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1. INTRODUCTION

Left invariant Lorentzian metrics on the 3 dimensional Heisenberg group Nil; are classified
isometrically by S. Rahmani [46], according to whether the center of the Lie algebra nils is
spacelike, timelike, or null. The non-flat two of them can be represented similarly to the
well-known left-invariant Riemannian metric on Nil3 and have the 4 dimensional isometry
groups. Then spacelike or timelike surfaces in Nilg with a non-flat left-invariant Lorentzian
metric can be expected to have properties similar to surfaces in the Riemannian Heisenberg
group. In this thesis, we will introduce the results of papers [26] (reproduced with permission
from Springer Nature) and [27] about timelike minimal surfaces in a Lorentzian Heisenberg
group, containing a Weierstrass-type representation of non-vertical timelike minimal surfaces
and the characterization of timelike minimal surfaces that have no counterparts in definite
cases.

In 3 dimensional homogeneous spaces with Riemannian metrics, specifically the model
spaces of 3 dimensional Thurston geometry, the surface theory has been developed in recent
years. In particular, the discovery of a quadratic differential, which is called the general-
ized Hopf differential or Abresch-Rosenberg differential by U. Abresch and H. Rosenberg [2]
accelerated the research of constant mean curvature surfaces in the 3 dimensional homo-
geneous spaces. As is well known in classical surface theory, the Hopf differential is very
useful in studying constant mean curvature surfaces in space forms since the Hopf differen-
tial becomes holomorphic if and only if the mean curvature of a surface is constant. The
Abresch-Rosenberg differential in homogeneous 3-spaces is an analogy to the Hopf differen-
tial because in various classes of 3 dimensional homogeneous spaces, it becomes holomorphic
if a surface has a constant mean curvature.

On the other hand, D. A. Berdinskii and I. A. Taimanov developed the integral represen-
tations of surfaces in 3 dimensional homogeneous spaces [4, 5]. In classical surface theory
in Euclidean space, the Kenmotsu-Weierstrass representation is well known as the integral
representation. Berdinskii and Taimanov generalized the Kenmotsu formula by using the
generating spinors and the non-linear Dirac equations for surfaces.

In 3 dimensional Heisenberg group Nilz, J. Inoguchi and B. Daniel showed independently
that the normal Gauss map, which is naturally defined from the unit normal vector field for
surfaces by using the stereographic projections, defines a harmonic map into the hyperbolic
plane if and only if the surface is non-vertical and minimal. On the other hand, J. F.
Dorfmeister, J. Inoguchi, and S.-P. Kobayashi investigated minimal surfaces and established
the Weierstrass-type representation via loop group decompositions. The Weierstrass data of
non-vertical minimal surfaces is a holomorphic 1-form, called the normalized potential, which
is obtained through the loop group decomposition, the so-called Iwasawa decomposition. In
that study, they applied the Sym-Bobenko formula, known as an immersion formula of
constant mean curvature surfaces in space forms. Moreover, they gave the characterization
of the minimality of surfaces in Nil3 and the harmonicity of the normal Gauss map by using
a family of flat connections on a trivial principal bundle. The heart of the above study
is combining the Abresch-Rosenberg differential and the non-linear Dirac equation with
generating spinors. By doing so an integrable system that is equivalent to the non-linear
Dirac equation can be obtained, and then the tools in integrable systems become available.



Therefore it is a natural problem to develop the spacelike and timelike surface theory
with generating spinors and to establish a representation formula of spacelike and timelike
surfaces of mean curvature 0 in Nils with Lorentzian metrics. The non-flat left-invariant
Lorentzian metrics are given in the following form:

1 2
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The spacelike surface theory with respect to the metric g_ is studied by D. Brander and S.-P.
Kobayashi [9]. They showed that the generic singularities of spacelike maximal surfaces are
cuspidal edge, swallow-tail, and cuspidal cross cap. Moreover they constructed these surfaces
via the loop group method. On the other hand, S.-P. Kobayashi and the author investigated
the timelike minimal surfaces with respect to the metric g, in [26].

In Section 4, we will introduce the research of Weierstrass-type representation of non-
vertical timelike minimal surfaces which is constructed in [26]. Because of using a para-
complex coordinate system, the existence of generating spinors for timelike surfaces is guar-
anteed by the conformality of timelike surfaces. Therefore the non-linear Dirac equation of

a0

can be obtained as similar to the Riemannian case. Defining the Abresch-Rosenberg differ-
ential for timelike surfaces (see Definition 4.2.1) and combining it with the above equations,
we can show the following theorem:

Theorem 4.2.3 ([26]). Let f be a conformal immersion from a simply connected domain
D ¢ C into Nily for which the Dirac potential U satisfies (4.1.3). Then the generating
spinors ¢ = (11, 1) satisfies the system of equations:
V. =9U, Y =9V,

where

oo 1ow + Lee w2 29H  —eev/?
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Here, @ is the coefficient of the Abresch-Rosenberg differential and é € {£1,4:'} is the

number determined by (4.1.4). Conversely, every solution ¢ to the above equation with
(4.1.4) is a solution of the non-linear Dirac equation (4.1.1) with (4.1.2).

One of the main results in Section 4 is the characterization of the minimality of timelike
surfaces. The left translated unit normal vector field of a non-vertical timelike surface takes
values in the half part of the de-Sitter sphere

SV% = {1’161 + x9e9 + x3€3 € il | —(I1)2 + (x2)2 + <I3>2 _ 1} '

Thus the normal Gauss map for a timelike surface is defined as a map into the de-Sitter
sphere in the Minkowski 3-space ]L? ) by combining two stereographic projections of de-

Sitter spheres. Similarly to the Riemannian case, the following theorem will be proved. Here
3



the family of connections a# is parameterized by a hyperbola S} = {u | u = 1, Reu > 0}
and derived from the equation in Theorem 4.2.3.

Theorem 4.4.1 ([26]). Let f : D — Nil be a conformal immersion from a simply connected
domain D C C’ into Nils satisfying (4.1.3). Then the following conditions are mutually
equivalent:

) f is minimal.

) The Dirac potential has purely imaginary values.

) d+ a* defines a family of flat connections on D x SUY ;.

4) The normal Gauss map f~'N is a non-conformal Lorentz harmonic map into the

de-Sitter sphere S? C ]L?Jrﬁﬂ.

P

Because of the harmonicity of the normal Gauss map, timelike minimal surfaces in the
Lorentzian Heisenberg group (Nils, g4 ) induce timelike surfaces of constant mean curvature
in the Minkowski 3-space. It has been known that in Minkowski 3-space, timelike surfaces
of constant mean curvature are characterized by Lorentz harmonic maps into the de-Sitter
sphere. J. F. Dorfmeister, J. Inoguchi, and M. Toda [17] gave the Sym-Bobenko type rep-
resentation of timelike constant mean curvature surfaces in the Minkowski 3-space, that is,
an immersion formula was given from the one parameter family of moving frames, the so-
called extended frame (see Definition 4.4.4 and Remark 4.4.5), of a non-conformal Lorentz
harmonic map into the de-Sitter sphere. In Section 4, we will also show the following the-
orem which gives the reformulation of Sym-Bobenko type representation in [17] in terms of
para-complex coordinate systems through the identification (4.3.1) of the Minkowski 3-space
and the Lie algebra suj ; as a vector space.

Theorem 4.5.2 ([26]). Let F'* be an extended frame of some Lorentz harmonic map ¢ from
a simply connected domain I C C’ into the de-Sitter sphere S? C IL.? )" Assume that the
coefficient function a of (1,2)-entry of o, satisfies aa < 0 on D). Define two maps f3

(+,—»+)
and NL?+ by

+)

0 1 i 0 1 i 0
= 4 iy /% m=1 _ = [ S w
fﬂ“?+,—,+) =—i'p (auF > (F™*) 5 Ad(F*) <O —i') , NL‘L,,,H 5 Ad(F*) (0 —i’) .

Then by the identification (4.3.1), fL?+ . describes an associated family of timelike surfaces
of constant mean curvature 1/2 in IL? '+~ with the first fundamental form I = —16aadzdz
and NL?+ . is the spacelike unit normal vector field of f]L?+ L for each p € Si.

Moreover by derivating the surface fL:(a+ 4 with respect to the spectral parameter p and

using the linear isomorphism = : suj; — nilz defined in (4.5.4), we give an immersion
formula of timelike minimal surfaces in Nil; complying with the characterization in Theorem
4.4.1, that is, the timelike minimal surfaces which we will give have the normal Gauss map

L3 .

(+.—4)
Theorem 4.5.4 ([26]). Let F'* be an extended frame of some harmonic map from a simply
connected domain D into H?, and f]L?+ o the associated family of constant mean curvature

1/2 surfaces defined in Theorem 4.5.2. Moreover define a map f*: DD — Nilsy by

= expoZ o fn
4



where the map f*: D — s is a suj ;-valued map defined by

) o i [0 d
=) = 50 (b )

W

Here the superscripts “o” and “d” denote the off-diagonal part and diagonal part, respec-
tively. Then the map f* describes a family of timelike minimal surfaces in Nil;. Moreover

the normal Gauss map of f* is NL‘?+ e

Extended frames of Lorentz harmonic maps into the de-Sitter sphere are constructed in [17]
through the loop group method. The Weierstrass data of extended frames are two 1-forms
since null coordinate systems are adopted in [17]. On the other hand, the Weierstrass-type
representation of extended frames can be understood in a unified way in this thesis since
para-complex coordinate systems are utilized. More precisely, the Weierstrass data are just
a 2 by 2 matrix-valued para-holomorphic 1-form, which is called a normalized potential (see
Definition 4.6.4), and then an extended frame of non-conformal Lorentz harmonic map into
the de-Sitter sphere in the Minkowski 3-space can be derived as an Iwasawa decomposed
factor of the solution to a para-holomorphic differential equation as follows:

Theorem 4.6.5 ([26]). Let £ be a normalized potential of a timelike minimal surface f in
Nil; defined in (4.6.6), and F_ be the solution of

OF = F ¢

with the initial condition F_(z = 0) = id. Moreover let F* € A'SU} ;, and F, € A"*SL,C/,
be the decomposed factors of F_ with respect to the Iwasawa decomposition, that is F. =
FPF,. Then F*k forms an extended frame of f up to the change of coordinate systems for
some k € U.

The normalized potential for a timelike minimal surface in Nilz is determined by the Abresch-
Rosenberg differential Qdz? and the support function h for the surface. Therefore we can
consider timelike minimal surfaces with the Abresch-Rosenberg differential Qdz? which sat-
isfies the condition QQ = 0. The class satisfying the above condition includes timelike
minimal surfaces with @ = 0, called horizontal umbrellas. However, the condition QQ = 0
does not imply = 0 as a by-product of using the para-complex structure. It can be seen
that such a surface except for () = 0 has no counterparts in definite cases. In Example
4.7.4, although we will show an example of such a surface, the normalized potential can not
computed explicitly.

As is well known, the word “null scrolls” is originally defined as ruled surfaces over null
curves with null director curves in the Minkowski 3-space. On geometry in the Minkowski
3-space, a point p of a surface is said to be quasi-umbilic if the Hopf differential Adz? satisfies
A(p) # 0 and A(p)A(p) = 0. J. Clelland [13] showed that totally quasi-umbilical timelike
surfaces are characterized as null scrolls. On the other hand, Z. M. Sipus, L. P. Gajc¢i¢, and 1.
Protrka [49] gave the reparametrization of a non-degenerate null scroll as a B-scroll, that is
a ruled surface with a ruling corresponding to the binormal vectors of a base curve, with no
additional assumptions on parameters and curvatures. Other studies of reparametrization
of a null scroll as a B-scroll are presented by A. Fujioka and J. Inoguchi [21] and H. Liu [36].

The former authors started from a conformal parametrization of a timelike ruled surface,
5



and the latter considered null scrolls which are parametrized by a distinguished parameter
with constant curvatures.

Section 5 treats the class of timelike minimal surfaces defined by the multiplication of a
null curve in Nil3 and the composition of the exponential map exp : nil3 — Nils and a curve
in the light cone in the Lie algebra nil3. Since the definition uses only the structure of Lie
groups, such a class can be considered in general Lie groups, and then they can be seen as
an analogy of ruled surfaces. We will call these surfaces null scrolls (see Definition 5.2.1).
The one of main results in Section 5 is to give an analogy of the results in the Minkowski
3-space, that is, we will give a characterization of minimal null scrolls in Nils as a surface
with the Abresch-Rosenberg differential Qdz? satisfying the condition QQ = 0.

Theorem 5.3.10 ([21) If a null scroll f is minimal, then the Abresch-Rosenberg differential
Qdz* of f satisfies QQ = 0. Conversely, every timelike minimal surface with QQ = 0 is a
null scroll.

In particular, we construct a frame along null curves in Nilg by utilizing the curve theory in
the Minkowski 3-space in the proof of the above theorem. Then we can obtain minimal null
scrolls in Nils from an arbitrary function.

Corollary 5.3.7 ([27]). For an arbitrary real valued function ki, there exists a minimal null
scroll such that the base curve has the first curvature k; with respect to some null frame.

Furthermore, we can see another construction of minimal null scrolls by calculating the
minimality conditions. Because of the simplicity of minimality conditions, we should consider
only three cases (see Theorem 5.2.4). At the last of Section 5 we will show the following
theorem:

Theorem 5.4.13 ([27]). If a minimal null scroll is not a vertical plane then there exist a
null curve v in Nily and a curve B in the light cone in nil3 which satisfy

(1.0.1) 7—12—1 = —4(29.(B",B")B + B")

and which define the map y(s) - exp(tB(s)) describing the original minimal null scroll.

This theorem means non-vertical minimal null scrolls can be reconstructed as B-scroll type
minimal surfaces which are timelike minimal surfaces in Nils inducing B-scrolls.
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like to thank Professor Shimpei Kobayashi for insightful conversations. Finally, I am very
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2. PRELIMINARIES

We devote this section to explaining the basic knowledge and notations we use in the later
sections. Let us recall the surface theory in Lie groups developed by D. A. Berdinskii and
I. A. Taimanov [5] in terms of the spinor representations.

2.1. Structure equations and spinor representations of surfaces in Lie groups.
The following theorem, which is a result of studies by A. Korn [30] and L. Lichtenstein [32],
is fundamental.

Theorem 2.1.1. Every 2 dimensional orientable Riemannian manifold (M, g) has a struc-
ture of Riemann surface, such that each coordinate (x,y) is an isothermal coordinate system

for g.

Let a coordinate system (x,y) of (M, g) be isothermal. Then the first fundamental form
I can be given in the form
I =e"dzdz.
We call the complex coordinate system z = x + iy a conformal coordinate system and the
coefficient e* the conformal factor of a surface with respect to z. The notations 0 and 0
denote the partial differentiations with respect to the coordinates z = x + iy and z = x —1y:

8'—2—1 2_22 5._2_1 2—}—22
0z 2\0r oy)’ 0z 2\0x oy)’

Because we consider surfaces only locally, surfaces immersed in a Riemannian manifold

M can be considered as conformal immersions from a simply connected domain in C into M
and assume that a conformal coordinate system z is defined on the domain.

Let f : D — G be a conformal immersion from a simply connected domain D C C into
a Lie group G equipped with a left-invariant Riemannian metric g and e* be the conformal
factor with respect to the conformal coordinate system z defined on D.

First we expand the derivative ® := f~!'df in terms of an orthonormal basis {e;, es, ..., €,}
of the Lie algebra g of G:
o = Z ¢j€j.
j=1

Here the notation f~! denotes the left translation of vectors from the complexified tangent
space at each point to the complexification g© of g. Then the conformality g(®,®) = 0 and
g(®, @) > 0 of f can be represented as

- N2 SINe _ L
(2.1.1) ;(qs) =0, ;|¢J| =3¢ >0.
Moreover f defines a g-valued 1-form
a = ®dz + ddz.
Then « satisfies the Maurer-Cartan equation:
da—i—%[a/\a] = 0.
7



Thus we have the equation
(2.1.2) 0P — 0% — [@, D] = 0.
The following proposition is a basic result of the differential geometry of Lie groups.

Proposition 2.1.2 ([16]). Let G C GL,,R be a linear Lie group of dimension n equipped
with a left-invariant Riemannian metric and g be the Lie algebra of G. Moreover let
{e1,€9,...,€e,} be an orthonormal basis of g and ® = Z;L=1 ¢’e; be a non-zero function

defined on a simply connected domain D C C, which takes values in g©. If the equations

(2.1.3) S (@) =0,

J=1

(2.1.4) 0P — 00 — [®,9] =0

hold, then, for any initial condition in G at some base point in D, there exists a conformal
immersion f : 1D — G which satisfies f~10f = ®, and it is unique up to translations.

Secondly, let us consider the condition with respect to the mean curvature of surfaces.
Typically, a smooth map ¢ : (M,g) — (M,q) from a Riemannian n-manifold M into a
Riemannian 7-manifold M defines a section Vdy of TM* @ TM* @ o 1T M:

Vdo(X,Y) = V¥dp(Y) — dp(VYY).

Here, VM denotes the Levi-Civita connections of g and VM denotes the induced connection

on the pull-backed bundle <p_1T]T/[/ . In particular, when the map ¢ is an isometric immersion
the section Vdgp is exactly the second fundamental form of ¢. The tension field 7(¢) of ¢ is
defined as the trace of Vd:

7(p) := Trace, Vdyp = Z Vdp(e;,e;),

j=1
where {e1, es, ..., e,} is an orthonormal frame on M with respect to g. The definition of the

tension field is independent of the choice of an orthonormal frame on M. As is well known,
the mean curvature field H is related to the tension field:

(2.1.5) 7(p) =nH.

In particular, we now consider surfaces immersed in a Lie group equipped with a left-invariant
Riemannian metric. Then by left translating (2.1.5) to the Lie algebra, we have

(2.1.6) 0P+ 0P+ Ve +Vgd =c"f'H
where V is the Levi-Civita connection for the left-invariant Riemannian metric on the am-

bient Lie group.

Theorem 2.1.3 ([16]). Let G C GL,,R be a linear Lie group of dimension n equipped
with a left-invariant Riemannian metric and g be the Lie algebra of G. Moreover let
{er,e2,...,en} be an orthonormal basis of g and ® = Y77 Pde; be a mon-zero function

defined on a simply connected domain D C C, which takes values in g©. Assume that ®
satisfies (2.1.3), (2.1.4), and

(2.1.7) 0% + 09 + {®,®} = 0.
8



Here {-,-} : g X g — g denotes the bilinear symmetric map defined by
{X, Y} =VxY +VyX.

The notation V denotes the Levi-Civita connection of the left-invariant Riemannian metric of
G. Then there exists a conformal minimal immersion f : D — G which satisfies f~10f = ®,
and it 1s unique up to translations.

Proof. Since ® satisfies the conditions (2.1.3) and (2.1.4) there exists a conformal immer-
sion f : D — @ satisfying f~10f = ® up to translations by Proposition 2.1.2. The above
discussion shows that the condition (2.1.7) means the mean curvature field for f vanishes. [

From now on, we consider immersed surfaces in a Lie group G of dimension 3. Because of
the conformality (2.1.1) of surfaces, ¢’ satisfy

(%) = (—¢' —i¢?)(¢" —ig”).
By taking complex functions ¢y and v, as
_¢1 _ i¢2 o ¢1 . z¢2

(11)? == — (1h2)? == 5

¢’ can be rephrased as
(2.1.8) o' = (2)? = ()?, ¢* =i ((2)* + (1)), ¢ = 2¢1¢s.

Definition 2.1.4 ([5]). The pair (¢1,15) of complex functions defined by (2.1.8) is said
to be the generating spinors of a surface immersed in a Lie group of dimension 3.

Remark 2.1.5. Since the derivative f~10f = Z?Zl ¢’e; can be written as (2.1.8), the
conformal factor e is computed as

eu/? —9 (|w1’2 4 ‘w2’2) )

2.2. Structure equations and spinor representations of timelike surfaces in Lie
groups. The spinor representation of surfaces can be extended to timelike surfaces in Lie
groups with a left-invariant Lorentzian metric. To explain this fact, we introduce the Lorentz
surface and the para-complex structures.

Lorentz surfaces are orientable manifolds of dimension 2 with a Lorentz conformal struc-
ture, which is an equivalence class of a Lorentzian metric on the manifold. The global
studies of Lorentz conformal structure were started by Kulkarni [31], and a lot of results on
Lorentz surfaces have been reported by many geometers, such as Weinstein (T. K. Milnor)
(29, 33, 34, 39, 40, 41, 50, 51]. The fundamental properties of Lorentz surfaces are sum-
marized in [57]. Just as a Riemann surface has an isothermal coordinate system, a Lorentz
surface has a special coordinate system, called a null coordinate system.

Theorem 2.2.1 ([57]). Let (M, g) be a Lorentz surface. Then there exists a coordinate
system (x,y) such that the metric g can be represented as

g = e'dxdy

for some function u.



In this thesis to investigate timelike surfaces, we use the coordinate system that is rewrit-
ten from a null coordinate system, so-called para-complex coordinate system. Para-complex
number C' is a real algebra spanned by 1 and the para-complex unit i which satisfy the
conditions:

=1, 1-i'=i-1=74.

We call the elements of C' also para-complex numbers. Similarly to complex number C,
every z € C' can be decomposed uniquely into the real part and the imaginary part, that is,

z=ux+y.
Moreover, the para-complex conjugate is also defined as well as the complex conjugate:
Z=x—1y.

However, the para-complex number is not a field. In fact, there exist numbers that do not
have inverse elements. This fact is explained in the following proposition.

Proposition 2.2.2. For a para-complex number z = x +i'y € C', following statements
hold.

(1) There exists a root w € C', that is, z = w? if and only if
r+y>0, x—y>0.

(2) There exists a para-complex number w such that z = e* if and only if
r+y>0 xz—y>0.

Here the exponential is defined as an infinite series
- wk R: A
e’ = Z e (cosh(Imw) + 4’ sinh(Im w)) .
k=0

(3) There exists an inverse number w, that is, z - w = 1 if and only if
2 —y? #0.

Proof. By representing w? and e* using the real part and the imaginary part of w, and
comparing them with z, we can obtain the statements (1) and (2). If z has a inverse number
w = u + i'v, we have a system

zu+yv =1 yu+av=0.

Then removing u or v, we obtain 22 — y? # 0. Conversely, if 2% — y? # 0 holds, multiplying
e € {£1, 47"} appropriately results in case of z +y > 0 and x —y > 0. When z +y > 0 and
r—y >0, by (2), z can be represented into e for some para-complex number @w. The proof
is completed by taking w = e~%. 0

The following proposition explains a fundamental property of the square root of para-
complex numbers.

Proposition 2.2.3. If a product xy of two para-complex numbers x,y € C' has the square

root, then there exists € € {£1,+i'} such that ex and ey have the square roots.
10



Proof. By the assumption,
Re(zy) £ Im(zy) > 0
holds, and a simple computation shows that it is equivalent to
(Re(z) & Im(z))(Re(y) + Im(y)) > 0.
Then the claim follows. U

Let (z,y) be a null coordinate on a Lorentz surface (M, g). Then the Lorentzian metric g
on M can be written in the form

g = e"dzdz
by putting the para-complex coordinate z as z = fx + fy with £ = (1 +4')/2. The para-
complex coordinate system z is called a conformal coordinate system and the coefficient e*

the conformal factor as in the Riemannian case. In this thesis, we use the notations 9 and
0 as the partial differentiations with respect to the coordinates z and z, defined formally by

0 g -0 = 0 -0 0
0=—=0—+l—, 0=—=0—+{(—.
0= ‘oz oy 0z ‘oz oy
Because we consider timelike surfaces only locally, a timelike surface immersed in a
Lorentzian manifold M can be considered as a conformal immersion from a simply con-
nected domain D in C’" into M.

Let f : D — G be a conformal immersion from a simply connected domain D C C’ into
a Lie group G equipped with a left-invariant Lorentzian metric g and e* be the conformal
factor with respect to the conformal coordinate system z defined on .

Expanding the derivative ® := f~!'0f in terms of an orthonormal basis {ey, es,...,e,} of
the Lie algebra g of G with a timelike vector e;:

(I) = i ¢j€j,
j=1

we can represent the conformality of f as

n n

(2.2.1) Zej(qsﬂ)? =0, Zejgwﬂ =5e" >0
7j=1 7j=1
where ¢, = —1 and €¢; = 1 for j # 1. Moreover, f defines a g-valued 1-form
a = ddz + ddz.

Then the 1-form « fulfills the Maurer-Cartan equation:
1
da+§[a/\a] =0,
that is equivalent to
(2.2.2) 0P — 0P — [®, D] = 0.

Therefore the analogue of Proposition 2.1.2 can be proved.
11



Proposition 2.2.4. Let G C GL,,R be a linear Lie group of dimension n equipped with a
left-invariant Lorentzian metric and g be the Lie algebra of G. Moreover let {ey, es, ..., e,} be
an orthonormal basis of g with a timelike vector e; and = Z?:l @’e; be a non-zero function
defined on a simply connected domain D C C' which takes values in the para-complexification
g% = g®C of g. If the equations (2.2.1) and (2.2.2) hold, then there exists a conformal
immersion f : D — G that satisfies f10f = ® for any initial condition in G at some base
point in D, and it is unique up to translations.

Proof. Since ® satisfies the Maurer-Cartan equation, there exists a unique map f : D —

G% such that f~'df = ® up to translations. A straightforward computation shows ff_l
is constant. Therefore the initial condition in G induces the G-valued map f. By the
assumption, obviously, f is a conformal immersion. O

Next we consider the condition in terms of the mean curvature. For a smooth map
¢:(M,g) — (M,g) from a Lorentzian n-manifold into a Lorentzian n-manifold, the tension
field 7(¢) can be defined similarly to the Riemannian case:

7(p) := Trace, Vdy = Zej (Vﬁfdgo(ej) - dgp(Vgej)) )

j=1
where {ej, ey, ...,e,} is an orthonormal frame on M with a timelike vector field e; with
respect to g and ¢, = —1 and ¢; = 1 for j # 1. In particular, since we now consider

timelike surfaces immersed in a Lie group equipped with a left-invariant Lorentzian metric,
the computation same with in the Riemannian case derives the following condition:
(2.2.3) 0P+ 00 +Ved +Vzd=e"f'H

where V denotes the Levi-Civita connection of the Lorentzian metric on the ambient Lie
group. Therefore we can prove the following theorem in the same way to Theorem 2.1.3.

Theorem 2.2.5. Let G C GL,,R be a linear Lie group of dimension n equipped with a
left-invariant Lorentzian metric and g be the Lie algebra of G. Moreover let {e1, e, ..., e,}
be an orthonormal basis of g with a timelike vector e; and ® = Z;;l de; be a non-zero

function defined on a simply connected domain D C C', which takes values in g€ . Assume
that ® satisfies (2.2.1) and (2.2.2), and

0P + 09 + {®,®} = 0.
Here {-,-} : g X g — g denotes the bilinear symmetric map defined by

{X, YV} =VxY +VyX.

The notation V denotes the Levi-Civita connection of the left-invariant Lorentzian metric of
G. Then there exists a conformal minimal immersion f : D — G which satisfies f~10f = ®,
and it is unique up to translations.

From now on we consider timelike surfaces immersed in a Lie group of dimension 3 with
a left-invariant Lorentzian metric.

Proposition 2.2.6. Let f : D — G be a conformal immersion from a simply connected

domain of C' into a 3-dimensional Lie group G with a left-invariant Lorentzian metric and
12



expand the derivative f~10f in terms of an orthonormal basis {e1, ez, e3} with a timelike
vector ey

3
o = Zgbjej.
j=1

Then there ezist a para-complexr number € € {£i'} and a pair (¢Y1,19) of para-complex
functions 11 and ¥y such that

(2.2.4) or=c€((2)’+ (1)), da=-¢' (o) — (1)), o3 = 2011

Proof. Since the first equation of the conformality condition (2.2.1) can be rephrased as
(6°)° = (¢" +i'¢?) (9" —i'9?),
and Proposition 2.2.3 shows that there exists a para-complex number € € {£1,+i'} such
that e(¢! + 7/¢?) and €(¢' — i'¢?) have the square roots. Thus ¢' +i'¢? and ¢' —i'$? can be
represented as
O+ 1P = 2e(i), @' — i = 2e(t)?
for some para-complex functions ¢; and ¥». Then ¢* can be rephrased as ¢® = 2¢11,, and

we obtain the representation in the form of (2.2.4). To complete the proof, we have to show
¢ takes values in {£i'}. A direct computation shows

—= — — =2
(2.2.5) A R R (T
Since we assume that the left hand side of (2.2.5) takes positive values on D, e must be ¢’ or
—i. O

Remark 2.2.7. The unit normal vector field N = —2i'0f x df/2|g(0f,df)|*/? and the con-
formal factor e for f can be rephrased in terms of (11, 15) as follows:

1 _ _ _ _
f_lN = ——— —2€i, Im(¢1¢2>61 + 262', Re(¢1¢2)€2 — (¢21/12 — 1#11/)1)63 s
Vathy + Y1ih ( )
e = 4(1hathy + Y19n1)*.
Without loss of generality, we can take 191hs+1011; as positive value, if necessary by replacing
(11, 19) into (—i'11,4"1h2). Then we can assume that

(2.2.6) e"/? = 2(ihotdy + P10by)
holds. Such a pair (¢1,15) for f is unique up to sign.
Definition 2.2.8. The pair (11, 15) satisfying (2.2.4) and (2.2.6) is called the generating

spinors for conformal immersion f : D — Nils.

2.3. 3 dimensional Heisenberg group Nil;. The 3 dimensional Heisenberg Lie algebra
nil3 is a real algebra spanned by the matrices:

010 00 0 00 1
er=[0 00|, ea=[00 1], es={0 0 0
000 000 000

3



with the usual commutator of matrices. The 3 dimensional Heisenberg group Nilj is a simply
connected linear Lie group corresponding to nils. It consists of 3 x3 upper-triangular matrices
which have the diagonal components 1. Since the exponential map exp : nily — Nil3 gives

1 T $3+%$1$2

3
exp (ijej): 0 1 To ,
j=1

0 0 1

we obtain the exponential coordinate (xi, 2y, x3) of Nil3, and then Nil3 can be naturally
considered as (R3(xy, z,x3), ) where the notation - denotes the group multiplication:

T - - - 1 -
(21,22, 23) - (T1, Ta, T3) = (371 + X1, Ty + T2, X3 + T3 + 5(11711'2 — 3C21'1)> .

By the natural identification of nil3 and the space of left-invariant tangent vector fields (or
the tangent space at the origin) of Nils, we obtain

E)ml 2 aZEg’ 2 8x2 2 81'37 5 8[)’23'

2.4. Left-invariant Riemannian and Lorentzian metrics on Nil;. For 3 dimensional
Lie groups G with a left-invariant Riemannian metric, Milnor showed that the Lie bracket
[-,-] of the Lie algebra g can be represented by a uniquely defined linear transformation
L : g — g and the cross product x determined by the metric:

[, v] = L{u x v),
and that G is unimodular if and only if L is self adjoint (see section 4 in [38]). Furthermore,

for 3 dimensional unimodular Lie groups, Milnor showed a basis (€1, é;, €3) of g can be chosen
so that they are orthonormal with respect to the metric and satisfies

[€1, 6] = Asé3,  [€2,E3] = Mié1,  [E3,€1] = Aol
In particular, in the case of 3 dimensional Heisenberg group, we can choose the orthonormal

basis (€1,€2,€3) and \; as €; = e; and Ay = Ay = 0, A3 = 1 without loss of generality.
Therefore the left-invariant Riemannian metric gg is given by

1
gr = dr1 @ dry + dro @ dre + W R W, w = drs+ Q(Igdl’l — z1dxy).

Remark 2.4.1. The 1-form w is a contact form of Nils, and then the pair (Nil3,w) is a
contact manifold. The Reeb vector field is e3 and the contact structure is the plane field
generated by e; and es.

On the other hand, left-invariant Lorentzian metrics on Nil3 are not unique. Using a
similar consideration, S. Rahmani [46] classified Lorentzian Heisenberg groups. Let g be a
left-invariant Lorentzian metric on Nil and (€3, é3, €3) an orthonormal basis of nil; with the
timelike vector é;:

—g(é1,61) = g(€2,62) = g(é3,€3) = 1.
There are three structures of Lie algebras in terms of the direction of the center:

(1) [61,82) = Nés, [Ea,E3] = [E3,61] = 0,
(2) [E3,82) = Né1, [E1,6E2] = [E3,61] =0,
(3) [61,83) = [62,835] = &1 — &, [E1,65] = 0.



The center is generated in (1) by spacelike vector €3, in (2) by timelike vector &, and in (3)
by null vector €; — é;. Since the center of nilz is spanned by e3, we have \é3 = e3, A\é; = e3,
and €; — €y = e3, respectively. Let denote the left-invariant Lorentzian metrics corresponding
to them as g, g_, and go, respectively. In particular, the metrics g+ with A =1 is given by

g+ = Fdr; @ dr| + dry ® dre £ w ® w.
The orthonormal basis can be taken as

(1) &1 =e1, éEx=ey, &E3=ce3,

(2) él = €3, éQ = €9, é3 = €1.
The isometry groups with respect to gg, g+, and g_ have dimension 4, though only with
respect to go has dimension 6. The volume element with respect to the metric gg, g1 or g_ is

given by tdx; A dxo Adrs. We then orientate Nils for the volume form to be dxy A dxy Adxs.
Moreover, we define the vector product x as

g(XXY,Z):dl‘l/\de/\dl'g(X,Y,Z), X,Y,Zeﬂi[:;
where g = gr, g+ or g_.

Let V denote the Levi-Civita connection for the left invariant metric g = gg, g+, or g_,
and then the connection V is defined as

1 1
Ve =0, Ve €2 = 5€3, Ve €3 = —€_ 3569,
_ 1 _ _ 1
Ve,€1 = —5€3, Ve,e2 =0, Ve,63 = €46 561,
_ 1 _ 1 _
V€3€1 = —67562, V€3€2 = €+€,§€1, Ve3€3 =0.

where €4 are signature defined by

oot it gt 1 if gFg-
T if g=g¢7 T -1 if g=g-°
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3. SURFACE THEORY IN RIEMANNIAN HEISENBERG GROUP

In this section, we introduce the Weierstrass-type representation of non-vertical minimal
surfaces in Nily studied by J. F. Dorfmeister, J. Inoguchi, and S.-P. Kobayashi [16]. They
used a Weierstrass-type representation of harmonic maps into symmetric spaces via loop
group decompositions [18]. This method is constructed by J. F. Dorfmeister, F. Pedit, and
H. Wu, and called the DPW method by taking the initials of the authors.

3.1. Non-linear Dirac equation for surfaces. D. A. Berdinskii and A. I. Taimanov in-
vestigated the integral representation of surfaces in 3 dimensional homogeneous spaces, in
particular the model spaces of Thurston geometry, by using the generating spinors. For
surfaces immersed in such a space, the system of the structure equations (2.1.2) and (2.1.6)
are rewritten in the form of the non-linear Dirac equation [55]:

(3.1 (500G -6)

The complex functions U and V are called the Dirac potentials for surfaces. The potentials
for surfaces in R3, S, Nily, SLyR, and Sol are given explicitly in [5, 53, 54]. T would like to
refer to [47, 56] for the Thurston’s geometrization conjecture for manifolds of 3 dimensional.
Moreover, because the conformality of immersion guarantees the existence of the generating
spinors, spacelike surfaces immersed in a pseudo-Riemannian manifold also have generating
spinors.

Theorem 3.1.1 ([55]). For surfaces immersed in Nils, the Dirac potentials are
H i
1.2 —Y=___eW2y p
(3.1.2) u=y 5 ¢ + 1
Here the function h is defined by

h=2([n]* = [¢a]?),
and called the support function of surfaces.
Remark 3.1.2. Let us consider the natural projection 7 from Nils to the plane R?:
7 : Nily 3 (21, T, 73) > (71, 72) € R
From the definition of A and the spinor representation of the unit normal vector field N:
1

N = ————— (2Re(¢1h2)er + 2Im(v1aba)es + (|t |* — [02])es) |

we have
h = e“2ggr(N,es).

Hence the vector e3 is tangent to a surface when the support function vanishes. This means
that a surface that has a vanishing support function is the inverse image of a plane curve by
. Such a surface is called a Hopf cylinder. The mean curvature of Hopf cylinders is half of
the curvature of corresponding plane curves. Therefore the minimal Hopf cylinders are the

plane, called vertical planes.
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3.2. Lax type representation for surfaces in Nil;. The main targets of this section are
minimal surfaces in Nil; other than vertical planes. Thus we assume that surfaces have the
support functions vanishing nowhere if necessary limiting its domain ID and defining D anew
as the limited domain. Such a surface is called non-vertical. Then a new complex function
w can be defined on D by

I .
(3.2.1) V2 Y=y = _ieu/2 4 ih

since the Dirac potential vanishes nowhere on the domain. Berdinskii [4] showed that the
non-linear Dirac equation (3.1.1) with (3.1.2) is equivalent to another system of partial

differential equations for the generating spinors (i1, ¥9) of a surface in Nils.
Definition 3.2.1 (]2, 20, 55]). For a conformal immersion f : D — Nil, define a complex-
valued function () by
1 gR(Vaaf, N) + —.

(3.2.2) Q= T

Here N is the unit normal vector field, H is the mean curvature, and ¢ is the es-component
of df. The quadratic differential Qdz? is well-defined, and then we call it the Abresch-
Rosenberg differential for f.

2H +1 (¢)?

Remark 3.2.2. U. Abresch named the non-vertical minimal surfaces of which the Abresch-
Rosenberg differential vanishes the horizontal umbrellas. The minimal surfaces with the
Abresch-Rosenberg differential vanishing anywhere are vertical planes or horizontal umbrel-
las.

Theorem 3.2.3 ([4]). The non-linear Dirac equation (3.1.1) with (3.1.2) is equivalent to
the following system of partial differential equations:

(323) a(wl, 1/}2) - (1/}17 ¢2)[77 5(1/}17 ¢2) = (¢17 ¢2)‘7
where the 2 x 2 matrices U and V are given by
7o Low + Lemw/2eu29H  —ev/? 7 0 B —Qe /2 Y
Qew/? 0 ’ ev? Low+ le/2e"/20H

Here Q is the function given by (3.2.2). Then Qdz* becomes the Abresch-Rosenberg differ-
ential for a surface which can be obtained from the Dirac equation (3.1.1) with (3.1.2).

The compatibility condition for the system of partial differential equations (3.2.3), that is
U — 0V — [U,V] =0, gives four equations:

1 — 1 - ——
500w+ e —|QPe + 5 (aaH + OHD w; “) ev/2eu2 — )
(3.2.4)

1 — 1 _ _ _
S00w + e —|QPe + 2 (aaH +OHO w; “) g2/ — ()

1 1—
0Q = —=QOHe "/?e"/> — —9He e/,
(3.2.5) % %
9Q = —§Q5He*w/2e“/2 - 5<3>Hew/26“/2.

From (3.2.5), we immediately obtain the following result.
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Theorem 3.2.4 ([2]). For constant mean curvature surfaces in Nilg, the Abresch-Rosenberg
differential is holomorphic.

Remark 3.2.5. In general, the converse statement does not hold, that is, a surface with a
holomorphic Abresch-Rosenberg differential does not always have a constant mean curvature.
A surface with a holomorphic Abresch-Rosenberg differential is a constant mean curvature
surface or a Hopf cylinder (see [16, Appendix A]).

For non-vertical minimal surfaces in Nils, the compatibility conditions (3.2.4) and (3.2.5)
are more simple as follows:

1 -
58811) +e¥ — Qe =0,
0Q = 0.

In particular, the function w is determined by the support function A by (3.2.1). Thus
minimal surfaces in Nilg with some initial condition is determined by the support function
and the Abresch-Rosenberg differential. Moreover, these equations coincide with the Gauss-
Codazzi equations for a spacelike constant mean curvature 1/2 surface in Minkowski 3-space
which has the first fundamental form h2dzdz and the Hopf differential 4Qdz2. Therefore we
immediately obtain the following theorem.

Theorem 3.2.6. For a non-vertical minimal surface in Nily with the support function h
and the Abresch-Rosenberg differential Qdz?, there exists a spacelike constant mean curvature
1/2 surface in Minkowski 3-space which has the conformal factor h? and the Hopf differential
4Qdz>.

This correspondence will be explained in subsection 3.5.

3.3. Normal Gauss map of surfaces in Nil;. To obtain a characterization of minimal
surfaces in Nils, we will introduce the normal Gauss map of surfaces in Nils. It is naturally
defined from the unit normal vector field and becomes a harmonic map into the hyperbolic
plane if the surface has the mean curvature 0.

As is well known, the hyperbolic plane is a Riemannian symmetric space. Let us recall
a Riemannian symmetric space representation of the hyperbolic plane. Let ]L.? ) denote
the Minkowski 3-space (R?, (,)) where (,) is an indefinite inner product:

(21, 29, x3), (Z1, To, T3)) = 11T1 + T2T2 — X3T3.

The hyperbolic plane H? is a spacelike surface embedded in ]L? . defined by

H2 = {(ZEhJZQ,Ig) € L?+7+’_)|(ZE1)2 + (1'2)2 — (.173)2 = —1, T3 > 0} .

Minkowski 3-space L‘? o) Can be identified as an indefinite scalar product space with the
special unitary Lie algebra su; ; of index (1, 1) defined by

su;; = {(Zg —Z;CL) € sl,C

which is equipped with the following Lorentz scalar product (, },,1:

(X,Y)m1 =2Trace(XY), X,Y €suy;.
18
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The correspondence between su,; ; and L? 4,0 1s given by
1 i —p —1iq
(3.3.1) sty 3 5 <—p+iq i ) «—— (p,q,r) € ]L?ﬁﬁf).

Then the hyperbolic plane H? can be realized in su ; as

(X, XYt = —1, <X% (é _OZ) >m1 < 0}.

The special unitary Lie group SU;; of index (1,1) corresponding to the Lie algebra suy ; is

given by
a b
SUp = {(b d) € SL,C

and acts transitively and isometrically on H?:
SU x H? 3 (F, X) — Ad(F)X € H>.
i/2 0

0 —i/2
SU; 1 consisting of diagonal matrices:

e? 0
UIZ{(O e_ig) GSULlQER}.

Therefore the hyperbolic plane H? has the homogeneous Riemannian space representation
SU; 1/Uy. Since the pair (SU; 1, Uy ) defines a Riemannian symmetric pair with the involution

H2 = {X € SUy

a.b e C Jaf* — b2 = 1},

The isotropy subgroup with respect to this action at ( ) is the subgroup U; of

L
o:SUL1 3 X s Ad (5 (é O)) X €SULL,

H? = SU1,1/U; becomes a Riemannian symmetric space.

Although the left translated unit normal vector field for a surface in Nils takes values in
the sphere in nils:

§2= {z1e1 + zoe + w363 € Mils|(21)* + (22)° + (23)” = 1},

3
(+9+77

graphic projections (FIGURE 1). For simplicity, we assume that the support function of a
surface takes positive values. This means that the left translated unit normal vector field

it can be considered as a map into the hyperbolic plane H? C L ) through the stereo-

maps into the upper half of sphere S?. The composition of the left translated unit nor-

mal vector field f~!N : D — S? C nils and the stereographic projections with base points
(0,0,—1) € L? and —e3 € nils:

T )
WL32H29($1,$2,£L’3)'—>1+$ +21+x G(C,
3 3
ot I )
Thily - S22 5 T1€1 + Too + T3e3 > + e C

1+$3 Zl+l’3

defines a H2-valued map

(3.3.2) T oM 0 fTIN D — H C L:(g+,+,f)'
19



FIGURE 1. Left translated normal vector field takes values in a unit sphere
(left). Stereographic projections map the hyperbolic plane (right) and sphere
to the same disk.

Since the composition 73! o myy, : S2 — H? is computed as

1 r1 x2 1
s O T (T1€1 + To€o + x363) = | —, —, — |,
xr3 T3 X3

the map (3.3.2) is given explicitly in terms of the generating spinors as

(333)  ms lomumof 'N= (2 Re(102), 2Im(1aha), [ |* + [¢ho]?) -

-
(912 = lbaf®

Definition 3.3.1. For a surface in Nils, the map 73! o my, o f'N defined by (3.3.3) is
called the normal Gauss map of the surface, and denoted by the same letter f~'N with the
left translated unit normal vector field.

Via the identification (3.3.1), the normal Gauss map f~'N of a surface f : D — Nily is
represented as

(3.3.4) SN = %Ad(F) (g O.)

where F'is a SU; ;-valued map defined by

1
(3.3.5) F (ﬂ @> |
VI = [ee? \¥2 ¥
Definition 3.3.2. A SU, ;-valued map F' which gives the normal Gauss map by the form
(3.3.4) is called a frame of the normal Gauss map f~!N.

Remark 3.3.3. We would like to note that a frame of the normal Gauss map is not unique.
In fact, there is a freedom of SU; ;-valued initial condition Fy and U;-valued map k, that
is, a frame I’ and a frame FyF'k are different in general. Therefore in this paper, we use
the particular frame (3.3.5) since the different frames do not always define the same normal
Gauss map.

3.4. Characterization of minimal surfaces in Nil;. J. Inoguchi [25] and B. Daniel [15]
showed that a conformal immersion in Nilz is a minimal surface other than a vertical plane

if and only if its normal Gauss map is a non-conformal harmonic map into the hyperbolic
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plane. On the other hand, Dorfmeister, Inoguchi, and Kobayashi characterize the minimality
of surfaces with a family of flat connections on a trivial principal bundle in [16].

Let F be a fundamental system of solutions to the system of partial differential equations
(3.2.3). Then we have the matrix differential equations:

(3.4.1) OF = FU, 3F =FV.
Proposition 3.4.1. Define a GLyC-valued map F by

~ (emw/4 0

Then F' satisfies the matrix differential equations

(3.4.2) OF = FU, OF =FV
where
U 10w+ Lew2ev29H  —ev/? v —Low B —Qe /2 )
Qe /2 —0w)’ ev?  Low + Llemv/2ev/29H

Proof. The partial derivative of I’ with respect to z can be computed as
A(FG) = (0F)G + F(8G)
= FGG™'UG + FGG™1(8G)

—w/4 0

where G = (e 0 e-uw/

). Therefore we obtain the first equation of (3.4.2) by putting

U:=GUG+ G Y(0@G). The second equation can be obtained by computing the partial
derivative with respect to Zz. 0J

Remark 3.4.2. It can be checked that the particular frame (3.3.5) of the normal Gauss
map for a minimal surface is a solution of the equations (3.4.1) since the Dirac potential
takes purely imaginary values. Moreover, the map F' defined in Proposition 3.4.1 becomes a
frame of the normal Gauss map of minimal surface.

Let us define a family of Maurer-Cartan forms o parametrized by A € S* = {\ € C||\| = 1}
from the GLoC-valued map F' defined in Proposition 3.4.1 as
ot = UMz +V3dz
where
U — Low + temw/2ew29H  —)\"lew/? VA= —Low B —A\Qe /2 )
A 1Qew/? —ow )’ Ae’? 10w + Le~v/2ev/29H

The 1-form o takes values in su;; for each A € S' when the mean curvature is 0. Then

minimality of surfaces in Nilg is characterized by a family of flat connections on the trivial
bundle D x SULI'

Theorem 3.4.3 ([16]). Let f : D — Nil3 be a non-vertical conformal immersion from a
simply connected domain into Nilg. The following statements are mutually equivalent:

(1) The mean curvature of f is 0.
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(2) The Dirac potential for f has purely imaginary values.
(3) d+ o> defines a family of flat connections on the trivial principal bundle D x SUj ;.
(4) The normal Gauss map of f is a non-conformal harmonic map into the hyperbolic

plane H? C L?+7+’_).

Proof. The equivalence between (1) and (2) is trivial from the definition of the Dirac
potentials for surfaces in Nils.

We first consider the condition for d + o to be a family of flat connections on I x SU7 1.
A straightforward computation shows that the following conditions are the necessary and
sufficient conditions:

(3.4.3) U — VA —[UNVA =0, o €suy,.

By paying attention to the coefficients of A™*, \°, and ) for each entry, we obtain the following
equations

1, oe — 1 _
(3.4.4) 56“/231{ =0, 0Q—+ 5@6’“)/26“/28[{ =0,

%Ggw +e¥ — Qe + % (851—[ + 8H5_w2+ u) e W/2et/2 = ),
(3.4.5)

1. = 1/ — _
58821) —I— ew — |Q|2€_w + 5 (03]’[ ‘I— 8H0 w2+ u) €_w/26u/2 = O,

1 1
(3.4.6) §eu/QaH =0, 00+ 5Qe—w/%“/?aH =0.

Equations (3.4.4), (3.4.5), and (3.4.6) are the coefficient of A™', A\°, and \, respectively. The
equations (3.4.5) coincide the compatibility conditions (3.2.4) for non-linear Dirac equation,
and then they always hold.

When the surface f : D — Nily is minimal, the conditions (3.4.4) and (3.4.6) are repre-
sented as

0Q = 0.
Hence from Theorem 3.2.4, the first condition of (3.4.3) holds. Moreover, when H = 0 the
matrices U» and V* have a particularly simple form:

1 Y1l w/2 _ 15 N\ p—w/2
U* = —146131”/2 A 1 y ) V= 48@20 )\?—6 :
AT Qe —;0w et/ 70w

Then a direct computation shows a’ takes values in suy; for each A € S!. Hence the
statement (3) holds when the statement (1) holds. Conversely, we assume that the condition
(3) holds. Since the equations (3.4.4), (3.4.5), and (3.4.6) are satisfied, it can be seen that
H is constant. Moreover, since o is valued in su; ;, comparing (2, 1)-entry with (1, 2)-entry
derives that H must be 0. Therefore we obtain the equivalence between (1) and (3).

Next, we show the equivalence between (3) and (4). For a map ¢ : D — H? into the
hyperbolic plane H? = SU; ; /U, take a frame F, that is,

wzéAd(F) (é _OZ>

22



It is known that ¢ is harmonic if and only if the Maurer-Cartan form « := F~'dF satisfies
the condition (see [18, proposition 3.3], [16, Appendix D]):

(3.4.7) d(xaq) + [ap A xaq] = 0.

Here the symbol * denotes the Hodge star operator of D and ay = agdz + ofdz and oy =
aydz+agdz are given by the decomposition a = ag+a; following the Cartan decomposition

U1 = £ d m where
relR m = ‘ eR

{5 4)

By defining a family of 1-forms o with parameter A € S! as

(3.4.8) ot =g+ A taldz + Naldz,

it can be seen that the harmonicity condition (3.4.7) is equivalent to the condition, so-called
zero-curvature representation

1
da* + 5[04)‘ Aot =0

for each A\ € S!. The proof of this fact is given by decomposing the left hand side of the
zero-curvature representation into A~'-part, \’-part, and A-part. Since the condition (3) can
be rephrased as

1
da* + 5[0/\ Aot =0,

we know the map, for a solution F* of the system of equations OF* = FAU*, 0F* = FAV?,

e ;%)

defines a family of harmonic maps into the hyperbolic plane for each A € S'. In particular
from Remark 3.4.2, F*|,_; gives the normal Gauss map of f. Moreover, since the (1,0)-part
of the upper right entry of a*|,—; is non-degenerate, the normal Gauss map is non-conformal.
Therefore the condition (3) derives (4).

Conversely, if we assume that the normal Gauss map (3.3.4) of f is harmonic, then we
can construct a minimal surface in Nilg by using the representation formula introduced in
the next subsection. That minimal surface has the generating spinors (¢, ) same as the
original surface f. Therefore Theorem 2.1.3 shows the minimal surface is the same to f up
to translations. Hence f is minimal, that is, the condition (3) holds. U

Definition 3.4.4. For a harmonic map ¢ into H? C L?JF’J“_), a SU; ;-valued solution F*

of the equation (F)~'dF* = o*, where o is the su; ;-valued 1-form defined in (3.4.8), is
called an extended frame of .

Remark 3.4.5. For a minimal surface in Nils, a SU; ;-valued solution F A of the matrix
differential equation (F*)~'dF* = o* with the initial condition F*[y—; = F' is an extended

frame of the normal Gauss map of the surface.
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3.5. Sym-Bobenko formula. As mentioned in Remark 3.2.6, a minimal surface induces a
spacelike surface of constant mean curvature H = 1/2. Redefining the generating spinors
(¢1,1) of a surface f: D — ]L:(”JDJFH as

(3-5~1) Q;l = (%)2 - (1/11)27 CEQ =1 ((%)2 + (?/)1)2) ) gg = 22'%%

where the functions ¢/ are defined by 9f = (¢!, $2, ¢*), we can derive the non-linear Dirac
equation (3.1.1) with the Dirac potentials 4 = V = iHe™/2/2. Here the function e de-
notes the conformal factor of f and is rephrased in terms of the generating spinors as
e = 4(|i1|? — [12]?)”. Since the Dirac potentials for minimal surfaces in Nily and sur-
faces in IL:()’ ) of constant mean curvature 1 /2 coincide, these surfaces can be described by

++,—
the common generating spinors.

Proposition 3.5.1. The Gauss map of the induced surface f in L?JrJrf) coincides with
the normal Gauss map of the original minimal surface f in Nils.

Proof. The unit normal vector field N of f is given in terms of the generating spinors as

N 1 2 2

N = i = [a2 (2Re(¥1t2), 2Im(¢1h), |11 [ + [1h2]?) .
Then we can see that N is the normal Gauss map of the minimal surface f by (3.3.3) since
f and f have the same generating spinors. O

A. Sym [52] discovered a representation formula of negative constant Gaussian curvature
surfaces in the Euclidean space in the sight of integrable systems, and A. I. Bobenko [7]
extended it to a representation formula of constant mean curvature surfaces in space forms.
These immersion formulas are called Sym-Bobenko formulas, and they are investigated in
various situations. We now introduce the Sym-Bobenko formula of spacelike surfaces in

IL? ) of constant mean curvature 1/2.

Theorem 3.5.2 ([23]). Let F* be an extended frame of some harmonic map ¢ from a

simply connected domain D C C into H2. Define the map fo’+,+,_) by

. aFA A 1 1 A 7 O
fl‘?+,+,f) = —iA ( O\ ) (F ) B NL?+,+,7>’ NL:(;+,+,7) - éAd (F ) 0 —i/)°
Then fL<3+ . describes an associated family of surfaces of constant mean curvature 1/2 and

; 1
NL?% s the Gauss map of flL?%ﬁ,) for each A € S*.

Proof. After gauging the extended frame, the coefficient a of the upper right entry of a;,
takes values in purely imaginary. Therefore we assume that a takes purely imaginary values
from the beginning. Define a function h by h = 4ia, and ), and ¢, by putting

Fiy = V2 h 7', Fip = V2uh ™2,
respectively. Then a frame F' = F*|,_; of ¢ is written as
P ooy (Y vz
Y2 P
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Since det F' = 1, we have h = 2 (|11]* — |¢»2]?). Thus we have

S —
Vi = |92 V2 Y1
From the continuity of extended frames with respect to the parameter \, F'* can be repre-
sented in the form of

A 1 <wl<x> wm))
VIOV = [ (V]2 \2(A) ¢1(A)

for some complex functions () and 9(A) with ¥y (1) = ¢ for £ = 1,2. Moreover,
—i\ <6F*) (FA)_l and N]Ls B take velues in su; ;. Hence fL?+ . is a suy 1-valued map.
Since F* satisfies 0F* = F’\U)‘ and OF* = FAV* where
Ur=a,+2"tal, V*=af+ )\l

it is straightforward to be

ot =o(3 (5) 7 -3 ;%)
= — Ad(F?") (M ( ;A UA> ; {UA, (é _OZ>D
352 =207 (—%h) Ad(F) ( )

B ( A1 (M) e (A) ) (L (V)* )
() w 620

Here the notation [,] is the usual bracket of matrices. By the identification (3.3.1), 0 fL?+ o
1s written as -

Ofiz. = (8"(N),¢°(N),id*(N))

(++ -)

with

o) = () = i)

(35:3) OEDN ((mf + <w1<A>>2) ,
PP(N) =AT120 (A ha (V).

A direct computation shows that f]Ls . is a conformal immersion of constant mean curva-
ture 1/2 with the first fundamental form h(\)?dzdz, and NL?+ _is the unit normal vector
field of f]L<3+ o for each \ € St.

By the gauge transformation

1 ATV20
A A
F*+ FA:=F ( 0 A1/2)
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the differential equations 9F* = FAU* and 0F* = FAV* are rewritten into

(3.5.4) OFX = FAU>, 9FX = FAV

7 U11 U12 7 V11 >\2V12
U> = VA=
(/\_2U21 UQQ) ’ (‘/21 Voo )

for U =1 = (Uy) and VA|x2y = (Vi;). Since (1,2)-entry —U;p = ih/4 of —U* denotes the
Dirac potential ih()\)/4 for fLs , the conformal factor h? is independent of A\. Hence the

where

deformation of fL?+ o with respect to A preserves the metric and the mean curvature. [J

Remark 3.5.3. The parametrized frame F* obtained from the particular frame (3.3.5) is
an extended frame of the Gauss map of a spacelike surface of constant mean curvature 1/2
by Remark 3.4.5. Therefore by Theorem 3.5.2 an associated family of spacelike surfaces of
constant mean curvature 1/2 can be obtained from a spacelike surface of constant mean
curvature 1/2 [16].

Let us identify the Lie algebra nil; with the Lie algebra su, ; as a real vector space. In
suy 1, we choose an orthonormal basis (Ey, Es, E3) as

170 -1 1 /0 —i 1 /i 0
o3 m=1(0 D) mel(0 ) mel(i D)
It is easy to check that the vector Fj is timelike. Then the identification is given by a linear
isomorphism = : su; ; — nils, not a Lie algebra isomorphism, which is defined by
E(Q?lEl + .Z'QEQ + iL'gEg) = x1€1 + Toeg — T3e3.
We know by the definition of the generating spinors (2.1.8) and (3.5.1) that the induced
surface f in L:()’ . has the derivative 0f = (¢!, #?,i¢®) when the derivative of a minimal

surface f in Nils is given by f~10f = ¢le; + ¢?ey + ¢p3e3. Therefore minimal surfaces in Nils
can be constructed by using Theorem 3.5.2.

Theorem 3.5.4 ([16]). Let F* be an extended frame of some harmonic map from a simply
connected domain D — H?, and fL?++ . the associated family of constant mean curvature

1/2 surfaces defined by Theorem 3.5.2. Moreover define a map f*: 1D — Nilg by
f:=expoZo f/\

where f)‘ : D — suy; @s a suyq-valued map defined by

= (f]L<++ >)0__ ( fL++,>)

Here the superscripts “o” and “d” denote the off-diagonal part and diagonal part, respectively.

Then f> describes a family of minimal surfaces in Nils.
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Proof. A direct computation shows iAJ( f]Ls )d/ﬁ)\ takes values in su;; and then f)‘

also takes values in su; ;. By using (3.5.2), we have

(3.5.6)a ( ' ( Mt )>) = 5)\% (A‘l_hAd(FA) (8 (1)))

Y fL [ fL?++ _NH‘?+,+,7)’ 8fﬂ“?++ J
Then the diagonal part of (3.5.6) is given by

. d d 1 d
8( < flL<++ >>> ( fH‘(++ )) 9 [fﬂ‘(++ -y f?+,+,—)] 92 [NL?+,+,—>’ afL?+,+,—>] '

By using (3.5.2) again and (3.5.3), each term on the right hand side can be computed as

50 ) =5 (ond o ™)

= %¢3(>\)E3,

(+:+, )

! [fﬁ . Ofus }d = _% [/gbl()\)dzEl +/¢2()\)dzE2, o' (N E, +¢2()\)E2]

2 ['EG (+0)
=5 (¢ [ oo [ e0vaz)
1

a 11 (i 0 1 w0 1\
3 Mt 0] =3 [EAd(F)<o —i>’ - éhAd(F)<o o)}

_ _EA—llhAd(FA) Ké EZ>’ (8 (l))r
( fIL<++ >>d
— §¢3()\)E3

Thus by combining (3.5.2) and the above results we obtain the derivative of f* with respect
to z

of =o' WE -+ FE~ (60 + 5 () [0t - ) [ #0vaz) ) B

By the identification (3.5.5) and a left translation, we obtain the derivative of f* with respect
to z

(fN7'0f = o' (Ner + ¢9*(Nea + ¢*(N)es

Since the conformality of f* is derived from

ar ()10, (fA)”@fA) —0,
ar (P08, ()19 ZW 2=2 (Jho (N + [ (VP)* > 0,
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f* describes a family of surfaces in Nily. Furthermore the generating spinors of f* coincide
the ones of fL?Jr iy Then the Dirac potential U is given by

) 1
U="h\)="1h
4 ( ) 4 Y
This means that f* is minimal for each A € S! and the support function of f* is h. O
Remark 3.5.5. (1) For a minimal surface f*|—; defined in Theorem 3.5.4, denote the

Abresch-Rosenberg differential by Qdz?. Then the Abresch-Rosenberg differential of
f*is A72Qdz2. This fact can be confirmed by (3.4.2) with H = 0 and (3.5.4).

(2) The Sym-Bobenko formula of minimal surfaces in Nils is written down in [10] in a
different way.

3.6. Weierstrass-type representation via loop group method. In the previous sub-
section minimal surfaces are constructed from an extended frame of a harmonic map into
H2. On the other hand, J. F. Dorfmeister, F. Pedit, and H. Wu built a Weierstrass-type
construction of harmonic maps into symmetric spaces, so-called DPW method [18]. There-
fore we can obtain a non-vertical minimal surface from holomorphic data which is a loop Lie
algebra-valued 1-form satisfying some conditions, called a holomorphic potential. In partic-
ular in this subsection, we will introduce the holomorphic potentials made from non-vertical
minimal surfaces, which is called normalized potentials [16] and recover an extended frame
of the normal Gauss map of minimal surfaces from holomorphic data by using the DPW
method.

The key of the DPW method is the decomposition theorems of loop groups, Birkhoff
decomposition and Twasawa decomposition. First, we consider several [oop groups which are
Lie groups of infinite dimensional.

ASL,C, = { g:S' — SL,C

90 = 3 g o3 = aa (g _01))g<x>}.

j=—o0

We assume that the Fourier series of each element of ASL,C, is absolutely convergent. Then
the topology of ASL,C, is determined as a Banach algebra, see [45] for details. Let D' and
D~ denote the inside of the unit disk and the union of infinite points and the outside of the
unit disk, respectively. Then we can consider two loop groups of which the elements can be
extended holomorphically to D*:

ATSLyC, = {g € ASLy,C,|g; =0 for j < 0},

A™SL,C, = {g € ASL,C,|g; =0 for j > 0} .

Moreover, we now use the lower subscript * for normalization at A = 0 or A = oo by identity,
that is,

AFSLyC, = {g € ATSLyC,|go = id}

A;SLQCO— = {g S Astg(Co}gO = ld} .
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The extended frames of harmonic maps into H? can be considered as loops into SU; ;. They
are elements of the loop group ASU; 1, which is defined as follows:

(o 2)) ) -}

The Birkhoff and Iwasawa decompositions give fundamental decompositions of the above
loop groups.

ASULlJ = {g € ASL,C,

Theorem 3.6.1 ([45]). The loop group ASLsC, can be decomposed as follows:

(1) Birkhoff decomposition: The respective multiplication maps
A;SLyC, x ATSL,C, — ASL,C,,
AFSL,C, x A"SL,C, — ASL,C,
are diffeomorphisms onto open-dense subsets of ASLoC,. These open dense sub-

sets are called the big cells of ASLyC,. In particular, the Birkhoff decompositions is
UNLGUE.

(2) Iwasawa decomposition: The multiplication map
ASU; 1, x ATSLy,C, — ASLyC,

s a diffeomorphism onto an open dense subset of ASLoC,. This open-dense subset
18 also called the big cell. In particular, the Twasawa decomposition is unique.

From now on we derive a holomorphic potential from the extended frames of normal Gauss
maps of minimal surfaces in Nilz. Let us assume that the extended frame takes values in the

big cell of ASL,C,.

Theorem 3.6.2 ([16]). Let F* be an extended frame of the normal Gauss map of some
minimal surface in Nils, and apply the Birkhoff decomposition in Theorem 3.6.1 to F* as
F* = FAF} with F* € A;SL,C, and F} € AYSLyC,. Then the Maurer-Cartan form & of
F*, that is, £ = (F*)7YdF?, is holomorphic with respect to z. Moreover the Maurer-Cartan
form & is represented explicitly as follows:

(3.6.1) £= 2t (le _0p> dz

where p is a meromorphic function and () is the coefficient function of the Abresch-Rosenberg
differential.

Definition 3.6.3. We will call the meromorphic 1-form £ defined in (3.6.1) the normalized
potential for minimal surface in Nils.

Conversely, by using the Iwasawa decomposition, we can recover the extended frame of
the normal Gauss map of a minimal surface as the decomposed factor of a primitive loop for
the normalized potential.

Theorem 3.6.4. Let & be a normalized potential for a minimal surface f in Nils defined
in (3.6.1), and F_ be the solution of the partial differential equation:

(3.6.2) OF = F. ¢
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with the initial condition F_(z = 0) = id. Moreover let F* € ASU; 1, and Fy € ATSL,C,
be the factors of F_ in terms of the Iwasawa decomposition, that is, F_ = F*F,. Then F*k
forms an extended frame of the normal Gauss map of f up to the change of coordinates for
some k € Uy.

Remark 3.6.5. (1) The DPW method is constructing an extended frame of harmonic
maps by following the process we can see in Theorem 3.6.4.

(2) To obtain minimal surfaces, we can apply the Sym-Bobenko formula in Theorem 3.5.4.
Changing the initial condition of the equation (3.6.2) into F_(z =0) = A € ASU; 1,
gives a change of the extended frame, that is, the new extended frame is F* = AF?.
Therefore according to Remark 3.3.3 in general minimal surfaces in Nily with different
initial conditions of (3.6.2) are not isometric.
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4. TIMELIKE SURFACE THEORY IN LORENTZIAN HEISENBERG GROUP

In this section, we show the theorem which is the timelike surfaces version of Theorem 3.5.4.
Moreover, the Weierstrass-type representation of timelike minimal surfaces in (Nils, g4 ) is
obtained by the loop group method, which is constructed similarly to the Riemannian case.
From now on, denote the pair (Nils, g, ) by Nils simply.

4.1. Non-linear Dirac equation for timelike surfaces. By looking at the e;-terms and
eo-terms of the structure equations (2.2.2) and (2.2.3) we obtain the following theorem.

Theorem 4.1.1. Let f : D — Nilg be a conformal immersion from a simply connected
domain D C C' into the Lorentz Heisenberg group Nilg and (¢1,1-) be the generating spinors
for f. Then the following non-linear Dirac equation holds:

o (5 D= D)) -0)

Here the para-complex functions U and V, called the Dirac potentials, are given by

(4.1.2) U=V = —geuﬂ—i-%h; h = 2(ta1hy — 1¢n).

By Remark 2.2.7 and the definition of h, we have
h=—e"g,(f7'N,es).

Then h is called the support function for a conformal immersion f : D — Nils. Since the
Dirac potential is determined by only the support function for a conformal immersion when
the mean curvature vanishes everywhere, we immediately obtain the following lemma by
using Proposition 2.2.2.

Lemma 4.1.2. Let f : D — Nils be a conformal immersion with constant mean curvature
0. Then the following statements are equivalent:

(1) The Dirac potential U is not invertible at p € D.
(2) The support function h is equal to zero at p € D.
(3) The vector eg is tangent to f at p € D.

The equivalence between statements (2) and (3) holds regardless of the values of the mean
curvature. Therefore timelike surfaces with A vanishing identically are part of the inverse
image of plane curves by the natural projection 7 : Nil; — R? that extracts the first and
second components

(21, 29, x3) = (21, 22).
These surfaces are called Hopf cylinders. The mean curvature of a Hopf cylinder is equal to
half of the curvature of the base plane curve.

Definition 4.1.3. A Hopf cylinder in Nilg which has a straight line as the base plane
curve is called a wvertical plane.

Remark 4.1.4. Since the straight lines have the constant curvature 0, vertical planes are

the only Hopf cylinders that have the constant mean curvature 0.
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From now on, we will restrict ourselves to the case that the Dirac potential i/ is invertible
everywhere, that is,

(4.1.3) (Reld)* — (ImU)*> # 0.
Then by Proposition 2.2.2, the Dirac potential can be represented in the exponential formula:
(4.1.4) U=y =¢é"?

for some para-complex function w and complex number é € {41, £i'}. In particular, if the
mean curvature is 0 and the support function A has positive values then ¢ = 7’.

4.2. Lax type representation for timelike surfaces. In Riemannian case, Berdinskii
and Taimanov studied surfaces in the 3-dimensional homogeneous manifolds using the Lax
type representation which is equivalent to the non-linear Dirac equation for surfaces. In such
a way, the generalized Hopf differential, the so-called Abresch-Rosenberg differential, plays
an important role instead of the Hopf differential. In Lorentzian case, we can also obtain the
Lax type representation for timelike surfaces by using an analogy of the Hopf differential for
timelike surfaces.

Definition 4.2.1. Let f : D — Nils be a conformal immersion from a simply connected
domain I C C’ into Nil;. Define a para-complex function ) by

1 NEd (¢%)?
4.2.1 =_-(2H —iA, A=A- 11—
where A and ¢? are the Hopf differential
A=g,(Vs0f,N)

and the es-component of f~1f, for f, respectively. Then the quadratic differential Qdz? is
well-defined and it is called the Abresch-Rosenberg differential for timelike surface f.

Definition 4.2.2. A non-vertical timelike minimal surface is called a horizontal umbrella
if the Abresch-Rosenberg differential vanishes everywhere.

Theorem 4.2.3. Let f be a conformal immersion from a simply connected domain D C C'
into Nilg for which the Dirac potential U satisfies (4.1.3). Then the generating spinors

¥ = (11, 1) satisfies the system of equations:
(4.2.2) Vo =9U, s =9V,
where
o Low + Lee~v/2ev29H  —éev/?
Qée~v/? 0 ’
V= 0 —Qéew/?
— \éev? L1ow+ Leemv/?e"?9H )

Here, Q is the coefficient of the Abresch-Rosenberg differential and é € {£1,+i'} is the

number determined by (4.1.4). Conversely, every solution ¢ to the above equation with

(4.1.4) is a solution of the nonlinear Dirac equation (4.1.1) with (4.1.2).
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Proof. By computing the derivative of the Dirac potential éev/?

2H 2H —|—
¥ iy — o,

Multiplying the equation above by 11 and using the function ) defined in (4.2.1), we derive

with respect to z, we have

1 1 —
556“’/2811) = _56“/28[{ + 20" Hip1 1o (1) —

Iy = < 8w+; /2 “/23H) U1 + Qe Py,

The derivative of ¥y with respect to z is given by the nonlinear Dirac equation. Thus we
obtain the first equation of (4.2.2). We can derive the second equation of (4.2.2) similarly
by differentiating the potential with respect to z.

Conversely, if the vector 1; = (41,y) is a solution of (4.2.2), the terms of Ji; and Oy of
(4.2.2) are the equations just what we want. O

The compatibility conditions of the system (4.2.2), that is oU — oV — [(7 , 17] = 0, derive
the following four equations:

%85w+ew—Q@e_w+%(85H+8H8( w/2+ u/2)) ée —w/2eu/2 — ),
%851{) +e¥ — QQe ™™ + % (00H + 0HO(—w/2 + u/2)) ée */?e"/? = 0,

_ 1— 1-
aQafwﬂ::—iQaHeﬂ%ﬂﬂ-ﬁaHeW{

— 1 1
0Qée /% = —éQaHe_we“/Q — §8He“/2.
Then we immediately obtain an analogy of Theorem 3.2.4.

Theorem 4.2.4. For a constant mean curvature timelike surface in Nilg which has the
Dirac potential invertible everywhere, the Abresch-Rosenberg differential is para-holomorphic.

Remark 4.2.5. (1) To obtain a timelike surface from a solution (w, H, Q) of the com-
patibility conditions, a solution ) must satisfy the additional conditions

ee” H (Yot + 1h11P1) + (¢2% — 1ty).

(2) When the conformal immersion is minimal the compatibility conditions of the system
of differential equations (4.2.2) are more simple:

%85@0 +e¥ —QQe ™ =0,
9Q = 0.

(4.2.3)

These equations coincide with the Gauss-Codazzi equations for a timelike surface in
Minkowski 3-space which has the first fundamental form h?dzdz, the mean curvature
1/2, and the Hopf differential 4Qdz?. This fact means that a timelike minimal surface
in Nil; induces a timelike constant mean curvature surface in Minkowski 3-space. The

correspondence between these surfaces will be explained later.
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Let F be a fundamental system of solutions to the system (4.2.2):
(4.2.4) OF = FU, 9F =FV.
Then by putting
F:=FG, U:=G'UG+G'9G, V:=GVG+G'9G

e w/4 0
G:( 0 e w4

one can see in the same way as Proposition 3.4.1 that the system (4.2.4) is equivalent to the
following matrix differential equations

where

(4.2.5) OF = FU, OF =FV.
where
1 1~ —w/2 u/2 _zw/2 _ 15 N w/2
U= 4aw * 26~e —w/2e oH 616 ) V= ~4wa/120 19 1Cg€fw/2 u/29 :
Qce — ;0w e 70w + 5ée e““0H

4.3. Normal Gauss map of timelike surfaces in Nil;. Timelike minimal surfaces in Nils
can be characterized by the harmonicity of the normal Gauss map, that is naturally defined
from the unit normal vector field. Although in the Riemannian case, the normal Gauss map
is a map into the hyperbolic plane H?, the normal Gauss maps of timelike surfaces are maps

into the de-Sitter sphere S? in a Minkowski 3-space ]L? )"

The de-Sitter sphere is known as a Lorentzian symmetric space. Let us recall a repre-
sentation of the de-Sitter sphere as a Lorentzian symmetric space. Let ]Lf(3 ) denote the

Minkowski 3-space (R?, (,)) where the notation (,) is an indefinite inner product:
(21,2, 23), (T1, T2, T3)) = 2171 — TaTp + X373

The de-Sitter sphere S? is a timelike surface in IL:()’ ) defined by

S? = {(1, 22, 35)|(21)” — (22)? + (w3)> = 1}
On the other hand, let su} ; denote the special para-unitary Lie algebra of index (1,1) defined

by B
, J(ia b
St = b —ia

The Lie bracket of suj; is the usual commutator of matrices. Let us equip suj; with the
following indefinte scalar product (,)ms:

(X,Y ) o = 2 Trace(XY).

aeR,beC’}.

Then the Minkowski 3-space L‘? '+ 1s identified with s, as an indefinite scalar product
space by the following correspondence:
1 i'r —p—1q
! 3
(431) 511171 > 5 (_p + Z/q —7:/7’ < (p, q, 7’) < L(+777+),

and the de-Sitter sphere S? can be realized in sy as

St ={X € su} | (X, X)m2=1}.
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FIGURE 2. Left translated unit normal vector field takes values in the de-Sitter
sphere in nils (left). Stereographic projections map the de-Sitter spheres in

L?+7_7+) (right) and nil3 to the common subset.

The Lie group SU/1,1 which corresponds to the Lie algebra suj ;, that is called the special
para-unitary Lie group of index (1,1), is given by

) a b
=0 o

Then the Lie group SU’ ; acts transitively and isomorphically on S3:
SU7, x ST (F, X) — Ad(F)X € Si.

/2 0
0 —i'/2

a,be@',aa—bbzl}.

The isotropy subgroup with respect to this action at the point < > is the subgroup

eeR}.

U’ of SU' ; consisting of diagonal matrices:

;. +et'0 0
Ui = {( 0 j:em)

The resulting homogeneous space S? = SU},/U} is a Lorentzian symmetric space with
involution o
/ L[ 0 /

Although the left translated unit normal vector field of a timelike surface in Nil takes
values in the de-Sitter sphere S? in nils:
g% = {1'161 + Xo€o + T3€3 € ni[3|—(:1:1)2 + ($2)2 + (.1'3)2 = 1} ,

one can regard the map as a map into the de-Sitter sphere S? in IL,? . _ ) via the stereographic

projections of S? and S? (FIGURE 2).

+)

For simplicity, we assume that the support function takes positive values. This implies
that the left translated unit normal vector field takes values in the lower half of S?. Then
the composition of the left translated unit normal vector field f~'N : D — §? c L?

(+777+)
and the stereographic projections with the base points ez and (0,0, —1) € L?Jrf#):
T )
'’ 1829 X1, X9, X3) > —f-ll EC/,
s 1 S7 2 (71, T2, 73) T+ o o
~ - ;
T ity - S% S x1e1 + o6y + 363 L /"2
1 — 3 1 —x3
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defines a S?-valued map

(4.3.2) s oy 0 fTIN D — SUL1 C L — b

. .. -1 = .
Since the composition 7/ps " o 7'y, : S — S7 is computed as
T i) 1

/ 1 /
™3 © 7Tni[3(9€161 + X263 + 95363) =\~ />
€3 €3 €3

the map (4.3.2) is given explicitly in terms of the generating spinors as

(433) 7w lommyofT'N (—2Im(¢1th), 2Re(1hrta), athy + b1ty ) .

ety =iy

Definition 4.3.1. For a timelike surface in Nil, the map 7/ " o ity © f71N defined
by (4.3.3) is called the normal Gauss map of the timelike surface, and denoted by the same
letter f~!N with the left translated unit normal vector field.

Via the identification (4.3.1), the normal Gauss map f~!N of a timelike surface f : D — Nil;
is represented as

(4.3.4) FIN = 2 ader) (Z 0‘,)
2 0 —
where F' is a SU’ ;-valued map defined by
(4.3.5) F = _1 — <¢2 ¢1> :
Vibaths — 1y \Y1 ¥

Definition 4.3.2. A SU'LI-Valued map F which gives the normal Gauss map by the form
(4.3.4) is called a frame of the normal Gauss map.

Remark 4.3.3. (1) The particular frame (4.3.5) of the normal Gauss map of a timelike
minimal surface is a solution of the system (4.2.5). This can be checked since the
pair (19,11) is a solution of the system (4.2.2) for a timelike minimal surface with
the generating spinors (1, 1s).

(2) A frame of the normal Gauss map is not unique as in the Riemannian case. Let Fj
be an element of SU’L17 k a U}-valued map, and F' a frame of the normal Gauss map
for some timelike surface. Then FyF'k defines another frame. Since the arbitrary
choice of initial condition does not correspond to a given timelike surface, we use the
particular frame in (4.3.5).

4.4. Characterization of timelike minimal surfaces in Nil3. The minimality of timelike
surfaces in Nils can be characterized by the harmonicity of the normal Gauss map or a family
of flat connections on a trivial principal bundle.

We define a family of Maurer-Cartan forms o* by
(4.4.1) ot =Uldz + VFdz.
Here the coefficient matrices U* and V* are defined by parameterizing U and V in (4.2.5)
with p € S} = {p € C'|pjiz = 1,Re u > 0} as follows:
[ Tow + %éejw/Qe“/QﬁH —,u_lléew/z VH —1ow B —puQéev/? )
plQée/? —30w )’ pée? Low + Leemv/2en20H
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Theorem 4.4.1. Let f : D — Nilg be a conformal immersion from a simply connected
domain D C C' into Nily satisfying (4.1.3). Then the following conditions are mutually
equivalent:

1) f is minimal.

2) The Dirac potential has purely imaginary values.

3) d+ o defines a family of flat connections on D x SU/M.

4) The normal Gauss map f~'N is a non-conformal Lorentz harmonic map into the

de-Sitter sphere S§ C Lf, _ .

(
(
(
(

Before we prove the Theorem 4.4.1, we discuss the zero-curvature representation of Lorentz
harmonic maps.

For a map ¢ : D — S? into the de-Sitter sphere S7 C L:(S+,f,+)’ take a frame F', that is,

1 70
Y= §Ad(F) (0 i/> .

Moreover decompose the Maurer-Cartan form a = F~'dF into a = ag+ a; according to the
decomposition su; ; = ¢ +m’ with

./ S
{5 S (o)

Then we obtain the following proposition.

Proposition 4.4.2. A map ¢ : D — S? is Lorentz harmonic if and only if the following
equation holds:

(4.4.2) d(xa) + [ag A xaq] = 0.
Here the notation * is the Hodge star operator defined by

xdz =i'dz, *dz = —i'dz.

Proof. Decompose oy and «; into the dz-part and the dz-part:
ap = adz + a'dz, o = o/dz + ay'dz.

Then we put o = op + ), and " = of + o, that is, @ = a'dz + o"dz denote the
decomposition of « into dz-part and dz-part. A straightforward computation shows

D — %Ad(F) [o/, (6 _OZ)] .

Therefore direct computations show

o= oan (o[ ) )]+ o5 %))

By decomposing o/ and «” into ¢-part and m-part one can see that

3 2] 1)
E TR o Y A |



The Jacobi identity implies

R B )

Therefore we obtain

90 =  Ad(F) ([Eam’ﬂae”y%’l(g —Oz” + {‘“m"’ [O‘“‘" (0 —O@)”)

Since the first term is in m and the second term is in €, the definition of Lorentz harmonicity,
00y = pp, implies

(4.4.3) O + o, '] = 0.
Similar computations for 90y derive
Oa” + [, ay"] = 0.
Clearly, this is equivalent to the harmonicity condition (4.4.3). Therefore we have
(4.4.4) O + 0o + [, ] + [’ '] = 0,

which is equivalent to (4.4.2). Conversely, we assume (4.4.2). Since the map ¢ satisfies the
Maurer-Cartan equation

1
da+§[a/\a] =0,
we have the following equations in the &-part and the m-part:
Oay” — Oy’ + o, o] + [ow, o] = 0,
(445) 3 i e// [ E I e /1 [ I //]
— 00" + Oty + [am', ] + [ae, ai'] = 0.

Subtracting the first equation of (4.4.5) from (4.4.4) derives the harmonicity condition (4.4.3).
Therefore the proof completes. O

We define a family of Maurer-Cartan forms a* for ¢ parameterized by p € S} as follows:
(4.4.6) ot = ap + pu tag/dz + palldz.

Then we obtain the following theorem. Such a fundamental observation was first due to
Pohlmeyer [43]. We can prove it in the same way of [37, Proposition 2.1.4].

Theorem 4.4.3. A map ¢ : D — S? is Lorentz harmonic if and only if the family o* for
@ satisfies

1
dat + 5[0/‘ Aot =0

for every p € Si.

Proof of Theorem 4.4.1. The equivalence between (1) and (2) is trivial from the definition of
the Dirac potentials for timelike surfaces in Nils.

Define U* and V#* by o = U*dz + V*dz. Then the statement (3) holds if and only if
(4.4.7) UM —QVH — [U*, VH] =0
for all u € S}. The coefficients of g, u°, and p of (4.4.7) are as follows:
1 o= — 1 —~
(4.4.8) 5eu/QaH =0, 0Q+ §Q€e_w/26“/28H =0,
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1.— _ I —
—00w + ¢ — QO + ~(90H + 9—L Yoz 2en/? — ),
a9y L wk
58510 +e¥ —QQe " + 5(85]—] +0 5]—1)%6_“’/2@"/2 =0,
(4.4.10) é%§+%@&‘W%W%N{:O, %&ﬂaﬁzzu

Equations (4.4.8), (4.4.9), and (4.4.10) are the coefficient of =1, 4%, and p, respectively. The
equations (4.4.9) appears in the compatibility conditions of (4.2.2) for the original timelike
surface, and then they always hold.

When we assume the condition (1), the conditions (4.4.8) and (4.4.10) are rewritten into
Q= 0.
Hence it is straightforward that the condition (4.4.7) holds.

Next we assume the condition (3) holds, that is, (4.4.8), (4.4.9), and (4.4.10) are satisfied.
Then it is easy to see that H is constant. Furthermore, since o* takes values in su) ,, we
can derive that the mean curvature H is 0 by comparing (2, 1)-entry with (1, 2)-entry of a.

We can see the condition (3) implies (4) by Theorem 4.4.3. In fact, if we assume (3), the
particular frame (4.3.5) is a solution of the system (4.2.5) and the Maurer-Cartan equation

1
da* + é[a“ Aot =0

i'/2 0

0 —i'/2
monic by Theorem 4.4.3. The non-verticality is obtained since the (1,2)-part of U is non-
degenerate. Hence (3) implies (4).

holds for every p. Then the normal Gauss map Ad(F*|,=1) is Lorentz har-

To complete the proof, we must prove (4) = (1). This is proved by applying the results
proven in the next section. We can construct a timelike minimal surface from a harmonic
map into S?. Assuming that the normal Gauss map (4.3.4) is harmonic, we obtain a time-
like minimal surface which has the generating spinor (¢1,12) same as the timelike surface
f. Therefore we can see that the timelike minimal surface is f up to a translation by
Theorem 2.2.5. Hence f is minimal. 0

Definition 4.4.4. For a Lorentz harmonic map ¢ into S? C I[A?Jrfﬂ, a SU ;-valued
solution F* of the equation (F*)~'dF* = o/, where o' is the su) ;-valued 1-form defined in

(4.4.6), is called an extended frame of .

Remark 4.4.5. Since the normal Gauss map of a timelike minimal surface f is a Lorentz
harmonic map into the de-Sitter sphere, we can obtain an extended frame by parameterizing
the Maurer-Cartan form of the particular frame (4.3.5) asin (4.4.6). The family a* is nothing
but the one defined in (4.4.1). We call the family of Maurer-Cartan forms o* the extended
frame of a timelike minimal surface f.

4.5. Sym-Bobenko formula of timelike minimal surfaces in Nil;. In this subsection,

we will derive an immersion formula for timelike minimal surfaces in Nilz in terms of the
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extended frame, the so-called Sym-Bobenko formula. Unlike the integral representation for-
mula, the so-called Weierstrass-type representation [11, 28, 48], the Sym-Bobenko formula
will be given by the derivative of the extended frame with respect to the spectral parameter.

_ A timelike minimal surface in Nil3 induces a timelike surface of constant mean curvature
H = 1/2 in Minkowski 3-space as mentioned in Remark 4.2.5. Let us redefine the generating

spinors (1, 19) of a conformal immersion f:D— IL( as

+,—+)
(4.5.1) o' = (@) +(W)), & =e ()’ = (1)), & =2iviiy

where the functions 57 are defined by 9f = ($2,<;~51,$3). Then the Dirac potentials are
changed into U = V = i'He™?/2, where the function e is the conformal factor of f. The

conformal factor is rephrased in terms of the generating spinors as e = 4 (wg% — zblE)Q.

Since the Dirac potentials for timelike minimal surfaces in Nils and surfaces in ]L? ) of

constant mean curvature H = 1/2 coincide, the common generating spinors can describe
these surfaces.

Proposition 4.5.1. The Gauss map of the induced surface f in IL?%?
the normal Gauss map of the original timelike minimal surface f in Nils.

) coincides with

Proof. The spinor representation of the normal Gauss map (4.3.3) of the timelike minimal
surface f coincides with the Gauss map of f since the generating spinors of f and f are
same. U

The Sym-Bobenko formula of timelike surfaces of constant mean curvature in Lf’ ) 8
discovered by Inoguchi [24]. In [17, 24], they used a null coordinate system on a Lorentz
surface. On the other hand in this thesis, we construct the Sym formula with a para-
complex conformal coordinate system. When we construct a Weierstrass-type representation
of timelike minimal surfaces in Nils in the next subsection, conformal coordinate systems are
useful because only one Weierstrass data can be obtained from surfaces.

Theorem 4.5.2. Let F* be an extended frame of some Lorentz harmonic map ¢ from a
simply connected domain D C C' into the de-Sitter sphere S? C ]L(+ e Assume that the
coefficient function a of (1,2)-entry of an’ satisfies aa < 0 on D. Define two maps fis

p ; (+,—,4)
and Ny 3
L3 Y

0 1 70 1 70
_ iy oY wm—1 _ — 1z ) _ Iz
fL?Jr 4 LH (auF ) <F ) 2 Ad(F ) (0 —Z") ’ NLZS+,7,+> 9 Ad(F ) (O —i') ‘

Then by the identification (4.3.1), fLs o describes an associated family of timelike surfaces

e t) with the first fundamental form I = —16aadzdz
and NL?+ . is the spacelike unit normal vector field of fL?+ . for each p € Si.

of constant mean curvature 1/2 in L

Proof. After gauging the extended frame, the coefficient a takes purely imaginary values,
that is a can be assumed to be purely imaginary from the beginning. For simplicity, we
consider only the case of /a < 0. Define h by h = —4i’a. Then h has positive values.
Moreover for a frame F*|,—; = F' = (Fj;) of ¢, define ¢; and v, by putting

Fyy = V2 h V2 Fyy = V2uh ™2
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respectively. Then a frame F' is written as

_ 12 (V2
F =+/2h (wl %).

Since det F' = 1, we have h = 2(121)3 — 111;). Thus we have

e L_(T )
V hatbe — Y1ty U1

Because an extended frame is continuous with respect to the spectral parameter u the frame

F* can be represented in the form of

= ! Ga(p) i)
F=
\/¢2<M)¢2—(M — () () <¢’1 (1) %(u))

for some para-complex functions ¢ (u) and 19(p) with ¢(1) = ¢, for k = 1,2. Therefore
it is straightforward that the maps —i'pu(9, F*)(F*)~! and NL?Jr . take values in suj ;, and

then the map f]L:(a+ s suy j-valued.

+)
Since the Maurer-Cartan form o of a frame F* is defined by (4.4.6) the frame F* satisfies

(4.5.2) OFF = FrU*, QF* = FHVH
where
Ut = aél + /Lilam/; Vi = aEH + Nam”~

By the usual computations, we obtain

o =0 (~tn (znr) - gaae (5 0))
(o (32 1)
=2yt (—%h) Ad(F*) (8 (1))

s () —(he(p)?
N ((@bl(u))z —@Dl(ﬂ)@bz(u))'

Thus by putting ¢’(u) for j =1,2,3 as
01 ) = i (0200 + (1)), () = w7 ((B2l)? = (Wa())*)

and

¢ (1) = p™ "2 ()2 (p),
L < ¢ (u) —¢* (1) — i’¢1(u))
2 \—0%(p) + 7" () —¢° (1) '
Hence the identification (4.3.1) of suj ; and ]L? .~ +) Shows

Ofi, . = (&"(n), 8" (). 76" (1)) .

=t
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It is straightforward that the map fL?+ " is a conformal immersion of constant mean curva-
o _ N2
ture 1/2 with the first fundamental form 4 (%(u)wg(u) — Py () (u)) dzdz, and the Gauss
: 1
map of fL?+,—,+> is N]L?%i‘+> for each p € S;.
By considering the gauge transformation

~1/2

4 L 0

FF o Pu.— Fh 7
( 0 ,ul/z)

it can be shown that the deformation with respect to p does not change the Dirac potential,
that is, 1o (p) e (1) — 1 (10)101 (1) is independent of u. In fact the differential equations (4.5.2)
are rewritten into

(4.5.3) OFw = Fuln, JFr = Fryn

7 Un Utz 7 Vir 1*Vig
U“ - VM =
(H_2U21 U22) ’ <V21 Vo
for UM|,—, = (Us;) and V#|,—; = (V;). Since (1,2)-entry of —U# denotes the Dirac potential

i (o () o (1) — 1 ()b (1)) /2, it can be seen the conformal factor of f]L:(s+ L is %, and then
the deformation with respect to u preserves the metric and the mean curvature. O

where

Remark 4.5.3. A Gauss map of a timelike surface in L? . of constant mean curvature
derives an extended frame by Remark 4.4.5 and Proposmon 4.5.1. Therefore an associated
family of timelike surfaces in JL( ) of constant mean curvature can be obtained from
a timelike surface of constant mean curvature 1/2. In general, timelike constant mean

curvature H # 0 surfaces can be constructed in [17, 24].

To construct timelike minimal surfaces in Nils, we identify the Lie algebra nils with the
Lie algebra su) ; as a real vector space. Let {E1, s, E3} denote the basis of suf ; given by

1/0 —¢ 170 -1 177 0
E1_§(’i, O)’ E2_§<_1 O): E3_§<O —'l,)

Then the identification is given by a linear isomorphism = : su}; — nilz, which is not Lie
algebra isomorphism, defined by

(454) E(Z‘lEl + szQ + $3E3) = T1€e1 + Toeg + T3e3.

When the derivative of a minimal surface f in Nil3 is given by f~ 10f = ¢le; + ¢?ey + Pes,
we know that the induced surface f has the derivative df = (¢2, ¢',i'¢?) by the definition
of the generating spinors (2.2.4) and (4.5.1). Therefore timelike minimal surfaces in Nil3 can
be constructed by using Theorem 4.5.2.

Theorem 4.5.4. Let F'* be an extended frame of some harmonic map from a simply
connected domain D into H?, and fL?+ . the associated family of constant mean curvature

1/2 surfaces defined in Theorem 4.5.2’ Moreover define a map f* : 1D — Nilz by

" =expoZ o fn
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where the map fr: D — suy, 48 a swy ;-valued map defined by
-/

fr= (fL<+ +)>O_Z_M( Ty, - +>)d

Here the superscripts “o” and “d” denote the off-diagonal part and diagonal part, respectively.
Then the map f* describes a family of timelike minimal surfaces in Nil3. Moreover the

normal Gauss map of f* is NL?+ e

. . . . 7/ .
Proof. Since fL<3+ L1 su) ;-valued, the diagonal entries of 5 “a% fL?+ " take purely imag-

. i 0 : i, 0 /
inary values and trace of £ u-% fj vanishes. Therefore % ;-2 takes su) ; values.
Y QMBMf]L?‘h*y+) 2u6ﬂfﬂ‘?+m+) S

We have

i’ 0 I (0 1)>
= —p=— | —zp R Ad(F"

,L'/

- _§afL?+,—,+> 9 [fﬂ‘w +) T NL(+ ' afﬂ‘?+,—,+>]

Then the diagonal part of (4.5.5) is

i d i’ d 1 d d
( M@,uf]LH +)) (f}L(+ +)> —E[fﬂ,?%f#)’afﬂdaﬁﬂ] _[N]L?%i#)a fJL(+ +)] :

By a simple computation using

( £ )Z_g’( & () —¢2(u)—i’¢1(u)>d
L 4\ = () +i'¢ (1) —¢* (1)
= LB,
1 [ 1 o / )= 6O, + (0

l\DlH [\DIH

=5 (% [ o0tz - 0 [ #0a: )

1 d 11 .t 1 4
3 M0 =5 {iAdW) (i) _()@‘/)’_ﬁl‘_lhAd(F“) (8 3)}
. ) ;
o[ %) )
( f]L(+ +))d
- _§¢3(M)E3,
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we obtain the derivative of f“
) 9 d
ofr = ¢1(U>E1 + ¢2(N)E2 -0 (%M%fﬂ"?ﬂﬁr))
= ¢ (W) E1 + 62 (W) Es + <¢3< R )/¢1( )z — =g( >/¢2( )dz)E
= ¢ (u)EL )£ )+ 50w © 5@ W H

This implies that the derivative of f* is computed as

RO = ¢t (w)er + ¢ ()ea + ¢° (n)es
Therefore the map f* describes a family of timelike minimal surfaces in Nily since the
generating spinors are the same as ones of ]‘}L?+ e Moreover from Proposition 4.5.1, the

normal Gauss map of f# is given by NL?+ e O

Remark 4.5.5. (1) The support function of f# is independent of y since the conformal
factor of the induced surface f]Ls . is independent of . On the other hand, the

deformation with respect to u changes the conformal factor of f*.

(2) For a timelike minimal surface, the normal Gauss map defines a Lorentz harmonic
map into S?. Therefore a family of timelike minimal surfaces that preserves the
support function can be obtained by Theorem 4.5.4.

(3) Denote the Abresch-Rosenberg differential by Qdz? for a timelike minimal surface
f#|u=1 defined in Theorem 4.5.4. Then the Abresch-Rosenberg differential of f* is
given by p?Qdz?. This fact can be seen from (4.2.5) and (4.5.3).

4.6. Weierstrass-type representation via loop group method. We observed that non-
vertical timelike minimal surfaces can be constructed from an extended frame of a Lorentz
harmonic map into the de-Sitter sphere S? in the previous subsection. By adapting the
DPW method to the case of Lorentz harmonic maps, it can be expected that we obtain
the Weierstrass-type construction of an extended frame of a Lorentz harmonic map. In this
subsection, we will give the construction of an extended frame of the normal Gauss map
of a timelike minimal surface in Nil; with a conformal coordinate system. Without using
para-complex coordinate systems, J. F. Dorfmeister, J. Inoguchi, and M. Toda [17] gave the
Weierstrass-type representation of an extended frame of timelike surfaces in the Minkowski
3-space of constant mean curvature. Thus we will use their method and the correspondence
between para-complex coordinate systems and null coordinate systems.

Let us recall the hyperbola S on C’:
Si ={peCum=1,Rep>0}.

An extended frame F* of a timelike minimal surface is analytic on C’'\ {z(1 & )|z € R} with
respect to pu. Therefore, as in the Riemannian case, it is natural to introduce the following

loop groups:
Z_: i, 9(~ Ad((é _01>)g(u)},

j_OO

AN'SL,C/, = { g: St — SL,C'|g

AH_SLQC/J = {g € A/SLZCIU|9]‘ =0 for j < 0},
A7SLy,C', = {g € A'SLyC',|g; = 0 for j > 0},
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ANFSLyC, = {g € NTSLyC' o | g = id},
A;_SLQC/O— = {g € A/_SLQ(C/U|g() = ld} s

A'SUL,, = { g € NSL,C', |Ad (((1) _01)) (WT)_l _ g(,u)} |

The following loop group decompositions, Birkhoff and [wasawa decompositions are refor-
mations of [17, Theorem 2.5] in terms of the conformal para-complex structure.

Theorem 4.6.1. The loop group N'SLoC', can be decomposed as follows:

(1) Birkhoff decomposition: The multiplication maps
A ~SLyC', x A""SL,C', — A'SL,C',,,
AFSLyCy x A-SLyC, — A'SLyC,

are diffeomorphisms onto the open dense subsets of N'SLyC',. These open dense

subsets are called the big cells of A'SLyC/,,.
(2) Iwasawa decomposition: The multiplication map
AlSU/l,lcf X AH_SLQ(CIU — A,SLQCIJ

is a diffeomorphism onto the open dense subset of N'SLoC',. This open dense subset

also is called the big cell of A'SLyC/,.

Proof. We consider the loop algebras of two real Lie algebras s,R and su) ; Let us define

several loop algebras as follows:
=3 gv s -aa(( 5)) 5@)} ,

j=—o0

AS[QRU = {5 Rt — HIQ]R

EN) = Z&mif} ,
j=0
ATsbR, = {€ € A"sLR,|& =0},

T(p) = i T, T(—p) = Ad <((1) _01>) TW},

j=—o0

AEsR, = {g € AshR,

Alﬁ[g(c; = {T : S% — S[Q(C/

(1) = Tj/ﬂ} :

Ny, = {7 € NsbCi|7"(1/1) = 7(u)} -

AIiS[QC; = {T € AIE[QC;

Since the explicit map

(4.6.1) SRS X s (X +IX* €su),, X*=—Ad ((é _01)) X'
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defines an isomorphism of real Lie algebras, an isomorphism between AshbR, and A'su) ,, is
induced as follows: Let £ = Z;’i_oo &N be an element of AsbR, and consider the isomor-
phism (4.6.1)

(e 9]

Emr e+ 80= ) (§U+EON

j==o0

(4.6.2) _ i &0+ € Dy

=&l + & (1/m)e

where 1 € St is given by A = pf + p~'£. Since a direct computation shows 7(p) := &0 + &40
satisfies

o0

()" = Y (& T+ &0W

=—00

we have 7%(1/p1) = 7(u), and then 7 is an element of A’su} ;. Thus we obtain an isomorphism
(4.6.2) between AslbR, and A'su) .

In general, the para complexification g ® C’ of a given real Lie algebra g gives isomorphic
to g @ g as a real Lie algebra. In fact, the map

(4.6.3) gogo (X,)Y) = IX+ Y cgaC
is an isomorphism of real Lie algebras. Therefore combining the isomorphism (4.6.2) with

(4.6.3) derives an isomorphisms between AshbR, © AslbR, and A'su);, @ A'su) |, ~ A'sl,C:
AsLR, BAsBLR, 3 (E(A),1(N) = (§()e+E (1/mEn(n)l+n"(1/E)E) € Nsi, y, &Ny,

(4.6.4) AslR, @ AsLR, 3 (E(\), n(\) = £(u)E + 1" (1/R)T € NslC..

The isomorphisms discussed above induce the isomorphisms of Lie groups SLoR ~ SU’M,
ASLyR, ~ A'SUY 4, and ASLyR, x ASLoR, ~ A'SUY |, x A'SUY |, ~ A’'SLyC',. Moreover
the isomorphism (4.6.4) induces the following isomorphisms:

AIBIQRU D Aiﬁ[QRJ ~ AI+5[2C/U.

Thus we have an isomorphism between loop groups A SLsR, x A~SL,R, and A’*SLyC/,.

The Birkhoff and Iwasawa decompositions of ASLsR, and ASLsR, x ASLy;R, were given
in Theorem 2.2 and Theorem 2.5 in [17]. Therefore we know that the multiplication maps

A;SLoR, x ATSLoR, — ASLyR,,
(4.6.5) AFSLoR, x A~SLoR, — ASLyR,,
A(ASLyR, x ASLyR,) x (AFSLyR, x A™SLyR,) — ASLoR, x ASLyR,
are diffeomorphisms onto the open dense subsets of ASLsR, and ASLsR, x ASLsR,,, respec-

tively. Hence by combining the isomorphisms of loop groups with the above decompositions,

we complete the proof. O
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Remark 4.6.2. Since the loop algebra Asl;R, is a Banach Lie algebra [17], we know that
the loop algebra A’sl,C! also is a Banach Lie algebra. Moreover, the Lie groups ASLyR,
and A'SL,C’, corresponding to Asl,R, and A’sl;C! become Banach Lie groups.

From now on we derive para-holomorphic data from an extended frame of normal Gauss
maps of timelike minimal surfaces in Nilz. Let us assume that extended frames take values

in the big cell of A’'SL,C/,.

Theorem 4.6.3. Let F* be an extended frame of the normal Gauss map of a timelike
manimal surface in Nils, and apply the Birkhoff decomposition in Theorem 4.6.1 to F* as
Fr = FEFY with F* € N7SLyC', and FY € N*SLyC',. Then the Maurer-Cartan form & of
F" that is, & = (F*)"1dF", is para-holomorphic with respect to z. Moreover £ is represented
explicitly as follows:

_ -1 0 -D
(4.6.6) E=u <Qp1 0 ) dz
where the para-holomorphic function p(z) is defined by using the support function h(z,z) as
i'h?(z,0)
P(2) = T0.0)

Proof. The Maurer-Cartan form £ can be computed as
(4.6.7) &= (F") N dF! = Fla(FI) ™ —dF (P

where a# is the 1-form given in (4.4.1). Since F* belongs to A" SL,C’, the middle term does
not have p7 for j > 0. On the other hand, the right hand side does not have p’ for j < —1.
Thus the 1-form £ has only ;! term. A straightforward computation of the ;=1 term of the
right hand side shows

- 0 —%h -
£=utF,, (w ; )<F+O) Ldz
h

where the matrix F( is the constant term of the expansion of F with respect to p, that
is, F'! = Fyo + Fyip+ Fop® + - - - . Therefore it can be seen OF" = 0, and then £ is para-
holomorphic. Hence we obtain

_ 0 —ip _
(4.6.8) &€= Fig (w 0 )<F+o> 1
h

z=0

Since F{ belongs to A’SLyC’,,, we know that I is of the form:

Fio(z,2) = (a(zo’ g a—lgzﬁ))

by taking the limit g — 0. Hence (4.6.8) is represented as

B 0 —Zh(z,0)a(z,0)
§: 2 ! <4i/Q(z)a—2(z’0) * 0 dz.

h(z,0)
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Since F* takes values in A’SU |, the restriction of the Maurer-Cartan form a*|;—y has only
holomorphic part, and then F*|,_, takes values in A’"SLyC',. Therefore F\ |;—o = (F_) "' F*|.—
has only the u°-term. By looking at the u’-term of (4.6.7) we obtain

0= (Froop(Fro) ™" = OFo(Fyo) )|, dz.

Hence the equation dFyy = F,ga, derives a(z,0) = h'/2(z,0)c for some constant c. It is
obvious that ¢ = h=1/2(0,0) because Fo(z = 0) = id. Hence we complete the proof. O

Definition 4.6.4. We will call the para-holomorphic 1-form £ in Theorem 4.6.3 the nor-
malized potential of timelike minimal surfaces after in the Riemannian case.

Conversely, we can construct an extended frame of timelike minimal surfaces by using
the Iwasawa decomposition as the decomposed factor of a primitive loop for a normalized
potential.

Theorem 4.6.5. Let & be a normalized potential of a timelike minimal surface f in Nils
defined in (4.6.6), and F_ be the solution of

OF . = F ¢

with the initial condition F_(z = 0) = id. Moreover let F* € AN'SU) ;, and Fy € N"*SLyC',
be the decomposed factors of F_ with respect to the Iwasawa decomposition, that is F_ =
FrE,. Then F'k forms an extended frame of f up to the change of coordinates for some
k e Ul.

Proof. A straightforward computation of the Maurer-Cartan form o/ of F* gives

o = (Fp)7Y€F, — (Fy)'dF,.

We can see the right hand side of the above equation does not have u/ for j < —1. On the
other hand, since the left hand side belongs to the Lie algebra of A’SU ,, thus a* is of the
form:

ot =p o + o+ pltag

where o;* = a_;. Therefore we can see the Maurer-Cartan form o# almost has the form in

(4.4.1). In fact, denoting F',g = <g a01) and F'y; = (2 8) , straightforward computations
show
0 —a~?
a_1 = <a2Qp1 0 p) dZ,
o — dlogadz + dlog adz 0
0~ 0 —0dlogadz — dlogadz )

Consequently, a proper choice of £ € U} and the change of coordinates induce the form same

to (4.4.1). This completes the proof. O
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4.7. Examples of timelike minimal surfaces. In [26], S.-P. Kobayashi and the author
gave some basic examples of Weierstrass-type representation of timelike minimal surfaces.
In this subsection, we introduce them with their para-holomorphic data, that is, normalized
potentials. In particular, the B-scroll type minimal surfaces given in this subsection will be
looked into in the next section.

Ezample 4.7.1 (Horizontal umbrella). The timelike minimal surfaces given by the following
normalized potential have the Abresch-Rosenberg differential which vanishes anywhere.

E=pt (8 —02) dz.

The solution of the equation dF_ = F_¢ with the initial condition F_(z = 0) = id is given

by
(1 =il
F = <O 1 > '

The A’SU} ,,-valued map F* derived from the Iwasawa decomposition of F_ is computed as

o 1 1 —dutz
(42 ez 1 '

The map F* is defined on a simply connected domain D = {z € C’|zz > —1}. By the Sym

formulas in Theorem 4.5.2 and Theorem 4.5.4 we obtain a timelike surface f]Ls . in L? )

of constant mean curvature 1/2 and a timelike minimal surface f* in Nilg

'y 20utz 4+ pz) 20 (wtz —pz) 32z2-1
M 1+2z 142z " 142zz

= 20 (02 — M5)7 2(ptz +_N5)7 o)
1+ 22 1+ 22
A straightforward computation shows the first fundamental form I# of f* is
=165
(1+22)

In general, horizontal umbrellas can be represented as graphs of functions in the form of
F(z1,x9) = azy + bxs + ¢ for a,b,c € R, and have the non-constant Gaussian curvature K:

2(—(a+322)> + (b—321)* +1) +1
A(—(a+ 322)2 4 (b — 321)2 + 1)?

Ezample 4.7.2 (Hyperbolic paraboloids corresponding to circular cylinders). We take a
normalized potential of the form
(0 -%
- ! -7 4 d .
e~ (3 )

The solution of the equation dF. = F_¢ with the initial condition F_(z = 0) = id is given

by
-1 g et
P cos”4z —@’81n”4z
- = . . -1 -1 .
7! sm“T cos L=

4
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K =




Then we obtain an extended frame F* by applying the Iwasawa decomposition to F_:

71 - 71 —
B ztpz i @iy Bz pZ
Fro— (COS 1 7" sin 1 ) ‘

g e u—Teinz 1,05

i sin L—2EEE og b EHEE
1 1

3

e ) and Nilg, respectively, are computed

The corresponding surfaces fL? N and f*in IL
+,—
as

N R A e
fLs = [ sin ) ,—

pte + /L?)
5 cos ————21) |

2 2

o Z.//Flz ~ 1 G plz A+ M. ,L.//flz —HZ plz 4 pz ‘
2 2 4 2
The surface fL?+ o is known as a circular cylinder. Moreover the surface f* describes a

part of hyperbolic paraboloid x3 = x1x5/2 for each pu. The first fundamental form I# of f#
1s

—1 _
I* = cos? (%—W) dzdz.

Thus f* is not defined entirely. The support function A and the Abresch-Rosenberg differ-
ential Qdz? are given by h =1 and Q = pu~2/16.

Ezample 4.7.3 (Hyperbolic paraboloids corresponding to hyperbolic cylinders). In [17],
we can see the hyperbolic cylinders in ]L? ) are obtained from the following normalized
potential &:

(0 =
E=p (_i_, 0 dz.

The timelike minimal surface constructed from the same potential describes a hyperbolic
paraboloid x3 = —x1x9/2 as follows:

The solution F_ of the equation dF_ = F_¢ with the initial condition F_(z = 0) = id is
given by

-1 o -1
r cosh = —i' sinh £~
- = g -1 -1 .
—q' sinh ’% cosh ’%

Then an extended frame F* is obtained as the factor of Iwasawa decomposition of F_:

o _ [ cosh =H—=EE 7?“ 2 i/ sinh =£ZtE2 714” :
i sinh 22 cogh —p etz
Therefore the surfaces fL?+ . and f#* are computed as
-1 - -1 - -1 -
Z 4 puz T Z 4+ pz — Z 4+ uz
fias = (% L %> 7

—,uflz + puz ,uflz + uz ,uflz + puz
, ) sinh ¢
2 2 4 2
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Since the first fundamental form I* of f* is [* = (cosh %(—u’lz + ,u,?))2 dzdz, each surface
f* can be defined entirely on C’ in contrast to Example 4.7.2. The support function h and
the Abresch-Rosenberg differential Qdz? are h = 1 and Qdz? = —u~2/16d2%.

3

(+7_7+)
which is first introduced by L. Graves [22] and the corresponding surfaces in Nils, which we

will call B-scroll type minimal surfaces.

Ezxample 4.7.4 (B-scroll type minimal surfaces). We will construct B-scrolls in L

Let v be anull curve in ]L? defined on an open interval. Then by proper reparametriza-

+—F)
tion, there exist a frame (A, B, C') along v and functions k; on the interval for j = 1,2 such

that

A-D B =) -1,

ds’
(A,A) =(B,B) =(A,C) =(B,C) =0,
d—(A,B,C) =(A,B,C)| 0 0 -k
o ki ko O

Such a frame is called null Frenet frame of v. We would like to note that a null Frenet frame
is not unique for a null curve in ]L? 1) Thesurface f(s,t) defined from a null curve v with

a null Frenet frame (A, B,C') by
f(s,t) = ~(s) +1B(s)
is called a B-scroll. The mean curvature of a B-scroll is given by ks.

Definition 4.7.5. A non-vertical timelike minimal surface is said to be B-scroll type if it
induces a B-scroll.

The following normalized potential £ gives a B-scroll of constant mean curvature 1/2:

- 0o -z
E=n 1(—5(2)Z 04)dz’

where S(z) is a para-holomorphic function. The equation
(4.7.1) dF. =F.¢, F (:=0)=id

can not be solved explicitly. But we can understand partially as follows: Because of the
para-holomorphicity, the function S(z) can be decomposed as

S(z) =Q(s)l + R(t)¢

with s = x +y and t = x — y for the para-complex coordinate system z = = + i’y where
@ and R are defined by @ = Re S +Im .S and R = ReS — Im .S. Moreover the normalized
potential £ can be splitted as

=gl +e
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where

_}S(t)> n

L () Y .
() ()

Therefore the solution F_ of (4.7.1) is obtained by F_ = F*( + F**/ where F*, F* € ASLyR,
are the solutions of the equations

dF® = F°¢5,  dF' = F'¢" F*(0) = F'(0) = id.

1 0
0 —

= O

Here F** = Ad ((

as

1)) Ft(1/ ﬂ)T_l. Although the solution F* is explicitly integrated

1 —i)1g
s _ 1
Py 7).

we can not compute F* explicitly. By the Iwasawa decomposition (F*, F*) = (F, F)(V,, V)
in the last equation of (4.6.5), we can compute

F_=F(+F"l = (Fl+ F0)(V L + V*0).
Then by setting
b
Ft —id /\k ag k
! ; (Ck dy.
where asgi1 = dopr1 = bop = o, = 0 for all £ > 1, we can compute F.

Proposition 4.7.6. The map F can be computed as follows:

F _ Ftv V= (1 + %801)_1 —%)\_18
’ 0 1+ }1801 '
Proof. Since F' = F*(V,)~' = F(V_)"" holds, we have
(F) 7 R = (Vi) V

This is exactly the Birkhoff decomposition of the left hand side. By multiplying V' on
(F*)~1F! by right, we have

s\—1 17 1 le/\_ls . e (ar Dy
(F*) FV(O . id+ A e a )|V

k>1

(14 3se ATs i iN's
_{( 0 1 O 6 1—1—}1501

=id+0(N).
Therefore (F*) "' F'V takes values in A} SLoR,. Hence the Birkhoff decomposition of (F*) ™' F*
is given by (F*)"'F* = (id+O()\))V~!. The uniqueness of the Birkhoff decomposition im-

plies V_ = V=1 This completes the proof. O
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Since the uniqueness of the Iwasawa decomposition implies F* = Fl+F *(, we can obtain
the representation of B-scrolls by the Sym-Bobenko formula:

={7(t) +a(s, ) B} + {7(t) +als, ) Bt)} ¢

L

where

() = =@, = G adE (5 1),

o) = ~tuad() (g o).
2(14 fst)’

Furthermore the timelike minimal surface f* corresponding to fL?+ . is computed as

Q(S’t) =

pr=exp(fr), fr={30) +als0B0O } e+ {50 +as0BO} L

where

! !
1 N

At =t = Sud @), B(t) = B(t)' — Sud,B(1)"

A direct computation shows that exp(%(t)£+4(t)*f) is a null curve in Nily and B(t)¢+ B(t)*{
defines a null vector at each point of the curve 4.

By starting from B-scrolls and using the relation between timelike surfaces in ]L:(” ) of

constant mean curvature 1/2 and timelike minimal surfaces in Nil3 mentioned in subsection
4.5, we can construct B-scroll type minimal surfaces explicitly as follows:

Let v be a null curve in IL(Jr 4y with 4(0) = (0,0,0) and (A, B,C) be a null Frenet

frame along v with ky = 1/2. We consider the B-scroll ®(s,t) = v(s) 4+ tB(s). A conformal
coordinate system z = ¢x 4 fy can be given by

1
=n = ey
Then the derivative 0® = (¢, 1,4 ¢3) is computed as
2 2
o =1 (Al(s) +tBY(s) — %Bl(s)) + K%Bl,
/ t? 1
g =1 (Az(s) +tB*(s) — §B2(3)) + KEBZ,
/ ¢ _12
¢z =L | A%(s) +tB* (s) — —B3(s) (—B
8 y?
Here A = (A%, A', A%) and B = (B? B!, B?).
Lemma 4.7.7.
(4.7.2) ((¢1;¢2’¢3 - ﬁ/ Re(¢ad2) + %/ Re(¢1d2))dz>
0 0

s a closed form.
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Proof. The exterior derivative of (4.7.2) can be computed as

(07 07 28% + le% - QbQE)dZ N dZ

Then the above 2-form vanishes by using the structure equations of ®. 0

Lemma 4.7.7 and the Stokes’ theorem imply that the map

$22) = (i) = [ e (00000 = 5 [ Re(outs) + % [ Retondya:)

is well-defined. f; and fy are obviously given by
fi= / Re(¢dz) = vi(s) +tB'(s), fo= / Re(gadz) = v2(s) + tB*(s).
0 0

Let us represent f3 = foz Re ((¢3 — %fz + %fl)dz) in terms of the coordinate system (s, t).
By Lemma 4.7.7, the following paths I'; and I'; can be chosen as the integral path from 0 to
z="0s+(1/(—s/8+1/t):

[y 2(8) = 05, 0<5<s5,

Therefore f3 can be represented as

Fal2, ) = 7a(s) + /0 (—%Al + %/P) ds +t (—33(5) . 72—“)31(3) + 71(8)3%3)) .

Defining maps 7 and f by

;Y/ = (717 V2,73 _'_/ <_ﬁA1 + ﬁ142> dS)a
0

2 2
f = <f17f27f3)

as a curve and a map into Nils, respectively, we can obtain a timelike minimal surface
f(2,2) =7(s) - exp(t(B'e, + B?e; — B’e3))
which induces the B-scroll ®.
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5. NULL SCROLLS IN LORENTZIAN HEISENBERG GROUP

In the previous section, we constructed timelike minimal surfaces in Lorentzian Heisenberg
group Nils. In this section, we focus on the surfaces that have the Abresch-Rosenberg
differential Qdz? satisfying QQ = 0. When the Abresch-Rosenberg differential satisfies
QQ = 0, the first equation of the conditions (4.2.3) becomes a hyperbolic-type Liouville
equation. The exact solutions of Liouville equations are well-studied in [6, 12, 14, 35, 44].
In the previous section, we called these surfaces B-scroll type minimal surfaces.

5.1. Non-uniqueness of timelike minimal surfaces for (w, Q). Timelike surfaces are
obtained from the support function and the Abresch-Rosenberg differential, which derive a
solution (w, @) for the compatibility condition (4.2.3) of minimal surfaces and the Weierstrass
data. It is remarkable that for a solution (w, @) of (4.2.3), the uniqueness of the timelike
minimal surfaces may not hold.

Theorem 5.1.1. Let fi and f5 be timelike minimal surfaces, and hy, and Qidz* the support
functions and the Abresch-Rosenberg dzﬁerentmls of fr for k = 1,2. If hy = £hy and
Q1 = Q2 hold, then the derivatives fi~ af = Zgbjej and fo~ 8f2 Z%e] are related in

(511) (¢§7¢27l¢§> = <¢1,¢1,Z¢?>F0
for some matrix element Fy of the following matrix group:
1 0 0 1 0 0
XeMR|X"[0 -1 0] X=10 -1 0, detX=1
0 0 1 0 0 1

Conversely, if f1 and fy satisfy (5.1.1), then hy = £hy and Q1 = Qo hold.

Proof. Let fi and f5 be timelike minimal surfaces in Nilg with the same support function
h and the same Abresch-Rosenberg differential Qdz2. Then the constant mean curvature
1/2 surfaces fLs . and f]La 2 induced from f; and f, have the same metric h?dzdz

and the same Hopf dlfferentlal 4de according to the previous section. The fundamental
theorem of timelike surfaces in .3 shows that there exists a orientation preserving isometry

v Lz()’Jﬁf’H — L?Jr of ]L,(+ - such that fL?Jﬁ_’H’Q =Vo fL?+,—,+)’1' This implies that
(512) (¢27¢;71/¢§) = (QS%,QS%,Z,Qﬁ)FO
holds for some element Fj of the Lorentz group:
1 0 0 1 0 0
XeMR|XT|[0 -1 0] X=[0 -1 0], detX=1
0 0 1 0 0 1

Conversely we assume that timelike minimal surfaces f; with h;, Q; for j = 1,2 satisfy the
condition (5.1.2). Then the induced surfaces f]L?+ i for j = 1,2 in IL? are same up to

orientation preserving isometries. Therefore constant mean curvature 1/2 surfaces f]L? o
+— )

have the same first fundamental form and the same Hopf differential. The relation mentioned
in the previous section between timelike minimal surfaces in Nil; and timelike constant mean

curvature 1/2 surfaces in L3 shows h=+hand Q = Q. U
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5.2. Null scrolls and their minimality conditions. In this subsection, we introduce
the null scrolls in Nilg and probe their minimality conditions. They are considered as an
generalization of ruled surfaces over null curves with null director curves in the Minkowski
space, what is called, null scrolls. Minimal null scrolls in Nilg will be characterized with the
timelike minimal surfaces with QQ = 0 in the next subsection.

Let v be a null curve in Nils defined on an open interval. We denote the wvelocity of v by

A. Namely, we define the nils-valued vector field A by A = Z?:1 Ale; = 7*12—2. Here the
notation v~ denotes the left translation from T.,)Nil; to nil;. Moreover, for an arbitrary
nilz-valued vector field X (s) = Z;’:l X9 (s)e; defined on an open interval, we denote the
derivative (not covariant derivative) of X by X', that is, X'(s) = Z?zl X7'(s)e;. Here
the notation ' denotes the derivation with respect to the parameter s. Furthermore in this
section, for a surface f(s,t) the derivatives with respect to s and ¢ will be denoted by f, and
f#, respectively. We will denote the partial differentials with respect to s and t by ds and 0;.

Definition 5.2.1 ([27]). A timelike surface f into Nil; is said to be a null scroll if there
exist a null curve v = 7(s) in Nil; and a curve B = B(s) which takes values in the light cone
in nil3 such that f can be represented as

(5.2.1) Fs,t) =~(s) - exp(tB(s)).

Here, exp : nil; — Nil; is the exponential map of Lie group Nil;. Moreover, we call the curve
v a base curve and B a ruling of a null scroll f.

Remark 5.2.2. (1) We use only the structure of a Lie group to define the map of
the form (5.2.1). Thus we can define the surfaces of the form (5.2.1) in arbitrary
Lie groups. Moreover, they can be considered as a natural generalization of ruled
surfaces. In fact, in semi-Euclidean spaces, the exponential map is the identity map
and the group structure is given by the usual sum. Then the maps defined in the
form (5.2.1) are ruled surfaces. Moreover, in Lie groups endowed with bi-invariant
metrics, the exponential maps define geodesics, and then the maps of the form (5.2.1)
become ruled surfaces.
(2) By the computations in Example 4.7.4, B-scroll type minimal surface is an example
of null scrolls.

Let f(s,t) = ~(s)-exp(tB(s)) be a null scroll and A be the velocity of 7. Moreover expand
B = Zj’:l Bie;. The derivatives of f with respect to s and ¢ are computed as

FH s =(AY +tBYey + (A% + tBY)ey
+ <A3 +#(B¥ + A'B* — A’B') + §(32Bl’ - BIBQI)) e,
f~f, =B'e; + B%ey + Bes.
Therefore the first fundamental form I of f is given by

I = g11d52 + 2g12dsdt
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where the coefficients g;; are computed as

911 =9+ (fs, fs)
— (29+(A, B) +2(A'B? - AQBl)A3)
+ 2 <g+(§’, B') 4+ 2(A'B? — A’BYBY + (A'B? — A2B")? + (B*B" — BlB2')A3)
+3(B?BY — B'BY)(B* + A'B*> — A’B")
+ t4;1(B2Bll — B'B¥),
912 =9+ (fs, f1)
=g, (A, B) +t(A'B* — A’B")B® + tQ%(BZBl’ — B'B¥)B?,
922 =g+ (f1, fr) = 0.

Hence it is obvious that the first fundamental form of a null scroll degenerates if and only if
the coefficient g1 of (1, 1)-part vanishes.

Since goo vanishes, the mean curvature H of a null scroll is given by

_ guthas — 2g12h1o

H =
2g122

where the functions h;; are the coefficients of (4, j)-part of the second fundamental form
IT = hy1ds® + 2hiadsdt + hoodt?. In particular, we know that a null scroll is minimal if and
only if it follows the equation:

(5.2.2) 9119+(Va, fe, fs X fi) = 29129+ (Va, fi, fs < ft) = 0.

Straightforward computations show

f Vo, fi = —B*B3¢; — B'B3e,,

2
FlUex fi= <<A3 +#(B¥ + A'B* — A’B") + %(3231’ - 3132’)) B? — (A% + tBQ/)B3) e
2
+ ((A3 + (B + A'B?> — A’B") + %(BQB“ - BlBZ’)) B' — (A' + tBl’)B3> e
+ ((A1 +tBY)B? — (A% + tB2’)Bl> es,
and then we obtain

9+(Vo [, fs X fr) = —912(33)2-

Thus, the minimality condition (5.2.2) can be represented as

(5.2.3) g1 (B°)? + 29+ (Va, fu, fs X fi) = 0
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since gi2 vanishes nowhere. The covariant derivative of f; with respect to 0y is calculated as

'V, fi
,o1 / t? / / 1 /
— (31 - = (A3 +t(B¥ + A'B* — A’BY) + 5(3231 —~ B'B? )> B% — 5(A2 + tB? )33) e

[\

1 t2 1
+ (BQI -5 (A3 + (B + A'B*> — A’B") + 5(3231’ - BIB2’)) B' — §(A1 + tBl’)B3) e
1 1
+ (33’ + §(A1 +tB"\B? — 5(A2 + tBQ’)Bl) es.
Therefore we have

9 (Vo.fo fu % £) =00(A, B x B) + 50.(4, Blg, (A, B)
_(AIBQ _ AQBI) (A3(B3)2 + (BQBI’ _ BIBQI))

t
* +1g, (A, B)(~B'B" + B*B* — B*B¥)

—1(B?BY — B'BY) (A%(B%)? + (B?BY — B'BY))
(AlBQ AQBl)BS’(B3>2
(AIBQ A231)2(B3)2
% AIB2 Bl)<BQBl’_B1B2’)(B3)2
_% BQBI’ BIBQ’)B3’(B3)2

8 BQBV B'B*)(B%)?.

Hence the minimality condition of null scrolls (5.2.3) can be converted into the equations of
coefficients for t*, k =0, 1,2, 3, 4.

Lemma 5.2.3. For any curve B= Z;’:l Bie; which takes values in the light cone in nils,
there uniquely exists a function B : I — R such that Bx B = —5§. Then it follows that

g-i-(é/? él) = ﬁQ'

Proof. A direct computation shows B x B’ takes values in the light cone in nilg and has the
product 0 with B with respect to g, at each point. This implies the existence and uniqueness
of a function g : I — R such that Bx B = —5B Since the derivation of B x B/ = —ﬁB
derives the following equation:

—8B'= 8B+ B x B".
58



Therefore we obtain

B%9.(B',B")=g.(3B+BxB", B+ BxB")
= g.(Bx B",Bx B")
= g+(§, 5”)2
=g+(B, E,)Q
Hence the equation g, (B, B') = 2 holds. O

Theorem 5.2.4. Let v be a null curve in Nils, B = Z?Zl Bie; be a curve taking values

in the light cone in nily and y(s) - exp(té(s)) be a null scroll. Then the following statements
are equivalent.

(1) The null scroll v(s) -exp(tB(s)) has the mean curvature 0.
(2) g+(A,B) =0 or g.(A, B) =20 holds.

Here, the vector field B is given by B = Ble, + B?ey — B3es and the function 3 is defined
for B in Lemma 5.2.3.
Proof. The coefficient of t° for g1,(B?)? + 29, (Va, fi, fs X f:) is given by
(524) 2g+(A7 E X E/) + g+(A7 E)g-l-(Aa B)
By Lemma 5.2.3, (5.2.4) is rewritten into
9+(A, B)(9+(A, B) — 26),

and then the minimality condition (5.2.3) derives

9:(A,B)=0 or g.(A B)=28

It is easy to see that the coefficient functions of ¢3 and t* for g11(B3)* + 294 (Va, fi, fs X f3)
always vanish. Let us prove that the coefficient function of #? equals identically to zero. The
coefficient of 2 in g11(B?)? + 29, (Va, fi, fs X f;) is computed as

(5.2.5) g+(B', B)(B*)? — (B*B" — B'B%)?.
It is straightforward that the coefficient (5.2.5) of t* vanishes by using Lemma 5.2.3.

Next, we show that the coefficient of ¢ vanishes when g (A, B) = 0 or g, (4, B) = 2 holds.

When ¢, (A, B ) = 0, that is, the velocity and the ruling are linearly dependent at each point,
we have

A'B* — A’B'=0 and g.(A B)=0.
Then it can be seen that the coefficient of ¢ in g11(B*)% + 294 (Va, fi, fs X 1),
(5.2.6)
g+ (A, B)(=B'BY + B*B¥ — B®B*) — 2(A'B* — A?B")(B*B" — B'B?) + 2¢, (A, B')(B*)?
vanishes. Finally, assume that g, (A,B) = 20 holds. If § = 0, B and B’ are linearly

dependent at each point. Therefore it is easy to see that the coefficient (5.2.6) of ¢ vanishes.
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Considering the case of § # 0, since A x B can be represented as

D _ g+(A7 El)é _ g+(A, E)

AxB B,
B B
we have
A'B? _ A2B! — 9+(4, B B3 _ 9+(4, B) B3
8 B
Thus a simple computation shows (5.2.6) vanishes. O

5.3. Null frames for null curves in Nil;. By the computations of B-scroll type minimal
surfaces in the previous section, the curve theory in the Minkowski space is useful to inves-
tigate null scrolls in Nils. We give a frame along a null curve in Nils, which we call a null
frame. In Minkowski space, it is known as a null Frenet frame or Cartan frame [3, 8].

Let v be a null curve in Nil; and denote the bundle along ~ consisting of the vectors which

have product 0 with Z—Z by T+, that is,
dy
L)) =0},
L

It is obvious that the subspace Tv(s)fy is a 2-dimensional and includes T(5)y. Thus the bundle

Tosyy = {v € T, Nily

T+~ can be decomposed into
T y =Ty ® S(T*)

for some spacelike line bundle S(T7), called a screen bundle of ~ (see [19]). Therefore when
we take a screen bundle of v, the bundle Ty can be decomposed orthogonally:

: L
T Nilz = (S(TL'V)) DPorthogonal S(T+).

Here, clearly, the plane bundle (S (Tlv)) includes the tangent vector ‘Cil—z and gives Lorentzian
plane at each point of v. Therefore the existence of the nils-valued vector field B satisfying
the condition g, (A, B) = 1 is guaranteed by the following lemma.

Lemma 5.3.1 ([19]). Let { , ) denote the Lorentzian metric in Minkowski 3-space 1L3.
Moreover, fixz a null vector v € 3. For each 2-dimensional Lorentzian vector subspace
W C L3 which includes v, there exists a unique null vector w € W which satisfies (v, w) = 1.

Defining a spacelike vector field C' along v as C' := A x B, we obtain the following propo-
sition.

Proposition 5.3.2. Every null curve ¥(s) has a frame (A, B, C') and real-valued functions
k; (i =0,1,2) satisfying the following conditions:

d
A:’.Yild_rsh g+<AvB) :ng(CaC) - 17
(531) ng(A’A):ng(BaB) :ng(A,C) :ng(B,C):O,
o ke 0 —ky
(A, B,C")=(A,B,C) [ 0 —ky —Fk
ki ko 0
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Proof. For a null curve 7, take a frame (A, B, (') as discussed above. Then it is sufficient
to show the frame (A, B, C') satisfies the last condition. Let us denote A’, B’, and C" as

A’:aAA+bAB+cAC, B/:CLBA+bBB+CBO,
and
C' = acA +bcB + ccoC.

Clearly, we have by = 0, agp = 0, and ¢c = 0 since g, (A4, A), g+(B, B), and g,(C,C) are
constant. Moreover, since g, (A, B), g+ (A, C), and g, (B, () are constant, we have

/ d ) /
aa = ‘g+(A ’B) = EQ-F(A, B) - g+(A7B) = _g+(A>B) = _bBa

/ d ) /
€A = g+(A ’C) = %,Q-F(A, C) - g-l—(A:C) = _g+(A7C) = —bc,

: d , /
cp = 9+(B',C) = —9:(B,C) = 9(B,C") = —g4(B,C") = —ac.

Therefore we obtain the last condition of the proposition by putting k; as ky = a4 = —bp,
ki1 =ca = —bc, and ky = cp = —ac. O

Remark 5.3.3. We can assume ky = 0 from the beginning, if necessary, by reparametrizing
the curve [3]. In the curve theory in Minkowski space, such a parameter is known as the
distinguished parameter. Because we took the vector field B for a fixed screen bundle, the
frame (A, B, ) depends on the choice of a screen bundle. Hence another choice of a screen
bundle gives a change in £;.

Definition 5.3.4. We call a frame (A, B, C') given by Proposition 5.3.2 with ky = 0 a null
frame for a null curve v and the functions k; and ks the first curvature and second curvature
of v with respect to (A, B,C).

Theorem 5.3.5. For any real-valued functions ki and ko, there exists a null curve v in
Nily which has k; (7 = 1,2) as the first and second curvature with respect to some null frame.

Proof. Let O(2,1) denote the Lorentz group,
0(2,1) =< XeMR| X'

Moreover, define a matrix Fy by

—1/v/2 1/v2 0
Fo=1| 1/vV2 1/v2 0
0 0 1

It is straightforward that for an arbitrary null frame (A, B,C') along a null curve in Nilg,
there exists a unique O(2, 1)-valued map X such that (A, B, C') = X Fy. Conversely, the map

X Fy satisfies the conditions (5.3.1) with kg = 0 for every O(2,1)-valued map X. Therefore
it is sufficient to prove the proposition with the following initial condition:

(5.3.2) 7(0) = (0,0,0), (AG(P)’ B(0),C(0)) = Fo.



For any basis (Z?Zl Ajej,Z§:1 Bjej,Z§:1 CYe;) of nily which satisfies the null frame
condition (5.3.1) with ky = 0, we consider the matrix
Al B ot
A? B? (C?
A3 B (O3

and denote it as (A, B, C'). Moreover, we identify the basis (Z?Zl Ale;, Z;’:l Bie;, Z;’Zl Cle;)
and the matrix (A, B, (). First, take the solution of the following system of ordinary differ-
ential equations with the initial condition (5.3.2):

(5.3.3)

S (A ! . (B ! . (c Al Bl
i A2 - kl 02 5 - B2 - k’Q CQ 5 - 02 - —k'g A2 - kl B2
ds |\ 43 o ds \ ps cs ds \ o3 A3 B3

Then we should prove that the solution (A, B, C) satisfies the conditions (5.3.1). By a direct
calculation using (5.3.3), we obtain

d% (A'B’ + A’B'+ C'C7) = 0.

Thus by substituting s = 0, we get

[ ==
AB +AB+C'C7'=< 1 (i=j#1).
0 (#7)
Since the triplet {V1, Va2, V3} where V; are defined by
1 1
Vii=—4=(B—-A4), Vo:=—(B+A4), Vz:=C

V2 V2

becomes an orthonormal basis of nil3 at each point s, the solution (A, B, () satisfies the
conditions (5.3.1). Furthermore, the null curve v = (v!,9?,7%) which has the null frame
(A, B,C) is given by

s s s 1 1
v = / Alds, " = / Alds, 7 = / (A% — A2Al 4 - A%Y)ds.
0 0 0 2 2
O

From the discussion about the relation between B-scrolls and B-scroll type minimal sur-
faces in Example 4.7.4, we obtain minimal null scrolls from an arbitrary function.

Theorem 5.3.6. For a null curve v in Nilg with a null frame (A, B,C), let f: D — Nilg
be a null scroll over v with the ruling B = 23:1 Bie; where B = Ble; + B%ey — Bies, that
18,

f(s,1) = 7(s) - exp(tB(s)).

If the second curvature of vy with respect to the null frame (A, B,C) is 1/2, then the null

scroll f is minimal.
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Proof. Since the vector field B satisfies the condition (5.3.1) with ky = 0, we have = ks
where f is defined in Lemma 5.2.3. Then assuming ko = 1/2 derives 28 = 1 = ¢, (A, B).
Thus Theorem 5.2.4 implies f is minimal. O

By Theorem 5.3.5 and Theorem 5.3.6 we obtain the following corollary immediately.

Corollary 5.3.7. For an arbitrary real valued function ki, there exists a minimal null
scroll such that the base curve has the first curvature ki with respect to some null frame.

In general, an another coordinate system (z,y) for a null scroll v(s) - exp(¢tB(s)) is a null
coordinate system if and only if the either of following two conditions holds:

s; =0 and g118, + 2g12t, =0,
(5.3.4) sy =0 and g115; + 2¢12t, = 0.

Here the subscripts = and y denote the partial differentials with respect to = and vy, re-
spectively. The following lemma clarifies the conditions for null coordinate systems (and
conformal coordinate systems) of minimal null scrolls constructed in Theorem 5.3.6.

Lemma 5.3.8. Let f(s,t) = v(s) - exp <t§(s)) be a minimal null scroll constructed in

Theorem 5.3.6, and (x,y) be a null coordinate system for f satisfying the condition (5.3.4).
Then coordinate systems (s,t) and (x,y) satisfy the following relation:

s(@) =8p(@),  Hz,y) = m

where one variable functions p(x) and q(y) meet the conditions p(x)+q(y) # 0 and p,q, < 0.

Proof. We will compute the support function A and the Abresch-Rosenberg differential
Qdz* for minimal null scrolls defined in Theorem 5.3.6.

Since the para-complex number ¢ = (1 + i’)/2 has the properties, /> = ¢ and ¢/ = 0
a coordinate system z = £z + fy for a null coordinate (x,%) gives a conformal coordinate
system, and then the first fundamental form I and the unit normal vector field N of a null
scroll f in Theorem 5.3.6 are represented as

I = e"dzdz = e"dxdy = 2g125,t,dxdy,

y of x0f
|94 (Of x Of,0f x Of )|/
Thus we have the support function A of f:

h :9+(—€u/2f_1N7 es)
=V2|s,t, | g1a| "V 2gs (Vs x 1 fry e3).

Since we have B x B' = 1B and g4 (A,B) =1, g, (f ' fs x [~ fi,e3) and g5 are computed
as

= —(g12) " fs X fr-

g (f M X [ i e3) =(A' +tBY)B? — (A2 + tB*)B!

1
=A'B? — A’2B' + t§B3,
63



~ 1
g12 =94+ (A, B) + t(A'B* — A’B")B® + t2§(B2B1' — B'B*\B?
~ 1
=g, (A, B) — (A'B*> — A2B")? + (A'B* — A’B' + t§B3’)2

=, (A,B) ~ 0.(A, Blg. (A, B) + (A'B’ — A’B' 1 1B
=(A'B* - A’B' + %33)2.
Hence we obtain
h=V2sut,|"*[g12] 29 (f7 o X £ i e5)
:\/§6|Sxty|1/2
where € € {41} is the signature of g, (f~'fs x f71f;, e3).

To obtain the Abresch-Rosenberg differential, we will calculate ¢ = g, (f~0f,e3) and
g+ (Vaf., N). Since the derivative Of of f with respect to z is

FROf =Usaf Mot tuf ) + L, f )
= (f(sm(Al +tBY) +t,B") + Z(tyBl)> e+ (E(SQE(A2 +tBY) +t,B?) + Z(ty32)> e
+ (U(s,D* +t,B*) + ((t,B?)) e,
we have
¢* = (s, D* +t,B*) + ((t,B*)
where D3 is the es-component of f~!f,:

1
D? =g, (ffs e3) = A +t(B¥ + A'B* — A’B') + t2§(BQBll — B'B?).

Besides, a straightforward computation shows

Vaaf =/ (Sazxfs + ta:xft + (Sx)Qvasfs + QSaztxvatfs + (tx)Qv(?tft) + Z(tyyft + (ty>2v8tft> 5

and then, by using the conditions (5.2.2), (5.2.3), and (5.3.4), the coefficient of the Hopf
differential can be computed as

9 (Vodf, N) = € ((s:)?hnr — (1)2(BY?) + 1((t,)(B")?)..
Hence the Abresch-Rosenberg differential Qdz? of f is calculated into

l
(535) Q = Z (—<81)2h11 — (Sz)z(D3)2 — ZSxthBB?’) s
and it can be represented by using the frame conditions (5.3.1) with ky = 0 as,
4 t?
Q=50 g (b + 5 (1 20°8° = (4152 - a5
14
:Z<S$)2k51.
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It should be noted that in the calculations of the Abresch-Rosenberg differential we don’t
use the frame conditions (5.3.1) with ky = 0 until (5.3.5). This means that the Abresch-

Rosenberg differential Qdf of minimal null scrolls, which are not necessarily defined in
Theorem 5.3.6, satisfies QQ = 0.

Moreover, a solution w of the compatibility conditions (4.2.3) for timelike minimal surfaces
satisfies
1 1
eV = —h® = —s,t,.
16 8"
On the other hand, it is known that the exact solution w of the Liouville equation

1
- 2z w_—o
2w +e

is given in the form of

w = log <_—pqu

(p(z) +q(y))?

for arbitrary one variable functions p and ¢ of x and y, respectively. Therefore coordinate
systems (s,t) and (z,y) are in the following relation:

Swty _ Dxqy
8 (p+q)*
Hence we obtain the explicit representation of the null scroll’s coordinate systems (s,t) in
terms of null coordinate systems (z,y) by separating variables

1
p(x) +q(y)

) , plx)+q(y) #0, paqy <0

s(z) =8p(x), t=
U
Furthermore, for a minimal null scroll constructed in Theorem 5.3.6, another minimal null

scroll with the same or multiplied by —1 support function and the same Abresch-Rosenberg
differential can be obtained by the following theorem.

Theorem 5.3.9. Let f be a minimal null scroll constructed in Theorem 5.5.6 and Fy be
a matriz satisfying

1 0 0 1 0 0
FJlo -1 0)lF=(0 -1 0, detFy=1.
0 0 1 0 0 1

Denote the support function and the Abresch-Rosenberg differential of f by h and Qdz? and
define a timelike minimal surface f so that

(6%,0',16") = (¢%,¢",16") Fy
where ¢/ and ggj are given by f~10f =3 ¢le; and f‘lﬁf = qujej. Then f has the support

function £h and the Abresch-Rosenberg differential Qdz*, and it is also a minimal null scroll.

Proof. The proof that the surface f has the support function +h and the Abresch-
Rosenberg differential Qdz? is given by Theorem 5.1.1. Moreover, the fact that B-scroll

type minimal surfaces induce B-scrolls shows that f is also a null scroll. 0
65



From the above discussion, we obtain the characterization of minimal null scrolls.

Theorem 5.3.10. If a null scroll f is minimal, then the Abresch-Rosenberg differential
Qdz* of f satisfies QQ = 0. Conversely, every timelike minimal surface with QQ = 0 is a
null scroll.

Proof. The first half of the claim is already proved. We prove the latter half. Let f be a
timelike minimal surface of the Abresch-Rosenberg differential Qdz? with QQ = 0 and let
h denote the support function of f. By Theorem 5.1.1 and Theorem 5.3.9, it is sufficient
to construct a minimal null scroll which has the support function +h and the Abresch-
Rosenberg differential Qdz2.

For a null scroll v(s) - exp(tB(s)), (A, B,A x B) is not always a frame. It is easy to
check that (A, B, C) for (s) - exp(tB(s)) is not a frame if and only if A and B are lincarly
dependent, that is g, (4, B) = 0. If g, (A, B) = 0, minimal null scroll ~(s) - exp(tB(s))
must be a vertical plane (see Proposition 5.4.1 and Example 5.4.4). The Abresch-Rosenberg
differential of the vertical plane is 0. From now on we assume f is not a vertical plane, and
construct minimal null scrolls by using Corollary 5.3.7. The holomorphicity of () means that

() can be separated into functions of x and y,
Q = (S(x) + (T (y)

where z = (z + (y, and S and T are one variable real functions of = and y, respectively.
Then the condition Q) = 0 implies

S=0 or T=0.

We prove only the case of T' = 0 for simplicity. The solutions of the compatibility conditions
(4.2.3) for timelike minimal surfaces are given by

w =108 (G sap)

where p and ¢ are functions of x and y, respectively, such that p(x)+ ¢(y) # 0 and p,q, < 0.
Then we define functions k;(s) and ks(s) by

(5:36) (se) = 2 kals(e) = 5

where the parameter s is defined by s(x) = 8p(z). From Proposition 5.3.5 we can obtain
a null frame (A, B, C) and a null curve v(s) which has the first and second curvature k;(s)
and ko(s) with respect to (A4, B,C). Now, we consider the null scroll

(5.3.7) Y (s(z)) - exp (Mé(s(m))) |

Here, B = Z?:1 Ble; is the curve in nils determined from B = B'e; + B%ey — B3es. Di-
rect computations show that for (5.3.7), the Abresch-Rosenberg differential is £5(x)dz* and
the support function can be represented as 4ee®/? where e € {#£1} is the signature of
g+ (f~ fs x f~1f;, F3). Since the null scroll (5.3.7) has the support function 4¢*/2 or —4¢"/?
and the same Abresch-Rosenberg differential as f, timelike minimal surface f has to be a

null scroll by Theorem 5.3.9. 0
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FI1GurE 3. ([27]) Horizontal umbrella: Timelike minimal surface with the
Abresch-Rosenberg differential vanishing anywhere.

Example 5.3.11. Let us construct timelike minimal surfaces with vanishing Abresch-Rosenberg
differential except for vertical planes. Solve the differential equation (5.3.3) under the con-
dition k; = 0, ks = 1/2 and the initial conditions A7(0) = A}, B7(0) = B}, and C7(0) = CJ.
Then the null frame (3 Ave;, > Ble;, > Ce;) is given by

Hs) =4 Bls)=—gM+5G+ B, OUs) = 547+,

and the base curve 7 is given by v(s) = (A}s, AZs, A3s). Hence the null scroll y(s) -exp(tB(s))
obtained from k; = 0 and ko = 1/2 is written explicitly as follows:

Als A2 ABs) (- S Al 1 5t 4 BY, (-5 a2y Ser B (EA - Sh B

(Ags, Ags, Ags) - (t( 3 0"‘2 o+ By), t( 3 0"’2 ot 0)7 (8 0~ 5%0 0))
5%t st s%t st s%t

= ((s—g)AéthBng?Og, (s—§)A(2)+tB§+EC§, (s—§)A3—tBS’>.

By (5.3.6), it is obvious that the condition k1 = 0 means the vanishing of the Abresch-
Rosenberg differential. Therefore surfaces given in Example 5.3.11 are horizontal umbrellas
(FIGURE 3). Since, by C' x A = A and B x C' = B, a simple computation shows

Ay By Gy
det | A2 B2 C2| =0,
A3 —-B3 0

the vectors (A}, A2, A3), (B, B3, —B3), and (C},C2,0) are linear dependent at each point.

5.4. Construction of minimal null scrolls with prescribed rulings. In Subsection
5.3, we observed that timelike minimal surfaces with QQ = 0 are obtained as minimal null
scrolls, in particular, as null scrolls constructed from null curves with null frames and the
second curvatures ko = 1/2 except for the vertical planes. However, the construction from
curvatures is troublesome because of the need to solve a system of differential equations. In
this subsection, we will construct the minimal null scrolls with prescribed rulings using only
elementary computations. We should consider only the following three cases:

9+(A,B) =28 with =0, g,(A,B) =28 with B #0, g.(A,B)=0

because any minimal null scroll belongs to the class satisfying one of them by Theorem 5.2.4.
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First, we consider the case of g, (A, B) = 28 with § = 0. The following proposition reveals
that vertical planes are characterized by this condition.

Proposition 5.4.1. Let v be an affine null line in Nil3 and B = Z?Zl Ble; be a curve
which takes values in the light cone in nils, satisfies B> # 0, and induces the null vector
B = Ble, + B%cy — B3e3 linear dependent on 7*13—1. Then the null scroll v(s) - exp(tB(s))
is minimal and satisfies the minimality condition gy (A, B) = 28 with = 0. Conversely,
if a minimal null scroll has a ruling B with B = 0 and satisfies the minimality condition
g+(A, B) = 2§, the base curve is an affine null line and the ruling B induces a null vector
field B linear dependent on the velocity.

Proof. First, we take the minimal null scroll given by an affine null line y(s) = K;(s)(c!, ¢?, ¢3)
and a ruling B = Zl , B'e; which induces the null vector fields B = B'e; + B?ey — B?e;
linear dependent on the velocity ’y‘ldw, that is,

_dy dK1
1

—. B) =
g+(7 ds’ )= “ds

Here K, is a function and ¢/ (j = 1,2,3) are constants that are not 0 simultaneously and
satisfy —(c )2+(02)2+(c3) = (0. By the linear dependence, the vector field B can be rewritten
as B = Ky(c'e; + c*ey — Pe3) for some smooth function K,. Then a simple computation
shows

(=c'B'+B* = ¢B%) = 0.

B x B'=0,

that means 5 = 0. Hence the null scroll v(s) - exp(tB(s)) fulfills the minimality condition
g+ (A, B) = 2 with 5 = 0. Conversely, we assume ¢, (A, B) = 28 and 5 = 0. In this case,
the vector field B’ is null, and then the condition

BxB =0

means the vector field B’ is linear dependent on B at each point. Therefore it follows the
differential equations

B'=K;B' j=1,2,3

for some function K3. Hence the ruling B has to be of the form

(5.4.1) B(s) = ef Kads (Z cfej)

where ¢/ (j = 1,2,3) are some constants. Thus, from the assumption g, (A, B) = 23 and
B = 0, the base curve 7 is written explicitly

d
7_1d_z(3) _ K4(S)€fK3ds <0161 T Pey — 0363)7

~v(s) = /OS (K4(s)efK3d8> ds(c',c? —c?)

for some function K4 under the initial condition v(0) = (0,0, 0). Therefore the base curve
draws an affine null line. O
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Remark 5.4.2. The first and second fundamental forms of minimal null scrolls defined from
(5.4.1) and (5.4.2) can be computed as

I = —2912 (tK3(5>d82 + det) s

K tK. -K tK.
77 = 9 g2 Ka(s)ds ((3)2 (( a(s) + tK3(s))(—Kals) + 3(8))d82 2t Ko (s)dsdt + dt2>
|912] Ky(s)
where g3 = —2K4(s)e?/ K3()45(¢3)2 Hence the non-degeneracy of I means vanishing ¢?

nowhere on the domain, and the first fundamental form degenerates if and only if the second
fundamental form vanishes. Furthermore if the first fundamental form is non-degenerate
then the second fundamental form is also non-degenerate.

Corollary 5.4.3. A null scroll f(s,t) = y(s)-exp(tB(s)) satisfies the minimality condition
g+ (A, B) =28 with 5 =0 if and only if the null scroll is a part of a vertical plane.

Proof. Proposition 5.4.1 implies that minimal null scrolls which satisfy the conditions
g+(A,B) =28 and § = 0 can be constructed from an arbitrary null vector field B which
has B? # 0 and 3 = 0, by defining the velocity A of the base curves as A = hB. A direct
computation shows the vector field Fj3 is tangent to these surfaces, and then they are part
of vertical surfaces, that is, Hopf cylinders. Therefore these minimal null scrolls contain
the affine lines in z3-axis direction. Furthermore, since the direction of the ruling (5.4.1) is

independent to the parameter s, these minimal null scrolls are part of planes spanned by
(ct, 2, ¢®) and (0,0,1). O

Erample 5.4.4 (Vertical plane). Let 6 € (0, ) be a constant. Take a null vector field B as

B(s) = seq + s cosfeg + ssin fes, and define a null vector field A as A = e + cos ey — sin fes.
Then the null scroll

v(s) - exp(tB(s)) = ((1+1t)s, (1 +t)scosf, (1 4 t)ssinf — 2ssin )
is a timelike minimal surface (FIGURE 4 ).

FIGURE 4. ([27]) Vertical plane: Minimal null scrolls with the minimality
condition g(A, B) = 24 and = 0.

From now on, we will construct the minimal null scrolls which satisfy the minimality

condition ¢, (A, B) = 25 with  vanishing nowhere. Without loss of generality, we can
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assume 3 = 1/2 if necessary replacing B with 5 B For an arbitrary curve that takes values
in the light cone in nil3 with g = 1/2, the base curve 7y can be constructed as follows.

Since the vector field fy_l‘jl—z x B for a null scroll v(s) - exp(tB(s)) is orthogonal to B at
each point, it can be represented as

d
~ 1 B=aB +bB
ds
for some functions a and b. Therefore the equations
 dy 1 dy 1 dy -1 d'Y
— X B,y —)= — X B,B) = ,BxB)=1/2
g+ (v 75 S ds) 0, g+(v 75 S ) =9+(v T5 B X )=1/
derive a = 2 and b = —2¢, (7_12—;’, B’) when the null scroll fulfills the minimality condition

g+(y~ IZZ, B) = 25 with = 1/2. This implies that determining the direction for 7_1‘;—2 x B

is equivalent to taking a function 9+(7_1Z_Z7 B’). On the other hand, by Lemma 5.3.1, taking

a null vector 7*1‘;—1(3) which satisfies

9: (1 (s), B(s)) = 1

coincides with taking the Lorentz plane including B(s). Since determining a Lorentz plane
is equivalent to determining a spacelike normal direction, we can prove the following propo-
sition.

Proposition 5.4.5. For any minimal null scroll y(s) - exp(tB(s)) which satisfies the min-
imality condition gy (A, B) = 28 with § = 1/2, it follows

d b
—1d_7 = —4(29,(B",B")B+ B") — 2b (B’ + ZB)
s
where b = —2g, (y~! ‘;Z, B'). Conversely, for any curve B which takes values in the light cone

in nily with = 1/2 and any real valued function b, define a nilz-valued vector field A as

b
A=—4(29.(B",B")B+ B") — 2b (B/ + Z-lB) .

Then the curve v which has the velocity A is null and it follows that g (A, B) = 1. Thus the
null scroll over v with the ruling B is minimal.

Proof. Let v(s)-exp(tB(s)) be a minimal null scroll which satisfies the minimality condition
g+(A, B) = 2 with = 1/2. Since we have

1
g+(B, bB/ + QB//) - 2g+(B, B//) - —5 % O,

g+(2B"+bB,B) =0,
g+(2B"+bB,bB' +2B") = 2bg, (B', B") + 2bg. (B, B") = 0,
it is straightforward that the velocity 7_12—;’ belongs to

( —1d7

Yo X B)* = (2B' + bB)* = span{B,bB’ +2B"}
S
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at each point. Threfore the velocity can be represented as 7_12—2 =uB + v(bB' 4+ 2B") for
some functions u and v. It is easy to see that u = —8¢,(B”, B”) — v*/2 and v = —2 by
substituting the velocity into

i dy  _jdy _dy
177 177 — 177 Bl =1.
9+ (7 750 ds> 0, 9+ (v 75’ )

d b
—1d_7 =—4(29,(B",B")B+ B") — 2b (B’ + ZLB) .
S

Hence we obtain

Conversely, for an arbitrary curve B which takes values in the light cone in nil3 and derives
B =1/2, and an arbitrary function b, set a nilz-valued vector field A as

A=—4(2¢.(B",B")B+ B") — 2b (B’ + ZB)

By tracing back the computations in the first half of this proof, it can be seen that A
is the null vector field which belongs to (2B’ + bB)* = span{B,bB’ + 2B"} and satisfies
g+(A,B) = 1. Then by Theorem 5.2.4, the null scroll over the null curve which has the

velocity A with the ruling B is minimal. O

Remark 5.4.6. The null vector field A given in Proposition 5.4.5 with b = 0 and B define
a null frame (A, B,2B'), and then the curvatures are ki = 4g.(B", B”) and k» = 1/2. Hence
Example 5.3.11 shows if a curve Bhas 8 =1 /2 and B” is null, B constructs a horizontal
umbrella by Proposition 5.4.5 with b = 0 (see Example 5.4.9). Moreover, although it is
hard to compute the Abresch-Rosenberg differential in general, it can be obtained easily
when b = 0. Since we have (5.3.6) with the null frame (A, B,2B’), we can see S = 16p,2k;.
Therefore we have Q = (64p,*g. (B", B").

Example 5.4.7 (Circle ruling). Set a ruling B = e1+1 cos(s)es+ 3 sin(s)es. This describes
a circle (left of FIGURE 5). It is obvious that § = 1/2. Let us define a null vector field A
by Proposition 5.4.5 with b = 0. Then we have

A = —e; + cos(s)ey — sin(s)es.
Thus we obtain a null curve v with the initial condition v(0) = (0,0,0) from A:
1
v(s) = (—s,sin(s), —58 sin(s)) :
Hence the minimal null scroll f(s,t) over v with ruling B (right of FIGURE 5) is given by
1

f(s,t) = (—s + %t, sin(s) + %t cos(s), —%s sin(s) + }Lt sin(s) — Zts COS(S)) :

Ezample 5.4.8 (Hyperbola ruling). Set a ruling B=1 cosh( )61 + % sinh(s)ey — —63 This
describes a hyperbola (left of FIGURE 6). Then we have B = 5. Define a null vector field
A by using Proposition 5.4.5 with b = 0:

A = — cosh(s)e; — sinh(s)es + €3,
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FI1GureE 5. ([27]) Example of minimal null scrolls constructed from ruling
valued in a circle (right) and the image of its ruling (left).

and then we obtain a null curve y

~v(s) = (— sinh(s), — cosh(s) + 1, %s + %sinh(s))

with the initial condition 7(0) = (0,0,0). Hence the minimal null scroll f(s,?) over v with
ruling B (right of FIGURE 6) is given by

1 1 1 1 1 1
f(s,t) = (— sinh(s) + Qt cosh(s), —cosh(s) + 1+ §tsinh(s), 38 + —sinh(s) — =t — A_Lt cosh(s)) :

2 4

FIGURE 6. ([27]) Example of minimal null scrolls constructed from ruling
valued in a hyperbola (right) and the image of its ruling (left).

Ezample 5.4.9 (Parabola ruling). Set a ruling B = (s + %) er + 2sex + (252 — 3) e
Then we have g = % This describes a parabola (left of FIGURE 7). By using Proposition
5.4.5 with a constant b we define a null vector field A by

v, b v? b? v o, b b?
A—(—1—68—58—2—1>61—<28+b>62+(1—68 —|—§S—Z+1)63.
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Then we obtain a null curve 7 with the initial condition v(0) = (0,0,0) which has the
velocity A:

vo,oob, b? b? bt v bt b v’
— 2 2 N 1 72 - 5__ 4 3 2 1— =
v(s) < s s ( + >s, = bs, 2810° ~ 102° +1925 —1—45 +<

Hence the minimal null scroll f(s,t) over v with ruling B is given by

2 2
5 == (S ) s (),
f(s,t) = ~Bs? —bs+ %,
b4 b 1 b 1
~5nS ~ 1St 1S+ 32+(1——>3+t<@3 —<§+ )3 tis 5)

If b = 0, then the minimal null scroll f lies on a plane in R? (right of FIGURE 7), and this
is also an example of horizontal umbrellas (see Example 5.3.11).

Ficure 7. (]27]) Example of minimal null scrolls constructed from ruling
valued in a hyperbola (right) and the image of its ruling (left).

Finally, we look into the case of g, (A, E) = 0. In this case, obviously, the rulings don’t
impose any conditions other than linear dependence on the velocity of the base curve. Thus
we have the proposition.

Proposition 5.4.10. Let 7(s) - exp(tB(s)) be a minimal null scroll which satisfy the
minimality condition g, (y~* 7 B) = 0. Then it follows that 3 # 0 and B3 # 0. Conversely,
for a curve B in the light cone in nily and a real valued function h, define a null vector field
A=37  Ale, by A= hB, and vy as the curve which has the velocity A. If B # 0 and B® # 0
hold, then y(s) - exp(tB(s)) is a minimal null scroll on t # 0.

Proof. First, we assume that a minimal null scroll 7(s) - exp(tB(s)) satisfies the condition
g+(7*1fl—z, B) = 0, that is, the velocity is linear dependent on the ruling everywhere. Then
we have

A'B? — A’B' = 0.
Therefore it can be seen that the dsdt-part of the first fundamental form is given by
(5.4.3) gi2 = tQEB(BB)z-

2
73



Because of the non-degeneracy of a null scroll, we obtain 8 # 0 and B® # 0 everwhere.
Conversely, let us consider the map f(s,t) = y(s) - exp(tB (s)), built from a curve B in the
light cone in nil3 and a curve v which has the velocity linearly dependent on B at each point,
The non-degeneracy on ¢ # 0 of the first fundamental form is guaranteed from (5.4.3). Thus
the map f is an immersion and minimal by Theorem 5.2.4. U

It can be checked easily that a minimal null scroll v(s) - exp(tB(s)) is of the form
7(s) - exp(tB(s) = ('(s) + 1" (5),77(s) + 877 (5),77(s) + 017 (s))

when the null scroll fulfills the minimality condition g, (A, E) = (0. Hence all the minimal

null scrolls that satisfy the minimality condition g, (A, B) = 0 are given by the following
example.

Example 5.4.11 (Tangent surfaces). Let us consider a curve v(s) = (v'(s),v%(s),7*(s)) in
(semi-)Euclidean space R3. A surface f(s,t) in R? is said to be a tangent surface on v if f
is a ruled surface over «, and its ruling is the velocity of v, that is, the surface of the form

f(s,t) =~(s) +t7/(s)
(5.4.4) = (v'(s) + 7" (5),7%(5) + 77 (5),7°(s) + 4% (s)).

Let us regard ~ as a curve in Nilg by ignoring the multiplication of ambient space. When ~

is null with respect to the Lorentzian metric g, in Nily and satisfies 1‘“ X (7 ’ldw) £ 0
and g4 (v~ lflz, e3) # 0, the map defined in (5.4.4) forms a null scroll in N113. Moreover, it is
minimal. In fact (5.4.4) can be represented as
ydy
3(5) - exp(t(7 T s)).

Since v is null in Nil3 and Proposition 5.4.10, tangent surface f in R? can be regarded as a
minimal null scroll in Nils.

Propositions 5.4.1, 5.4.5 and 5.4.10 can be summarised to obtain the construction theorem
of minimal null scrolls with prescribed null rulings.

Theorem 5.4.12. Let B = Z BleZ be a curve which takes values in the light cone in

nily except for the origin, and satzsﬁes Bx B = —BB with B =0 or 1/2. Define a vector
field A if 3 =0 and B®># 0 as

A= aB,
and if f=1/2 as
A= —%b2B — 2B’ —4(29,(B",B"YB + B").
Or else, if B =1/2 and B® # 0, define A as
A=aB.

Here, B = Ble, + B?ey — B3es, b is an arbitrary function and « is a nowhere vanishing
function. Moreover, let v be the curve in Nils which has the velocity A. Then the map

v(s) - exp(tB(s)) locally defines a minimal null scroll.
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From Propositions 5.4.1, 5.4.5 and 5.4.10, we can construct every minimal null scroll
locally by the Theorem 5.4.12. Furthermore, the following theorem implies it is sufficient
to construct all minimal null scrolls that we consider only Propositions 5.4.1 and 5.4.5 with
b=0.

Theorem 5.4.13. If a minimal null scroll is not a vertical plane then there exist a null
curve v in Nilg and a curve B in the light cone in nily which satisfy

d
(5.4.5) fld—z — —4(2¢.(B", B")B + B")

and which define the map v(s) - exp(tB(s)) describing the original minimal null scroll.

Proof. We can obtain a null curve v with a null frame (A, B, C) and the second curvature
1/2 from the Abresch-Rosenberg differential and the support function of the original minimal
null scroll as seen in the proof of Theorem 5.3.10. The null frame condition (5.3.1) derives
the condition (5.4.5). O

Remark 5.4.14. Theorem 5.4.13 implies the class of minimal null scrolls with the minimal-
ity condition g4 (A, B) = 01isincluded in the one with the minimality condition g, (A, B) = 23
and 3 # 0. However, it is difficult to construct timelike minimal surfaces of the former class
from the curvature of the base curves because no special features of the Abresch-Rosenberg
differential and the support function are expected.
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