section 4.1. Five simulated waves (namely 

Wave S1 to S5) with a magnification factor of 0.30, 0.40, 0.45, and 0.50 times each wave 

were also used as input motions. Figs. 5(a) and (b) show the time history acceleration 

waveforms of the sinusoidal input waves for mainframe and subframe, respectively. Fig. 

5(c) depicts the velocity response spectra of the mainframe (damping factor = 0.05) for 

the five simulated earthquakes (wave S1-S5) input motions with a magnification factor 

of 0.45. 

 

3.4. Shaking table and vibration direction 

 

The shaking table tests were carried out using a uniaxial shaking table with a maximum 

acceleration of 1.0 G, a maximum displacement of 100 mm, and a maximum payload of 

1000 N. The assembled CVC system was mounted on the shaking table. The shaking tests 

were performed in the horizontal X-direction, as shown in Fig. 2. 

 

3.5. Measurement 

 

Two laser displacement meters were mounted on the shake table to measure the relative 

displacements for both mainframe and subframe specimens vibrated with the excitation 

of the shake table. The absolute accelerations of the shaking table and the vibrating 

mainframe and subframe specimens in the excitation direction were measured using strain 

gauge-type accelerometers. The acceleration and displacement data collected from the 

shaking table tests were smoothed using a moving average with a rectangular window of 

0.035 seconds. 
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Fig. 5  Time history acceleration and velocity response spectra of input motions 
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3.6. Experiment parameters and shaking conditions 

 

The CVC model used in this experiment was of one mass system of mainframe 

and one mass system of a subframe. The CVC systems were examined by shaking table 

tests with/without the prototyped PNSD, subjected to two kinds of input motions, 

sinusoidal waves and simulated earthquake waves. After each excitation, the specimens 

were restored to the neutral position to remove any residual displacement, and the next 

excitation was continued. 
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4. Experimental results 

4.1. Free vibration measurement 

 

Prior to the shaking table test, free vibration measurements of the SDOF-

mainframe, SDOF-subframe, and CVC-R system models were conducted to determine 

their corresponding natural frequencies and damping factors. Without employing the 

PNSD prototype, the mainframe and subframe specimens were each independently 

subjected to free vibration (i.e., with the positive stiffness restoring members alone). The 

free vibration was created by releasing the vibrating mainframe and subframe specimens, 

respectively, after providing the specimens an initial displacement of 40 mm. Similar 

procedures were followed for the CVC-R system. The time history displacement 

waveforms were used to calculate the specimens' natural frequencies and damping factors. 

The natural frequencies were computed using the time difference between the peak 

amplitude of the waves, and the damping factors were calculated using the logarithmic 

damping rate obtained from the amplitude ratio of the waveform's peaks. Table 2 displays 

the corresponding averaged natural frequencies and damping factor. The frequencies of 

the sinusoidal waves utilized in the shaking table experiments were set relatively to these 

natural frequencies, as detailed in Section 3.3. The relatively high value of the damping 

factors was accounted due to the resistance forces of the corresponding linear guides used 

as the bearings in the excitation direction.  
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Fig. 6 Time history acceleration response with input amplitude of 10 mm for (a) mainframe with 

frequency 1.0 Hz (b) subframe with frequency 1.5 Hz 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7 Response hysteresis loop without PNSD for (a) mainframe (b) subframe 
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4.2. Results of sinusoidal inputs 

 

Figure 6 displays the time history response of the mainframe and subframe without PNSD 

subjected to sinusoidal waves with input displacement amplitudes of 10 mm and 

frequencies of 1.0 Hz and 1.5 Hz. Figs. 6(a) and (b) show the time history response 

acceleration of the mainframe and subframe, where gradual amplification of the responses 

due to resonances were observed up to around 5.99s for the mainframe’s acceleration 

response and around 3.99s for the subframe’s acceleration response. After 5.99s and 3.99s 

(Figs. 5(a) and (b) respectively), the amplitude of the input accelerations corresponding 

to the mainframe and subframe became nearly zero and damped free vibration of the 

acceleration responses were observed. 

 

Figure 7 depicts the inertial force-displacement relationship's hysteresis loops. 

Due to the resistance of the corresponding linear guides used as bearings and the positive 

stiffness, a bilinear type of hysteresis loops could be seen (as described in Section 3.1). 

Figs. 7a and 7b also show a linear function estimated by the least-square approach, 

including the decision coefficient R2. Therefore, the horizontal stiffness for the positive 

stiffness restoring members corresponding to the mainframe and subframe were 

determined to be K1 = 0.0407 N/mm and K2 = 0.0403 N/mm, respectively. Therefore, this 

study utilized the structural parameters combination for the stiffness ratio (α = K2/K1) of 

1.0 and the mass ratio (µ = M2/M1) of 0.50.  

 

The negative stiffness of PNSD was measured by keeping the subframe fixed and 

connected by the PNSD to the vibrating part consisting of the mainframe only that moves 

along the linear guide when subjected to sinusoidal waves input in the shaking table 

excitation direction. Figures 8(a) through 8(d) show the inertial force-displacement 

relationship of the vibrating system produced upon installation of PNSD subjected to the 

sinusoidal waves input of displacement amplitudes 10, 12, 13, and 15 mm, respectively 

with frequency of 1.0 Hz corresponding to the mainframe’s natural frequency. From these 

hysteresis loops, the corresponding subtracted inertial force-displacement relationship of 

the PNSD obtained, including the linear guide’s resistance force, is shown in Fig. 9. The 
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negative stiffness of PNSD was calculated by deducting the resistance force attributed to 

the linear guide used as the bearing. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8 Response hysteresis loops of SDOF-mainframe with PNSD with one end (SDOF-subframe) 

fixed for sinusoidal wave input (frequency 1.0 Hz) 

  

(b) Input amplitude 12 mm (a) Input amplitude 10 mm 

Displacement (mm) Displacement (mm) 

In
e
rt

ia
l 
fo

rc
e
 (

N
) 

In
e
rt

ia
l 
fo

rc
e
 (

N
) 

-8

-6

-4

-2

0

2

4

6

8

-60 -40 -20 0 20 40 60

-8

-6

-4

-2

0

2

4

6

8

-80 -60 -40 -20 0 20 40 60 80

(d) Input amplitude 15 mm (c) Input amplitude 13 mm 

Displacement (mm) Displacement (mm) 

In
e
rt

ia
l 
fo

rc
e
 (

N
) 

In
e
rt

ia
l 
fo

rc
e
 [

N
] 

-8

-6

-4

-2

0

2

4

6

8

-80 -60 -40 -20 0 20 40 60 80
-8

-6

-4

-2

0

2

4

6

8

-100 -80 -60 -40 -20 0 20 40 60 80 100



114 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9 Subtracted hysteresis loops of PNSD for sinusoidal wave input (frequency 1.0 Hz) 
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The subtracted hysteresis loops of 1.0 Hz and amplitude of 10, 12, 13, and 15 mm 

determined that the PNSD exhibited approximately constant negative equivalent stiffness 

over the range of displacement ±25 mm. The initial stiffness of PNSD was determined by 

subtracting the positive stiffness of the mainframe without PNSD, K1 = 0.0407 N/mm, 

from the initial stiffness of the vibrating system with PNSD. The initial negative stiffness 

of the vibrating system with PNSD was determined by applying the least square 

approximation to the force-displacement data between displacement ±25 mm. The initial 

stiffness was determined to be 0.0336, 0.0339, 0.0343, and 0.0336 N/mm for 

corresponding 1.0 Hz and amplitudes of 10, 12, 13, and 15 mm, resulting in an average 

of Knet = 0.03385 N/mm. The initial negative stiffness of PNSD (Knet-K1) was then 

calculated to be Kns = −0.00685 N/mm. It is important to note that the PNSD's 

displacement limit occurred prior the device could undergo clear snap-through buckling. 

 

As shown in Fig. 9, the maximum section force at zero response displacement was 

roughly 0.21 N for the PNSD. No significant increase in the section force occurred by 

adding PNSD to the vibrating component of the specimen, i.e., energy consumption by 

PNSD was small such as that due to friction between the leaf springs. 

 

Figures 10 and 11 compare the time history response waveforms of the mainframe 

and subframe with and without PNSD under the sinusoidal wave input with a frequency 

of 1.0 Hz and an amplitude of 10 mm.  A decreased response was generally observed for 

both the displacement and acceleration responses of the mainframe connected with PNSD, 

as compared to the responses without PNSD connection; on the other hand, an increase 

in the subframe's responses was observed, as demonstrated in Figs. 10(b) and 11(b). 
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Fig. 10 Comparison of time history response displacement between with or without PNSD for sinusoidal 

wave inputs (Frequency 1.0 Hz, amplitude 10 mm) of (a) mainframe and (b) subframe 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 11 Comparison of time history response acceleration between with or without PNSD for sinusoidal 

wave inputs (Frequency 1.0 Hz, amplitude 10 mm) of (a) mainframe and (b) subframe 
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4.3. Results of simulated earthquake inputs 

 

Table 3 lists the obtained peak displacement response of the mainframe (averaged for the 

five simulated waves) for each of the magnification factors of 0.30, 0.40, 0.45, and 0.50 

of the CVC-NS, CVC-R, and SDOF-mainframe models. In this Table 3, PD1,ns, PD1,rc, 

and PD1,SDOF denote the peak seismic displacement response of the mainframe for the 

CVC-NS, CVC-R, and SDOF-mainframe models, respectively. Similarly, Table 4 shows 

the peak acceleration response of the mainframe averaged for the five simulated 

earthquake waves. PA1,ns, PA1,rc, and PA1,SDOF denote the peak seismic response 

acceleration of the mainframe for the CVC-NS, CVC-R, and SDOF-mainframe models, 

respectively. These findings show that the peak displacement responses of the mainframe 

for the controlled CVC-NS model were lower than those for the uncontrolled SDOF-

mainframe model (Table 3). Additionally, compared to the SDOF-mainframe model, the 

peak acceleration response for the CVC-NS model was reduced (Table 4). 

 

The displacement reduction index and the acceleration reduction index for the 

CVC-NS model’s mainframe compared with the SDOF-mainframe model were 

calculated as 1 − (PD1,ns/PD1,SDOF) and 1 − (PA1,ns/PA1,SDOF), respectively, and these reduction 

indices averaged for the five simulated earthquake input motions are shown in Tables 3 

and 4. The displacement reduction indices yielded a promising result (Table 3). In 

addition, a satisfactorily high acceleration reduction index was obtained (Table 4). 

 

Overall, from the response simulation results, an effective control performance 

for the response of the mainframe against various excitations was established upon 

incorporating negative stiffness at the connecting portion of the CVC models. Figs. 12 

and 13 show the mainframe's displacement and acceleration response, respectively, with 

and without PNSD subjected to simulated earthquake input (Wave S1 ×0.45). From Fig. 

12, it was also observed that incorporating the PNSD reduced the displacement response 

of the mainframe compared to the SDOF-displacement response of mainframe without 

the PNSD over the displacement range ±25 mm, where the PNSD exhibited 

approximately constant negative equivalent stiffness. 
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Figures 14a and 14b depict the peak response reduction ratio of displacement and 

acceleration (averaged for the five simulated waves), respectively for the mainframe and 

subframe corresponding to the magnification factors of 0.20, 0.30, 0.40, 0.45, and 0.50. 

The displacement reduction ratio was calculated from the ratio of the averaged peak 

displacement of the CVC-NS model to that of the SDOF model for the input motions. 

Similarly, the acceleration reduction ratio was calculated from the ratio of the averaged 

peak acceleration responses of the CVC-NS model to that of the SDOF model for the 

input motions. The results indicated that both peak displacement and acceleration 

responses of the mainframe for the CVC-NS model were significantly reduced compared 

to those of the SDOF-mainframe model for the corresponding input motion’s 

magnification factors. However, in general, the response reduction ratios of the subframe 

became larger than unity.  
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Table 3 Peak displacement of mainframe for CVC-R, SDOF-mainframe, and CVC-NS models obtained 

from shaking table test, along with reduction index (mean for five simulated earthquake (S1-S5) waves) 

 

Magnification 

factor  
PD1,rc (mm) PD1,SDOF (mm) PD1,ns (mm) 1 − (PD1,ns/PD1,SDOF) 

0.20 10.612 12.474 12.165 0.025 

0.30 20.330 24.651 20.610 0.164 

0.40 30.351 37.317 29.571 0.208 

0.45 35.648 43.559 34.307 0.212 

0.50 40.171 50.597 40.471 0.200 

 

 

 

Table 4 Peak acceleration of mainframe for CVC-R, SDOF-mainframe, and CVC-NS models obtained 

from shaking table test, along with reduction index (mean for five simulated earthquake (S1-S5) waves) 

 

Magnification 

factor  
PA1,rc (m/s2) PA1,SDOF (m/s2) PA1,ns (m/s2) 1 − (PA1,ns/PA1,SDOF) 

0.20 0.747 0.669 0.540 0.193 

0.30 1.358 1.336 0.946 0.292 

0.40 1.983 1.776 1.312 0.261 

0.45 2.324 2.115 1.544 0.270 

0.50 2.607 2.417 1.829 0.243 
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Fig. 12 Comparison of time history response displacement of mainframe between with or without PNSD 

for simulated earthquake input (Wave S1 ×0.45) 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 13 Comparison of time history response acceleration of mainframe between with or without PNSD 

for simulated earthquake input (Wave S1 ×0.45)  
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Fig. 14 Peak response reduction ratio (averaged for five simulate earthquakes waves) between CVC-NS 

models and SDOF-models based on (a) displacement response (b) acceleration response of mainframe and 

subframe 
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5. Conclusions 

 

The effectiveness of negative stiffness as the connecting vibration controller for coupled 

structures was experimentally explored through a shake table testing. The operation, 

functionality, and design parameters of the PNSD and CVC system models were 

presented in detail. On a shaking table test that was subjected to various sinusoidal 

waveforms and simulated earthquake waves, the responses of the CVC specimens with 

and without the prototype PNSD were evaluated. The response performances of the 

vibrating specimens with and without PNSD and response characteristics, such as peak 

displacement and acceleration responses, were investigated. 

 

With the addition of PNSD, a significant decrease in the displacement and 

acceleration responses of the CVC system's mainframe was observed. Finally, the study 

in this Chapter V validated the analytical and numerical results by conducting an 

experiment on CVC systems connected by prototype PNSD mounted on the shake table 

subjected to different excitations. The displacement limit of the PNSD was achieved 

before evident snap-through buckling, although the response decrease was still noticeable. 

Future research will be required to extend the results of this study by employing multi-

story CVC structures subject to ground motions and PNSD with snap-through buckling 

phenomena with a larger displacement limit. 
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Chapter VI 

 

Conclusions 
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1. Research findings and conclusions 

 

From this research, the following findings and conclusions can be drawn: 

 

(1) The control effects of negative stiffness as the connecting element between the 

mainframe and subframe for the CVC model were analytically and numerically 

assessed based on a TF analysis. Optimal tuning for minimizing the peak 

amplitude of the displacement TF for the mainframe was observed, showing that 

adopting negative stiffness in CVC structures can extend the range of optimal 

tuning conditions. 

(2) The optimal damping coefficient required for setting the connecting vibration 

controller with optimal negative stiffness of the CVC-SD model was reduced. The 

reduction in the peak amplitude of the displacement TF of the mainframe of the 

CVC-SD model was also observed compared to the CVC-D model without 

negative stiffness and damper only. 

(3) The effective control performance for the negative stiffness as a vibration 

controller was numerically evaluated. Installing the optimized negative stiffness 

and optimized damping elements at the connecting portion of the CVC-SD model 

subjected to various earthquakes, including simulated waves and observed 

records, showed an effective control performance on the responses of the 

mainframe against vibration. 

(4) Numerical investigation on combining the negative stiffness element with an 

additional damping element for linear multi-story coupled structures subjected to 

simulated earthquakes resulted in a significant vibration control effect compared 

with the uncoupled structures. 

(5) Shaking table tests of coupled structures with negative stiffness as a connecting 

element were performed. The control effectiveness of negative stiffness as 

connecting vibration controller was proved through the experiments. 

(6) The results show that PNSD can be considered as one of the potential vibration 

controllers for adjacent structures. The study contributes to effective structural 

design for newly constructed coupled adjacent buildings and aseismic retrofitting 

of existing mainframes by connecting with newly added subframes using PNSD. 
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2. Future work 

 

The thesis explores the incorporation of negative stiffness as a vibration controller for 

coupled structures. The followings are some of the future research tasks recommended to 

be carried out: 

 

(1) An investigation of analytical MDOF-CVC models with different structural 

parameters, and optimal connecting elements to understand the control 

performance of negative stiffness. 

(2) Optimization solution on the location of the PNSD in the height of the connection 

elements using multi-story building models for the mainframe and subframe of 

CVC structures. 

(3) To generalize the findings of this work, further experimental investigations would 

be conducted on PNSD with a larger displacement limit and snap-through 

phenomenon in MDOF-CVC structures subjected to ground motions. 

(4) A study on robustness against parameter variation in the optimal tuning of CVC 

system with PNSD. 
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