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k-LEFSCHETZ PROPERTIES, SECTIONAL MATRICES AND
HYPERPLANE ARRANGEMENTS

ELISA PALEZZATO AND MICHELE TORIELLI

ABSTRACT. In this article, we study the k-Lefschetz properties for non-
Artinian algebras, proving that several known results in the Artinian case
can be generalized in this setting. Moreover, we describe how to charac-
terize the graded algebras having the k-Lefschetz properties using sec-
tional matrices. We then apply the obtained results to the study of the
Jacobian algebra of hyperplane arrangements, with particular attention
to the class of free arrangements.

1. INTRODUCTION

In [10], the authors introduced the notions of weak and strong k-Lefschetz
properties as a generalization of the weak and strong Lefschetz properties.
These concepts are connected to many topics in algebraic geometry, com-
mutative algebra and combinatorics. Some of these connections are quite
surprising and there are still several open questions. See for example [8]
and [11].

The goal of this paper is to continue and extend the study of the Lef-
schetz properties for non-Artinian algebras the authors started in [15]. In
order to do that, we will use the sectional matrix [3], a matrix that encodes
the Hilbert function of successive hyperplane sections of a homogeneous
ideal. In particular, we will highlight how the sectional matrix of a graded
algebra plays an important role in the study of Lefschetz properties. We
will then apply the obtained results to the study of the Jacobian algebra
of a hyperplane arrangement, with particular attention to the class of free
arrangements, as a natural step after [15].

This paper is organized as follow. In Section 2, we recall the notions
of weak and strong Lefschetz properties with their basic attributes and we
characterize such properties via Hilbert functions. In Section 3, we intro-
duce the notions of k-WLP and k-SLP and describe their basic properties.
In Section 4, we recall the notion of almost revlex ideal and we put it in
connection with the k-Lefschetz properties. In Section 5, we connect the
non-Artinian case to the Artinian one. In Section 6, we recall the notion
of sectional matrix and we describe how to characterize algebras having
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k-Lefschetz properties using such matrix. In Section 7, we recall the defi-
nitions and basic properties of hyperplane arrangements. In Section 8, we
analyze the Jacobian algebra of an arrangement from the k-Lefschetz prop-
erties point of view, with particular attention to the class of free arrange-
ments.

2. LEFSCHETZ PROPERTIES

Throughout this paper, we will consider K a field of characteristic 0 and
S = K[x1, . . . , xl] the polynomial ring with standard grading.

Definition 2.1. A monomial ideal I of S is said to be strongly stable if for
every power-product t ∈ I and every i, j such that 1 ≤ i < j ≤ l and xj|t,
the power-product xi · t/xj ∈ I .

Example 2.2. The ideal I = 〈x3, x2y, xy2, xyz〉 is not strongly stable in
R[x, y, z] because x · xyz/y = x2z 6∈ I . It is enough to add x2z as a
minimal generator to I to obtain a strongly stable ideal.

Remark 2.3. Since K has characteristic 0, an ideal is strongly stable if and
only if it is fixed under the natural action of the Borel subgroup of GL(l).

Definition 2.4. Let σ be a term ordering on S and f a non-zero polynomial
in S. Then LTσ(f) = maxσ{Supp(f)}, where Supp(f) is the set of all
power-products appearing with non-zero coefficient in f . If I is an ideal in
S, then the leading term ideal (or initial ideal) of I is the ideal LTσ(I) of
S generated by {LTσ(f) | f ∈ I\{0} }.

The following theorem is due to Galligo [6].

Theorem 2.5 ([6]). Let I be a homogeneous ideal of S, with σ a term or-
dering such that x1 >σ x2 >σ · · · >σ xl. Then there exists a Zariski open
set U ⊆ GL(l) and a strongly stable ideal J such that for each g ∈ U ,
LTσ(g(I)) = J .

Between all possible term orderings, the degree reverse lexicographic
order will play a key role in this paper.

Definition 2.6. Given two terms t1 = xα1
1 · · ·x

αl
l and t2 = xβ11 · · ·x

βl
l , we

say that t1 ≥DegRevLex t2 if deg(t1) > deg(t2), or if we have deg(t1) =
deg(t2) and the last non-zero components of (α1, . . . , αl) − (β1, . . . , βl) is
negative, or if t1 = t2. We call such term ordering the degree reverse
lexicographic order and we denote it by DegRevLex.

Definition 2.7. The strongly stable ideal J given in Theorem 2.5 is called
the generic initial ideal with respect to σ of I and it is denoted by ginσ(I).
In particular, when σ = DegRevLex, ginσ(I) is simply denoted by rgin(I).
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As described in [3], we can read a lot of information on an ideal from its
generic initial ideal. For example, we have the following.

Remark 2.8. Let I be a homogeneous ideal of S. Then the Hilbert function
of S/I coincides with the one of S/ rgin(I).

We can now introduce the notions of weak and strong Lefschetz proper-
ties for graded algebras.

Definition 2.9. Let R be a graded ring over K, and R =
⊕

i≥0Ri its de-
composition into homogeneous components with dimK(Ri) <∞.

(1) The graded ring R is said to have the weak Lefschetz property
(WLP), if there exists an element ` ∈ R1 such that the multipli-
cation map

×` : Ri → Ri+1

f 7→ `f

is full-rank for every i ≥ 0. In this case, ` is called a weak Lefschetz
element.

(2) The graded ring R is said to have the strong Lefschetz property
(SLP), if there exists an element ` ∈ R1 such that the multiplication
map

×`s : Ri → Ri+s

f 7→ `sf

is full-rank for every i ≥ 0 and s ≥ 1. In this case, ` is called a
strong Lefschetz element.

In [15], the authors studied in depth these two notions. Among the results
obtained, we state here the two that will play an important role in this paper
and are an extension of [19]. See also [8] and [9].

Lemma 2.10. [15, Lemma 2.8] Let I be a strongly stable ideal of S. Then
S/I has the SLP (respectively the WLP) if and only if S/I has the SLP
(respectively the WLP) with Lefschetz element xl.

Proposition 2.11. [15, Proposition 2.9] Let I be a homogeneous ideal of S.
Then the graded ring S/I has the SLP (respectively the WLP) if and only if
S/ rgin(I) has the SLP (respectively the WLP).

Similarly to Remark 6.11 of [8], to check if a quotient algebra has the
SLP, it is enough to check the differences of its Hilbert function.

Proposition 2.12. Let I be a homogeneous ideal of S. Then the graded
ring S/I has the SLP with strong Lefschetz element ` if and only if for every
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s ≥ 1 and d ≥ 0 we have that

HF(S/(I + 〈`s〉), d) = max{HF(S/I, d)− HF(S/I, d− s), 0}, (1)

where HF(S/I, r) = 0 for all r < 0.

Proof. By slightly generalizing the arguments of the proof of Lemma 1.2
from [5] (using that LTDegRevLex(gI + 〈xkl 〉) = LTDegRevLex(gI) + 〈xkl 〉 for
all k ≥ 1), one obtains that the Hilbert function of S/(rgin(I) + 〈xsl 〉) is
equal to the Hilbert function of S/(I+〈`s〉) for a general linear form ` ∈ S1

and all s ≥ 1. This fact, together with Lemma 2.10 and Proposition 2.11,
implies that it is enough to prove the statement when I is a strongly stable
ideal and ` = xl.

Assume that S/I has the SLP with strong Lefschetz element xl. Fix
s ≥ 1 and d ≥ 0. By assumption the multiplication map

×xsl : (S/I)d−s → (S/I)d

has full rank. If this map is surjective, then HF(S/I, d)−HF(S/I, d−s) ≤
0 and all the generators of (S/I)d are divisible by xsl . This implies that
S/(I+〈xsl 〉) = 0 and hence HF(S/(I+〈xsl 〉), d) = 0 = max{HF(S/I, d)−
HF(S/I, d−s), 0}. On the other hand, if the multiplication map is injective,
then HF(S/I, d)−HF(S/I, d− s) ≥ 0 and for every power-product xsl t ∈
Id, we have that t ∈ Id−s. This implies that Id is the union of the two
disjoint spaces xsl ·Id−s and the space generated by all power products u ∈ Id
such that xsl - u. As a consequence we have that HF(S/(I + 〈xsl 〉), d) =
HF(S/I, d)− HF(S/I, d− s) = max{HF(S/I, d)− HF(S/I, d− s), 0}.
This implies that S/I satisfies (1).

Assume now that S/I satisfies (1). Fix s ≥ 1 and d ≥ 0. If we have
that HF(S/(I + 〈xsl 〉), d) = HF(S/I, d) − HF(S/I, d − s) > 0, then the
multiplication map

×xsl : (S/I)d−s → (S/I)d

cannot be surjective. Suppose that such map is also not injective. This
implies that there exists a power-product t ∈ Sd−s \ Id−s such that xsl t ∈ Id.
This implies that Id contains strictly the union of the two disjoint spaces
xsl ·Id−s and the space generated by all power products u ∈ Id such that xsl -
u. As a consequence, HF(S/(I+〈xsl 〉), d)+HF(S/I, d−s) > HF(S/I, d),
but this is a contraddiction, and hence the multiplication map has full rank.
On the other hand, if HF(S/(I+〈xsl 〉), d) = 0, then (S/(I+〈xsl 〉))d = 0 and
HF(S/I, d) − HF(S/I, d − s) ≤ 0. If (S/I)d = 0, then the multiplication
map

×xsl : (S/I)d−s → (S/I)d
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is clearly surjective. If (S/I)d 6= 0, since (S/(I + 〈xsl 〉))d = 0, then all the
generators of (S/I)d are divisible by xsl . This implies that also in this case
the multiplication map is surjective, and hence it has full rank.

Since this argument works for all s ≥ 1 and d ≥ 0, then S/I has the SLP
with strong Lefschetz element xl. �

If we consider only the case when s = 1 in the argument of Proposi-
tion 2.12, we obtain a characterization of the WLP via the first differences
of the Hilbert function.

Proposition 2.13. Let I be a homogeneous ideal of S. Then the graded
ring S/I has the WLP with weak Lefschetz element ` if and only if for every
d ≥ 0 we have that

HF(S/(I + 〈`〉), d) = max{HF(S/I, d)− HF(S/I, d− 1), 0},

where HF(S/I,−1) = 0.

3. k-WLP AND k-SLP

As a generalization of the Lefschetz properties of Definition 2.9, we can
introduce the k-WLP and k-SLP. See [8] and [10] for more details.

Definition 3.1. Let R be a graded ring over K, R =
⊕

i≥0Ri its decompo-
sition into homogeneous components with dimK(Ri) <∞, and k a positive
integer. The graded ring R is said to have the k-SLP (respectively the k-
WLP) if there exist generic linear elements `1, . . . , `k ∈ R1 satisfying the
following two conditions

(1) R has the SLP (respectively WLP) with Lefschetz element `1,
(2) R/〈`1, . . . , `i−1〉 has the SLP (respectively WLP) with Lefschetz el-

ement `i, for all i = 2, . . . , k.
In this case we will say that (R, `1, . . . , `k) has the k-SLP (respectively k-
WLP).

Remark 3.2. As noted in Remark 6.2 of [8], if (R, `1, . . . , `k) has the k-SLP
(respectively k-WLP), then `1 is a Lefschetz element forR. However, if g1 is
another Lefschetz element for R, there do not necessarily exist g2, . . . , gk ∈
R1 such that (R, g1, . . . , gk) has the k-SLP (respectively k-WLP)

Similarly to Proposition 6.9 of [8], we have the following two statements.

Proposition 3.3. Let I be a strongly stable ideal of S and 1 ≤ k ≤ l.
S/I has the k-SLP (respectively the k-WLP) if and only if S/I has the SLP
(respectively the WLP) with Lefschetz element xl and S/(I + 〈xl〉) has the
(k−1)-SLP (respectively the (k−1)-WLP).
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Proof. Clearly, if S/I has the SLP (respectively the WLP) with Lefschetz
element xl and S/(I + 〈xl〉) has the (k−1)-SLP (respectively the (k−1)-
WLP), then S/I has the k-SLP (respectively the k-WLP).

Assume that (S/I, `1, . . . , `k) has the k-SLP (respectively the k-WLP).
By Remark 2.3, the subgroup H ⊂ GL(l) composed of all the matrices of
the form

(
Idl−1 a

0 b

)
where a ∈ Kl−1 and b ∈ K \ {0} stabilizes any strongly stable ideal. Since
the elements `1, . . . , `k are generic, we can assume that `1 =

∑l
j=1 αjxj and

αl 6= 0. This implies that there exists ϕ ∈ H such that ϕ(`1) = xl. By ap-
plying ϕ to (S/I, `1, . . . , `k), we obtain that (S/ϕ(I), ϕ(`1), . . . , ϕ(`k)) =
(S/I, xl, ϕ(`2), . . . , ϕ(`k)) has the k-SLP (respectively the k-WLP), and
hence we obtain the claimed equivalence. �

Proposition 3.4. Let I be a strongly stable ideal of S and 1 ≤ k ≤ l. S/I
has the k-SLP (respectively the k-WLP) if and only if (S/I, xl, . . . , xl−k+1)
has the k-SLP (respectively k-WLP).

Proof. Clearly, if (S/I, xl, . . . , xl−k+1) has the k-SLP (respectively k-WLP),
then S/I has the k-SLP (respectively the k-WLP).

Assume that S/I has the k-SLP (respectively the k-WLP). By Propo-
sition 3.3, we can assume that (S/I, xl, `2, . . . , `k) has the k-SLP (respec-
tively k-WLP). Let S̄ = K[x1, . . . , xl−1] and Ī = S̄∩I . Then S/(I+〈xl〉) ∼=
S̄/Ī and Ī is a strongly stable ideal of S̄. Therefore by induction on l, using
Proposition 3.3, we obtain that we can take `2 = xl−1, . . . , `k = xl−k+1. �

Example 3.5. Let I = 〈x2, xy, xz〉 be a strongly stable ideal of S =
R[x, y, z, w]. Since I has no minimal generators divisible by w, (S/I, w)
has the 1-WLP. The quotient S/(I+〈w〉) has an increasing Hilbert function.
However, the multiplication map ×z : (S/(I + 〈w〉))1 → (S/(I + 〈w〉))2 is
not injective, and hence z is not a Lefschetz element for S/(I + 〈w〉). By
Proposition 3.4, S/I does not have the 2-WLP.

Similarly to Proposition 6.15 of [8], we can generalize Proposition 2.11
and reduce the study of k-Lefschetz properties to the strongly stable case.

Theorem 3.6. Let I be a homogeneous ideal of S and 1 ≤ k ≤ l. Then the
following two conditions are equivalent

(1) S/I has the k-SLP (respectively the k-WLP),
(2) (S/ rgin(I), xl, . . . , xl−k+1) has the k-SLP (respectively the k-WLP).
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Proof. We first show that the two conditions are equivalent for the k-WLP.
Let 1 ≤ j ≤ k. Lemma 1.2 of [5] shows that the Hilbert function of
S/(rgin(I) + 〈xl, . . . , xl−j+1〉) is equal to the Hilbert function of S/(I +
〈`1, . . . , `j〉) for general linear forms `1, . . . , `j ∈ S1. This fact, together
with Propositions 2.13, 3.3 and 3.4, gives us the equivalence between the
two conditions for the k-WLP.

We now show the equivalence for the k-SLP. Let 1 ≤ j ≤ k. Similarly
to the proof of Proposition 2.12, by modifying the proof of Lemma 1.2
of [5], we obtain the equality between the Hilbert function of S/(rgin(I) +
〈xl, . . . , xl−j+2, x

s
l−j+1〉) and the Hilbert function of S/(I+〈`1, . . . , `j−1, `sj〉)

for general linear forms `1, . . . , `j ∈ S1 and s ≥ 1. This fact, together with
Propositions 2.12, 3.3 and 3.4, gives us the equivalence between the two
conditions for the k-SLP. �

4. ALMOST REVLEX IDEALS AND LEFSCHETZ PROPERTIES

In this section, we recall the notion of almost revlex ideal, a special class
of monomial ideals, and we put it in connection with the k-Lefschetz prop-
erties.

Definition 4.1. A monomial ideal I of S is called an almost revlex ideal,
if for any power-product t in the minimal generating set of I , every other
power-product t′ of S with deg(t′) = deg(t) and t′ >DegRevLex t belongs to
the ideal I .

Remark 4.2. Every almost revlex ideal is strongly stable.

In general, not all strongly stable ideals are almost revlex ideals.

Example 4.3. Consider the ideal I = 〈x3, x2y, xy2, xyz〉 in R[x, y, z] of
Example 2.2. As seen before, it is not strongly stable, and hence it is not
almost revlex. On the other hand, also the strongly stable ideal J = I +
〈x2z〉 is not almost revlex. In fact, xyz ∈ J , but y3 /∈ J . If we consider the
ideal J + 〈y3〉, finally, this is an almost revlex ideal.

Remark 4.4. If two almost revlex ideals have the same Hilbert function,
then they coincide.

If we assume that S = K[x, y], then all strongly stable ideals are almost
revlex ideals.

Lemma 4.5. Let I be a strongly stable ideal of S = K[x, y]. Then I is an
almost revlex ideal and it is uniquely determined by the Hilbert function.

Proof. Since S = K[x, y], we have that if t and t′ are two power-product in
S such that deg(t′) = deg(t) and t′ >DegRevLex t, then t′ = xαt/yα for some
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α ≥ 0. By Definitions 2.1 and 4.1, this clearly implies that every strongly
stable ideal is an almost revlex ideal.

Finally, I is determined only by the Hilbert function, by Remark 4.4. �

Almost revlex ideals have several interesting properties, as described in
[8], [2] and [15]. The following result add the l-SLP to the list.

Theorem 4.6. Let I be an almost revlex ideal of S. Then (S/I, xl, . . . , x1)
has the l-SLP.

Proof. By Corollary 5.7 from [15], S/I has the SLP with Lefschetz ele-
ment xl. Since I is an almost revlex ideal, then I ∩ K[x1, . . . , xl−1] is an
almost revlex ideal. Since every almost revlex ideal is strongly stable by
Remark 4.2, we conclude by Proposition 3.3 and induction on l. �

Similarly to [8, Proposition 3.15] and [9, Proposition 4.4], if l = 2, then
S/I has always the 2-SLP.

Theorem 4.7. Let I be a homogeneous ideal of S = K[x, y]. Then S/I has
the 2-SLP.

Proof. By Proposition 2.11, it is enough to prove the statement when I is a
strongly stable ideal. By Lemma 4.5, if I is a strongly stable ideal, then it is
an almost revlex ideal, and hence by Theorem 4.6, S/I has the 2-SLP. �

Remark 4.8. As noted in Remark 3.3 from [8], Theorem 4.7 is false if we
do not assume that S has standard grading.

Corollary 4.9. Let I be a homogeneous ideal of S. Then the following facts
are equivalent

(1) S/I has the l-SLP (respectively the l-WLP),
(2) S/I has the (l−1)-SLP (respectively the (l−1)-WLP),
(3) S/I has the (l−2)-SLP (respectively the (l−2)-WLP).

Proof. Clearly (1) implies (2) and (2) implies (3). On the other hand, by
the definition of k-Lefschetz properties and Theorem 4.7, we get that (3)
implies (1). �

5. REGULARITY AND k-LEFSCHETZ PROPERTIES

To connect the Artianian case and non-Artinian one, a key role is played
by the regularity of a homogeneous ideal.

Definition 5.1. Let I be a homogeneous ideal of S. The Castelnuovo-
Mumford regularity of I , denoted reg(I), is the maximum of the numbers
di − i, where di = max{j | βi,j(I) 6= 0} and βi,j(I) are the graded Betti
numbers of I .
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In [1], the authors described the connection between the Castelnuovo-
Mumford regularity of an ideal and the maximal degree of the minimal
generators of its generic initial ideal.

Theorem 5.2 ([1]). Let I be a homogeneous ideal of S. Then reg(I) =
reg(rgin(I)). Moreover, if I is a strongly stable ideal, then reg(I) is the
highest degree of a minimal generator of I .

Remark 5.3. If I is a homogeneous ideal of S, then the highest degree of a
minimal generator of I is smaller or equal to reg(I).

Given I a homogeneous ideal of S, we will denote by Î the following
ideal

Î = I + 〈x1, . . . , xl〉reg(I)+1.

In Corollary 4.4 from [15], the authors described how to reduce to the
Artinian case if we are interested in studying the WLP. We can generalize
such result for the k-SLP.

Theorem 5.4. Let I be a homogeneous ideal of S and 1 ≤ k ≤ l. Then the
following facts are equivalent

(1) the graded ring S/I has the k-SLP,
(2) the graded Artinian ring S/Î has the k-SLP.

Proof. Assume that (S/I, `1, . . . , `k) has the k-SLP, and let 0 ≤ j ≤ k− 1.
By construction (S/(I + 〈`1, . . . , `j〉))d = (S/(Î + 〈`1, . . . , `j〉))d, for any
0 ≤ d ≤ reg(I), where if j = 0, the ideal 〈`1, . . . , `j〉 = 〈0〉. Since
(S/I, `1, . . . , `k) has the k-SLP, the multiplication map

×`sj+1 : (S/(Î + 〈`1, . . . , `j〉))d → (S/(Î + 〈`1, . . . , `j〉))d+s
has full-rank every time d+ s ≤ reg(I).

On the other hand, (S/(Î + 〈`1, . . . , `j〉))d = 0 for any d ≥ reg(I) + 1.
This implies that the multiplication map

×`sj+1 : (S/(Î + 〈`1, . . . , `j〉))d → (S/(Î + 〈`1, . . . , `j〉))d+s

is always surjective when d + s ≥ reg(I) + 1, and hence, (S/Î, `1, . . . , `k)
has the k-SLP.

Assume now that S/Î has the k-SLP, and let 0 ≤ j ≤ k − 1. By
Theorem 3.6, (S/ rgin(Î), xl, . . . , xl−k+1) has the k-SLP. By Theorem 5.2,
rgin(I) has no minimal generators of degree greater or equal to reg(I) + 1.
Hence rgin(Î) = rgin(I) + 〈x1, . . . , xl〉reg(I)+1. This implies that, similarly
to the previous part, (S/(rgin(I) + 〈xl, . . . , xl−j+1〉))d = (S/(rgin(Î) +
〈xl, . . . , xl−j+1〉))d, for any 0 ≤ d ≤ reg(I), where if j = 0, the ideal
〈xl, . . . , xl−j+1〉 = 〈0〉. Consider s ≥ 1, then the multiplication map ×xsl−j
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from (S/(rgin(I)+〈xl, . . . , xl−j+1〉))d to (S/(rgin(I)+〈xl, . . . , xl−j+1〉))d+s
has full-rank every time d + s ≤ reg(I). On the other hand, since rgin(I)
has no minimal generators of degree greater or equal to reg(I) + 1, the
multiplication map ×xsl−j is injective for every d ≥ reg(I). This implies
that, if s = 1, all the multiplication maps by xl−j have full rank, and
hence that (S/ rgin(I), xl, . . . , xl−k+1) has the k-WLP. Let s ≥ 2 and d <
reg(I) < d+s. Consider the multiplication map×xsl−j from (S/(rgin(I)+
〈xl, . . . , xl−j+1〉))d to (S/(rgin(I) + 〈xl, . . . , xl−j+1〉))d+s. This map can
be written as the composition of the multiplication maps ×xreg(I)−dl−j from
(S/(rgin(I) + 〈xl, . . . , xl−j+1〉))d to (S/(rgin(I) + 〈xl, . . . , xl−j+1〉))reg(I)
and×xd+s−reg(I)l−j from (S/(rgin(I)+〈xl, . . . , xl−j+1〉))reg(I) to (S/(rgin(I)+
〈xl, . . . , xl−j+1〉))d+s. Notice that both maps have full-rank. By [15, Propo-
sition 2.10], the Hilbert function of S/(rgin(I) + 〈xl, . . . , xl−j+1〉) is uni-
modal, and, since rgin(I) has no minimal generators of degree greater or
equal to reg(I) + 1, such Hilbert function is increasing (not necessarily
strictly) for every d′ ≥ reg(I) + 1. This implies that we have to analyze
only the following two cases. If

HF(S/(rgin(I) + 〈xl, . . . , xl−j+1〉), d)

≤HF(S/(rgin(I) + 〈xl, . . . , xl−j+1〉), reg(I))

≤HF(S/(rgin(I) + 〈xl, . . . , xl−j+1〉), d+ s),

then both multiplication maps×xreg(I)−dl−j and×xd+s−reg(I)l−j are injective and
hence so is ×xsl−j . If

HF(S/(rgin(I) + 〈xl, . . . , xl−j+1〉), d)

>HF(S/(rgin(I) + 〈xl, . . . , xl−j+1〉), reg(I))

= HF(S/(rgin(I) + 〈xl, . . . , xl−j+1〉), d+ s),

then the multiplication map ×xreg(I)−dl−j is surjective and ×xd+s−reg(I)l−j is an
injective map between spaces of the same dimension and hence it is also
surjective. This implies that the multiplication map×xsl−j is surjective. This
proves that (S/ rgin(I), xl, . . . , xl−k+1) has the k-SLP. By Theorem 3.6,
S/I has the k-SLP. �

If we consider only the case when s = 1 in the argument of Theorem 5.4,
we can describe how to reduce to the Artinian case if we are interested in
studying the k-WLP.

Corollary 5.5. Let I be a homogeneous ideal of S and 1 ≤ k ≤ l. Then the
following facts are equivalent

(1) the graded ring S/I has the k-WLP,
(2) the graded Artinian ring S/Î has the k-WLP.
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Similarly to Theorem 5.4, also the study of almost revlex ideals can be
reduced to the Artinian case.

Theorem 5.6. Let I be a monomial ideal of S. Then I is an almost revlex
ideal if and only if Î is an almost revlex ideal.

Proof. Assume that I is an almost revlex ideal. Let t be a minimal generator
of Î and t′ a power-product such that deg(t) = deg(t′) and t′ >DegRevLex t.
If deg(t) ≤ reg(I), then t is also a minimal generator of I and hence t′ ∈
I ⊆ Î . If deg(t) = reg(I) + 1 then, by construction, t′ ∈ Î . Since Î has no
minimal generators of degree higher than reg(I) + 1, this implies that Î is
an almost revlex ideal.

Assume now that Î is an almost revlex ideal. Let t be a minimal generator
of I and t′ a power-product such that deg(t) = deg(t′) and t′ >DegRevLex t.
By Remark 5.3, deg(t) ≤ reg(I). This implies that t is a minimal generator
of Î and that t′ ∈ Î . Since Id = Îd for all 0 ≤ d ≤ reg(I), then t′ ∈ I . This
proves that I is an almost revlex ideal. �

6. SECTIONAL MATRIX AND k-LEFSCHETZ PROPERTIES

It seems natural to investigate the connections between the sectional ma-
trix that encodes the Hilbert function of successive hyperplane sections of a
graded algebra and the k-Lefschetz properties of such algebra.

In this section, we recall the definition and basic properties of the sec-
tional matrix for the quotient algebra S/I , as described in [3]. We then
describe how to determine if a graded algebra has the k-SLP or k-WLP by
looking at its sectional matrix.

Definition 6.1. Let I be a homogeneous ideal of S. The sectional matrix of
S/I is the function {1, . . . , l} × N −→ N

MS/I(i, d) = HF(S/(I + 〈`1, . . . , `l−i〉), d),

where `1, . . . , `l−i are generic linear forms. Notice that

MS/I(l, d) = HF(S/I, d).

Remark 6.2. As described in Theorem 4.1 of [3], even if the sectional ma-
trix has an infinite numbers of columns, to describe the matrix it is enough
to know the first reg(I) columns.

The following result reduces the study of the sectional matrix of a homo-
geneous ideal to the combinatorial behaviour of a monomial ideal.

Theorem 6.3. [3, Lemma 3.8] Let I be a homogeneous ideal of S. Then

MS/I(i, d) =MS/ rgin(I)(i, d) = HF(S/(rgin(I) + 〈xl, . . . , xi+1〉), d),

where if i = l, then 〈xl, . . . , xi+1〉 = 〈0〉.
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Example 6.4. Let I = 〈x2, xy, y2, xz〉 be an ideal of S = R[x, y, z]. Then
the sectional matrix of S/I is given by

0 1 2 3 4 . . .
MS/I(1, d) : 1 1 0 0 0 . . .
MS/I(2, d) : 1 2 0 0 0 . . .

HF(S/I, d) =MS/I(3, d) : 1 3 2 2 2 . . .

There are several known results that connect the algebraic properties of
an ideal, the entries of the sectional matrix and the shape of the associated
generic initial ideal. The most important for this article is the following.

Theorem 6.5. [4, Theorem 6.6] Let I be a non-zero homogeneous ideal of
S, 2 ≤ i ≤ l and d ≥ 1. Then

MS/I(i, d)−MS/I(i, d− 1) ≤MS/I(i− 1, d).

Moreover, the equality holds if and only if rgin(I) has no minimal generator
of degree d divisible by xi.

Using the language of sectional matrices, we can rephrase Proposition 2.13
and characterize the graded algebras having the WLP via sectional matrices.

Proposition 6.6. Let I be a homogeneous ideal of S. Then the graded ring
S/I has the WLP if and only if for every 0 ≤ d ≤ reg(I) we have that

MS/I(l − 1, d) = max{MS/I(l, d)−MS/I(l, d− 1), 0}, (2)

whereMS/I(l,−1) = 0.

Proof. By Definition 6.1 and Proposition 2.13, we just need to show that,
if for every 0 ≤ d ≤ reg(I), the sectional matrix of S/I satisfies (2), then
S/I has the WLP. By Theorem 5.2, rgin(I) has no minimal generators of
degree greater or equal to reg(I) + 1. This implies that by Theorem 6.5,
thatMS/I(l, d)−MS/I(l, d− 1) =MS/I(l− 1, d) for every d ≥ reg(I) +
1. Hence, the sectional matrix of S/I satisfies (2), for every d ≥ 0. We
conclude by Proposition 2.13. �

Similarly to Proposition 6.6, using Proposition 3.3, we obtain the follow-
ing generalization of Proposition 2.13 for the k-WLP.

Theorem 6.7. Let I be a homogeneous ideal of S and 1 ≤ k ≤ l. Then the
graded ring S/I has the k-WLP if and only if for every 0 ≤ d ≤ reg(I) and
0 ≤ j ≤ k − 1 we have that

MS/I(l− j − 1, d) = max{MS/I(l− j, d)−MS/I(l− j, d− 1), 0}, (3)

whereMS/I(l,−1) = 0.
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Example 6.8. Let I be the ideal of Example 6.4. Then reg(I) = 2 and
the sectional matrix of S/I satisfies condition (3), and hence S/I has the
3-WLP.

Corollary 6.9. Let I be a homogeneous ideal of S. If there exists 0 ≤ k ≤
l − 1 such that

MS/I(l − k − 1, d) =MS/I(l − k, d)−MS/I(l − k, d− 1),

for all d ≥ 0, then S/I has the (k+1)-WLP.

Proof. By Theorem 6.5, the existence of such index k implies that rgin(I)
has no minimal generator divisible by xl−k. Since rgin(I) is a strongly
stable ideal, then rgin(I) has no minimal generator divisible by xr for any
l−k ≤ r ≤ l. Again by Theorem 6.5, this implies thatMS/I(l−j−1, d) =
MS/I(l − j, d) −MS/I(l − j, d − 1) for any 0 ≤ j ≤ k. We conclude by
Theorem 6.7. �

Remark 6.10. Under the assumptions of Corollary 6.9, rgin(I) has no min-
imal generator divisible by xr for any l − k ≤ r ≤ l, as described in the
corresponding proof, and hence, xl, . . . , xl−k form a regular sequence of
S/ rgin(I). As a consequence, since by [1] depth(S/I) = depth(S/ rgin(I)),
we have depth(S/I) ≥ k + 1.

In general the statement of Corollary 6.9 is not an equivalence.

Example 6.11. Let I be the ideal of Example 6.4. As seen in Example 6.8,
S/I has the 3-WLP. However,MS/I(2, 2) >MS/I(3, 2)−MS/I(3, 1).

Similarly to Theorem 6.7, we can generalize Proposition 2.12 using the
language of sectional matrices and characterize the graded algebras having
the k-SLP via such matrices.

Theorem 6.12. Let I be a homogeneous ideal of S and 1 ≤ k ≤ l. Then
(S/I, `1, . . . , `k) has the k-SLP if and only if for every d ≥ 0, 0 ≤ j ≤ k−1
and s ≥ 1 we have that

HF(S/(I + 〈`1, . . . , `j−1, `sj〉), d) =

= HF(S/(rgin(I) + 〈xl, . . . , xl−j, xsl−j+1〉), d) =

= max{MS/I(l − j, d)−MS/I(l − j, d− s), 0},
whereMS/I(l, r) = 0 for all r ≤ 0.

Proof. The first equality holds independently from the k-SLP. In fact, as de-
scribed in the proof of Theorem 3.6, by modifying the proof of Lemma 1.2
of [5], we obtain the equality between the Hilbert function of S/(rgin(I) +
〈xl, . . . , xl−j+2, x

s
l−j+1〉) and the Hilbert function of S/(I+〈`1, . . . , `j−1, `sj〉)

for general linear forms `1, . . . , `j ∈ S1 and s ≥ 1. The equivalence
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between the k-SLP and the second equality is a consequence of Proposi-
tions 3.3 and 2.12, and Theorem 3.6. �

For a graded algebra, having the k-SLP implies that the last k rows of the
sectional matrix are unimodal functions.

Proposition 6.13. Let I be a homogeneous ideal of S and 1 ≤ k ≤ l. If
S/I has the k-SLP, then MS/I(l − j,−) is an unimodal function, for all
j = 0, . . . , k − 1.

Proof. By Theorem 3.6, (S/ rgin(I), xl, . . . , xl−k+1) has the k-SLP. By The-
orem 6.3,MS/I(i, d)=MS/ rgin(I)(i, d)= HF(S/(rgin(I)+〈xl, . . . , xi+1〉), d),
for all 1 ≤ i ≤ l and d ≥ 0. This implies that the statement follows by com-
bining Proposition 3.3 with Proposition 2.12 from [15]. �

Remark 6.14. The sectional matrix of S/Î can be easily obtained from the
one of S/I . In particular, for every 1 ≤ i ≤ l, we have that

MS/Î(i, d) =

{
MS/I(i, d) if 0 ≤ d ≤ reg(I)

0 if d ≥ reg(I) + 1.

Definition 6.15. Let h = (h0, . . . , hc) be a unimodal sequence of positive
integers and hi the maximum of h. Then h is said to be quasi-symmetric if,
for every i < j ≤ c, hj coincides with one of {h0, . . . , hi}.

In Corollary 5.11 from [15], the authors proved that if we assume that
l = 3 and that S/I has the SLP, then rgin(I) is an almost revlex ideal.
Similarly to Theorem 6.29 from [8], we can generalize this result to any
dimension.

Theorem 6.16. Let I be a homogeneous ideal of S such that S/I has the
l-SLP. Suppose that (MS/I(l − j, 0), . . . ,MS/I(l − j, reg(I))) is quasi-
symmetric for all 0 ≤ j ≤ l− 4. Then rgin(I) is an almost revlex ideal and
it is uniquely determined by the Hilbert function.

Proof. By Theorem 5.4, S/Î has the l-SLP, and hence, by Theorem 6.7,
MS/Î(l − j,−) coincides with the j-th difference of the Hilbert function
of S/Î . By Remark 6.14, this implies that we are in the hypothesis of [8,
Theorem 6.29], and hence, rgin(Î) is an almost revlex ideal. By Theo-
rem 5.2, rgin(I) has no minimal generators of degree greater or equal to
reg(I) + 1. Hence rgin(Î) = rgin(I) + 〈x1, . . . , xl〉reg(I)+1. This implies
that rgin(Î) = r̂gin(I). By Theorem 5.6, rgin(I) is an almost revlex ideal.

Finally, rgin(I) is determined only by the Hilbert function, by Remark 4.4.
�
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Example 6.17. Let I = 〈x2, y2, z2, t2〉 be an ideal of S = R[x, y, z, t]. It
is well known that S/I has the 4-SLP, see for example [11]. The sectional
matrix of S/I is given by

0 1 2 3 4 5 . . .
MS/I(1, d) : 1 1 0 0 0 0 . . .
MS/I(2, d) : 1 2 0 0 0 0 . . .
MS/I(3, d) : 1 3 2 0 0 0 . . .

HF(S/I, d) =MS/I(4, d) : 1 4 6 4 1 0 . . .

and clearly, the last row is quasi-symmetric. As a consequence, we are in
the hypothesis of Theorem 6.16, and hence,

rgin(I) = 〈x2, xy, y2, xz, yz2, z3, yzt, z2t, xt3, yt3, zt3, t5〉

is an almost revlex ideal.

7. PRELIMINARES ON HYPERPLANE ARRANGEMENTS

A finite set of affine hyperplanes A = {H1, . . . , Hn} in Kl is called a
hyperplane arrangement. For each hyperplane Hi we fix a defining linear
polynomial αi ∈ S such that Hi = α−1i (0), and let Q(A) =

∏n
i=1 αi. An

arrangementA is called central if each Hi contains the origin of Kl. In this
case, each αi ∈ S is a linear homogeneous polynomial, and hence Q(A)
is homogeneous of degree n. For a thorough treatment of the theory of
hyperplane arrangements and recent developments, see [12], [7], [17], [16]
and [13].

We denote by DerKl = {
∑l

i=1 fi∂xi | fi ∈ S} the S-module of polyno-
mial vector fields on Kl (or S-derivations). Let δ =

∑l
i=1 fi∂xi ∈ DerKl .

Then δ is said to be homogeneous of polynomial degree d if f1, . . . , fl
are homogeneous polynomials of degree d in S. In this case, we write
pdeg(δ) = d.

Definition 7.1. Let A be a central arrangement in Kl. Define the module
of vector fields logarithmic tangent to A (or logarithmic vector fields) by

D(A) = {δ ∈ DerKl | δ(αi) ∈ 〈αi〉S,∀i}.

The module D(A) is a graded S-module and we have that

D(A) = {δ ∈ DerKl | δ(Q(A)) ∈ 〈Q(A)〉S}.

Definition 7.2. A central arrangement A in Kl is said to be free with ex-
ponents (e1, . . . , el) if and only if D(A) is a free S-module and there ex-
ists a basis δ1, . . . , δl ∈ D(A) such that pdeg(δi) = ei, or equivalently
D(A) ∼=

⊕l
i=1 S(−ei).
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Given an arrangementA in Kl, the Jacobian ideal J(A) ofA is the ideal
of S generated by Q(A) and all its partial derivatives.

The Jacobian ideal has a central role in the study of free arrangements.
In fact, we can characterize freeness by looking at S/J(A) via the Terao’s
criterion. Notice that Terao described this result for characteristic 0, but the
statement holds true for any characteristic as shown in [14].

Theorem 7.3 ([18]). A central arrangement A in Kl is free if and only if
S/J(A) is 0 or (l−2)-dimensional Cohen–Macaulay.

In [4], the authors connected the study of generic initial ideals to the
one of arrangements, obtaining a new characterization of freeness via the
generic initial ideal of the Jacobian ideal.

Proposition 7.4 ([4]). Let A = {H1, . . . , Hn} be a central arrangement in
Kl. Then rgin(J(A)) coincides with S or its minimal generators include
xn−11 , some positive power of x2, and no monomials only in x3, . . . , xl.

Example 7.5. Let A be the arrangement in R3 with defining polynomial
Q(A) = xyz(x+ y+ z). In this case rgin(J(A)) = 〈x3, x2y, xy2, y4, y3z〉.

Theorem 7.6 ([4]). LetA = {H1, . . . , Hn} be a central arrangement in Kl.
Then A is free if and only if rgin(J(A)) coincides with S or it is minimally
generated by

xn−11 , xn−21 xλ12 , . . . , x
λn−1

2

with 1 ≤ λ1 < λ2 < · · · < λn−1 and λi+1 − λi = 1 or 2.

Example 7.7. Let A be the central arrangement in R3 with defining poly-
nomialQ(A) = xyz(x−y)(x−z)(y−z). A is a free arrangement with ex-
ponents (1, 2, 3). In this case rgin(J(A)) = 〈x5, x4y, x3y2, x2y4, xy5, y7〉.

Example 7.8. LetA be the arrangement in Example 7.5. ThenA is not free
since there is a minimal generator of rgin(J(A)) that is divisible by z.

The following Conjecture first appeared in [4].

Conjecture 7.9. Let A be a central arrangement in Kl, and consider d0 =
min{d | xd2 ∈ rgin(J(A))}. If rgin(J(A)) has a minimal generator t that
involves the third variable of S, then deg(t) ≥ d0.

8. HYPERPLANE ARRANGEMENTS AND k-LEFSCHETZ PROPERTIES

In this section, we study the Jacobian algebra S/J(A) of an arrangement
A from the point of view of the k-Lefschetz properties.

Directly from Theorem 4.7, we obtain the following result for arrange-
ments in 2-dimensional space.
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Lemma 8.1. Let A be a central arrangement in K2. Then S/J(A) has the
2-SLP.

The freeness of an arrangement A forces their Jacobian algebra S/J(A)
to have the l-SLP.

Theorem 8.2. Let A be a free arrangement in Kl. Then S/J(A) has the
l-SLP.

Proof. If l = 2 we can directly conclude by Lemma 8.1. Assume l ≥ 3. By
Theorem 7.6, rgin(J(A)) = 〈xn−11 , xn−21 xλ12 , . . . , x

λn−1

2 〉. This implies
that rgin(J(A)) is an almost revlex ideal. By Theorem 4.6, S/ rgin(J(A))
has the l-SLP. By Theorem 3.6, S/J(A) has the l-SLP. �

Notice that Theorem 8.2 is not an equivalence.

Example 8.3. Let A be the arrangement in R3 of Example 7.5. As de-
scribed in Example 7.8,A is non-free. However, a direct computation shows
that z is a strong Lefschetz element for S/ rgin(J(A)). This implies that
S/ rgin(J(A)) has the 1-SLP, and hence, by Corollary 4.9, it has the 3-SLP.
By Theorem 3.6, also S/J(A) has the 3-SLP.

Not all arrangements have their Jacobian algebra that has the l-WLP.

Example 8.4. Let A be the arrangement in R4 with defining polynomial
Q(A) = xyzw(x− y + z)(y + z − 3w)(x+ z + w)(x− 5w). In this case
we have that HF(S/ rgin(J(A)), 9) = 180 and HF(S/ rgin(J(A)), 10) =
207. This shows that the multiplication by w from (S/ rgin(J(A)))9 to
(S/ rgin(J(A)))10 is not surjective. On the other hand, x2y5z2w is a min-
imal generator of rgin(J(A)) but x2y5z2 /∈ rgin(J(A)), and hence the
multiplication by w from degree 9 to degree 10 is not even injective. This
shows that w is not a Lefschetz element for S/ rgin(J(A)), and hence, by
Proposition 3.4, S/ rgin(J(A)) does not have the 1-WLP. By Theorem 3.6,
also S/J(A) does not have the 1-WLP.

If Conjecture 7.9 holds, this would give us information on the Jacobian
algebra of arrangements in K3.

Proposition 8.5. Let A be a central arrangement in K3. If Conjecture 7.9
holds, then S/J(A) has the 3-WLP.

Proof. By Proposition 8.8 from [15], if Conjecture 7.9 holds, then S/J(A)
has the 1-WLP. We conclude by Corollary 4.9. �
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