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A Study on the Design Optimization of the 

Bipolar Permanent Magnet Type 

 Low-field MRI Device 

Xiaohan Kong 

Abstract 

In recent years, portable low-field Magnetic resonance imaging (MRI) devices have 

been developed to complement high-field superconducting MRI. Portable low-field MRI 

devices offer advantages such as being lightweight, movable, and providing low-cost 

diagnostic services compared to the commonly used high-field MRI devices. However, there 

are still some challenges to be addressed, particularly concerning the electromagnetic (EM) 

structure, including gradient coil design and permanent magnets design. Based on how the 

main magnetic field is generated, there are different types of low-field MRI device. Among 

these, the bipolar permanent magnet type low-field MRI device is commonly used due to its 

advantages, such as good magnetic field homogeneity, structural compactness, and an open 

imaging area. However, some problems remain to be studied, especially about the EM 

structure including gradient coil design and permanent magnets design. 

In this paper, we focus on the design optimization of the bipolar permanent magnet type 

low-field MRI device, the main content of the thesis is as follows: 

In Chapter 1, the research background and motivations are introduced, and the 

contributions of this study are also summarized. 
 

In Chapter 2, a novel method for designing gradient coils for low-field MRI devices is 
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proposed. The proposed method considers the effect of magnetic materials, particularly anti-

eddy plates, by introducing image dipole currents. In the optimal design of gradient coils, 

the effect of ferromagnetic materials is minimized to obtain highly linear fields. The 

magnetic field measurement results and phantom images reveal the validity of the proposed 

method. 

In Chapter 3, a design method for Z-gradient coils in low-field MRI systems is proposed, 

focusing on enhancing anti-eddy performance. The newly introduced design procedure 

significantly improves the anti-eddy performance of the coils. Measurement and imaging 

results demonstrate that the optimal coil exhibited superior anti-eddy performance compared 

to conventional coils. 

In Chapter 4, a multi-fidelity topology optimization method has been proposed to 

alleviate the local optima problem. This method simplifies the design difficulty by dividing 

the optimization into sub-problems at the physical level. The proposed method shows a better 

performance than the conventional method in the design of low-field MRI devices. 

In Chapter 5, a passive shimming method is proposed for fine-tuning the static magnetic 

field in a low-field MRI device. A test case validated the effectiveness of this approach, 

reducing non-uniformity from 10,000 ppm to 125 ppm after three iterations. 

In Chapter 6, conclusions and future works are discussed. 
   

Keywords: portable magnetic resonance imaging, gradient coil, permanent magnets, 

topology optimization, evolutionary algorithm. 

 

∗ Doctoral Thesis, Course of Systems Science and Informatics, Graduate School of Information 

Science and Technology, Hokkaido University, SSI-DT46215203, September 10, 2023. 
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Chapter 1 Introduction 

1.1 Background 

Magnetic Resonance Imaging (MRI) [1-2] is a crucial diagnostic tool known for its 

noninvasive imaging capabilities of physiological structures without using radiation. However, 

conventional high-field MRI scanners (1.5T and 3T) have limitations, such as strict operating 

environment requirements, lack of mobility due to their weight, making them less practical in 

certain situations. To address these challenges, low-field MRI devices have been developed as 

supplementary tools to high-field superconducting MRI. As shown in Fig. 1.1, low-field portable 

MRI offers advantages like being lightweight, mobile, and providing cost-effective diagnostic 

services compared to the commonly used high-field MRI scanners [3]-[7].   

 

 

Fig. 1. 1 Comparison between high-field and low-field MRI devices 
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There are several types of low-field MRI equipment based on how the main magnetic field 

is generated, such as electromagnet-type [8]-[10], Halbach-magnet-type [11]-[13], and bipolar-

magnet-type [3]-[5], [14]-[17]. Due to the large size of electromagnet-type devices and the 

cooling requirement, they are not suitable for mobile scenarios. Commonly used portable low-

field MRI systems are permanent magnet-based, including Halbach-magnet-type, and bipolar-

magnet-type. There are several representing devices developed by teams around the world, as 

shown in Fig. 1.2.  Among them, the bipolar magnet-type device is generally preferred due to its 

advantages, including good magnetic field homogeneity, structural compactness, and an open 

imaging area. Researchers have conducted extensive and effective investigations in this field. 

However, certain issues still require further study, particularly concerning the EM structure, 

including gradient coil design and permanent magnets design.  

 

Fig. 1. 2 Representative types of portable low-field MRI devices 
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· Gradient coil design considering field distortion effects. 

Fig. 1.3 illustrates the electromagnetic (EM) structure of the bipolar-magnet-type low-field 

MRI device, which includes essential components such as a permanent magnet, gradient coils, 

and the RF coils, as well as an iron yoke and an anti-eddy plate. 

 

Fig. 1. 3 Overall structure of the bipolar-magnet-type low-field MRI device 

MRI scanners utilize gradient coils to generate linear gradient fields that enable spatial 

localization in the region of interest (ROI). As shown in Fig. 1.4, three sets of bipolar gradient 

coils (X, Y, and Z gradient coil) produce a linear gradient field in ROI along x, y, and z directions, 

respectively. In this system, all gradient coils are designed using the planar coil structure. Both 

the X and Y gradient coils have the same structure, consisting of two pairs of semicircular coils, 

with opposite currents flowing through the two semicircular coils. The Z gradient coil is 

composed of planar circular coils. Gradient fields cause changes in the resonance frequency of 

atomic nuclei at different locations. This variation leads to spatial encoding during image 

acquisition, enabling resolution and localization of different positions within the image. As shown 

in Fig. 1.4, the voxel (marked with red color) has a unique field strength, considering the super-

position of gradient fields in three directions. 
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Fig. 1. 4 Working principle of gradient coils 

Ensuring high linearity in gradient fields is crucial for accurate imaging. In bipolar magnet-

type devices, switching gradient fields can induce undesirable eddy currents in the surrounding 

conducting materials. To counter this issue, active shielding coils or anti-eddy plates are 

commonly employed. Active shielding coils generate a reverse magnetic field to cancel out the 

original field in the shielded areas. Although they effectively reduce eddy currents, they can also 

lead to decreased efficiency by offsetting the field in the target region. Qualified shielding effects 

and efficiency can be obtained at similar time only when the distance between the main and 

shielding coil is considerable. Different from active shielding coils, anti-eddy plates offer a more 

direct and convenient solution for gradient field shielding. However, the high-permeability 

material used in these plates can distort the gradient field in the target region, as shown in Fig. 

1.5. Therefore, it is essential to consider the magnetic effect of the surrounding structures during 

the gradient coil design process to prevent image distortion.  
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Fig. 1. 5 Field distortion effects of the surrounding structures 

Even in devices using active shielding coils, it's important to account for the ferromagnetic 

effects of the pole piece and iron yoke during the design process to achieve optimal performance 

and image quality. The methods used for designing gradient coils in MRI scanners can be 

categorized into two types: discrete winding [18] and distributed winding methods [19]-[23]. The 

distributed winding method, which includes stream function [19], target field [20, 21], and 

equivalent magnetic dipole (EMD) methods [22-24], is more flexible as it doesn't require 

predetermined coil shapes. Among these methods, the EMD method [22], introduced by Stuart 

Crozier and Hector Sanchez Lopez, has been used for designing MRI gradient coils. However, in 

many of these designs, the impact of magnetic materials has been overlooked, leading to issues 

with gradient field linearity and image distortion.  

In other areas, some studies have explored the influence of ferromagnetic materials in coil 

designs. For instance, Zhao [25] and Yang [26] focused on designing active shielding coils to 

create a zero-field environment. They utilized the image method [27, 28] to consider the 

ferromagnetic effects of a magnetic shielding room and a closed magnetically shielded cylinder, 

respectively. However, these studies have not taken into account the image representation for 
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laminated structures like anti-eddy plates. Furthermore, there has been limited exploration of 

gradient coil design for low-field MRI systems while considering the effects of ferromagnetic 

materials. 

·Gradient coil design considering eddy current effects. 

When the gradient magnetic field in an MRI scanner changes rapidly, it induces eddy 

currents in nearby conductive materials. Despite the use of anti-eddy plates to shield the gradient 

field in MRI systems, nearby conducting structures are still affected by eddy currents, leading to 

image distortion, especially when using the z-axis for phase-encoding. The principle of how 

gradient eddy currents affect imaging can be explained briefly using Fig. 1.6. The gradient pulse 

becomes elongated due to the superposition of secondary magnetic fields generated by eddy 

currents. This elongation in the rising edge of the gradient pulse waveform leads to spatial mis-

localization, consequently resulting in geometric distortions in the imaging results. 

 

Fig. 1. 6  Eddy current influenced gradient pulse 

Unlike X and Y gradient coils, which exhibit smaller eddy effects due to their opposing 

secondary magnetic field response in the region of interest (ROI), Z gradient coils are more 

susceptible to these effects. Previous studies [29-30] on gradient eddy currents in MRI systems 

have mainly focused on permanent-type MRI systems and have not considered the presence of 

anti-eddy plates. However, due to the significant impact of anti-eddy plates on the gradient 

magnetic field distribution, it is essential to evaluate gradient eddy currents in the presence of 
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these plates. The evaluation process for gradient eddy currents in low-field NMR systems is 

computationally intensive and challenging to integrate directly into the coil design process. 

Therefore, a simpler and more efficient method for eddy current evaluation is needed to 

effectively incorporate it into the coil design process. 

In general, the desired characteristics of a gradient coil include high gradient efficiency, low 

inductance, and minimal gradient nonlinearity [31]. Designing Z gradient coils becomes a multi-

objective optimization problem (MOP) due to conflicting performance requirements. However, 

in the case of gradient coil design for low-field MRI systems, previous studies [32-33] have 

examined various parameters individually without considering their interactions, and gradient 

eddy currents have been overlooked. Similarly, high-field systems' coil design as an MOP has 

neglected gradient eddy currents [34-35]. It's important to note that low-field MRI systems present 

unique challenges regarding eddy currents that differ from high-field systems. Thus, special 

attention should be given to addressing the issue of eddy currents in low-field MRI systems. 

· Topology design of the permanent magnets and iron yoke. 

The design of the magnet structure is a critical aspect of low-field MRI devices. The purpose 

of low-field MRI device is to reduce the magnet weight, shrink the magnet size, and achieve a 

lightweight and portable system. Therefore, the challenge lies in generating a uniform static 

magnetic field in the specified region using fewer magnetic materials. Currently, as introduced 

before, there are two main types of permanent magnet structures used in low-field MRI: the 

Halbach-type and the bipolar-type. 
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Fig. 1. 7 Halbach-type and bipolar-type magnet structure 

The first type is based on the Halbach magnet structure. This design is adjusted from the 

ideal Halbach ring to achieve high uniformity and high field strength. Researchers at Harvard 

Medical School, led by Cooley [36], used a genetic algorithm to optimize the sparse structure of 

Halbach magnetic blocks, resulting in a lightweight permanent magnet structure. This magnet 

achieved a field strength of 64 mT, with a diameter of 29 cm and a weight of 122 kg. However, 

the magnetic field non-uniformity was as high as 27,800 ppm, leading to severe image distortion. 

Another study by O'Reilly [37] and colleagues from Leiden University used a genetic algorithm 

to design a double-layered Halbach array magnet with a diameter of 27 cm. This magnet weighed 

75 kg and achieved an average field strength of 50.4 mT with a non-uniformity of about 2500 

ppm within a 20 cm imaging region. Similarly, researchers from Singapore, led by Huang [38], 

designed a Halbach structure composed of rectangular magnetic blocks that generated a 101.5 mT 

magnetic field in a cylindrical target region with a diameter of 200 mm and height of 125 mm, 

but the non-uniformity was still 7500 ppm. Patrick and colleagues [39] designed a lightweight 

cap-shaped unilateral magnet for brain imaging, weighing 6.3 kg, with an average magnetic field 

of 63.6 mT, and a non-uniformity of 69,200 ppm. Although the imaging results were not 

satisfactory, this study demonstrated the feasibility of lightweight ultra-low-field magnets. In 

China, WAMI Corporation reported the development of a research-stage whole-body Halbach 
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ultra-low-field MRI device weighing less than 800 kg, but no imaging results were reported. The 

characteristics of Halbach magnets include lightweight construction but poor uniformity, leading 

to challenges in achieving satisfactory imaging results. 

The second type is based on the bipolar plate structure, which is more widely used. This 

design consists of two opposing permanent magnet plates combined with iron yokes to generate 

a uniform magnetic field in the target region. The team from Hyperfine [40] in the United States 

used a separated magnet block structure to construct the bipolar plate magnet with a total weight 

of 630 kg, producing a magnetic field strength of 64 mT in a head-sized target region. The team 

from the University of Hong Kong [41] used a bipolar plate magnet to generate a 55 mT static 

magnetic field in the target region, with a device weight of 750 kg and a non-uniformity of 250 

ppm. The device developed by the Chongqing University team [42] has a total weight of 

approximately 500 kg and can generate a static magnetic field with a strength of 50 mT and non-

uniformity of less than 100 ppm within a spherical target area of 200 mm. 

Compared to Halbach magnet structures, bipolar plate magnets can achieve higher 

uniformity in head-sized target regions, and both the magnet and magnetic shielding system have 

considerable weight reduction potential. However, most of the current optimization methods are 

based on empirical design or parameter optimization, and there is still a lack of effective global 

topology optimization methods. Topology optimization [43-44] is a promising method for 

generating innovative structures without being constrained by predetermined shapes. However, 

when dealing with complex optimization problems that involve multiple design objectives and 

materials (take the problem shown in Fig. 1.8 (a) for example), there is a risk of encountering 

local solutions. This is due to non-convex, multi-peak solution space (e.g., Fig. 1.8(b)).  
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(a)                      (b) 

Fig. 1. 8 Complex topology optimization problem. (a) Schematic diagram of a complex 

topology optimization problem, and (b) solution space of Egg holder function, as an example of 

non-convex, multi-peak solution space. 

This issue arises due to the high-dimensional, nonconvex, and nonlinear nature of the 

solution space. It becomes particularly challenging when there are objective functions that exhibit 

significant variations concerning the structure, such as field non-uniformity. In topology 

optimization problems, evolutionary algorithms are commonly used for optimal search. Although 

advanced algorithms [45] have been developed to tackle these challenges, obtaining a stable 

optimal solution remains difficult. Therefore, it is essential to address this issue at the physical 

level of topology design. In other words, considering the underlying physical aspects of the 

problem can help overcome the limitations associated with local solutions and enhance the 

effectiveness of topology optimization for complex problems. 

·Passive Shimming of Static Magnetic Field 

In the fabrication process, the machining errors and assembly errors result in some deviation 

of the actual magnetic field strength and field non-uniformity from the calculation results. After 

assembly, the main magnetic field requires further field shimming. To achieve required field 

uniformity, two methods have been developed: active shimming technology [46,47] and passive 
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shimming technology [48,49]. Active shimming technology involves applying currents to specific 

coils to compensate for the non-uniformities in the static magnetic field. However, active 

shimming may require a significant amount of space, and it can encounter challenges in 

compensating for high-order harmonics. In contrast, passive shimming technology typically 

utilizes magnetized steel components or permanent magnets to adjust the static magnetic field. 

Passive shimming is an effective method that does not require additional coils, which can be 

advantageous in terms of space and cost considerations. In low-field MRI devices, the static field 

strength is not sufficiently high to fully magnetize the steel components. Therefore, permanent 

magnets are better suited for shimming in low-field MRI devices. To describe this problem, a 

two-dimensional (2-D) model is provided, as shown in Fig. 1.9 (a). Shimming magnets are 

positioned on the surface of bipolar magnets, and the distribution of shimming magnets presents 

a vast array of possibilities. 

 

Fig. 1. 9 Schematic diagram of passive shimming in the low-field MRI device. (a) Side 

view, and (b) top view. 

To determine the best distribution of shimming components, two methods are developed: the 

target field method [50–53], and the harmonic method [54,55]. The target field method aims to 

minimize the difference between the target field and the current field, while the harmonic method 

focuses on reducing disparities between the targeted harmonics and the current ones. To address 
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the optimization problem in shimming design, linear programming (LP) is commonly employed 

[50–53] due to its rapid computational speed. The field contribution of shimming components can 

be easily evaluated using theoretical solution based on magnetic moment theory [53]. 

However, when it comes to field shimming in low-field MRI devices using permanent 

magnets, the presence of the iron yoke alters the magnetic field of the shimming magnet. The 

analytical formula mentioned above is no longer applicable. In order to determine the best 

positions of the shimming magnets, we need to evaluate the magnetic field contributions to the 

ROI from shimming magnets of different sizes and positioned at different locations. When 

considering precise field evaluation, the overall model cannot be simplified into a 2-D model. 

And evaluating field distribution of three-dimensional (3-D) models using FEM method requires 

a significant amount of computational time, leading to lower efficiency in the entire shimming 

process. We need to develop a method for the fast determination of positions of shimming magnets 

in low-field MRI devices. 

 

1.2 Objectives 

This thesis attempts to develop methods for the optimal design of the bipolar permanent 

magnet type low-field MRI device. In detail, the objectives are: 

・to develop a gradient coil design method considering field distortion of surrounding 

ferromagnetic structures, and to reduce image distortion caused by poor gradient linearity. 

・to develop a method especially for the Z gradient coil design considering eddy current 

effects of surrounding conducting structures, and to reduce image artifacts caused by the 

gradient eddy currents. 

・to develop a topology optimization method that used for designing a new structure 

of the permanent magnet as well as iron yoke, and to realize high field strength, high 
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uniformity and low weight meanwhile. 

・to develop a method which can realize fast passive shimming, and to improve the 

uniformity of the static magnetic field to the level required for imaging. 

 

1.3 Contribution of the Study 

1.3.1 Gradient Coil Design Considering Field Distortion Effects. 

In this study, a comprehensive procedure for designing gradient coils specifically for low-

field MRI devices was introduced, with a focus on considering the impact of ferromagnetic 

materials, especially anti-eddy plates. The original contributions of this research are as follows: 

(a) The laminated anti-eddy plate was simplified to a homogenized magnetic plate, and its 

equivalent permeability was extracted using an analytical solution. This simplification 

significantly reduced the complexity of the structure. 

(b) The ferromagnetic effects of the homogenized magnetic plate were represented using 

image current loops based on the image current method. 

(c) A novel equivalent image magnetic dipole (EIMD) method was proposed by combining 

the aforementioned approaches. This method effectively accounted for the ferromagnetic effects 

by adding the image magnetic dipoles (image current loops) as magnetic field sources. 

(d) The proposed EIMD method was applied to a real low-field MRI device, and both field 

measurement and imaging results demonstrated its effectiveness in reducing field distortion 

caused by ferromagnetic materials, particularly the anti-eddy plates. 

1.3.2 Gradient Coil Design Considering Eddy Current Effects. 

This study introduces a design procedure for the Z-gradient coils in low-field MRI systems, 

with consideration of the gradient eddy current effects. The original contributions of this research 

are as follows: 
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(a) To enable fast evaluation of gradient eddy currents, a simplified 2-D FEM model is 

introduced. The final criterion for selecting the optimal coil is based on its anti-eddy performance 

as predicted by this model.  

(b) A total of 158 Z-gradient coil patterns are generated from the 1-D stream function method, 

from which the approximated Pareto solutions to MOP are found. Then, considering nonlinearity, 

gradient efficiency, and inductance simultaneously, the nine best candidates are selected from the 

Pareto front. The optimal coil is determined by comparing the anti-eddy performance of the nine 

coils based on the proposed 2-D FEM model.  

(c) The optimal coil was fabricated and used for T2-weighted imaging. A comparison was 

made between our method and the conventional method. The results show a reduction in the eddy 

currents effects with the proposed design method, thus validating the effectiveness of our method. 

1.3.3 Topology Design of the Permanent Magnets and Iron Yoke. 

This study proposes a multi-fidelity method to alleviate the local optima problem in the 

complex topology optimization process. The original contributions of this research are as follows: 

(a) A multi-fidelity topology optimization method that decomposes the complex 

optimization problem into sub-problems at the physical level. The proposed method outperforms 

conventional single-fidelity methods in the design of low-field MRI device structures. This 

approach successfully generates novel structures in both two-dimensional (2-D) and three-

dimensional (3-D) spaces. 

(b) The multi-fidelity topology optimization method proposed in this study was utilized for 

designing both the permanent magnets and iron yoke. Through this approach, novel and irregular 

topology structures were generated without relying on predetermined designs. These newly 

developed structures exhibited superior performance compared to conventional regular structures. 
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1.3.4 Passive Shimming of Static Magnetic Field 

This study proposes a fast passive shimming method to predict the best distribution of 

shimming magnets in the low-field MRI device.  

(a) A fast field evaluation model for single shimming magnet is established, combining Finite 

Element Method (FEM) with a theoretical solution. 

(b) The LP method is employed to determine the optimal distribution of shimming magnets, 

achieving a non-uniformity of 125 ppm using this method. 

 

1.4 Thesis Outline 

This thesis is structured as follows:  

Chapter 1: Introduction  

The research background, objectives and contributions of the thesis are outlined. 

Chapter 2: Gradient coil design considering field distortion effects 

This chapter presents the proposed gradient coil design method, taking into account field 

distortion effects. The optimization results of the proposed method are compared with the 

conventional method. Additionally, the measurement and imaging results are analyzed to 

demonstrate the effectiveness of the proposed method. 

Chapter 3: Z gradient coil design considering the eddy current effects 

This chapter introduces the Z-gradient coil design method considering the effects of gradient 

eddy currents. The design results are discussed, and experimental eddy current responses and 

images are compared with those obtained using conventional coils to emphasize the advantages 

of the proposed method. 

Chapter 4: Multi-fidelity topology optimization for permanent magnets and iron yoke design 

The multi-fidelity method is introduced as a solution to address the issue of local optima in 
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complex topology optimization processes. The effectiveness of this method is demonstrated 

through its application to the design of permanent magnets and iron yokes in both two-

dimensional and three-dimensional spaces. The optimization results are carefully analyzed and 

compared with those obtained using conventional single-fidelity methods.  

Chapter 5: To achieve passive shimming for compensation of fabrication errors, a fast design 

method for determining the best distribution of shimming magnets is proposed. This method 

combines a simple field evaluation model by combining FEM and theoretical solutions, and 

utilizes LP to realize fast optimization. This method significantly improves the shimming 

efficiency and can compensate for the field error introduced by machining and assembly errors. 

Chapter 6: Conclusion，to give a summary of the researches and future research directions. 
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Chapter 2 Gradient Coil Design Considering Field 

Distortion Effects  

2.1 Structure of the Bipolar Magnet-type MRI Device 

A detailed side view of the structure with corresponding sizes is presented in Fig. 2.1.  

 

Fig. 2. 1 Representative types of portable low-field MRI devices 

The functions of each part are as follows: 

(i) The bipolar permanent magnets generate a vertically homogeneous magnetic field in 

the region of interest (ROI). (ii) The gradient coils produce linear gradient fields in three 

vertical directions (x, y, and z) within the ROI. These spatially varying magnetic fields enable 

image localization, phase encoding, and frequency encoding. (iii) The RF coils, including 

excitation and receive coils, generate alternating fields for magnetic resonance and receive RF 

signals from the samples. (iv) The laminated vertical silicon steel sheets used in the anti-eddy 

plates shield the gradient field and reduce eddy currents. (v) The stainless-steel iron yoke guides 

the static magnetic flux to form a closed loop. (vi) The pole piece, composed of non-alloy 
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quality steel, enhances the uniformity of the magnetic field. (vii) The shimming ring, made 

from a material similar to that of the pole piece, concentrates the magnetic flux at the target 

region. Due to the high permeability of the anti-eddy plates, pole piece, shimming ring, and 

iron yoke, their influence on the gradient field is significant. However, representing the entire 

complex structure analytically is impractical. Thus, a simplified model was introduced to 

capture and represent these effects effectively. The anti-eddy plate is the closest ferromagnetic 

structure to the gradient coils, as shown in Fig. 1 (b), with a higher permeability than that of 

other materials. This considerably affects the gradient field and image. The homogenized 

permeability of the anti-eddy plate needed for the proposed design method was evaluated. 

2.1.1 Anti-eddy Plates Modeling 

An anti-eddy plate, also called the shielding plate, is used to shield the permanent magnets 

and pole pieces from the gradient field to reduce the eddy current effect. It is made of multiple 

thin, high permeability silicon-steel sheets that are laminated together but insulate each other. Fig. 

2.2 shows the structures of the X gradient coil and X anti-eddy plate, wherein the magnetic field 

is constrained in the anti-eddy plate owing to its high permeability in the x-direction. Moreover, 

the eddy current induced in the plate is cut off by the air gap (dotted blue circle) and is limited to 

the thin area of the steel sheets (blue circle). This special structure maintains high permeability 

but reduces electrical conductivity. The Y and X gradient coils generally have a similar structure. 

As for the Z gradient coil, the shielding effect is the superposition of that of the X and Y anti-

eddy plates put together. Hence, the analyses that follow will only focus on the X gradient coil. 

Evaluating the laminated structure using the FEM is difficult; therefore, we employed a 

homogenized model by extracting the homogenized permeability using an analytical solution, as 

shown in Fig. 2.3. Their thicknesses are the same and defined as w. The homogenized 

permeability along the laminated direction 𝜇∥ is greater than that in the perpendicular direction 
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𝜇 . Consequently, they must be evaluated separately. 𝑡  and 𝑡  represent the thicknesses 

of the steel sheets and air gap, and 𝜇 and 𝜇  denote the permeability of the steel sheets and 

vacuum, respectively.  

 

Fig. 2. 2 Structures of X gradient coil and corresponding X anti-eddy plate (in the X anti-

eddy plate, the magnetic flux goes along the x-direction due to its high permeability). 

 

 

Fig. 2. 3 Top and side views of (a) the laminated steel sheets and (b) homogenized plates. 

The homogenized permeability along the lamination and vertical directions 𝜇∥  and 𝜇 , 

respectively, can be obtained using equations (2.1) and (2.2). Detailed formulas are provided in 

Section 2.5.1. 

𝜇∥ = 𝛼𝜇 + (1 − 𝛼)𝜇 .                                               (2.1) 
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   𝜇 =
𝜇𝜇

𝛼𝜇 + (1 − 𝛼)𝜇
 (2.2) 

where α is the filling rate (volume fraction) of the laminated structure, calculated as: 

𝛼 =
𝑡

𝑡 + 𝑡
(2.3) 

𝜇∥  and 𝜇  are defined as the relative homogenized permeability along the lamination and 

vertical directions. 

𝜇∥ =
𝜇∥

𝜇
(2.4) 

𝜇 =
𝜇

𝜇
(2.5) 

In order to verify the accuracy of the homogenization method, four different anti-eddy plates 

were considered to compare the analytical results with the finite element calculations. The steel 

sheet used in this permanent-magnet-type MRI device is 27RK095 electrical steel produced by 

BAO STEEL, CHINA. It has a relative permeability 𝜇  of 40000 and a thickness 𝑡  of 0.27 

mm. We set 𝑡   and 𝜇  as constants, then  𝜇∥  and 𝜇  are determined by 𝑡 . Four cases 

have different 𝑡 , causing their homogenized permeability to vary. The parameters of these four 

cases are listed in Table 2.1 

. In the lamination direction, the increase in 𝑡  leads to a decline in 𝜇∥ . In the 

perpendicular direction, the 𝜇  remained low, which is close to the vacuum.   
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Table 2. 1 Parameters of Four Cases 

Case 
tsteel 

(mm) 

tgap 

(mm) 
α μ//r μ⊥r 

1 0.27 2.43 0.1 4000 1.11 

2 0.27 10.54 0.025 1000 1.02 

3 0.27 21.37 0.0125 500 1.01 

4 0.27 43.13 0.0062 250 1.01 

 

Taking the X gradient coil as an example, the magnetic flux along the laminated direction 

(x-direction) is the absolute dominant component in the region of steel sheets. Hence, steel sheets 

were simplified by a homogenized plate that had isotropic permeability 𝜇∥ , the permeability 

along the perpendicular direction 𝜇  was neglected. The laminated and homogenized models 

shown in Fig. 2.4 were analyzed using the FEM to verify the homogenization. In the homogenized 

model, the laminated structure was replaced with a homogenized plate with an anisotropic 

permeability 𝜇∥ .  

 

Fig. 2. 4 Models used to verify the homogenized permeability. (a) Laminated and (b) 

homogenized models 

In our system, the static magnetic field is along the z-direction. For the X gradient coil, the 

z-component of gradient magnetic field induction (Bz) varies linearly along the x-direction. 

Superposing Bz to the static field causes a frequency variation of protons, a slice can be selected 
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perpendicular to the gradient direction. Thus, we here pay attention to Bz. 

For the four cases with different permeability, the magnetic field Bz along line 1 was plotted in 

Fig. 2.5 to compare the Bz of homogenized and laminated models. The solid lines represent Bz in 

the homogenized models, while the dotted lines represent those of the laminated models. All the 

cases have good agreements with a maximum error lower than 1%. The curves in the blue dotted 

box are enlarged to see the discrepancies (located in the right lower side), which decrease from 

case 1 to case 4, wherein the 𝑡  gradually increases. This indicates that this homogenized 

model has higher accuracy when the steel sheets are more closely laminated. 

 

Fig. 2. 5 Simulated Bz comparison between laminated and homogenized models along line 1. 

In the permanent-magnet-type MRI device, the permeability of the silicon-steel sheets is 

0.05 H/m and the relative permeability 𝜇  is 40000. The thicknesses of steel sheets 𝑡  and 

air gap 𝑡  are 0.27 mm and 0.02 mm, respectively. Hence, the filling rate 𝛼 was calculated to 

be 0.931.  According to (4) and (5), the homogenized relative permeability in the lamination 

direction 𝜇∥  was 37200, whereas the relative permeability 𝜇  is 14.5 in the perpendicular 

direction. For the X gradient coil, the magnetic flux mainly goes along the lamination direction, 
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and the anti-eddy plate can be replaced by a homogenized metal plate with an isotropic 

permeability of 37200. 

 

 

Fig. 2. 6 Magnetic field measurement platform. 

To verify the calculation results, the measurement platform shown in Fig. 2.6 was established. 

A Gauss meter probe (FW. Bell 8030, resolution: 0.1 nT, accuracy: ±0.05 % of reading) was fixed 

on a three-dimensional (3D) step motor and the current in the X gradient coil was 1 A. Bz was 

measured on the observation surface and compared to simulation results. As illustrated in Fig. 2.7, 

the simulation model replaced the X anti-eddy plate with a homogenized plate and had an 

isotropic relative permeability of 37200. 
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Fig. 2. 7 Model comparison between (a) measurement and (b) simulation models. 

As shown in Fig. 2.8, Bz in the observed surface was compared and the measured magnetic 

field had a similar distribution to that of the simulation. 

 

Fig. 2. 8 Magnetic field comparison between (a) measurement and (b) simulation results. 

The normalized Bz of measurement and simulation, along with the absolute errors, are shown 

in Fig. 2.9. Overall, the measured and simulated magnetic fields have a good agreement. The 

absolute errors show a random distribution along the x-axis and are mainly caused by the errors 

in the real measurements. The majority of measurement points have an error less than 4%. This 

proved that the homogenized model is a good imitation for the original laminated model. 
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Fig. 2. 9 Magnetic field comparison between measurement and simulation along line 1 

(normalized by the maximum Bz). 

 2.1.2 Model Simplification  

In section 2.1.1, a homogenized model of the anti-eddy plate was established. Subsequently, 

the entire structure was evaluated. The permeability values were listed in Table 2.2. 

Table 2. 2 Permeability of EM Structures 

 Structure name Material type 
Relative 

permeability 

1 Anti-eddy plate Silicon steel sheets 37200 

2 Shimming ring Non-alloy quality steel 2000 

3 Pole piece Non-alloy quality steel 2000 

4 Iron yoke Stainless steel 1000 

5 Permanent magnet SmCo magnets ≈1 

The relative permeability of the anti-eddy plate is higher than that of the other structures. 

Consequently, almost all the magnetic flux is confined in it. The complete magnetic structure can 

be simplified to a pair of homogenized plates, whose relative permeability equals that of anti-

eddy plates 𝜇∥ , and whose thickness and positions are same with those of the anti-eddy plates. 

Subsequently, the effects of the homogenized plates can be represented as image currents, based 

on the image current method [27], [28], as depicted in Fig. 2.10.  
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Fig. 2. 10 Simplification process: (a) complete, (b) simplified (parallel magnetic plates), 

and (c) image current models. 

The first layer of the image current is located at a distance of 2z0 from the coil and carries a 

current of αI, where 𝛼 = (𝜇∥ − 1)/(𝜇∥ + 1). The remaining image currents are located 2w 

apart and carry a current of -αi-3(1-α2)I. They are added to compensate for the error due to the 

finite thickness of the magnetic plate, where i is the number of layers, w is the thickness of the 

magnetic plate, and z0 is the distance between the gradient coil and homogenized plate. 

In conclusion, a simplified model for gradient coil design was defined, wherein the effects of 

the anti-eddy plates were represented as a pair of homogenized magnetic plates. These can be 

further presented as image currents. Based on this, a new gradient coil design method is described 

in chapter Ⅲ. 

 

2.2 Equivalent Image Magnetic Dipole Method 

The proposed method is based on the conventional EMD method, which is summarized as 

follows: (i) the coil region is subdivided into Q small current loops (considered as magnetic 

dipoles); (ii) the loop currents, with width a and thickness h are determined such that the generated 

field matches the target field, and (iii) the coil path is obtained from the optimal current 

distribution. This procedure is schematically illustrated in Fig. 2.11.  
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The two-dimensional current field on the surface of the gradient coil region is represented by 

Js, which satisfies the following equation [23]: 

𝛻 ⋅ 𝑱 = 0.                                                                    (2.6) 

The stream function S [19] is defined to express Js as follows: 

𝑱 = ∇ × (𝑆𝒏),                                                             (2.7) 

where n is a unit normal vector. The contour plot of S results in a winding pattern. The current 

density Js is expressed by magnetization M of the magnetic dipole, as follows [23]: 

𝑱 = ℎ∇ × 𝑴.                                                               (2.8) 

where h represents the thickness of a single layer of the magnetic dipole. The relationship 

between S and M [22] is: 

𝑴 =
𝑆𝒏

ℎ
 .                                                                     (2.9) 

Moreover, M can be represented by the dipole moment as: 

𝒎 = 𝑴𝑎 ℎ = 𝑎 𝑆𝒏.                                                      (2.10) 

The magnetic flux density produced by the magnetic dipole is expressed by the following 

equation: 

          𝑩(𝒓) = −
𝜇

4𝜋
𝑎 𝑆 𝒓 𝛻

𝒏 ⋅ 𝒓 − 𝒓

𝒓 − 𝒓
 ,                               (2.11) 

where r is the position vector at the target point and the quantities relevant to the magnetic 

dipoles are indexed by q. The magnetic flux density in the target region is a superposition of the 

fields produced by all magnetic dipoles [22], that is: 

𝑩(𝒓) =
𝜇 𝑎

4𝜋
𝒄 𝒓, 𝒓 𝑆 𝒓  ,                                        (2.12) 

 

where 
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𝒄 𝒓, 𝒓 = −𝛻
𝒏 ⋅ 𝒓 − 𝒓

𝒓 − 𝒓
 . (2.13) 

 

Fig. 2. 11 Schematic representation of EMD method. 

As the loop currents in the gradient coil region are the only sources of the magnetic fields 

expressed in formulas (2.11) and (2.12), the conventional EMD method does not consider the 

influence of the magnetic material, as shown in Fig .2.11. To include this influence in the 

optimization model, the EIMD method was introduced. 

According to the well-known image current method, the influence of the magnetic plate 

beneath the magnetic dipole can be represented as image current loops, as depicted in Fig.2.12, 

where we define the image current loops as equivalent image magnetic dipoles. To model the 

magnetic material, we place the first image magnetic dipole (represented using green solid lines) 

with equivalent current αI, where 𝛼 = (𝜇∥ − 1)/(𝜇∥ + 1). To consider the finite thickness w of 

the magnetic plate, we place the image magnetic dipoles (represented using the green dotted line) 

with equivalent current, −α2i-3(1-α2)I located 2w apart [27], [28]. When 𝜇∥  is sufficiently large, 

only the first image current must be considered. The magnetic moment located at the i-th layer is 

indicated by mi, where m1 has the same direction as that of m, and others have the inverse direction. 
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Fig. 2. 12 EIMD method. 

Considering the image currents in the gradient coil design, the stream function 𝑆  is 

introduced, corresponding to the i-th image current and defined by the following equation: 

𝑆 =
𝛼𝑆, 𝑖 = 1

−𝛼 (1 − 𝛼 )𝑆, 𝑖 = 2, 3, …
.                                  (2.14) 

Compared to the conventional EMD method depicted in Fig. 2.11, the effects of the magnetic 

plates are represented as image magnetic dipoles, in addition to the gradient coil, as depicted in 

Fig. 2.13.  

 

Fig. 2. 13 Schematic representation of the EIMD method. 

The magnetic field in the target region is computed from the superposition of the fields 

produced by the current loops. At the target point r, the magnetic flux density is expressed as: 
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𝑩(𝒓) =
𝜇 𝑎

4𝜋
𝒄 𝒓, 𝒓 𝑆 𝒓 + 𝒄(𝒓, 𝒓 )𝑆 (𝒓 )  ,            (2.15) 

where T and L denote the number of image magnetic dipoles for a single layer and the number 

of layers, respectively, and 𝒓  denotes the position vector of the t-th small loop on the i-th layer. 

The second term in formula (2.15) represents the influence of the magnetic plate.  

The optimization problem is defined as: 

𝐹 = 𝑩 − 𝑩 + 𝜆𝑊 → min. , (2.16a) 

𝑊 =
1

2
𝑨 ⋅ 𝑱 𝑑𝑉, (2.16b) 

𝑩  is the ideal X gradient field in the n-th target point, which can be expressed by 

𝑩 = 𝑥 𝑮                                                                (2.17) 

where Gx is the required field gradient per meter in the x-direction，  and 𝑥  is the x-

coordinate of n-th target point.  WM is the magnetic field energy of the current loops, λ is the 

regularization coefficient, and A is the vector magnetic potential relevant to the magnetic dipoles. 

When λ decreases, the magnetic field approaches the target field Btarget, whereas when it increases, 

the magnetic field energy decreases, thereby increasing the gradient switching speed. In formula 

(2.16), stream function S is the unknown function to be optimized. As presented in formula (2.7), 

the coil pattern can be obtained by drawing the contour line of S. 

 

2.3 Design results 

The X-gradient coil design process was considered as an example. The X-gradient coil 

generating the gradient field 𝐵  with a linear spatial variation in the x-direction, was designed 

based on the proposed method. During the imaging process, the maximum gradient amplitude 
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exists in the slice-selection gradient. Based on the formulas from [56], the slice-selection gradient 

amplitude Gslice is determined by the RF pulse bandwidth ∆𝑓 and the minimum excitation slice 

thickness ∆𝑧. Additionally, ∆𝑓 is determined by the bandwidth product 𝑇∆𝑓 and pulse width T. 

In our low-field MRI device, the time-bandwidth product (TBW) ∆𝑓 = 5 , the pulse width T=2 

ms. Consequently,  ∆𝑓 is 2.5 kHz,  ∆𝑧 is 5 mm, and the maximum gradient amplitude should 

be larger than 11.74 mT/m. The efficiency is defined as the gradient amplitude generated by the 

unit current. Our gradient amplifier can provide up to a current of 60 A, thus, the objective of the 

design is to generate a field with an efficiency greater than 200 μT/(m∙A). The non-linearity, 

defined as: 

𝛿 =
𝑩 − 𝑩

𝑩
× 100%, (2.18) 

which should be less than 5% in a spherical ROI with a diameter of 200 mm. The X-gradient 

coil was wired on a circular plate with a radius of 300 mm. The distance between the pair of 

gradient coils was 320 mm. The relative permeability was set at 37200, and the thickness of the 

equivalent parallel magnetic plates was 10 mm (the same value as the thickness of the anti-eddy 

plate). 

2.3.1 Determination of Image Magnetic Dipoles 

Computing accuracy improves with an increase in the number of image layers 𝐿 as well as 

the computation time. Consequently, 𝐿 is determined based on the permeability and thickness of 

the magnetic plate. As the relative permeability of the magnetic plate is 37200 mm, one image 

layer would be sufficient to represent the real model because it has a relative error of less than 

1%. When the relative permeability of the magnetic plates is lower, L must be increased.  

2.3.2 Determination of Regularized Coefficient  

The regularized coefficient λ is a key parameter that must be carefully determined by 

considering the design requirements for non-linearity and efficiency. The efficiency, non-linearity, 
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and inductance of the gradient coil as functions of λ are plotted, as seen in Fig. 14. There is a 

positive correlation between λ and efficiency as well as non-linearity and a negative correlation 

with the inductance. Moreover, the number of contour lines of stream function Nc, which equals 

the number of turns in the gradient coil, also influences those quantities; as Nc increases, the 

efficiency and inductance increase, and in contrast, the non-linearity decreases. Considering the 

design requirements for the efficiency and linearity, the regularized coefficient λ was chosen to 

be 10-20, and the number of contour lines Nc was set to 40, with the possible smaller inductance 

value.  

Q is the number of magnetic dipoles (current loops) in the gradient coil area, and T is the 

number of the image magnetic dipoles (image current loops) for a single image layer. T always 

holds the same value as Q. Fig. 2.14. (d) shows the dependence of nonlinearity and computation 

time on Q. With the increase of the Q, the non-linearity gradually stabilizes and the calculation 

time gradually increases. This indicates that a Q of 40 is sufficient for a design area with a 

diameter of 600 mm. 
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Fig. 2. 14 Dependence of (a) efficiency, (b) mean non-linearity, and (c) inductance on λ, 

and (d) dependence of nonlinearity and computation time on Q. 

Figs. 2.15 (a) and (b) show the optimized profile of S and its coil pattern, respectively. Fig. 

2.15 (c) shows Bz computed by the image method for the optimal design, which is sufficiently 

close to the fields shown in Figs. 2.15 (d) and (e), which are computed using simplified and full 

models. This indicates that other structures except the anti-eddy plate have negligible effects on 

the target field. In these three models, their maximum non-linearity of Bz is 3.2%, 3.3% and 3.3%, 

respectively, and their efficiency have the same value of 240 μT/(m∙A). Their performances meet 

the design requirements [20]. 

To compare the proposed and conventional design methods, another X gradient coil was 

designed using the conventional method. The resulting optimal stream function and X gradient 

coil path are shown in Fig. 2.16 (a) and (b). It exhibits good linearity when no nearby magnetic 



A Study on the Design Optimization of the Bipolar Permanent Magnet Type Low-field MRI Device                     Xiaohan Kong 

 

33 

 

materials are present, as shown in Fig. 2.16 (c). The maximum non-linearity is 4.3%, however, 

when the gradient coil is placed in the complete model, the magnetic effects distort the gradient 

field in the target region, as shown in Fig. 2.16 (d), and the maximum non-linearity is greater than 

10%. The comparison between Fig. 2.15 and Fig. 2.16 illustrates that the proposed method is well 

capable of taking into account the influence of ferromagnetic materials. Compared with the 

conventional method, the proposed method provides good linearity even under the effects of 

surrounding ferromagnetic materials. 

 

Fig. 2. 15 Design results of the proposed method. (a) and (b) are the optimal stream 

function and optimal X gradient coil path; (c) (d) and (e) are the simulation results of Bz in the 
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image current model, simplified model (parallel magnetic plates), and full model 

 

Fig. 2. 16 Design results of the conventional method. (a) and (b) are the optimal stream 

function and optimal X gradient coil path; (c) and (d) are the simulation results of Bz in the coil-

only model and full model, respectively. 

 

2.4 Experimental Verification 

2.4.1 Gradient Coil Fabrication 

A set of gradient coils were fabricated following the optimization results, as shown in Fig. 2.17. 

Regarding the actual winding of the gradient coil, a groove for the coil-winding trajectory was 

machined on an epoxy resin plate with a thickness of 4 mm and radius of 360 mm. A copper wire 
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was embedded in the groove to form a coil structure for the desired trajectory. The highest current 

required under normal operating conditions is 60 A. As 1 mm2 of copper wire can carry a 10 A 

current and the required cross-section of the wire is 6 mm2, two copper wires with a cross-section 

of 2 mm × 1.5 mm were used, which were in parallel winding for easy fabrication.  

 

Fig. 2. 17 Real model of (a) X gradient coil and (b) Z gradient coil (the Y gradient coil has 

a similar pattern as that of the X gradient coil). 

 

2.4.2 Gradient Field Measurement 

The gradient coils were powered by a DC source (6233A, Agilent) with a current of 1 A. Bz 

in the ROI was measured using the platform depicted in Fig. 2.18. The field test device was 

controlled using a Metrolab Precision Nuclear Magnetic Resonance (NMR) Tesla meter (PT2026, 

resolution: 0.01 ppm in uniform 3 T field, accuracy: ± 5 ppm of field strength). Since there was a 

strong static magnetic field in the z-direction produced by the magnets, the gradient field was 

obtained by subtracting the static magnetic field from the total magnetic field.  
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Fig. 2. 18 Magnetic field test platform. 

The performance of the proposed method was compared to that of the conventional method. 

Figs. 2.19 (a) and (b) show the flux density on the spherical surface of the ROI. Figs. 2.19(c) and 

(d) show the distribution of Bz on the central surface of the ROI, where the dotted lines are the 

reference lines. Here, evident distortions in Figs. 1.9(b) and 2.19(d2) are noticed, caused by the 

magnetic effects of the anti-eddy plates. The distortions are corrected using the proposed method, 

as shown in Figs. 2.19(a) and (c). Figs. 2.19(e) and (f) show Bz on the central line of the ROI 

generated by the coils designed using the proposed and conventional methods. Here, the proposed 

method has smeller error with ideal gradient field, which means it improves the linearity. In the 

entire region of the ROI sphere, for the coils obtained using the proposed and conventional 

methods, the maximum non-linearity of the gradient coil and the efficiency are approximately 

4.5%, 242 μT/(m∙A) and 10%, 215 μT/(m∙A), respectively. 

The performance of the Z-gradient coil using measurements was evaluated. Similarly, the Z-

gradient field in the ROI produced by the Z-gradient coil designed using the proposed and 

conventional method was compared. Unlike the X and Y gradient coils, the Z gradient coil had 

good linearity, even when it is designed using the conventional method. This is because of the 

symmetrical effects of the anti-eddy plates on the Z gradient field. 
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Fig. 2. 19 Comparison of the performances X gradients designed by the proposed method 

and conventional method. (a) and (b) show the distribution of Bz on the spherical surface of 

ROI; (c) and (d) show the distribution of Bz on the central surface of the ROI; (e) a 

Figs. 2.20(a) and (b) show the flux density on the spherical surface of the ROI for the proposed 

and conventional methods, respectively. Figs. 2.20(c) and (d) show the distribution of Bz on the 

central surface of the ROI for the proposed and conventional methods, respectively, where the 

dotted lines represent the reference lines. Fig. 2.20(e) portrays Bz on the central line of the ROI 

generated by the coils designed using the proposed and conventional methods. From the above 

figures, both the proposed and conventional coils have good linearity. In the entire region of the 

ROI sphere, for the Z gradient coil designed using the proposed and conventional methods, the 
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maximum non-linearity and efficiency are approximately 3.2%, 274 μT/(m∙A) and 4.7%, 244 

μT/(m∙A), respectively. The proposed and conventional methods do not reveal any considerable 

magnetic field distortion. Owing to the rotationally symmetrical effects of the anti-eddy plates on 

the Z gradient field, the Z gradient field is less vulnerable to the influence of ferromagnetic 

materials than the X and Y gradient fields. 

 

Fig. 2. 20 Comparison of the performances Z gradients deigned by the proposed method 

and conventional method. (a) and (b) show the distribution of Bz on the spherical surface of 

ROI; (c) and (d) show the distribution of Bz on the central surface of the ROI; (e) and (f) show 

Bz along the central line of ROI. 

Table 2.3 lists the detailed parameters of the gradient coils designed using the proposed 
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method when the coils were installed in the devices. The experimental results reveal that the X- 

and Z-gradient coils designed using the proposed method produce gradient field with good 

linearity, even under the influence of nearby magnetic materials. Negligible distinctions are 

observed between the measurements and calculations owing to fabrication and measurement 

errors. Thus, the measurement results meet the design requirements. This indicates the validity 

and feasibility of the proposed method.  

Table 2. 3 Measured Parameters of Gradient Coils by the Proposed Method 

 X  Y  Z  

Resistance (mΩ) 101.0 101.2 56.6 

Inductance (μH) 141.3 141.5 87.5 

Efficiency (μT/(m∙A)) 242 242 274 

Average non-linearity (%) 2.3 2.2 1.6 

Maximum non-linearity (%) 4.5 4.2 3.2 

 

2.4.3 Imaging Results Comparison 

The coils designed using the conventional and proposed methods were installed on similar 

low-field NMR equipment, and phantom imaging experiments were performed. The 50 mT low-

field MRI device was placed on the shielding open area and the active denoising method [4] was 

utilized to reduce the environmental noise, as shown in Fig. 2.21. Phantom (CuSO4·5H2O, 1.95 

g/L) and human brain images are shown in Fig. 2.22. With the gradient coils designed using the 

proposed method, image distortion was considerably reduced in the target area compared to that 

of the conventional method. 
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Fig. 2. 21 Unshielded 50 mT low-field MRI device. 

In Fig. 2.22, 3D Gradient Recalled Echo (GRE) sequence was utilized for T1-weighted 

imaging. These images were acquired in 1 min 3 s, with a slice thickness of 10 mm. Number 

slices = 4, echo time [TE] = 21 ms, repetition time [TR] = 46 ms, number of averages = 1, 

resolution = 1.5 × 1.5 × 10 mm3, and field of view: 250 mm × 250 mm. 

 

Fig. 2. 22 Imaging results comparison between the proposed method and the conventional 

method. (a) and (b) show the T1-weighted images in the x-y plane of the phantom 

(CuSO4·5H2O, 1.95 g/L) with cylindrical tubes. The yellow dotted lines are reference lines. (c) 

and (d) show the T1-weighted images in the x-z plane (transverse) of the human brain.  
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Fig. 2. 23  Schematic picture of the image distortion evaluation method. 

To quantify the imaging distortion, the geometric distortion δ and aberration geometric 

distortion σδ [57] were evaluated as follows: 

𝛿 = 1 −
�̅�

𝐷
∗ 100%, (2.19) 

𝜎 =
1

𝐷

∑ 𝑑 − �̅�

𝑁 − 1
∗ 100%, (2.20) 

where Nd represents the number of measured lines, D is the real length of the test phantom, 

di is the measured length, and �̅� is the mean value of the measured length, as shown in Fig. 2.23. 

Table 2.4 summarizes the geometric distortion and aberration geometric distortion in the x- and 

y-directions. 
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Table 2. 4 Distortion Evaluation 

 

 

δ (%) 

(x-direction) 

δ (%) 

(y-direction) 

σδ (%) 

(x-direction) 

σδ (%) 

(y-direction) 

Proposed  1.1 0.8 1.2 0.9 

Conventional  4.3 4.7 5.0 5.8 

For the conventional method, the geometric distortion δ in the x- and y-directions is more 

than 4% and the aberration geometric distortion is more than 5%. For the proposed method, the 

geometric distortion δ and aberration geometric distortion are both less than 1.2%, suggesting that 

the image distortion is effectively mitigated by the proposed design method. 

 

2.5 Homogenization Method 

2.5.1 Analytical Solution of Homogenized Permeability 

This part describes the analytical method used for the homogenized model of laminated 

structures. The solenoid model is portrayed in Figs. 2.24 and 2.25. 

 

 

Fig. 2. 24 Solenoid model (Model A) used to calculate the homogenized permeability in 

the laminated direction. 

As shown in Fig. 2.24, the laminated structure (gray) has a permeability of μ, which is inside 

the infinite-long solenoid, with each wire carrying a similar current I. On the solenoid, the 
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magnetic field is nearly homogeneous and parallel to the x-direction, whereas the field is 

negligibly small outside the solenoid. The magnetic fields in the steel sheet and air gap are denoted 

as 𝐻  and 𝐻 . The filling rate (volume fraction) of the laminated structure is expressed as 𝛼 and 

calculated as: 

𝛼 =
𝑡

𝑡 + 𝑡
.                                                  (2.21) 

Model A is used to calculate the homogenized permeability along the laminated direction (x-

direction) 𝜇∥. Applying Ampere’s Law to a closed-loop c with length l, we obtained:  

𝑯 ⋅ 𝑑𝒔 = 𝑙𝐼.                                                         (2.22) 

We had: 

𝑙𝐻 = 𝑙𝐼, 𝑙𝐻 = 𝑙𝐼.                                                    (2.23)  

Evidently: 

𝐻 = 𝐼, 𝐻 = 𝐼.                                                         (2.24) 

The total magnetic flux along the x-direction inside the coil: 

Φ = 𝑆𝐵 = 𝑆{𝛼𝜇𝐻 + (1 − 𝛼)𝜇 𝐻 }

        = 𝑆𝐼{𝛼𝜇 + (1 − 𝛼)𝜇 }
,                                    (2.25) 

where S is the cross-sectional area of the solenoid. Assuming homogenized parallel 

permeability𝜇∥, the total flux is as follows: 

Φ = 𝑆𝐵 = 𝜇∥𝑆𝐼.                                                       (2.26) 

From formulas (2.25) and (2.26), the homogenized permeability along the lamination 

direction 𝜇∥ is represented as follows: 

𝜇∥ = 𝛼𝜇 + (1 − 𝛼)𝜇 .                                                 (2.27) 

The homogenized relative permeability along the laminated direction is defined as 𝜇∥ , 

which can be obtained from: 
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𝜇∥ =
𝜇∥

𝜇
. (2.28) 

 

Fig. 2. 25 Solenoid model (Model B) used to calculate the homogenized permeability in 

the perpendicular direction. 

Model B, as depicted in Fig. 2.25, is used to calculate the homogenized permeability in the 

perpendicular direction 𝜇 . The following is derived from Ampere’s law: 

𝛼𝐻 + (1 − 𝛼)𝐻 = 𝐼.                                                    (2.29) 

Equation (2.30) is obtained as the magnetic flux density B inside the solenoid coil along the 

x-direction is constant: 

𝐵 = 𝜇𝐻 = 𝜇 𝐻 .                                                      (2.30) 

Combining formulas (2.29) and (2.30), the following is obtained: 

𝛼

𝜇
+

1 − 𝛼

𝜇
 𝐵 = 𝐼.                                                    (2.31) 

The magnetic flux density B is represented as: 

𝐵 =
𝜇𝜇 𝐼

𝛼𝜇 + (1 − 𝛼)𝜇
.                                                 (2.32) 

When the homogenized material with permeability 𝜇 is considered, the magnetic flux 

density is: 

𝐵 = 𝜇 𝐼.                                                                (2.33) 

From formulas (2.32) and (2.33), the homogenized permeability in the perpendicular 

direction 𝜇 is expressed as: 
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𝜇 =
𝜇𝜇

𝛼𝜇 + (1 − 𝛼)𝜇
. (2.34) 

Similarly, the relative permeability along the perpendicular direction is defined as 𝜇 , 

which is obtained from: 

𝜇 =
𝜇

𝜇
(2.35) 

 

2.5.2 Weight Reduction of the Anti-eddy Plate 

The conventional structure of the anti-eddy plate was designed based on experience and 

incorporated a significant margin of safety. In other words, when achieving the same shielding 

effect, this structure possesses substantial potential for weight reduction. Therefore, we can 

increase the air gap between the laminated silicon steel sheets, effectively reducing the number 

of layers, to assess its influence on the shielding effect. The analytical method for the 

homogenized permeability of the anti-eddy plate is provided in the preceding section, enabling 

the fast assessment of the shielding effect using the simplified model. The accuracy of the 

simplified model has been validated earlier (Section 2.1.1), hence we have directly substituted the 

simplified eddy current shield model for the actual layered eddy current shield structure. As 

shown in the 1/8 model given in Fig. 2.26, the anti-eddy plate is modeled as a homogenized plate 

(Fig. 2.26 (a)), the model complexity is greatly reduced, compared with the real structure shown 

in Fig. 2.26 (b). 
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Fig. 2. 26 Assessment model for the shielding effect. (a) Simplified, and (b) real model. 

The currently used anti-eddy plate is composed of silicon steel sheets with a thickness of 

0.27 mm, separated by an air gap of 0.02 mm. According to the above analytical formula, its 

homogenized permeability is determined to be 37200. For the evaluation of the shielding effect, 

we utilize the simplified model depicted in Fig. 2.26 (a). In this model, the X-gradient coil is 

placed upon the X-eddy current shield. As compared to the scenario without the anti-eddy plate, 

the introduction of the shield alters the distribution of the gradient magnetic field, confining the 

gradient magnetic field almost entirely within it, thereby reducing the magnitude of the gradient 

magnetic field in the green region. The green region above the model represents the area where 

the magnet and other conductive structures exist; we refer to it as the shielded region. The 

magnitude of the gradient magnetic field within this region serves as an indicator of the eddy 
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current shield's shielding effect. We extract magnetic field values along a straight line and plot 

curves for different eddy current shield configurations for comparison, as shown in Fig. 2.27. 

 

Fig. 2. 27 Field comparison in the shielded area, with anti-eddy plates in different 

homogenized permeability. 

From Fig. 2.27, it can be observed that the shielding effectiveness of the anti-eddy plates 

improves as we move from No.1 to No.6. The coil of No.3 achieves the same shielding effect 

with the least amount of silicon steel sheets compared to the other plates. Therefore, it is 

recommended to adopt this structure. The structural parameters of the anti-eddy plates in Fig. 2.27 

are given in Table 2.5.  

The comparison between this new structure and the original structure is depicted in Fig. 2.28. 

The number of silicon steel sheets has been reduced from 917 to 98, resulting in a weight reduction 

of approximately one-tenth of the original weight. This provides an effective solution for reducing 

the equipment's weight. 
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Table 2. 5 Structural Parameters 

No. 1 2 3 4 5 6 

tair (mm) 0.290 0.289 0.286 0.283 0.260 0.020 

μr 1 100 500 1000 4000 37000 

 

        

Fig. 2. 28 Structure comparison of anti-eddy plates (before and after weight reduction). 
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Chapter 3 Gradient Coil Design Considering Anti-

eddy Performance  

3.1 Model Simplification for Evaluation of Gradient Eddy Current  

When the gradient magnetic field is rapidly switched on or off, there will be induced eddy 

current in the surrounding conducting materials. However, the overall 3-D model for FEM 

requires a high computing cost to evaluate the eddy current. The complexity of the FEM model 

should be reduced to shorten the calculation time. First of all, the anti-eddy plate laminated with 

silicon steel sheets can be simplified to a homogenized model, as illustrated in Chapter 2. The 

anti-eddy plate is with an overall thickness w of 8 mm, a material relative permeability of 40000, 

and a sheet thickness tsteel of 0.27 mm. The silicon steel sheets were separated by an air gap tair of 

0.02 mm. Because the air gap cuts off the eddy currents inside the anti-eddy plate, the magnetic 

field they produce has a negligible effect on the gradient field [58].  

The process of simplifying the FEM model for evaluating eddy currents is depicted in Fig. 

31. Initially, the 3-D FEM simulation model (1/8 model) is shown in Fig. 3.1(a), where the X-

anti-eddy plate and Y-anti-eddy plate are installed vertically. To simplify the model, the iron yoke 

and permanent magnet are omitted in Fig. 3.1(b) because their contribution to eddy current losses 

is insignificant compared to the pole piece, as indicated in Table 3.1. Further simplification occurs 

in Fig. 3.1(c), where the X and Y anti-eddy plates are treated as a homogenized magnetic plate 

with a relative permeability of 𝜇∥. This results in a 3-D symmetric model that can naturally be 

reduced to a 2-D axisymmetric model, as shown in Fig. 3.1(d). This highly simplified 2-D model 

is then used to assess the effects of eddy currents, significantly reducing the computational effort 

required. To demonstrate the advantages of this simplification, we provide the computation times 
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and mesh conditions for Model (a) and Model (d) in Table 3.2. These values were obtained while 

ensuring that both models achieve the same level of computational accuracy. 

 The eddy current losses in the surrounding structures are calculated using magnetic quasi-

static analysis with a unit gradient current at a frequency of 2000 Hz. Table 3.1 presents the eddy 

current losses of four models in the pole piece and the entire structure (excluding the gradient 

coil). Based on the table, it is evident that the pole piece has the most significant impact on the 

eddy current loss. Therefore, the simplified model only includes the pole piece and a simplified 

anti-eddy plate to capture the essential effects of eddy currents. 

 

Fig. 3. 1 Simplification process of FEM simulation model. (a) Complete model. (b)Model 

without iron yoke and permanent magnet. (c) Model with simplified anti-eddy plate. (d) 

Axisymmetric 2-D model. 

 

Table 3. 1  Eddy Current Loss In Four Models (Under Unit Current) 

Models Eddy current loss  

in the pole piece (mW) 

Total eddy current loss  

(Except gradient coil) (mW) 

(a) 6.10 6.19 

(b) 6.11 6.11 

(c) 6.10 6.10 

(d) 6.09 6.09 
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Table 3. 2 Calculation Time Comparison 

Model Number of  

mesh elements 

Simulation 

Time 

Model (a) 1396000    3 hours 

Model (d) 33400      2.5 mins 

 

3.2 Z Gradient Coil Design Method Considering Gradient Eddy Current 

We first give the definitions of nonlinearity and gradient efficiency. The nonlinearity of the 

Z-gradient coil in the ith target point is defined as: 

𝛿 =
𝐵 − 𝐵

𝐵
× 100% (3.1) 

where 𝐵  is the Z-component of the magnetic induction in the ith target point, and 𝐵  

represents that for the perfectly linear gradient field. The maximum nonlinearity is generally an 

important index to evaluate the linearity of the gradient field, which is simply calculated by 

selecting the maximum value of 𝛿  in all the target points. The definition of the gradient 

efficiency of the Z-gradient coil is given by: 

𝜂 =
𝑑𝐵

𝑑𝑧 ∙ 𝐼
,                                                                       (3.2) 

where I is the current flowing in the Z-gradient coil.  

Fig. 3.2 outlines the design procedure for the Z-gradient coil. Initially, the 1-D image stream 

function (ISF) method is proposed to determine the coil pattern. This method considers 

parameters such as regularization coefficient, outer diameter and the number of coil turns, which 

collectively influence the coil's performance. Based on the approximated solution of MOP, a set 

of non-dominated points is obtained from the Pareto optimal front. These points represent 

combinations of coil parameters that achieve a trade-off between nonlinearity, gradient efficiency, 

and inductance. Subsequently, stricter performance constraints are applied to identify qualified 

non-dominated points. This step helps reduce the number of candidate solutions for further 
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evaluation. Finally, the anti-eddy performances of the qualified non-dominated points are 

evaluated using a 2-D asymmetrical FEM model presented in Fig. 3.1(d). By evaluating the anti-

eddy performance, the coil with the best performance in suppressing eddy currents is selected as 

the optimal coil design.  

 

 

Fig. 3. 2 Flowchart of the Z-gradient coil optimization procedure. 

 

3.2.1 1-D Image Stream Function (ISF) Method 

The proposed 1-D image stream function (ISF) method has two main advantages. First, the 

rotationally symmetrical feature of Z-gradient coils can reduce the number of basic meshing units. 

As shown in Fig. 3.3(a), only the stream function values along the radius must be determined. 

Second, the effects of surrounding structures on the static gradient field are represented by image 

currents [23].  

The following section describes the basic principles of the 1-D ISF method. Generally, there 

is a two-dimensional current field on the surface of the gradient coil region, which can be 

represented by Js in a cylindrical coordinate system as follows: 
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𝑱 = 𝐽∅𝒆∅ + 𝐽 𝒆𝒓 ,                                                                (3.3)                                                                         

where 𝐽∅ and 𝐽  indicate the azimuthal and radial components. Js satisfies the following 

equation: 

𝛻 ⋅ 𝑱 = 0.                                                                          (3.4) 

The stream function S [17] is defined to express Js as follows: 

𝑱 = ∇ × (𝑆𝒆𝒏),                             (3.5)                                                                                      

where 𝒆𝒏denotes the unit normal vector. The spatial change in the value of S corresponds 

to an equivalent change in the current value, such that discrete wire positions carrying equal 

currents are directly given by contour plots of S. As for the Z-gradient coil composed of Maxwell 

pairs, only the azimuthal component 𝐽∅ exists, 𝑱 = 𝐽∅𝒆∅ . Hence, equation (3.5) can be reduced 

to 

𝐽∅ =
𝜕𝑆

𝜕𝑟
.                                                                        (3.6)   

When we assume a 1-D stream function along the radial direction, the contour positions 

represent discrete wires carrying equal currents along the azimuthal direction. Consider a narrow 

strip along the radial direction, as shown in Fig. 3.3(a). The strip meshes into N units with a width 

of d. Every unit has a discrete stream function value Sn (n=1…N) (Fig. 3.3(b)), which is an 

unknown parameter that needs to be optimized. All the current directions were along the 

azimuthal direction. After obtaining the optimal Sn, we fit the discrete stream function value to a 

smooth curve S(x) and then find the 1-D contour positions, as shown in Fig. 3.3(c), h is the contour 

interval. Corresponding to the 2-D gradient coil structure shown in Fig. 3.3(d), Ci represents the 

position of each turn of the coil in the radial direction, and the contour interval h determines the 

number of coil turns. The current direction in each turn is determined by the derivative values 

d(S(x))/dx. Positive derivative corresponds to a positive current, and correspondingly, a negative 

derivative represents for a negative current 
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Based on the simplified model given in Fig. 3.2(a), the image current [8, 23] loops are used to 

represent the effects of the magnetic plate. As shown in Fig. 3.4, L is the number of image layers, 

w is the thickness of the magnetic plate, and z0 is the distance between the gradient coil and the 

magnetic plate. The first layer of the image current was located at a distance of 2z0 from the coil 

and carried a current of αI, where 𝛼 = (𝜇∥ − 1)/(𝜇∥ + 1). The remaining image currents are 2 w 

apart, and the i-th image layer carries a current of -αi-3(1-α2)I. They were added to compensate for 

the error caused by the finite thickness of the magnetic plate. When 𝜇∥ was sufficiently large, it 

was sufficient to consider only the first image current. 

 

Fig. 3. 3 Z-gradient coil design process of 1-D ISF method. 

                    

 

Fig. 3. 4 Image current method. Z-gradient coil over the magnetic plate(left), and 

equivalent image current loops that represent the effects of magnetic plate(right), where L is the 

number of image layers, and L=3 in this example. 
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On the target point (𝜌, 𝑅, 𝑍) in cylindrical coordinates, the z-component of the magnetic 

induction produced by the n-th gradient loop and its image loop of i-th layer are defined as 

𝐵 and 𝐵 . They can be obtained using the Biot–Savart law [24] as follows: 

𝐵 =
𝜇 𝐼

2𝜋 𝑍 + (𝑅 + 𝜌)
𝐾(𝑘) −

𝑍 − 𝑅 + 𝜌

𝑍 + (𝑅 − 𝜌)
𝐸(𝑘) ,                                    (3.7) 

𝐵 =
𝜇 𝐼

2𝜋 𝑍 + (𝑅 + 𝜌)
𝐾(𝑘) −

𝑍 − 𝑅 + 𝜌

𝑍 + (𝑅 − 𝜌)
𝐸(𝑘) ,                                    (3.8) 

where K(k) and E(k) are the complete elliptic integrals of the first and second types, 

respectively.𝐼  is the discrete current value of the basic unit, and 𝐼  is the corresponding image 

current value, which has the following relations: 

𝐼 =
𝛼𝐼 , 𝑖 = 1

−𝛼 (1 − 𝛼 )𝐼 , 𝑖 = 2, 3, …
.                                              (3.9)                                                                     

The discrete current density jn (n=1…N) can be obtained from the difference in the 

stream function as follows: 

𝑗 =
𝑆 −𝑆

𝑤
 , 𝑛 = 1 … 𝑁,

𝑆 = 0,
                                                      (3.10) 

where w denotes the width of the basic unit. 𝐼  is the integral of the current density over the 

unit width w 

𝐼 = 𝑗 𝑤,
𝐼 = 𝑆 −𝑆  , 𝑛 = 1 … 𝑁,

                                                      (3.11)                                                                            

The magnetic field in the ROI is the superposition of the N basic unit loops and the 

corresponding N*L image loops, which are expressed as 

𝐵 = (𝐵 + 𝐵 ),                                                     (3.12) 

where L is the total number of layers in the image loops. As the target points, select K points 
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distributed equally across the ROI. The target function is used to obtain the smallest deviation 

between the magnetic field at the target point 𝐵  and the ideal gradient field Bzk_target: 

𝐹 = 𝐵 − 𝐵 _ → 𝑚𝑖𝑛. ,                                            (3.13) 

where K is the number of target points. However, this formula results in over-fitted results, 

and a unique solution can be obtained using the Tikhonov regularization approach, given by 

𝐹 = 𝐵 − 𝐵 _ + 𝜆𝑊 → min .                                 (3.14) 

where W is the magnetic field energy of the current loops, λ is the regularization coefficient. 

As λ decreases, the magnetic field approaches the target field Btarget, whereas when it increases, 

the magnetic field energy decreases, decreasing the inductance. The discrete stream function Sn 

is an unknown function to be optimized.  

The magnetic-field energy is expressed as follows: 

𝑊 = 𝑱 𝑴𝑱                                                                    (3.15)                                                                                                          

where J is the matrix of the discrete current density of basic units 

𝑱 = [𝑗 ; 𝑗 ; ⋯ 𝑗 ; … 𝑗 ]                                                        (3.16)                                                                                           

M is the mutual inductance matrix between every gradient loop, and the mutual inductance 

Mij between the two loops is calculated as [25]. 

𝑴 =

⎣
⎢
⎢
⎢
⎡

𝑳𝟏𝟏

⋮
𝑴𝒏𝟏

⋮
𝑴𝑵𝟏

⋯
⋱
⋯
⋱
⋯

𝑴𝟏𝒏

⋮
𝑳𝒏𝒏

⋮
𝑴𝑵𝒏

⋯
⋱
⋯
⋱
⋯

𝑴𝟏𝑵

⋮
𝑴𝒏𝑵

⋮
𝑳𝑵𝑵 ⎦

⎥
⎥
⎥
⎤

                                                     (3.17)                                                                                              
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3.2.2 Pareto Dominance Principle 

The MOP problem for the Z-gradient coil design has three objectives to be minimized: 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑓 (𝑿), 𝑚 = 1,2,3                                                     (3.18)                                                                               

where X= [x1, x2, x3] is a vector of decision parameters: the regularization coefficient λ, outer 

diameter d, and the number of turns t, respectively. The cross combinations consist of the 

parameter space. Moreover, F= [f1, f2, f3] are three objective functions to be minimized: gradient 

nonlinearity, a derivative of efficiency, and inductance, respectively. Their cross-combinations 

comprise the objective function space. The judgement criteria for the non-dominated points are 

shown in Fig. 3.5.  

 

Fig. 3. 5 Judgement criteria of non-dominated solutions. 

The non-dominated point has at least one aspect of performance that is better than the other 

points. The set of all non-dominated points is known as the Pareto front. The purpose of MOP is 

to find the Pareto front in the objective space. To narrow the range of optimal solutions, stricter 

constraints must be imposed to filter for better structures, after which qualified non-dominated 

points can be obtained.  
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3.2.3 Evaluation of Gradient Eddy Current  

The generation of gradient eddy currents is related to the variations in the gradient magnetic 

fields within the sequences. During imaging process, the gradient magnetic fields are additional 

fields superimposed onto the main magnetic field to facilitate localization and spatial encoding. 

The changes in these gradient magnetic fields (Gx, Gy and Gz) are produced by different pulses 

within the imaging sequences, as shown in Fig. 3.6.  

 

Fig. 3. 6 Sequence of MRI 

The presence of gradient eddy currents alters the waveform of gradient pulses. Under the 

influence of eddy currents, the rising edge of the gradient magnetic field becomes slower, leading 

to decreased positional accuracy of the gradient magnetic field and resulting in artifacts in the 

image. To assess the impact of gradient eddy currents, it is necessary to calculate the response 

curve of the gradient magnetic field. We comprehend the impact of gradient eddy currents from 

the perspective of an equivalent circuit. The schematic in Fig. 3.7 illustrates the coupling 

relationship between the gradient coil circuit and the eddy current loop within conductive 

materials. The current and voltage within the gradient coil are denoted as i(t) and u(t), while the 

resistance and inductance are represented by R and L, respectively. On the right-hand side, L1 and 

R1 signify the inductance and resistance within the eddy current loop, where i1(t) represents the 
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eddy current in that loop. In practice, there isn't just a single eddy current loop; we begin with this 

simple circuit and extend the findings to scenarios involving multiple eddy current loops. 

 

Fig. 3. 7 Simplified equivalent circuit of gradient eddy current. 

From the Biot-Savart Law, the total magnetic field 𝐺(𝑠) produced by I and I1: 

𝐺(𝑠) = 𝑎 𝐼(𝑠) +
𝑎 𝑀

𝐿

−𝑠𝐼(𝑠)

 (𝑅 𝐿⁄ + 𝑠)
,                                     (3.19)  

then define 𝑐 = 𝑎 𝑀 /𝑎𝐿  and 𝑤 = 𝑅 /𝐿 , we have: 

𝐺(𝑠) = 𝑎 1 +
−s

 (𝑤 + s)
𝐼(𝑠).                                         (3.20) 

To observe the effects of eddy current clearly, we assume there is a perfect step current in the 

gradient coil, the current is expressed as: 

I(s)=
1

𝑠
.                                                                     (3.21) 

The gradient field response is: 

𝐺(𝑠) = 𝑎 1 + 𝑐
−s

 (𝑤 + s)

1

𝑠
.                                          (3.22) 

The inverse Laplace transform of the above equation yields: 

𝑔(𝑡) = 𝑎(1 − 𝑐 e ), 𝑡 ≥ 0 𝑠 .                                       (3.23) 

Extend this formula to n eddy current loops as shown in Fig. 3.8 and we have: 

𝑔(𝑡) = 𝑎 1 − 𝑐 e , 𝑡 ≥ 0 𝑠.                                          (3.24) 

where 𝑐 = 𝑎 𝑀 /𝑎𝐿  and 𝑤 = 𝑅 /𝐿 . 
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Under the influence of gradient eddy currents, the response of the gradient magnetic field is a 

summation of multiple exponential decay components. Each component's amplitude is denoted 

as ci, and its time constant is represented by wi.  

 

Fig. 3. 8 Equivalent circuit of gradient coil and eddy current loops. 

From equation (3.24), the gradient field response is determined by R, L, Ri, Li, Mi, a, and ai, 

these parameters cannot be determined directly from analytical solution. The FEM calculation is 

necessary to evaluate the gradient eddy currents. Thus, a transient FEM simulation using the 

simplified 2-D model in Fig. 3.1(d) were performed to evaluate the eddy current effects. 

To approximate the actual working situation, the gradient current has a delay time tdelay of 

4.5 ms, slope width tslope of 0.5 ms, and pulse width tpulse of 30 ms, as shown in Fig. 3.9(a). The 

gradient field's eddy current losses and transient response after switching off the excitation will 

reflect eddy current effects. 
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Fig. 3. 9 Simulation settings. (a) Gradient excitation current, and (b) corresponding 

gradient field transient response under the eddy current effects. 

3.3 Design Results 

The Z-gradient coil was mounted on a circular plate with a radius of 350 mm. The separation 

between the gradient coil pairs was 320 mm. The decision parameters for the multi-objective 

optimization (MOP) problem are shown in Fig. 3.10(a). These parameters were chosen equally 

along each axis. A filtering process was applied to eliminate impractical points, resulting in a total 

of 158 valid cases. Fig. 3.10(b) illustrates the corresponding objective function space, showing 

the results of the MOP problem for the selected cases.  

 

 

Fig. 3. 10 Parameter and objective function spaces for the MOP problem. (a) Parameter 

space. (b)Objective function space. 

The Pareto front criterion was applied to the objective function space to obtain 84 non-dominated 



A Study on the Design Optimization of the Bipolar Permanent Magnet Type Low-field MRI Device                     Xiaohan Kong 

 

62 

 

points, represented by red points, as shown in Fig. 3.11(a). 

 

 

Fig. 3. 11 Objective function spaces. (a) Red points represent the non-dominated points, 

and black points are the dominated points. (b)Objective function space after adding restricted 

constraints, where qualified non-dominated points are yellow triangular points. 

In Fig. 3.11(b), the Pareto front surface is drawn in the objective function space, and all red 

points representing the non-dominated points are located on this surface. The black arrows 

indicate the direction of the optimal solution. There were 86 non-dominated points. To filter them, 

we choose the points that meet the more restricted constraints by adding three constraints: 

nonlinearity <4.5%, gradient efficiency >300 µT/(m·A), and inductance <300 µH. The yellow 

triangular points represent qualified non-dominated points. There are nine qualified non-

dominated points, and their structures are given in Fig. 3.12. Their objective function values and 

corresponding parameters are summarized in Table 3.3, in which d, 𝜆, and t stand for outer 

diameter, regularization coefficient, and the number of turns, respectively. 
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Fig. 3. 12 Structures of gradient coil 

 

Table 3. 3 Qualified Non-dominated Cases 

  
d(m

) 
𝜆  t 

Nonline

arity 

(%) 

Gradient 

efficiency 

(μT/(m·A)) 

Inductanc

e 

(μH) 

No.1 0.40 -7.5  22 4.28  397  197.90  

No.2 0.40 -8  19 3.80  310  168.00 

No.3 0.40 -8.5  21 3.86  321  193.00  

No.4 0.50 -8  20 4.50  405  194.20  

No.5 0.50 -8  21 4.30  438  225.90  

No.6 0.60 -8  12 4.50  305  109.00  

No.7 0.70 -7.5  23 4.07  402  290.00  

No.8 0.70 -8  12 4.50  304  107.60  

No.9 0.70 -8 13 4.40  339  130.80  
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The coils in Table 3.3 are considered on equal footing in terms of MOP criteria, as no single 

coil performance surpasses the others in all three aspects. The anti-eddy performance of the nine 

coils will be then evaluated and used as the final evaluation factor. This ensures that we select the 

coil with the best anti-eddy performance while meeting the conventional performance 

requirements (Nonlinearity, gradient efficiency and inductance). 

A 2-D simplified FEM model, depicted in Fig. 3.1(d), was utilized for anti-eddy performance 

evaluation. The gradient coils were subjected to a current excitation as depicted in Fig. 3.9(a). 

The time-dependent behavior of eddy current loss and eddy field response is illustrated in Fig. 

3.13. The coil with shorter decay times demonstrates superior anti-eddy performance.  We have 

shown from Table 3.3 and Fig. 3.14 that, although gradient efficiency and inductance are 

correlated with the anti-eddy performance, the outer diameter of the coil exhibits a more 

pronounced correlation with the anti-eddy performance. The No. 1, No. 2, No. 3 coils with 

diameters of 0.4 m have the least eddy current effects.  Finally, coil No. 2 was chosen as the 

optimal coil, whose locations in the parameter and objective function spaces are shown in Fig. 

3.14. In the parameter space, it has an outer diameter of 0.4 m, coil turns of 19, and a regularization 

coefficient of 10-8. In the objective function space, it has a nonlinearity of 3.8%, gradient 

efficiency of 310 μT/(m·A), and inductance of 168 μH. The optimal coil pattern is depicted in 

Fig. 3.15(a), and the simulated gradient field Bz in the ROI from the full model is shown in Fig. 

3.15(b).  The radial positions and current directions of the optimal coil are given in Table 3.4. 
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Fig. 3. 13 Eddy current losses and field responses. (a) Eddy current losses and (b)Gradient 

field transient response of the nine coils with different outer diameters d varies from 

0.4m~0.7m；(c) and (d) are enlarged versions of (a) and (b). The vertical axis Gz rep resents 

the magnetic induction, its unit (ppm) means the value of parts per million of the original field. 

     

 

Fig. 3. 14 Locations of optimal coil in (a)Parameter space and (b)objective function space, 

the optimum coil is marked by red.            
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Fig. 3. 15 Optimal coil and corresponding field distribution in ROI (a) Optimal coil pattern. 

(b) Simulated field from the full model. 

 

Table 3. 4 Parameters of the Designed Gradient Coil 

 

3.4 Experimental Validation 

The optimal coil designed by the proposed and conventional coil (without consideration of 

the anti-eddy performance) were fabricated, as shown in Fig. 3.16. Here we define the 

conventional method as any other method without considering anti-eddy performance. The 

conventional coil shown in Fig. 3.16(b) was designed from the particle swarm algorithm, and the 

optimization objectives include only the coil nonlinearity, gradient efficiency, and inductance 

value.  

The static magnetic field was tested in the 50 mT low-field MRI device, and the gradient 

Turn No. 1 2 3 4 5 6 7 8 9 10 

Current Direction - - + + + - - - - + 

Radial Position 

 (mm) 
15 22 60 67 77 95 103 110 116 152 

Turn No. 11 12 13 14 15 16 17 18 19 20 

Current Direction + + + + + + + + + + 

Radial Position 

(mm) 
157 162 167 172 176 181 186 191 196 200 
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coil was powered by a DC current source (SPD3303X, Siglent). The field test device used was a 

Metrolab Precision NMR Tesla meter (PT2026, resolution: 0.01 ppm, accuracy: ± 5 ppm). The 

field test platform is shown in Fig. 3.17. There was a strong static magnetic field in the z-direction 

produced by the permanent magnets, the gradient field was obtained by subtracting the static 

magnetic field from the total magnetic field. 

   

Fig. 3. 16 Fabricated gradient coils. (a)Optimal coil by the proposed method, outer 

diameter=0.4 m and (b) Coil by the conventional method, diameter=0.7 m. 

 

Fig. 3. 17 Field measurement platform inside the low-field MRI device (50 mT). 
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Fig. 3. 18 Schematic diagram of locator for probe positioning. (a) Front view, and (b) side 

view. 

Fig. 3.18 shows the schematic diagram for the locator in Fig. 3.17. The probe can be 

embedded into the locating holes distributed around the circumference, and the acrylic plate can 

be rotated from 0 to 360 degrees. When the angle locator is positioned at the angle to be measured 

(for example, 30o in Fig. 3.18(b)), the probe measures the magnetic field value once in each 

locating hole. Target points on the surface of the ROI, as shown in Fig. 3.19(a), can be measured 

sequentially. Only the surface points are measured because the most severe field distortions are 

always on the surface. The magnetic induction (Bz) was measured at the target points shown in 

Fig. 3.19(a), and the comparison of the performance of the proposed coil and the conventional 

coil is shown in Table 3.5. 

               

Fig. 3. 19 Measurement points and results. (a) Measured target points, and (b) measured 

gradient field from the proposed method. 



A Study on the Design Optimization of the Bipolar Permanent Magnet Type Low-field MRI Device                     Xiaohan Kong 

 

69 

 

Table 3. 5 Performance Comparison of the Proposed and Conventional Coil 

 

 

Fig. 3. 20 Field in target points and relative errors. 

Fig. 3.20 is given to show the measured gradient field at each target point. In Fig. 3.20, the 

hollow dots represent the magnetic field of the target points, and the red line represents the ideal 

gradient field. The field error with the ideal field represents the nonlinearity, as shown by the blue 

dotted line in Fig. 3.20. The maximum nonlinearity is less than 5%, which meets the design 

requirement well. 

To show the effectiveness of the proposed method, a comparison was made between the 

gradient eddy effects of two coils shown in Fig. 3.16. The magnitudes of the eddy currents were 

estimated at various delay times after the test gradient pulse, allowing for the evaluation of anti-

eddy performance in the experiment [9]. The testing results, as depicted in Fig. 3.21, demonstrate 

that the Z-gradient coil designed using the proposed method exhibited a faster field response 

B
z(

μT
)

E
rr

or
 (

%
)

  d(m) 

Nonlinear

ity 

(%) 

Gradient efficiency 

(μT/(m·A)) 

Inductance 

(μH) 

Proposed 0.40 4.20 314  170  

Conventional 0.70 3.50  272  210 
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compared to the conventional coil. This indicates that the proposed method effectively reduces 

the eddy current effects. The reduction in eddy current effects can primarily be attributed to the 

smaller diameter employed in the proposed method (0.4 m compared to 0.7 m in the conventional 

coil). Based on these findings, it can be concluded that the outer diameter of the coil primarily 

influences the eddy current effects. Therefore, in order to minimize such effects, it is advisable to 

use smaller coil diameters.    

 

Fig. 3. 21 Magnitudes of the eddy currents at various delay times after the test gradient 

pulse. (a) Original and (b) enlarged version. The vertical axis Gz represents the magnetic 

induction, its unit (ppm) means the value of parts per million of the original field. 

The platform of the low-field MRI device is shown in Fig. 3.22. The water phantom was 

placed inside the RF receiving coil. With the gradient coil from the proposed and conventional 

methods, T2-weighted images of the water phantom were obtained as shown in Fig. 3.23, 

respectively. T2-weighted images are used here for comparison instead of T1-weighted images 

because T2-weighted images are more susceptible to gradient eddy currents. The z-direction was 

chosen as the phase-encoding direction to emphasize the eddy-current effects of the Z-gradient 

coil. The image blurring in the encoding direction is a symptom of artifacts, which is obvious in 

Fig. 3.23(b) and improved in Fig. 3.23(a), especially inside the red box. The suggested gradient 

coil designed using the proposed approach can reduce image-level artifacts. 
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Fig. 3. 22  Imaging platform: the low-field MRI device (50 mT). 

      

Fig. 3. 23 T2-weighted images in the x-z plane of the cylindrical phantom (CuSO4·5H2O, 

1.95 g/L). The Z-gradient coil was designed using (a) the proposed method and (b) the 

conventional method. The Z-direction was the coding direction, and the imaging sequence was a 

fast spin echo (FSE). Echo time [TE] = 140 ms, repetition time [TR] = 3200 ms. dwell time 

=160 μs, and band width is 6.25 kHz. 
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Chapter 4 Topology Design of the Permanent 

Magnets and Iron Yoke 

4.1  Multi-fidelity Topology Optimization Method 

We begin with a typical topology optimization problem using the NGnet method [43]. In this 

section, we consider an electromagnetic structure consisting of two functionally distinct 

components, denoted as C1 and C2. The topologies of these components are represented by shape 

functions as 

𝑦 𝒙, 𝒘 = 𝑤 𝑏 (𝒙), (𝑘 = 1,2),                                           (4.1) 

where 𝑤 ∈ [−1, 1], 𝑁 , and 𝒙 denote the weighting coefficient, number of Gaussian base 

functions (also referred as Gaussian bases) for the 𝑘-th shape function 𝑦 , and constant position 

vector, respectively. 𝒘  is the weighting coefficient vector and 𝒘 = [𝑤 , 𝑤 , ⋯ 𝑤 ] . 

Moreover, 𝑏 (𝒙) is a normalized Gaussian function given by 

𝑏  (𝒙) = 𝐺 (𝒙)/ 𝐺 (𝒙) ,                                                 (4.2) 

𝐺 =
1

2𝜋𝜎
exp −

1

2𝜎
|𝒙 − 𝒙 | ,                                         (4.3) 

where 𝜎 and 𝒙𝑖 denote the standard deviation and center of the Gaussian base function, 

respectively. Fig. 4.1 illustrates the schematic diagram of the NGnet method. 
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Fig. 4. 1 NGnet method. 

Taking the iron design as an example, the material attribute me of finite element e in the design 

region is determined from the shape function 𝑦(𝒙) as  

𝑚 ←
𝑖𝑟𝑜𝑛  𝑦(𝒙) ≥ 0
𝑎𝑖𝑟    𝑦(𝒙) < 0.

                                                             (4.4) 

We determine proper Nk and σ to cover all parts of the design region.  

The design variables in the form of a weighting coefficient vector 𝒘  are determined using the 

covariance matrix adaptation evolution strategy (CMA-ES). We define a single-fidelity 

optimization problem as  

min
𝒘 ,𝒘

𝐹(𝒘 , 𝒘 ),                                                               (4.5) 

where 𝒘  and 𝒘  represent the weighting coefficient vectors determining the structures 

of C1 and C2, respectively. However, in practical scenarios, the function 𝐹(𝒘 , 𝒘 ) tends to be 

a high-dimensional, nonconvex, and nonlinear function, making it difficult to find the global 

optimal solution. To address this complexity, we propose a multi-fidelity topology optimization 

method that simplifies the objective function as  

𝐹(𝒘 , 𝒘 ) =  𝐹 (𝒘 , 𝒘 ) +  𝐹 (𝒘 , 𝒘 ).                                  (4.6) 

Based on the knowledge at the physical level, it is assumed that 𝐹  is strongly correlated 

with 𝒘  and weakly correlated with 𝒘 , and vice versa for 𝐹 . The correlation map is shown in 

Fig. 4.2. 
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Fig. 4. 2 Correlation map. 

We then consider a two-step optimization defined by 

min
𝒘  

𝐹 (𝒘 , 𝒘 ), with 𝒘  = const.,                         (4.7) 

min
𝒘  

𝐹 (𝒘∗ , 𝒘 ), with 𝒘∗ = arg min
𝒘  

𝐹(𝒘 , 𝒘 ),               (4.8) 

where  𝒘  represents the initial weighting coefficient vectors that determine the initial 

structure for C1; setting it to fully negative values indicates that its influence is not considered in 

the first step.  𝒘∗  represents the weighting coefficient vectors corresponding to the optimal 

structure in the first step of optimization.  

Suppose that sub-problems 𝐹  and 𝐹  require different levels of resolution in the modeling 

and performance evaluation. As shown in Fig. 4.3, 𝐹  is a low-fidelity optimization problem that 

employs larger Gaussian bases and a less precise performance evaluation, whereas 𝐹  is a high-

fidelity problem that employs smaller Gaussian bases and a more precise performance evaluation.  
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Fig. 4. 3 Schematic for single- and multi-fidelity methods. 

 

4.2 Mathematical Model 

A benchmark problem was constructed to demonstrate the effects of the multi-fidelity 

method. Assume that 𝒘 =[𝑥 , 𝑥 ], 𝒘 = [𝑥 , 𝑥 ].  𝐹 (𝒘 , 𝒘 ) and 𝐹 (𝒘 , 𝒘 ) are defined as 

𝐹 = ℎ 𝑒
( ) ( )

, (𝑘 = 1,2)                        (4.9) 

where the parameters for  𝐹  and  𝐹  are given in Table 4.1. 

When x ∈ [−1,1] , both  𝐹 (𝒘 , 𝒘 )  and  𝐹 (𝒘 , 𝒘 )  exhibit multiple peaks, 

with 𝐹 (𝒘 , 𝒘 ) having sharp peaks, as shown in Fig. 4.4.  

 

 

 

 

 

 

 

 

 



A Study on the Design Optimization of the Bipolar Permanent Magnet Type Low-field MRI Device                     Xiaohan Kong 

 

76 

 

Table 4. 1 Parameters of functions F1 and F2 

Parameter  𝐹   𝐹  

𝑁  3 5 

ℎ [1.0, 1.2, 1.5] [1.0, 1.2, 1.5, 3, 2.0] 

𝑝  [0.3, 0.4, -0.4] [0.4, -0.4, 0.4, -0.4, 0.0] 

𝑝   [0.4, 0.3, 0.4] [0.4, -0.4, -0.4, 0.4, 0.0] 

𝑣 [0.01, 0.05, 0.3] [0.001, 0.005, 0.03, 0.0006, 0.3] 

 

 

Fig. 4. 4 Function values of F1 (x1, x2) and F2 (x3, x4). 

 

Fig. 4. 5 Convergence histories of single- and multi-fidelity optimizations. 

We compared the performances of the single- and multi-fidelity methods by repeating each 
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type of optimization thrice. The convergence plots in Fig. 4.5 highlight the superior performance 

of the multi-fidelity method in this scenario. The parameters used for the CMA-ES algorithm in 

this case are listed in Table 4.2. 

Table 4. 2 Parameters of optimization based on CMS-ES 

Parameter Value 

Population size 3,200 

Number of Generations 50 

Initial standard deviation 0.7 

Cumulation of step-size 0.3 

Damping for step-size 0.6 

 

4.3 Design Results 

4.3.1 Two-dimensional(2-D) Case 

For the low-field MRI device, the structures of the iron yoke and the shimming magnet must 

be determined. Fig. 4.6 shows the design model. A pair of bipolar magnets is used to generate a 

vertical magnetic field in the target region. The design region for the iron yoke and shimming 

magnet is covered by circles that represent the influence region of the Gaussian bases. The 

structure is mirror-symmetric, allowing us to focus only on one-fourth of the model during the 

design process. 

 

Fig. 4. 6 Optimization model. 
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The design aims to maximize the average magnetic flux density (𝐵 ), minimize the field 

non-uniformity (ΔB) in the target region, and minimize the total weight of the device (W). The 

single-fidelity optimization problem is defined as 

min
𝒘  

𝐹(𝒘 , 𝒘 ) 

min
𝒘  

𝐹(𝒘 , 𝒘 ) = min
𝒘  

−
𝐵 (𝒘 , 𝒘 )

𝐵
+

∆𝐵(𝒘 , 𝒘 )

∆𝐵
+

0.1𝑊(𝒘 , 𝒘 )

𝑊
,  (4.10)  

where 𝒘  and 𝒘  are the weighting coefficient vectors in the iron yoke and magnet design 

regions, respectively. The simultaneous design of these two structures often results in local optima 

because non-uniformity is sensitive to structural changes, which results in a complex solution 

space with multiple sharp peaks. Designing both structures simultaneously requires searching for 

a sharp optimum value in a higher-dimensional (e.g., 50-dimensional) space, which is almost 

impossible.  

We can use the multi-fidelity topology optimization method proposed in Section 4.1 to simplify 

the problem. Practical experience has shown that the primary function of the yoke is to create a 

magnetic loop to increase the field strength, whereas the shimming magnet is responsible for 

reducing non-uniformity. The correlations between the target functions and these structures are 

shown in Fig. 4.7. The iron yoke exhibits a close relationship with Bave, whereas the shimming 

magnet is closely related to ΔB. The W were determined using both the iron yoke and the 

shimming magnet.  
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Fig. 4. 7 Correlation map for low-field MRI devices’ design. 

According to the correlation map, the iron yoke and the shimming magnet can be designed 

in sequence by defining the multi-fidelity objective function as 

𝐹(𝒘 , 𝒘 ) =  𝐹 (𝒘 , 𝒘 ) +  𝐹 (𝒘 , 𝒘 ),                         (4.11) 

and the two-step optimization is defined as 

min
𝒘  

𝐹 (𝒘 , 𝒘 ) = min
𝒘  

−
𝐵 (𝒘 , 𝒘 )

𝐵
+

0.1𝑊(𝒘 , 𝒘 )

𝑊
,

min
𝒘  

𝐹 (𝒘∗ , 𝒘 ) = min
 

∆𝐵(𝒘∗ , 𝒘 )

∆𝐵
+

0.1𝑊(𝒘∗ , 𝒘 )

𝑊
,

             (4.12) 

W is the weight of the 3-D model (obtained by stretching 2-D model by 660 mm), 𝐵 =

0.1 T , and 𝑊 = 200 kg . ∆𝐵  is defined as ∆𝐵 = 10 (𝐵 − 𝐵 )/𝐵 , ∆𝐵 =

1,000 ppm. 𝐹  and 𝐹  are treated as low- and high-fidelity optimization problems, respectively. 

We employed different sizes of Gaussian bases (represented by their standard deviation 𝜎), and 

varied the precision of the performance evaluation in these two steps. The design parameters are 

given in Table 4.3. 

 

 

 

 

Table 4. 3 Parameters of the low and high-fidelity designs 

Parameters Low-fidelity High-fidelity 
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Standard deviation (mm) 100 30 

Number of Gaussian bases 30 20 

Field precision (ppm) 1,000 100 

Material type Iron (Q235) Magnet (NdFeB) 

 

The field evaluation is realized using the FEM. Fig. 4.8 shows the optimal structures and 

corresponding magnetic flux maps obtained using the single- and multi-fidelity design methods.  

 

Fig. 4. 8 Optimal structures and flux map of single- and multi-fidelity designs and optimal 

performance comparison. 

The convergence histories of objective function and performance are compared in Fig. 4.9. 

The single-fidelity method quickly converged to a local optimum (F=4.29), whereas the multi-

fidelity method achieved better fitness (F=0.80) after two steps of optimization. The single-

fidelity optimal structure produces a comparatively high Bave; however, it suffers from high ΔB 

and W. In contrast, the optimal structure designed using the multi-fidelity method achieves a more 

rational balance between multiple design objectives. 
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Fig. 4. 9 Convergence histories of fitness and performances. 

 

4.3.2 Three-dimensional(3-D) Case 

The proposed method is also applicable to the 3-D model, and the objective functions were 

the same for the 2-D one. Fig. 4.10 shows the optimization model (1/8 model) for the iron yoke 

design. A pair of bipolar permanent magnets are used to produce vertical magnetic field in ROI. 

The design region for iron yoke is covered by spheres representing the influence region of the 

Gaussian bases. The standard deviation σ of the three-dimensional normalized Gaussian basis 

function is set to 100 mm to cover the entire design region.  
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Fig. 4. 10 Design model and Gaussian bases distribution. 

As for the multi-fidelity optimization, Fig. 4.11 show several representing structures during 

the optimization process. As the optimization progresses, the weight of the iron yoke gradually 

converges to a minimum while maintaining no significant reduction in magnetic field strength. 

 

Fig. 4. 11 Optimization process for the iron yoke. 

Fig. 4.12 shows the optimal designs obtained from the single- and multi-fidelity methods. 

Their performances are listed in Table 4.4. The design results show that the multi-fidelity method 

has better performance in both 2-D and 3-D spatial designs. The significant difference between 

the optimal structures in 3-D and 2-D models arises from the fact that the 2-D model didn’t 
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consider the influence of edge effects on the magnetic field distribution. 

Table 4. 4 Performances comparison 

 Bave (T) W(kg) ΔB(ppm) F(-) 

Single-fidelity 0.183 448.2 24,000 22.39 

Multi-fidelity 0.123 222.2 5,000 3.88 

 

 

Fig. 4. 12 Optimal 3-D structures from single- and multi-fidelity methods. 
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Chapter 5 Passive Shimming of Static Magnetic 

Field 

5.1  Evaluation Model for the Single Shimming Magnet  

First, we consider the situation without the effects of the iron yoke. We can use the equivalent 

magnetizing current method [59] to calculate the magnetic field of a cylindrical magnet. This 

method models the magnetization distribution of the permanent magnet as a set of equivalent 

current loops and then applies Ampère's Circuital Law to calculate the magnetic field it generates.  

The magnetic field produced at any point outside the permanent magnet is the result of the 

super-positioning of all the magnetizing current loops on the surface of the permanent magnet. 

For a single cylindrical magnet, establish a coordinate system as shown in Fig. 5.1 (a), with the 

magnet's axis aligned along the z-axis, the upper surface of the magnet located at z = z2, and the 

lower surface of the magnet located at z = z1. The magnet has a radius of a, and its remanent 

magnetization is Br. The magnet can be represented by an equivalent magnetizing surface current, 

with current density uniformly distributed on the cylindrical surface, and the differential length is 

dz0, as shown in Fig. 5.1 (b). The modeling of each current loop is depicted in Fig. 5.1 (c). 
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(a)                      (b)                 (c) 

Fig. 5. 1 Principle of the magnetizing current.(a) Magnetizing currents in a cylindrical 

magnet, and (b) the cross-section, (c) single current loop.  

The equivalent magnetizing current density can be expressed as 

𝑱 =
𝐵

𝜇
𝒆 ,                                                                  (5.1) 

where 𝐵  is remanence of the magnet, 𝜇  is the permeability of vacuum, 𝒆  is the unit 

vector in the circumferential direction. Assume a current I in the circular loop model, according 

to Biot-Savart's Law, the vector magnetic potential A can be expressed as 

𝑨 =
𝜇

4𝜋

𝐼𝑑𝒍

𝑟
.                                                               (5.2) 

Since the computational model is a circularly symmetric structure, we establish a cylindrical 

coordinate system. By symmetry, the vector potential is azimuthal, 

𝐴 = 𝐴 =
𝜇 𝐼

4𝜋

𝑎𝑑𝜃 ⋅ 𝑐𝑜𝑠 𝜃

𝑎 + 𝜌 + (𝑧 − 𝑧 ) − 2𝑎𝜌 𝑐𝑜𝑠 𝜃
.               (5.3) 

Assume that 

𝛼 =
1

2
(𝜃 − 𝜋),                                                   (5.4) 

Then, 

1

2
𝑐𝑜𝑠 𝜃 𝑑𝜃 = (2 𝑠𝑖𝑛 𝛼 − 1)𝑑𝛼.                                            (5.5) 

So, equation (5.3) can be expressed as: 

𝐴 =
𝜇 𝐼𝑎

𝜋

(2 𝑠𝑖𝑛 𝛼 − 1)𝑑𝛼

(𝑎 + 𝜌) + (𝑧 − 𝑧 ) − 4𝑎𝜌 𝑠𝑖𝑛 𝛼
.                         (5.6) 
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Assume that 

𝑘 =
4𝑎𝜌

(𝑎 + 𝜌) + (𝑧 − 𝑧 )
,                                              (5.7) 

formula (5.6) can be expressed as: 

𝐴 =
𝜇 𝐼

𝜋𝑘

𝑎

𝜌
1 −

𝑘

2
𝐾(𝑘) − 𝐸(𝑘) ,                                   (5.8) 

where K(k) is the complete elliptic integral of the first kind: 

𝐾(𝑘) =
𝑑𝛼

√1 − 𝑘 𝑠𝑖𝑛 𝛼
,                                                      (5.9) 

and E(k) is the complete elliptic integral of the second kind: 

𝐸(𝑘) = 1 − 𝑘 𝑠𝑖𝑛 𝛼 𝑑𝛼 .                                           (5.10) 

According to 𝑩 = 𝛻 × 𝑨, the magnetic flux density generated by the circular loop current 

at point P can be calculated as follows: 

𝐵 =
𝜇 𝐼

2𝜋

𝑧 − 𝑧

𝜌 (𝑎 + 𝜌) + (𝑧 − 𝑧 )
−𝐾(𝑘) +

𝑎 + 𝜌 + (𝑧 − 𝑧 )

(𝑎 − 𝜌) + (𝑧 − 𝑧 )
𝐸(𝑘)           (5.11) 

𝐵 =
𝜇 𝐼

2𝜋

1

(𝑎 + 𝜌) + (𝑧 − 𝑧 )
𝐾(𝑘) +

𝑎 − 𝜌 − (𝑧 − 𝑧 )

(𝑎 − 𝜌) + (𝑧 − 𝑧 )
𝐸(𝑘)           (5.12) 

Replace I with 𝐵 𝜇⁄ 𝑑𝑧 ，and integrate z0 within the range [z1, z2], we can obtain the 

magnetic field produced by a single cylindrical magnet: 

𝐵 =
𝐵

2𝜋

𝑧 − 𝑧

𝜌 (𝑎 + 𝜌) + (𝑧 − 𝑧 )
−𝐾(𝑘) +

𝑎 + 𝜌 + (𝑧 − 𝑧 )

(𝑎 − 𝜌) + (𝑧 − 𝑧 )
𝐸(𝑘) 𝑑𝑧  (5.13) 

𝐵 =
𝐵

2𝜋

1

(𝑎 + 𝜌) + (𝑧 − 𝑧 )
𝐾(𝑘) +

𝑎 − 𝜌 − (𝑧 − 𝑧 )

(𝑎 − 𝜌) + (𝑧 − 𝑧 )
𝐸(𝑘) 𝑑𝑧        (5.14) 

Since the static magnetic field is along the z-direction, we are only concerned with the z-

component of the magnetic field. Equation 5.14 can be used to calculate the magnetic field of a 

cylindrical magnet in air. In practice, however, we need to consider the influence of the iron yoke 

because the iron yoke forms a magnetic flux path that enhances the magnetic field generated by 

the shimming magnet. 
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For FEM calculation, the saturation magnetization resulting from adding the shimming 

magnets can be neglected. Therefore, In Fig. 5.2, the super-position of the field of ROI from 

model (b) and (c) is equivalent to that of model (a). When altering the distribution of the shimming 

magnets, the model in Fig. 5.2 (b) remains unchanged. Therefore, the magnetic field within the 

ROI in Fig. 5.2 (b) serves as the base field, and can be obtained from FEM calculation. We here 

define the magnetic field in ROI of Fig. 5.2 (b) and Fig. 5.2 (c) as base field and shimming field. 

 

Fig. 5. 2 FEM calculation model for the shimming magnet. 

As depicted in Fig. 5.3, we further simplify the model. The magnetic field produced by the 

shimming magnet shown in Fig. 5.3(b) can be calculated by equivalent magnetizing current 

method [59] and image current method [27]. The influence of the iron yoke can be effectively 

modeled as an infinitely large magnetic plate since the shimming magnet is significantly smaller 

relative to the iron yoke. According to the image current theory, the influence of an infinitely large 

magnetic plate can be further simplified as image currents. Therefore, the model composed of the 

shimming magnet and the iron yoke can be simplified to a combination of magnetization currents 

and mirror currents, allowing for the calculation of the shimming field using theoretical methods. 
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Fig. 5. 3 Theoretical model for the shimming PMs design. 

Finally, the field produced by the whole model (Fig. 5.4(a)) can be obtained by super-

positioning the base magnetic field (from FEM calculation, as shown in Fig. 5.4(b)) and the 

shimming field (from theoretical model, as shown in Fig. 5.4(c)). We define the combination of 

model Fig. 5.4(b) and Fig. 5.4(c) as a FEM-theoretical model. 

 

Fig. 5. 4 FEM-theoretical model for the shimming magnets design. 

5.2 FEM-theoretical Model Verification  

In order to verify the accuracy of the FEM-theoretical model, we compared the magnetic 

field from FEM model and FEM-theoretical model. Take a real case for example, as shown in Fig. 

5.5. The contour plot of the magnetic field distribution within the ROI is depicted in Fig. 5.6, 

while a comparison of the numerical values along the dashed line is presented in Fig. 5.7. The 

maximum relative error between FEM model and FEM-theoretical model is smaller than 0.025% 

(250 ppm).  
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Fig. 5. 5 Calculation models. (a) FEM model, and (b) FEM-theoretical model. 

 

Fig. 5. 6 Magnetic field comparison, Bz in (a) FEM-theoretical model, and (b) FEM model 
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Fig. 5. 7 Magnetic field comparison between FEM-theoretical and FEM model (Bz along 

dotted lines) 

5.3 Optimization Method 

Based on the proposed FEM-theoretical model, we further adopt the linear optimization to 

optimize the distribution of shimming magnets. First, the magnetic field produced by all the 

shimming magnets is calculated by super-positioning the field given by 

𝑩 = 𝑨𝑿,                               (5.15) 

where 

𝑨 =
𝐴 ⋯ 𝐴

⋮ ⋱ ⋮
𝐴 ⋯ 𝐴

,                                                       (5.16) 

𝑿 = [𝑥 , ⋯ , 𝑥 , ⋯ , 𝑥 ] ,                                                    (5.17) 

where Aij depicts the magnetic induction in the i-th target point produced by the j-th 

shimming magnet, which can be calculated using the proposed FEM-theoretical model. xj depicts 

the thickness of the j-th shimming magnet, which is the unknown variable need to be optimized. 

The optimization objective is to minimize the total thickness of all shimming magnets while 

ensuring required non-uniformity. The optimization problem is defined as follows: 
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min: 𝐹 = |𝑥 |,    

 sub. to  𝐵 1 − 𝜎 < 𝐴𝑋 + 𝐵 < 𝐵 1 + 𝜎 ,               

                    (5.18) 

where 𝜎  denotes the field error between ideal field and optimized field, 𝐵  is obtained 

from FEM model of Fig. 5.4 (b). Moreover, 𝐵  denotes the desired average magnetic density 

in ROI. Linear programming is used to solve this optimization problem because of its fast 

convergence speed. Due to the strict non-uniformity requirements (for example, below 150 ppm), 

the accuracy of the FEM-analytical model may introduce some errors. Therefore, we propose the 

use of a multi-step method for optimizing the shim magnets. The shimmed field derived from the 

initial iteration serves as the base magnetic field for subsequent iterations, and this process 

continues iteratively. The iterative process continues until the desired level of non-uniformity is 

achieved. 

5.4 Design Results 

In the first optimization iteration, the value of 𝜎  is set to be 0.04 % (400 ppm). The results 

of the first shimming are shown in Fig. 5.8, with red and blue representing shimming magnets 

magnetized in the same or opposite direction to the main magnetic field, respectively. The value 

of 𝑈  in the target region is 10000 ppm when there are no shimming magnets, and that 

decreases to 558 ppm after the first iteration.  

 

(a)                             (b) 

Fig. 5. 8 Optimized shimming magnets and simulation results of the first step. (a) 

Distribution of optimized shimming magnets, and (b) simulated field. 
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In order to further improve the uniformity, the second iteration was carried out. The second 

step is based on the field results of the first step, and the value of 𝜎  is set to be 0.01% (100 ppm). 

As shown in Fig. 5.9, the thicknesses of shimming magnets are adjusted based on the optimal 

results from the first step, which reduces 𝑈  from 558 ppm to 215 ppm. 

 

(a)                            (b) 

Fig. 5. 9 Optimized shimming magnets and simulation results of the second step. (a) 

Distribution of optimized shimming magnets, and (b) simulated field. 

Similarly, based on the results of the second optimization, a third optimization iteration was 

conducted. In the third step, the desired non-uniformity was set to be 100 ppm again, and the non-

uniformity calculated by FEM model was 125 ppm, as illustrated in the Fig. 5.10. The optimized 

results of these three steps are summarized in Table 4.5. After three times optimizations, the 𝑈  

reaches 125 ppm, which is an acceptable non-uniformity.  
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(a)                            (b) 

Fig. 5. 10 Optimized shimming magnets and simulation results of the third step. (a) 

Distribution of optimized shimming magnets, and (b) simulated field. 

 

Table 5. 1 Non-uniformity of Optimized Results 

Step 
𝑈  (ppm) 

Before shimming After shimming 

1st  10000 558 

2nd  558 215 

3rd  215 125 
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Chapter 6 Conclusion 

6.1 Gradient Coil Design Considering Field Distortion Effects. 

A novel method for designing gradient coils for low-field MRI devices was proposed. The 

proposed method considered the effect of magnetic materials, particularly anti-eddy plates, by 

introducing image dipole currents. In the optimal design of gradient coils, the effect of 

ferromagnetic materials was minimized to obtain highly linear fields. The magnetic field 

measurement results and phantom images revealed the validity of the proposed method.  

In future work, more effort should be devoted to designing the structure of anti-eddy plates. 

Existing anti-eddy plates are not the optimal structure and there is room for optimization. Apart 

from reducing weight, we can use discrete anti-eddy units placed in positions where they are 

needed to guide gradient magnetic fields. Meanwhile, we also need to consider the impact of 

discrete anti-eddy units on the gradient magnetic field. 

6.2 Gradient Coil Design Considering Field Distortion Effects 

In this study, a design method for Z-gradient coils in low-field MRI systems was proposed, 

focusing on enhancing anti-eddy performance. The newly introduced design procedure 

significantly improves the anti-eddy performance of the coils. The study presented simplified 2-

D FEM models for both transient and static FEM calculations. A fast 1-D ISF method was 

employed to enhance gradient efficiency and generate 158 coil patterns. The approximated MOP 

method considered nonlinearity, gradient efficiency, and inductance simultaneously, selecting 

candidate coils based on the Pareto optimal front. Anti-eddy performance was evaluated by 

analyzing transient responses of eddy current loss and eddy field. Ultimately, the anti-eddy 

performance served as the primary criterion for determining the optimal coil design. Measurement 



A Study on the Design Optimization of the Bipolar Permanent Magnet Type Low-field MRI Device                     Xiaohan Kong 

 

95 

 

and imaging results demonstrated that the optimal coil exhibited superior anti-eddy performance 

compared to conventional coils.  

The potential improvements using evolutionary method are possible to improve the 

optimization efficiency and find better solutions, and this is what we will do in future work. 

Instead of using the pre-sampled parameter space, we can find a continuous Pareto front using an 

algorithm such as NSGA (Non-dominated Sorting Genetic Algorithm). 

6.3 Topology Design of the Permanent Magnets and Iron yoke 

A multi-fidelity topology optimization method has been proposed to alleviate the local 

optima problem. This method simplifies the design difficulty by dividing the optimization into 

sub-problems at the physical level. The proposed method showed a better performance than the 

conventional method in the design of low-field MRI devices. This method can be applied to other 

complex topology optimization problems, and the definition of multi-fidelity objective functions 

should consider the actual functions of the structures to be designed.  

In future work, we will incorporate the optimization of bipolar magnets, taking into account 

the interaction between the magnets and the iron yoke through iterative optimization. 

6.4 Passive Shimming of Static Magnetic Field 

We propose a passive shimming method for adjusting the static magnetic field in the low-

field MRI device. Initially, we created a straightforward evaluation model for the shimming 

magnet by combining a FEM model with a theoretical model. Subsequently, LP was employed to 

swiftly design the distribution of shimming magnets. A test case validated the effectiveness of 

this approach, reducing non-uniformity from 10,000 ppm to 125 ppm after three iterations. 

In future work, we can explore the application of deep learning-based neural networks to 

design shimming magnets, aiming to achieve even more accurate predictions. 
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