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Poroviscoelastic Gravitational Dynamics
S. Kamata!

'Department of Earth and Planetary Sciences, Hokkaido University, Sapporo, Japan

Abstract Global-scale periodic deformation has been studied using the (visco)elastic gravitational theory,
which assumes a planetary body consists of solid or liquid layers. Recent planetary exploration missions,
however, suggest that a global layer of a mixture of solid and liquid exists in several planetary bodies. This
study provides a theory of periodic deformation of such a layer unifying the viscoelastic gravitational theory
with the theory of poroelasticity without introducing additional constraints. The governing equation system and
a formulation suitable for numerical calculation are given. Equations used to calculate the energy dissipation
rate are also given. The analytical solutions for a homogeneous sphere are obtained using an eigenvalue
approach. Simple numerical calculations assuming a homogeneous sphere reveal that a numerical instability
occurs if a thick porous layer, a low permeability, or a high frequency is assumed. This instability can be
avoided by choosing an appropriate interior structure model that is numerically equivalent. Different simple
numerical calculations adopting a multilayered, radially varying interior profile reveal that the radial profile of
the tidal heating rate for a fluid-saturated porous layer and that for a low-viscosity solid layer are completely
different. In addition, the radial variation in porosity can lead to a factor of ~100 increase in the local heating
rate. These results indicate that future studies should consider a wider variety of detailed interior structure
models.

Plain Language Summary Global periodic deformations, such as tidal and seismic motions,

are fundamental phenomena that have been studied for a long time. While planetary exploration missions
suggest the presence of solid-liquid mixed layers in solar system bodies, a comprehensive theory describing
deformation of such a layer has not been established. In this study, a classic geophysical approach and a classic
engineering approach are unified to investigate the dynamics of such a layer. A full set of equations as well as
analytical solutions are derived. A numerical issue that is likely to be encountered under typical calculation
conditions is discussed. A simple calculation assuming tides on the Saturnian satellite Enceladus indicates that
the radial variation in porosity can lead to a significant increase in the tidal heating rate in a shallow part of the
water-saturated rocky core. The theory established in this study will be valuable for future detailed studies.

1. Introduction

Large-scale deformation is the fundamental dynamics of planetary bodies and is related to many geophysi-
cal subjects. Because of its high importance, this deformation has been studied for a long time; the governing
equation system and its analytical solution for a homogeneous sphere have already been obtained more than a
century ago (Love, 1911), and reformulations more suitable for numerical calculations have also been determined
decades ago (e.g., Alterman et al., 1959; Pekeris & Jarosch, 1958; Takeuchi & Saito, 1972). In those studies, a
spherically symmetric, nonrotating, elastic, and isotropic (SNREI) Earth model was adopted. This “elastic gravi-
tational theory” can be applied to various types of studies considering seismic frequencies and static deformation
(i.e., zero frequency). To describe geophysical phenomena with intermediate timescales, viscoelasticity should
be taken into account. The “viscoelastic gravitational theory” adopting a spherically symmetric, nonrotating,
viscoelastic, and isotropic (SNRVEI) model has also been applied to various types of studies, including the tidal
response of natural satellites (e.g., Harada et al., 2014; Kamata et al., 2015; Tobie et al., 2005).

The tidal response of natural satellites is a major subject in planetary science. A well-known example is the
heat budget of a small icy satellite, Enceladus. Cassini observations have revealed that the satellite is very hot;
heat flux from its south pole region is very high (Howett et al., 2011; Spencer et al., 2006), and a thick global
subsurface ocean exists (e.g., Thomas et al., 2016). Because accretional heating, radiogenic heating, and heating
due to chemical reactions would be much smaller than the measured value, tidal heating plays an important role
in the heat budget of this small icy satellite (e.g., Roberts & Nimmo, 2008; Travis & Schubert, 2015). If one
adopts a simple model in which the satellite is composed of a less viscous pure H,O outer shell and a highly
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viscous monolithic rocky core, tidal heating is expected to occur not in the rocky core but in the ice shell (e.g.,
Roberts, 2015; Roberts & Nimmo, 2008). However, measurements of plume constituents suggest ongoing hydro-
thermal activities (Hsu et al., 2015; Waite et al., 2017), indicating heating in the core. This observation could be
explained if the core is fragmented and thus highly dissipative (e.g., Choblet et al., 2017; Roberts, 2015). Because
the core is overlain by a subsurface ocean, the core can be considered a mixture of rock and water. In fact, such a
core model is supported by a low effective density of the core suggested from geodetic measurements (e.g., Cadek
et al., 2016; Hemingway & Mittal, 2019; Thomas et al., 2016).

The presence of a layer that is a mixture of solid and liquid is also proposed for other satellites. Specifically, an
unusual dependency of the tidal response of the Moon on frequency is explained by the presence of a partially
molten layer at the base of the mantle (Harada et al., 2014). Also, the electromagnetic induction response of
Io is explained by the presence of a global partially molten subsurface layer (Khurana et al., 2011), and this
layer is expected to provide additional heating due to volumetric expansion/contraction (Kervazo et al., 2021).
Because the viscoelastic gravitational theory cannot address a solid-fluid mixed layer directly, a phenomeno-
logical approach has been adopted; a fluid-saturated porous layer is modeled as a purely solid layer that has an
extremely low effective viscosity or quality factor. Such an approach limits our understanding of the nature of a
solid-liquid mixed layer.

An innovative, physics-based approach that directly models a solid-fluid mixed layer was proposed by Liao
et al. (2020). Using the classic theory of poroelasticity originally developed by Biot (1941), they calculate the
permeable flow of pore fluid in a core and show that such a flow may produce a large amount of heat in the core.
Nevertheless, the interior structure model adopted in this study is unrealistic; the porous core is floating in a
water-saturated universe. In addition, as pointed out by Rovira-Navarro et al. (2022), the amount of heat due to
permeable flow in the core is overestimated due to inappropriate boundary conditions.

The objective of this study is (a) to establish a theory that unifies the classic viscoelastic gravitational theory
and the poroelastic theory and (b) to clarify numerical issues one would face when it is applied to geophysical
studies. This study provides a general theory; assumptions other than those inherited from classic theories are
not introduced as much as possible to maximize the applicability. This approach is fundamentally different from
a similar but limited method recently proposed by Rovira-Navarro et al. (2022). Specifically, a low frequency, an
extremely high permeability, and uniform layer properties are needed. In addition, the gravitation on the fluid is
not incorporated correctly. On the other hand, the theory given in this study is free from such limitations and thus
should be applicable not only in studies of tides but also in a wide variety of subjects. For example, an applicabil-
ity to high frequencies of this theory would be beneficial to seismic studies.

In Section 2, the poroviscoelastic gravitational theory is given; the governing equations, the solutions for the
homogeneous sphere, the boundary conditions, and the equations describing the energy dissipation rate (i.e.,
heating rate) are provided. Section 3 provides some numerical calculations. We first adopt a homogeneous sphere
model and investigate the behavior of solutions. We find that a numerical instability occurs under typical parame-
ter conditions. A method to overcome the issue is provided. We then adopt a multilayer model and investigate the
effect of radial variation in interior properties. Concluding remarks are offered in Section 4.

2. Theory
2.1. Governing Equation System

The governing equation system consists of (a) a constitutive equation, (b) a Poisson equation of gravity, and
(c) an equation of motion (i.e., the dynamic equation). These three equations are solved simultaneously in the
case of a nonporous solid. However, in the case of fluid-saturated porous materials, Equations 1 and 3 are given
for solid and fluid separately; the equation system now consists of five equations. In the following subsection,
we derive Fourier transformed equations that are appropriate to describe periodic motions of fluid-saturated
porous materials assuming a time factor of ¢, where i is an imaginary number, o is the frequency of forc-
ing, and 7 is time, respectively. A replacement of iw with a Laplace transform variable s enables one to calcu-
late not periodic but exponentially decaying motions, though this is not investigated in this study. Following
Love (1911) and Biot (1956a), the Eulerian formulation is adopted. Below, the summation convention is used
(i.e., 6, = 0, + 05, + 033), and positive normal stress and strain indicate tensile (i.e., tensor convention), while
positive pressure is compressive.
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2.1.1. Constitutive Equation
The constitutive equation of an isotropic porous material with a Maxwellian viscoelasticity is given by (e.g., Liao
et al., 2020)
doij p ( Okk 2 9 dej; ops
— + — ,»-——5,--)=(K -= )—5,-»+2 — —a—6yj, 1
or g \0U T T30 IR T O TRy Ty O M
where the subscripts i and j indicate the direction, o is the stress tensor, efj is the solid strain tensor, Pr is the
pore fluid pressure, u is the shear modulus of the porous material, 7, is the solid viscosity, K, is the drained bulk
modulus, « is the Biot effective stress coefficient, and d;; is the unit diagonal tensor, respectively. The Biot effec-
tive stress coefficient a is given by
Ky
a=1- F, (2)
where K] is the unjacketed frame bulk modulus.
The constitutive equation for the pore fluid is given by Biot and Willis (1957).
pr =M@= ey, +dely] = =M (acy, + befy), 3)
where e{ . is the dilatation of the fluid, ef,: = e{ € is the relative fluid dilatation, ¢ is the porosity, and M is
the Biot modulus, respectively. The Biot modulus M is given by Biot & Willis (1957), Cheng (2016), and Rice
and Cleary (1976).
—1
a ¢ ¢
M=—-—+—) , 4
<1<;, K7t Kf) @
where K{' is the unjacketed pore volume bulk modulus and K is the fluid bulk modulus, respectively. It should be
noted here that while the pore fluid is assumed to be viscous, the shear stress of the pore fluid is not considered
in the framework of classic poroelasticity. As discussed in Section 2.1.3, this is not a self-inconsistency but is
appropriate when the macroscopic flow of pore fluid is considered.
The Fourier transforms of Equations 1 and 3 are given by (Equations 10.23 and 10.24 of Cheng, 2016).
Gij = A€, 0ij + zllcfe\?} — apybij, 5)
Py = =M (o +¢75), ©)
respectively, where Fourier transformed variables are denoted by a tilde, 4_is the first Lamé parameter given by
2 c
e = Ky — 2=, ©)
3
and y, is the second Lamé parameter, or the complex shear modulus, given by
1,1\
He = <_ + N > . (8)
u o ions
For planetary applications, detailed material properties are often unknown. In such cases, an assumption that the
material is microscopically homogeneous as well as isotropic (i.e., an ideal porous medium) may be used as a first
step. In this case, two bulk moduli, K] and K/', for the solid frame satisfy
K=K =K, ©))
where K _ is the bulk modulus of the solid constituent (e.g., Cheng, 2016). Then, we have the following simplified
expressions for poroelastic parameters:
Ky
= 1 -,
a K. (10)
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. KN
M—(a bt Kf) K., (11)

On the other hand, the use of rheological models other than the Maxwell model may be desired. This is possible
by simply choosing an appropriate complex shear modulus (i.e., Equation 8). For example, y, = p is for a purely
(poro)elastic model, and

-1
e = (l L pliwy T (m + 1>> (12)
M LN s

is for the Andrade rheology model, where § and m are empirical parameters and I'(m + 1) is the Gamma function
(e.g., McCarthy & Castillo-Rogez, 2013). In addition, the dissipation due to the volume change in the solid (i.e.,
“bulk dissipation”) can be incorporated by replacing bulk moduli. For example, in the case where the volume change
is due to the sliding of particles over each other ignoring the viscoelasticity of the solid grain itself, a replacement of

-1
1 1
K —+ 13
d = <Kd icam,) 13)

where 7, is the bulk viscosity, can be used for an ideal porous medium (Ch. 10 of Cheng, 2016). In this case, a

and M, which are given by Equations 10 and 11, respectively, are also complex numbers. If grain viscoelasticity
is considered (i.e., K] is a complex number), a more detailed treatment is necessary.

2.1.2. Poisson Equation of Gravity

The Poisson equation of the gravitational potential is given by (e.g., Love, 1911)

62
axi;’xl_ (r) = 42Gp(r) (14)

where y is the gravitational potential, G is the gravitational constant, p is the density, and r is the radial distance
from the center, respectively. It is noted that this study adopts a general notation where the sign of potential is
opposite from classic geophysical studies (e.g., Alterman et al., 1959; Love, 1911; Pekeris & Jarosch, 1958;
Takeuchi & Saito, 1972). Consider a small perturbation in gravitational potential and density:

w(r) = wo(r) + yi(r), 15)
p(r) = po(r) + p1(r), (16)

where subscripts 0 and 1 indicate the hydrostatic equilibrium background state and first-order perturbation,
respectively. The perturbation p, of density is given by the time integration of the continuity equation:

p =/ —dt f (ﬂ()%>dt =-

d po
= _<urW + poey, |

where u; is the i-direction displacement. The Poisson equation for the first-order perturbation is then given by
(e.g., Love, 1911)

i)

a7

621[/1
6x,-6x,-

d
= 47Gp, = —47zG(u,§ + poe;k>. (18)

For a fluid-saturated solid, these perturbations are decomposed into solid and fluid parts. Specifically, they are
given by

- = —45G (w411 = P)pal + (1 = Ppac, ). (19)

~45G(u] L @ps) + bpgacly ). 20)
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where y/f is the first-order perturbation of gravitational potential due to displacement and deformation of the
component & (£ = s for solid and & = f for fluid), u¢ is the radial displacement of the component , P 1s the equi-
librium density of the component &, and ¢ is the porosity (i.e., the volume fraction of fluid), respectively. The
total first-order perturbation of gravitational potential is given by the sum of each component:
azll/l 02 f
= S —+
(3x,-()x,- 6x,-6x,— (Wl Wl )
dp d 1 @1
= —4rnG ufa + pey, +u)’ E(qﬁpf) + (;bpfefk).
The Fourier transform of this is given by
62 1[71 ~ d p d
o, = G\ B pO T (bo) + T ). 22
Here,
p=1—=d)pso+ dpyo (23)
is the local mean density, u® = u,.f — u! is the i-direction fluid displacement relative to the solid, and the subscript
0 for the density is omitted.
2.1.3. Equation of Motion (Dynamic Equation)
Let us first revisit the derivation of the linearized equation of motion for a nonporous solid. The equation of
motion is given by
0%u; doijj
— = —+b;, 24
’ or? ox j ( )
where b, is the i-direction component of the body force. At the hydrostatic equilibrium background state (i.e.,
u, = 0), Equation 24 becomes
06,~ j.0
0= + b; .
ox; 0 25)
Here, the background stress tensor o;;, and body force b, , satisfy
6ij0 = —Ppodij, (26)
6 i d i
bro = —py W) . xi dwo() __ posxi @7
ox; r dr r
respectively, where p, = p(r) is the hydrostatic pressure and g = g(r)(>0) is gravitational acceleration. Equa-
tions 25-27 yield
dpo
PrAE (28)
,
At a perturbed state, the stress tensor o, and the body force b, including their background states, are given by
d
cij = —<P0 - ur%>5ij +0ij1 = 0ij0 — pogurbij + Cij1, (29)
0 0 Xi d Xi
bi = —(po+ p1)=—(Wo+y1) = bip— poﬂ + 85, T R, (30)
0X; ox; r dr r
Then, the equation of motion for the first-order perturbation can be obtained as
%u; _ 90 d oy | pgxi
— = —— — po—(u) — po— + e,
v ox, ox (gur) —p Ix ek @3
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where the subscript O for density and the subscript 1 for stress tensor are omitted.

Now let us derive the equations of motion for the first-order perturbation for a fluid-saturated porous-case in
the same manner. In this study, a single-phase isotropic solid frame is assumed to be fully saturated with a
single-phase single-component fluid. In this case, the equations of motion for solid and fluid parts are given by
(e.g., Biot, 1956a, 1956b; Corapcioglu & Tuncay, 1996; Equations 9.41 and 9.42 of Cheng, 2016).

0 2 rel
(1= $ps} = (1 = D)Capou”] = —[(1 - oy + (1 - D) —Pfa_¢ + ¢kﬂf o

P [ (32)

g ¢iny ouy

33
0x; k ot 33

02

S5 Lbprou] + (1 = $)Capyou®] = ——(d)pf) + b/ + by :
respectively, where 7, is the solid partial stress tensor, bf is the i-direction body force acting on component &, 7,
is the fluid viscosity, & is the intrinsic permeability, and C, is the porous-medium added-mass coefficient, respec-
tively. The factors of (1 — ¢) for solid component variables (i.e., o} and b?) and of ¢ for fluid component variables

(i.e., Py and b,.f ) are introduced to normalize these variables with the volume of each component.

Compared to the classic geodynamic formulation by Love (1911), the solid-fluid interaction terms have been
added to the equation for the solid part (Equation 32), and obviously, the equation for the fluid part (i.e., Equa-
tion 33) is newly introduced. The added mass is an apparent mass arising due to the fact that an accelerating or
decelerating solid body in a fluid must move a volume of surrounding fluid (e.g., Ch. 9 of Cheng, 2016). It is clear
that Equation 32 under the limit of ¢ — 0 is equivalent to that used by Love (1911). Equations 32 and 33 can also
be compared to a two-phase mantle flow model (McKenzie, 1984), where the terms describing the inertial effects
have been ignored. On the other hand, compared to the classic poroelastic formulation by Biot (1956a, 1956b),
the terms describing the body forces have been added. In addition, a term with pore pressure has also been added
to Equation 32 to allow the spatial variation in porosity.

Equations 32 and 33 yield

aZuis 06,, . azure]
£0 =3 +(1-@)b + ¢b - ¢Pf0
J

<l + —1 ¢¢C )u’e' +u

(34)

7’][ aurel )

Pr f
=—¢p— + ¢b;
TE ¢ % ¢ ¢pfo

il , (35)

i

where
oij =(1- ¢)6isj — ¢pyi) (36)

is the total stress tensor and is given by Equation 1 (Cheng, 2016). Equation 34 describes the bulk motion modi-
fied for the relative fluid motion, and Equation 35 is Darcy's flow law modified for the inertial effect. Below, we
derive the first-order perturbation components for Equations 34 and 35.

At the hydrostatic equilibrium background state (i.e., u’f = 0), Equations 34 and 35 become

ao—:/ 0
ox;

0=

+ (1= )b, + ob!,, (37)

= —g ﬂ + ob/,. (38)

Here, the total stress tensor o, satisfies Equation 26, and the body force bfo is given by

0 Xi
5, = —pro wolr) _ _peosxi 39)
/ 0X; r

In addition, the subscript O is added to the porosity. Equations 38 and 39 yield

dpfo(")

_ 40
p prog. (40)
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At a perturbed state,
o1y = 0150 — [(1 = do)psogu; + dopyogul |6, + o1y @l
)
= 0150 — (Pogus + Poprogu’)8ij + oij1,
0 d d
¢ﬂ=<¢o—[u +(1—¢)u’el] ¢0) (po—u bro +pf|>
ox; dr
op boprogxi . d ¢ op “2)
0 0 0P 08 Xi uet 490 11
e T ox, - (dorsus) - T
s d Xi s 1 - ) 508 Xi s
(1= 8081 = (1= ity = (1= pupa T+ E2Lg L1 — gy + EEEN
0 i rd X
b/ = dob!, — dopro 2V 4 BT L (g5 ) 4 PPLEN o1 (44)
B ox; ro " dr r
Here, the factors that change the porosity other than radial displacement are ignored. More specifically,
_ fﬂ
PN U7 B e WO
(VG +v) + (i +V)  1=dotr—u)+o(r—ul) 4% _ rddo 5)
dé dr dr
~ o — [up + (1 — poyu] ==,
o = [+ (1 = poyu] —
where V¢ is the volume of the component &£. Then, we have
02,4,? 00‘,~j 0 ( S) ¢ 0 ( rel) al[/ 4 8% gxi ( + ¢ rel) ¢ azurel (46)
=—-——p—(gu}) - uy’ -— e, e ,
e vl L Proc (8 P ey + dps P 3
¢r]fFf au;el — _aﬂ _ i[ (urcl +u ] _ ()l[/]
ko oxi ox & e @)
pPregxi d¢p | s 0? 1-¢ " s
p <uﬁe'5 + eke,: + ekk) - pfﬁ 1+ TC,, u +us|,
and their Fourier transforms are given by
~, 00y 0 [ ~ r oy | gxi r ~r
-’ plly = o pa—x‘_(gu;-) $pr5 - (guf‘) o T (pekk + ey ) + @ Pp T, (48)
opnsFr_ _ 0py 0 [ fmrel s~ i
e P L a2 e )
'ngx[ 75 rel d¢ > rel 1 - d) re s
+— (u,lﬁ +ekk'+'éf(k> +w?py <1 + TC urh + |
Here, the subscript O for the density and porosity and the subscript 1 for the stress tensor and pore pressure
are omitted. In addition, the fluid viscosity 1, which appears on the left-hand sides of Equations 47 and 49, is
replaced with 77,F, where F is the viscosity correction factor (Biot, 1956b; Cheng, 2016). See Appendix A for
details of Fy.as well as C,, two parameters that become important when the frequency is high. Equations 46 and 47
correspond to Equations 29a and 29b of Rovira-Navarro et al. (2022) with some additional terms: describing the
effects of inertia, of radial variation in porosity, and of gravity on the fluid motion.
In the classic poroelastic formulation, the fluid is assumed to be viscous. In general, the motion of a viscous
fluid can be described by the Navier-Stokes equation, which contains a term with the Laplacian of the velocity
that originates from shear stress in the fluid. However, Equation 33 does not contain such a term; instead, the
fluid viscosity appears in a term linear with the velocity (i.e., the fourth term of the right-hand side), leading
to Darcy's law. In other words, shear stress in the fluid is not explicitly incorporated in our formulation, as
mentioned in Section 2.1.1. The relation between the Navier-Stokes equation and Darcy's law for porous media
has already been investigated in detail, and it is known that the volume averaging of the Navier-Stokes equation
KAMATA 7 of 47
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leads to Darcy's law. This indicates that Darcy's law is appropriate to describe the macroscopic motion of the
pore fluid (e.g., Neuman, 1977; Whitaker, 1986). It is possible to consider an extension of Darcy's law to include
a term with the Laplacian of the velocity (i.e., the Brinkman correction). However, this is appropriate only for
fluid-dominated conditions, which is not the case for most geologic material (e.g., Allen, 2021; Auriault, 2009).

2.2. Ordinary Differential Equation System Using y Functions

Periodic spheroidal deformation of a poroviscoelastic planetary body can be calculated by solving Equations 5, 6,
22,48, and 49. By assuming small amplitudes, deformation due to multiple forcing components can be described
as a superposition of deformation due to each component; a spherical harmonic expansion in the spatial domain
is applicable. Following Takeuchi and Saito (1972), we define y, (i = 1, 2, ..., 5) as follows:

m

aY
~5 Xi m ‘
u = ;Vm Uf,n(Ty](f,r)Yf +rys(Z,r) % >, (50)

) ay”
~ Xi m 14
Gri = ;:‘ Ufm<7yz(f, NY" +ryi€,r) % > (51)

Y =- 2 Uemys(€,1)Y,", (52)

,m

where Y} is the unnormalized spherical harmonic function of the degree £ and of the order m, and U,,, is the
forcing amplitude of the same degree and order. The minus sign appeared in Equation 52 represents the afore-
mentioned difference in the sign of gravitational potential between geophysical and general conventions. Conse-
quently, y; defined by Equation 52 is the same as that defined by Takeuchi and Saito (1972). The unnormalized
spherical harmonic function Y}" is given by

Y]'(6, @) = P'(cos 6)e™?, (53)

where P' is the associated Legendre function, 6 is colatitude, and ¢ is longitude, respectively. It is noted that the
y functions are independent of the spherical harmonic order m. We define y, after new variables (i.e., y,, y,, and
¥,0) are introduced because our y, contains one of these new variables.

To describe the motion of the pore fluid (relative to the solid frame), we define yy(Z, 1), yo(Z, ), and y (¢, r) as
follows:

: aYy”
~te Xi m 4
e = ;‘m Ufm<_r (&, Y +ryi(€,r) P >, (54)

fo = Z U/myg(f, r)Y/f" (55)

£m

Equations 54 and 55 are counterparts of Equations 50 and 51, respectively. Equation 55, however, does not
contain a term with the partial differential of Y;" because shear stress in the fluid does not appear in the governing
equation (i.e., Equation 33). It is noted that we do not use y, here to avoid confusion with y, that has been used by
previous studies to describe the motion of a pure liquid layer (Saito, 1974).

Using the newly defined y,, we define y.(r) as follows:

¢+

d 1
Yo(r) = % —47G(py1 + dprys) + ¥s. (56)

r

Compared to y, defined for the nonporous case (e.g., Takeuchi & Saito, 1972), py,, a term accounting for the mass
surface density induced by deformation, has been replaced with py, + ¢p,y,. This replacement leads to the same
boundary conditions for y, (i.e., a continuity in y, at boundaries).

Substitution of the definitions of y functions to the Fourier transformed governing equations (i.e., Equations 5, 6,
22,48, and 49) leads to the following eight-component ordinary differential equation system:

dy 24 I £+ D «

=— + ,
dr (Ac + 2/4(-)I‘y1 Ae + 2, 72 (Ae + 2/4(.)ry3 Ae +2u, Yo

(57)
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dv: _(_o,_4rs  12Kap 2 + Dgpg’ 4pe
dr B ? r (’16 + 2ﬂc)r2 wzperz n (A'L + Zﬂc)ryz
2 2
£+ 1) bp 6Kapic L+ 41 Coryg
+—— (- =L )e- - i+ yat p= 2/ ys=pys (58)
r Pe (Ae +2uc)r r r @?per
4prg | L+ DI dape L&+ Dpsg
—w? - -
+< @ bps r + @2 per? st (Ae + 2uc)r + W2 per? re-
dy; 1 1 1
P ARt s (59
dve (9% \e _ _Kme | 4
dr e )r T Ger 2o | T e 2000
o7\ 2 (266 + D) + p)
+|-?lp-— |+ = ————————= -1 60
[ w<p Pe r < Ac +2pc ) » ©0
2
3 b0y \ 1 Pr\ o8 2apc $or\1
—=y—=|r- —ys+(1-—=)—m+ - = Yo,
r Pe r Pe r Ac + 2/’40 Pe r
dys £+1
P 4xGpyr — Vst yet 4xGhprys, (61)
dys _4x(f + 1)G Copig Ant(¢ +1)G b} Ant(¢ +1DGdp; o
- = - 1— p— ¥+ ys + Yo
dr r W2 p.r r . W2 per? r
(62)
AR+ DGy (| Cprg  4rCC + DGy
r @ per 7 W p.r? ’
dys _1(  Aap + (¢ + Dprg _ o &+ 1) 20, _pr
dr =P\ GGt 2m) T wtpr $Oc+2m0 T T \gOcr2m) pe)”
(63)
€+ Dpy 2 &+ psg 11 a? 2 +1)
———— Vst |\t ———F— ||| =t - Y9,
W2 p.r? r W2 per? d\M A+ 2uc W?per?
dyy, | , &+ Dprg\prg 2+ Dprg pr\ (€ +Dpy prg
== = oo+ (4 —— ) = - ——— (1= s 1- ¥s
dr W2 per r r e r @?p.r
(¢ +1) d¢ (€ +1) 6
+prYe + [wzﬂe + <4 - 2—/)fg + "—> prs _ ArGpys(p - ¢7l7f)],\18 - 2—ffg,\19,
W*per dr r @2 per
where
1-¢ pnsFy
e = 1+ C, |- ,
P Pf( ) ) L (65)
and
yo= (prgyi — @’prrys — prys + prgys + yo). (66)
See Appendix B1 for the derivation and Appendix C for the differential equation system under some limiting
conditions.
While the above equation system is for compressible materials, only slight changes are needed for incompressible
materials. Specifically, if the solid (but not the fluid) is incompressible (i.e., K/, K!' — o0), @ =1, and /M = ¢/
K. If the fluid (but not the solid) is incompressible (i.e., K, — o0), 1/M = a/K; — ¢/K. If both the solid and
fluid are incompressible, @ = 1, and 1/M = 0. Thus, material incompressibility does not simplify the equation
system largely, which contrasts with the nonporous case, which has 4., K], K — oo. This is because the porous
KAMATA 9 of 47
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material is compressible (i.e., 4, and K, do not diverge) even if the constituent is incompressible unless the
undrained condition is applied (e.g., Cheng, 2016; Fjar et al., 2008).

Notably, this equation system is not applicable for static deformation (i.e., = 0). Nevertheless, this does not
mean that one cannot calculate the static deformation of a porous layer. At w = 0, if the solid is a Maxwellian
material, the porous layer behaves as a pure liquid layer. On the other hand, if the solid is an elastic material
(i.e., n, = o0), the porous layer behaves as an elastic layer with drained moduli. In either case, the system
no longer requires an eight-component system and can be solved using a classic method involving either a
two- or six-component equation system (Saito, 1974; Takeuchi & Saito, 1972). See Appendix D for further
details.

2.3. Solution for the Homogeneous Sphere

Although the deformation of a planetary body with radially varying interior properties is considered, the solu-
tion for a homogeneous sphere is important because it is used for the initial values for the numerical integration
of the ordinary differential equations of y functions (Takeuchi & Saito, 1972). Love (1911) and Pekeris and
Jarosch (1958) provide methods to derive the solution for the homogeneous sphere involving a fourth-order
differential equation and the quadratic formula. If the same approach is adopted here, a sixth-order differential
equation and a cubic formula will be involved, and this is not practical. Instead, we obtain the solutions adopting
an eigenvalue approach.

2.3.1. Compressible Case

Let us define

d 2 +1
dy 2, _f@+D,

X* 1
dr

3, (67)

o d
=21, 1, 68)
dr r r

w_dys 2 A+
xu= Sy 2y %ym, 69)

d
VA 210 + lylo - l)’s, (70)
dr r r

g _ 4nGp

r 3 D

y =
Then, Equation 48 leads to
(VP +@0°p) Z° + s Z™ = y(pX° + pps X™), (72)
[(Ae +2uc + A2 M )V? + @0?p + 4py| X* + p(aMV: + @?py +4psy) X = (€ + Dy (pZ* + dps Z), (73)
while Equation 49 leads to
& (prZ° +p.Z™) = pry(X*+X™), 74

3dps

[aM V2 +@ps +4pry| X5 + |pMV? + 0 p. + (1 + T)pf)/] X =4+ Dpry(Z° + Z). (75)

Here,

d? 2d & +1)
Vi 422 2 7
dr2+rdr r2

(76)

See Appendix B2 for the derivation. After eliminating Z™ using Equation 74, Equations 72, 73, and 75 can be
written in a matrix form:
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X° X’ apg apn aps X’
V0 zo =4 zo |=ay an axl| z°} an
xr X a apn  ap )\ X™
where
(@0 +47)(p = apy) . (¢ + )¢ — a)p3y? 78
= Ao + 201, Ppee +2p0)
2
£+ Dy by Py
= — — 1 _— s
B [(p Pe e Pe 7
e @Gy —apo) [(@ =)o +3h(p = app)]psy LD - @)}y’ 50)
T e p(he +21c) @ pe(e + 2410)
b0’
a = </7— AAEA L, (81)
pe ) He
2 vy
am=-"(p-—L) (82)
He Pe
ay = <1 —ﬁ>m, (83)
Pe He
. __(w2+4y)pf+f(f+l)p§y2 _a, 40
T oM opM P
Pr\E{&+Dpry  a
= (1-2) =g,
asm ( . ) oM ¢a|2 (85)
2.2
3¢pf> ] 1 &+ Dpyy o
2 .
a3 =—|op.+ |1+ — PrY| 7 t+ -~ ais. (86)
[ ( P oM @*pp. M ]
Let—(kf)2 (i = 1,2,3)bethe eigenvalues of the matrix A, p, be the corresponding eigenvector, and P = (p,, p,. ps)-
Then, we have
e 2
—(kj)” 0 0
PAP=| o (k) o | ®7)
o3
0 0 _(kz)
where P~! is the inverse matrix of P. By multiplying P~! from the left, the left-hand side of Equation 77
becomes
X X*
PV zs | = VPP z5 |, (88)
Xrel Xrel
because P as well as A are independent of . On the other hand, by multiplying P! from the left, the right-hand
side of Equation 77 becomes
KAMATA 11 of 47
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XS XS X.Y
P'Al zo | =P A(PPY)| zo | = (P'AP)P7Y z»
Xrel Xrel Xrel
) (89)
—(k?) 0 0 X®
=[ o -k) o |P|z|
0 0 —(k)') (x«
If we denote
XS
X=pP" z| (90
Xrel
we obtain
—(k)* 0 0
VX=| o —(k) o [x 1)
0 0 (k)
The nontrivial (i.e., nonzero) solution of (V2 + k2)X (r) =0 is given by X(r) = ¢j(kr), where ¢ is a constant
and j, is the spherical Bessel function of the first kind of the order of ¢ (e.g., Arfken et al., 2013), respectively.
Consequently, the solution is given by
3
X C]jf(kir) Zizlcip“jf(kfr)
3
Zs |=PX = Pleyjo(kir) [ = ZI_:lcipz,-jf(kfr) ) 92)
3
X aje(ksr) ) \ D _ epsije (Ker)
where ¢; (i = 1, 2, 3) are constants to be determined by the boundary condition at the surface, and p;, is the jth
component of p,. Using k{ and p;, three of the four linearly independent solutions for the y functions can be
expressed as follows:
‘h ;
y = qopie(kin) + %jf+1(kfr), ©93)
) 20(¢ - Dhipe 2[2p1i = (€ + Dpailpe . .
Y2 =—ayo + (A + zﬂc)plijt’(k;") + e /’(kﬁr) - 22n l(c"r 22l Je+l (k;r), (94)
¥ = IS Je(kir) + Iﬁjfﬂ (ker), (95)
ker ! k¢ !
2¢-DhiN ., 2(p1i — p2i) . .
y4=yc[<p2,~+T)]ﬁ(kir)+71f+l(k,-r> s (96)
3y dps e
ys=——= (pu +—=p3 ) je (kir), 97)
(k) ,
3¢+ Dy Ppy (e
Yo = ————— |pu—€pai + —(p3i — pai) .]f(kir), (98)
(ki) ,
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2 Y
%= T Je(kir) + e (kir), 99)
Yo = =M (apy + bpa)je (Kr), (100)
Al D4i
Yio = k;,rjf(kfl‘) + k—fjm] (kfi‘), (101)
where
pi = 2 o+ ps) = 2, (102)
W pPe Pe
i+ (€ + Dpo
B = —”‘(k—g)’”, (103)

i

Pt (¢ + Dpa;
k¢ ’

i

= (104)

The fourth solution is the trivial solution; X* = Z* = X™ = 0. It is found that it is the same as the trivial solution
for the nonporous case with no relative fluid motion:

n=£er, (105)

y2 =20(¢ = Dper”™, (106)

yp=r"", (107)

ya =2 = D", (108)

ys = (¢y — o), (109)

vo= 2 Dy —3pm = e -y - @0 + D], (110)
s =0, (111)

¥ =0, (112)

yio = 0. (113)

The no relative fluid motion condition can be derived from the equations of motion for solid and fluid.

As discussed in Appendix E, this method can also be applied to the nonporous case. Thus, the eigenvalue approach
proposed here is not specific to the porous case but is a comprehensive method that can be applicable to both
porous and nonporous cases.

2.3.2. Incompressible Case

If both the solid and fluid are incompressible, @ — 1, and M — co. Under these limits, the equation system degen-
erates; both Equations 73 and 75 become

V(XS +¢X™) =0. (114)
To avoid degeneration, y,, which is given by
Vo =—M(X‘+¢X‘e'), (115)

is chosen as a variable to be solved instead of X™'. Note that y, does not diverge even if M — co (at the same time,
X* + ¢X™ — 0). Then, we have
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X X° a d || X
V2 =A =" " , (116)
A VA a, a,)\Z°
where
2 2\ 2,2
S iy (T WA —4p+p—f+3ﬁ A Gltel Sl 1 117
1 Ae + 2/45 ¢7 ¢ P A+ 2/40 w2¢2p8(/10 + 2/40) ’
2 14
=7 +1 l-¢)— |———
ay, =4+ )(ﬂ pr+1—9) >/1 e (118)
2
Pr\ry
‘121=<P—Pf+(1—¢)_>”_9 (119)
2
w? b0
ay, = ——<p— , (120)
He Pe
and
Viy = ay, X* +dy, Z°, (121)
where
2,2
pe 3¢pr\psy  CC+ DA —P)pyy
d, = P ——) 4py+(1+ )—— ; (122)
! < T ! p ) @ *¢ppe
a§2=—f(f+1)<1— p—)pfy (123)
The following procedure to obtain the solution is similar to the compressible case. Specifically, X* and Z* are
given by
2
X Z, 1 lpll‘]f(k )
= ; , 124)
z 2_1 1p21-]f(k )
where ¢/ (i = 1,2) is a constant to be determined by the boundary condition at the surface, —(kf’ )2 is the eigen-
values of the matrix A’, and pl’.j is the jth component of the corresponding eigenvector. Then, two sets of solutions
are given by Equations 93-101 except for replacing k¢ with k', p; with p' , p,; with p/ , p, with p. = —p| /¢, and
a p,[ +d p/i
o= - Eke')jz 2 je(K'r), (125)
respectively. It is noted that since A’ is a 2 X 2 matrix, the eigenvalues —(kf’ )2 of A’ can be easily expressed as
o2
—(k,.’) = (all +a22 \/ 4 a,11 +4a12a21) (126)
The other two sets of solutions are given by X* = Z* = 0. One such solution (i.e., the third solution) is given by
yn=er"", 127
y2 ==y +2£6(£ — Dper™2, (128)
yy=r" (129)
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s =2(f = Dper’ 2, (130)
ys =0, 131)
v =_3fy<1 + %bl)r”", (132)
ys =bitr’ ™!, (133)
yo = bar”, (134)
yio = birf 7, (135)
where
€y —*)(p—py)
b= — ( Jo=en) (136)
@*(pp; —p) + (1 —§)psy
by = (& = £7)(p + bidbpy). (137)
The fourth solution is the trivial solution for a compressible case given by Equations 105-113.
Similar to the compressible case, the eigenvalue approach can be applicable to the nonporous incompressible
case. In this case, only one solution can be written using spherical Bessel functions, and the other two solutions
can be written using a power of r. See Appendix E for details.
2.4. Boundary Conditions
This theory can be applied to various kinds of problems by choosing appropriate boundary conditions. The bound-
ary conditions for y,—y, are the same for the nonporous case and are already given in previous studies (e.g.,
Saito, 1974). The boundary conditions for the newly defined y, and y, depend on whether the boundary is permea-
ble or not. Below, the boundary conditions not only at the surface but also at a layer boundary inside the body that
are relevant for planetary applications are summarized. Note that y, and y, describe radial displacement and stress,
¥, and y, describe shear displacement and stress, y; and y, describe gravitational potential and radial acceleration
(Takeuchi & Saito, 1972), y, describes radial displacement of fluid relative to solid, and y, describes pore pressure.
2.4.1. Free Surface Under Tidal Potential
This is the condition when tidal Love numbers are calculated. In this case, the pore pressure as well as radial and
shear stresses needs to be zero. Thus, the boundary conditions are given by
20 + 1
p=0 yi=0, yo= == =0, (138)
where R is the surface radius of the body.
2.4.2. Loaded Surface
This is the condition when load Love numbers are calculated. A difference from the free surface is that radial
stress is not zero. For a permeable load,
(22 + Dg(R) 20+ 1
=, = O’ = R = =), 139
»2 2GR V4 Yo R Yo =—y (139)
while for an impermeable load,
@27+ Dg(R) 20+ 1
_- — N = 0, = s = O’ 140
2 2GR Y4 Yo R ys (140)
where g(R) is the gravitational acceleration at the surface (e.g., Saito, 1974).
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2.4.3. Pressed Surface
This is the condition when press (or pressure) Love numbers are calculated. This is similar to the case of the
loaded surface, but the surface is free from the potential. Thus,
27 + 1)g(R)
» 2GR % 0, y6=0, yo=-yo0rys=0 (141)
The last condition for the pore fluid depends on the permeability of the surface.
2.4.4. Shear-Stressed Surface
This is the condition when shear Love numbers are calculated. In this case, a potential-free shear stress is applied,
and shear stress does not introduce pore pressure. Thus, the boundary conditions for this case are (e.g., Saito, 1978):
27+ Dg(R)
=0, = =0, =0.
y2 “Z 4@+ 1)GR " » (142)
2.4.5. Perfect Contact With a Permeable Solid Layer
If two porous layers contact each other, solid displacements, stresses and pore pressure, and gravitational poten-
tial and acceleration are continuous. However, the relative displacement of fluid in the vertical direction is not
necessarily continuous because the volume of the fluid expelled from a layer must be the same as that entered to
the other layer. Then we have
Y=y (1=1,2,3,4,56,9), (143)
d)upy;P — ¢lowy]80w, (144)
where superscripts “up” and “low” indicate the upper and lower porous layers, respectively.
2.4.6. Perfect Contact With an Impermeable Solid Layer
In this case, solid displacements, stresses, and gravitational potential and acceleration are continuous. In addition,
and the relative displacement of fluid in the vertical direction should be zero. Thus, there are seven conditions
as follows:
vi=y; (i=1,2,3,45,6), (145)
=0, (146)
where superscripts p and s indicate the porous and nonporous solid layers, respectively.
2.4.7. Shear-Free Contact With a Liquid Layer
In this case, radial and shear stresses and gravitational potential and accelaraton are continuous. On the other
hand, displacements are not continuous. Specifically, the effective radial displacement (y, + ¢yg) of the porous
layer should be continuous with the radial displacement (y,) of the liquid layer. In addition, the pore pressure (y,)
equals the liquid pressure (—y,). Thus, there are six conditions as follows:
W+ oy =¥, (147)
Y=y (=256, (148)
¥, =0, (149)
Yo ==Yy (150)
where superscripts p and / indicate the porous and liquid layers, respectively.
If a liquid layer is modeled as dynamic (i.e., @ # 0), y,, y,, and y, in the liquid layer can be determined separately
(Kamata et al., 2015). However, if a liquid layer is modeled as static (i.e., @ = 0), not all y functions can be
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determined separately (e.g., Saito, 1974); Only two variables, y; and y, = y, + 42Gy,/g, can be calculated, and
¥, = pgy, — pYs is satisfied in the liquid layer. For such a case, there are five conditions as follows:
=y, = p'g(y) +dx5) — o'y (151)
=0, (152)
v =5, (153)
4rG
v+ T;ﬁ=y’7, (154)
Vo == b (155)
It is noted that Equation A18b of Rovira-Navarro et al. (2022), which corresponds to Equation 151 of this work,
ignores the contribution of the radial displacement of the fluid relative to the solid.
2.5. Heating Rate (Energy Dissipation Rate)
In this subsection, we derive some useful expressions for the heating rate per unit volume. More specifically,
we derive the local heating rate (as a function of radius, latitude, and longitude), a horizontally averaged heating
rate (which is a function of only radius), and a horizontally and radially integrated heating rate using y functions.
The work §W per unit volume of a fluid-saturated porous material is given by (e.g., Biot, 1956a; Cheng, 2016)
s rel rel d¢ rel
W = oi;6¢], — (¢5u ) = oijée]; — pr| poe + d—é (156)
On the other hand, the dissipation 6 D due to a small fluid motion relative to the solid is given by (e.g., Biot, 1956a;
Cheng, 2016)
rel
§D = d) nr Re(Ff) au i su rel’ (157)
k ot '
where Re(x) indicates the real part of x. The imaginary part of F; introduces an apparent force called the Basset
force (e.g., Cheng, 2016), which is in phase with the forcing and thus does not contribute to the energy dissipation.
Then, the rate P of energy dissipation (i.e., heating rate) per unit volume at a given location (r, 6, ) averaged over
a forcing period T is given by (e.g., Beuthe, 2013; Biot, 1956a; Cheng, 2016; Liao et al., 2020)
T 0W T aD
PG00 = 1 fy Bldr+ 1 [ 22
® . ddo . @*$*ny Re(Fy) 2 (158)
= 5 Im<o-u ¢p "rcl _ Epfmd ) + o |ET.CI| ,
where Im(x) indicates the imaginary part of x, and the superscript * indicates the complex conjugate, respectively.
Equations 5 and 6 yield
T = Al 2 (8 + Bl 4 Bl + 2+ 2 23 [ ) + bt (ol 0235 ). 159
Ef""krzl* =-M <a~,:k’e*‘kr:]* + ¢|~|c] > (160)
Then, P can be written as the sum of four components
Pr,0,0) =Pk +Pu+ Py + Py, 1e1)
where
o Im(Kyq)
Pr=— C1E, [ (162)
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is the heating due to dilatation of the solid,
1
P=w Im(,uc)< &, +20, +2,e9¢ -3 gzk|2> (163)
is that due to the change of solid shape,
o Im(M )
Py = %p@k + gl = Lo Ak (164)
is that due to dilatation of fluid (relative to solid), and
@* O N7 RE(FY) (112 oerelt? . (eorel (2 wdp O
Py = 2% (|”rel| + [, + g )_ 5 2, Im(pa) (165)
is due to the fluid flow relative to the solid, respectively. The forms of Px and P, derived above are the same as
those found for a nonporous solid material (e.g., Beuthe, 2013). Consequently, the total heating rate is simply
the sum of the heating in the solid and that due to relative fluid deformation. It is noted that Im(K,) and Im(M)
(consequently, Px and Py,) are zero if bulk dissipation is not considered (see Section 2.1.1). The relationship
between y functions and strains and displacements can be found in Appendix F.
Next, let us consider the horizontally averaged heating rate. For each P; (¢ = K, u, M, 1), we find
2 g (l)Uz
hg(r) = L / / Pksin6 d0 do = Z L Im(Kq)HY, (166)
Az J peo Jo=o = 2r2
2r r 2
1 . wU; p
h(r) = 7~ /¢=o /e=o Pusin6 d6 do = ; - )H, (167)
2 n COUZ
hu(r) = L/ / Pusin€ do do = Z —LIm(M)H?,, (168)
Ar J peo Jo=o = 2r?
U2
hy(r) = / / Prsind d6 dg = Z > ~on Re(Fy)Hy, (169)
o=0 Jo=
where
2 m 2
U =Y NI Uenl, (170)
dy 2\ 4uey +ryr =20 + Dpeys + aryo |
HE = P2 f oy — 20+ | = ; 171
(= v v im] =] P a71)
¢ _ 1 dy 2 r 2 2
H; = 3 ZrW =2y 4@+ Dys| +0(+ D|—w| +@ = DEE + D& +2)|ys]
,uc
172)
—6Kay1 +2ry2 + 32(£ + DKyys + 2arys |* :
= 10Ky + 2rys + 3 + DRays + 2arys (€= DEE+DE + Dl
3 Ae + 2,
PP
HY = ’ﬁyg , 173)
1y = L2 (1 4 2+ Dlyul?) = ——— 9% 1 (3) (174)
T T B 0 wn Re(Fy) dr 879/
and N7 is the normalization factor given by
N}=> /o P} (cos 0) P (cos 0)sin 0 dO = 4— /9 o | Y/, (p)| sinf d do
1 +m)! (175)
T2+ 1 -m)
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Consequently, the horizontally averaged volumetric heating rate % as a function of radial position r is given by

h(r) = % /jjo Joeo P(r.0,)sin0 d6 dp = hx + hy + ha + hy

wU? (176)
=y EES [Im(Ka)H{, + Im(u)HY, + Im(M)HY, + on,Re(Fy)H{|.
4

Here, H If( and H}, under the limit of & — 0 are equivalent to H, and H, » Tespectively, defined by previous studies
(Beuthe, 2013; Tobie et al., 2005). In addition, H,f under the limit of d¢p/dr — 0 leads to the result equivalent to
Equation D12b of Rovira-Navarro et al. (2022). Consequently, above formulation is a generalized expression that
can reproduce previous expressions assuming limiting conditions.

Finally, we consider the total heating rate in a poroviscoelastic layer. The horizontally and radially integrated
volumetric heating rate Q between r = r, and r = r,, is given by

o) = /7,
=4 frlr" h(r) r* dr Aa77)

e * 1 e k. u
= ;27ra)U; [,,z Im<y]~y2 +Z2(& + Dy;ys + oLl d)yxyg)]n,

Jomo [ P(r,0,@)sin0 dr d6 de

where [ y(r) ]:‘; = y(ry) — y(rs), and r, and r, are the upper and lower bound radii, respectively. See Appendix B3
for the derivation.

It is instructive to derive a well-known formula under a special case: the global tidal heating rate for eccentricity
tides considering only degree-2 tidal potentials. In this case,

U, = 25—'w4R4e2, (178)

where R is the radius of the body and e is the eccentricity. See Appendix G for further details. Using the
values of y at the surface given in Section 2.4.1, the global tidal heating rate Q°_ = for eccentricity tides is
global
found to be
210’ R3e?

doba = Q(R, 0) = —=—=—1Im(k2), (179)

which is a well-known equation (e.g., Segatz et al., 1988). Thus, this well-known equation is valid even if the
body contains a porous layer.

3. Numerical Calculation

3.1. Numerical Procedure

The ordinary differential equation system given by Equations 57-64 is integrated from the center to the
surface. Since there are terms with ! and r~2, the integration needs to be carried out from a small but
non-zero radius r, using the homogeneous sphere solution given in Section 2.3. Note that the values of
Je(kéro) and jeii(kero) are not required independently; only the ratio k°rojesi(kéro)/je (kéro) is required
(Takeuchi & Saito, 1972).

In the case where the body is an entirely porous sphere, the number of linearly independent solutions are four:
4
() =Y, Cryy(n), (180)
j=1

where the subscript j is the index specifying the linearly independent solution, and C; (j = 1, 2, 3, 4) is the coeffi-
cient determined by the surface boundary condition given in Section 2.4. For example, when tidal Love numbers
are calculated, C; is given by
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»21(R)  y2(R)  y(R)  yu(R) || C 0
ya(R)  yo(R) yi(R)  yu(R) | C: 0
= 5 (181)
Ye1(R)  ye2(R)  ye3(R)  yes(R) || C3 (22 +1)/R
yo1r(R)  y2(R)  yo3(R)  you(R) J{ Cs 0
where R is the surface radius.
In the case where the body consists of porous and nonporous layers, the number of linearly independent solutions
changes. First, let us consider a two-layer body consisting of an inner nonporous solid layer and an outer porous
layer. In this case, the number of linearly independent solutions increases from three to four. The first step is to
calculate three sets of y,—y, in the inner layer from a small radius r, to the internal boundary radius r, using a
six-component equation system (see Appendix C2). The next step is to calculate four sets of y,—y, in the outer
layer from r, to the surface R using an eight-component equation system given by Equations 57-64. The three
sets of y,—y, are simply continuous from the inner layer with y, = y, = 0, and one additional set is the one that
determines y, at r,. Consequently, the initial values yf’j for the outer layer are given by
Vo) =y;(re) (i=1,...,6; j =1,2,3), (182)
¥ (re) =0 (=89 j=123), (183)
Vo) =0 (i=1,...,6,8), (184)
You(re) = 1, (185)
where v (rs) is the y values at the upper bound of the inner layer obtained by the first step. It is clear that these
initial values satisfy the boundary condition given in Section 2.4.6. The coefficient of four solutions can be deter-
mined by the surface boundary conditions (i.e., Equation 181).
Next, let us consider an inverted case; a two-layer body consisting of an inner porous layer and an outer nonporous
solid layer. In this case, the number of linearly independent solutions decreases from four to three. Thus, three
conditions for the coefficients such as C,/C,, C,/C,, C5/C, are necessary to determine the initial values. However,
at the internal boundary r,, there is only one condition except for the continuity in y,—y,:
4
Yolrs) = ) Clyp () = 0. (186)
j=1
Thus, it is not possible to determine the initial values for the outer layer. In practice, this problem can be avoided
by considering four solutions even in the nonporous layer with the initial values Vi given by
yire) =) ((=1,...,6; j=1,....4). 187)
After the integration in the outer layer, the coefficients of the solutions can be determined from the boundary
conditions at the surface and the internal boundary:
R ¥R y,R wB | 0
V(R yup(R) (R v, (R [ G 0
41 42 43 44 _ ) (188)
V(R ye(R) - yg(R) - vy, (R) [ Cs (2¢+ /R
Vo () Ve, (rs) Ve (rs)  ve,(rs) | Ca 0
For more complex layered structures, it may be simpler to calculate n solutions for a layer where a n-component
equation system is applied (i.e., eight solutions for a porous layer and six solutions for a nonporous solid layer). In
this case, a simple set of the initial values can be used. For example, in the case of a porous layer,
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yfj.(r,,)z&,-j (i=1,...,6,8,9,j=1,...,6), (189)

Pry) =6 (i=1,...,6,8,9), (190)

Ve(rs) =69 (i=1,...,6,8,9). (191)

Then, the integration can be carried out separately in each layer. The coefficients for the linearly independent
solutions in each layer can be calculated from boundary conditions given in Section 2.4 and boundary values.

3.2. Homogeneous Model

Here, we investigate the dependence of deformation of a macroscopically and microscopically homogeneous
porous sphere on permeability and frequency. These two parameters can vary by several orders of magnitude,
depending on the subject to be investigated. Table 1 lists the parameter values adopted. Other parameters can be
calculated from parameters listed in Table 1. For example, the drained bulk modulus K, can be calculated from K
and o using Equation 10. The results shown below assume |k¢| > |k$| > |k$|, and the eigenvectors are normalized

G.e,q/p% +p} + 0 =1).

As discussed in Section 2.3, y functions for the homogeneous sphere are given by a linear combination of four
linearly independent solutions. An example of such solutions is shown in Figure 1. Here, the real parts of y, (i.e.,
the radial displacement of the solid normalized by the loading potential) and yy (i.e., the radial displacement of the
fluid relative to the solid normalized by the loading potential) are shown. This figure shows that the first nontriv-
ial solution (labeled k¢) has the largest absolute value near the surface. Figure 2 shows the dependence of this first
nontrivial solution on permeability, demonstrating that a decrease in permeability leads to a large increase in the
absolute value of yg. The physical meaning of this trend is simple: a decrease in permeability leads to a thinning
of the region where the pore fluid flows, as can be easily understood from Figure 2b. In this particular case, the
flow of the pore fluid occurs in the entire body if permeability is >10~° m? but only within a thin surficial layer
if permeability is <107'% m?2.

Table 1
Model Parameters for the Homogeneous Model
Quantity Symbol Value Unit
Radius R 230 km
Biot effective stress coefficient a 0.5 -
Porosity ¢ 0.1 -
Permeability k 10-14-10-° m?
Density of solid 2, 3,000 kg m~3
Density of fluid Py 1,000 kg m™3
Bulk modulus of solid K, 40 GPa
Bulk modulus of pore fluid K, 2 GPa
Shear modulus of porous medium M 10 GPa
Viscosity of solid n, 1020 Pas
Viscosity of pore fluid 1y 1073 Pas
Harmonic degree 7 2 -
Angular frequency ® 10710102 rad s7!
Porous-medium added-mass coefficient C, Equation A1l =
Fluid viscosity correction factor® F 5 Equation A2, with 6p =4 -
*6, is the pore geometry factor.
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Figure 1. Radial profiles of the real part of the linearly independent solutions of (a) y, and (b) ys. The results for the
permeability of 107! m? and the angular frequency of 10~ rad/s are shown. The solid line labeled k¢, the dashed line labeled
k;’, and the dotted line labeled kg represent the first, second, and third nontrivial solutions, respectively. The dot-dashed line
labeled T represents the trivial solution.

This thinning of the layer where the pore fluid flows causes a problem when carrying out numerical radial inte-
grations of y functions; unless the layer is very thin, the absolute value of y functions increases rapidly and can
exceed the upper limit for the numerical computation (i.e., ~103% in the case of a double-precision floating-point
format). For example, for the angular frequency of 107> rad/s, the use of a permeability lower than ~4 x 10714 m?
results in this problem (see Figure 2a). This value of permeability is not unrealistically low but is a typical
terrestrial crustal value at a depth of a few km (Gleeson & Ingebritsen, 2017). Thus, unfortunately, it is difficult
to carry out numerical calculations assuming a thick porous layer possessing a permeability typical of terrestrial
crust.

However, this numerical problem can be avoided if one adopts an appropriate interior structure model. Because
the flow of the pore fluid is limited to a shallow zone, it is reasonable to assume that the inner region is perfectly
undrained. The behavior of such a region is equivalent to that of an impermeable pure solid with reduced elastic
moduli. Thus, a low-permeability layer can be modeled as a combination of a thin porous layer and a thick nonpo-
rous solid layer (Figure 3). Here, the density and the shear modulus of the undrained layer are given by the local
mean density and the effective shear modulus, respectively, of the porous case. The bulk modulus of this layer is
the undrained bulk modulus K, given by Cheng (2016).

(a) (b)

230 1.0

107"
200 P 2

10-10 Permeability (m<)
0.8+ 10710

—~ 1501 10"

0.6

10712

107

Radius (km
)
<

0.4
107"

Double precision limit

Normalized radius

50 1018

2
G

10716

1
10° 10" 102 10*® %%0 02 02 06 08 10

lys! (s%/m) Normalized |yg|

Figure 2. Dependence of the first nontrivial solution for y, on permeability. Results for the angular frequency of 10~ rad/s
are shown. The left Panel (a) shows the unnormalized (dimensionalized) results, while the right Panel (b) shows the same but
normalized results.
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Same boundary condition

Porous layer with Non-porous solid
a low permeability with low elastic moduli

Figure 3. Two numerically equivalent interior structure models. Numerical calculations using the left model may be
impossible. In that case, the use of the right model makes numerical calculations possible.

-1
u = M= |1- + 2 — + — KA’
K, lzd +a a a <a SH ;

-1
= [l—a+a2<a—¢+¢K—Ij§> :|KS.

In the case of the parameter values listed in Table 1, K, ~ 24.167 GPa.

(192)

The important question that should be addressed here would be where to place the boundary between the drained
and undrained layers. Let us first consider a specific calculation condition; as an example, the permeability of
10~'* m? and the angular frequency of 1075 rad/s are chosen here. Figure 4a shows a shallow part of the radial
profile of the amplitude of y,. Here, the four linearly independent solutions are combined using the boundary condi-
tions given in Section 2.4.1. In this case, a porous layer thicker than ~5 km leads to numerical instability, while a
layer thinner than ~1 km leads to inaccurate results. Thus, a porous layer thickness of approximately 3 + 2 km is
appropriate. The same conclusion can be obtained from the y values at the surface, as demonstrated in Figure 4b.

Let us now investigate the solution from a mathematical point of view to obtain a guideline value for this porous
layer thickness under various calculation conditions. As discussed in Section 2.3, the nontrivial solutions can be

(a) (b)
0 = 20
}y; 9
iy
3
0.2 € g =
Nt\,, 154 % Appropriate thickness range %
Q
~ L | 1
_g 0.4+ D g
S3 8 17
Ny Q 10,
= Porous layer £
2 0.6 thickness (km) 2 i
5.9 o
— 55 =
— 4 b—
0.8 — 2 = 5
— 1 >
— 08
- 05
1 T T T T 0 ‘ ‘
0 2 4 . S 8 10 0 2 4 6
lys| (107 s°/m) Porous layer thickness (km)

Figure 4. Dependence of the numerical stability and accuracy of the solution on the porous layer thickness. Results for a
permeability of 107'% m? and an angular frequency of 10~° rad/s are shown. The left Panel (a) shows radial profiles of yg for
different porous layer thicknesses, while the right Panel (b) shows the value of y, at the surface as a function of the porous
layer thickness.
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Figure 5. Dependence of the eigenvalue —(k‘%’ )2 on the (a) permeability and (b) angular frequency. Results for (a) an
angular frequency of 1075 rad/s and (b) a permeability of 107'° m?, respectively, are shown. |k¢| > |k5| > |k$|is assumed.

written using spherical Bessel functions (i.e., j, and j,, ). In general, the spherical Bessel function for a complex
argument can be approximated as
RICH] irel it
jf(kfr) ~ s @D gFiRe(kEr) (193)
for a large |Im(kfr) | Here, the upper (lower) sign is for a positive (negative) Im(kfr). See Appendix H for the
derivation. Thus, one can expect that the conditions that result in a numerical instability for a given radius (r)

have large ‘Im( k§ ) values. As expected, Figure 5a shows that a decrease in permeability leads to an increase in

|tm (k)
that the attenuation is stronger for a higher frequency. In either case, a rough estimate of an increase in y values
due to an increase Ar in the radius is given by

, indicating

. Figure 5b shows that an increase in angular frequency also leads to an increase in |Im(ki)

Je(kS(r+ Ar))
je (Kir)

|1m(k‘]’Ar)

~

‘ y(r + Ar)
y(r)

(194)

Here, |Im(kfr) | > land Ar < r are assumed. In the case of a permeability of 10~'* m? and an angular frequency

of 107 rad/s, where the appropriate thickness is about 3 + 2 km, Im(k¢) = —5.81 x 1073 m™" (see the left end of
Figure 5a). If we substitute 3 km into Ar, we obtain e|lm(k£‘1m)' = 3.71 x 107. Consequently, a rough estimate of
the porous layer thickness Ar may be given by

In(3.71 x 107) 17

Ar ~ ~ .
|1m(kj) ’Im(k‘l’)

(195)

Figure 6 shows that Equation 195 provides an appropriate porous layer thickness under different parameter condi-
tions. This is found to be true even if we change a parameter other than permeability and frequency (i.e., porosity,

density, shear modulus, viscosity, ...). Thus, if a porous layer has a large thickness and a large |Im(kf ) , such

a layer should be divided into two layers, and Equation 195 can be used to obtain a first-order estimate on the
boundary depth.

KAMATA

24 of 47

85U8017 SUOWWOD A0 8]qed![dde aup Aq peusenob ae Sepiie YO ‘s JO SN 10} Arelq18UIUO 48] 1M UO (SUORIPUOD-pUe-SWBYLI0O" A3 1M A eIq | U1 UO//SdNY) SUORIPUOD pue SWwie | 3ys 89S *[£202/60/70] Uo Ariqiauliuo A8|im ‘AIsRAIUN OpENOH AQ 0022003r2202/620T 0T/I0P/w00 A8 | imArelq 1 putjuo'sqndnfe//sdny wouy papeojumoq ‘. ‘€202 ‘00T669TZ



. ¥ell ,
NI Journal of Geophysical Research: Planets 10.1029/2022JE007700
(a) (b)
0.6 , ‘ 500

Chad | E 400

) X o

%awh» : S o

A ! < 3001

8 : 8

g 0.3+ ! g

n ! 200+

[0] ! [0]

£ 0.2 ! =

® | ®

= Permeability: 107 (m?) "2 100 Permeability: 107 (m?)

©
-

Angular frequency: 1072 (rad/s) Angular frequency: 1072 (rad/s)
kS~-0.184 (m™) kS~-1.83x107* (m™)
0 T L T 0 T T T
0.00 0.05 0.10 0.15 0.20 0 50 100 150 200
Porous layer thickness (km) Porous layer thickness (km)

Figure 6. Dependence of the numerical stability and accuracy of the solution on the porous layer thickness under an angular
frequency of 1072 rad/s. The results for a permeability of (a) 1074 m? and (b) 10~8 m? are shown. The vertical dashed lines
indicate the guideline value given by Equation 195.

3.3. Multilayered, Radially Varying Model

Here, we investigate the effect of the radial variation in porosity on the energy dissipation rate in the porous layer.
As an example, we consider tidal heating in the porous rocky core of the Saturnian satellite Enceladus. It is noted
that the aim of this subsection is not to constrain parameter ranges that can explain the observed high heating rate
of Enceladus; such an investigation is left for another study.

3.3.1. Model

We adopt a simple three-layered Enceladus model consisting of an ice shell, a subsurface ocean, and a rocky core.
Table 2 lists the parameter values adopted.

3.3.1.1. Ice Shell

The outermost layer is assumed to be a nonporous, Maxwellian viscoelastic ice shell. Its density is the nominal
value adopted in Hemingway and Mittal (2019), and the corresponding thickness is chosen. The bulk and shear
moduli of polycrystalline ice are used (Petrenko & Whitworth, 1999).

The viscosity 7, is calculated from a simple Arrhenius-type rheology controlled by temperature 7 (e.g., Kamata

& Nimmo, 2017):
E, (1 1
ni = ﬂrefexp<_Rg ( T To ) ) s (196)

where 7, is the reference viscosity, E, is the creep activation energy, R, is the gas constant, and 7, is the reference
temperature, respectively. The temperature profile in the ice shell is calculated by solving the one-dimensional
steady-state thermal conduction equation without heating:

= 14 (4L, (197)

2 dr dr

where kth is the thermal conductivity. We use a temperature-dependent thermal conductivity:

k()
ka(T) = =2, (198)
where k?h =651 W m~! (Petrenko & Whitworth, 1999). Then, the temperature profile 7(r) is given by

—1 -1
r— =R

nn=n(£>w*?, (199)
T,

K
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Table 2
Model Parameters for the Three-Layer Enceladus Model
Quantity Symbol Value Unit
Satellite mass® M, 1.080 x 10%° kg
Satellite radius®< R, 252.22 km
Ice shell thickness® H, 22 km
Subsurface ocean thickness® H, 37 km
Density of the ice shell® P 925 kg m~3
Density of the subsurface ocean® P, 1,020 kg m™3
Density of rocky frame Py 2,800 kg m~3
Density of pore fluid Py =p, kg m~3
Porosity ¢ Equation 201 -
Porosity at the core surface Prax 0.2375-0.4 =
Permeability k Equation 203 m?
Bulk modulus of ice? K, 8.9 GPa
Bulk modulus of rocky frame K, 74.85 GPa
Bulk modulus of fluid K, 2.103 GPa
Shear modulus of ice? W 3.52 GPa
Shear modulus of rocky frame M 53.58 GPa
Viscosity of ice n; Equation 196 Pas
Viscosity of rocky frame 7, 10%° Pas
Viscosity of pore fluid ny 1.860 x 1073 Pas
Reference viscosity of ice Mot 10 Pas
Reference temperature ref 273 K
Activation energy of ice creep E, 6 x 10* J mol !
Harmonic degree 4 2 -
Angular frequency®© [0} 5.31%x107° rad s~!
Eccentricity® e 0.0047 -
Obliquity® 0, 45%x107* Degree
Porous-medium added-mass coefficient C, Equation Al -
Fluid viscosity correction factor! F, Equation A2, with §, = 4 -
ess et al. (2014). "Tajeddine et al. (2017). “Hemingway and Mittal (2019). Petrenko and Whitworth (1999). *Matsuyama
et al. (2018). fép is the pore geometry factor.
where R, = R, — H, = 230.22 km is the radius of the ice shell-subsurface ocean boundary, 7, = T(R) = 75 K is
the surface temperature, and T, = T(R ) = 273 K is the temperature at the base of the ice shell. It is noted that
we do not intend to obtain a precise heating rate profile under steady-state conditions. If so, one should include
the heating term in Equation 197, and an iterative calculation would be necessary. Instead, we intend to obtain a
simple viscosity profile that decreases significantly with depth. If one needs a precise heating rate profile, a more
detailed and consistent thermal modeling is needed.
3.3.1.2. Subsurface Ocean
The intermediate layer is assumed to be an inviscid fluid layer. Similar to the ice shell, its density is the nominal
value adopted in Hemingway and Mittal (2019), and the corresponding thickness is chosen.
3.3.1.3. Rocky Core
The bottom layer is assumed to be a microscopically homogeneous, porous, water-saturated, Maxwellian viscoe-
lastic rocky core. The densities and thicknesses of the outer layers as well as the satellite mass and radius lead to
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Figure 7. Radial profile of (a) the porosity and (b) permeability for different values of ¢,

max*

a bulk density of the rocky core of 2,377 kg m~3. For simplicity, we use a solid frame density of 2,800 kg m~,
and the fluid density is assumed to be the same as that of the subsurface ocean. These assumptions lead to a bulk
porosity ¢y, of 0.2375.

We consider porosity profiles that decrease exponentially with depth:
P(r) = ¢maxexp(j¢(r - R.)), (200)

where R, = R, — H, — H = 193.22 km is the core radius, ¢, is the porosity at the core surface (i.e., r = R),
and 4, is a constant, respectively. If we denote the porosity at the center (i.e., ¢(r = 0) = Pmaxe Ry as @,
Equation 200 can be written as

¢ ) r/R.
o(r) = ¢min< ¢"‘f‘> , (201)

and the bulk porosity ¢, , can be written as

min

-3
¢bulk — 3¢min [1n< ¢max >] [(xz +2x + 2)ex] Tz((‘:’nmx/@mn). (202)

See Appendix I for the derivation. We consider different values of ¢
to 0.2375. It is found that ¢
in Figure 7a.

between ¢, and 0.4, but ¢, is fixed
takes a value between ¢, ,, and 0.0333. The resulting porosity profiles are shown

max

min

For simplicity, the permeability & is calculated using the Kozeny-Carman equation calibrated for pure sands:

_ 1 @ — )’
5050752 (1= + )

(203)

where S, = 14.8 m? kg~ is the specific surface and ¢, = 0.027 is the percolation threshold porosity, respectively
(Gleeson & Ingebritsen, 2017). The permeability profiles obtained are shown in Figure 7b. In the case of uniform
porosity, Equation 203 leads to a permeability of 4.79 X 10~ m?. On the other hand, in the case of ¢, = 0.4,
permeability varies between 8.01 x 10717-4.22 x 107! m2. It is noted that permeability depends on many factors
in addition to porosity; clays are much lower than those estimated from Equation 203, fault permeability is much
higher than sediment permeability, and porosity-permeability relations found for granular materials do not work
well for vesicular rocks in general (Gleeson & Ingebritsen, 2017; Saar & Manga, 1999). Thus, it is necessary to
choose an appropriate model if one specifies a structural model for porous materials.

The bulk and shear moduli of the solid frame are calculated from the Hashin-Shtrikman bounds assuming that
the solid frame is composed of a mixture of hydrated (antigorite) and unhydrated (olivine) silicate minerals. First,
using the densities of these minerals (Christensen, 2004) as well as the assumed solid density p,, the volume
fraction ¢, of antigorite and that ¢, of olivine are calculated. Specifically, ¢, =0.793 and ¢, = 0.207, respectively.
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Second, the bulk and shear moduli of each component at zero pressure are calculated from pressure-dependent
values listed in Christensen (2004). The Hashin-Shtrikman upper limits for the bulk and shear moduli are given
by Hashin and Shtrikman (1963).

_ b
Kip =Ko+ — P, (204)

K\-K, = 3Ky+4uy

g
1 66 (Ka+2uy) (205)

ui—wy  Sup(3Ka+4y)

Hup = H2 +

respectively, and the lower limits for the bulk and shear moduli are given by Hashin and Shtrikman (1963).

- ¢
Klow = Kl + 1 o 3¢, s (206)

K>—K; 3K +4p

(2]
1 641 (Ki+2u1) (207)

H2—Hy Suy (3K +4uy)

Hiow = H1 +

respectively, where ¢, and ¢, are the volume fractions of softer and stiffer materials, K, and K, are bulk moduli
of softer and stiffer materials, and y, and yu, are shear moduli for softer and stiffer materials, respectively. In our
model, the softer and stiffer materials are antigorite and olivine, respectively. We adopt the means of these limits
as the bulk and shear moduli, K and p, of the solid:

K, = = (Kup + Kiow). (208)

N —

Hs = (/'{up + lllow)- (209)

N =

The calculated values are listed in Table 2.

The drained bulk modulus and the effective shear modulus of the porous medium are also calculated using the
Hashin-Shtrikman bounds. In this case, the softer and stiffer materials are void and solid, respectively. Conse-
quently, p, =, po =(1-¢), K, =0,K, =K, u, =0, and pu, = u, respectively (Cheng, 2016). Then, we have

C1-¢(1 3¢\
Kd_T(Z+4”S> , (210)

A= [, 6K +2u)
= (1+ A ) . (211

Here, we again adopt the means of the upper and lower limits. In the case of uniform porosity, the drained bulk
modulus and the effective shear modulus are 22.85 and 16.54 GPa, respectively. On the other hand, in the case
of ¢« = 0.4, they range between 15.82-34.96 GPa and 11.51-25.07 GPa, respectively. The other poroelastic
parameters, such as the Biot effective stress coefficient a and the undrained bulk modulus K, can be determined
from other parameter values.

The parameters for pore fluids are calculated assuming that the pores are filled by sea water. First, the density p,
is assumed to be the same as the ocean density p . Second, using the formulation by Millero et al. (1982) with
this density, the ocean temperature of 0°C, and the mean ocean pressure of 4.610 MPa, the salinity is calculated
to be 22.18 g/kg. Then, the bulk modulus K, and the viscosity 7, are calculated using the formulation by Millero
et al. (1982) and by Sharqawy et al. (2010), respectively. The calculated values are listed in Table 2.

3.3.2. Results

As discussed above, a thick porous layer may need to be divided into porous and nonporous layers. In this model
calculation, the porous core is thick (i.e., ~200 km), and the permeability can be low (i.e., <107'® m?). Consequently,
we first estimate the appropriate porous layer thickness and then conduct a numerical stability and accuracy test.
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Figure 8. (a) The guideline thickness of the porous layer under different parameter conditions. The solid and dashed curves
are obtained using parameter values at the core surface (r = R_) and at the center (r = 0), respectively. The filled circle
indicates the uniform porosity case. (b) Dependence of the numerical stability and accuracy of the solution on the porous
layer thickness. The absolute value of yq at the core surface is shown.
Figure 8a shows the guideline thickness for the porous layer obtained using Equation 195. In the case of ¢, = 0.4,
the permeability at the center is lower than 10~'% m?, leading to a guideline porous layer thickness of <1 km. Such
a small thickness, however, is not appropriate because the fluid flow is concentrated near the core surface where the
permeability is much higher and thus the permeable (drained) layer is even thicker than the uniform porosity case
(i.e., >30km). Figure 8b shows the results of the numerical stability and accuracy test, demonstrating that the porous
layer thickness of ~10-25 km can be used as a common porous layer thickness under all calculation conditions.
First, we compare the profile of the heating rate in the core for the porous and nonporous cases. Figure 9 shows
the radial profile for the volumetric heating rate in the rocky core, assuming uniform porosity (i.e., @,.. = @)
and a porous layer thickness of 25 km. This figure shows that (a) the amount
of heating due to fluid flow is several orders of magnitude higher than that of
193.22 —n L B L = = T solid frame deformation, and (b) while heating due to fluid flow is concen-
‘\ ? trated near the surface, heating due to solid frame deformation is highest at the
‘\ center. These results are consistent with previous studies (Liao et al., 2020;
Porous core, - . . . .
\ fluid flow Rovira-Navarro et al., 2022). In this porous case, the total heating rate in the
150+ v - core is ~0.5 MW. Figure 9 also shows the volumetric heating rate profile for
“ B Non-porous the nonporous case. Here, the bulk and shear moduli for the solid constituent
- low-viscosity core, . . . . 16 .
— ! L . (i.e., K and p, respectively) and a viscosity 7, of 4.6 X 10'° Pa s are used. This
c \ -solid deformation K S K s
£ 1 : viscosity is chosen so that the total heating rate in the core becomes the same
% 100+ \ as that in the porous case. As shown in this figure, the porous and nonporous
= ! models lead to an opposite conclusion; the highest heating rate for the porous
xe] 1+ Porous core, . .
T - . and nonporous cases is found at the surface and the center, respectively. Thus,
Y , solid deformation T . ; o )
) a reduction in the viscosity does not mimic the effect of fluid flow, and a
50 | porous layer should not be modeled as a nonporous low-viscosity layer.
- I
'I Next, we quantify the effect of radial variation in porosity. Figure 10a shows the
1 radial profiles for the volumetric heating rate in the upper 20 km of the rocky
: core. Again, a porous layer thickness of 25 km is assumed. This figure shows
T I I T R T I that the thickness of the fluid flow region for ¢,.,, = ¢y is ~5 km, while

o T T T T T T
1010 10" 10" 107" 107"° 10™° 1078

Volumetric heating rate (W/ms)

Figure 9. (a) The radial profiles of the volumetric heating rate in the core
assuming uniform interior profiles. The solid and dashed lines represent

energy dissipation due to fluid flow and solid-frame deformation, respectively.

The dotted line shows the result for a nonporous, low-viscosity case, with
K=K, ,pu=pu,andn =4.6x10"°Pas.

that for ¢
thickness of the fluid flow region. In addition, the heating rate due to fluid flow
at 5 km depth for ¢, = ¢y is ~2 X 10713 W m3, while that for ¢ = 0.4
is ~3 x 107" W m™3; the latter is more than a hundredfold that of the former.
Figure 10b shows the effect of an increase in near-surface porosity on the total
= P is ~0.5 MW,
=04 is ~1.9 MW; a fourfold increase is observed. Conse-

= 0.4 is ~10 km; an increase in near-surface porosity doubles the

max

heating rate in the core. The total heating rate for ¢,
while that for ¢
quently, an increase in the maximum porosity increases the heating rate.

max

max
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Figure 10. (a) The radial profiles of the volumetric heating rate in the core. The solid and dashed lines represent energy
dissipation due to fluid flow and solid-frame deformation, respectively. (b) Tidal heating rate in the core as a function of the core
surface porosity. The corresponding core surface permeability is also shown. The filled circle indicates the uniform porosity case.

In the above calculations, the bulk porosity ¢, is fixed to 0.2375. Consequently, a reduced fluid flow (and a
decreased heating) in the deep interior for a high ¢_ . case is expected. Figure 7b shows that a porosity lower than
@, €an be seen at a depth of >~40 km from the core surface. This is much deeper than the region of the fluid
flow (i.e., <10 km, as mentioned above). Thus, a decrease in the porosity near the center does not contribute to

reducing the total heating rate.

The above results demonstrate the importance of the use of a detailed interior structure model when quantifying
deformation and energy dissipation in a planetary body. Thus, future works should consider a wide variety of
interior profiles. In such works, the theory and numerical procedures described in this work can be used.

4. Concluding Remarks

This study provides poroviscoelastic gravitational theory. This theory combines the classic viscoelastic gravi-
tational theory and the classic poroelastic theory. The governing equations, the ordinary differential equation
system of y-functions, and boundary conditions are given. The analytical expression of linearly independent
solutions for a uniform sphere is obtained using the eigenvalue approach.

It is found that a low permeability and a high frequency result in numerical instability. The solution for a
homogeneous sphere is used to investigate this issue in detail. This instability can be avoided by dividing a
porous layer into porous and nonporous layers. The guideline boundary depth for this division is also obtained.

Furthermore, tidal heating in the core of Enceladus is investigated using simple interior models. While a nonpo-
rous model can lead to the same total heating rate as the porous model by reducing the viscosity, the radial profile
of the heating rate is completely different. In addition, a radial variation in porosity is found to have significant
effects on the thickness of the fluid flow region and the heating rate. These results highlight the importance of
detailed modeling of the interior structure when quantifying the tidal heating rate.

The theory provided in this study is based on classic theories by Love (1911) and Biot (1956a). Each theory
has already been extended in many ways. For example, while this study assumes an isotropic medium, anisot-
ropy can be introduced. In addition, while this study assumes that a porous solid frame is fully saturated with a
single-component fluid, partial saturation and multicomponent fluids can be considered. Also, while this study
adopts linearized equations in the Eulerian formulation, nonlinear equations and a Lagrangian formulation could
be important. Such extensions to the theory are left for future studies.

Appendix A: Poroelastodynamic Parameters
Al. Added-Mass Coefficient C,

When the frequency is high so that the inertial term (i.e., terms with @?) cannot be neglected, the effect of added
mass needs to be considered. The porous-medium added-mass coefficient C, depends on the shape of the body,
which is unknown for planetary applications. For such a case,
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Co=———\—-1, Al
1-¢<¢$ ) (D

where ¢ is the porosity, may be used as a guideline value (Equation 9.28 of Cheng, 2016).

A2. Fluid Viscosity Correction Factor F,

When the frequency is high, the boundary layer effect on the motion of pore fluid, described by the fluid viscos-
ity correction factor F, may need to be considered (e.g., Biot, 1956b). Fdepends on the geometry of the pores,
which is unknown for planetary applications. For such a case,

5 2
beyfiei(2) 2 )
@c

may be used as a guideline value (Equations 9.57, 9.66, and 9.68 of Cheng, 2016). Here, i is the imaginary
number, &, is the pore geometry factor, o is the (angular) frequency, and w, is the characteristic frequency, respec-
tively. The characteristic frequency w, is given by

_dn

e = , A3
o (A3)

where 7, is the fluid viscosity, & is the intrinsic permeability, and p, is the fluid density, respectively. The pore
geometry factor g, is 3.2 for spheres and 6.3 for slits (Cheng, 2016). It is noted that the sign before the imaginary
number is opposite to the formulation by Cheng (2016) who assumes a time factor of e,

For simplicity, this study uses an intermediate value of 5, = 4, which leads to F;(6, = 4) = /1 + io/®.. It can be
shown that F(5, = 4) ~ 1 for /w, < 0.1. For ¢ = 0.1, ;=2 x 107 Pa s (viscosity of water), p, = 1,000 kg m~>
(density of water), and k = 107! m? (typical crustal permeability), the characteristic frequency f, (=w /27)
is &~ 318 Hz. Consequently, under this parameter condition, one can assume F,= 1 if deformation of a frequency
f (=w/2x) less than ~30 Hz is considered.

Appendix B: Derivation
B1. Ordinary Differential Equation System for the y Functions

In this study, a linearized equation system is adopted. Consequently, when deriving the differential equation
system for y functions, we can consider deformation only due to a single forcing component. For example, Equa-
tion 50 can be replaced with

~c X a ;’
T = XY + (6.5 B
r 0x,-

without loss of generality. Below we adopt this simplified definition of y functions.

First, the constitutive equation (Equation 5) and the pore pressure equation (Equation 6) are expressed using y
functions. Specifically,

d 2 £+ 1 d
V2= 4 oy =y - ¥yz +2ﬂcl — ayo, (B2)
dr r r dr

d 1 1
y4=uc<ﬂ+—y1 __y3), (B3)
dr r r

d 2 (¢ +1 d 2 (¢ +1
Y9=—M[a<i+—}’l—¥y3>+¢<£+_y8_¥y10>]' (B4)
dr r r dr r r

These equations yield Equations 57 and 59, and
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dys 4oy, a 20(C + Dau, 2
- =- yi—= Y2 V3 = -ys
dr @(Ae + 2pc)r P(Ae + 2pe) DA + 2pc)r
_1(1 + a? + & +1) (BS)
o\ M " d+2u)” PR
Second, the Poisson equation (Equation 22) is expressed using y functions. Its left-hand side is given by
0 d’ys 2dys (£(C+1)
=- +=—=—=-——ys5 |7,
0x;0x; drr  r dr 2 )t (B6)
and its right-hand side is given by
s dp "rcl '\rcl
4G\ Uy — + pey, —(¢>Pf) + ¢pre;
dr (B7)
d 2 +1) "
= —4zG E(pyl + ¢orys) + ;(pyl +osys) = ———— oy + dpsyio) |17
By introducing y,, which is a function of dy,/dr, Equation B6 can be divided into two first-order ordinary differ-
ential equations (e.g., Alterman et al., 1959; Takeuchi & Saito, 1972). As mentioned in the main text, this study
adopts a new definition of y, that is modified for the relative motion of fluid (i.e., Equation 56). Equation 56 leads
to Equation 61 and substituting Equations 56, B6, and B7 into Equation 22 yields
dys 4n(€ +1)Gp 4t (¢ + 1)Gp -1 4z(¢ + 1)Gpy 4z + 1)Gops
== yi- 3+ Yo + Vs — yio. (B8)
dr r r r r r
Third, the dynamic equation for the bulk motion (Equation 48) is expressed using y functions. Specifically,
95, 0 oy gx
0= + + rel\ _ ,_Y 7 rel — 4 2 + rel
o T (pu bpsu™) et (8) = bpsr=— P 9 (gir) - p P — (02 + $0727)
963 dy dy 2 ¢ +1)
= L+ 23 oy + s ys) - p—(gyl) - ¢pf—(gys) +p== +pg( = + - ——— ) (B9
ox; dr dr dr dr r
d 2 & +1) . aY;”
+prg 2+ Sy - S Y+ ’(wz(pys +dpryi0) — S(oyi + dpys) + £ys)—’).
dr r r r r ox;
Here, the divergence of the stress tensor is given by
06 | d (¢ +1 2uc [ d £+ 1
%y _xildy: €+ L(zi 2 ¥y3>]yfm
ox; r|dr dr r ’
m B10)
1 2uedy dys 3 2p oY! (
+r( =y — — 4+ ——+= +— +(1-¢-2¢2 .
"< ; »2 - ar ar y4 [.Vl ( )y3] ,
See Appendix B4 for the derivation. Consequently,
Xi d dy
0== {wz(pw +prys) = po(8y) = by —(gyx) + pa,—5
d 2 2 +1 d 2 2 +1
+pg( 1 + -y - ¥J/3 +¢Pfg<ﬂ+ =Yg = ¥Ym>
dr r r dr " r
dyz £ +1) 2 (dyr 2 £ +1)
- 2— - = _ Y
d r et r dr 1+ 0 ¢ (BI1)
1
+"(w2(PY3 + dpryio) — %(l’yl + ¢prys) + §)15 +on
2pcdyr dys 3 2u oy
Bl AN ) ZHe l—f_ ¢
r dr+dr+ry4+ r? [y1+( ‘ f)y;] ox;
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Then, two equations are obtained:
dys dyr 2 €+ 1)
0= ’(py1 + dprys) = p—(gyl) —$or— (gys) e (e
dr dr dr r r
dys 2 £(C+D dys €€+ 2u (. dw 2 ce+1 \ B
+éprg sy )+t —— 2= = Syt ———
dr dr r r dr r r
and
8 p 1 2uc dy
0= (pys + dpryi0) — =(py1 + prys) + =ys + —ys — d—'
dys 3 Qe ' ’ n (B13)
+d + - Y4+ 2[y|+(1—f—f2)y3].
Equation B12 yields
d d 2 (C+1
% =—w?(py1 + dpsys) +p—(gy|) +¢Pf_(g_)’8) —p% —ﬂg<% - ( . )ys>
d 2 +1 27 +1 2u. [~ d 7+ 1
_¢/7fg<& + 2ys i )Y10> i )y4 - i<2i - 2}’1 i )Y3>
d r r r r dr r
( 4pg 12K pe ) du, £+ 1) < 6K e ) (B14)
=|-0r-—+ - » -
ro (Ae+2p0)r? (Ae +2pe)r (Ae +2pe)r
¢ +1 Z+1 4 dau, 2+ 1
AN )pys—py(,+<—(u2¢pf— ¢pfg> o dam L CCHDdosg
r r (Ae +2u)r r
On the other hand, Equation B13 yields
d 2uc. d 1
R BT pys+ doryio) + Eowi + dorye) = Lys - <y
dr r dr r r r
3 2ue )
PRC r_z[,}’l +(1=2-=2%)ys]
_(rg  6Kap B Ac N P e [ 26(€ + 1)(Ae + pe) 1 (B15)
r et 20 )T Gt 2o P Ae + 201c s
3 p borg 2, )
ry4 ry5 + r s+ (Ac + 2uc)ry9 @ $psy10:
Finally, the dynamic equation for the fluid (Equation 49) is expressed using y functions. Specifically,
opnFr_ . 0py 0 [ il ~ oy
O=—fj——pyel — — — el s _ )
- il el L) Rl
1 d i~ 1 ~
pffx < reldi)+e[:21+zik>+w2pf|:(l+ ¢¢C) el +u,§
; 2 £ +1 1-
= ﬁ{(a)zpf+ pfg)J/l— ¢ )png3 + w2p;<l+—¢C,,>
r r r ¢
wpn Fy 2psg d¢ £+ psg dys (B16)
—i————+ —— 8 |y~ ——
k r dr r dr
d d d
—pf—[g(yx+y1)]+pf g4 8 g TR Yy
dr dr dr
1- wdn s F, ay"
+rd <28y b tppys 4 By - PIE & + @ 1+ ¢C,, el Yo p ==
r r r ¢ k ()X,'
The term proportional to Y, leads to
dys , | 4g &+ Dprg (& + Dps
2 = o+ — |y — y3= Vs +prYo
r r r r B17)
1 a)dm F, 4p g d &+ prg
+|o?ps( 1+ —d)C Rl LAl fg—¢ —4xGp(p — dps)| ys — ——Zyo.
[0} Tk r dr r
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On the other hand, the term proportional to 0Y,/0x; yields
b = P18V~ @’ prrys = prys+prgys + yo
) B18
a)z[l)/<l+ L, > dmakof]r (BIS)
Substitution of Equation B18 into Equations B14, B15, B8, BS, and B17 leads to Equations 58, 60 and 62-64,
respectively.
B2. Fundamental Equations for the Homogeneous Solution
If one differentiates Equation B13 (multiplied by r) and subtracts Equation B12 from the result, one can obtain
Equation 72. Additionally, if one differentiates Equation B12 (multiplied by r) and adds multiples of Equa-
tion B13 to the results to give w?pX?, one can obtain Equation 73. On the other hand, if one differentiates Equa-
tion 66 (multiplied by r) and subtracts Equation B17 from the result, one can obtain Equation 74. Additionally,
if one differentiates Equation B17 and adds multiples of Equations B17 and 66 to the results to give wzprS, one
can obtain Equation 75.
B3. Total Heating Rate
The radial integration of the volumetric heating rate /4 can be obtained as follows (e.g., Takeuchi & Saito, 1972;
Tobie et al., 2005). For any smooth function x within a layer (i.e., r, < r < r,), one can obtain
d
% (rPxiy2) = (rz% + 2rx; )yz +r’x %
d 2 +1 d
=<r2@+2rx1) Ae l+gy1——( )ya +2u. 22— ayy
dr dr r r dr
£+1 4 £ +1 B19)
+rx; [—wz(pyl +prys) + p( s = y6) - pg( - %ys) (
4 2+ 1 2 +1 2pc (d 2 2 +1
—¢Pfg<—J’8 - ¥J’10> + g}% - <2i -—=n+t g)@)],
r r r r dr r r
d, ( ,dx3 ) ,_ dys
4 = (2228 40 s
ar (r x3y4) r ar +2rx3 | ys +roxs ar
2 d X3 d Vi P
=r vt x| 2pe— s — @' r(pys + dpyyio) + 8oy + borys) — pys =2 (B20)
2
—yi— %[J’I +(1 —f—fz)m]),
d,, ( ,dXs ) ,_ dye
£ = (55 40 il
dr(r X5y(,) r dr + 2rxs | Yo + r°xs ar
dxs £ +1 (B21)
=r (ﬁ + xs>y6 +4x(¢ + DGrxs(py) — €pys + dprys — £ dpsyio),
d (>
—(r xsyg) = (r — + 2rxg>y9 + r? X3—
dr
= (r — + 2rx3)y9
4 2 +1 +1
rxe p,( W 4+ g)y ( r)ﬂfgy3_( r)/’fy5+pfy6 (B22)
dprg d (& + Dprg
( @ pe + -2 + fg—¢ —4xGps(p — dwf))ys ——— Ly
r dr r
If Xi = y,*,
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d,, . , N : dy. 2 L(Z+1) dy
= (Py ) = (P4 2ry ) 2| == + 2y - 2o —— —
dr(r ylyz) (r dr + ryl> (dr +ry] r s )+ 2 dr ays
. 1
+2YY | =@ (pyi + dprys) + o\ ——¥s = ¥s
4 £ +1) 4 £ +1)
=g\ = vi———y3 | —dpsg| —ys— —— o
r r r r
£ +1 2uc .d 2 26+ 1
MAGL L(zi 2. ¥y3>],
r r dr r
¢ He dy : 2 2 2
=KdHK+?2r7—2y|+f(f+l)y3 —[/lcf (f'ﬁ'l) |y3| (B23)
—a?plryi|* = 4pgriyi |’
‘ ‘ d
+C+1) [pgry’{y3 +ryiya+ 2ucyiy +ry; <yz =2 %)]
+pr[(€ + D)y;ys — 1y ye
dy; 2 & +1)
—@’Ppsriyyys — ar2<d—l +=y) - —y;“>y9
r r
—dprgry;(dys — £(€ + )yio),
d dy; d
L (Pyiva) = P =2yt ry; (2652 — @Pr(pys + dpryio) + 8oy + prys)
dr dr dr
24,
—P,VS—y2—y4—%[y1+(1 - =)y
) (B24)
= He|—ys| =201 = £(€ + Dlpelys|* — @ plrys|?
. d
+PErYyL — Y ys = 2peViyi — 1Y <yz - 2/&%) — pry;ys + dpsry;(gvs — @ryn),
Aoy of D5 £+,
dr(r y5y6) =r ( ar + p Vs | Yo
+4n(& + 1)Gry;(py1 — £pys + ¢pprys — £Ppryi0) (B25)
= |ryel> + 4nGpr|(£ + Dy:yi + ryiye| — 4z + 1)Gpry.ys
+47:G¢p/r[(f + Dyiys =€ + Dyiyio + ry’g'yﬁ],
i 2 g% — 2 % Z o * 2 *@
dr(r Yiw) =7 ( ar Tl )TN
=r % =Yg |
dr 8
[ 4 26+ 1) +1
+r7y; <w2pf + 28 )yn - PIE g, - Pl ys + prys
i r r r
dprg d¢ (& + Dprg
+<w2pe +——=+prg—— —4xGps(p— bpys) |ys — ————— 10
r dr r
2
= % ﬁyg + @ pe[|rys|” + £ + Dlryol’]
. B26
(¢ + Dprgr(yiyio + ¥i,¥s) (B26)
. ar (dy] 2 . O+ 1)
+a)2p/r2y8y| - ? <7 + ; S 29 Y]
+pfgr(4y; -+ l)y’l‘o)yl -0+ l)pfr(gy§ - a)zry’l‘o)yg
—psr|(€ + Dyiys — €€ + Dyiyys — ryiys]
dprg de
+<—f +prg—— —4nGpr(p— dbpy) ) Irysl*.
r dr
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Consequently,
d,, d 1. d d
— (Pyiy) + @& + D—(rPy: — = (pr?y*
T (Pyin) + €@+ D (Pyiv) + === (Pyive) = = (6r°yip0)
=KyH{ + uH, + MH/, + ionRe(F/)HY
—&*p(lryi|> + £(¢ + D|rys|?)
— P Re(pe)(Irys|” + £(¢ + Dlrywl’)
— 20%¢psr* Re (y*ys +£(¢ + 1)yiyo)
> (B27)
—dpgrinl”+ — Glry6l
4ps d¢
—-¢ T —4nGps(p—bpr) +pr8 - Irys|*
+2£(¢ + 1)gr Re(pyiys + dpsyiys + dpryiyio + dpryiyio)
d
— 8¢pprgr Re(yjys) — d—‘fﬂ Re(y;y9)
+2( + Dr Re(y5 [p(1 = €33) + dps (v = y10)] )
Thus,
— |1 +7(¢+1 +
P [r m{ yiy2 + £( V3 Y4 yp Gy5y6 DYy E28)
=Im(K Hy + p.Hf + MH{, + onsRe(Fy)H ).
Equations B28 and 176 lead to Equation 177.
B4. Divergence of Stress Tensor
From Equation 5, the divergence of the stress tensor is given by
06, ~
o - i()»‘e 5,,+2/4¢e apf&j)
an 0 B29)
Y N R (
= d_x, (A"ekk - apf) + a—xj(Zuce,-,)-
The first term of the right-hand side of this equation is given by
0 ~ 0 d
2 (48— afy) = = ( yoYe = 2.2,
ox; ox; dr (B30)
_xid ) Y, +r 1, _2Hedyi\ oY,
rar\”? ﬂc d ‘ P T T dr Jox
and the second term is given by
2} d J0 0 ~, 1due 0 ~, J ~,
—— (2uce);) = pe| =€ + )+ = LX), B31
0x,-( ”e’/) ﬂ(axe 6x,ax,u) rdr <x16x,-u’ xldx,-u’) (B3D)
Here,
iigs_ﬁ d2y1+2dy1 2460 +1) +2f(f+l) Y
ox; ox; | drr  r dr 2 yl 2 )
L, 2dn 2, LE+D)\ oY ®32)
drr ' rdr : 2 ox;’
and
- 0 ~, dy, oY,
xja—u,+xja—)quj=2x, Yf+ <r—+y1 >axi (B33)
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Consequently,
0 d(dy, 2 ££+1)
—(2u.e) = pu. = = Yy - — Y,
ax,-(ﬂ ) K dr(dr+ i r ¥ )t
xi [(d*y . 2dy 2+f(f+1) 2f(f+l) 1dy. dy:
s =1 Y, + - —<( 2x; Y,
Hh < dr? *7 r dr r2 r? ys Jre+ r dr dar )’
d 27 +1 d? d ¢ +1
+ 1+zyn——(+)y an+€ CREN oS JH P A G L Y 24
dr r ox; dr? dr r r ()x, B34
+dllc @ 4 _ 6Y; ( )
dr dr =g 6x
d 2 +1 2uc (. d 2 +1
=x, 4 22 ALY )Y4+i2i—gy1+—( )ys Ye
dr dr r r dr r r
d 2u
+r< %y 3y4+ —[y1 +(1-¢- 52)y3]>an
dr 0x;
Equations B29, B30, and B34 lead to
0Gi; | d 2+ 1 2u. (. d 2 2+ 1
% _xi|dy E+D L 2 (hdy 2 CEHD A
ox; dr dr r r (B35)
1 2u.dyr  dys 3 2. oYy
- ———+—— 4= — 1-¢-¢ —_—.
+r<ry2 rodr * dr —'_ry4+ r? [y1+( )y3] 0x;
Appendix C: Differential Equation System of y Functions Under Some Limiting
Conditions
C1. Slow Deformation
For a slow but not static deformation, the inertial effects may be ignored. This is the limit of @? — 0 (but not @
— 0). In this case, the differential equation system becomes
dys _(_4pg  12Kgpe | CCTDRAEN o ap
dr ~ r (Ac + 2uc)r? wnr? (A + 2;4c)ry2
2 +1) 6K pe (C+1) £+ 'fk/’fg
+ P8 — ¥+ ya+ p— Vs = PYe
r (Ae +2pc)r r r wnyr (CD
f(f + Dkprg\ prg 4ap. (& + Dkprg
—Adp+i——— | — s - 1 9,
wnsr r (Ae + 2uc)r wnyr?
dy4 124 6Kdﬂc c 2/40 2f(f + 1)(A'L + uc)
— == IV —— 1 )»
dr r (Ae + 2uc)r? (Ae + 2uc)r r? Ae +2u. )
3, P, e 2ok €
ry4 ry5 r s (Ae + 2,(4c)ry9
dys 4z + G Ckplg 4rf(¢ + 1)Gp Ant (6 + 1)Gkp? /-1
- = p—t 1— y3+i > ys + Yo
dr r wnyr r wnsr r c3)
4z(¢ + 1)Gpy Ckprg 4n'f(f + 1)Gkpy {
t—————(p—i—— |y —i—————,
r nsr wnsr
@ _ 1/ day, if(f+ Dkprg _ a - 20(¢ + l)aycy% _if(f+ Dkpy
dr  ¢r\ Ac+2pu. wnyr P(Ae + 2pc) P(Ae + 2puc)r = wgnsr?
(2, CCHDkeg) (1w DK €4
r wodnsr? d\M A +2u wonysr? ”
dys L&+ Dkprg\prg (€ +Dprg (4 Doy Ckprg
——=\4-i— )0~ V3 — 1—i Vs +prye
dr wpnr r r r wdbnf
C5)
£(¢ + Dk d £(¢ + Dk (
| 2P (4 B8+ Dkprg  dd prg  4xGpy(p — )| ys — i ( kprg
k wdnsr dr opnsr?
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The equations for dy,/dr, dy,/dr, and dy/dr remain the same. y,, is given by
yio=1i (prgy1y — prys + prgys + o). (C6)
wnsr
Here, F,= 1 is also assumed (see Appendix A).
C2. Nonporous Condition
It would be useful to confirm that the equation system for a nonporous material can be obtained under the limits
of a = 0 and ¢ — 0. It can be easily shown that
dy 24, 1 (€ + DA
—_—=- + + ,
dr ~ Gerzuor T v 2w Get 2por” €7
dy: , 4pg 12Kape 4
—=(-wp-— 1= »
dr (Ae + 2uc)r? (Ac +2uc)r
¢ +1) 6K e 2+ 1) @+ Dp
+ - + - pys,
p ( e+ 250 Ya Y5 =Y (C8)
dy; 1 1 1
—— ===y +-yi+ —a
i pRt et (€9
@ _ [ P8 _ 6K pic _ Ac + |—w?p + 2uc (26 + D(Ae + pe) _
dr r et 2p0r )T G+ 2m0r? T e + 21 ¥3
(C10)
3 p
—=ya—=)s
r r
d 7+ 1
D5 4nGpyr - EE s 4y, (C11)
dr r
d 4z + 1)G 4zt (¢ + NG -1
dy 4+ 1Gp, tC¢+16p,  £-1, (€12)
dr r r r
can be obtained under these limits. As expected, these equations are exactly the same as those obtained by
Takeuchi and Saito (1972) for a nonporous material.
C3. Inviscid Fluid Layer
The differential equation system of y functions for an inviscid fluid layer is given by Kamata et al. (2015) and
Takeuchi and Saito (1972).
dy, 2 (+1)g 1 2@¢+1) 2+ 1)
—=-2+——2)n+|>- - , 1
dr ( r w*r? . A @?pr? oz (€13
d 4 (€ + 1)pg? 2 +1 £+1 3
e o ( s - ( )gY2+ ( (- L8 ys—pys,  (Cl4)
d r w*r? @*r? r @’r
d 41
E2 = 4nGpy - “ s 4y, (C15)
dr r
d 4z + 1)G ¢ 4zt + NG 4z¢(¢ + 1)G -1
Do A+ DO (L8 )y, A2 DO e DGy L2y i)
dr r 2 w?r? w?r? r
Here, y, and y, are not obtained by the differential equations but are given by
1
y3 = ——(pgy1 = y2 — p¥s), (C17)
w*pr
y4=0. (C18)
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The above equations are not obtained simply by considering the limits of « — 1 and ¢ — 1 because the pore fluid
is assumed to be a viscous fluid. Instead, it can be obtained by taking the limit of y. — O for the equation system
for a nonporous case given in Appendix C2.

If a static deformation (i.e., @ = 0) is considered, the above equation system cannot be used because it contains
terms with 1/w?. Even if w # 0, the equation system becomes numerically unstable under a small w and a large
liquid-layer thickness. For such cases, one can use the two-component equation system given by Saito (1974).

d 4rGp £ +1
£=( p——>y5+y7, (C19)
dr g r

d 2(¢ - 1) 4zG — 4G
ﬂ=¥”_/’y5+(f 1 _4z ﬂ)w, (©20)

dr r g r g

where

4rG
1= Tyz + Ye. (C21)

Appendix D: Static Deformation

As mentioned in Section 2.2, static deformation can be calculated using a six-component equation system given
in Appendix C2 or a two-component equation system given in Appendix C3 depending on the behavior of the
solid frame at @ = 0. Below, we directly substitute @ = 0 into Equation 49 (i.e., the equation of motion for fluid)
to show that the equation system degenerates; one cannot use an eight-component system.

Substitution of w = 0 into Equation B16 yields

0= — + —
r r r pr& dr

_ xi|2ps8 £(¢+ prg 2pr8 d¢ £+ 1)prg dyo
- yi— ¥ y3+ dr yg—f)’m——

m D1
Y} (DD

aX,‘ ’

d dy, dy dy "
—pr—lgs + ¥+ pr( g== + == +g— Y —(prgy1 — prys + prgys + y)
dr dr dr dr

The term proportional to dY,/dx, leads to
Yo =—ps8y1+prys — pr8Ys. (D2)

Using Equation D2, the term proportional to Y, leads to

_Yp-prgu. - (@-prg 2000+ D@ - a)prgpe

(Ae + 2pc)r i Ac + 24, y2 (Ae + 2uc)r

d - d
el (5 i)

(D3)

Using Equations D2 and D3, y, and y, (and thus y,, from Equation B4) can be obtained from other y functions.
Consequently, one can construct a differential equation system free of y; and y,; the number of ordinary differ-
ential equations becomes six.

The fact that yg and y, are calculated uniquely from y,—y, indicates that the boundary condition given in Section 2.4
does not necessarily meet. For example, consider a porous layer that has a free surface. In this case, y, should be
zero at the surface, although y, calculated from other y functions may not equal zero.

This apparent inconsistency under the static condition would be the result of a shear-stress-free condition for the
pore fluid. As mentioned in Section 2.1, we consider the macroscopic motion of the pore fluid, and in this case,
one can use a shear-free stress tensor for the pore fluid (e.g., Neuman, 1977; Whitaker, 1986). It is known that the
use of a shear-stress-free constitutive equation leads to the system being overdetermined and causing an apparent
contradiction; for example, the solution yields an unrealistic cavitation at the core-mantle boundary (e.g., Dahlen
& Fels, 1978; Longman, 1963; Saito, 1974; Smylie & Mansinha, 1971). A reasonable way to avoid such a contra-
diction is to reduce the number of y functions to be determined and to leave some y functions undetermined (see
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Appendix C3 and Saito (1974)). However, introducing a new set of y functions for the static case is beyond the
scope of this study and is left for another study.
Finally, the homogeneous solution under the static condition is summarized below. As expected from the fact that
the number of ordinary differential equations is six, the number of linearly independent solutions is three for the
homogeneous sphere. Substitution of @ = 0 into Equation 74 yields
X =-X". (D4)
Consequently, Equations 72, 73, and 75 become
uV*Z = (p— dpp)y X°, (D5)
(e + 2uc + ala = M)V +4(p = dpy)y | X* = £(€ + Dy (pZ° + $ps Z°), (D6)
2 ¢p S/ s s rel
(a—p)MV-+3 1—7 pry| X —f(f+1)p/y(Z +Z ) D7)
Equation D7 yields
1 (a—p)M doy
zZ = V2+3<1—— XS -7, D3)
e ’ (
Then, one can obtain
Vz X =A" X — a,lll alllz X (D9)
VA VA a, a,)\zZ°
where
(223 )
1-—L)4p-3
~=_( o )@4p = 3dps)y (D10)
A 2u+ @ - g M
"o_ f(f"‘l)(ﬂ—(ﬁﬂf)}’ (Dll)
P de+2u+(@— ¢’ M
0/2,1 — (p _jpf)y ’ D12)
ay, =0. (D13)
Equation D9 yields
X* = c1plje(K'r) + caplyje (k7). (D14)
Z° = c1pl je (K"r) + capyje (KS'r), (D15)
where ¢, (i = 1, 2) are constants to be determined by the boundary condition at the surface, —(kf’ ! )2 (i=12)
are the eigenvalues of the matrix A”, and pf; is the jth component of the corresponding eigenvector, respectively.
Equations D4, D8, D14, and D15 yield
X = el (517) + explyie (7). 16)
Z* = cipll je(K'r) + caplfyie (KS'r), (D17)
where
Pa = =Pl (DI18)
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2
(o = G)M (K"
pp—— ) +3<1-%> ol — (D19)
& +1) pry p
Then, two sets of solutions for the y functions can be obtained from Equations 93-101 replacing k{ and p; with
k¢ and pj» respectively. The third solution is given by Equations 105-113.
Appendix E: Solution for a Homogeneous Nonporous Solid Sphere
E1. Compressible Case
In this case, X™ does not appear, and the matrix A in Equation 77 becomes a 2 X 2 matrix. More specifically,
) X X arn apn X
\% =A = , (ED
VA VA ary an VA
where
> +4y)p
R G 4 (E2)
Ae + 2uec
(& + Dpy
= — E
an e + 2500 (E3)
44
az = _,’ (E4)
2
0]
an=-22L. (ES)
He
The eigenvalues — (kf )2 (i = 1,2) of A are then given by
1
—(k,?)2 =5 (011 +an +V(an —an) + 4012021)
I R A e A WA e V1 (E6)
T 2w e Ve T A 2w ) T G 2pome |
and the eigenvectors p;, satisfy
b 1(602 - ﬁ(kf)z)- (E7)
p2i 14 p
Then, Equations 98 and 99 of Takeuchi and Saito (1972) can be obtained by substituting p»; = (kf )2 and
a = p,; = p,; = 0 into Equations 93-98. The third solution is the trivial solution given by Equations 105-110.
E2. Incompressible Case
In this case, 4. — o0, X* — 0, while 4 X* approaches a finite value. Thus, Equations 72 and 73 can be written as
z 2 o z
V2 = He ) (EB)
AcX* €+ Dpy O)\ A X?
The eigenvalues of the matrix on the right-hand side of this equation are given by —(kf’ )2 = —w’p/u. and
—(k;’)2 = 0. The first solution for a nonzero eigenvalue is given by
¢ +1
n= =S k), =9)
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2(¢ — D 2k"’uc
I 1>[<py + (—z”‘)j/(ki/r) S (ke )] (E10)
r
c+1. ., o e
Vs = =S (KP) + K o (RSP, (1)
2(2 -1 2k
o (17 - 25 it - 2t @
ys =0, (E13)
30 +1
yo= 22+ - 7, (k). (E14)
which can be obtained by substituting A.pii = —£(£ + Dpy, pui = (k)" = @?p/pes and a = p,; = p;; = py; =0
into Equations 93-98. The second solution is given by
»1 =0, (E15)
y2 = —pr’, (E16)
y3=0, (E17)
y4 =0, (E18)
ys =71, (E19)
Vs = 22+1, 3yy = Q€+ D' (E20)
The third solution is the trivial solution for a compressible case given by Equations 105-110.
Appendix F: Stress and Strain Variables Using y Functions
Below are some fundamental variables of stress and strain expressed using y functions:
_ x,ﬂf - m
== N Uenpi@,00Y = Y 31(Z.0) Y Uen¥y" ) (F1)
Zm 14 m
o1 26+ v . oY}
U=~ ——= - V2 + ) = Z »(&,r) 2 Urn—0+ (F2)
PN\ V/x2+)2 00
=X+ xus £,r) oY) , oY)
7= JOELE) 5y, 2O DT (3l ’)Z Um=2 ). (3)
/2 + 32 ! sinf  Jdg = sin 6
a
5 = _ 2 Kmd_YI(f r) 2<dy1(f ,r) ZUme”')
£.m 14
- , (F4)
_ Z 2/1cy1 +ry, + I/ﬂ(f + I)A‘y3 + aryq Z U[,,,Yfm i
- (Ae + 2uc)r ~
2y m
5 = 1(d0 yl(f " m y3(f, r oY,
€00 = r( ) z Uenm Y; ro 062
. (F5)
n.n yz(f r) rry
— U Ym m 2
;( Z Z ‘mT502
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1( 1 od, i, r) L 1@ (coso oy oY)
e = — — t r —_—
Coo r< no g ° 9””“) ZU [ r \sin6 96 ' 5o 047
m m (F6)
n,r »(,r) cos 9 9V | oY)
= —— D U] +———— ) Upn| =——F — )
;[ r ; emle r ; YR +sin20 0¢p?
1 (00, 1.  10® y(,r) oY) ya(t,r) oYy
= 2 _ s 4 = = Um_ —_— Usm )
0 2(ar r“9+rae> ;:4 e Z 2u. ; 30 "
~ _1( 1 ou O, 1. yt,r) oY ya(£.r) or’
= - _—— = U - U m ’
bro 2(rsin0 0@ o Tl ; "2ucsin® o ; 2u.sin 0 ; "o (F8)
= (e oo + 0 = 3, POO( LT cos0 0
% 2r\ 00 sm9 00 o r sinf 0009  sin20 0@
(F9)
ZZ ys(f,r)ZU 1 oY) _coseai
|y &\ sin0 0009 sine 0w )|
= T 30, (D 26D A DnEn)
ek ()x, Zom r r ‘
: - : (F10)
_ Z ducyr +ry: =26 + Dpeys + aryy Z U ).
7 (e + 2pc)r - )
~tel xiﬁirel
= = = Y U (€)Y = Y| 3sl.r) YUY ). (F11)
‘m 14 m
. 1 ( rel+yurel) o
e = L 2 T ) gy Zumw r) = Z o, r)ZUm . (F12)
r A /x2 + y
~rel rel m
- —y(xuy™ + xuy ¢,r) oY) 2 aY,
el = (i _ Z Usn yio( r) Z ylof r) Z Ut ) (F13)
Vx2+ 32 o~ sin 6 sing 4 dp
ou™
’é‘ze’: — [ Ufm<dy8(f,r) + 2y8(f’r) _ f(f'l'l)ylo(‘/ﬁ’r)));/m
ox; v dr r r f
_ _Z a 4/4L-y1+ry2—2f(f+l);4¢-y3+ary9+£ ZU - (F14)
| ¢ (e +2p0)r aM ) &7
a:rr — X0y Z U/myZ(f r)ym — Z(yQ(f’ r) Z Ume;">, (FIS)
~ V4 xa",«x + yE, o aym
G =1 20X+ 3%) VX2 + )75, =Y | yut.r) Z Uen—2- |- (16)
r V x2 + y2 £.m 14
Here, no summation is applied for the left hand sides of Equations F4-F6 and F15.
Appendix G: Spherical Harmonic Expansion of the Tidal Potential
The tidal potential U can be written as (e.g., Beuthe, 2013; Matsuyama et al., 2018)
U(t,r,0,9) =Re [Z Uy, ()Pl (cos e)e"(mw-“’fo] , G1)
£,mé
KAMATA 43 of 47

85U8017 SUOWWOD A0 8]qed![dde aup Aq peusenob ae Sepiie YO ‘s JO SN 10} Arelq18UIUO 48] 1M UO (SUORIPUOD-pUe-SWBYLI0O" A3 1M A eIq | U1 UO//SdNY) SUORIPUOD pue SWwie | 3ys 89S *[£202/60/70] Uo Ariqiauliuo A8|im ‘AIsRAIUN OpENOH AQ 0022003r2202/620T 0T/I0P/w00 A8 | imArelq 1 putjuo'sqndnfe//sdny wouy papeojumoq ‘. ‘€202 ‘00T669TZ



I ¥ell ,
NI Journal of Geophysical Research: Planets 10.1029/2022JE007700
AND SPACE SCIENCES

where 6 is the colatitude, ¢ is the latitude, ¢ is the spherical harmonic degree, m is the spherical harmonic order,
Uﬁm is the coefficient describing the amplitude of the forcing traveling in the £-direction, P is the associated
Legendre function, and w, is the frequency. The direction £ = E denotes eastward, while £ = W denotes westward.
In this notation, positive and negative frequencies indicate eastward and westward components, respectively (i.e.,
o, = lol and oy, = —lwl, where o is the tidal frequency) (Matsuyama et al., 2018). The degree-two coefficients
for eccentricity tides are given by

UL = -2 G2

=3 (G2)
E 7 2.2

U,,= gw ree, (G3)

UZV‘; éa)zrze, (G4)
and those for obliquity tides are given by

1 .

Ufl = UZVK = —§w2r2sm 0., (GS5)
where e is the eccentricity and 6, is the obliquity. The other degree-two coefficients are zero. In contrast to
Matsuyama et al. (2018), the minus signs appear on the coefficients for obliquity tides because this study uses P’
containing the Condon-Shortley phase factor (i.e., (—1)™).

Appendix H: Approximation of the Spherical Bessel Function of the First Kind for a
Large Complex Argument
An asymptotic expansion of the Bessel function of the first kind for large values of | z| is given by Watson (1966).
1 ‘.2 1 £,2 1
Jf(Z)z\/i cos(z——— >Z( )f(zm m) sin( )Z% , (HI)
nz o (22) =0 (22)
where J, is the Bessel function of the first kind of the order of Z, z is a complex number, and
2 2
f&m) = o 'H (4% — 2n—1)%). (H2)
It can be shown that
1 Z,2 _
Z( )" f(z m)_1+(9(|z| 2>, (H3)
=
o (—D"f(&,2m+1 2 _
FEVSEIED 42— o) i
= Q™ 8z
cos(Re(z) + i Im(z)) — l (ei(Rc(Z)+iIm(z)) + e—i(Rc(z)+iIm(z)))
2 _ _ (H5)
— 5 (e—lm(z)ezRe(z) + eIm(z)e—zRe(z)),
sin(Re(z) + i Im(z)) = i ( i(Re(z)+ilm(z)) _ e—i(Re(z)+iIm(z)))
2i
il (H6)
— ( —Im(z)ech( z) _ lm(z)e—iRc(z)) .
T 2i
Substitution of Equations H3—-H6 into Equation H1 yields
e—Im(z) . ~1 elm(z) . ~1
Jo(2) ® [el(Re(z)—t’n/Z—n/A) + (9(|Z| )] = [e—r(Re(z)—fﬂ/Z—n/A) + (9(|Z| )]
2nz 2rz H7)
—Im(z) . (¢ l Im(z) ) l
_ e | gy (43) +c9(|z|-')] + = [e“Re(Z)if+2 +0(1z1™)|.
2rz 2nz
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Thus, for the spherical Bessel function, one obtains

Je(z) = \/;—ZJ 1(2)
) (H8)

e~Im(@) [l_(f+l)elRe(z) + (9(|Z|_ )] M@ [l.f+1e—iRe(z) + O(Izl—l)]
2z 2z >

which is equivalent to Equation 193.

Appendix I: Bulk Porosity for a Porosity Profile Exponentially Decreasing With
Depth

The local density p(r) is given by
p(r) =[1 = M)ps + d(r)ps. an

Here, the solid and fluid densities, p, and pp are fixed. Then, the total mass M of the core for a porosity profile
given by Equation 200 is given by

M = 47rf p(r)ridr

4 2
= ?” PsRE = 45 bma(ps — py) [ exp(Agp(r — R dr
4z

ipRe
= ?psRﬁ — A hman (ps — pr) Ay e Mok Jo 0 e xPdx )

¢l’|‘|ﬂx
- In
4?:7: R3 ps — 3¢min(ps — pr) [ln(¢max >:| _/0 (¢min ) e*x%dx p.

Here,
/ 0e"xza'x= [(x +2x+2) ]
0

= (xg+2x0 +2)e™ — 2. 13)

Consequently,

-3
M = 437[ R" Ps — 3¢min(p.\' - pf) [ln< Zmz.lx )] [(x +2x + 2) ]ln(g)de/d)mln) . (14)

On the other hand, using the bulk porosity ¢, .. the total mass M can be written as

4?”{[1 — Gouklps + Poups } R
4 I5)

= ?ﬂ [ps = (ps = py)bwunc| RZ.

M =

Comparing Equations 14 and I5, one can obtain Equation 202.
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