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Abstract

We consider a minimizing movement scheme of Chambolle type for the mean curvature
flow equation with prescribed contact angle condition in a smooth bounded domain in
R¢ (d > 2). We prove that an approximate solution constructed by the proposed scheme
converges to the level-set mean curvature flow with prescribed contact angle provided that
the domain is convex and that the contact angle is away from zero under some control
of derivatives of given prescribed angle. We actually prove that an auxiliary function
corresponding to the scheme uniformly converges to a unique viscosity solution to the
level-set equation with an oblique derivative boundary condition corresponding to the
prescribed boundary condition.

1 Introduction

Let ©Q be a smooth bounded domain in R% with d > 2. We consider the mean curvature flow
equation for an evolving family {I';};>¢ of hypersurfaces in  touching the boundary 02 of
Q) with prescribed angle. Namely, we consider its initial value problem of the form:

V =—divp,v on Iy, t>0,
Z(v,vq) =60 on 09, (1.1)
FO = Fv

where I' is a given hypersurface in .  Here, v denotes a unit vector field of I';, and V
denotes the normal velocity of each point on I'; in the direction of v; divp, denotes the
surface divergence of v on I'; so that —divr, v equals the ((d — 1)-times) mean curvature of
I'; in the direction of v. Thus, the first equation of (1.1) is nothing but the mean curvature
flow equation. The second equation of (1.1) is the boundary condition. The symbol Z(v,vq)
denotes the angle between v and vq, where v denotes the outward unit normal vector field
of 9Q. The function 0 : 9Q — (0, ) is given and prescribes the contact angle (v, vq).
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The authors [19] extended Chambolle’s scheme [9] to construct an approximate solution
to (1.1). In the sequel, the proposed scheme will be referred as a capillary Chambolle type
scheme. We briefly review the proposed scheme together with some literature. Given an
initial data Ey C R? and a time step A > 0, Almgren, Taylor and Wang [1] introduced the
following energy functional:

A(F) ::/ vaF|+1/ dist(-, DEp) AL, (1.2)
R4 h FAE,

where yr denotes the characteristic function of F, i.e., xp(x) =1 if z € F and xp(xz) =0
if z ¢ F, and dist(z, A) denotes the distance between a point = and a set A; h is a positive
parameter, and FAEy denotes the symmetric difference of F and Ey, namely FAEy =
(F\Ep) U (Ep\F); the first term of (1.2) denotes the total variation of xr while in the second
term, £¢ denotes the d-dimensional Lebesgue measure. They minimized A(F) among all
Caccioppoli sets F', and its minimizer T, (Ey) was regarded as a candidate for the next set
to Fy. Repeating this process, an approximate solution of the mean curvature flow was
defined by TJ(Eo) := Th(T} ' (Ey)) for n € N with T9(Ey) := Ep. Although they showed
its convergence to the smooth mean curvature flow in L'-setting, it is not clear whether a
minimizer of A(F") is unique or not. Later, Chambolle [9] proposed another energy functional
defined by:

1
Ep(u) ::/Q|Vu—I—Qh/ﬂ(u—dEO)2 dce,

where dg, denotes the signed distance function to Ey. The energy Ej(u) was minimized over
all w € L*(Q) N BV (). Since it is lower semi-continuous and strictly convex, the minimizer
w%o is unique. Then, the set Tj,(FEy) was defined by the zero sub-level set of w}}EO. Chambolle
[9] showed that his T},(E) is a minimizer of A(F'), and the approximate solution tends to
the mean curvature flow in L'-setting if the corresponding level-set equation with the initial
condition ug := xq\g, — XE, has a unique viscosity solution where xp, is the characteristic
function of Ey. This scheme worked only if F does not touch the boundary 02 hence a
contact angle condition cannot be treated.

To cope with the contact angle problem, the authors [19] proposed a capillary Chambolle
type scheme to construct an approximate solution to the mean curvature flow with prescribed
contact angle condition. For 5 € L*>(09Q) with || 5||cc < 1, they alternately solved the following
variational problem:

min Eﬁ(u) with E,f(u) = Cg(u) + !

1 _ 2 1pd
i [ (= dop)? AL (1.3)

Here, the minimum (1.3) should be taken over L?(Q2) N BV (); dq g, denotes the signed
geodesic distance function to Ey in €2 (see e.g. [19, Definition 4]), and

Cs(u) ::/Q|w+/m,3wdﬂd1,

where v : BV (Q) — L'(09) is the trace operator and H?~! denotes the (d — 1)-dimensional
Hausdorff measure. For (1.1), we take 8 = cosf and 6 € (0,7) which imply |8(z)| < 1.
Since Cp is lower semi-continuous (see [34, Proposition 1.2] and [19, Proposition 4]) and the
quantity to be minimized in (1.3) is strictly convex in L?(f2), the problem (1.3) admits a
unique minimizer w%o € L2(2) N BV (). Then, the next set Ty, (Ep) to Ey is defined as the
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zero sub-level set of w%o, namely Tj(Ep) := {w%o < 0}. They established well-posedness
of the proposed scheme and some consistency with a capillary Almgren—Taylor—Wang type
scheme. However, the convergence of this scheme as h tends to zero was not discussed in [19].
The aim of this paper is to show the convergence of this scheme in a suitable topology.

Let us state our main results. Since the level-set formulation provides a unique global-
in-time solution (up to fattening) as shown in [16, 22] for = R? (see also [23]), we consider
the level-set formulation of (1.1). Namely, we consider the initial-boundary value problem for
its level-set equation of the form:

up = |VuldivVe(Vu) in Qx (0,7),
(Vu,vq) + B|Vu| =0 on 9Q x (0,T), (1.4)
u(0,-) =uy in Q,

where T > 0 is a time horizon; ug : {2 — R is given as an initial condition and ¢(p) := |p| for
p € R Tt is natural to consider such an oblique derivative boundary problem because the
second condition of (1.4) implies that the hypersurface {u = 0} intersects the boundary 02
with the angle arccos . This condition readily corresponds to the second one of (1.1). Let
F: (RA\{0}) xS = R and B : 992 x R? — R be defined by

Flp,X) = —tr <<Id - pﬁf) X) for (p,X) € (RA\{0}) x §¢, (1.5)
B(z,p) == (p, va(z)) + B(z)|pl, (1.6)

where S¢ denotes the set of all symmetric matrices in R%?; I; € R?*? denotes the identity
matrix. Then, the problem (1.4) can be expressed as

ug + F(Vu, V2u) =0 in Qx(0,7),
B(-,Vu) =0 on 09 x (0,7), (1.7)
u(-,0) = ug in €.

In this study, we adopt the notion of viscosity solutions and regard an evolving set by
mean curvature as the level set of an auxiliary function as discussed in [23]. Its well-posedness

is by now well known by [3, 31]. As in [20, 21], for each u € UC(2) and a time step h > 0,
we define a function operator S; by

Spu(z) :=sup{A € R |z € Tp,({u > A})}, (1.8)

where UC(Q2) denotes the space of all uniformly continuous functions in Q. In terms of Sy,
an approximate solution u” : [0,7] x © — R to (1.4) is defined by

ul(t, ) = S}L%Ju(a:),

where | k] denotes the largest integer which does not exceed k € (0,00). Then, our main
theorem reads as follows:

Theorem 1.1. Assume that  is a bounded convex set in R% whose boundary is sufficiently
regular so that the comparison principle holds for (1.4). Suppose that B € C1(99Q) and
18llcc < 1. Assume that |Vaaf(z)| < k(x) for all x € 02. Here, k(x) denotes the minimal
nonnegative principal (inward) curvature of OQ at the point x. Then, u" uniformly converges
to the unique viscosity solution to (1.4) as h — 0.



By a comparison principle for (1.4) known by [3] (see Theorem 2.1), we immediately obtain
the following corollary:

Corollary 1.1. Let Q C R% be a C*! bounded domain. Suppose that Q and f satisfy the
hypotheses in Theorem 1.1. Then, u”
(1.4) as h — 0.

uniformly converges to the unique viscosity solution to

A key step of the proof for Theorem 1.1 is to confirm that the function operator Sy, fulfills
the following properties:

[Monotonicity]

Spu < Spv if u <w. (1.9)

[Translation invariance]

Sp(u+c) = Spu+c forall ceR,
0.

$4(0) = (1.10)

[Consistency]
For every ¢ € C%(Q), and z € § either Vip(2) # 0 or Vip(z) = 0 and V2p(z) = O, and
z € 00 with (Vp(2),va(z)) + 5(2)|Ve(z)| > 0, it holds that

limsup” W < —Fu(V(2), Vip(2)). (1.11)
h—0

Moreover, for every ¢ € C?(Q2), and z € Q either V(2) # 0 or Vy(z) = 0 and V3p(z) = O,
and z € 09 with (Vp(2),va(z)) + 5(2)|Ve(2)| <0, it holds that

Snp(z) = #(2)

. > —F*(Ve(2), V(2)). (1.12)

liminf*h_)o

Here, for a function Fj, on © which is parametrized by h > 0, we have used the notation that
for z € Q,

limsup " Fj,(z) := lim sup{Fj(y) | |z —y| < 8,0 < § < h},
h—0 h—0

liminf,, o Fp(z) := illlg%) inf{Fp(y) | |t —y| <3, 0<d < h}.

Moreover, we define the upper(resp, lower) semi-continuous envelope F* (resp, F) of F' by
F*(p, X) += i sup{F(q,Y) | |p — gl < &, | X~ Y]lo <2},
Fi(p, X) = iminf{F(q,Y) [ [p —q <&, [ X =Y]2 <e},

where for a matrix X = (z45)1<i j<d € R4 || X||o denotes the Hilbert-Schmidt norm of X,

e, [|X 2 == \/>20,_; 2%

If the limit equation (1.4) has a comparison principle and S}, satisfies the conditions (1.9)—
(1.12), a general theory for the monotone scheme [4, Theorem 2.1] yields the desired result.
In our case, we know (1.4) has a comparison principle (Theorem 2.1) so the main task is



to prove (1.9)—(1.12) for Sj, (Theorem 4.1). It is not difficult to prove (1.9) if we take the
geodesic distance in (1.3). The property (1.10) is easy to confirm from the definition of Sj.
Main efforts for the convergence result of our scheme are devoted to prove (1.11) and (1.12).

To this end, we first establish a relation between Sj;, and 7}, (Lemma 4.1) to interpret the
formulae (1.11) and (1.12) in that for 7},. More explicitly, we show

(Shu> A =Thy({u>A}) forall AeR. (1.13)

The relation (1.13) is expected to hold because of the definition of Sj,. One of important
criteria to ensure (1.13) is the continuity of 7}, (Lemma 3.6) which is defined by

() Th(En) =Th(E)  as n— o, (1.14)
n=1

where {E,}nen is an arbitrary non-increasing sequence of sets in Q with E = (72 Ey.
Thanks to the monotonicity of T}, we easily see that the left-hand side of (1.14) includes
the right-hand side. To show the converse inclusion, we seek a subsequence {w%n}n which
uniformly converges to a function w in ©Q, and observe that w = w% in Q. Since w%n
is uniformly bounded with respect to n by a maximum principle, the existence of such a
subsequence can be proved by the Ascoli-Arzela theorem provided that w%n is equi-continuous
with respect to n € N. We eventually know that the limit function w must equal waL by the
Lipschitz continuity of the map L?(Q) > g w;‘ € L?(Q2) (Proposition 3.1) and the uniform
convergence of do g, to do k.

To derive the equi-continuity of wgn, we show that the gradient Vw%n is bounded by a
constant which is independent of n € N. For this, we adopt Bernstein’s method. Namely, we
are led to show that %]Vw%n |2 is a subsolution to an elliptic problem with an oblique derivative
boundary condition and to apply a comparison principle (Lemma 3.2) which is available for
the problem. This procedure involving Bernstein’s method requires the convexity of ) and
the assumption that the contact angle function 3 is continuously differentiable on 92 and its
gradient is bounded by the minimal nonnegative principal (inward) curvature of 9 at each
point.

Using the relation between S and T} that we have obtained so far, we represent the
formulae (1.11) and (1.12) in terms of the super level sets Ejf := {¢ > p} with u = ¢(z), and
intend to prove that the following locally uniform limit in § (Proposition 4.2):

h

. —0 as h—0. (1.15)

+/€Eﬁ

For the case when z € €, (1.15) indicates that w%w approximately solves the inclusion:
I

w — dQ E¥

Tw + 800(11)) >0 in €,
which is nothing but a discretization of the first equation of (1.4). Meanwhile, if z € 99,
we need the assumption that ||5]|ec < 1 to construct a viscosity super(resp, sub)solution to
(3.10) which approximates the following inclusion:

w — dQ

T’Eﬁ+acg(w)9o in 0. (1.16)



In fact, we deduce from the characterization of 9Cg(u) (see [19, Theorem 2]) that (1.16)
is equivalent to that w solves (3.10). In [20, 21|, a viscosity super(resp, sub)solutions were
constructed by a ball B(0, R) which is expected to approximate E}, nearby z. This is because
Chambolle’s scheme yields another ball B(0, }NE), and this R can be explicitly computed. Due
to the oblique derivative boundary condition, we require another type of subsets in € to
approximate Ej;. Here, we notice that the characterization of dCs(u) again gives rigorous
solutions to (3.10) in a short time when /5 is constant (Lemma 4.2). These rigorous solutions
are so-called translating solitons in the literature. In this research, we compare E}; with these
solitons instead of balls. By geometry, this soliton is available not only for z € € but also for
z € 02 whenever ||3||c < 1. This is the basic idea to prove the main theorem.

Let us review existing works related to an energy minimizing scheme for the mean cur-
vature flow. For the case when interfaces do not touch the boundary, Almgren, Taylor and
Wang [1] derived several properties of a limit of their approximate solution and called it a
flat @ curvature flow. They proved its convergence to a smooth curvature flow up to the time
when the latter exists. Later, Luckhaus and Sturzenhecker [33] showed its convergence to a
distributional solution y to the mean curvature flow under no mass loss condition:

T T
/ / |V xnl —>/ / Vx| as h—0,
0o Jrd 0o Jre

where xj, denotes the characteristic function of a minimizer of A(F'). Philippis and Laux [17]
proved that this assumption is not necessary for the convergence result whenever the initial
data Ey is outward minimizing, i.e., it holds that

/RdVXE“K/Rd Vel if EoCF. (1.17)

For instance, if Ey is mean convex, then the condition (1.17) is satisfied. For a bounded initial
data Eg and Q C R? strictly including Ey, Chambolle [9] showed that his approximate solution
constructed by the zero level set of the unique minimizer of Ej,(u) converges (in L' sense) to
a level-set flow (up to fattening). It is known that T} (E() remains convex if Fy is convex (see
Caselles and Chambolle [8]). For a simple proof of the convergence (also in Hausdorff distance
sense), we refer the reader to Chambolle and Novaga [15, Proposition 2.1, Proposition 4.1].
For an unbounded initial data Ejy, the authors and Ishii [20, 21] showed the convergence (up
to fattening in the sense of Hausdorff distance) of their approximate solution constructed by
Ep(u). Therein, they translated the set operator T} into a function operator Sy, as in (1.8)
and showed that T}, is a morphological operator (see e.g., [7, Definition 4.4]). They utilized a
sup-inf representation for Sy, to obtain its generator as in (1.11) and (1.12). In particular, if
Ej is the complement of a bounded set, its treatment was explained in [13, §6.2]. Chambolle,
Gennaro and Morini [11] considered such a scheme called a minimizing movement scheme for
the mean curvature flow with a time-dependent spatially inhomogeneous driving force f(z,t),
an inhomogeneous anisotropic interfacial energy density ¢ and a mobility ¢ (z, v(z)), namely
they studied the equation:

{v = Y(@, v(@){ dive, Vyo(e,v(2) + f(2,6)}  for weTy, t>0, (1.18)
I'p=T,

where I' is an initial data, and p — ¢(x,p) is an anisotropy, i.e., a convex, positively 1-
homogeneous function with respect to the variable p € R¢. They showed that a limit of



approximate solutions constructed by their minimizing movement scheme is a flat flow, and
it is a distributional solution (BV-solution) to the equation (1.18) under no mass loss con-
dition (see [11, Theorem 1.2]). Note that their anisotropy for this result includes crystalline
anisotropy, i.e., ¢(x,p) need not be C! in p on {|p| = 1}, typically piecewise linear. They also
proved that their approximate solution converges to the level-set flow, and it is also a way
to construct a solution of the corresponding level-set flow equation (see [11, Theorem 1.4]).
However, crystalline anisotropy was excluded in this result. For spatially homogeneous cases,
i.e., ¢, ¥ and f are independent of z, a level-set crystalline mean curvature flow equation
is well-studied, and its well-posedness was established by [14, 12, 24, 25] (see also a review
paper [27]). However, the case of spatially inhomogeneous crystalline anisotropy is not yet
studied through a perturbed argument by [12] which may lead the existence of a solution.
For homogeneous case, we note that Ishii [32] proved that the minimizing movement scheme
converges to the level-set flow for crystalline mean curvature flow provided that the corre-
sponding level-set flow equation is well-posed. The solution in [24, 25] was constructed by
a solution of an approximate equation, while the solution in [14, 12] was constructed by a
minimizing movement scheme. In [26], spatially inhomogeneous driving force term f(z,t)
was allowed. The method of [24, 25, 26] so far needs to assume that ¢ is piecewise linear but
allows nonlinear dependency on the curvature term in V.

For the case when interfaces touch the boundary 92, Bellettini and Kholmatov [6] con-
sidered a minimizing problem for a variant energy of (1.2) defined by

1
As(F) = / Vyr| + / ByxrdHI + - / dist(-, OE) dL?, (1.19)
RY oRd h Jrd n(raE)

where R? := R%"! x (0, 00), and the energy (1.19) was minimized among all Caccioppoli sets
in Ri. They adopted a set theoretic approach and proved that a minimizing sequence for
(1.19) converges to a generalized minimizing movement (GMM) (see [6, Theorem 7.1]). The
GMM was shown to be a distributional solution to the mean curvature flow equation with a
contact angle condition provided that the (d — 1)-dimensional Hausdorff measure of discrete
solutions converges to that of the GMM (see [6, Theorem 8.6]). They also showed regularity
of the GMM up to the boundary provided that g is Lipschitz continuous on 992 (see [6,
Theorem 5.3]). In fact, the study [19] was inspired by their work to introduce the definition
of the capillary Chambolle type energy (1.3). For a study of the GMM for a partition of R?
with mobility and driving force, we refer the reader to Bellettini, Chambolle and Kholmatov
[5].

In [19, §7], the authors implemented the proposed scheme using the split Bregman method.
Therein, they calculated the first variation of Eﬁ (u) with respect to Vu and u separately and
obtained a Neumann boundary problem in a strip @ C R?. This problem was solved by the
finite difference method. They gave two examples of open curves with one end on {0} x R
and the other end on {2} x R where Q = (0,2) x R. In the first example, we set 3 = cos 7.
In the second example, we set § = cos?jT7r at r = 0 and 8 = cos 7 at v = 2. However, the
discrete definition of 8 in the second example was missing. Here, we give it for the reader’s
convenience:

—%:cos?ﬂf it j=1,
Bij = % =cos if =N,
0 otherwise,



where the strip § is discretized by mesh points (x;,y;) with 1 < i < Ny and 1 < j < N,
say the discretized Q equals vazyl U;V:ﬂ{ (x,9:)}; the symbol f; ; denotes the value of /3 at
(5, Yi)-

This paper is organized as follows. In Section 2, we collect basic definitions, notations and
facts of convex analysis and viscosity solutions. In Section 3, we recall a capillary Chambolle
type scheme which was proposed in [19]. Therein, we continue to explore its properties
which are crucial to derive main results in this study. Section 4 is devoted to give a proof
for convergence of the proposed scheme under some assumptions on the domain 2 and the
contact angle function 8. Finally, we conclude with summarizing consequence of this paper
in Section 5.

A preliminary version of this paper was included in the first author’s phD thesis.

2 Preliminaries

2.1 Convex analysis

In this section, we recall basic facts from the convex analysis. Throughout this section, let X
be a normed space and X* be the dual space of X. Let f: X — RU {+o0}.

Definition 2.1 (Subdifferential). For u € X, the subdifferential Of(u) C X* is defined by
p € df(u) <= f(v) > f(u) + (p,v —u) forall veX.
Definition 2.2 (Conjugate function). The conjugate function f*: X* — RU {00} of f is

defined by

[ (p) = Sgg{(p,u) — f(u)} for pe X*.

Proposition 2.1 (Fenchel identity). Suppose that f is lower semi-continuous and convex.
Then, it holds that for u € X and p € X*,

p€f(u) == uedf(p) < f(u)+ [ (p) = (p,u)
Proof. See [18, Proposition 5.1, Corollary 5.2]. O

Remark 2.1 (Characterization of conjugate functions). Suppose that f is positively homo-
geneous of degree 1 and f(0) = 0. Then, it is easy to see that

. o ifpek,
f(p)_{oo if pé K,

where K = 0f(0).

2.2 Viscosity solution

In this section, we briefly recall the notion of viscosity solutions which is a kind of weak
solutions to degenerate parabolic equations. Partial differential equations under consideration
is of the form:

us + F(x,t,u, Vu, V?u) =0 in Q x (0,T),

B(x,t,u,Vu,V?u) =0 on 9Q x (0,T), (2.1)

u(0,:) =ug in Q,



where F and B are respectively functions defined on dense subsets in Q x [0, 7] x R x R? x §¢
and 0Q x [0,T] x R x R? x §?. Here, S? denotes the set of all symmetric matrices in R4*,
In this setting, let us define a viscosity sub- and supersolution to the problem (2.1).

Definition 2.3 (Viscosity solution). A function u : Q x (0,T) — R is called a viscosity
subsolution to (2.1) provided that u*(x,t) < oo for all (z,t) € Q x (0,T) and for any ¢ €
C2(Q x (0,T)) and (2,t) € Q x (0,T) such that u* — ¢ takes a local mazimum at (&,1),

A

@i(#,1) + Fu(@,t,u*(8,1), Voo (2,1), V2p(,1)) <0 if Ve(2,t) #0, (2.2)
i(2,1) <0 if Vo(2,1) =0 and V2p(z,t) = O '

holds if # € Q and either (2.2) or Bi(2,t,u*(2,1), Vi(&,1), V2p(2,1)) < 0 if & € 9Q. A
function u is called a viscosity supersolution to (2.1) provided that u.(xz,t) > —oo for all
(z,t) € Q x (0,T) and for any ¢ € C*(Q x (0,7)) and (2,t) € Q x (0,T) such that u, — ¢

takes a local minimum at (Z,t),

{ 0i(3,0) + F*(&,1,us (2, 1), Vio(2,9), V20(2,)) > 0 if V(d,i) #0, 23)

holds if # € Q and either (2.3) or B*(&,t,u«(#,1), V(i 1), Vip(2,1) > 0 if & € 90. A
function u is called a viscosity solution if u is a sub- and supersolution of (2.1).

Definition 2.4 (Degenerate ellipticity). F' : Q x [0,T]xR x R* x S — R is said to be
degenerate elliptic if for any (z,t,7,p) € Q x [0,T] x R x (RN\{0}), it holds that

F(z,t,r,p,X) < F(x,t,r,p,Y) for X,Y € S with X >,
where X <Y means that (X&,€) < (YE,€) for every € € R,
Let us recall a comparison principle for the problem (2.1) from [3, Theorem 3.1]:

Theorem 2.1 (Comparison principle). Let Q C R? be a bounded domain with C*' boundary,

and let ug € C(RQ). Let u and v be respectively a bounded upper semi-continuous subsolution
and a bounded lower semi-continuous supersolution of (2.1). Suppose that F' and B fulfill the
following conditions:

(F1) For every R > 0, there exists a constant Cr € R such that for every z € Q, t € [0,T),
—RS’USUSR,pERd andXeSd, it holds that

F(z,t,u,p,X) — F(x,t,v,p, X) > Cr(u —v).

(F2) For any R, K > 0, there ezists a function wr i : [0,00) = R such that wg k(s) = 0 as
s 4 0 and for all n > 0, it holds that

2
r—Yy
F(y,t,u,q,Y) — F(z,t,u,p, X) < wp K <n+ lz —y|(1+ |p| V |q|) + ’52’)

for any x,y € Q, t €[0,T], u € [-R, R], p,q € RN\{0} and X,Y € S?¢ satisfying

Ko X O\ _Kn(l, —I
- L < < —
=2 Iy < <O —Y> S <_Id I, + K??IQd, (2.4)

lp—q| < Ke(lp| A lq|) and  |rv—y| < Knge,

where |p| V |q| := max{[p|, [q|} and |p| A || := min{][p], [q|}.



(F3) FecC(Qx[0,T] xR x (RN\{0}) x S%) and F*(x,t,u,0,0) = Fy(z,t,u,0,0) for every
r€Q,te€l0,T] and u € R. In other words, F(xz,t,u,-,-) is continuous at (0,0).

(B1) For any R > 0, there exists Cr > 0 such that for all X > 0, x € 9Q, t € [0,T],
—R<v<u<Randpé€ Rd, it holds that

B(x,t,u,p+ \vq(z)) — Bz, t,v,p) > CrA.

(B2) There exists a constant C > 0 such that for any x,y € Q, te [0,7], u € R and
p,q € R?, it holds that

|B(z,t,u,p) — B(y,t,u,q)| < C{(|p| + |gD)|z — y| + [p — ql}-

Then, it holds that u < v in Q x [0,T].

Under regularity assumptions on €2 and the contact angle function 3, we confirm that the
problem (1.4) satisfies the comparison principle:

Theorem 2.2. Suppose that Q is uniformly C?, thus vq is uniformly C'. Assume that
1Bllcc <1 and |[VoaB|leo < 0o. Then, the function F and B defined by (1.5) and (1.6) satisfy
the hypotheses of Theorem 2.1. In particular, if 2 is C*1, then the comparison principle is
available for the problem (1.4).

Proof. Since F' is independent of u, the condition (F1) is clearly fulfilled by setting Cr = 0.
To show the condition (F2), fix any K, R,n,c > 0 and let X,Y € S? be such that (2.4). Let
{e1, -+ ,eq} C R? be the standard basis of R?, i.e., for each 1 < i < d, the j-th element of e;
equals ¢;;, where ¢;; denotes Kronecker’s delta. Letting & := (e;, e;) € R?¢ and applying £ to
(2.4), we have

2k
_67277 < —VYii + Tis < 2k77 (25)

Summing up (2.5) through 1 <i < d, we obtain

2Knd

= < —tr(Y) + tr(X) < 2Knd. (2.6)

Meanwhile, letting & := (ﬁ ﬁ) € R?? and applying ¢ to (2.4) yield

2K 2K
2R ( . > (q®2qy> <=0 (1 \p. g >> +2K7. (2.7)
| lq| € Ipllql
Combining (2.6) and (2.7) together with the Schwarz inequality gives
1
—2K< )17<F(q,Y)—F(p,X)§2K<d—|—2>77.
€
Thus, we define wg i (s) == 2K (d + ) s for each s € [0, 00) and observe that limg o wr k(s) =
0 and

2
x—y
F(0.¥) = Plp. ) < wrac) < womae (+ 1o ol + 1 v i) + 520,
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Hence, F satisfies (F2). For (F3), it is known that F.(0,0) = F*(0,0) = 0 by [23, Lemma
1.6.16]. Let us check that B satisfies (B1). We compute

B(u,p + Ava(x)) = B(u,p) = (p + Ava(z), va(z)) + B(x)|p + Ava(z)| — (p, va(z)) — B(2)|p]
= A+ B(@)(lp+ Ava(z)] = [pl) = A = [|Bllec lIp + Ava(z)] - [pll
> A= [[Bllcclp + Ava(z) — pl = (1 = [|Bllcc) A-

Thus, letting Cr :=1 — || 8||cc > 0, we have (B1). For (B2), we compute
[B(z,p) = B(y,9)| = | {p,va(x)) + B(z)lp| — (g, vay)) — By)ldll
< [(p,va(z)) — (¢, va()) |+ |8()|p| = By)lqll (2.8)
The first term of the right-hand side of (2.8) can be estimated as follows.
[ (p,va(z)) — (¢ va(y)) [ = (P — ¢, va(®@)) + (¢ va(z) — va(y)) |
< |p—al + lallIVaaralleclz — yl < |p = al + IVaaralleo (Ipl + lal) |z — yl. (2.9)

Whereas, for the second term of the right-hand side of (2.8), we compute

|B(z)|p| — Bw)lall < |B(x) — Bw)lIpl + 18W)Ip| — Bw)l4ll
< IVaaBllslpllz — yl + 1Bllcollpl — Il < [[VaaBlloo(Ipl + gDz =yl +1p —ql.  (2.10)

Combining (2.8), (2.9) and (2.10) and setting C' := max{2, [|[VaafBl o, || Vaarall«w} > 0, we
derive the desired inequality. O

3 Capillary Chambolle type scheme

In this section, we will explore some properties of a minimizer of the energy functional E,f (u)
defined by

E,f(u) = Cg(u) + % /Q(u —g)?dc?, (3.1)

where g € L?(Q) is a given data.
The following lemma asserts the monotonicity of the minimizer of Ef (u) with respect to
the data g:

Lemma 3.1. Let wy denote the unique minimizer of (3.1). Let f,g € L*() and suppose
that f < g holds a.e. in Q. Then, wy < wy holds a.e. in €.

Proof. Though the proof is quite similar to that of [9], we include it for the reader’s con-
venience. Our present purpose is to show that the set {w; > wy} has zero d-dimensional
Lebesgue measure. Since wy and wy are respectively minimizers of (3.1) for the data f and
g, we have

Catu) + g5 [ (0 =17 aL? < Cotuwy hwy) 50 [ (wy Ay = 1 L%, (32

|
Cp(wy) + (wg —9)* dL? < Cp(wy Vwg) + o / (wyVwy —g)* dL?. (3.3)
Q

2h Jo
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We now recall a well-known inequality:

/Q\V(um)u/ﬂwmwng/QquH/vavy.

Moreover, it is easily observed that

By(u Av)dHT + | By(uvo)dHT = | ByudHIT + /
o0 o0 o0 o0

Thus, we obtain
/(wf —f)Fdci < /(wf Awy — f)? dL,
Q Q
/(wg —g)?dct < /(wf Vw, —g)? dcd.
Q Q
Splitting €2 into {wy < wy} and {wy > wy} and summing up (3.6) yield
[ wepracts [ - act
{ws>wg} {ws>wg}

/{ }(wg —g)dci< / (wy —g)* AL
Wy >Wg

{wy>wg}

Adding two inequalities yield

[ ey act <o,
{w>wg}

(3.4)

ByvdH L. (3.5)

(3.7)

Since f < g a.e. in Q, the integral domain {w; > wy} should have zero d dimensional

measure.
We next prove that the map L*(Q) 3 g — w! € L*(Q) is Lipschitz ¢
Proposition 3.1. For every h > 0 and f,g € L*(S2), it holds that

h_ . h
[wy —wgll2 < [If = gll2-

O]

ontinuous:

Proof. Set py := —(w? — f)/h and pg := —(wgb —g)/h. Then, we see that ps € 8Cg(w;}) and

Dy € 80,3(103). Hence, we get
Catul) > [ pytuf = uf) a2+ Colu),

C/g(w?) > /ng(w? - wg) dcd + Cg(w;‘).

Summing up both sides of (3.8) gives

f—g—wh+uwh
0</Q(pf—pg)(w’}—w2) dﬁd:/g( hf g) (wh

Thus, we obtain from Cauchy-Schwarz’ inequality that

lw} —wglls < ILf = gllzllw} —wgla-

The proof is now complete.

12
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In the sequel, we investigate conditions on the domain €2 and on the contact angle function
B to ensure that a solution w’; to (3.10) is equi-continuous with respect to h > 0:

w+ hdivVe(Vw) = ¢ in Q, (3.10)

B(-,Vw) = 0 on 09, '

where ¢(p) := |p|, and B(x,p) := (p,va(z)) + B(z)|p| for € IQ and p € R?. Precisely
speaking, we obtain the following result:

Theorem 3.1. Suppose that Q is a convex domain and B € C1(0Q) with |||l < 1. Suppose
that w is a solution to (3.10). Assume that VaqB(x) is orthogonal to the kernel of the
Weingarten map Vaqra(z) at each x € 0. Assume that |VaaB(x)| < k(x) where k(x) is
the minimal nonnegative principal (inward) curvature of Q) at x € 9. Then, it holds that

[Vwlloo < [IVglloo-

In other words, if the gradient of g is bounded, then wg s equi-continuous with respect to
h > 0.

Remark 3.1. Our assumption on 3 implies that B must be a constant function if O is flat.
Precisely speaking, if 0S) is flat in the direction of x;-axis, then 8 must be independent of x;.

Remark 3.2. We note that the function w;‘ turns out to be equi-continuous with respect to
g in the case when g is the signed geodesic distance function.

To prove Theorem 3.1, we need several lemmas.

Lemma 3.2. Let L be a degenerate elliptic differential operator of the form.:

L= i Qi 82 + Zb i
T Y Ow;0x; C o,

,j=1

with a non-positive definite symmetric matriz (a;;)1<; j<d and by, where (a;;)Y/? is Lipschitz
and by’s are uniformly continuous in Q where Q is a domain in R, Assume that O is
uniformly C*. Let & be a bounded C* vector field on O such that infaq (€, vq) > 0 where vg

is the exterior unit normal vector field of 0. If v € C?(Q) N CH(Q) satisfies

< ,
{U+Lv_)\ mn £, (3.11)

(€,Vv) <0 on 09
for some constant X\, then it holds that v < X in €.

Proof. Since v = A is a solution, the assertion follows from a classical comparison principle
for linear equations (see e.g. [35]). O

Remark 3.3. The comparison principle for the oblique derivative boundary problem is well
known even for a viscosity solution as stated in Theorem 2.1. See e.g. [3, 30].
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Lemma 3.3. Assume that 0Q is uniformly C? so that vq is uniformly C'. Assume that
we C3(Q) is C? up to the boundary. Assume that w satisfies B(-, Vw(-)) = 0 on 0. Assume
that B is C1, ||Bllc < 1 and ||[VaaB|leo < co. If B satisfies

>
Zwl 6301 (x,Vw(z)) >0 for z € 0,

then for u = $|Vw|?, the C' vector field ¢ = V,B(-,Vw(-)) satisfies
(&, Vu) <0 on 09

and

€ va)>1—||Bllee >0 on 0.

Proof. First differentiate B(x, Vw(x)) =0 in z; and multiply w;(x) to get

0B 0B
Zw( )—(z, Vw(z))wi () + wi(z) =—(z, Vw(z)) = 0. (3.12)
pat Opy ox;
We sum up (3.12) from i = 1 to d to get
‘. 0B
; e (x, Vw(z aw Z:wZ m, Vw(z)) =0.
By our assumption, we now obtain
d
0B ou
(&(z), Vu(z)) = VpB(z, Vw(x)) - Vu(z) = Z 8—}34(96, Vw(a:))a—w(a;) <0.
(=1

Meanwhile, a direct calculation shows

0B

aipe(xﬁj) = VE( )+6( )

Ip|’

where vy, denotes the £-th element of vo. We deduce from the Schwarz inequality that

d
(@)@l = Y- (nlo + 5 D) 14 pa) TR 1 g,

(=1

We now complete the proof. ]

Lemma 3.4. Assume that 0 is uniformly C?. Assume that VaqaB(z) is orthogonal to the
kernel of the inward Weingarten map Vaqra(x) for each x € Q. If |VaaB(x)| is bounded by
the minimal nonnegative principal (inward) curvature k(x) of O at each x € OL), then

d
0B
>
> uile) g, (o Vule)) 20
is fulfilled for every x € 0f).
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Proof. Since

o . Vule) = (520, Vula) ) + 57 @) Tu)l,

we see that

d d d
S i) o2 (o, V@) = Y O (g (auie) + S wila) O (@) V().
i=1 ! i1 i

We extend [ as constant to the v-direction. Since Vgqf is orthogonal to the kernel of the
Weingarten map Vgqrq, we proceed

> S @ueua) + Y- wile) g @) Vale)| 2 k(@) V@) - [Vu()P[Vanb()

= (k(2) = [Vaab(@)|)|Vw(z)* > 0.

Our assumption guarantees that the right-hand side is positive. The proof is now complete.
O

We are now in the position to prove Proposition 3.1.

Proof of Proposition 3.1. We define u := %\Vw\Q and argue by Bernstein’s method (see e.g.
[28, Chapter 15]). We differentiate the first equation of (3.10) in the direction zj, (1 < k < d)
and multiply it by w(x) to get

d d
wi(2)? =Y wi(x); (Z ¢ij(Vw(ﬂf))wg'k($)) = wi(x)gk(z). (3.13)
=1 =1

Meanwhile, we calculate
d d
D wp(@)di | Y ¢ (Ve (@))wji(x) (3.14)
i=1 j=1

d
_Za Zwk x)pij (Vw(z))wjk () Z wik () Pij (Vw(x))w;k(x)

i,7=1
- p(2)”
SZ@' (Z 6ij (Vw(x))wi(z)w) () Z@{Z% (Vw(z ( 5 )}
i=1 j=1 i=1 —

Here, the inequality in (3.14) follows from the positive definiteness of
(i (Vw(x)))1<ij<a- Summing up (3.13) over 1 < k < d and taking (3.14) into account,
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we obtain

d d
—hY 0| Y ¢ (Vw(x))u;(z)
=1 j=1
d d
Z wk thk i Z(;S”(Vw(a:))wjk(x)
j=1

1

=

d 1 1
= wi() IVw( )12+ §|Vg(-76)|2 < u(x) + §IIV9||§O-
k=1

Hence, u satisfies the first equation of (3.11) in the case where A := 3||Vg||%, and L(u) =
—div(A(z)Vu) with A(z) := (¢ij(Vw(x)))1<ij<a- We have already seen that (£, Vu) < 0
with € := V,B(-, Vw(-)) in Lemma 3.3 and Lemma 3.4. Therefore, we conclude from Lemma
3.2 that |Vw| e < ||V9]/so- O

Remark 3.4. To guarantee that w is C? up to the boundary, we need a reqularity assumption
on Q2 which is slightly more than C?, say C*>®. The C*' assumption is sufficient to guarantee
C? regularity for w (see e.g., [28, §6.4]).

We are now in the position to define a set operator T}, : P(Q) — P(Q) where P(Q) denotes
the set of all subsets in . For each E C Q, we set

Th(E) := {wh < 0},

where w% is the unique minimizer of Eg (u). Then, we have two important properties of the
set operator T}, as follows.

Lemma 3.5 (Monotonicity of T},). Suppose that E C F C Q. Then, it holds that Ty(E) C
Th(F).

Proof. Since dq g > do,F in Q, we deduce from Lemma 3.1 that w% > w} in Q. This readily
yields T(E) C Th(F). O

Remark 3.5. It is crucial to use the geodesic signed distance function do g as an initial data
g for the variational problem (3.1). Thanks to the monotonicity of do g with respect to E (see
e.g. [19, Lemma 1]), we do not need to assume the convezity of Q to obtain the monotonicity

of Th(E).
We are now in the position to establish the continuity of the scheme T}:

Lemma 3.6 (Continuity of Ty,). Let {E,}, be a non-increasing sequence of relatively closed
subsets in Q. Then, it holds that

() e

n=1

Proof. Let E := (", E,. Since (oo Th(En) D Th(E) is obvious, we prove the converse
inclusion. Suppose that = ¢ T},(E). Then, we have w(x) > 0. Since dq g, — do g pointwise
as n — oo and 2 is bounded, this convergence is uniform in Q. Hence, we deduce from
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Proposition 3.1 that w%n — wh a.e. in Q as n — oo. Since |Vdg g, | is uniformly bounded

with respect to n € N, we see that {w%n}n is equi-continuous by Theorem 3.1 and Remark 3.2.
Moreover, the maximum principle guarantees that w%ﬂ is uniformly bounded with respect to

n € N. Hence, we can extract a subsequence {w%ﬂk }i by the Ascoli-Arzela theorem such that

w%ﬂk — w uniformly in Q for some w € UC(Q). This w should correspond to w’. Letting

k — oo, we derive w%nk (z) — wh(x) which implies w%ﬂk (z) > 0 holds for sufficiently large
k € N. This leads to = ¢ (oo Th(Ep). O

As a conclusion of this section, we characterize the unique minimizer of (3.1) as the
projection to the data function onto a closed convex set in L2(Q):

Proposition 3.2. Let g € L?(2). Then, there exists zZ € X2(Q) such that

2€X2(Q), |2l <1,
[zv]=—B HP1-a.e. on BQ}' (3.15)

Z = argmin {H divz — g||2

Proof. We take a minimizing sequence {z;}; C X2(€2) of (3.15). Since {z}; is bounded in
L>(Q;RY), up to a subsequence, there exists Z € L>(£2;RY) such that
z; =% weakly-* in L%®(Q;R%).
Meanwhile, since {div z;}; is bounded in L?(), there exists z4;, € L*(2) such that
div z; — 245, weakly in LQ(Q)

by taking a further subsequence. Then, we have divz = 24, in D'(Q). Indeed, for any
p € C§°(9), we deduce

/ Zdive AL = lim (div z;) ¢ dce
Q

1—00 Q

= lim [ —z - Vpd£?= / Z- Vo dLe (3.16)
Q

1—00 9]

Here, the second equality is deduced from [2, Proposition C.4]. Thus, we see Z € X5().
Moreover, the lower semi-continuity of {z;}; in the topology of weakly-* L>°(£; R?) yields

2l < liminf 2o < 1.
1—00
For any ¢ € C*°(12), we obtain

/ Zagiw @ ALY = lim | (div ;) ¢ dL?
Q

=00 J

= lim (/ [2i - V] @ dHT! — / zi -V d£d>
1—00 o0 [¢)
= lim ( —BedH4! —/zi-w d£d>
0 Q

1—00

= [ —BedH! —/z-w dce. (3.17)
o0 Q
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The left-hand side of (3.17) is also deformed as follows:

/ Zain @ ALY = /(divz) @ dLt = / Z-v]pdH! — / Z- Ve dLd. (3.18)
Q Q o0 Q

Combining (3.17) and (3.18) gives

/[z-u]apd?—[dl— —BpdH*L.
o0 o0

Since ¢ € C™(Q) is arbitrary, we see that [Z-v] = —f holds H% !-a.e. on 9. Therefore, we
conclude that Z is a minimizer of (3.15). O

Proposition 3.3. Let g € L?(Q). Suppose that w is a solution of

u—g
h

+0Cs(u) > 0. (3.19)

Then, w = g — Thic,(g) holds where Kg = 0Cg(0) and mhi, is the orthogonal projection to
the set hKg in L*(£).

Proof. The variational problem (3.19) is equivalent to w € dC3((9—w)/h) due to Proposition
2.1. Setting w := (¢ — w)/h, the problem is rewritten as

0 € hw — g + 9CH(wW). (3.20)
This implies that
- : [l
W = argMinger2(q) {22 +C5(u) ¢
Due to Remark 2.1, the above problem is reduced to

W = argming ., |7 — g]|,- (3.21)

The formula (3.21) implies that

_ . _ 1 . 1
w = argmingee, |0 — gll, = 3 argmin,er, v~ glly = 3 7, (9).

Recalling w = (g — w)/h, we conclude that w = g — Tk, (g)-
O

Remark 3.6. Similar arguments as in Proposition 3.2 and Proposition 3.3 can be found in
[10, §3]. Therein, Chambolle considered the dual problem ((3.20) in our case) instead of the
original one ((3.19) in our case) to establish a gradient descent algorithm to compute a time
discrete solution to the mean curvature flow.
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4 Convergence of the proposed scheme

In this section, we shall show convergence of the approximate scheme Sy to (1.4). For this
purpose, it is crucial to confirm that Sy, fulfills the conditions from (1.9) to (1.12).

We now define an approximate scheme Sy, for (1.4) with the aid of the capillary Chambolle
type scheme T}, as follows:

Spug(z) :=sup{A € R | x € Tp,({ug > A})}. (4.1)

In terms of Sy, we define an approximate solution u” to (1.4) by

t
ul(t, x) = S}EhJuO(ZE‘>.
We now state a main result of this section as follows:

Theorem 4.1. Suppose that () is convex. Assume that there exist constants 3 < 0 and B>0
such that —1 < B < B < B < 1 on 0. Moreover, assume that (3 satisfies the hypotheses of

Theorem 3.1. Then, the approzimate scheme Sy, defined by (4.1) satisfies the conditions from
(1.9) to (1.12).

Once Theorem 4.1 is established, the statement of Theorem 1.1 immediately follows from
the result by Barles and Souganidis:

Theorem 4.2 ([4], Theorem 2.1). Suppose that F : (R\{0}) x S? — R is degenerate el-
liptic, geometric, continuous, and satisfies —oco < Fy(0,0) = F*(0,0) < oo. Assume that
the approzimate scheme Sy, fulfills the conditions from (1.9) to (1.12). Then, u" uniformly
converges to the unique viscosity solution of (1.4).

We begin with confirmation that S}, is monotone and translation invariant:

Proposition 4.1 (Monotonicity and translation invariance of Sy,). The function operator S,
satisfies the criteria (1.9) and (1.10).

Proof. Suppose that u < v in Q. Then, we see that {u > A} C {v > A} for every A € R. Since
T}, is monotone from Lemma 3.5, we have Ty, ({u > A}) C T, ({v > A}). Thus, it follows from
the definition of S}, that Spu < Spv in Q. The formula Sy, (u + ¢) = Spu + ¢ is straightforward
by the definition of Sj,. O

The following lemma states a relationship between Sy and T}, which will be crucial for our
study.

Lemma 4.1. For every A € R? and ug € UC(Q), Spug(x) > X holds if and only if x €
Tr({uo = A}).

Proof. The assertion is straightforward by Lemma 3.1, Lemma 3.6 and [20, Lemma 4.3]. [

We need a soliton-like rigorous solution to the mean curvature flow with the constant
contact angle condition to capture a general flow. A candidate for such a solution is a
translative soliton:
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Definition 4.1 (Translative soliton). A function f : Q — R is called a translative soliton if
there exist a constant k € (—1,1) and a function ®x(z') on some subset Q C R4~ such that
f(@' zq) = ®p(2’) — xq holds and f solves the following partial differential equation:

{w—hdivw(wu):dm in 9,

4.2
(Vw,va) +k|Vw| =0 on 09, (4.2)

where F = {(a',x4) | zg < @k (2') + (arctan a)h} with o := arccos k.

Remark 4.1. A translative soliton is often called either a translator or a translating soliton
in the literature, and it originally means a rigorous solution to the mean curvature flow with a
contact angle condition which can be represented as a graph over an ambient space. We note
that the problem (4.2) is a discrete variant of level-set equations for the mean curvature flow.
The translative soliton which we treat here corresponds to a bowl soliton which is restricted
to a cylindrical domain. For a summary of existing works for translators, see e.g. [29, §4].

To prove Theorem 4.1, we need an assumption and several lemmas:

Lemma 4.2. For every point z € Q) and a vector v, there exists a translative soliton which
evolves in the direction either v or —v and includes z in its level set.

Proof. This is straightforward from the result by Zhou [36, Collorary 4.2]. O

If 2 is a smooth bounded domain, then the above lemma can be proved by approximating
Q with a cylindrical domain. We can compute an exact form of ®g(2’) if d = 2 and Q is a
cylindrical domain as follows:

Lemma 4.3. For each a > 0, we define a function us : [—1,1] x [0,T] — R by

uq(x,t) == log |cos ((— arctan a)x)| + (— arctan a)t. (4.3)

arctan a
Let Qp := [—1,1] x [=b,b] for some large b > 0. Namely, Qy is supposed to be a long cylinder.
Set By = {(x,y) € U | y < ua(z,t)} for each t > 0. Then, it holds that T}, (E:) = Eiqp
for every t > 0 whenever —(t+ h)/arctana > —b and o = —3/+/1 — 2. In other words, the

capillary Chambolle type scheme yields the translative soliton.

Proof. Let v be the unit normal vector field of 0F; and suppose that v is extended to whole (2
by v(z,y) = v(z, uq(z,t)) for ally € [—b,b]. Then, we define w := dq g, —hdivv = do g, —hk.
We deduce from the assumptions that v satisfies the conditions on z € L*(Q;R?) in [19,
Theorem 2|. Therefore, w is a unique minimizer of E}’? (u) with the data E;. We easily observe
that the function wu, defined by (4.3) is an exact solution to (1.1) with # = arccos 3. This
implies that evolving F; in the normal direction by its curvature is equivalent to translate
it downward (parallel to the y-axis) at the speed arctan «. Hence, the resulting T} (E;) is
nothing but Fy . ]

Let us prove a key result to show the consistency of the scheme Sj:
Proposition 4.2. Let p € C?(Q2) and h > 0. Assume that there exist constants B >0
and B < 0 such that =1 < 8 < 8 < B < 1. For each p € R, wesetE;f = {zx € Q|
o(z) > p}. Assume that Vp(z) # 0 for some z € Q. If either 2 € Q or z € 99 and

(Vo(2),va(2)) + B(2)|[Ve(z)] > 0 (resp, (Vo(2),va(2)) + B(2)|Ve(z)] < 0), then, up to a
modification of ¢ in a neighborhood of z, the problem (3.10) with g := dq, Y. has a viscosity
"oo(z

supersolution W (resp, subsolution w) satisfying the following condition:
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o For every e > 0, there exist 6 > 0, hg >0, r > 0 and C > 0 such that

w < dQ,Ef — hHEf +3ch in Us, (4.4)

(resp, w > dg e — hrige — 3ch in Usy) (4.5)

for any h € (0,ho) and for any A € R with |o(z) — A| < CVh, where

Usy :={x € Q| z e B(z,0) and |do e ()| < T}
e In particular, it holds that

h .
Wre — do e +hepe| < eh in Usy.

Proof. The proof is a modification of [20, Proposition 5.2]. First, we treat the case where
z € Q. We define s, g(z) := ®5(2') — x4 + p for each z € Q. Since Vip(z) # 0, there exists a
0 > 0 for which {¢ = u} N B(z,36) is a smooth hypersurface. We introduce a smooth cutoff
function 7 : Q — [0, 1] satisfying

n(x) =

1 if x € B(z,0),
0 if =z e Q\B(z,29).

Then, we replace ¢ with (1 —7)s, g + n¢. We still write it as ¢ for simplicity. We observe
that s,1p,p is a classical supersolution to (3.10) with g := dq p¢. Indeed, we have

Sp+h,p — h div vd’(vsu—i-h,ﬁ) = dﬂ E5u+h,§ > dngﬁ in Q.
a4 s B,

Sp+th,B :
Here, we note that E,”" = C Ej hence d_ su4ns > dg ge. Moreover, we derive
QBT o

<Vsu+h7§, I/Q> + BIVsutnpl = <V8u+h,§,VQ> + BIVsutnpsl =0 on 99,

We shall construct a viscosity supersolution to (3.10) in a neighborhood of z. To this end, we
introduce a smooth cutoff function 7 : Q — [0, 1] satisfying:

. 1 if |dg pe(x)|] <7,
n(x):{ [dey gz (&)

Villlso + [V?7]lec < L,
o it i) s o, 1Vl I

where L > 0 is independent of ¢, h, and r. Moreover, suppose that 7(¢) | 0 as ¢ | 0. Then,
we define

w = dQ,E‘;f — hTN]IiT(E) + (1 — ﬁ)h + 2¢h.
Here, we have used the notation that k, := p; * & Ef with the standard mollifying kernel p-.
Take 7(e) so small that ||k-c) — kgellcme) < € Then, as discussed in [20, Proposition 5.2],
the function w turns out to be a classical supersolution of (3.10) with g := dQE,f in Us,. In
terms of 5,453 and w, we define

_— min{w, s,4ng} in Usy,
Suth,g 0 Q\Us,.
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Since viscosity supersolutions are closed under taking minimum, we see that w is also a
viscosity supersolution of (3.10) with g := dq g¢. Thus, we deduce that

w<w= dQ,E,f - hIiT(s) + 2eh < dQ,E,‘f — hlﬁEﬁ + 3eh in Ué,?“

Here, we should take § > 0 so small that B(z,0) C {|dge| < r} if necessary. Consequently,

we derive the desired w. The comparison principle for viscosity solutions implies w%w <w
i

and hence

wgﬁ S w = dQ,Eﬁ — hK/T(E) + 2eh S anEﬁ — hH’Eﬁ + 3eh in Ué‘jr.

If z € 09, ¢ is already a supersolution of the second equality of (3.10). Moreover, we see
that the hypersurface {¢ = u} N B(z,3) intersects 02 with the angle larger than arccos f3.
Thus, we can find a translative soliton whose level set is included in Ej in a neighborhood
of z. Hence, the whole argument for z € Q will work. A desired viscosity subsolution can be
obtained in the same manner. We conclude the proof. O

Remark 4.2. Let us mention difference from the researches [20, 21] regarding construction
of a sub- and supersolution which approximate a solution of (3.10) in the case where Q) = R?.
Note that the boundary condition in (3.10) vanishes due to O is an empty set. Therein, the
hypersurface {p = p} was approzimated with the help of an open bounded set Vi C R® whose
boundary is tangent to {¢ = p}. Then, the function dqy, was bounded by rigorous solutions
of (3.10) with Q :=R%, g :=dq p and a ball B. This solution was explicitly computed in [8,
§B]. Howewver, this result is not available in our case due to the boundary condition. We are
forced to modify a test function ¢ to cope the boundary condition. But, we should notice that
the definition of viscosity solutions only uses local information of ¢. Thus, this modification
does not affect the following discussion.

The following lemma establishes a kind of monotonicity of the scheme S; with respect to
the contact angle function :

Lemma 4.4. Suppose that B; : 0Q — [—1,1] and Ba : 00 — [—1,1] satisfy p1 < B2 on ON.
Let Sy, be the associated function operator which is induced from the solution to (3.10) with
B:=0b and g = dq g for each function b: 02 — [—1,1]. Then, it holds that

Sh,p. < Sh.p in Q (4.6)

for any function ¢ € C(£2).

Proof. For each b : 0Q — [—1,1], let T}, p(E) := {w%’b < 0} where w%b the unique solution
to (3.10) with § := b and g = dq g. Then, we observe that w%’ 5, 1s a viscosity subsolution
of (3.10) with 8 := 5. Hence, we deduce from the comparison principle that w%ﬁl < w% By

in Q. This estimate implies that T}, ,(E) C Thg, (E). Therefore, by the definition of Sy, it
follows that S, g, < Sk g, ¢- O]

We are now in the position to prove the consistency of the scheme Sj,.
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Theorem 4.3 (Consistency of Sy,). Let ¢ € C%(Q). Suppose that Q and 3 satisfy the criteria
of Proposition 4.2 and Theorem 3.1. Then, it holds that

timsup” D =EE) < _p (v(2), V() (4.7)
h—0
(resp. timinfpog P PEDEE) 5 _pr(v(2), V() (4.8)

whenever z € () satisfies one of the following conditions:
e 2 € and either V(z) # 0 or Vo(z) =0 and V() = O.

o 2 €00, Vo(z) #0 and (Vo(2),va(2)) + B(2)|[Ve(z)| > 0
(resp, (Vo(2),va(2)) + B(2)[Ve(2)] <0).

Proof. Set u:= ¢(z). Fix any ¢ € C%(Q) and any ¢ > 0.

[Case z € Q and Vg(z) # 0]
Then, we deduce from Lemma 4.2 that there exist a smooth function ¢ and a positive constant
0 such that the estimate

]wgf — dQ,Ef + h/iEf’ <eh in Us, (4.9)

holds for sufficiently small A > 0 and r > 0 and A € R with |z — | < CVh with C =
V2|Vp(2)] and ¢ = ¢ in Us,. For simplicity, we still write ¢ as ¢. We now define

XE o= () + {~F(V(2), V2p(2)) + }h,

where

., V(z)
A E gV

Then, we shall show that Shnp(z,f) < )\f for sufficiently small ~ > 0. We note that this
statement is equivalent to z,jf ¢ Th(Efi) by Lemma 4.1. First, we prove that Spp(z;, ) < A, .
h

We use (4.9) with p := A, to derive
w%v (2,) 2 dqpe (2,) —hige (2,) —eh >dq ge (2,) — (K +¢)h, (4.10)
A A A A

where K := supo<j<i ke llo@;)- Since dg ge  is smooth, we have
<h< 7 - B

h h
_ = V() >
d —d —(vd L YPELN /o, 411
oy () = oy ()= Vo () ooy (411
where zAh: =z— %TL for some h € (0,v/2h). We deduce from the geometry (see Figure 1)
that Vol2)
- p(z
d —0 d Vd , — —1 4.12
e (00t (Vo ()22 12
as h — 0. Here, we have recalled that |Vdg ge | = 1 to derive the second convergence of
o
(4.12). "
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Figure 1: The location of important points associated with z € €.

Combining (4.10), (4.11) and (4.12), we conclude that w%qp (z,) > 0 for sufficiently small
A

h > 0. Thus, we obtain that z, ¢ Th(Ef,).
h
s . Ch
Second, we show that Shap(z;[) < )\;. Comparing the super level sets E:f and E”‘L+ 78

(see Figure 2) and applying Lemma 4.4, we compute

Shp < Sh <8M+%7§> < Shp (8N+%7ﬁ> =5, Chg in Q, (4.13)
where
—p

,/1:g2

C := arctan

Figure 2: The boundaries of the super level sets.

Evaluating (4.13) at z;" yields

Ch
Snp(al) <5, cn 5(5) = u+ |[Ve(2)| 5 <t [Veol2)|V2h + hde(2) (4.14)

for sufficiently small A > 0. Here, to derive the last inequality of (4.14), we note that for
every C7 € R and Cy > 0, C1h < Csv'h holds for sufficiently small A > 0 (we may set
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C = \th(z)|% — Ap(2) and Oy := v/2|Vip(2)|). Meanwhile, the Taylor expansion gives

o(5) = n+ V()| V2h + <v2<p(2,f) éi&, ygiii' > h, (4.15)

where z;7 =z + ézglﬁ for some h € (0,v/2h). Combining (4.14) and (4.15), we derive

Vo(z)  Vo(z)
\Vw@NWVw@N>}h

Aaw433¢@p+{Awa—<v%éb

Noting that

~F(Ve(2), Vip(2)) = Ap(z) — <v2¢(2) Vo(z)  Ve(z) >

Ve (2)]" [Ve(2)]
and that V2¢ is continuous, we can take h > 0 so small that

Snp(#) < @(55) + {=F(Vo(2), Vp(2)) + eth.
The similar argument yields

Sne(zi) = ¢(z) + {=F(Ve(2), Vip(2)) — e}h
for sufficiently small h > 0. We complete the proof for this case.

[Case z € 002 and Vp(z) # 0]
In this case, we have to consider a sequence {zp}; on 092 which converges to z. To this end,
for each z € 092, we set

_ Volz) vz wi ) e V(z) Vol
M) = ac) ~ () with ()= (G5 mle)).

Note that 7q(z) is nothing but the projection of the vector v(z) onto 992. Then, we define
Zf =2+ T (2)V2h.

First, suppose that (Vo(z),vq(2)) + B(z)|Ve(z)| > 0. Then, we have
0(2) > —B(2) = =B

Then, geometrically speaking, it holds that either the graph of ¢ is bounded by CH from
above or that it is bounded from s Y below. See Figure 3 to grasp the situation.

Figure 3: The graphs of a translating soliton and the level set of ¢.
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We assume that the former statement is valid. Then, comparing the level sets of ¢ and
S, _p we deduce that

S, B¢ in Q. (4.16)

Applying S, both sides of (4.16) and the monotonicity of S}, together with Lemma 4.4 yield

Su—Ch,—B = Sh,fﬁ( L, 5) > Sh( ) > S, (4.17)

C := arctan (ﬂ) .
1-3

We evaluate the equation (4.17) at z; to obtain

where

Sne(zy) < s, _gn_5(2n) = ¢(2) + Ch(ta(2), Vo(2))
< i+ (10(2), Vo(2)) V2h + hAp(2) (4.18)

+200(2) (Vo) GET 0l ) WGP (V(ehon(a). ()

where h > 0 is taken small enough, and we have used that (rq(z), Vy(z)) > 0. Meanwhile,
the Taylor expansion shows

o) = 1+ (ra(2), V(=) V2h + (Va7 )ral2), ral2) ) h (4.19)

and

o e o) ey — (2 ) V) Tel)
(7ot e o) = (PeD G e
5 21y Vo) 5 4.20
+20(:) (V2 SR ) (4.20
— (=) (Vo(zva(z). 7a(2) ).

where ;hjr = z+ éig;lﬁ with b € (0,v2h). Since V2p(z) is continuous, we deduce from

(4.18), (4.19) and (4.20) that

shotel) < o) + {000 - (VD TE ey )

+20(2) <{V2“0(2NfT )=V} \gi&’

(
(2 ({T2) - 72 <>}m<z>,m<z>>h
< ola) + {=F(Ve(2), Vp(2)) + ¢}

for sufficiently small A > 0. Let us estimate Spp at 2, . Fix any € > 0, we set A,
o(z,) + {—F(Vp(2),V2p(z)) 4+ e}h. Then, it suffices to prove that w%w (2,) >0for h >0

)‘h
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small enough. We deduce from Proposition 4.2 that

w%“", (z,;) > dQ,E“’_ (z,;) — hige (z}:) —¢eh
An An An

> do,pe_(2) - <m(z), Vdo, e (z)> V2h — h(K +¢). (4.21)

Here, we note that the coefficient of v/2h always positive by geometry. Letting h > 0 small
enough, we see that the left-hand side of (4.21) is positive, which means

Snp(z) SN, = ¢(2) +{=F(Ve(2), V2p(2)) + e}h.

In the case where the graph of ¢ is bounded by 5,75 from below, the previous arguments

still work, replacing —3 and —C with 8 and C respectively. Therefore, we conclude that the
estimate (4.7) is valid whenever z € 09Q.

Though, the estimate (4.8) can be deduced by the similar argument, we shall show it for
completeness. Suppose that (V(2),vq(2)) + B(2)|[Ve(2)| < 0. Then, we see that

O(z) < —B(2) < -B. (4.22)

As discussed before, it holds that either the graph of ¢ is bounded by s, 3 from above or that

it is bounded by s, _g from below. We only deal with the former case. For z}f, we deduce
from Proposition 4.2 and the Taylor expansion that

w%ﬂp S dQ’ESO (Z]—_:_) + hliESP + Eh
xF Af AF

< dQ,Ef+ (Z) + <7‘Q(2’), VdQ’Eer (;;f)> \/ﬁ + h(K + 8), (4.23)

where z;" = z + Ta(2)h for some h € (0,v/2h). Note that the coefficient of v/2h in (4.23) is
always negative for sufficiently small A > 0. Thus, we see that z;{ € Th(Ef+). In other words,
h

we obtain

Sne(z) 2 M = @) +{=F(Ve(2), Vip(2)) — e}h.
We deduce from geometry that
Sup < P in Q. (4.24)
Applying S}, to both sides of (4.24) and the monotonicity of S;, show
Su—Ch,8 = Sh(su,8) < Shep- (4.25)
Evaluating (4.25) at 2, , we derive

1= {1a(2), Ve(2)) V2h < p— Chi{ra(2), Veo(2)) = su—cnp(z,) < Snp(z;) (4.26)

for sufficiently small h > 0. Here, we have used (1q(z), Vi(2)) > 0 by geometry. Hence, we
again apply the Taylor expansion to the left-hand side of (4.26) to obtain

Sue(z) = o(z7) — (Ve )ma(2), a(2) ) by
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where 2,7 = 2z — 7o (z)?@ for some h € (0,v2h). In the same argument in the previous case, we
deduce that

Sne(a,) 2 p(z) +{=F(Ve(2), V2p(2)) — ebh
for sufficiently small h > 0.

[Case Vy(z) = 0 and V3p(z) =
In this case, we note that F*(0,
aim is to prove that

O]
) = Fi(0,0) = 0 (see e.g. [23, Lemma 1.6.16]). Thus, our

Snp(2) = 0(2) _ s Shpl2) — e (2)

=0. 4.27
h h—s0 h (4.27)

liminf,;,_,o
Fix any € > 0 and take h > 0 so small that h? < eh. We may assume that ¢ equals a constant
p € R in B(z,eh) by taking h > 0 much smaller if necessary. For each v € R? with |v| = 1,
we define
sz =z + h’v.
By Lemma 4.2, we can choose a translative soliton which moves to the direction of v. Then,
we easily observe (see Figure 4) that

Sy ch—Chf < P < Suteh+Ch,B in B(z,¢eh). (4.28)

X3

P=H
£
B(z, h)

Figure 4: Level sets of S, ch—Ch.B» Suteh+Ch,B and .

Su-en-Thp(X1, X2) =

Sueckechp(Xr,Xe) = §

The estimate (4.28) holds in  under modification of ¢ outside B(z,eh). Hence, applying
Sh to (4.28) yields

Su—cnB = nB(Su_cn—cnp) < Sn(s,_cn_cng) < Sheps (4.29)
Ship < Su(Sptent+cnpg) < Shp(Suteh+Chp) = Suteh.- (4.30)
We now evaluate (4.29) and (4.30) at z;" to get
PU) —eh = = 2h < 8,y 5(5) < Sl
Shgo(z;{) < su+5h7é(z;) <p+eh= ga(z;{) + eh.

Here, we note that d,,s,r = —1 for every y € R and k € (—1,1) and that z;” € B(z,¢ch).
The same argument works even if z; is replaced with z, . Since the vector v can be chosen
arbitrarily, we obtain the equality (4.27). O
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Remark 4.3. We note that the convezity of Q) is used only to derive the equi-continuity of w%
with respect to h > 0; it yields the continuity of Ty, and hence Lemma 4.1 follows. Therefore,
we might not need the convezity of () to establish the consistency of Sp,.

5 Conclusion

In this paper, we have confirmed that the capillary Chambolle type scheme, which was pro-
posed in [19], is convergent under several assumptions on the domain €2 and the contact angle
function B. To this end, it is crucial to derive a generator of the function operator Sy due to
Barles and Souganidis [4]. For this, we have established the equi-continuity of the minimizers
w% which leads to an important relation between S, and T}, and have shown that the transla-
tive soliton can be mapped to another translative soliton by S, and Tj. In the course of
acquisition of the generator, we frequently use the comparison principle of viscosity solutions
and compare the hypersurface I', induced from a test function ¢ with translative solitons
which bound I'; from above and from below, respectively. Finally, let us give a concluding
remark. When we show that the scheme is convergent, we have assumed that |||« is less
than 1. In other words, the hypersurface I', must not be tangent to 02. However, we expect
that ||8]|cc might be allowed to equal 1 by approximation of equations for 8 with ||5]|e < 1.
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