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ABSTRACT 

Transient mass transfer in rough-walled micro-channels was investigated experimentally. We 

conducted experiments using rough-walled channels with various irregularities at small Reynolds 

number conditions. Mass transfer in the mainstream (mobile region) and dead water region (immobile 

region) were quantified using an image analysis technique based on absorption photometry. The 

experimental results showed that the solute dispersion in the mobile region was influenced by the 

irregular shape of the channel wall complicatedly. In contrast, mass transfer in the immobile region 

occurred by molecular diffusion independently on the wall roughness in our experimental conditions. 

The irregular shape of channel wall may enhance the mass transfer in mobile region by distorting the 

velocity distribution (Togi et al., 2020), while the solute redistribution to immobile region may 

suppress it in streamwise direction, just on a longer time scale. We developed a mass transfer model 

analogous to Mobile−Immobile model (MIM model) proposed by previous studies. The concept of 

the model is the same as the previous study (Zhou et al., 2019) and the coefficients of the model 

describing mass transfer in each region were quantified from the experimental results as functions of 

geometric characteristics of the rough-walled channel. In addition, mass transfer coefficient from 

mobile to immobile regions were derived mathematically based on the experimental results. The MIM 

model with the coefficients derived in this study well describes solute dispersion in variously-shaped 

irregular channels quantitatively. 
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Introduction 

 Solute dispersion in liquid-filled micro-channels is widely observed in various fields such as 

pollution transport underground (Domenico and Schwartz, 1998) or reactive flow in micro-channels 

(Stone et al. 2004). In most cases, the dispersion process in the network of micro-channels, such as 

soils, rock cracks or porous media, has been studied from a macroscopic perspective with parameters 

of void characteristics, i.e., void fraction or tortuosity (Jury and Horton, 2004). 

Meanwhile, the dispersion behavior in individual micro-channels is complicatedly dependent on 

their inner shape. Therefore it has been studied from a microscopic perspective. As is well-known, 

the longitudinal dispersion of solutes in a micro-channel is determined by a combination of the 

molecular diffusion of solutes and the nonuniform velocity of the solvent in the channels (Taylor, 

1953; Aris, 1959). Consequently, the dispersion coefficient in a channel is influenced by geometric 

conditions of the channel such as size, cross-sectional shape and wall roughness, because they bring 

about differences in the velocity profile of the solution in the channels. The effect of channel cross-

sectional shapes on solute dispersion has been studied (Doshi et al. 1978; Chatwin, 1982; Aris, 1959; 

Fukushima, 1983; Dutta et al. 2006; Ajdari et al. 2006). These studies found that the cross-sectional 

shape of the channel dramatically affects the longitudinal dispersion of solutes.  

The wall roughness of the channel also influences the solute dispersion. Particularly its effect is 

apparent under moderate Péclet number conditions (Roux et al. 1998; Detwiler et al. 2000). The wall 

roughness brings about the variance of flow velocity in the channel. As a result, the dispersion 

behavior in a rough-walled channel is complicatedly dependent on the geometric conditions as well 

as the flow conditions (Thompson, 1991; Koplik et al. 1993; Bouquain et al. 2012; Zhou et al. 2019, 

Wang et al. 2020; Yoon and Kang, 2021). Additionally, the wall roughness plays a wide variety of 

roles in solute dispersion. The roughness with a small amplitude enhances the longitudinal dispersion 

in the mainstream by increasing the velocity variance (Roux et al. 1998), whereas the roughness with 

a large amplitude leads to dead water regions near the wall (Lee et al. 2014; Briggs et al. 2017). Togi 

et al. (2020) experimentally examined the effect of wall roughness on solute dispersion using 
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variously-shaped quasi-two-dimensional micro-channels. They established the dispersion model in 

the channel including the effect of wall roughness as functions of the geometric properties such as 

the amplitude and the wavelength of the roughness. They also reported that the existence of the dead 

water region is a key role in solute dispersion in longitudinal direction. 

The effect of the dead water region on the solute dispersion has been studied for an extended 

period. Coats and Smith (1964) established the first concept of the Mobile-Immobile model (MIM 

model) in which the mass transfer in the channel is considered as the combination of the transfer in 

the mobile region (mainstream), the transfer in the immobile region (i.e., dead water region, stagnant 

region or recirculation zone) and the transfer between mobile-immobile regions. Some researchers 

have developed this concept through mass transfer in porous media (van Genuchten and Wierenga, 

1976; Haggerty and Gorelick, 1995; Gao et al. 2010; Porta et al. 2013). Recently, Zhou et al. (2019) 

conducted numerical simulations on solute transfer in a rough-walled channel under moderate 

Reynolds number and large Péclet number conditions. They proposed a new mobile-immobile model 

called the DMIM model (distributed MIM model) for mass transfer in a channel with irregular shape 

and established differential equations that successfully describe the temporal change of solute 

concentration in the channel. 

In this study, we examined a transient mass transfer in an irregular-shaped channel at low 

Reynolds number and moderate Péclet number conditions experimentally. Our main purpose is to 

establish a comprehensive dispersion model that expresses the transient solute dispersion including 

molecular diffusion, wall roughness and channel cross-sectional shape effect. We developed a 

dispersion model which contains both the rough-wall effect on longitudinal dispersion in the mobile 

region (main flow region) by Togi et al. (2020) and the distribution of solutes into the immobile 

region (dead water region) by Zhou et al. (2019). Our main mission is to relate parameters of the 

model to geometric properties of the channel and extract the physical essence of mass transfer in an 

irregular-shaped channel at low Reynolds number conditions. The results of established model were 

compared to the experimental results of solute concentration profiles in a quasi-two-dimensional 
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channel. In the experiment, the concentration field of solute was quantified by a method based on 

adsorption photometry. We evaluated the coefficients in the model as functions of the geometric 

properties of the channel and flow conditions. 

 

Model concepts 

In this study, we focused on the solute dispersion in a liquid-filled micro-channel with 

complicated geometries. As an example, the left side in Figure 1 indicates a visualized image of the 

concentration field of cupric ions in a glycerin-filled irregular-shaped channel, which is obtained by 

Togi et al. (2020). As can be seen, the solute migrates selectively at the center of the channel (green 

and yellow part), and the dead water regions exist in the vicinity of the channel wall (blue part). The 

dead water regions narrow the apparent width of the channels. Consequently, the concentration field 

is distorted and sharpened at the center. This example shows that the wall roughness impacts mass 

transfer in the streamwise direction. 

The right side in Fig.1 specifies the conceptual image of the dispersion model in a rough-walled 

channel proposed by Zhou et al. (2019). In the model, the channel is separately considered as mobile 

(mainstream) and immobile regions. This kind of model is known as the Mobile-Immobile model 

(MIM model) which has been developed to describe mass transfer in complicated void networks like 

porous media (van Genuchten and Wierenga, 1976; Haggerty and Gorelick, 1995; Gao et al. 2010; 

Porta et al. 2013). Zhou et al. (2019) performed numerical simulations on mass transfer in an irregular 

shaped channel at moderate Reynolds number conditions (Re=10~150) and discussed the transfer 

process in mobile and immobile regions by the MIM model shown in Fig.1. They reported that 

recirculation flow in the immobile region played a significant role in mass transfer near the wall and 

established the DMIM (distributed MIM) model describing mass transfer in the channel as follows. 
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Fig.1 Conceptual image of dispersion model (left: visualized image of concentration field by Togi et al. (2020) (red:high 

solute concentration, blue low solute concentration); right: concept of DMIM model by Zhou et al. (2019)． 

 

 1𝜃 𝜕CM𝜕t
+𝜃 𝜕CIM𝜕t

= 1𝜃 Dx
𝜕2CM𝜕x2 𝑣 𝜕CM𝜕x

 (1) 

where CM (x, t) is the cross-sectional averaged concentration in the mobile region and and CIM (x, t) 

is the averaged concentration in immobile region at position x=x, θ is the ratio of the immobile region 

to total volume at each cross-sectional position, v is advection velocity in the mobile region, and Dx 

is the longitudinal dispersion coefficient in the mobile region. Mass transfer between mobile and 

immobile regions at the position of each immobile region x is expressed as follows. 

 𝜕CIM𝜕t
=𝛼 CM  CIM  (2) 

Eqs.(1) and (2) contain two kinds of coefficients relating to mass transfer, i.e., Dx and α. The 

former describes the longitudinal dispersion (Taylor dispersion) in the mainstream. Previous studies 

indicated that the dispersion coefficient depends on the Péclet number conditions and it can be 

generally expressed by the following polynomial expression (Roux et al. 1998; Detwiler et al. 2000), 

 
Dx

D
=1 + 𝛼macro Pe + 𝛼Taylor Pe2 (3) 

where D is the molecular diffusion coefficient and Pe is Péclet number defined as Pe=Ua/D (U: 

averaged flow velocity, a: channel height). 𝛼macro and 𝛼Taylor note the coefficients which depend on the 

wall roughness and the cross-sectional-shape of the channel, respectively. Under conditions of low 

Péclet number, the solute dispersion occurs by molecular diffusion. Thus, the dispersion coefficient 

is approximately the same as the molecular diffusion coefficient Dx ~ D (the first term in RHS of 

immobile region

mobile region
CM

CIM
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Eq.(3)). At moderate Pe conditions, the effect of wall roughness contributes to solute dispersion and 

the dispersion coefficient is proportional to Pe (the second term). The longitudinal dispersion is 

almost determined by the channel cross-sectional shape under conditions of large Péclet number, and 

the dispersion coefficient is proportional to the square of Pe in this case (the third term). 

Moreover, the coefficient α in Eq.(2) indicates the mass transfer coefficient between mobile 

(mainstream) and immobile regions. This is obviously dependent on the flow condition. For example, 

Zhou et al. (2019) numerically investigated mass transfer from mobile to immobile regions at 

relatively large Reynolds number conditions. They found that the recirculation flow forms in each 

immobile region and the mass transfer coefficient depends on the resultant flow. At low Reynolds 

number flow, the coefficient α is still unknown. It is expected to be small value since the advection 

effect becomes insignificant in each immobile region. However, the mechanism of M-IM mass 

transfer at low Re conditions and the dependency of the mass transfer coefficient on the characteristics 

of wall roughness is completely unknown. 

 

Experimental method 

Figure 2 (a) presents a schematic diagram of the experimental system for quantifying the 

concentration field in a micro-channel. The experimental cell shown in Fig.2 (b) contains an 

exchangeable micro-channel and is connected to a syringe pump (Chemyx, Fusion Touch CXF1020P). 

The micro channel is composed of an acrylic plate and various-shaped stickers which are made of 

water-repellent paper with a thickness 0.2mm, shown in Fig.2 (c). The experimental cell is placed 

between a near-infrared (NIR) light source with a collimator lens (Hayashi, LA-100IR) and a 

microscope CCD camera (Trinity,IUC-130WCK2). 

The details of experimental procedure can be referred in our previous study (Togi et al. 2020).  

Copper sulfate solution (0.42 mol/L) was introduced into the pure glycerin-filled channel with a 
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(a) experimental system 

 

(b) experimental cell 

 

(c) micro-channel 

Fig.2 Schematic diagram of experimental system. 

 

syringe pump with a constant volumetric flow rate Q. The reason for using glycerin was to match low 

Reynolds number conditions such as groundwater flow. We captured channel images with a CCD 

camera every 100 seconds, irradiating a parallel NIR light from the underside. Then we visualized and 

quantified the concentration field of cupric ions in micro-channels. Moreover, the solute concentration 

was quantified utilizing the absorption photometry technique based on the Lambert-Beer law. Recently, 

absorption photometry has been applied to visualize of a two-dimensional concentration field (Rosso 

et al. 1994; Otomo et al. 2014; Tanikoshi et al. 2017). As mentioned above, we used a near-infrared 

(NIR) light source as irradiating light in the experiment since cupric ions are likely to absorb near- 

NIR light with a wavelength of approximately 800 nm. We discuss mass transfer in mobile and 

immobile regions in the channel by quantifying the temporal change of the concentration field in the 

irregular-shaped micro-channel. As reported in our previous study (Togi et al. 2020), we confirmed 

a linear relationship between the concentration of cupric ions and the light intensity passing through a 

micro channel. The corresponding molar absorbance coefficient in our system is κ =17.2 cm−1M−1. 

The cross-sectional dimensions of each micro-channel are given by a = 0.2 mm (height in z 

direction) and b = 2 mm (average width in y direction). The length of the channel in x direction is 100 

mm. We designed the stickers for the rough walls with the CAD software based on Fourier sine series. 
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The details of the wall design is described in the previous study (Togi et al. 2020). We defined two 

parameters for characterizing the wall roughness of the channel, i.e., the amplitude σ and the 

wavelength T. The amplitude σ is defined as the standard deviation of the depth of the rough-wall. 

The wavelength T defines the minimum wavelength of the rough wall calculated from the maximum 

wavenumber. The immobile regions, as described in Fig.1(b) were defined the area (volume) that 

extends beyond the mean width, which is shown in Fig.2(c). We varied the volumetric flow rate Q in 

the experiment and controlled the Péclet number Pe=Ua/D (U (=Q/ab) : average velocity, D : molecular 

diffusion coefficient). The experiments were conducted under the conditions 102< Pe <103, where the 

wall effect is dominant (Roux et al. 1998; Detwiler et al. 2000). In the experiment of transient 

dispersion shown below, the volumetric flow rate is fixed as Q = 7×10-5 ml/min. The corresponding 

Péclet number is Pe=250 and the Reynolds number is in the order of 10-7. 

 

Results and discussion 

Mass transfer in mobile region 

As indicated in Eq.(3), the dispersion coefficient in the mobile region (mainstream) in a rough-walled 

channel is complicatedly dependent on the channel geometry and flow conditions. The coefficients in 

Eq.(3) have been modelled using the geometric characteristics of the channel. The third term in Eq.(3) 

describes the effect of channel cross-section which dominates at a large Péclet number. The following 

model expresses the dispersion coefficient in the rectangular channel with smooth surfaces (Chatwin 

et al. 1982). 

 
Dx

D
= 7.9512

210 1  1
Γ

 Pe2~ 0.038 1  1
Γ

Pe2 (4) 

where Γ = b/a is the aspect ratio of the cross-section of the rectangular channel. From Eq.(4), the 

coefficient should be 𝛼Taylor = 0.038 (1 −1/Γ ). 



10 
 

 

Fig. 3  Comparison of experimental and model results (reproduction of Fig.9 in Togi et al. 2020). 
 

 

The second term in Eq.(3) describes the dispersion coefficient at a moderate Péclet number where 

the effect of wall roughness is significant. At this regime, Togi et al. (2020) modeled the dispersion 

coefficient in a quasi-two-dimensional channel with a roughed wall as follows.  

 Dx

D
= 

4 σ
b

14 σ
b

2

2

T
a

Pe (5) 

where σ/b is the relative amplitude of wall roughness to the channel width, T/a is the relative  

wavelength of wall roughness with respect to the channel thickness. Furthermore, γ  is a constant and 

γ =10 in a quasi-two-dimensional channel. The coefficient 𝛼macro in Eq.(3) can be obtained from Eq.(5). 

Figure 3 shows the experimental results of the longitudinal dispersion coefficient in a quasi-two-

dimensional rough-walled channel with respect to Péclet number (reproduction of Fig.9 in Togi et al. 

(2020)). The solid lines present the calculation results of Eq.(3) with Eqs.(4) and (5). Accordingly, the 

dispersion coefficients calculated by Eq.(3) sufficiently represent the experimental results for the  
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(a) σ = 0.4mm, T = 1mm (x=20mm from inlet) (b) σ = 0.25mm, T = 1mm (x=24mm from inlet) 

  

(c) σ = 0.4mm, T = 2mm (x=21mm from inlet) (d) σ = 0.25mm, T = 2mm (x=17mm from inlet) 

Fig. 4  Comparison of experimental and MIM model results (σ: amplitude of wall roughness, T: wavelength of 
wall roughness). 

 

rough-walled channel with dead water regions. The dispersion coefficients in the channels in which 

the dead water region does not form coincide with the calculation results of Eq.(4). From the results 

shown in Fig.3, the geometric channel characteristics, especially the wall roughness and the presence 

of the dead water region, significantly affect the solute dispersion. The dead water region in complex-

shaped flow channels has been examined in previous studies (Lee et al. 2014; Briggs et al. 2017). 

They reported that dead water regions formed in the channels with large amplitudes and small 

wavelengths of the irregularly-shaped walls. 
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We examined the applicability of the MIM model with the dispersion model described above to 

transient dispersion behavior in rough-walled channels. Figure 4 reveals the temporal change of the 

cross-sectional averaged concentration in the mobile region with four kinds of rough-walled channels 

at a specific longitudinal position from the inlet, as indicated in respective captions (center of inset 

pictures). The inset pictures show the quantification results of solute concentration at t = 0, 30, 90 

and 150 min. around the measuring point in individual cases (red: high concentration, blue: low 

concentration). The inset figures show that solute transport in the mobile region greatly depends on 

the wall roughness. The roughness with a large amplitude and small wavelength (Fig.4a) contributes 

to the enhancement of streamwise dispersion in the mobile region. On the other hand, the dispersion 

in the channel with a small amplitude and large wavelength (Fig.4d) is similar to that in the smooth-

walled channel, i.e., the parabolic concentration profile. The solid lines in Fig.4 designate the solution 

of the following equation combining Eq.(1) with Eqs.(4) and (5) (Chatwin et al. 1982; Togi at al. 

2020); 

 1
𝜕CM𝜕t

= 1 D 1+𝛼 4 σ
b

14 σ
b

2

2 T
a

Pe +0.038 1
1
Г

 Pe2 𝜕2CM𝜕x2 𝑣 𝜕CM𝜕x
 (6) 

where the term related to the distribution into the immobile region (the second term in LHS of Eq.(1)) 

was ignored because of the difference of their timescales as explained below. The ratio of the 

immobile region θ in Eq.(1) is replaced by the amplitude of wall roughness σ.  We checked that this 

assumption is valid for the rough-walled channel with small wavelength (T < 2mm) by preliminary 

PIV experiments. We calculated the temporal change of the concentration in mobile region by 

numerical integration of Eq.(6), substituting the flow condition and geometric parameters of the 

channel. 

As shown in Fig.4, the transient dispersion behavior in the mobile region can be roughly described 

by the model given in Eq.(6), which is composed of geometric channel characteristics. The 

experimental results shown in Fig.4 greatly depend on location, because the channel wall is unevenly 

distorted. Nevertheless, the model results almost predict the temporal change of solute concentration 
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in the mobile region of respective channels. 

 

Mass transfer in immobile region 

As mentioned in the previous section, the solute dispersion in the mobile region is greatly 

influenced by the roughness of the channel wall. We also examined the dispersion behaviors in the 

dead water region (immobile region). Figure 5 (a) shows the temporal change of the concentration 

profile in the dead water region in a rough-walled channel with an amplitude σ = 0.25mm and 

wavelength T =1mm. The upper figures are obtained by the quantification of the concentration field 

in our experiment. It should be noted that mass transfer in the immobile region occurs slowly 

compared to that in the mobile region. Another point to notice is that the dispersion in the immobile 

region almost occurs one-dimensionally from the mobile region to the edge of the immobile region. 

As mentioned above, Zhou et al. (2019) reported that recirculation flow plays a significant role in 

mass transfer in immobile regions at moderate Reynolds number conditions (Re=10~150). 

Alternatively, our results are obtained from the experiment under small Reynolds number conditions 

(Re < 1) and therefore it is in contrast to their results. The results show that there is no advection 

effect and pure diffusion is dominant in immobile region at low Re. This may be valid when the wall 

roughness has small wavelength and large amplitude like this study.  

Fig.5 (b) indicates the concentration profiles obtained from a simplified numerical simulation of the 

following two-dimensional diffusion equation by a finite difference scheme. 

 
𝜕CIM𝜕t

=D
𝜕2CIM𝜕x2 +

𝜕2CIM𝜕y2  (7) 

where CIM(x, y, t) is the solute concentration in the immobile region and D is the molecular diffusion 

coefficient. We set the boundary conditions as CIM = C0 at y = 0 (i.e., the lowest line in Fig.5, or the 

boundary between mobile and immobile regions) and ∂CIM/∂y = 0 at the wall boundary of the 

immobile region. The molecular diffusion coefficient is set equal to that of glycerin at room 

temperature D=1.43×10−4 mm2/min. and the boundary concentration is set equal to C0=0.42mol/L.  
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 (a) Experiment 

 
 

 
 

 

 

 

 

 

(b) Numerical 
simulation 

  

 

 

 

 

 

 
 
 
 
 
 
 
 

 (I) t=90min (II) t=120min (III) t=150min (IV) t=180min  
Fig. 5 Temporal change of solute concentration in immobile region. (a) quantified concentration field of immobile region 
in a rough-walled channel with σ = 0.25mm and T = 1mm. (b) the solution of two-dimensional diffusion equation with 
simplified boundary conditions. Color legends in the upper and lower figures are the same. 

 

Although the simulation was conducted by simplifying the wall geometry as shown in Fig.5(b), the 

simulation results adequately describe the dispersion behavior in the immobile region observed from 

the experiment, particularly the timescale of mass transfer. Therefore mass transfer in the immobile 

region is almost governed by molecular diffusion and is unaffected by the flow under small Reynolds 

number conditions. Although mass transfer into the immobile region is slow compared to that in 

mobile region, it is not negligible as an integral value and consequently may have a significant effect 

on the mass transfer in mainstream, even at low Reynolds number conditions. 

 

Mass transfer from mobile to immobile regions 

As explained above, mass transfer in the immobile region occurs by molecular diffusion at small 

Reynolds number conditions. On the other hand, the previous studies suggest that mass transfer from 

mobile to immobile regions describes a kind of rate equation (first-order differential equation) given 

by Eq.(2) (Zhou et al. 2019). The solution of Eq.(2) is described as follows. 

 
 

CIM(t) =C0  𝐴eαt (8) 
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Fig. 6  Conceptional image of modeling of mass transfer in immobile region. 
 

where CIM is the averaged concentration in the immobile region, α is the mass transfer coefficient 

between mobile (mainstream) and immobile regions, A is an integration constant and C0 is the inlet 

concentration corresponding to the concentration in the mobile region. 

In order to understand the mechanism of mass transfer between M-IM regions at low Re 

conditions, we try to derive the mass transfer coefficient α  analytically using a simple model and 

relate to geometric properties of the channel. As shown in Fig.5, mass transfer in the immobile region 

occurs almost one-dimensionally by molecular diffusion. Therefore we solve one-dimensional 

diffusion equation of the concentration in immobile region CIM (y, t) as follows. 

 
𝜕CIM(y, t)𝜕t

=D
𝜕2CIM(y, t)𝜕y2  (9) 

where y indicates the direction perpendicular to mainstream. As shown in Fig.6, we assume an 

immobile region as a T/2 ×2σ/π rectangle region, which has the same area as that of a half-

wavelength of a sinusoidal function σ sin(2πx/T). If mass transfer in immobile region occurs one-

dimensionally, the width T/2 is not required. Therefore we only consider the depth of the rectangle 

region 2σ/π. Considering the boundary condition CIM(0, t)=C0 and ∂CIM(2σ/π, t)/∂y = 0, Eq.(9) can 

be solved by Fourier series expansion as follows. 

         CIM (y, t) = C0 1 − 2
π
2 + nπ

e D  π2σ π2 nπ  2
t

n

∙ sin
π
2σ

π
2 + nπ y  (10) 

where n =0,1,2··· is an integer. The averaged concentration in the immobile region CIM(t) can be 

calculated by integrating Eq.(10) as follows. 
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       CIM(t) =
π
2σ C(y, t) dy

2σ
π

  

  = C0 1 − 2

( π2 + nπ)
2 e D  π2σ π2 nπ  2

t

n

 (11) 

Figure 7 presents a comparison of averaged concentration in the immobile region (dead water 

region) CIM obtained from the experiment and the solution of Eq.(11). We calculate CIM from the 

experiment by averaging the concentrations at six points in an immobile region for respective 

channels. While the inlet concentration (mainstream concentration) increases gradually with time in 

the experiment, it is assumed to be constant in the above analysis. Therefore we controlled the starting 

time of the analysis as only one fitting parameter. As shown in Fig.7, the analytical results of temporal 

 

  

(a) σ = 0.4mm, T = 1mm (b) σ = 0.25mm, T = 1mm 

  

(c) σ = 0.4mm, T = 2mm (d) σ = 0.25mm, T = 2mm 

Fig. 7  Comparison of averaged concentration in immobile region obtained from experiment and analytical solution 
of one-dimensional diffusion equation. 
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change of concentration in the immobile region roughly represent the experimental results, even 

though our assumptions are relatively simple. 

If we accept that the above assumptions are valid, i.e., mass transfer in the immobile region 

occursone-dimensionally by molecular diffusion under small Reynolds number conditions, we can 

theoretically derive the mass transfer coefficient by the following procedures. In Eq.(11), high-order 

terms decay rapidly with time because they include exponential functions. Substituting n=0 into 

Eq.(11), we obtain the approximate solution of the averaged concentration in the immobile region as 

follows. 

                                    CIM(t) =C0 
8C0

π2 e D π4

16σ2  t (12) 

Comparing Eq.(12) with Eq.(8), the mass transfer coefficient α can be instantaneously obtained as 

follows. 

 𝛼 =D
π4

16σ2 (13) 

According to Eq.(13), the mass transfer coefficient α is proportional to the molecular diffusion 

coefficient and inversely proportional to the square of the amplitude (depth) of the immobile region. 

Comparing the numerical results of the original equation described in Eq.(11) and those of the 

simplified equation described in Eq.(12), they are indistinguishably similar, as indicated by solid lines 

in Fig.7. From these analyses, we can express mass transfer from mobile to immobile regions by 

Eq.(2) without any empirical parameters. 

We emphasize that the purpose of the modeling shown here is to derive M-IM mass transfer 

coefficient mathematically as functions of wall roughness characteristics and understand its 

mechanism. We successfully extract the physical essence of mass transfer coefficient at low Re 

condition which has been completely unknown, although it is valid for a quasi-two dimensional 

channel. 
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Conclusions 

We experimentally examined the laminar dispersion of solutes in channels with various 

irregularities of the wall surface. Mass transfer in mobile region (mainstream), immobile region (dead 

water region) and mobile to immobile regions were investigated under small Reynold number 

conditions. The concentration field in each region was visualized and quantified by absorption 

photometry techniques. Moreover, we developed a mass transfer model based on Mobile−Immobile 

concepts proposed by previous studies. 

In mobile (mainstream) regions, the transient dispersion behaviors in the longitudinal direction 

can be expressed by an advection-dispersion equation with the dispersion coefficient for the rough-

walled channel proposed by the previous studies (Togi et al., 2020). The longitudinal dispersion in 

the rough-walled channel was determined by the size and the cross-sectional aspect ratio of the 

channel, and also the geometric characteristics of the wall roughness at moderate Péclet number 

conditions. 

In immobile (dead water) regions, the mass transfer occurs almost one-dimensionally by 

molecular diffusion under small Reynolds number conditions. This is in contrast to mass transfer 

under large Reynolds number conditions, in which the effect of circulation flow dominates mass 

transfer in immobile regions. Consequently, mass transfer in immobile regions was determined by 

the molecular diffusion coefficient independent on the geometry of wall roughness. 

Mass transfer from mobile to immobile regions was determined by the concentration difference 

between these regions. The governing equation was the first-order differential equation with the mass 

transfer coefficient. A similar differential equation was also derived from one-dimensional diffusion 

equation of the concentration in the immobile region. By comparing these two solutions, the mass 

transfer coefficient was theoretically obtained as functions of molecular diffusion coefficient and the 

depth of wall roughness. From this result, we found a clue to the mechanism of M-IM mass transfer 

at low Reynolds number conditions. This is one of major achievement of this study. 
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From the above results, we developed a mathematical model that expresses the transient solute 

dispersion as functions of flow condition and geometric properties of the channel. The model 

reasonably predicted the transient dispersion behavior obtained from the experiment. Although the 

dispersion model proposed here is only applicable to the quasi-two-dimensional channels used in this 

study, the modeling concept can be extended for variously-shaped micro-channels. 
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Fig. 5 Temporal change of solute concentration in immobile region. (a) quantified concentration 
field of immobile region in a rough-walled channel with σ = 0.25mm and T = 1mm. (b) the 
solution of two-dimensional diffusion equation with simplified boundary conditions. Color 
legends in the upper and lower figures are the same. 

Fig. 6 Conceptional image of modeling of mass transfer in immobile region. 

Fig. 7 Comparison of averaged concentration in immobile region obtained from experiment and 
analytical solution of one-dimensional diffusion equation. 

 


