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ON A DIFFUSION EQUATION WITH RUPTURE

YOSHIKAZU GIGA AND YUKI UEDA

ABSTRACT. We propose a model to describe an evolution of a bubble
cluster with rupture. In a special case, the equation is reduced to a single
parabolic equation with evaporation for the thickness of a liquid layer
covering bubbles. We postulate that a bubble collapses if this liquid
layer becomes thin. We call this collapse a rupture. We prove for our
model that there is a periodic-in-time solution if the place of rupture
occurs only in the largest bubble. Numerical tests indicate that there
may not exist a periodic solution if such an assumption is violated.

1. INTRODUCTION

1.1. Setting of the problem. We consider a cluster of bubbles which
occupies a domain in a plane R? whose boundary is the graph of a function
h. We postulate that a bubble touches the graph y = h(z) (from below) on a
fixed horizontal region and that the difference of slopes of adjacent bubbles
is fixed. We further assume that h is periodic with period w to simplify the
problem. To fix the idea, let Uy denote the k-th bubble on (ag, ag41) whose
boundary contains {y = h(z) | a5 < ¥ < ap41}, where {a;}}| is a division
of [0,w), ie.,, 0 < a1 < ag < -+ < w; see Figure 1. The index is taken
modulo K so that a1+ = a1. The angle condition is denoted as

y

Ficure 1. bubbles and the graph
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2 YOSHIKAZU GIGA AND YUKI UEDA

(1.1) hy(ag +0) =hz(ap —0)+c k=1,2,..., K,

where ¢, is a given constant and h, denotes the derivative of h; here g(z40)
is the directional limit defined by

glx £0) = lélilgg(xié).

We rather consider that bubbles are moving by a kind of relaxation dynam-
ics. Specifically, we postulate that h = h(z,t) is assumed to fulfill a diffusion
equation

Thtzalhzz+A in (ak’7ak+l)7 k’Zl,...,K,
where 7 > 0 is a relaxation parameter and o1 > 0 corresponds a surface
tension. Here a constant A is to be determined later. If we include (1.1),
then our equation on T = R/(wZ) becomes

K
(1.2) Thy = 01hee — f, [ =) bz —a) — A,

k=1
where § denotes Dirac’s delta function. It is noteworthy that fThd{L' is
conserved if we choose

K
(13) A=Y
k=1

On the top of each bubble, we postulate there is a layer of liquid protect a
bubble from rupture. If thickness of the layer becomes thinner than a given
threshold value, we expect the bubble collapse. To describe this phenom-
enon, let ( = ((x,t) denote the height of liquid surface so that n = ( — h
describes the (vertical) thickness of the liquid layer; see Figure 2. We pos-

y
y={(x1t)

~N— —

y = h(x,t)

i i x
(49 Ar+1

FIGURE 2. functions ¢ and h at time ¢

tulate that ( satisfies a kind of relaxation dynamics
(1.4) Ct = O'QCQ;Q; — O‘(C — h), a>0, og2>0

so that ¢ would like to become flat. The last term including « describe
evaporation of a liquid.
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For a given threshold value 7. > 0, we postulate that if n = ( — h decreases
to the value 7. at the first time ¢¢ in some point [ax, ag+1), then we restart
n at to + 0 as

Na for z € [ak‘aak+1)7
1.5 ,to+0) =
R I S P s
Here 1, is a given positive constant larger than 7.. Moreover, we set
| h(z,to—0)—d for z € lag,art+1),
(1.6) h(z,to+0) = { h(z, to — 0).

Here d > 0 is a fixed number and it roughly describes the vertical side length
of the collapsed bubble; see Figure 3.

y=¢(xt —0) ¥y ={(xto +0)

\/\/ \ -----
V= hixty—0) |

X X

FIGURE 3. at the time of rupture

1.2. Goal of this paper. We are interested in whether there exists a solu-
tion whose profile is time periodic under the assumption that ¢ > 0 for all
k=1,2,..., K. Our first goal is to prove that there exists a time-periodic
solution 7 representing the thickness if (i) o1/7 = o9 or (i) 7 = oo under
conditions which guarantee that a rupture occurs only in one fixed subinter-
val (a;, a;+1). The time rupture occurs is called a rupture time (cf. Definition
2.2). In the cases (i), (i), the equation is reduced to a single equation for 7.
The existence can be proved by applying a Schauder’s fixed point theorem
(cf. [3, Theorem 11.1]) for a mapping from a profile at some rupture time
to the profile of the next rupture time.

The second goal is to give some numerical experiments and observe the role
of parameter o1, o9 by fixing 7 = 1 which may not satisfy o1/7 = 9. From
numerical experiments, there may not exist a time-periodic solution when
01/T = 09 is not fulfilled. We consider the case o1 = o9 with 7 = 1. In the
case when the existence of periodic solution is proved, we check its stability
numerically. If the dynamics is strongly order-preserving, the uniqueness
of a periodic solution can be proved by an abstract theory [6]. Although,
the equation for 7 has an order-preserving property, the theory of [6] does
not apply to our setting because of ruptures. From numerical experiments,
it looks that our periodic solution is globally stable. In the case a rupture
may happen in several subintervals, we check numerically whether a periodic
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solution may exist. From numerical experiments, we conjecture that there
is a chance that there is no periodic solution.

Here is a sketch of the proof of the existence of a periodic solution. To
apply the fixed point theory, we first check that the first rupture time is
well controlled both from above and below. This is also useful to prove the
compactness of the mapping since there exists a still regularizing effect for
the equation of 1 even if there is a singular term like §(z — ay). To show
the compactness of the mapping is important step and this is done by an
explicit formula of a solution of the heat equation with an extend force term.

1.3. Related problems. As far as the authors know, there are few pa-
pers in mathematical community handling evolution of bubble clusters with
rupture. In [8], a numerical way is given to calculate evolution of bubble
clusters with rupture and drainage as well as rearrangement. Their bubbles
moves by the Navier-Stokes equations but they assume each bubble has a
microscopic layer of liquid. If this layer becomes thinner than critical thick-
ness, a rupture occurs. The evolution of liquid layer is assumed to satisfy a
thin-film model of a fluid. In their model, inner bubble may rupture. In our
model, we consider a simple setting so that it can be handled in a rigorous
way. We consider the situation where rupture only occurs on the boundary
of the domain where the cluster occupies; see Figure 4. It is assumed to

FIGURE 4. clusters

located at the top in Figure 4. Instead of working thin film equations, we
assume that it is just a diffusion equation for . The motion of cluster itself
is simplified. It just slowly moves by a relaxation dynamic like a curvature
flow. In our setting, we only assume that the top is moving by a diffusion
equation.

If one only considers evolution of a cluster of bubbles just by a relaxation
dynamics like motion by mean curvature (without liquid layer), it is well
studied both as a strong solution (see e.g. [4]) or a weak solution allowing
disappearance of some bubbles (see e.g. [1]). This model is often called a
multi-grain model and each bubble is called a grain. The process includ-
ing disappearance of some grains is often called a coarsening phenomenon.
However, this phenomenon is not an occurrence of rupture since the grain
boundary does not suddenly disappear.
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1.4. Organization of this paper. This paper is organized as follows. In
Section 2, we give definition of a rupture time for thickness 1. We estimate
a rupture time both from above and below when o > 0 when the system
(1.2) and (1.4) is reduced to a single equation for 7. In Section 3, we prove
that a periodic solution exists under some condition which guarantees that
a rupture occurs only in one fixed subinterval (a;,a;+1). In Section 4, we
give numerical results.

2. A SINGLE DIFFUSION EQUATION WITH RUPTURE

We are interested in the evolution of thickness n when ¢ and h satisfies (1.4)
and (1.2) with (1.3), respectively. By a direct calculation, we see that

o
e = (C - h)t = 092Cez — Qar — ihxz + i
T T
o
= 09Nz — QN + i + (UZ - 71) hys.
T T
In the case 7 = 0 so that h,, = f/o1, we proceed

02
Nt = 02Nz — Q1) + UQhJ?I = 02MNzx — N + ;1f

With a special choice of parameters, the evolution equation for 7 is decou-
pled.

Proposition 2.1. Assume that ¢ and h satisfy (1.4) and (1.2) respectively.
Letn=(—h.
(i) If oo = o1/7 in (1.4) and (1.2), then

/
Nt = 02Nz — QN + ;

(i) If T =0 in (1.2), then
o
Nt = 02Ngz — QN + if
01

In the case o9 = o1/7 or 7 = 0, our problem is reduced to the evolution
equation of the form

K

(2'1) 7715:0'77:0:1:*0”7+f, f:ché(xfak)—A
k=1

with ¢ = o9 and possibly different values of ¢;’s. Its stationary solution
(time-independent solution) n = s(x) is easy to find. It must satisfy

OSpx —as=A in (ag,ari1),
Sz(ag +0) = sg(ap —0) —cx /o for k=1,... K.

In particular, s is of the form

A
s(z) = — +b M4 b e A=+/ajo
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with constants by in each (ag,ary1) whose derivative jumps at ap. Such
a solution uniquely exists for x > 0; see Figure 5. If o = 0, a stationary

RO [

FicURrE 5. graph of s

solution exists if and only if (1.3) holds and it is quadratic in each (a, ax+1)-
If we consider 7 = 1 — s, then 77 satisfies

Nt = ONgz — O1].
Since we impose the periodic boundary condition, in the case a = 0, 77 does
not converge to zero as t — oo provided that the average of 77 on [0,w) is
not zero. This indicates that there is a chance that collapse of bubbles may

not occur when o = 0. If the evaporation parameter o > 0, then bubbles
may collapse. For later convenience, we give a definition of rupture time.

Definition 2.2. Let n. > 0 be a threshold value. Let n be a solution of (2.1)
with initial data no = n(xz,0) > n.. The time

tr(m0) := sup {t inf n(z,¢) > 770}

is said to be a rupture time for ng.

Proposition 2.3. Assume that fow fdx < 0. Then, the rupture time t, is
finite provided that o > 0. Moreover,

1 Ne
t. < ——1o _— .
"« g(iffngdﬂ:)

Proof. We integrate (2.1) on (0,w) to get
w

d w
— dr < — d
dtonx_ a/ona:

1 [ 1 [
/ ndr <e </ Mo d:z> .
wJo w Jo

If the average % fow ndx(t) < n., we see t, < t. The desired estimate now
follows. O

ie.,

We next give an estimate of the rupture time from below.
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Proposition 2.4. Assume that ¢, is nonnegative for allk =1,2,..., K and
A > 0. Ifinfng > n., then

1 A A
tr >ty :=—log || — +infng —+n:. )| >0.
« o «

Proof. Let £ be a solution of an ODE
§t - O{f +A=0.

Since ¢ > 0 for all k, this € is a subsolution of (2.1). We consider ¢ with
initial data &(0) = inf n9. By the comparison principle, we observe that

n(z,t) > £(t).

Thus, we have

tr(TIO) > 1y :=sup {t >0

inf o b
(1&)5(7) > }
Since
e—at 1 ) ot
Et)y=A () + (inf ng)e™,

t. has an explicit form
1 A . A
t, = —log || — +infng — 4|
« « «

3. EXISTENCE OF A PERIODIC SOLUTION

We consider the evolution of 7 by (2.1) with rupture. Here is a precise form
of the dynamics. We consider 7 of (2.1) with initial data ny > 7., where
ne > 0 is a given threshold value. At the first rupture time ¢, let R = R(;)
be the set such that

R(t1) ={z € T | n(x,t1) =1} .
We call this set the rupture set. Let 1, be a given number satisfying 7, > 7..
We set
77(%751 + 0) = Ta
for « € [ag, axy1) if [ag, ak+1) N R is not empty. For other x, we set

n(xatl + 0) = "7(1197751 - O)

For t > t1, let n be the solution of (2.1) such that the value at ¢t = #;
equals n(z,t; + 0) defined above. Let t, be the rupture time with initial
data n(z,t; +0). We set to = t1 + t,, which is the second rupture time.
We repeat the same modification of n at t = t2 and proceed further until
the third rupture time. We modify n again at that time. We say that the
resulting 7 is a solution of (2.1) with rupture (fixing 1, and 1. with 9, > 7n.).
We are interested in the behavior of 7. Proposition 2.3 says that there
is infinite many rupture times. However, it is not clear whether or not
the set of rupture times is discrete. To simplify the situation, we give a
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sufficient condition that the rupture set R is contained in a single fixed
interval (a;, a;y1).
(S) Let s be a stationary solution of (2.1). Assume that 7. satisfies
s > n. outside single interval (a;,a;+1). See Figure 5 with k = i.
Moreover, we assume that 7,(> 7.) satisfies s < n, on [a;, aj+1].
For later convenience, we collect assumptions so that Proposition 2.3 and
2.4 apply. We shall assume
(C) the constant cg is nonnegative for all £ = 1,2,...,K and A >
SO er/w so that Jo fdx <0, where f = SN bz —ay) — A
As the next lemma indicates, these assumptions guarantee that the bubble
collapse occurs only on (a;, a;t1).

Lemma 3.1. Assume (C) and (S). Let n be the solution of (2.1) with rup-
ture where initial data ny > max(s,n.). Then the times {t;} when n ruptures
are ordered as

0<ty<tyg< o <tj<--
and lim;_,o t; = oo. Moreover, the rupture set R at each rupture time is

included in (a;,ait1).

Proof. By a comparison principle, n > s for ¢t € (0,t¢1). By (S), we have
n > n. outside [a;,a;+1]. Thus R(t1) is included in (a;,a;r1). At t = tq,
n(x,t1 +0) > s(x) for x € T because of the assumption on 7, in (S).
Moreover,

infn(x,t1 +0)—n.> inf s—n.=:1p>0
z z(ai,ait+1)

by (S). Let t2 denote the second rupture time. By Proposition 2.4,
to —t1 >t > 0,

where t, is a constant depending only on o, 7., & and A. The same procedure
implies that t; —t;11 > t, > 0. The existence of t; <ty < --- is guaranteed
by Proposition 2.3. As in the first step, at each step the rupture set is always
contained in (a;, a;4+1). The proof is now complete. O

We are now in position to state our main result on existence of a periodic
solution.

Theorem 3.2. Assume (C) and (S). There exists a solution n of (2.1) with
rupture and T' > 0 such that

n(z,t+7T)=n(z,t) forall teR, xeT.

We shall prove Theorem 3.2 by applying Schauder’s fixed point theorem (cf.
[3, Theorem 11.1]). We set

(31) E = {f S C(T\(ai,aiﬂ)) ‘ s<¢<s+Bon T\(ai,ai_ﬂ)} ,
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where B is taken so that inf,cr(s + B) > n,. For £ € E, we set
Nay HARS (a’i7ai+1)7
3.2 =
(32 w={ &, " = E ety
We solve (2.1) with initial data ng. Let n be the solution of (2.1) with initial

data ng. Let ¢.(£) denote its rupture time. By Lemma 3.1, the rupture set
is contained in (a;, a;+1). We define a nonlinear map 7 by

(3.3) (TE(z) :==n(x,t.(§) —0) for x € T\(a;,ai+1).

A fixed point of T gives a time-periodic solution of (2.1) with rupture. In
the rest of this section, we shall prove the existence of a fixed point by
applying Schauder’s fixed point theorem.

To say compactness of the mapping 7, we prepare a regularity lemma for
the heat equation with irregular inhomogeneous term. We begin with a
simple estimate of the Gauss kernel Gy(x) = (4nt)~"/?exp (—|z|*/4t) for
x = (x1,...,2y) € R". We begin with a well-known estimate.

Lemma 3.3. Let I'(z) denote the Gamma function, i.e.,

F(z):/ e "l dr.
0
Then

t
sup sup / VG, (z)|dr - |z|" =T <E> T,
t>0 zeR" JO

Proof. We give here a proof for completeness. Since

0 xX;
92,07 = =57

! ! ||
VG (2)|dr < | 2 _exp (-1 ) ar.
/0 | @) T_/o 27 (477)2 exp( 47’) ’

By charging the variable 7 of integration by 7 = |z|?/4r, the right-hand side
equals

Gr(z),

we proceed

™

V|3

[eS)

_ n_ 11—

/||2/4 e rrl+2 QdT"a}‘ 1-n+2
T T

since dr = — (|#|?/2r?)dr. This quantity is estimated from above by
72T (n)2) || " O

For ng € C(T), let n be the solution of (2.1) with initial data ng. Let S(¢) :
1o — n(-,t) denote the solution operator so that n(z,t) = (S(t)no) (x).

Lemma 3.4. There is a numerical constant C such that for each T > 0
there is a constant Cp depending only on T and w satisfying

K

C
1025 (t)mlloo < 75 1M0lloo + C Y lek]
k=1
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for allt >0, ny € C(T), where || - || denotes the sup norm on T.
Proof. We note that

" K

34)  SHm =eTmo+ / D fdr, f =) endle —ar) — 4,

0 k=1
where L = A — « so that

(etLno)(z) = (G % mo)( / Gz —y)no(z)de, G :=e ™G,
Here 19 is regarded as a periodic function on R with period w. The estimate
C := sup /2 0z nolloo / 1m0]l0 < 00
t>0

is standard and known as an L°°-L* estimate for derivative. It suffices to

estimate the term 9, [J e*~9)L fdr. Since d,(et*A) = 0 and |e=*| < 1, it
suffices to estimate

Z //Gth— d(y — jw — ag) dydr
]_ o

for each kK = 1,..., K. We may assume that a = 0. We may also assume
that w = 2 by scaling. It suffices to estimate

/ a Gt T CL'—])
j=—o00

for x € [—1,1]. We proceed
t t
= a,,:/ Gy (x)dr + Z/ (0,Gi—r)(x — 2§) dr = I + Is.
0 —0Jo

The first term I7, which is the leading term is estimated as
[1i(2)] < 1(= 7~ 1/?1(1/2))
by Lemma 3.3. We shall estimate Ip(z) for |z| < 1. Since ze~*" < (2¢)~1/2
for > 0 and 9,Gy = —(x/2t)Gy, we see
Co

’ — t1/2
with some constant Cy independent of ¢ and x. Thus,

sSup |I2 ’ = Z/ 1/2 t 7')/2<x - 2.7) dr

|lz[<1 j#0

<22/ G,/2(2j — 1) dr.

‘aa:Gt Gt/2
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Since (25 —1)2 > j for j = 1,2, ..., we see

) e—1/(4r)
ZGr/Q(Qj -1) ZG,,/Q = Gr/2(1)W'

Thus
< t—l d L
sup |Ix(z)] < ; Tl/QGr/z(l) T AT

[ <1 l—e
The integrand 7“*1/26’7,/2(1) is integrable on (0,7) so we have a bound of
sup|z <1 [L2(z)| for t < T. We now conclude that supg<i<p supjy<1 1(z) :=
Cr is finite. The proof is now complete.

Proof of Theorem 3.2. We consider the mapping 7 defined by (3.3) on the
set E defined by (3.1). To have a fixed point by Schauder’s theorem, it
suffices to prove that

(i) E is a convex, closed set in a Banach space C (T\(a;, ai+1));

(i) the mapping 7 is continuous from FE into E;

(i) its image 7 (F) is relatively compact.
The convexity of E is clear by definition. The closedness of E under the
sup-norm in C (T\(a;, a;+1)) is also clear. By the solution formula (3.4), it
is not difficult to see that n € C' (T x (,00)) for any 6 > 0. Since s + B is
a supersolution of (2.1), we see S(t)no < s + B for 79 defined by (3.2) if we
choose B such that inf e (s+ B) > n,. Since S(t)ny > s for ng > s, we now
observe that s < S(t)ny < s+ B. By the maximum principle, we know

1SE)no1 — SE)no2ll ooy < llnor = no2ll e ()

which implies that ¢,(£) moves continuously in £ € E. Thus, the mapping
T is continuous from F into E so we obtain (i) and (ii). Up to this moment,
we only use the assumption that fo fdx=0for f = Zle ¢ — A so that
the rupture time exists.
It remains to prove that 7 (FE) is relatively compact. By our assumption
(S), if we take

7 :{ Nar T € (i, ait1)

0 £(z), =& (aiait)

for £ € E, then inf g > 1.+ for some § > 0 independent of £ € E. Since we
assume (C), applying Proposition 2.4, we observe that ¢,.(£) > ¢’ with some
§’ > 0 independent of £ € E. This estimate for ¢,(§) from below is crucial
in our proof. The estimate for ¢,.(§) from above is obtained by Proposition
2.3. The estimate in Proposition 2.3 implies that there is 1" depending only
on FE and the equation (2.1) such that

tr(§) <T
for all £ € E. We now apply Lemma 3.4 to get

T < Gt + O
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where || ||%, is the sup norm on T\ (a;, a;+1). Since T (E) is bounded, we are
able to apply the Arzela-Ascoli theorem to conclude that 7 (E) is relatively
compact in C' (T\(a;,a;+1)). The proof is now complete. O

Generalization. The proof of existence of a periodic-in-time solution can
be easily generalized in more general setting. Let €2 be a metric measure
space. We consider a family {S(t)},., is an order-preserving semigroup
which is *-weakly continuous at ¢t = 0. In other words, we assume
(S1) (semigroup property) S(¢)S(7)no = S(t+7)no. t,7 > 0, mo € L>(2)
and S(0) is the identity operator;
(S2) (convergence at time zero) S(¢)ny converges to 1y as t | 0 in the
x-weak topology of L>(Q);
(S3) (order preserving) if ng > n; in L*(Q), then S(¢)ny > S(t)n for all
t>0.

For a stationary solution s, we assume
(S4) (unique existence of a stationary solution and its global stability)

there is a unique s € C(2)NL>() such that S(t)s = s for all t > 0.
Moreover, S(t)no — s in L*°(£2) as t — oo.

Let 1. > 0 be a given threshold value. For the stationary solution, we further
assume

(S5) there is an open set D C § such that info\ p s > 7. and infp s < 7.

This assumption implies that the rupture occurs only in D. We consider the
evolution with rupture. Let ¢,(no) be the rupture time starting with no, i.e.,

tr(m0) := sup {t ‘ inf S(t)o > nc} :
By (S4) and (S5), such ¢,(no) exists as a positive number. We set
S"(t)no == S(t)no, 0 <t <tr(no)

and
S W@ = 5 ) ) T VD)

Here 7, is a positive number such that 7, > supp s. To guarantee that ¢, is
bounded from below, we assume that

(S6) there is t; depending only on inf 779 — 7. such that ¢,(ng) > t+ > 0.
We define S”(t) successively. We set t; = t,(no) and set
S"(t)no == S(t—t1)n™, n't =8"(t1)n for t satisfying t; <t < t.(n')+t
and

(57 (t2)mo) (&) = { ga(tri(;il))ajnlefor r € Q\D, to =t + t.(n').
For j = 2,3, we denote 1% = S”(¢;)no and define ¢;41 = t; + ¢,(n'7) so that

S"(t)no := S(t —t;)n' for t, t; <t <tj;
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. o . for ze€D
(S"(tj+1)m0) (%) := { g(tr(ntj)) nti for z € Q\D.

By (S3), (S6) together with (S4), we see that lim;_,. t; = co. It is easy to
see that Theorem 3.2 can be generalized as

Theorem 3.5. Assume that (S1)-(S6). Assume, moreover, that S(t)(s +
B) < s+ B for all B > By and t > 0 with some By > 0. Assume,
furthermore, that

{St)z|z€U, t> 4}

is relatively compact in L () for any bounded set U and 6 > 0. Then,
there is a periodic-in-time evolution S"(t)n. with rupture. In other words,
there exists T and n. € L>®(2) such that

S"(t+ T = S (1),
for allt > 0.

Remark 3.6. Our idea for proving the existence of a periodic solution based
on compactness somewhat resembles that of [7] and [2]. The existence of a
periodic solution (rotating spiral type solution) for an Allen-Cahn type equa-
tion on an annulus was proved in [7). The existence of a spiral type solution
for a forced (weakly anisotropic) curvature flow equation on an annulus was
proved in [2]. In both cases, uniqueness and stability of a periodic solution
have been established based on an abstract theory [6] for the strongly ordered
dynamics. Unfortunately, our system does not satisfy their assumptions.
Although there is another abstract theory [5] for convergence to one of pe-
riodic solutions, our situation does not seem to fall in their setting because
our mapping T is not order preserving; see Figure 6. We do not know the

at t =t,(7,)

| i | f
I T T 1
a; Aiy1 a; Aiv1

FIGURE 6. Initially ng > my but at the rupture time the order
is not preserved because t,(n) is far larger than ¢, (7).

stability of our periodic solution although it is likely by numerical experiment.
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(A) n before each rupture time (B) 7 at each rupture time

FIGURE 7. Example 4.1: n(z,0) = 1,

4. NUMERICAL RESULTS

In this section, we show some numerical results. For simplicity, we only
consider the case 7 = 1, w = 1, n, = 0.03, d = 0.1 and ¢ = 1 for all
k=1,2,..., K. Furthermore, we let A = Zszl ¢k /w = K for all examples,
then the assumption (C) is always satisfied. We employ the finite element
method with Lagrange P1 element for spatial discretiazation and backward
Euler method for temporal discretization.

Example 4.1. The first ezample demonstrates the periodic solution . Let
o9y = 01/7 = 1, then we have equation (2.1). The domain [0,1) is divided
by {ar <, = {0.1,0.6,0.9}. The interval [a1,as] = [0.1,0.6] is significantly
longer than the other intervals. Then it is expected that the assumption (S)
is satisfied for sufficiently small o and n., that is, s > n. holds except on the
longest interval. Here we check the numerical results n for different initial
conditions: 1(x,0) = 1, and n(x,0) = n, + % sin(27x). We let a = 1.0
and 1. = 1g x 10712 for each case. The numerical results are plotted in
Figure 7 and 8. Let t1 < to < --- denote the sequence of rupture time as in
Lemma 8.1. For each figure, the left side shows the profile of the numerical
solution one time step before t1 < --- < t11, and the right side is one at
t1 < --- < t11. These figures show the convergence of the profile of n at
rupture time.  In our motation, our numerical experiments indicate that
T™ng converges to unique fixed point of T as m — oo and the convergence
looks monotone increasing.

Example 4.2. In this example, we also consider the case o9 = o1/7 = 1 and
{ar} | = {0.1,0.6,0.9}. In contrast to the previous ezample, we suppose
that o and n. are large, then it is expected that the assumption (S) is not
satisfied. Let o = 60 and 1. = 1, x 1071, Figure 9 shows the numerical result
n just before each rupture time. We can find that the rupture set at each

| | | | | | | |
0 02 04 06 08 0 02 04 06 08 1
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(A) n before each rupture time (B) n at each rupture time

FIGURE 8. Example 4.1: n(x,0) = 1, + & sin(27x)

0.05

0.04

0.03

0.02

0.01

ol | |-=-t16

| | | | | | | | |
0 01 02 03 04 05 06 07 08 09 1

FIGURE 9. Example 4.2: n before each rupture time

rupture time is no longer included in single interval, that is, the assumption
of Lemma 3.1 does not hold. This example demonstrates the case that the
assumption (S) is not satisfied, and the periodic solution may not exist.

Example 4.3. The third example shows the numerical solution when o1 /T =
0.5, 02 = 1.0, o = 1.0 and n. = 14 X 10712, Since o1/T # o032, equation
(2.1) does not hold. We have the numerical results h and ¢ by applying the
numerical method for equation (1.2) and (1.4), respectively. Thenn = (—h
can be plotted for each time step. Figure 10, 11 and 12 show the graph of

| | | | | | | |
0 02 04 06 08 0 02 04 06 08 1
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0 | | | | | —1t13
0 0.2 0.4 0.6 0.8 1

FiGure 10. Example 4.3: graph of h before each rupture
time

0L ! ! ! ! | ——1t13
0 0.2 0.4 0.6 0.8 1

FiGUurRE 11. Example 4.3: graph of ( before each rupture
time

numerical solutions h,  and n before the rupture time, respectively. The
periodic behavior is not observed.
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FiGURE 12. Example 4.3: graph of n before each rupture
time
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