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Chapter 1

General introduction

Superconductivity has attracted much attention of many researchers due to its anoma-
lous electromagnetic properties and has continued to be a central topic in condenced
matter physics from its discovery [l]. This phenomenon is explained well by BCS the-
ory [?] and arises from the condensation of Cooper pairs on the order of Avogadro
number N ~ 10%. A number of Cooper pairs composed of two electrons on the Fermi
level condense in the same quantum state by aligning their phases and the energy gap
in the single-particle spectrum opens near the Fermi level. As a result, the supercon-
ductors gain the condensation energy and acquire the phase coherence. When a weak
orbital magnetic field is applied to a superconductor, it can not penetrate the object.
Since the magnetic fields are perturbations that disturb the phase coherence, the super-
conductors gain a larger energy by expelling the magnetic fields rather than attracting
them. The phenomenon known as Meissner-Ochsenfeld effect 8] is more fundamental
than the disappearance of electric resistance. It has been widely accepted that Cooper

pairs have the diamagnetic property and stabilize the superconducting states.

Electrons have internal degrees of freedom such as spin ¢ and spatial coordinate r.
Therefore, Cooper pairs can be classified by its symmetry. Cooper pairs composed of
spin-1/2 electrons are represented by the pairing correlation function F, (7, 7') and
are classified into two symmetry classes: spin-singlet even-parity symmetry class and
spin-triplet odd-parity symmetry class. The former is represented by an antisymmetric
function under the permutation of the spin degree of freedom and realized in supercon-
ductivity in most metals and cuprates [@]. On the other hand, the latter is represented
by a symmetric function under the above permutation and realized in heavy electron
systems [6-8|, superfluid *He [4], and so on. Since physical phenomena strongly de-
pend on the symmetry in general, understanding how the observable depends on the

symmetry and why it does so remains a challenge in theoretical physics.



Chapter 1 General introduction

In 1974, Berezinskii proposed a new symmetry class of Cooper pair, odd-frequency
Cooper pair, to explain the symmetry of the order realized in superfluid *He [I0]. The
concept is based on the idea of focusing on the relative time of two electrons forming
a Cooper pair. We need to add the time degree of freedom 7 to the correlation func-
tion Fy o (7, 7;7’,7') to describe the new pairs. Compared with odd-frequency Cooper
pairs, conventional spin-singlet even-parity pairs and spin-triplet odd-parity pairs are
collectively referred to as even-frequency Cooper pairs. Although the proposal itself
ended in a failure, this new concept has sparked many theoretical and experimental
studies as a result [T1-T5]. It has been understood that odd-frequency Cooper pairs
appear in local region such as at a vortex core [I6], in the vicinity of a magnetic im-
purity [I7, [8], and at the surface of a topologically nontrivial superconductor [I9, 20].
Important and curious property of odd-frequency Cooper pairs is paramagnetism [1].
So far, phenomena in inhomogeneous systems, such as long-range proximity effects in
superconductor/ferromagnet junctions [22] and anomalous proximity effects in normal
metal /superconductor junctions [I9, 23], have been explained well by the concept of
odd-frequency Cooper pair. The reason for the dramatic change in local physical phe-
nomena is commonly attributed to the paramagnetic property of odd-frequency Cooper
pairs. The concept of odd-frequency Cooper pair is still being used to gain a unified
understanding of the property of various physical phenomena in inhomogeneous super-
conducting systems. In other words, the formation of odd-frequency Cooper pairs is a

usuful picture for understanding superconductivity in a rational way.

It has been considered that uniform odd-frequency Cooper pairs are not able to exist
in the bulk since they destabilize superconductivity by disturbing phase coherence due
to the paramagnetic property [24-26]. In fact, superconductivity with odd-frequency
pairing order has never been reported experimentally although there are a number of
theoretical studies [24-46]. On the other hand, it has been shown that uniform odd-
frequency Cooper pairs are able to exist in systems where electrons near the Fermi level
have large internal degrees of freedom such as band, orbital, and sublattice [47, 48]
Many superconductors such as MgBy [A9-51]], heavy fermion compounds [62, b3] iron
compounds [64, 53], and Cu,BisSe; [66, 57] are regarded as “multiband /orbital super-
conductors”. Recently, the condition for a superconducting state that contains spatially
uniform odd-frequency Cooper pairs has been presented [[14, b8 59]. In these supercon-
ducting states, odd-frequency Cooper pairs exist as subdominant pairing correlations
apart from even-frequency Cooper pairs which are linked to the superconducting order
parameter. In fact, Bogoliubov quasiparticles [60, 61] forming the Fermi surfaces, which
is known as one of the characteristics of superconductors with large internal degrees of

freedom [62-64] and odd-frequency Cooper pairs coexist [63, 66]. It is also shown that




Chapter 1 General introduction

the magnetic response of such uniform odd-frequency Cooper pairs is paramagnetic
and then they suppress the superconducting transition temperature 7T, [67]. However,
this fact has made its characteristic physical phenomena extremely obscure. Only
when the amplitude of the odd-frequency pairs become dominant compared with that
of even-frequency pairs, physical phenomena unique to odd-frequency Cooper pairs
are expected to occur. Unfortunately, odd-frequency Cooper pairs, which are para-
magnetic, are thermodynamically unstable and cannot be dominant pair correlations.
Therefore, the effect of uniform odd-frequency Cooper pairs on physical phenomena
was unclear. The purpose of this study is to fill the gaps in knowledge on the physical
phenomena unique to uniform odd-frequency Cooper pairs.

In this thesis, we focus on the stability of the multiband /orbital superconductivity
against thermal fluctuations and disorder, which has been known to exhibit anomalous
characteristics: discontinuous transition to the superconducting phase and suppres-
sion of T, due to nonmagnetic impurities. Even seemingly obvious properties for most
superconductors such as the second-order transition and the robustness of s-wave su-
perconducting order against disorder [68, 6Y] do not hold true in multiband/orbital
systems [70, [77]. Unfortunately, there had been no comprehensive understandings of
these anomalous phenomena. We show that the paramagnetic odd-frequency Cooper
pairs play a key role to understand the underlying physics. We expand the Ginzburg-
Landau (GL) free energy in a multiband /orbital superconductor by using the anoma-
lous Green’s function and discuss the relationships between the existence of the uniform
odd-frequency Cooper pairs and the thermodynamic stability of the superconducting
phase. We demonstrate that odd-frequency pairing correlation functions change the
sign of the coefficient of the A term in the GL free-energy and cause the discontinuous
transition to the superconducting phase. We also show a potential for the discontinuous
transition is a common feature of superconductors that accommodate odd-frequency
Cooper pairs. In addition, we discuss the effects of potential disorder on 7, in a multior-
bital s-wave superconductor. We demonstrate that the uniform odd-frequency Cooper

pairs in the clean limit play an important role to discuss the robustness.

This thesis is organized as follows. In Chapter. B, we present the classification of
Cooper pairs by its symmetry and discuss how odd-frequency Cooper pairs emerge
in some superconducting systems. A brief review of the magnetic properties of odd-
frequency Cooper pairs are also presented. In Chapter. B, we discuss the instability
of uniform superconducting state caused by subdominant odd-frequency Cooper pairs.
We demonstrate the transition to the superconducting phase with changing the tem-
perature becomes discontinuous. We discuss the mechanism of the phenomenon in

terms of odd-frequency Cooper pairs. In Chapter. B, we study the effect of potential
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disorder in a multiorbital superconductor using the effective model of Cu,BisSes. We
show the robustness of the multiorbital s-wave superconducting order highly depends
on its parity with respect to the orbital degree of freedom. The effect of odd-frequency

Cooper pairs are also discussed. Finally, the summary of this thesis is presented in

Chapter. B.

10



Chapter 2

Paramagnetic odd-frequency

Cooper pair

In this chapter, we introduce odd-frequency Cooper pairs and briefly review their prop-
erties. Firstly, we present the symmetry classification of Cooper pairs including the
relative time degree of freedom of two electrons. Next, we discuss how the symmetry
of Cooper pair affects the magnetic property of a superconductor. We show both non-
uniform and uniform odd-frequency Cooper pairs exhibit a paramagnetic response to

external magnetic fields.

2.1 Symmetry classification of Cooper pair

In the mean-field theory of superconductivity, the presence of Cooper pair in super-

conductors is represented by the pairing correlation function:

Foo(1,7) = = (1) 0o (1)), (2.1)

where o, ¢’ represents the spin degree of freedom of an electron and 7, v’ represents
the spatial coordinate. 1, () is the annihilation operator of an electron at r with spin

o and satisfies the following anticommutation relation:

{¢o(r), o (r')} =0, (2.2)

since the electron is a fermion. Therefore the correlation function must be antisym-

metric under the permutation of the two electrons:

‘FU,U’(T7TI> = _‘FO'/,O'(T,7T)‘ (23)

11
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This antisymmetry is carried by the spin or coordinate degree of freedom of the electron.

Therefore, the Cooper pairs are classified into two symmetry classes. One is spin-singlet

even-parity (s-wave, d-wave, - --) symmetry class. The relation
FU,U’(Ta ’l”,) = _Fo’,a(ra'r,) (24)
=+F, (7', 7), (2.5)

holds true among the correlation functions belonging to this symmetry class. In this

class, the spin degree of freedom carry the antisymmetry. The other is spin-triplet

odd-parity (p-wave, f-wave, ---) symmetry class represented as
‘FU,U’(ra 'I"/) = +'F0’,U(Ta ’l“,) (26)
= _fo,cr’ (Irlv /r)‘ (27)

The coordinate degree of freedom carry the antisymmetry in this symmetry class. Spin-
singlet s-wave Cooper pairs are known to be realized in most metalic superconductors
such as Al and Pb while spin-singlet d-wave Cooper pairs exist in cuprates. Materials
realizing spin-triplet Cooper pairs are limited, but superfluid *He and superconductivity
in heavy fermion compounds are the examples. When we assume the internal degrees
of freedom of the electron are only spin and coordinate, above classification of Cooper
pair is completely exhaustive. We summarized this “conventional” classification of

Cooper pairs in Table. P11

Table 2.1:  Classification of Cooper pairs. In this classification, the spin and coordinate
degrees of freedom are took into account. Parity below originates from the coordinate

degree of freedom. The two symmetry classes below satisfy the antisymmetric relation
in Eq. (223).

Spin  Parity

1 Singlet Even
2 Triplet Odd

Above arguments are based on the assumption that two electrons form a Cooper
pair at the same time. In addition to the spin and coordinate degrees of freedom,
electrons naturally have the “time” degree of freedom derived from the equations of
motion. It is not necessary for two electrons to form a Cooper pair at the same time. To

include the time degree of freedom to our arguments, it is useful to define the following

12
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pairing correlation function:

Foo(r, 757", 7") = = (Tthe (7, 7)o (v, 7))
= - 9(7- - T,) <77/JU(’I", T)¢0’ (’I",, Tl))
+ ‘9(7_/ - T) <¢a’<r/7 T/)¢G(T, T)>> (28>

where 7 is the imaginary time of the electron, T, represents imaginary time-ordering
operator, and 1, (7, 7) = 1), (r)e” 7 represents imaginary time Heisenberg represe-
nation of the annihilation operator as commonly employed in quantum field theory at
finite temperature [B9, 72, [73]. This correlation function is referred to as anomalous
Green’s function in the Gor’kov’s formalism and depends only on the relative time
between two electrons 7 — 7/ when we assume uniformity of the time. The anomalous

Green’s function in Eq. (Z38) also satisfies the relation
fo’,o”(fr;T; ']"/’7‘/) = —]—"0/70(7“',7'/;')“,7'), (29)

due to the antisymmetric property of electrons. Strictly speaking, this property is
considered through the time-ordering since the anticommutation relation of fermions
including the time degree of freedom is not defined in quantum mechanics. This ex-

tention enables us to consider the odd function with respect to the relative time as
Fa,a’(raT; T,77/> = _fcr,a’(ruT/;r,7T>‘ (210>

The symmetry of Cooper pairs including the time degree of freedom are usually dis-
cussed in terms of the Matsubara frequency w,. Cooper pairs that satisfy Eq. (2-10)

are called “odd-frequency Cooper pairs” since the relation

«Fa,a’(rar/>7;wn) = —Fg7g/<T,TI, _iwn)a (211)
1/T ‘ )
Foo (7,7, i) = / d(1 =7 Foor (v, 77" 7)™ T, (2.12)
0
holds true. In Table. EZ2, we present a complete classification of Cooper pairs includ-

ing the time (frequency) degree of freedom. Cooper pairs are classified into the four

symmetry classes:
1. even-frequency spin-singlet even-parity symmetry class (ESE class).
2. even-frequency spin-triplet odd-parity symmetry class (ETO class).

3. odd-frequency spin-singlet odd-parity symmetry class (OSO class).

13
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Table 2.2:  Classification of Cooper pairs including the time degree of freedom in
addition to the spin and coordinate. The four symmetry classes below satisfy the
antisymmetric relation in Eq. (229).

Frequency  Spin  Parity
ESE class Even Singlet  Even
ETO class Even Triplet  Odd
OSO class Odd Singlet  Odd
OTE class Odd Triplet Even

4. odd-frequency spin-triplet even-parity symmetry class (OTE class).

Spin-singlet even-parity and spin-triplet odd-parity Cooper pairs in Table. EZ1 can
be regarded as Cooper pairs belonging to ESE class and ETO class in Table. 2,
respectively. On the other hand, Cooper pairs belonging to OSO class or OTE class
emerge only when we consider the relative time degree of freedom.

The concept of odd-frequency Cooper pair was introduced by Berezinskii to explain
the superfluidity in *He [10]. Although there has been much theoretical work on odd-
frequency superconducting states in bulk systems since 1990s [Z7-46] experimental
evidence is still lacking. The spatially uniform odd-frequency superconducting order
was shown to be impossible in single-band metals [26]. However, it turns out that
the subdominant odd-frequency Cooper pairs are allowed to exist in some systems.
For instance, the odd-frequency spin-triplet s-wave state can be realized as an induced
subdominant pairing correlation in a rather conventional system consisting of a spin-
singlet s-wave superconductor and a ferromagnet [22]. Induced odd-frequency pairing
correlations have been discussed in connection with a subgap quasiparticle appearing at
a surface of unconventional superconductors 12, [4-77], a vortex core [I6, /8], an edge
of a Majorana nanowire [20], and around a magnetic impurity /cluster [, I8, 9, 80].
Superconductors having internal degrees of freedom (e.g., band, orbital, sublattice)
could also be a platform for realizing subdominant odd-frequency Cooper pairs [A7,
48]. A quasiparticle on the Bogoliubov Fermi surface [62] in such multiband/orbital

superconductors [63, 64] also accompanies an odd-frequency Cooper pair [65, 66

2.2 Paramagnetic Cooper pairs

The most important property of odd-frequency Cooper pairs is that they exhibit a
paramagnetic response to an external magnetic field [21, 67, 81, 82]. To discuss the

effects of paramagnetic Cooper pairs, we present a phenomenological argument about

14
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the energy of the superconducting condensate.

The superconducting condensate can be described phenomenologically by the macro-

scopic wave function
U(r) = \/ns(r) e, (2.13)

where ng is the density of Cooper pairs and @ is the phase of the condensate. The flux
quantization is derived from the single-valuedness of this wave function. The Josephson
effect is explained as the tunnel effect between two superconductors characterized by
such wave functions. The energy of the condensate can be calculated in terms of the

macroscopic wave function,

£ far (i) o} {7 i) i)

— [ar g { S s (vo - £a)'Y (214)

The first term in Eq. (E14) represents the kinetic energy of the condensate, and the
second term means the elastic energy of the superconducting phase. Since ng > 0,
both the spatial gradient of the density and the spatial gradient of the phase increase
the energy of the condensate, which describes the rigidity of the superconducting state.
Therefore, both the pair density and the phase are uniform at the ground state in the

absence of a magnetic field. The electric current can be described by

5= ol Luttr) (Vi A) 6(r) — (Vi A) ) ()]

B ehnSVH—

m mc

ns 62

A (2.15)

Together with the Maxwell equation V x H = 47“ J, we obtain the equation for a

magnetic field in a superconductor,

A nge?

V2H —

H =0. 2.16
- (2.16)
London’s length A\, = \/m ¢?/4m ng e? characterizes the spatial variation of a magnetic
field. Equation (P718) represents the Meissner screening effect of a magnetic field. The
dumping of a magnetic field into a superconductor is described by the negative sign at
the second term on the last line in Eq. (Z13). The argument above is valid when the

pair density ng is positive everywhere in a superconductor.

15
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Let us assume that the pair density is negative locally at a finite area around r = 7y
and let us discuss the physical consequence of ng(rg) < 0. The second term in Eq. (214)
suggests that a large gradient of the phase and the penetration of a magnetic field are
necessary to decrease the energy of the condensate. Namely, the condensate with the
“negative pair density” is paramagnetic. Eq. (218) with negative ng suggests also that
a magnetic field can penetrate into such a paramagnetic superconductor [21, 81]. Such
a local area around 7y may no longer be superconductive because the phase 6 fluctuates
easily from a constant value. Thus the pair density ng must be positive to realize the
stable homogeneous superconducting ground state both electromagnetically and ther-
modynamically. However, the “pair density” can be negative locally in the presence
of an inhomogeneous odd-frequency pair. When the amplitude of an odd-frequency
pair is dominant at some place in the inhomogeneous superconductor, the spatial gra-
dient in the superconducting phase decreases the free-energy there. The magnetic
response of a small unconventional superconductor was also shown to be paramag-
netic at low temperature [82]. Furthermore, for uniform odd-frequency Cooper pairs
in multiband /orbital superconductors, they suppress the transition temperature and
tend to destabilize the superconducting state by disturbing the phase coherence [67).
The reason is also explained by the paramagnetic property. In such cases, the even-
frequency component of the pairing correlation functions are dominant and the total
pair density is always positive. The uniform superconducting order with subdominant
odd-frequency Cooper pairs is stabilized by diamagnetic even-frequency Cooper pairs
as well as conventional uniform superconductors. In the following, we briefly review
the emergence and the magnetic property of odd-frequency Cooper pairs in both an

inhomogeneous superconductor and a homogeneous multiband /orbital superconductor.

2.3 Local odd-frequency Cooper pairs in inhomo-

geneous Superconductors

The surface of a superconductor breaks inversion symmetry locally. As a result of
breaking inversion symmetry, odd-parity (even-parity) pairing correlations appear at
the surface of even-parity (odd-parity) superconductor. Such induced pairing correla-
tions belong to an odd-frequency symmetry class because the surface does not change

the spin of a Cooper pair. In what follows, we demonstrate that the pair density can be

16
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negative at such a surface by using an analytical solution of the Eilenberger equation,

hopk - V§+ [H, §) =0, (2.17)
H= o Alm k) (2.18)
—sA(r k) —w,
~ - g(r7’%7wn) f(r7k7wn>
k,w,) = . N . 2.19
g(’ra 7w ) [ —SSI(T, k,u}n) _g(,r.’ k,wn) ( )

Here we have reduced to 2 x 2 particle-hole space by extracting one spin sector of the
Bogoliubov-de Gennes (BdG) Hamiltonian. The pair potential obeys the symmetry

relation

. { A(r, ? singlet s, = —1, (2.20)

Alr,—k) =
(r ) A(r,k) triplet s, =1,

which is drived from the Fermi-Dirac statistics of electrons. The Eilenberger equation

can be decomposed into three equations [23],
UFI;? . Vg :2A fs, "UFIAC . VfB = —an fs, ’UFIAC . st = Q(Ag — Wn fB), (221)
with
1 1
fB :E(f - Ssi)a fS = é(f + Ssi)' (222)
The quasiclassical Green’s functions satisfy the normalization condition
G s ff=0+f—-fi=1 (2.23)
In a homogeneous superconductor, we obtain the solution as

N Ak ’
g = %7 fB = %7 fS = 07 0= w?% + AQ(k) (224)

Thus fp is interpreted as a bulk component of pairing correlation, which contributes

to the pair potential through the gap equation

At k) =TS /S—dk(k,k’)f(r,l%’,wn), (2.25)

17



Chapter 2 Paramagnetic odd-frequency Cooper pair

where A represents an attractive interaction between two electrons. The second equa-
tion in Eq. (E220) represents the symmetry relationship between fp and fg. Since k
is an odd-parity function and w, is an odd in Matsubara frequency, fs belongs to the
opposite parity and opposite frequency symmetry class to fg. Therefore, fs is consid-
ered as an induced pairing component due to the spatial gradient of fz. Although the
anomalous Green’s function f in Eq. (2223) consists of both fp and fg, only the bulk
component fg contributes to the pair potential. Since fg is an odd-function of w,,, the
summation of fg over w, vanishes. The Meissner kernel for the quasiclassical Green’s

function is described as [83]

2ne?

mc

ju - - Q/,L,VAV7 (226)

dk . - )
Q= dwTZ/S—dku ke D g(r, ke, )

dk ~ - l14g
=drT —kuk, (f5 — £3) O, log —. 2.27
AT S [ (3 )0, o 227
wnp>0
The last expression suggests that the odd-frequency pairing correlation decreases Q,, .
By putting the results in Eq. (224) for a spin-singlet s-wave superconductor into Q, it
is possible to recover the results of [6Y]

AQ
Q%V = WTZ m&mzw (228)

The product of n @, , is often referred to as pair density.

As an example of inhomogeneous superconducting states, we consider the conden-
sate near the surface of a two-dimensional p-wave superconductor. The pair potential
is described as

T

A(x) = A cosftanh <§ ) . ky=cosf, k,=sinf, & = o (2.29)

0 Acosf’

where we assume that a surface is at * = 0 and a p-wave superconductor occupies

x > 0, the superconducting state is uniform in the y direction, and &; is the coherence

18



Chapter 2 Paramagnetic odd-frequency Cooper pair

length. The solution of Eq. (2Z21) can be obtained as [84]

wn  A%cos?0 x A cos 6 x
z,0,w,) =— + ——— cosh™2 <—) , x,0,w,) = tanh ( )
gl ben) =g, % 500, g) Pl ="g, &
(2.30)
A% cos? 6
fs(x,0,w,) = — % cosh™? <%) . Qg = /w2 + A2cos? 6. (2.31)

The bulk component fg(x,0+7,w,) = —fp(x, 0, w,) is odd-parity, whereas the surface
component fg is even-parity because of cos?(§ + 7) = cos?6. The gap equation in
Eq. (E223) is described as

A(z) :TZ /O27r Z—Z(?z\ cos cost) [fa(x, 0, w,) + fs(x,0' w,)], (2.32)

=A cosf tanh (50) ATZ \/m (2.33)

On the way to the second line, we approximately neglect the 6 dependence of €y
and that of & in fg. The amplitude of fg increases with the decrease of w, at its
denominator and can be larger than the amplitude of fz for w, < A. The resulting

response kernel,
T do A? cos? 0 A? cos? 0 e
Quv = 5/“/7TTZ / Ea A2 o2 6772 1- 52 cosh (g>

can be negative for a low temperature T' < T, near the surface 0 < =z < &. The

. (2.34)

paramagnetic response at the surface of an unconventional superconductor was pointed
out for a d-wave superconductor [85, 86]. To make clear the details of the paramagnetic
effect theoretically, analysis beyond the linear response is necessary. In Refs. [82 K7,
the pair potential and a magnetic field are determined self-consistently with each other
in a small unconventional superconductor. A small p-wave superconducting disk shows
a paramagnetic response to a magnetic field at a low temperature. Even-frequency
pairs stabilize p-wave superconductivity in the bulk, and odd-frequency pairs exhibit

the paramagnetic response at the surface.

19



Chapter 2 Paramagnetic odd-frequency Cooper pair

2.4 Uniform odd-frequency Cooper pairs in multi-

band superconductors

The realization of uniform odd-frequency Cooper pairs in the bulk has been considered
to be difficult thermodynamically because of their paramagnetic property. However,
contrary to such conventional knowledge, Black-Schaffer and Balatsky demonstrated
that uniform odd-frequency Cooper pairs could exist as subdominant pairing correla-
tions in multiband /orbital superconductors [47, A8]. They consider the band/orbital
degree of freedom explicitly to describe the superconductivity. The anomalous Green’s

function including the band/orbital degree of freedom are difined by

‘F)\U,)\/U/ (T7 T3 TI? 7—/) = _<T‘rw)\a(lr'a T)w/\’a’<’r/7 7J>> (235>
= _FA’J’,AJ<TI7 7_,; r, 7—)7 (236)

where A, X' represents the band/orbital index, ¥, (7) is the annihilation operator of
an electron at 7 with spin ¢ in band/orbital A, and ¥, (r,7) = ey, (r)e ™" is
imaginary time Heisenberg representation of the annihilation operator. The relation in
the second line of Eq. (E238) holds true due to the antisymmetry of electrons. Originally,
the coordinate degree of freedom and the band degree of freedom cannot be separated
because both originates from the spatial degree of freedom. However, we separate the
spatial degree of freedom into the degree of freedom of lattice points and that within
the lattice points (e.g., the degree of freedom of atomic orbitals). We refer to the
symmetry regarding the former as “momentum parity” and that regarding the latter
as “band parity”. In this case, the number of the symmetry class of the Cooper pairs
doubles. In Table. EZ3, we show the classification of Cooper pairs in multiband/orbital
superconductors. The consideration of the additional degrees of freedom leads to the
emergence of Cooper pairs belonging to various symmetry classes. Therefore, the
uniform pairing correlations belonging to odd-frequency symmetry classes emerge in
the bulk. In the following, we present an example of uniform superconductivity that
include subdominant odd-frequency Cooper pairs and discuss the magnetic response

of Cooper pairs in multiband/orbital superconductors [67].

The mean-field Hamiltonian describing the uniform electronic states of a time-
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Chapter 2 Paramagnetic odd-frequency Cooper pair

Table 2.3:  Classification of Cooper pairs in multiband/orbital systems. The eight
symmetry classes below satisfy the antisymmetry relation in Eq. (22386). The momen-
tum parity in the fourth column represents the parity with respect to the momentum k
of the anomalous Green’s function while the band parity in the fifth column represents
the parity regarding the exchange of the band index.

Frequency  Spin  Momentum parity Band parity

ESEE class Even Singlet Even Even
ESOO class Even Singlet Odd Odd
ETOE class Even Triplet Odd Even
ETEO class Even Triplet Even Odd
OSOE class Odd Singlet Odd Even
OSEO class Odd Singlet Even Odd
OTEE class Odd Triplet Even Even
OTOO class Odd Triplet Odd Odd

reversal two-band superconductor is represented as

- - Hx (k) A(k)
H= ULHK)T, Hk)= : (2.37)
; * —A"(—k) —H{(-k)
- . . T -
Wy = [%3 ¢ik} Ve = Wit g Yras Vel (2.38)
S 0 Vo+ Vs Vi—ilh
0 Vi+iVy Vy—V:
Hy(k) = S Vi o bs (2.39)
Vo + Vs Vi—il; 3 0
L Vi+iVy Vi —=V3 0 3
[ 0 Al 0 AlQ
—A s inA
A(k) = ! 0 Swnfiz 0 (2.40)
0 _SspinAIQ 0 AQ
L —Alg 0 _AQ 0
where 1, ,(k) is the annihilation operator of an electron in band A (1 or 2) with
spin o (1 or |) at a momentum k and &, = % — pt. In the normal state Hamil-

tonian Hy(k), the hybridization potential expressed by Vj does not depend on the
spin. The hybridization caused by the spin-orbit interaction is also took into account
by V.= (11,5, V3) and V (k) = —V (—k) holds true. In A(k), the pair potentials
consisting of two electrons with opposite spin are considered. sg,i, = 1 represents spin-
triplet symmetry belonging to the ETEO class while sq,i, = —1 represents spin-singlet
symmetry belonging to ESEE class.
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Chapter 2 Paramagnetic odd-frequency Cooper pair

Here, we assume that only the intraband pair potential Ay, A, is finite and the
spin-flip hybridization is absent (i.e., Ajs = V; = V5 = 0) for simplicity. Even in
other cases, the discussion can proceed straightforwardly as well. In this case, the
Hamiltonian in Eq. (2237) can be block diagonalized and the reduced Hamiltonian is
represented by

& Vo +sV3 s 0
. A
Hgy= | 0TV & 0 oo (2.41)
sA} 0 —& Vi —sV3
0 sAy =V —sV; —&o
The anomalous Green’s function is calculated as [67]
F(k, iw,) = % (=X + )AL + (K + ivw) A} po
+{o(E AL = A ) —ia(E A = AL )
+ wp (V1A — v AL ) po
+ {(=X + v])A_ + (K — iviv2) A4 } ps] (2.42)
with
+ Ay £ A
& = & : 52, Ay = % Vo = vy + iv,. (2.43)

p; for j = 1 — 3 are Pauli matrices in the two-band space. Z, X, and K are even func-
tion with respect to both the momentum and the Matsubara frequency. The detailed
expression of these functions is presented in Sec. IITA of Ref. [67]. The third line of
Eq. (242) represents the existence of uniform odd-frequency Cooper pairs induced by
the band hybridization V4.

General magnetic property of the uniform odd-frequency Cooper pairs can be exam-
ined by using some symmetries of the Bogoliubov-de Gennes Hamiltonian. We consider
a general Bogoliubov-de Gennes Hamiltonian describing electronic states of a uniform
superconductor:

H(k) = (2.44)

Hy(k)  A(k)
—~A(k) —Hx(k) |

where X (k,iw,) = X*(—k,iw,) represents particle-hole conjugation. We assume H (k)
is a 2M x 2M matrix with M being a positive integer. H (k) has particle-hole symmetry
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Chapter 2 Paramagnetic odd-frequency Cooper pair

described as
CH(-k)C™'=-H(k), C=1K, (2.45)

where C represents charge-conjugation operator and 7; for j = 1 —3 are Pauli matrices
in the particle-hole space. When we examine a response of superconductors to external
perturbations within the linear response theory, we often need to compute a correlation

function of this form:

1
> ATY(GG + FF i (2.46)
ol

where A represents a vertex in a corresponding correlation function (e.g., current op-
erator in a current-current correlation function). G (F) is normal (anomalous) Green’s

function and is calculated by the Gor’kov equation,

G(k,iw,) F(k,iw,)

liw, — H (k)] Flhiwn) Gk, i) = 1. (2.47)
The relations
G(k,iw,) = —G(k,iw,), (2.48)
F(k,iw,) = —F(k,iw,), (2.49)
FH(—k, —iw,) = —F(k,iw,), (2.50)

hold true by the particle-hole symmetry of the BAG Hamiltonian and the Fermi-Dirac
statistics of electrons. The contribution of the anomalous Green’s function to the

correlation function is calculated to be

ATy [F(k, iw,) F (K, iwy,)]

_TZ
_TZ

ZA2Z]:5& —iwn) Fpa (K, iwy,)

vol

ZAZZ | oo (ks icon) |* — | £5a (K, iwn) [?) | (2.51)

where we used the relations in Eqs. (E229) and (2250) to reach the second line. Fg,
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Chapter 2 Paramagnetic odd-frequency Cooper pair

represents (3, a)-component of the M x M matrix F and

eéo(k:, i) = Fsalk, iw,) j:2.7:5a(k, —zwn)7 (2.52)

represents even-/odd-frequency components of Fg,. Eq. (Z21) clearly shows the anoma-
lous properties of odd-frequency Cooper pairs by the negative sign of the second term.
When we consider a linear response to a static transverse vector potential, the second
term indicates that odd-frequency pairing correlations always have negative contribu-
tions to the Meissner kernel. In other words, odd-frequency Cooper pairs exhibit a
paramagnetic response to external magnetic fields and then destabilize superconduc-
tivity by disturbing phase coherence. Actually, above arguments are not valid when
the corresponding vertex can not be factorized like Eq. (248). It has been shown that
diamagnetic odd-frequency Cooper pairs can exist in some special systems [88, 89].
But the odd-frequency Cooper pairs in most multiband/orbital superconductors show

paramagnetic response [67] and we do not consider such exceptional cases here.

2.5 Summary and scope of this thesis

We have presented the symmetry classifications of Cooper pairs and have introduced
odd-frequency Cooper pairs. We have also reviewed the emergence of the odd-frequency
Cooper pairs and their magnetic properties in both inhomogeneous and homogeneous
superconductors. There are various studies on the inhomogeneous superconductors and
the concept of odd-frequency Cooper pairs comprehensively explains the physics in such
superconductors. However, our kowledge about the effects of uniform odd-frequency
Cooper pairs on the physical phenomena has been still lacking. The purpose of this
study is to fill the gaps in knowledge. In the following chaper, we discuss the thermody-
namic stability and robustness against potential disorder of uniform superconductivity

that include subdominant odd-frequency Cooper pairs.
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Discontinuous transition

3.1 Abstract

We discuss the instability of uniform superconducting states that contain the pairing
correlations belonging to the odd-frequency symmetry class. The instability originates
from the paramagnetic response of odd-frequency Cooper pairs and is considerable
at finite temperatures. As a result, the pair potential varies discontinuously at the
transition temperature when the amplitude of the odd-frequency pairing correlation
functions is sufficiently large. The discontinuous transition to the superconducting
phase is a general feature among superconductors having a large amplitude of odd-

frequency pairing correlation functions.

3.2 Introduction

There are two types of perturbations that act on uniform superconducting states. One
does not change the thermal properties, while the other does. Spin-orbit interactions
and Zeeman fields correspond to the examples of such perturbations in a spin-singlet
superconductor. Spin-orbit interactions do not change any thermal properties of a
superconductor such as the transition temperature 7, or the dependence of order pa-
rameter A on temperatures 7' [90]. On the other hand, uniform Zeeman fields decrease
T.. Moreover, the transition to the superconducting phase by decreasing the temper-
ature changes to a first-order transition in sufficiently strong Zeeman fields [91, B2].
Namely, the superconducting state is thermally unstable under Zeeman fields. A re-
cent study [70] has reported that j = 3/2 superconductors also exhibit very similar
instabilities. Although such discontinuous transition has been observed in spin-singlet

superconductors under Zeeman fields [93-95], there has been no comprehensive expla-
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nation for why the superconducting transition changes to a first-order transition and
what distinguishes the two types of perturbations. We address these issues in this

study.

To the best of our knowledge, odd-frequency Cooper pairs [T0-15] tend to cause
thermal instability in superconducting states. This consideration is supported by the
following findings for odd-frequency pairs localized various places in a superconductor
such as at a vortex core [16], in the vicinity of a magnetic cluster [, IR]|, and at
the surface of a topologically nontrivial superconductor [19, P0]. An analysis of the
free-energy density shows that the superconducting states are unstable locally around
these defects [79, 82]. The paramagnetic response of odd-frequency Cooper pairs to
an external magnetic field is responsible for the instability [21]. In uniform supercon-
ductors, odd-frequency Cooper pairs exist as subdominant pairing correlations when
the electronic structures have extra degrees of freedom such as spins, orbitals and sub-
lattices [48]. It has been shown that the 7, of such superconductors decreases as the

amplitude of odd-frequency pairs increases [67].

The purpose of this chapter is to show that odd-frequency Cooper pairs in uniform
superconducting states are responsible for the discontinuous transition to the super-
conducting phase. For this purpose, we analyze the way in which the odd-frequency
pairing correlation functions change the coefficient of the A* term in the Ginzburg-
Landau (GL) free-energy functional and the superfluid density. We find that the odd-
frequency pairing correlations decrease the coefficient and the superfluid density in the
same manner. The instability originates from the suppression of the superfluid density
caused by odd-frequency pairs. We conclude that a potential for the discontinuous
transition to the superconducting phase is a general feature of superconductors con-
taining odd-frequency Cooper pairs since the mechanism is explained well by basic
properties of uniform odd-frequency Cooper pairs. The two types of perturbations are

distinguished by whether or not they induce odd-frequency Cooper pairs.

This chapter is organaized as follows. In Sec. B23, we explain a model of j = 3/2
superconductors which we mainly analyze in this chapter and show the expression of
the coefficients in the GL free-energy functional in terms of the Green’s function. The
discontinuous transition to the superconducting phase is demonstrated numerically in
Sec. B4. The mechanism of the discontinuous transition is discussed by analyzing the
temperature dependence of the superfluid density in Sec. BH. In Sec. B8, we discuss
the universality of the phenomenon by showing the discontinuous transition in a spin-
singlet superconductor in Zeeman fields and that in a two-band superconductor under

the band-hybridization. The conclusions are given in Sec. BZ4.
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3.3 Ginzburg-Landau Free-energy

3.3.1 Multi-band superconductors

In this chapter, we mainly analyze the Hamiltonian of pseudospin-quintet states in a
j = 3/2 superconductor for the following several reasons. The normal state Hamilto-
nian describes the most general multiband electronic states, which have four internal
degrees of freedom and preserve both time-reversal symmetry and inversion symme-
try [96]. The pair potential can be represented by a simple formula [63, 64]. Useful
mathematical tools are available to calculate the Green’s function analytically. The
high-pseudospin electronic states stem from the strong coupling between orbitals with
angular momentum ¢ = 1 and spin with s = 1/2 [63, 64, 97-99]. The mean-field

Hamiltonian can be expressed as

1 = - NA?
==Y Ul H(k)W 31
= |68, 0T (3.2)
I T
Vr = [Ck,?»/z, Ck,1/25 Ck,—1/2; Ck,—3/2] 5 (3.3)

where g > 0 represents the strength of the attractive interaction, N is the number of
unit cells of the underlying lattice, A denotes the pair potential, and ¢y ;. is the anni-
hilation operator of an electron at k with pseudospin j.. The Bogoliubov-de Gennes
Hamiltonian in Eq. (B) is,

Hy(k) — Alk)

H(k) = )
—A*(=k) —H{(—k)

(3.4)

The normal state Hamiltonian is represented by the tight-binding model on a simple

cubic lattice [07] as
Hx(k) = =2t Z cos k, — 2t Z cos k,, Jf

15
+ 4t3 Z sin /{31, sin k?l,/ JVJI,/ + 6t1 + 7152 — M,
v#y/

=&+ 7, (3.5)

with 1 being the chemical potential. The corresponding point group is Oy. The nearest

neighbor hopping independent of (depending on) pseudospin is t; (t2). The second
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neighbor hopping is denoted by t5. & represents kinetic energy of an electron and the

five-component vector € ; for j = 1 — 5 determines the dependence of the normal state

dispersions on pseudospins. Each is defined as

& = (—2151 - gtg) ;cos k, + 6t + ?tz — I,
€1 = 4\/§t3 sin k, sin k,,
€k = 4\/3153 sin k,, sin k.,
€3 = 4\/§t3 sin k, sin k,
€k = \/th(— cos ky + cos k),
€5 = ta(—2cosk, + cosk, + cosky).

The spinors for the angular momenum of j = 3/2 are described by,

[0 V3 0 0
J_1'ﬁ 0 2 0
210 2 0 V3’

0 0 V3 0

[0 —iv3 0 0

11i/3 0 =2 0

Jy =~ ,
2 0 24 0 —iv3
0 0 /3 0
30 0 0
1101 0 0

J, ==
2100 -1 0
00 0 -3

The five Dirac’s y-matrices are defined in 4 x 4 pseudospin space as

1 1
/yl :%(ngjy + Jij)’ ’}/2 e %(Jy(]z + JZJy)’
1 1
3 4 2 2
Y= (JZJCC + Jccjz)a Y= (‘]x - Jy)?

Sl
Sl

2 2 2
(272 — J2 = J2),

W =

v =

(3.12)

(3.13)

(3.14)

(3.15)
(3.16)

(3.17)
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and 1444 is the identity matrix. They satisfy the following relations

T+ =2 X 1axadiy, (3.18)
VAP AN = —lua, (3.19)
(Y} =} =Ury'Ur', Ur=7'%" (3.20)

where Uy is the unitary part of the time-reversal operation 7 = Ur K with I meaning
complex conjugation. Eq. (BH) corresponds to the Luttinger-Kohn Hamiltonian [97]
with cubic anisotropy when we expand the trigonometric functions up to the second

order of the momentum.

The pair potential is described as

A(k) = Aty - 7 Ur, (3.21)
e = (Mhe,15 M2 Mke,35 Mhe.ds e, 5) (3.22)

where the five-component vector 7, with || = /7 - 75 = 1 represents an even-parity
pseudospin-quintet pairing order.

3.3.2 Ginzburg-Landau expansion

To analyze superconducting states, we solve the Gor’kov equation

G(k,iw,) F(k,iwy,)

[iwn — H (k)] —Flk,iws) —G(k,iw,)

—1, (3.23)

where w,, = (2n + 1)7T is the fermionic Matsubara frequency with n being an integer,
and X (k,iw,) = X*(—k,iw,) represents the particle-hole conjugation of X (k,iw,,).
The Fermi-Dirac statistics of electrons gives the symmetry relation in the anomalous
Green’s function F1(—k, —iw,) = —F(k,iw,). The GL free-energy functional per unit
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cell is represented in terms of the Green’s function [I00, M0T]

Qsn(A) = aA? +bA* + cA® + h. o. t., (3.24)
A? 1 1
2 _ Z Z . i
al* = ? +T 4 N k ETI' [Fl(k,@wn)A (k)] s (325)
1 1 . :
DAY =T ; :N Ek 1o [Fi (K, iw, ) AT (k) Fi (K, iw,) AT (K)] (3.26)

AS=T)" % > %Tr [Fi (K, i) AT () Fi (K, iw,, ) AT (k) Fy (R, iw, ) AT(K)]
- (3.27)

where Fi(k,iw,) = —Gn(k,iw,)A(k)Gn(k,iw,) is the anomalous Green’s function
within the first order of A and Gy is the Green’s function in the normal state. The

calculated results are given by

Fi(k,iw,) = 7 (P (kyiwn) + £ (kyiwy) + £k, iw,) + 79k, iw,)), (3.28)
F2 (R iwn) = —(wn + &)l - 7 Ur, (3.29)
fik,iwy) = 285 7y - €, Ur, (3.30)
fik,iw,) = =€ - Vil - 7 & - 7 Ur, (3.31)
Pk, iwn) = —iw, Po Ur, (3.32)
Po = [k 7, & 7], (3.33)

Zo = (wp + & — &)° + g
= & + 26 (wn — &) + (wi + &), (3.34)

with [A, B] = AB—BA. f£ in Eq. (B28) belongs to pseudospin-quintet symmetry and
is linked to the pair potential through the gap equation. The spin-orbit interactions
€ induce a pseudospin-singlet correlation function f; and another pseudospin-quintet

correlation function fil. fedd

represents an induced pairing correlation belonging to
the odd-frequency symmetry class and holds finite value for Py # 0 [102, [03]. The
structure of fi' is modified by f944 since both correlation functions are connected
each other by the Gor’kov equation in Eq. (B223). Therefore the total even-frequency

components which are linked to the pair potential
. A
Tr [Fi(k,iw,) AT (k)] = Z)Tr [(f2+ ) Al(K)], (3.35)

are indirectly affected by the odd-frequency correlation function fPd49.
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In the absence of the odd-frequency pairing correlations (i.e., Po = 0), f{' and the

coefficients in the free-energy functional are calculated to be

[k, iw,) = =& ik - 7 Ur, (3.36)
1 1 2, .
a_5+TwZN¥Z(wn+gk+ek), (3.37)

1 1
b:TZNZZ_g{(“ZJrfiJFEk +AGE 2 - 1T - T} (3.38)
wn k

€7 in the last term of the numerator of Eq. (837) originates from f;! and amplifies the
integrand. The coefficient a changes the sign at T' = T,.. The gap equation correspond-
ing to @ = 0 has the same expression as that in the BCS theory [[03]. In addition,
b is always positive. This means that the transition to the superconducting state is
a second-order and that the superconducting state is stable for T < T.. Therefore,
the equation Pp = 0 characterizes the perturbations that preserve the thermal proper-
ties of the superconducting states. That is, the thermal properties of superconducting
states in the absence of odd-frequency Cooper pairs are identical to those in the BCS
state. Similarly, thermal properties of pseudospin-singlet pairing states coincide with
the BCS state since there are no odd-frequency Cooper pairs. Pseudospin-singlet pair

potential in the j = 3/2 model is described by
A(k) = AUy, (3.39)

in the BAG Hamiltonian in Eq. (84) [63, 64]. Here, A is chosen to be real. The

anomalous Green’s function within the first order of A results in,

Fynelet — A [— (w2 + & + &) + 28, - 7] Ur. (3.40)
0

In this pairing order, the spin-orbit interaction does not induce odd-frequency pair-

ing correlations but generate an even-frequency pseudospin-quintet pairing correlation

described by the second term in Eq. (820). The coefficients in the GL free-energy

functional are expressed as

gsinElet — + T Z Z (Wi + &+ én), (3.41)

prinelet = TZ 222{ n kT E) T AGE ) (3.42)

Wn
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where a*™&'°t and b*"8!¢* represent second and fourth-order coefficients of the GL func-
tional, respectively. Since there are no odd-frequency Cooper pairs, the expression of
singlet jg equivalent to a in Eq. (B232) and b8t > () holds true. Therefore, the thermal
property of the pseudospin-singlet state is identical to that of the BCS state as well as

a
the pseudospin-quintet states without odd-frequency Cooper pairs.

In the presence of odd-frequency pairing correlation (i.e., Po # 0), it is not easy
to obtain analytical expression of the GL coefficients without further simplifications. To
proceed discussions, we restrict ourselves to consider E; pairing order 7y, = (0,0, 0, 7k 4, Mk 5)
because there are only two components in the pair potential. This simplification en-

ables us to get the following analytical expressions:

fikyiwn) = & i -7 Up — 2 - T & - 7 Ur, (3.43)
1 1 -2 ﬁ ~ S5 o
=T T G a 240, A= —lac il (344)
Wn, k
1 1
b= TY S |+ - @2 - i
Wn k 0

- * 2
- {(Wi + 51% - 613)2 - 4%21 (513,1 + 513,2 + E13,3 - E13,4 - 613,5) } 7712c,4 (77k,5 - 77k,5)
+ 86k - 7T|” (wh + & — G + |&k - Tl?) |, (3.45)

where we chose the common phase factor of the pair potential so that A and 74
are real but ng5 is complex in general. We found that the expression of fi! and a in
Egs. (B23) and (B24) is also valid for the general case: 7k = (Mk.1, k.2, e3> Mhe.ds k5
Only f£ and f' in Fi(k,iw,) contribute to a because a = 0 corresponds to the gap
equation at 7' = T,. Comparing with Eq. (B231), an additional term —2A, appears
in the presence of odd-frequency pairs in Eq. (824). The third and fourth terms in
Eq. (B23) (67 and —2A,) originates from f}!, which is affected by fP44 through the
Gor’kov equation. Comparing with Eq. (B238), it is important that the sign of the
first term in Eq. (823) is reversed due to fP9¢ although there is a correction from
the second term. Since Ag = 0, f°9 suppresses the amplitude of the even-frequency
correlation function which is linked to the pair potential and indirectly decrease T,
due to their paramagnetic property [67]. Similar arguments have also been presented
in other papers [I4, 68, bY]. Even under the simplifications, it is not easy to extract
the physical meaning from the coefficient b due to its quite complicated structure as
shown in Eq. (B2H). To obtain the physical insights from the analytical expression
of b, we also assume (N4, Mks) = (1,0), (0,1), (1,1)/+/2, and (1,4)/v/2. The first,

32



Chapter 3 Discontinuous transition

second, and fourth ones are predicted to be stable states within the phenomenological
GL theory [64, O8, I04]. Py for each state is calculated as

P8O =29 S et POV =29 e, (3.46)
i£4 i#5
3

P(()Ll)/ﬂ = V2 ((74 +9°) Z ey + (ers — €k,4)7475> 7 (3.47)

i=1

3
Py = V2 ((% +i7") Y e+ (ews iek,4>v475> . (3.48)

i=1
The analytical expressions of b in each state are

1 10
bTRS:TZNZZ_g
wn k

(W2 + & — €D + 4], - T|? (W2 + 262 — 24,) — 4w721A0} :

(3.49)

bTRSB:TZ%Z%-
0

Wn, k -

22 + €2 — Ay + B - ) — 802 (Ao — |6 - w)] (3.50)

where bR is valid for (ng4,mk5) = (1,0), (0,1), and (1,1)/v/2 and bTRSB is valid
for (1,4)/+/2. The last terms which are proportional to w? in Eqs. (B29) and (8=30)
originates from f249. We found that these terms are always less than or equal to zero.
Thus the existence of these terms implies the sign change of b when the amplitude of

0dd i Jarge enough. The equation Pg # 0 characterizes the perturbations that change
the thermal properties of the superconducting states. In terms of thermodynamic
properties of superconductors, perturbations are distinguished by whether or not they

induce odd-frequency Cooper pairs.

The sixth and higher order terms in Eq. (B224) are also affected by the odd-frequency
correlation functions. However, we are not able to divide the contributions from even
and odd-frequency correlation functions due to the presence of the cross terms com-
posed of these functions. For example, we consider (g4, Mk5) = (1,0) and t2 = 0 in
Eq. (B4) as we assumed in Sec. B4. In this case, the sixth-order coefficient of the GL

functional results in,
1 —2
R IF D D= (RN I PR I PRI, 3) SN
Wn k 0

The first term in Eq. (B351) originates from the even-frequency correlation function.

On the other hand, the second term is composed of both even and odd-frequency

33



Chapter 3 Discontinuous transition

correlation function. Although eighth-order coefficients and above are also modified
by odd-frequency correlation functions, it is difficult to extract the physical meaning
from these coefficients due to the cross terms. Thus it is difficult to extract physical

meaning from these coefficients.

3.4 Discontinuous transition

In the previous section, we obtained that odd-frequency pairing correlation functions
have negative contribution to the fourth order coefficient of GL free-energy. It implies
that the transition to the superconducting phase becomes discontinuous. To progress
the argument, we consider a specific pair potential represented by (7.4, Mk5) = (1,0).
In addition, we choose 5 = 0 in the normal state Hamiltonian Hy(k) to obtain simple
analytical solutions of the Gor’kov equation with infinite order of A in Eq. (B23). Even
under these simplifications, the following discussion is valid also for (g4, 7k 5) = (0, 1),
(1,1)/v/2, and (1,i)/+/2. The existence of odd-frequency Cooper pairs is a common

feature among these states. The anomalous Green’s function results in

A
Flk,iwn) = —— [W = 2w - 3] 7 - TUr, (3.52)
7 =W?+ 4w, W=w2+& -+ A% (3.53)

The second term in Eq. (B5532) is the pairing correlation belonging to the odd-frequency
symmetry class, which is induced by the spin-orbit interaction €. The coefficient of

the fourth-order term is calculated to be
1 1 2 2 -2
=Ty ~ > -7 W5 — 4wi&] (3.54)
Wn, k 0

with Zy = Z|,_, and Wy = W|,_,. The last term in Eq. (854) is derived from the odd-
frequency pairing correlation functions and contributes negatively to the coefficient b.
The results indicate the instability of the superconducting phase due to odd-frequency
Cooper pairs. The amplitude of the pair potential A is determined self-consistently

from the thermodynamic potential in the superconducting state

Qs(A) = A_Q_g > log [2cosh (E (k)”? (3.55)

2T
k:/\ S+

where Fsy(k) = /& + A? £ |é| and irrelevant constants are neglected. The pair
potential is determined by minimizing Qg(A) with respect to A. Thus, the solution in
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the equilibrium state (Ae,) always satisfies
Qsn(Aeq) = ngn {Qsn(A)|A € R} £0, (3.56)

with Qgn(A) = Qg(A) — Qg(0). The solution of A, is plotted as a function of tem-
perature in Fig. B(a) for several choices of spin-orbit interaction t3. Hereafter, the
transition temperature at t3 = 0 is denoted by 7y, and the pair potential at 7' = 0 and
t3 = 0 is denoted by Ag. In the numerical simulation, we chose y = t; and g = 2.463t;
so that Ty = 0.05t;. We obtained Ay = 0.0882t; ~ 1.7671,, which corresponds to
BCS universal relation [68]. The transition temperature decreases monotonically with
increasing t3. Although A, is insensitive to ¢3 at very low temperature T' < Ty, it
abruptly vanishes for t3 = 0.023t¢;. Uniform superconducting states are no longer stable
under strong spin-orbit couplings. Furthermore, A, shows the discontinuous behavior
at T, for t3 2 0.0205¢;. In Fig. BI(b), the coefficient b(T) is plotted as a function of ¢s.
We obtained b(Ty) = 1.237¢;° at t3 = 0. As predicted in Eq. (854), the odd-frequency
pairing correlations decrease the coefficient b(7,). As a result, the transition becomes
discontinuous for b(7,.) < 0 as shown in Fig. Bl(a) and (b). Thus, odd-frequency
Cooper pairs are responsible for the discontinuous transition to the superconducting

states.

3.5 Superfluid density

To understand why odd-frequency Cooper pairs cause the discontinuous transition,
we discuss the relationship between the coefficient b and the response function to an

electromagnetic field,

jx(qaw) = _Kxa:(qaw)Ax(qvw)v (357)

where j, is the electric current and A,(q,w) is the Fourier component of a vector
potential. The derivation of the response kernel K, is presented in Appendix @A The
response kernel to a static transverse gauge potential is called the Meissner kernel or

superfluid density

Kur(@ — 0,w =0)

Q - 2€2t1 ’

(3.58)

where e is the charge of an electron and @ is dimensionless. In Fig. B(c), the superfluid

density @) is plotted as a function of temperature for several choices of t3, where Qg =

35



Chapter 3

Discontinuous transition

1.4
1.2
1.0
0.8
0.6
0.4
0.2
0.0

Aeq(T)/ Ao

1.4
1.2
1.0
0.8
0.6
0.4
0.2
0.0

Q(T)/Qo

Figure

T
—~
®
~—
i

W

~
o~
-
Il

T
e
e}
—
(S

|

0.0 0.2 0.4 0.6 0.8 1.0 1.2
T/T,

T
~~
@]
N—
~+

w
~
~
,_.

T
e
o
=
o
|

0.0 0.2 0.4 0.6 0.8 1.0 1.2
T/ Ty

b(Te,t3)/b(To,0)

2.0

00 = = — — — — -9

1.0 | §

-3.0 - .
o

-4.0 ‘ ‘
0.00 0.01 0.02

ts/t1

0.0 0.2 0.4 0.6 0.8 1.0 1.2
T/ Ty

3.1:  The self-consistent solution of the pair potential Ay (7) in a j = 3/2
superconductor is plotted as a function of temperature for several strengths of spin-
orbit interaction t3 in (a), where T} is the transition temperature at t3 = 0 and A is
the amplitude of the pair potential at 7' = 0 and t3 = 0. The coefficient b at T' = T,
is plotted as a function of t3 in (b), where T, is obtained from the results in (a). The
temperature dependence of the superfluid density @ and Q is shown in (c) and (d),
respectively. Qo (Qo) in (¢) ((d)) represents @ (Q) at T =0 and t3 = 0.
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0.0664 is the superfluid density at 7' = 0 and ¢3 = 0 in our numerical simulation. At
T ~ 0, the superfluid density is almost independent of ¢3 for t3 < 0.0225¢;. However,
the superfluid density decreases drastically at finite temperatures. To understand such
characteristic features, we analyze the contribution of the anomalous Green’s function
in Eq. (B:32) to the superfluid density,

2
Q=T % > 2ty sin’ /%42% (W2 —4w? 2] (3.59)
wn, k

The second term is derived from the odd-frequency pairing correlations and reduces the
superfluid density. The dependence of () on temperature in Fig. B(c) is dominated
mainly by that of AZ (T) because @ is proportional to A2 (T) as shown in Eq. (829).
Thus, it is not easy to extract the effects of odd-frequency pairs on the superfluid
density. To highlight a role of odd-frequency pairs in the discontinuous transition, we

calculate

N Q(T,t3, Apcs(T))

Q(T,t3) = : (3.60)
’ Apcs(T)
for T < Ty. Here we first replace Aqy (T, t3) by
Apcs(T) = Aug(T t5 = 0), (3.61)

and divide the results by Afq(7T') to relax the influence of Agcs(T). Q(T, t3, Aeq(T, t3))
corresponds to Q(T') shown in Fig. 81(c). In Fig. B(d), Q is plotted for several choices
of t5. The vertical axis is normalized to Qo = Q(T = 0,t3 = 0). The black line for
t3 = 0 almost corresponds to the results of BCS theory

Q(T,t3 =0) ) 1
2B ) A2RT ,
Qo " %; (wy + Afes (1))

(3.62)

and decreases with increasing temperature almost linearly for 7' 2 0.375. QatT =0
remains unchanged even in the presence of the spin-orbit interaction, whereas it at
finite temperatures decreases with increasing ¢3. The suppression from the black line
is remarkable for 0.2 < T'/Ty < 0.5. As a result, the curves for t3/t; = 0.018 — 0.0225
are convex downward. The drastic suppression of the superfluid density in such finite
temperatures is responsible for the suppression of T, and the discontinuous transition
finding at t3/t; 2 0.0205. When we compare Eq. (B5d) with Eq. (8389), the odd-

frequency pairs decrease the coefficient b and the superfluid density @7 in the same
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manner. As shown in Eq. (B52), the odd-frequency pairing correlation function is
proportional to the Matsubara frequency, which is a common property of odd-frequency
pairs in uniform superconductors [I4, 67]. As a result, the effect of odd-frequency
pairs on the instability is considerable at finite temperatures [I05]. The temperature
dependence of Q and the discontinuous change of Agq and @ are the consequence of
the presence of such odd-frequency Cooper pairs. We conclude that the discontinuous
transition to the superconducting phase occurs because odd-frequency Cooper pairs

reduce the superfluid density at finite temperatures.

3.6 Universality of phenomenon

The discontinuous transition due to odd-frequency Cooper pairs and the close rela-
tionship between b and () are confirmed in other superconducting states. Indeed, the
expression in Eqgs. (B54) and (B329) can be applied also to (ng4,mk5) = (0,1) and
(1,1)/+/2. The discontinuous transition in j = 3/2 superconductors has also been
reported in Th, pairing states at 7" = 0 [70]. The authors of Ref. [70] found that the
interband pairing is responsible for the discontinuous transition. Here, band means the
diagonalized normal state band. Although there are some relations between interband
pairing and odd-frequency Cooper pair, these are not equivalent concept. It can be the
case that interband pairing corresponds to even-frequency Cooper pair and stabilizes
the superconducting order. We present the examples in Appendix B. Odd-frequency
Cooper pairs provide us clear insights to discuss the thermodynamic properties by their
paramagnetic property. The instability at 7" = 0 for both T5, and E, pairing states
has been also implied in Ref. [T06]. The authors of Ref. [T06] compared the free-energy
among multiple superconducting states and concluded that the transition to another
superconducting phase becomes first-order transition with changing the amplitude of
the attractive interaction between the two electrons. If we assume that there are only
one superconducting phase, the first-order transition from the normal state to the uni-
form superconducting state would relate to the discontinuous transition discussed in
this study. Such abrupt change of the equilibrium state is similar to our results at
T = 0. In addition to the studies in 7 = 3/2 superconductors, discontinuous transition
was found in a two-band superconductor with interband pairing order when the band
hybridization V is large enough [107]. In this model, V' corresponds to the interaction
which induces odd-frequency Cooper pairs and their paramagnetic property explains
the mechanism of the discontinuous transition well. The detailed discussion about the
interband superconductor considered in Ref. [T07] is presented in Appendix B. The

existence of odd-frequency Cooper pairs is a common feature among these supercon-
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Figure 3.2: The critical value of the Zeeman fields B, in a spin-singlet s-wave supercon-
ductor is plotted as a function of temperature, where T} is the transition temperature
at B = 0. We reproduced the results obtained in Refs. [91, 92]. The black line is
obtained by using the solutions giving the global minimum of the thermodynamic po-
tential while the red (broken blue) line is obtained by using the solutions giving the
local minimum (maximum) of the thermodynamic potential.

ducting states and is responsible for the discontinuous transition.

Finally, we emphasize the relevance of the conclusions in this chapter to an im-
portant open issue. The transition to the uniform spin-singlet s-wave superconducting
state is known to be discontinuous under a Zeeman field B [91, 92, M08, 109]. Fig. B2
shows the temperature dependence of the critical field B.. We showed that the critical
field in the equilibrium state by the black line in Fig. B2, The critical field in the
metastable state is represented by the red line. The broken blue line is obtained by
using the solution giving the local maximum of the thermodynamic potential. Below
the temperature at which the lines intersect (7'/Ty ~ 0.56), the transition becomes

discontinuous [91, 92]. The calculated results for the coefficient b and the superfluid
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density @) are given by

N,

b= IOY(AO,CO) (3.63)

Q = 2nA*Y (A, C), (3.64)
A3+ \/_ A% — 202 1% B?)

— 2T nPB= ) 3.65

4 Z C(A+VO)P/? (365)

A=A 402 - uBBQ, C = A2 + 4w? u B, (3.66)

where Ay = A|a=0, Co = C|a=0, pp is Bohr’s magneton, Ny is the density of states
at the Fermi level per spin in the normal state, and n is the electron density per spin.

The derivations are given in Appendix. 0. We also calculate

(NS

=2nY (A, C)|a—apes (1) (3.67)

where Apcg(T") = Aeq(T, B = 0) represents the pair potential of a BCS superconductor.
The coefficient and the superfluid density share exactly the same expression for A < T'.
The last term in Eq. (B63) is derived from the odd-frequency pairing correlation, which
is generated by a Zeeman field and is proportional to the Matsubara frequency. The
self-consistent pair potential A, the coefficient b at the transition temperature, the
superfluid density @, and @ in the spin-singlet superconductor are plotted in Fig. B3(a),
(b), (c¢), and (d), respectively. We denote the transition temperature at B = 0 by Tj
and the pair potential at T'= 0 and B = 0 by Ay ~ 1.767, [68]. The coefficient b at
T =Ty and B = 0 corresponds to the BCS results: bpcs(Tp) = NOlG(TrT Qo = 2n is
the superfluid density at "= 0 and B = 0. Qo = 2n /A2 represents ) at T' = 0 and
B = 0. The characteristic properties shown in Fig. BZ3 coincide with those in Fig. Bl.

The results suggest the universality of the phenomenon.

The discontinuous transition is caused by odd-frequency Cooper pair (f°44) and the
reason is explained well by two basic properties of odd-frequency Cooper pair: para-
magnetism and f°% o w,. Therefore, we conclude a potential for the discontinuous
transition is a common property among superconductors that contain subdominant
odd-frequency Cooper pairs.

Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) states can appear at high fields [I10,
I11]. For ugB/2nTy 2 0.18, such oscillating states become a stable solution [I12].
Theoretical studies [IT3, [74] showed that the transition from the normal state to the

FFLO state can be both first and second-order and it depends on the parameters.
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Figure 3.3: The self-consistent solution of the pair potential A (7") in a spin-singlet
superconductor under a Zeeman field is plotted as a function of temperature for several
strengths of Zeeman interaction B in (a), where T} is the transition temperature at
B = 0 and A is the amplitude of the pair potential at 7' = 0 and B = 0. The
coefficient b at T = T, is plotted as a function of B in (b), where T, is obtained from
the results in (a). The temperature dependence of the superfluid density ¢ and Q is
shown in (c) and (d), respectively. Qo (Qo) in (c) ((d)) represents Q (Q) at T'= 0 and

B =0.

41



Chapter 3 Discontinuous transition

Since odd-frequency Cooper pairs also exist in such regime [0, [15], there might be
nontrivial relationships between the non-uniform odd-frequency Cooper pairs and the
order of the phase transition. However, the problem is beyond the scope of this study

and is left for our future study.

3.7 Conclusion

We have theoretically studied the thermodynamic instability of uniform supercon-
ducting states including the subdominant pairing correlations belonging to the odd-
frequency symmetry class. In j = 3/2 superconductors, we analyzed the contributions
of the odd-frequency pairing correlations to the coefficients of A* term in Ginzburg-
Landau (GL) free-energy, the pair potential, and the superfluid density. The odd-
frequency pairing correlations decrease the coefficient and the superfluid density in
the same manner. Since the effects are considerable at finite temperature, the transi-
tion to a superconducting phase becomes discontinuous. We conclude that a potential
for the discontinuous transition to the superconducting state is a common feature of

superconductors that accommodate odd-frequency Cooper pairs.
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Chapter 4

Superconductivity in Cu-doped
BisSe; with potential disorder

4.1 Abstract

We study the effects of random nonmagnetic impurities on superconducting transition
temperature T, in a Cu-doped BisSesz, for which four types of pair potentials have
been proposed. Although all the candidates belong to s-wave symmetry, two orbital
degree of freedom in electronic structures enriches the symmetry variety of a Cooper
pair such as even-orbital-parity and odd-orbital-parity. We consider realistic electronic
structures of Cu-doped BisSes by using tight-binding Hamiltonian on a hexagonal
lattice and consider effects of impurity scatterings through the self-energy of the Green’s
function within the Born approximation. We find that even-orbital-parity spin-singlet
superconductivity is basically robust even in the presence of impurities. The degree
of the robustness depends on the electronic structures in the normal state and on the
pairing symmetry in orbital space. On the other hand, two odd-orbital-parity spin-

triplet order parameters are always fragile in the presence of potential disorder.

4.2 Introduction

The robustness of superconductivity in the presence of nonmagnetic impurities depends
on symmetry of the pair potential. The transition temperature T, is insensitive to the
impurity concentration in a spin-singlet s-wave superconductor [69, 16, [17]. In a
cuprate superconductor, on the other hand, T, of a spin-singlet d-wave superconduc-
tivity is suppressed drastically by the impurity scatterings [I18]. The pair potential
of an unconventional superconductor changes its sign on the Fermi surface depending
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on the direction of a quasiparticle’s momenta. The random impurity scatterings make
the motion of a quasiparticle be isotropic in both real and momentum spaces. Such a
diffused quasiparticle feels the pair potential averaged over the directions of momenta.
The resulting pair potential is finite for an s-wave symmetry, whereas it is zero for
unconventional pairing symmetries. Thus, unconventional superconductivity is fragile

under the potential disorder.

Previous papers [[71], TT9-123] showed that s-wave superconductivity is not always
robust against the nonmagnetic impurity scatterings in multiband (multiorbital) su-
perconductors. The interorbital impurity scatterings decrease 7., which is a common
conclusion of all the theoretical studies. The two-band models considered in these pa-
pers, however, are too simple to discuss the effects of impurities on T, in real materials
such as iron pnictides [54, [24], MgB, [49, 60|, and Cu-doped BiySe; [66, 57]. The ro-
bustness of multiband superconductivity under the potential disorder may depend on
electronic structures near the Fermi level. In iron pnictides and MgBs, two electrons
in the same conduction band form a Cooper pair [b0, [24]. The impurity effect on
such an intraband pair has been studied by taking realistic electronic structures into
account [I25]. In the case of Cu-doped BiySes, four types of pair potentials A; — Ay
have been proposed as a promising candidate of order parameter [67]. Among them,
an interorbital pairing order has attracted much attention as a topologically nontrivial
superconductivity [67, [26]. Unfortunately, the possibility of such a topological super-
conductivity under the potential disorder has never been studied yet. We address this

issue.

In this chapter, we study the effects of impurities on T, of Cu-doped BisSes. We
describe electronic structures near the Fermi level by taking into account two p orbitals
in BisSe; and the hybridization between them [127, T28]. According to the theoretical
proposal [67], we consider four types of s-wave pair potential on such orbital based elec-
tronic structures. The effects of impurities on 7T, are estimated through the impurity
self-energy within the Born approximation. The transition temperature is calculated
by solving the gap equation numerically and is plotted as a function of impurity con-
centration nin,,. We will show that the relation between T, and njy,, depends sensitively
on the types of pair potentials. Superconductivity with an intraorbital pair potential
A is robust even in the dirty regime. This conclusion is consistent with that at a
limiting case of previous studies [[/1, T20-122]. There are two kinds of interorbital
pairing order: even-orbital symmetry and odd-orbital symmetry. We find that 7, of an
even-interorbital superconductivity Ag decreases slowly with the increase of nj,, and
vanishes in the dirty limit. The results for A3z disagree with those in a simple two-band

model [123] because the robustness of Az depends sensitively on electronic structures.
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Finally, the odd-interorbital pairing orders (As and A,) vanish at a critical value of
the impurity concentration, which agrees well with the results of a idealistic two-band
model [23]. Thus we conclude that odd-orbital pair potential is fragile irrespective of
electronic structures.

This chapter is organized as follows. In Sec. E=3, we describe the effective Hamil-
tonian near the Fermi level in Cu-doped BisSes and four types of pair potentials in
its superconducting state. The anomalous Green’s function and the gap equation for
each pair potential in the clean limit are obtained by solving the Gor’kov equation.
In Sec. B4, we introduce the random impurity potential and discuss the effects of im-
purities on 7T, within the Born approximation. The conclusion is given in Sec. EA.
Throughout this chapter, we use the units of kg = h = 1, where kg is the Boltzmann
constant. The symbol -+, -7- and - - represent 8 x 8, 4 x 4, and 2 X 2 matrices,

respectively.

4.3 Clean limit

4.3.1 Model

For constructing an effective model of the normal state, we start with the tight-binding
Hamiltonian on a hexagonal lattice as shown in Fig. B0 [T29]. Strictly speaking, the
the low energy physics. We assume that an intercalated copper atom supplies electrons
and makes a topological insulator BisSes be metallic [T30]. In the hexagonal lattice,
the primitive lattice vectors are (\/ga/Q,a/Z,O), (0,a,0), (0,0,c) where a and ¢ are
the lattice constants in the xy plane and along the z axis, respectively. We define the
nearest neighbor vectors a; = (\/§a/2,a/2,0), a; = (0,a,0), a3 = (—\/§a/2,a/2,0),
and a4 = (0,0, ¢). The tight-binding Hamiltonian in real space can be written as [[29,

137
Hy =Y $hivr+ Y hiaPria, +He, (4.1)
R R
Yr = [0 1(R), ¥ 1(R), vy (R), ¢ (R)], (4.2)

where ¢] ; (t)5,s) is the creation (annihilation) operator of an electron at the orbital
o (= 4+ or —) with spin s (=7 or /). We consider only the nearest neighbor hopping
on the hexagonal lattice in the zy plane and that along the z axis. An orbital 4+ (—)

mainly consists of p, orbital of a Bi (Se) atom. The matrix element of hopping g,
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Y

Figure 4.1: The simplified lattice structure of a Cu-doped BisSes. The arrow indicates
the hopping.

(1 =1 —4) is described as
(R,0,s|H|R+ a;,o,s'). (4.3)

The nearest neighbor hopping elements are illustrated in Fig. B70. In momentum space,

the tight-binding Hamiltonian is described as

Hy(k) =&+ ige™ + He. (4.4)
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The matrix structures of 4, are given in Appendix 0. The tight-binding Hamiltonian

can be written as

Hy(k) = cd000 + miso0s + V,8009 + (V81 — Vi82)071, (4.5)
cx = —p + crai (k) + caan(k), (4.6)

mg = mgy + myaq (k) + moas(k), (4.7)
Vi = vag,(k), (4.8)

V. = v.a,(k), (4.9)

where «;(k) (1 =1,2,2,y, z) is

2
ai(k) = — (1 — cosk.c), (4.10)
c
4 k., k
s (k) = 37 (3 — 2cos \/32 2 cos %a — Cos kya> : (4.11)
2 . 3k kya
a,(k) = T3e sin —— cos — -, (4.12)
2 V3kea | kya
o, (k) = 3 (cos 5 sm% + sin kya> : (4.13)
1.
a,(k) = —sink,c. (4.14)
c

We define the Pauli matrices $; in spin space, ¢; in orbital space, and 7; in particle-
hole space for 5 = 1 — 3. The unit matrix in these spaces are 5y, ¢y, and 7. In
Eq. (£3), the hopping in the z direction (f4,) causes the orbital hybridization term V,
and the hopping in the zy plane (f4,, fa,, fa;) causes the spin-orbit interaction term
Vey- When we expand the trigonometric functions around the I' point, the tight-
binding Hamiltonian Hy (k) corresponds to k - p Hamiltonian of BiySes [127, 128].
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The superconducting state in Cu,BisSes is described by a Hamiltonian

(0) — t1) 770 _ | (k)
H zk:\ll(k)Hk U(k), ®(k) [wh(k)]’ (4.15)
() w;T(—k)
_ | v-a(k) | ek
e (k) b () , Pu(k) ok | (4.16)
1/1—,¢(k¢) ¢T_7¢(_k’)

H,i“’:(HY(k) VAA_ ) (4.17)

According to the previous proposal [67], we consider four types of momentum-independent
pair potential defined by

Ay = T3 (ks (k) = T D (0 (k)v-y(<k)). (4.18)

2, =2 (s () (k) = -3 (=g KK, (419)

By = LD (ks (k) = 2D (0 (k) (k). (4.20)
k k

a=% (s (k)1 (k) = -3 Do (akpas(R), (42

where gy > 0 (A = 1 — 4) represents the attractive interaction between two electrons.

Generally speaking, the pair correlation function can be represented as

fs,o;s’,o’(k) = <1/}s,o(k> ws’,o’(_k» ) (4'22>

where we assume a spatially uniform equal-time Cooper pair. The momentum-symmetry
is even-parity s-wave symmetry, which is a common property among the four candi-
dates in a Cu-doped BisSes. Because of the Fermi-Dirac statistics of electrons, the

pairing correlation obeys

f570§5/,0'(k) = _fs’,a’;s,o(k)- (423)

The remaining symmetry options of the pairing function are orbitals and spins of
a Cooper pair. Therefore, the pairing function must be either antisymmetric under

s <+ & or antisymmetric under o < o’.

Both Egs. (BI8) and (EZ20) belong to spin-singlet symmetry. Thus the pairing
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functions belong to even-orbital parity. In Eq. (E220), a Cooper pair consists of two
electrons in the different orbitals (interorbital pair): one electron is in + orbital and
the other is in — orbital. In Eq. (EI8), on the other hand, a Cooper pair consists of
two electrons in the same orbital (intraorbital pair). The pair potential in the + orbital

and that in the — orbital have the same amplitude and the same sign.

Both Eqs. (19) and (E=Z1) represent the spin-triplet interorbital pairing correla-
tions. In these cases, the pair correlation belongs to odd-orbital-parity symmetry. In
addition to the symmetry options for Cooper pairing, the pair potentials are classified
by the irreducible representation of Ds; point group. As and Ay can be distinguished
from each other by the irreducible representation. The matrix form of pair potentials,
the irreducible representation, spin symmetry, and orbital-parity of the pair potentials
are summarized in Table B71. Although Fu and Berg [57] proposed a pair potential
of A(i8y)63, it is unitary equivalent to Eq. (BZIR) as long as the Hamiltonian H ,(co)
preserves time-reversal symmetry [122]. (See Appendix B for details.) They also con-
sidered a pair potential of A§y(id5) independently of Eq. (221). However, the behavior
of T, under the potential disorder in the two pair potentials are the same with each
other. Thus, in this study, we discuss effects of random impurity scatterings on super-
conducting states described by Eqs. (EIR)-(2=Z1). We note that the orbital parity and
the momentum parity are independent symmetry options of each other. The former
represents symmetry of correlation function under the commutation of two orbitals.

The latter is derived from inversion symmetry of the lattice structure.

In addition to the pair potentials in Eqs. (AI8)-(E=21), generally speaking, the mean-

field Hamiltonian contains the interorbital Cooper pair scattering terms described as

AWl (=KL, (K (k) e (—k), (4.24)

with v # +" and o # ¢’ [132]. We do not consider these terms because they only

renormalize the amplitude of the pair potential as

Ay — Ay (1 + P%) , (4.25)
A

and do not change main conclusions of this study, where P is 1 (—1) for the even-

(odd-) orbital-parity superconductivity.
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Table 4.1: Symmetry classification of pair potentials. Equal-time pairing order param-
eter belongs to even-frequency symmetry. A spin-singlet component is described by
iS9. An opposite-spin-triplet and an equal-spin-triplet components are indicated by $;
and Sz, respectively.

Matrix ~ Rep. Frequency  Spin Molgfirz;um ?)QEE;I
Ai(i82)00  Aig Even Singlet Even (?11::2)
N251(i02)  Ang Even Triplet Even (I?lii)
Az(i82)01  Agy Even Singlet Even (]Iar::;irrl)
Ay33(i02) By Even Triplet Even (I(I)lgedl")

4.3.2 Gor’kov equation

The Matsubara Green’s function is obtained by solving the Gor’kov equation,

[iw, — HO(k)] GO (K, iw,) = 1, (4.26)

- 50) (1 4 FO0) g,
G(O)(kz,iwn):< N I Sk > (4.27)

—FO (—kyiw,) —GO*(—k, iw,)

where w,, = (2n+1)7T is a fermionic Matsubara frequency and T is a temperature. To
discuss the transition temperature, we need to find the solutions of Eq. (E228) within

the first order of A. The results of the normal part

. 1
g(o)(k, W) = X [(twn, — cr) 8000 + My 5003 + V. 5002 + (V51 — Vié) 0], (4.28)
X (k,iw,) = (iwy — cx)? —mp — V2= V2= V2, (4.29)

are common for all the pair potentials because the normal Green’s function does not in-

clude the pair potential at the lowest order. The results of anomalous Green’s function
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are given by,

< A
FOk,iw,) = — [ W ot mi VIV VE) a0
+2@ckmk §2&3 + 2lck‘/;; §25'2 - QCk% §35’1 - ZZCka §06‘1] s (430)
A
FO (K, i) = iR mE VRV V) 816y
-+ kaVy §06’0 — 20]@‘/;,, §0(§'3 + 22mka §35’0 — QZCk‘/‘;E §3(§'3
+2@Ckv;; §16’0 — Qka‘/;; §1é‘3 + 22wnmk §16‘1] s (431)
A
FO (K, i) = i Wi mE VRV V) s
+ QZVx‘/Z §0(§'2 + 2%‘4 §3(5’2 — QiCk% §0(3'0 + ZkaV;E §06’3
—QCkV;/ §36’0 + ka% §3@'3 - Qw)nmk §25‘2 + QZ(JJthZ §26’3] s (432)
A
FO (K, iw,) = 74 [—i (w2 + ¢ —mp + V7 = V2 + V) 836,
— 2‘/;3% §0(§'2 — 2ka Vx§1&0 + QZ'Ck‘/ZE §1(§'3 + 2@01‘,‘/2 336'0
—Qka‘/Z .§35’3 - 2‘/;/‘/;; §25‘1 + 22wnmk §35’1 - anVy 52(3'3] s (433)

with Z(k,iw,) = | X (k,iw,)|?. The §,6¢ component in Eq. (230), the §;65 component
in Eq. (E23T), the $361 component in Eq. (237), and the §365 component in Eq. (A233)
are linked to the pair potentials Ay, Ag, Az, and Ay, respectively. Therefore, the gap

equations in the linear regime result in

oS

:ngZ ZZkzwn Wi+ o +mp +VE+ V2V, (4.34)

A2:—g2TZ ZT [;(o (k. i) (—4z02>}

:ggTZiz% WBhd—m V2 VEEVE], (435)
k
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X ] s
Ag=—gsTY ) Tr {fgoxk, iwn)%]
Wn k

:ngZiZZ(A—?.)[wfl—l—ci—mi—i—‘/}f—l—%z—‘/f], (4.36)
k

1 ) Al
Ay = _94TZ N Z Tr |:f£0)(k7 iwn) Sl 4202)}
k

:g4TZigﬁ[wi—l—ci—mi—i—%z—‘/;f%—vf]. (4.37)

Egs. (2230), (2231), (2232), and (B=33) show that the orbital hybridization (V}), the
spin-orbit interaction (), and the asymmetry between the two orbitals (my) generate
various paring correlations which belong to different symmetry classes from that of the
pair potential [48, 67]. Especially, we discuss briefly a role of odd-frequency pairing
correlation in the gap equation. For instance, the pairing correlation .7:"2(0) includes
2iw,mg S101 which describes a spin-triplet even-orbital-parity component. Such an
component must be odd-frequency symmetry because the pairing correlation function
must be antisymmetric under the permutation of two electrons. In the gap equation,
the odd-frequency pairing component decreases the numerator as shown in —mj in
Eq. (BZ33). It has been pointed out that an odd-frequency pair decreases the transition
temperature [67]. If we would be able to tune the parameters to delete more the

odd-frequency components, the gap equation results in higher 7.

4.4 Effects of disorder

We consider the random nonmagnetic impurities described by

Himp<R) = ngp(R) T350(00 + 071). (4.38)

The schematic picture of potential disorder in a Cu,BisSes is shown in Fig. B2. We

assume the impurity potential satisfies the following properties,

Vimp(R) = 0, (4.39)
‘/imP(R)‘/imp(R/) = nimpvfmpéR,R’a (440)

where “~~ means the ensemble average, niyp is the density of the impurities, and iy, is

the strength of the impurity potential. We also assume that the attractive interactions

52



Chapter 4 Superconductivity in Cu-doped BiySes with potential disorder

Yy a2 ai

Figure 4.2: A model of the random potential in a Cu,BisSes. The cross mark denotes
an impurity.

between two electrons are insensitive to the impurity potentials [I17]. We calculate
the Green’s function in the presence of the impurity potentials within the Born ap-

proximation. The Green’s function is expanded up to the second order of the impurity
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potential.
G(R—- R, w,)
~ G_’(O) (R — R/, wn) —+ Z G(O) (R - R17 wn) _imp(Rl)G(O) (Rl - R,7 wn)
Ry
+ Z G(O)(R - R17 wn)[:—,imp(Rl)G(O) (Rl - R27w’rL> 7imp(R2)G(R2 - R/,Wn),
Ri,R
(4.41)

~GO(R- R, w,)
+ Nimplip Y, GO (R = Ry, wp) 73 80 60G (0, wn) 73 80 60G(Ry — R/, wy)

Ry
+ iU Y GO(R = Ry, w,,) 7380 531G (0, w,) 73 80 61G(Ry — R\ w,).  (4.42)

Ry

We transform the Eq. (B220) to (B22) by using the properties in Eqgs. (239) and (220).

In momentum space, Eq. (E22) becomes

Gk, iwy) = GO (K, iw,) + GO (K, iwy,) Simp G (K, iwy,), (4.43)
iimp = i]intra + iintera (444>
= SR | - N A s
Eintra = nimpvizmpTSSOO—ON Z G(O) (k7 an)7_380007 (445)
k
Yinter = nimpvfmpTE)SOUlN Z G(O)(k% iWn ) 7380071, (4.46)
k

where Sintra and Sinter are the self-energy due to the intraorbital impurity scatterings
and that of the interorbital impurity scatterings, respectively. We describe the total

self-energy as follows.

_ _ _ ¥, %
Zimp = Zintra + Zinter = Vg* ]jA* ] ; <447)
_Zf)\ _Zg
g = NimpVinp[§” + 306197 3064], (4.48)
ka = _nimpU?mp[f§0) + §061f§\0)§061]7 (449)

where we denote the momentum summation of the Green’s function as 1/N Y, G (k, iw,,)
3 and 1/N Y, FO(k,iw,) = f©. Therefore, the Gor’kov equation in the presence
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of the impurity potential is described by

liwy, — Ho(k) — Simp) Gk, iw,) =1, (4.50)
. 7 (K, iwy, Filk, iw,
Gk iw,) = [ 9Friwn) R iwn) ) (4.51)
—Fi(—k,iw,) —G*(—k,iw,)
The normal part of self-energy (3,) is calculated as follows.
Yy = [~iwntn + 1] 5060, (4.52)
1 2
Tn nimpvfmpﬁ Z E [WTQZ + Ci + mi + ‘/zz + VYyQ + Vf} ) (453)
k
2 1 —20k 9 9 2 2 2 2
Ly =iV > o lon i mi =V -V -V (4.54)
k
Within the first order of A, the normal Green’s function becomes
G(k,iw,) = GO (k,i@n)| i, (4.55)
On = wWn (14 1), (4.56)
= p—1I,. (4.57)

The imaginary (real) part of the self-energy renormalizes the Matsubara frequency
(chemical potential). The anomalous Green’s function after summing up the momenta

is described as
Al 2 2 £ oa SINNNP
1 NZ w +ck+mk+V +V,+V; ) 3200—1—2207715203} , (4.58)
AQ . 2 V2 V2 V2 S H ) 510 4.59
2 NZ w ~|—c,1c my + Ve +Vy + 2)8102—1- anmkslal]a (4.59)
A3 2 V2 V2 V2 a A 2 oA 4.60
£ NZ (Wi + G —my + V72 + V) = V) 5361 — 2iwnm 5265) ,  (4.60)

z

A
4 N Z 1 CL) + Ck, mi + Vx2 — ‘/y2 + ‘/ZZ) §36’2 -+ Qanmk §3(§'1} . (461)
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By substituting these expressions into Eq. (E229), we obtain the anomalous part of the

self-energy for each pair potential.

Xp = A1(i82)60 - 1n, (4.62)
Zv3f2 = Ay5,07 - (_iwn)l]na (463)
Sps = Dy(i82)01 -y, (4.64)
N, = Audsby - (—iwy) I, (4.65)
1 2
T = Mgy 7 D 77 (@ + G — i+ V2V = VI (4.66)
k
jR—
Jn - nimpvfmpﬁ % (467)
k

Before demonstrating 7, under the potential disorder, we briefly summarize a re-
lation between the self-energy and the pair potential in the four cases. The results
in Eq. (E62) show that ¥, has the same matrix structure with the pair potential as
shown in Table. E-0. Namely, > £ renormalizes the pair potential A; which belongs to
even-frequency spin-singlet even-momentum-parity even-orbital-parity (ESEE) pairing
symmetry. We will show that this fact explains the robustness of A; in the presence
of impurity scatterings. The same feature can be seen in % s, in Eq. (B564), which im-
plies the robustness of Az. On the other hand, Y7, and X, have the different matrix
structure from their pair potentials shown in Table. E-I. In other words, the impurity
self-energy leaves the pair potentials as they are. The previous studies suggested that
the superconductivity in such cases can be fragile. We also note that % 7, and ) fa
enhance the pair correlation belonging to odd-frequency spin-triplet even-momentum-
parity even-orbital-parity (OTEE) symmetry. In what follows, we discuss characteristic

behavior of T, as a function of impurity concentration case by case.
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Figure 4.3: The superconducting transition temperature T, is plotted as a function of
&o/l. The vertical axis is normalized to the transition temperature in the clean limit
Ty. We fix Tj for all pair potentials.
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4.4.1 A4

The gap equation for A; results in
AlzngZiZﬁ[w2+5i+mi+v2+v2+v2}. (4.68)
w N k Z ! : ! ’

By comparing with the gap equation in the clean limit in Eq. (E234), the renormalized

values are defined as

Z(k,iwn) = Z (K, iin) i (4.70)
Ek = Ck’u_m. (471)

The impurity self-energy renormalizes the pair potential and the Matsubara frequency
in the same manner as A, — Ay and w, — @, [69]. We solve the gap equation
numerically and plot the transition temperature 7. of A; as a function of & /¢ in
Fig. B33. Here T is the transition temperature in the clean limit, £ = vp/(277Tp) is
the superconducting coherence length, vp is the Fermi velocity, ¢ = vpTinp is the mean
free path due to impurity scatterings, and 7y, is the lifetime of a quasiparticle. We
found that the normal part of self-energy flg is nearly independent of the Matsubara
frequency in the low energy region for w, < w.. Here w, = 1037} is the cut-off energy
of the Matsubara frequency. Therefore, we estimate 7i,,, from the imaginary part of

24 as

1

imp

= —2Tr F Im i]g} ~ 27 X Nipviy X 1072 [eV]. (4.72)
Timp 4
The horizontal axis & /¢ in Fig. B23 is proportional to the impurity concentration 7;yy,.
The results in Fig. B23 show that T, of A; is almost independent of the impurity
concentration as shown with filled circles. Such behavior agrees well with 7, in a
limiting case of idealistic models. The previous papers [, T20-122] considered two-
band superconductivity with the intraband pairing order parameters (say D; and Ds)
on idealistic two-band electronic structures and demonstrated that 7. is independent
of impurity concentration at D; = Dy. The interband impurity scatterings disappear
in such a symmetric situation, which explains the unchanged 7,.. The superconducting
state in Cu-doped BisSes with A; corresponds to the symmetric intraband pairing state
in the previous studies. In this study, we confirmed that the conclusions of the previous

papers on idealistic band structures are valid even if we calculate T, on a realistic

o8



Chapter 4 Superconductivity in Cu-doped BiySes with potential disorder

electronic structure. In Fig. B=3, the results for A; show the oscillating behavior.
Although it is not easy to specify the reasons of the oscillations, such behavior comes
from a realistic band structure. In the Born approximation, we conclude that T, of A,

is insensitive to the impurity scatterings.

4.4.2 s

The gap equation for As becomes

1 AV
A = T e —,.,3 2 ~2— 2 2 2_ 2 4
3= g3 gnNgk Z[cun—i-ck my +Vy,+V, VZ}, (4.73)

The pair potential is renormalized by the impurity self-energy as Az — Af in Eq. (B273)
in a slightly different way from the relation w,, — @,. By solving Eq. (EZ73), we plot
T. of Ag as a function of & /¢ in Fig. B23. The results show that T, of the spin-singlet
interorbital pairing order is suppressed slowly with the increase of /¢ and goes to
zero in the dirty limit. A previous paper [123], however, demonstrated on an idealistic
two-band structure that T, of a spin-singlet s-wave interband pairing order is indepen-
dent of the impurity concentration. Thus Az in a Cu-doped BisSes is more fragile than
that in an idealistic two-band model. The difference between the results in the two
models can be explained by the enhancement of odd-frequency pairing components due
to the realistic electronic structures. The odd-frequency pairing correlation is absent
in an idealistic band structure [I23]. As a result, the impurity self-energy renormalizes
the pair potential and the Matsubara frequency in the same manner, which leads to
unchanged T, versus &y /¢. In Cu-doped BisSes, on the other hand, the asymmetry be-
tween two-orbitals (my) and the orbital hybridization (V) generate the odd-frequency
pairing correlations as described in Eq. (B232). These correlations contribute negatively
to the numerator of the renormalization factor of the pair potential 1+ 7/, as shown in
—m3 and —V? in Eq. (EBH). As a consequence, the reduction of the pair potential by
odd-frequency pairs causes the suppression of 7, in the dirty regime. We conclude that
the robustness of the spin-singlet s-wave interorbital pairing order depends on band
structures.
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4.4.3 Ay and Ay

The gap equations for Ay and Ay result in
Do PSS 222 2y y e g 4.75
2 = g2 ZNZ?[wn_‘_Ck_mk—{— ac+ y_l_ z nwnwnmk]7 ( )
wn, k

1 A
My=giTY D O+ =i+ VE = VP4 VE = 2wn@um] . (4.76)
Wn, k

Both Ay and Ay represent spin-triplet interorbital pairing order antisymmetric under
the permutation of two orbitals. The numerical results in Fig. B33 indicate that T, of A,
and that of Ay decrease rapidly with the increase of £y/¢ and vanish around &,/¢ ~ 0.3.
The impurity self-energy renormalizes the Matsubara frequency as w,, — @,,. However,
it leaves the pair potentials unchanged as shown in Eqgs. (E273) and (E278). Therefore,
As and Ay are fragile in the presence of impurities. The obtained results of T, for
a Cu-doped BisSes agree even quantitatively with those calculated in an idealistic
band structure [I23]. The interorbital impurity scatterings mix the electronic states
in the two orbitals and average the pair potentials over the two orbital degree of
freedom. As a result, the impurity scatterings wash out the sign of the pair potential in
Eq. (B17), which leads to the suppression of odd-orbital symmetric superconductivity.
We confirmed that this physical interpretation is valid independent of band structures.

Several experiments have indicated nematic superconductivity in Cu-doped BisSes
[[33-135]. Such superconductivity can be realized when the pair potential belongs to
the E, representation of the Ds; point group [[36]. The corresponding pair potential

is described as

Apematic = A (Az83(i02) + AySo(i62)) , (4.77)

where coefficients A, , determine a nematic direction. A4 corresponds to the specific
case ((A;, 4,) = (1,0)) of the nematic superconductivity. The nematic is considered
to be fragile in the presence of potential disorder because the nematic order belongs to
odd-orbital symmetry as well as Ay and Ay.

Finally, we compare our results in this chapter with those in a recent study [I37].
The authors of Ref. [[37] formulated the random impurity scatterings based on the
two-band picture in momentum space, which is obtained by diagonalizing the normal
state Hamiltonian in the absence of impurities [[38]. They mapped a Hamiltonian for
an interorbital s-wave superconductor with random impurities to a Hamiltonian for a
single-band unconventional superconductor with random impurities. As a result, they

concluded that Ay, As, and Ay are fragile under the potential disorder. Their conclu-
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sion for Az does not agree with ours obtained by applying the standard method [GY].
The difference in the theoretical methods causes the discrepancy. An earlier [I39] and a
recent [I40] analysis also contradict our results. A key point might be the self-energy
due to interorbital impurity scatterings. Actually all of the previous papers [[Z1, [20—
23] have suggested an importance of the interorbital /interband impurity scatterings
on T.. Refs. [[37, 139, T40], on the other hand, does not consider the interorbital

impurity scatterings.

4.5 Conclusion

We studied the effects of random nonmagnetic impurities on the superconducting tran-
sition temperature T, in Cu-doped BisSez. We consider four types of momentum-
independent pair potentials, which include the intraorbital pairing (A;), the interorbital-
even-parity pairing (As), and the interorbital-odd-parity pairings (As and Ay). The
effects of the impurity scatterings are considered through the self-energy of the Green’s
function within the Born approximation. T, of A; is insensitive to the impurity con-
centration, which is consistent with the previous theories. We find that A; with the
electronic structure of a Cu-doped BisSes corresponds to a limiting case of idealistic
models [[71, T20-122]. T, of Aj decreases moderately with the increase of impurity con-
centration and vanishes in the dirty limit, which does not agree well with the results
on an idealistic model [T23]. The presence of the odd-frequency pairing correlations
explain the discrepancy. T, of Ay and A, decrease rapidly with the increase of the
impurity concentration. Superconductivity vanishes at a critical value of the impu-
rity concentration. The results are consistent with those in an idealistic model even
quantitatively [I23].

We found that the robustness of the even-orbital-parity order parameters depends
on the details of the band structures and that the odd-orbital-parity order parameters

are fragile irrespective of the band structures.
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Chapter 5
Conclusion

The dependency of the phenomena on the symmetry is a commonality in physics.
From the establishment of the microscopic theory of superconductivity, the symmetry
of Cooper pair has continued to play important roles. Various unique and interesting
phenomena in non-uniform superconductors such as anomalous transport in junction
systems have studied extensively by both theoretical and experimental researchers.
Their numerous studies reveal that odd-frequency Cooper pairs, which are expressed
by the anomalous Green’s function of odd functions with respect to the Matsubara
frequency, give us comprehensive explanations of the anomalous phenomena. The
mechanism of the interesting phenomena is commonly attributed to the paramagnetic
property of odd-frequency Cooper pairs. Odd-frequency Cooper pair is a reasonable

concept to understand the underlying physics.

After the birth of the cocept of odd-frequency Cooper pairs by Berezinskii, it has
been considered that the uniform odd-frequency pairing could not exist in the bulk of
a superconductor because of the paramagnetic property. However, by the proposal of
the various subdominant pairing correlations in multiband/orbital systems, it has been
shown that the paramagnetic odd-frequency Cooper pairs are able to exist uniformly
in such systems. Although there are nontrivial relationships between uniform odd-
frequency Cooper pairs and exotic quantum states, such as quasiparticles on Bogoliubov
Fermi surfaces in multiband /orbital systems, the physics originating from uniform odd-

frequency Cooper pairs has been an open question.

In this thesis, we have theoretically studied the thermodynamic properties of uni-
form superconductors that accommodate subdominant odd-frequency Cooper pairs.
We determined the amplitude of the order parameter in a j = 3/2 superconductor self-
consistently and found the transition to the uniform superconducting phase becomes

discontinuous when the amplitude of the odd-frequency pairing correlation function is
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large enough. We also calculated the Ginzburg-Landau (GL) free-energy functional
and found that the sign of the fourth-order term with respect to A becomes nega-
tive. It has been revealed that the odd-frequency pairing correlation functions make
negative contributions to the GL coefficient, while those with even symmetry make
positive contributions to the coefficient. We demonstrated that the superfluid den-
sity decreases greatly at finite temperarures due to the contributions of paramagnetic
odd-frequency pairing correlation functions which are proportional to the Matsubara
frequency. Existence of such odd-frequency pairing correlations explain the mechanism
of the discontinuous transition well. We also addressed an important open issue: the
discontinuous transition to uniform superconducting phase under Zeeman fields and
obtained similar results as above. We conclude that a potential for the discontinuous
transition is a common property of superconductors that include uniform odd-frequency

Cooper pairs.

We have also discussed the effect of the potential disorder in a multiorbital super-
conductor. According to the conventional knowledge, known as Anderson’s theorem,
s-wave superconducting order is completely robust against nonmagnetic impurity scat-
terings. On the contrary, several previous studies pointed out that s-wave supercon-
ducting order in multiband /orbital metals is not necessarily robust against disorder. To
make the comprehensive arguments about the nonmagnetic impurity effect in multi-
band/orbital superconductors, we discussed the robustness of several pairing orders
against disorder. We calculated the superconducting transition temperature 7, as a
function of impurity concentration within the Born approximation. We used the ef-
fective model of a multiorbital s-wave superconductor Cu,BisSes, in which the various
candidates of the order parameter has been proposed. Among the potential candidates
of the superconducting order, we found that 7T, of spin-triplet s-wave odd-orbital-parity
pairing order is suppressed greatly by the impurity scatterings irrespective of the details
of the eletronic structures. The homogenization of the two orbitals due to the interor-
bital impurity scattering, which is unique to multiorbital systems, explains the reason.
We also found that the spin-singlet even-orbital-parity pairing order is basically robust
but 7T, within the Born approximation is gradually suppressed by the disorder when
the odd-frequency Cooper pairs are present in the clean limit. Uniform odd-frequency

Cooper pairs play an important role even in the impurity effect.

Throughout this study, we have discussed the stability of uniform superconducting
order in multiband/orbital metals against thermal fluctuations and potential disorder.
We have presented comprehensive arguments in terms of odd-frequency Cooper pairs
and have found that anomalous properties of such superconductors could be explained

well by this concept. Our conclusions established in this study could help to understand
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anomalous phenomena found in various superconductors that contain uniform odd-

frequency Cooper pairs.
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Appendix A

Linear response to electromagnetic

fields in a lattice model

The coupling between an electron and an electromagnetic field is considered through

the Peierls phase in the kinetic energy [T41, T47]:

erin =—1 Z Z eich;rahjzcrj,jz + H-C., Pij = 6/ dr - A(T')a (Al)
) r

Jz (ri,r i

T
T?jz
pseudospin j,. We neglect the correction to the weak spin-orbit interactions (t3 < t).

where ¢, . (cp;.) is the creation (annihilation) operator for the electron at r with

The current density operator j is defined from the variation of the Hamiltonian with

respect to the vector potential:
OH(t) == j(r,t)-5A(r,1). (A.2)

Within the first order of the vector potential, the current can be decomposed into the

paramagnetic and diamagnetic terms,

Julr ) = g5 (r) + g (r 1) (=1, y, 2), (A.3)
jra(e) = ety [chmzcm . H.c.] e t) = k() Au(r,t),  (AA4)

Jz

where 7, is the basic lattice vector along the p-direction of a simple cubic lattice and

k,(r) is local kinetic energy operator with respect to the p-oriented links, which is
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defined as

ku(r)=—t Z [CI'—HA“H,jZCTJz + H.c.] : (A.5)

Jz

The perturbation Hamiltonian H’ within the first order of the vector potential reads,
H(t) ==Y 3"(r) A(r,t). (A.6)
In Sec. B4, we examine the linear response in the z-direction:
Jo(@w) = —Ka(q,w) As(q,w). (A7)
The response kernel K, is calculated to be [T43-T45]
Koo(g,w) = € (—ka (1)) — Af(g,w), (A.8)

where (—k, (7)) represents the kinetic energy along the z-direction per unit cell and

AR is the current-current correlation function expressed as

AR (q,w) = Nuu(q, vy, — w +i0), (A.9)
| 1 | q
_ 2 2 2 T
Apo(q,ivy,) = —eT g N gk 47 sin (kx + 5} )

x Tr [g(k + q, 1wy, + 1,)G (K, iw,) — FE(k + q,iw, + ivy,) F(k, an)] )
(A.10)

where v, = 2mzT is a bosonic Matsubara frequency with m being an integer and 9§ is

a small positive real value. The superfluid density is defined by

K,.(q — 0,w=0)

= S0t (A.11)

The contribution of odd-frequency pairing correlations in Sec. B3 is described using

Q=T % > oty sin® by Tr [~ F (K, iw,) F (K, iw,)] - (A.12)
Wn, k
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The summation over Matsubara frequencies can be carried out analytically, when we
use the spectral representation of the Green’s function,

Gk, iwy,) = _madia A13
(7zwn)_z)\:iwn_E)\(k)' ( . )

Here, the summation is taken over all eight indices of the eigenstates of the BdG
Hamiltonian and ggh A is the eigenvector belonging to the eigenenergy E) (k). After the

summation over the Matsubara frequencies, we reach at

1
(—ha(r)) = % > 2tycosk, [up f(EN) + vpf(—Ey)] (A.14)
k, =S+

with
S P S NS | S, A.15
g T Rew o

and
AR (g — 0,w=0)= 62% > 8tisin’k, (_QJ;(EE;\)) , (A.16)

kA =S+

for (M4, Mks) = (1,0), (0,1), and (1,1)/+/2 states at to = 0.
The Green’s function for (ns4,mk5) = (1,0), (0,1), and (1,1)/+/2 states at t, = 0
is calculated to be
1
Gk, iwn) = =— [(wp + & + A%)(iwn + &) + G (iwn — &)
—{(iwn + &)+ A =G a-7], (A7)

A
]—"(k:,zwn) = —E [wi + fi + Az - g,z — 2angk . ’ﬂ ﬁk . ’7UT, <A18)
7= (WX + &+ A - &) +duiel. (A.19)

The last term in Eq (ATI8) represents the odd-frequency pairing correlation induced

by the spin-orbit interaction.
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Appendix B

Interband pairing and

odd-frequency Cooper pair

We consider following mean-field Hamiltonian which describes the electronic states of

interband pairing order in a two-band model,

H=>) [‘ZL,T Oy Dit Vi 0okt 0oy Dok b—'w]
k

€% V sA ag,|
\% 82 —sA bk7¢

—A | —& -V al s
—sA —&y -V ai,w
sA -V —ep b

where al_ (bl_) is a creation operator of an electron in band a (b) with momentum k
and spin o (=1,1). ek (1= a,b) is defined by e} = 2’“—;} — uy and V' is the hybridization
potential mixing the two bands. A represents interband pairing potential belonging
to s-wave spin-triplet odd-band-parity (spin-singlet even-band-parity) symmetry class
when we choose s = +1(—1). Eq. (BOl) with s = +1 corresponds to the mean-field
Hamiltonian considered in Ref. [[07]. Eq. (Bd) can be block diagonalized and the
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reduced Hamiltonian is represented by

: Ay A : Al s=+1
H(k) = AI: i , Hn=&+eps+Vp, A= (A 2) ( ) , (B.Q)
TN Apy (s =-1)

where € = (e +€R)/2, e = (e§ — €2)/2, and p; for j = 1 — 3 are Pauli matrices in

the two-band space. The Matsubara Green’s function is calculated by the Gor’kov

equation,
[iw, — H (k)] Glk,dwn)  Fkyicon) |y (B.3)
F(k,iw,) Gk, iwy,)

The anomalous Green’s function F is calculated as

Pl = | T h €= = V2 A =2l (e + V)] Alige) (s =
, W ) = N . N . ~ ~
Z__}l (w2 4+ €% — 2 + V2 + A2 = 2VEpy + 2iVepy — 2iw,eps] Apy (s =—1)

(B.4)
Zg= (2 4+ - - VEH A2 4?2 (? +V?), (B.5)
Z =W+ -+ V2+A%)? -4V - V3 —wie?). (B.6)

—2iwnep3A(ipy) and —2iw,V p1A(ips) in the numerator for s = +1 and —2iw,ep3Apy
in that for s = —1 represent odd-frequency pairing correlations. When the band
hybridization is absent (i.e., V' = 0), the Hamiltonian in Eq. (Bdl) describes a pure
interband pairing state even considering in the basis that diagonalizes the normal state
Hamiltonian. The interband pairing does not correspond to odd-frequency Cooper
pair because the even-frequency pairing correlations in Eq. (B4) are also interband

pairings.

The authors of Ref. [107] found that the transition from the normal state to the
superconducting state described by H in Eq. (Bd) with s = +1 with changing the
temperature becomes first-order when the band hybridization V' is large enough. The
mechanism is explained well by the paramagnetic property of the odd-frequency Cooper
pairs induced by V' as well as we discussed in this study. Moreover, we can expect the
discontinuous transition also occur even when the asymmetry between the two bands
¢ is increased because an odd-frequency pairing correlation is induced by e. This
expectation is easily confirmed since H (k) in Eq. (B2) for s = +1 is equivalent to
the Hamiltonian of a spin-singlet superconductor under Zeeman fields. We obtain
the fourth-order coefficient of the GL free-energy b o Yiyter(Ao, Co) and the superfluid
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density @  Yigter(A, C) with Yiper = Y| unBovaTyz in Eq. (B1H) when we consider a
simple band structure m, = my, [67].
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Appendix C

A spin-singlet superconductor

under spin-dependent potentials

We consider a spatially uniform spin-singlet s-wave superconducting state under spin-

dependent potentials. The Gor’kov equation reads,

, § G F S Hy A
twy, — H =1, = A A C.1
[ BdG] _F _g] | BdG A —fIy (C.1)

~ Jd (k,iwn)
The anomalous Green’s function is represented as

PO A A A . -1 .
Fk,iw,) = [A A—w?— AHNA Hy +iw, P] A, (C.2)
P=(AHx—-HxA)A™', A=Aid,, (C.3)

where g; for j = 1 — 3 are Pauli matrices in the spin space. The odd-frequency pairing
correlations appear for P # 0 [14]. The coefficients in the GL free-energy functional

are calculated by

A2 1 1 .
ab?= =+ T; - ; ST [Fl(k,zwn)Aq , (C.4)
bA* = T%: Vil Zk: iTr [ﬂ(k,zwn) At Fi(k, iwy) AT] . (C.5)
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The electric current 5 within the linear response to a vector potential A is described
by [69]

2

) e
J=-——QA, (C.6)
me
0 _nTZ/df (Tt [GG — FF = Gx On] . )i (.7)
where n is the electron density per spin and (---)ps = [£2-.. is the Fermi surface

average. () is referred to as superfluid density.

Firstly, we consider the normal state Hamiltonian including an antisymmetric spin-

orbit interaction,

N R h2k?
Hy(k) =& —oap -0, &=

oy [, Q= —Qu. (C.8)

The Fermi surface is split into two due to the spin-orbit interaction in the normal state.

The Green’s functions are calculated to be

(iwn + &) (Wi + & + A?) + (iw, — E)og, + {(iwy + &) — 0, — A’} ag - &
W2+ &+ A2+ a}} — 48 o

G(k,iw,) = —

Y

(C.9)

2 2 | A2 2 4 9 A
Flheyioy) = — nt ot T Oh £ 280k T ) (C.10)
{wi + &+ A%+ ag}” — 45 o

The last term in the numerator of F represents the spin-triplet odd-parity pairing
correlation induced by the spin-orbit interaction. Since P = 0, the odd-frequency

component is absent. The gap equation becomes

= gTZ v Z r [F(k,iw,)i0s) = gNOWTZ \/m (C.11)

which is identical to that in the BCS theory, where N; is the density of states at
the Fermi level per spin. It is possible to show that the superfluid density and the
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coefficients of the GL free-energy are identical to those in the BCS theory,

A2

QBCS = 2n7TT E —(WQ + A2)3/2’ (012)
LNy (C.13)
apcs = — — Nom — :
o =y T2
Ny L 7¢(3)
bpcs = e T g o No 16(rT)2" (C.14)

where ((n) is Riemann zeta function. Therefore, the spin-orbit interactions do not

change any thermal properties of a spin-singlet superconductor [90].

Secondly, we consider the normal state Hamiltonian including the Zeeman potential,
Hx(k) = & — pusB - 6, (C.15)

where g is Bohr’s magneton and B is a Zeeman field. The odd-frequency pairing
correlation appears because P = 2 ug B - 6 remains finite. The Green’s functions are

calculated as

Gk iton) = —= [(iwn + &) (wy + & + A7) + (iwn — &) B*

VA

+ {(iwn + &) + A* — 4y B*} yug B - 6|, (C.16)

-1
F(k, iwn) = — (w2 + & + A? — §E B? + 2iw, up B - 6] Aié, (C.17)

Z, =& +28A+C, A=AN4+u?—iB?, C=A*+423B%  (C.18)

The last term in F represents the pairing correlation belonging to odd-frequency spin-

triplet s-wave symmetry class. The gap equation becomes
(C.19)

The self-consistent pair potential A, not only satisfies Eq. (CT9), but also minimize
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the thermodynamic potential. The coefficients in the free-energy result in

1 w?

= — — NonT = 2
=y T Ty (€20
3 JOT(A2 _ 2

- QNO TZA0+ Col(Ag = 2,15 57) (C.21)
[Co(Ag + v/ Co)]3/?
Ap = Ala=o, Co = Cla=o- (C.22)

The second term in Eq. (C20) becomes smaller than that in Eq. (CT3), which leads
to the suppression of T,.. The last term in Eq. (C2T) is derived from the odd-frequency
pairing correlation function and decreases the coefficient b. The superfluid density is

calculated to be

A? {A3 +VT(A? - zwnMBBQ)}
C(A+ VTP

Q= 22Ty (C.23)

The comparison between the expression of the superfluid density in Eq. (C23) and
that of the coefficient b in Eq. (CZ20) shows that the odd-frequency pairing correlation

decreases () and b in exactly the same manner.
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Appendix D

Restriction of hopping matrix in

tight-binding Hamiltonian

fold rotation Rz along the z direction, twofold rotation Ry along the x direction, and
inversion P. In addition, both the normal and superconducting states preserve time-
reversal T' symmetry. With the basis of (|+,1), |—, 1), |+,1), |—, 1)), these symme-
try operations can be represented as R3 = exp(z’%sgao), Ry = 18103, P = sgo3, and

T = is900K, respectively. Here K represents the complex conjugation.

Under threefold rotation symmetry, the relation

LT
71—

(R,0,s| H|R + a;,0,s') = exp ( (s - 53)) (R,0,s|H|R+a;c,s), (D.1)

is satisfied for (a;,a;) = (a1, —a2), (a2, —as), and (as,a;). Under twofold rotation

symmetry, the relation
(R,0,s|H|R+ a;,0',s') = o403 (R,0,5| H|R+aj, o, s), (D.2)

holds true for (a;, a;) = (a1, —as), (a2, —a2), and (as, —a1). As a results of inversion

symmetry, we find the relation of
(R,0,s| H|R+ a;,0',s') = 0403 (R,0,s| H|R—a;,o0',s). (D.3)
Finally, time-reversal symmetry is described as

(R,0,s| H|R + a;,0',s") = sys3 (R,0',s'| H|R — a;,0,3) . (D.4)
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We have used the notation of

oy = +1 (0=+)’ 5 = +1 (SZT)’ (D.5)
-1 (0=-) -1 (s=0)

- e=n = D
+ (0=-) T (s =)

According to the conditions in Egs. (D), (D2), (D33), and (D), the hopping matrices

can be reduced as [[29, [31]

—tig tae  tiu O
“ 0 —tf, tiu ti
_ti4 0 —t12 too

tn —tiz 0 —tui
. tig tog —tiu O

i, = , D.8
“ 0 ¢, tiy —ti (D-8)
u 0 tig  to
ti1 —t12 0 —ei2m/3¢,,
;o t12 l22 —e' 27/, 0 D
tay = i2m/3 ’ (D.9)
0 —e 14 t11 —t12
—e2m/3ty, 0 t1o too
t11 12 0 e /3t
P —t12 too e /3t 0 (D.10)
o 0 e /3ty t11 t12 ’ '
e /3t 0 —t12 22
t11 t12 0 —ti4
. —t192 too —tr 0
a = 14 , (D.11)

0 tiu tin ti2
tiy 0 —tip ta
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tin —tiz O
P tig  taa 1y
o 0 —tiu ti
—tiy 0t

thy tip 0

=1 o o ¢
11

1 ot 0

R R
o 0 0 t,
0 0 t’12

In momentum space, the tight-binding Hamiltonian becomes

c+m —i(vzas + v, 0
Fn (k) = i(vsas + v,00;) c—m v(ay + ioy)
0 v(ay — i) c+m
v(ay —ioy) 0 i(vsas + v,0)

14
0
—t12

too

/
12

/
22

0
0

!
_t12

/
t22

Y

(D.12)

(D.13)

(D.14)

v(ay + ioy)
0
—i(vzag + v,a,)
c—m

(D.15)
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with
ck = —p+ craq (k) + caaa(k), (D.16)
mg = mo + miai (k) + maas(k), (D.17)
2
c
€L = —5(?5'11 + t5), (D.18)
3a?
Co = —T(tn + t22), (D.19)
o= =3t +t2) — (t; +1t5) — ¢, (D.20)
2
c
= =t~ 1), (D.21)
3a?
my = _T(tll — t22), (D.22)
mo = 3(t11 — tgg) + tlll — t/22, <D23>
v = —3ieBatyy, (D.24)
v, = —2ct),, (D.25)
3a?
V3 — Ttlg. (D26)

Here ay(k), as(k), au(k), ay(k), and a.(k), are defined in Eqs. (E10)-(ETd). We
also define as(k) = —55(2cos %gkxa sin 3kya — sinkya). In this study, we set the

parameters as follows [129, [246]: a =4.14 A, c =287 A, = 0.5 eV, ¢; = 30.4 eVA2,
mo = —0.28 eV, my = 44.5 VA2 v = 3.33 eVA, ¢;/¢® = 0.024 eV, my/c* = 0.20 eV,
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Appendix E

Unitary equivalence of the
Hamiltonian with intraorbital

pairing order

The superconducting state with s-wave spin-singlet intraorbital pairing order is de-

scribed by a following Bogoliubov-de Gennes Hamiltonian [122].

& —iVe? 0 Ve 0 0 AL 0
iV,e % & Ve ¥ 0 0 0 0 A_
0 Vet & —iVe?  —A, 0 0 0
* ,—1i60 . —i6
_0) V*e 0 Ve & 0 —A_ 0 0
H; 7 (0, 01, = , .
o (001 02) 0 0 —AT 0 & Ve 0 Ve
0 0 0 —A* —iVie?  —& Ve
A* 0 0 0 0 Ve —& Ve ™
0 A* 0 0 Vet 0 —iV,e? =&
(E.1)
S=ct+mg S=c—mg V=uv(yk)+tiag(k)), V.=v.a.(k), (E.2)
g 1p1
Ay = ﬁ zk:<¢+,¢(k)¢+,¢(—k)> = |Ayle, (E.3)
g- i
A= > Wk (—k)) = [A_|e', (E.4)

k

where g, > 0 represents the attractive interaction between two electrons in the orbital
o and 6 denotes the phase of the hybridization in the normal state. We obtain the
normal part of f[,(co)(G, ©1,p2) from Eq. (E3) by choosing ¥, , — 1, %2 and ¢_, —
Y_,e"2  Although the phase factor ¢ does not affect the physics in the normal
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state, such a gauge transformation affects the relative phase difference between the
order parameters ¢ — ¢y [122].

)

Time-reversal symmetry of H ,(;) is represented by

THOT =HY, T =7(i8)aK. (E.5)

If we find a transformation U which eliminates all the phase factors in Eq. (E), it
is possible to show time-reversal symmetry of H ’E:O) [[22]. By applying the unitary

transformation,

U= djag[e—iwl/Q’ e—wz/?’ 6—1'601/2’ e_i‘p2/2, ei%’l/?’ eim/Z’ eisﬁl/Q’ ewz/?]’ (E.6)

the Hamiltonian is transformed into

U0, 01,0201 = HY (9= 2—F2,0,0). (B.7)

Therefore, the three phases must satisfy a relation
20 — p1 + o = 21N, (E.8)

with n being an integer for the Hamiltonian to preserve time-reversal symmetry. By
tuning # = 0 at n = 0, the two pair potentials have the same sign with each other
because of ¢ —ps = 0. By tuning # = 7/2, on the other hand, H,(co) (7/2,0,7) describes
a state where two pair potentials have the opposite sign to each other. It is easy to
show that H ’(60) (7/2,0,7) and H, ,(CO)(O, 0,0) are unitary equivalent to each other. We set
gr =¢g- =g and Ay = A_ = Ay in section B3. Under the condition, A;(is;)d3 is

unitary equivalent to A; = A1 (185)09.
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