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Introduction

The magnitude is an invariant for metric spaces defined by Leinster [11, 12]. It
measures a certain size of space. Hepworth-Willerton [8] and Leinster-Shulman [13]
defined the magnitude homology as a categorification of the magnitude. The magni-
tude homology MHi(G) is a bigraded module, and determined for a graph G, length
¢ and degree k. There are various studies about magnitude and magnitude homology
1,2,3,4,5,7,8,9,11, 12, 13, 14, 15, 16, 17].

Recently, Kaneta-Yoshinaga [9] introduced a simplicial complex for a mertic space
with a certain condition whose homology group is isomorphic to the magnitude
homology of the metric space. Asao-Izumihara [3] introduced a CW complex (we
call the Asao-Izumihara complex) for a graph whose (reduced) homology is isomophic
to the magnitude homology of the graph. Asao-Izumihara complex is constructed as
the quotient of a pair of a simplicial complex and a subcomplex (for details see §2.1).
It is important for the construction of Asao-Izumihara complex that vertices of the
simplicial complex are defined with the information of distance between the vertex
and the basepoint. Note that Asao-Izumihara complex captures only MH{(G) for
¢ > 2 and k > 2. To improve this, we introduce the notion of magnitude homotopy
type My(G). The magnitude homotopy type is defined also for metric spaces.

By the construction, we can apply discrete Morse theory for both Asao-Izumihara
complex and magnitude homotopy type. Both the Asao-Izumihara complex and the
magnitude homotopy type have advantages. The Asao-Izumihara complex is useful
to discribe the figure of it for lower dimension especially ¢ = 3,4. On the other
hands, the magnitude homotopy type has advantages in theoretical aspects. For
example, the manitude homotopy type can be used to prove Kiinneth formula and
Mayer-Vietoris type theorem, etc.

We are interested in the relationship between magnitude homology groups and
qualitative properties of graphs. In particular, we are interested in the following
topics.

(a) Diagonality.



(b) Graph operations.

It is said that a graph G is diagonal if MH.(G) = 0, for k # ¢. Diagonal graph is an
important class of graphs, because if a graph is diagonal then the rank of magnitude
homology of the graph is determined by only the magnitude. It is expected that there
are several relationships between diagonality and qualitative properties of graphs.
For example, it is shown that “diagonality implies girth= 3,4 or co” in [2]. However,
we do not know when graphs are diagonal. About the topic (b), Leinster proved the
invariance of magnitudes of graphs under a Whitney twist in [12]. Roff generalized
the result for a sycamore twist. Moreover, Kiinneth formula and Mayer-Vietoris
theorem for magnitude homology were proved in [8]. Recently, magnitude homotopy
type version of these results were also proved in [17].

In this thesis, for the sake of conceptual simplicity, we focus on finite metric
spaces defined by finite graphs. This thesis is organized as follows. In §1.1, we
recall the definitions of magnitude and magnitude homology. In §1.2, we recall basic
definitions and theorems on discrete Morse theory. In §2, we review the definition
of the Asao-Izumihara complex and basic properties. In §3, we show that the Asao-
[zumihara complex of a pawful graph (or some other diagonal graph) is homotopy
equivalent to a wedge of spheres by using discrete Morse theory. In §4, we describe
the Asao-Izumihara complex of the odd cycle graph. In §5, we show several results
for the magnitude homotopy type of graphs using discrete Morse theory. In §5.1, we
introduce a useful matching (called projecting matching) on magnitude homotopy
type of graphs obtained by gluing two graphs. In §5.2, we show the Mayer-Vietoris
type theorem for the magnitude homotopy type. In §5.3, we prove the invariance of
magnitudes of graphs under a sycamore twist using the projecting matching.



Acknowledgements

First, I would like to express my deepest gratitude to my supervisor, Professor
Masahiko Yoshinaga. He has guided me for three and a half years since the middle
of my master’s course. I enjoyed the seminars with him very much. I learned many
important things from him, not only mathematics but also the attitude toward re-
search. With his support, I was able to successfully complete the doctoral course.
Thank you very much. I am also deeply grateful to my supervisor at Hokkaido Uni-
versity, Professor Toshiyuki Akita. Thank you very much for taking time out of your
busy schedule as my supervisor.

I would also like to express my deepest gratitude to my supervisor in master’s
course, Professor Masao Jinzenji. Thank you very much for taking care of me even
after he moved to Okayama University. I would also like to thank Professor Takuya
Tsukioka, who helped me when I started studying mathematics. Thank you for
always supporting me.

I am also grateful for the support I received from many people at Hokkaido Uni-
versity, Osaka University, and various research conferences, etc. 1 was very happy
to be able to communicate with Dr. Emily Roff, who started her postdoctoral fel-
lowship at Osaka University in October 2023, and with many people at the research
conference “Magnitude 2023” held in December 2023.

Finally, I would like to thank my family for their support and encouragement.






Contents

1 Preliminaries
1.1 Magnitude and magnitude homology . . . . . . ... ... ... ...
1.2 Discrete Morse theory . . . . . . .. .. .. 0L

2 Magnitude homotopy type
2.1 Asao-Izumihara complex . . . . . .. .. ... ...
2.2 Magnitude homotopy type . . . . . . . .. ... L.

3 Diagonality
3.1 Diagonal graph . . . . . . . ...
3.2 Pawful graph . . . .. . ...
3.3 Generalization . . . . . . ...

4 Cycle graph

5 Discrete Morse theory on magnitude homotopy type
5.1 Projecting matching . . . .. .. ... oo
5.2  Mayer-Vietoris type theorem . . . . . . . .. .. ... ... ...
5.3 Sycamore twist . . . . ..o






Chapter 1

Preliminaries

1.1 Magnitude and magnitude homology

We define a finite graph G as the pair (V(G), E(G)) of the following sets.
e V(G) is a finite set.
o B(G) € {{z,y} | (z,y) e V(G) x V(G), = #y}.

The distance function on a graph G is defined as follows.

dg: V(G) x V(G) = Z>o,

) min{k € Zxo | FHwo, v1}, {vr, v}, -+ {ve-1, 0} € E(G),v0 = a,v, = b} (a #D),
dg(a,b) = 0 ((I — b)

If there does not exist such a sequence of edges for some pair of vertices (a,b), then
we define dg(a,b) = co. From now, we assume that dg(a,b) < oo for any pairs of
vertices (a,b) of G. We denote d¢ simply as d.

Definition 1.1.1 (Magnitude of a graph). Let ¢ be a variable, and m := |V(G)|.
Define the m x m matrix Z5 whose entries are elements of Q(q) as follows.

T = (Qd(x,y)>

Then Zg is invertible. We define the magnitude of G as follows.

#G = Z Z M (z,y).

z,yeG

z,yeG
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Definition 1.1.2 (Sequence). We call (zg, -+ ,23) € V(G)*! a sequence on G if it

satisfies x; # x;1; for each i € {0,--- |k — 1}. For a sequence z = (xo,- - ,z), the
subsequence of z is a sequence y = (Yo, - - - , ¥m) that satisfies the following.
e There exists a sequence 0 < 79 < 13 < -+ < iy, < k such that y; = z;,

(]20717 am)'

Then, we denote y < x. The length of sequence z = (x¢,---,x) is defined by
L(x) = d($0,$1) + d(x1,$2) + -+ d(&?k,hl’k).

Definition 1.1.3 (Smooth point). Let x = (zo,--- ,zx) be a sequence. We say that
the point z; (i = 1,--- ,k— 1) is smooth in z if x; satisfies d(x;_1, z;) + d(x;, xi11) =
d(x;_1,2;y1). If the point z; (i = 1,- -+, k—1) is not smooth in z, we say z; is singular
in z. Denote by z; 1 < x; < x;,1 if ; is smooth in x, and by z; 1 £ x; £ x;1 if x;
is singular in x.

Definition 1.1.4 (Magnitude homology of a graph). Fix ¢ > 0. Define the abelian
group MCL(G) and the homomorphism 0y as follows.

MCL(G) = @Z(sequence (2o, -+ ,xx) on G | L(zg, -+ ,x) = {),

k-1
Ox: MCL(G) = MC}_4(G), 0= (—1)'0h,
i=1
il ) = (xo,++ Ty, - ,ax)  (if 2; is smooth in z),
S R [ (otherwise).

Then (MC%(G), d,) is a chain complex and it is called the magnitude chain complex.
The magnitude homology MHS(G) is defined by MHY(G) := H(MCL(G)).

Theorem 1.1.5 ([8], Theorem 2.8.). Let q be a variable. Then, we have

#HG = (Z(—l)krank MHﬁ(G)) .

>0 \k>0

1.2 Discrete Morse theory

For elements a,b of a poset P, we denote a < b if a and b satisfy a < b and there
does not exist ¢ € P such that a < ¢ <b.



Definition 1.2.1 (Partial matching). Let P be a poset. A partial matching M on
P is a subset of P x P satisfying the following.

e For any (a,b) € M, a < b.
e Each a € P belongs to at most one element in M.
Denote by a + b for (a,b) € M.

Definition 1.2.2 (Acyclic matching). Let M be a partial matching on P. We say
M is acyclic if there does not exist a cycle

Vl-al < -a® < < =af <P =b!

with p > 2, that satisfies (a’,b""') € M for each i € {1,2,--- ,p} and b # V7 (i # j)
for every 7,7 € {1,2,--- ,p}.

Definition 1.2.3 (Critical element). Let M be a partial matching on P. An element
of P that belongs to no element in M is called a critical element.

Theorem 1.2.4 ([10], Theorem 11.13.(a)(b)). Let P be the face poset of a simplicial
complex S. Assume that we have an acyclic matching on P.

(a) If the critical elements form a subcomplex S, of S, then there exists a sequence
of cellular collapse leading from S to S..

(b) Denote the number of critical i-dimensional simplex by ¢;. Then, S is homotopy
equivalent to a CW complex with c; cells in dimension i.

Definition 1.2.5 (Strong deformation retract). Let A be a topological space, and
B C A be a subspace. A continuous map F: A x [0,1] — A is called a strong
deformation retract if it satisfies the following conditions.

e Forz € A, F(2,0) =z and F(x,1) € B,
e For z € Band t € [0,1], F(z,t) = x.

In the situation, we also say that there exists the strong deformation retract from A
to B.

Remark 1.2.6. Theorem 1.2.4 (a) especially means that

(a") If the critical elements form a subcomplex S, of S, then there exists the strong
deformation retract from S to .S..






Chapter 2

Magnitude homotopy type

2.1 Asao-Izumihara complex

Definition 2.1.1 (Simplicial complex). Let V' be a set and P(V') be the power set.
If a subset S C P(V) satisfies the following, then we call S a simplicial complex.

e For any element A € S and any subset B C A, B is an element of S.

Remark 2.1.2. In this thesis, we consider the empty set ) C V as a (—1)-dimensional
simplex called empty simplex. Any simplex contain the empty simplex. The sim-
plicial complex which has only the empty simplex is called the empty simplicial
complex, and denoted by {(}. It is a subcomplex of any simplicial complex (other
than the void). The simplicial complex which has no simplices is called the void and
denoted by void.

Definition 2.1.3 (Path). Let © = (zo,--- ,2x) be a sequence. We call x a path if
x satisfies d(x;,x;+1) = 1 for any ¢ € {0,--- ,k — 1}. We define the set of paths on
graph G with length ¢ as follows.

Py(G;a,b) :={path z = (zg, -+ ,x¢) on G| zg =a, x,=>b}, a,b € V(QG).
Definition 2.1.4 (Asao-Izumihara complex). Let £ > 2 and a,b € G. We define the
sets Ky(G;a,b) and K;(G;a,b) as follows.

K(G;a,b) :={0 # {(xi, 1), -, (@ip_y,0-1)} C G x {1,2,--- -1}
| (CL, Liys o 5 Lip_qs b) = EI((I, L1y 5 Tp—1, b) S PZ(G7 a, b)}7
Ky (G;a,b) = {{xi,, - ,xi,_, } € Ko(G5a,b) | L(a, x4y, ya4,_,,b) < L}
Then K,(G;a,b) is a simplicial complex and K(G; a, b) is the subcomplex of K,(G;a,b).
We call the CW complex K,(G;a,b)/K;(G;a,b) Asao-Izumihara complex.

11



Remark 2.1.5. We denote a simplex {zg, - ,zx} € Ki(G;a,b) by (xo, - ,xx).
For z,y € K/(G;a,b), let y < = denote that y is the subsimplex of z.

Example 2.1.6. Let G be the cycle graph C4 with vertices a, b, ¢, d in order. Let
¢ = 4. We describe the Asao-Izumihara complex K4(G;a,c)/K}(G;a,c). First we
compute the set of paths Py(G;a,c).
Py(G;a,c) ={(a,b,a,b,c),(a,b,a,d,c),(a,b,cb,c),(a,b,ecdc),
(a,d,a,b,c),(a,d,a,d,c),(a,d,cb,c)(adcdc)}.

—~ —

G;a,c) as follows.

1 (,2),(0,3)), ((b,1), (¢, 2),(d,3)),
);(¢,2), (b,3)), ((d,1),(c,2),(d,3)).

From the paths we obtain maximal faces of K,

((b;1),(a,2), (b,3)), ((b,1),(a,2),(d,3)), ((b,1

((d,1),(a,2), (0,3)),((d, 1), (a,2),(d,3)), ((d,

Next we compute K}(G;a,c).

Ky(Gsa,0) = {(b,1), (a,2), (b,3), (d,3), (¢,2), (d,1), ((a,2),(b,3)), ((b,1),(b,3)),
((a72)7(d73))7 ((b7 1)7(67 2))7 ((d7 1)7(d73))7 ((d7 1)7(0’2)>}

Therefore K4(G;a,c) and K}(G;a,c) are as shown in Figure 2.1 (The part of red is
K}(G;a,c)), and we have

K4(G;a,c)/K)(G;a,c) ~ S*V S2.
(d,3) (a,2) (d,3)
(¢,2) (b,3) (¢,2)

Figure 2.1: K4(Cy;a,c) and Kj(Cy;a,c).

[N

Proposition 2.1.7. Let £ > 0. Then,
MC(G) = @D MCL(G;a,b)

a,beG

as chain complexes, where MC’(G; a, b) is the subcomplex of MC!(G) generated by
sequences which start from a and end with b.

12



Theorem 2.1.8 ([3], Theorem 4.3.). Let £ > 3, x > 0 and a,b € G. Then,
C.(Ki(G;a,b)/ Ky(G;a,b), pt) 2= C.(Ki(G; a,b), Ki(Gs a,b)) = MCL,(G5 a,b),
as chain complexes.

Example 2.1.9. Let G be a cycle graph C4 with vertices a,b,c,d in order. Let
us compute the magnitude homology MH2(G) using Asao-Izumihara complexes.
We have K4(G;a,c)/K;(G;a,c) ~ S? VvV S? in Example 2.1.6. Similarly we have
Ki(G;a,a)/K}(G;a,a) ~ S? v S? v §%. Since there is no paths from a to b with
length 4, K4(G;a,b) = (0. Then,

MH(G) = @D MH(G;a,b) = @) His(Ki(G:a,b)/Ki(G;a,b))

a,beG a,beG

o (ﬁk_2(52 v S g (ﬁk—2(52 v 5%V 5%))F,

20 4
Therefore MH}(G) =2 Z (k ),
0 (k#4, k>2).

2.2 Magnitude homotopy type

Definition 2.2.1. Let ¢ > 0 and a,b € G. We define the sets Ay(G;a,b) and
Ay (G;a,b) as follows.

Ay(G;a,b) = {{(xiy,00), -+, (24, 01)} TG x{0,1,--- £}
| (xiov to 7xik) = El(x(% e ,:Eg) € P£<G; a, b)}7
AY(G;a,b) = {{wiy, -, mi, ) € DNo(Gsa,b) | L(wiy, -+ ,xi,) < L}
Then Ay(G; a, b) is a simplicial complex and Aj(G; a, b) is a subcomplex of A,(G; a, b).
Remark 2.2.2. We consider the cases that A,(G;a,b) or A'(G;a,b) are empty set.

e In the case of ¢ = 0, if a = b, then Ag(X;a,a) = {(a,0)}. Since the empty
simplex ) is contained in A¢(X;a,a), AL(X;a,a) = {0}. If a # b, then
Ao(X;a,b) = AY(X;a,b) = void.

e Consider the case of ¢ > 0. If Ay(X;a,b) # 0, then A}(X;a,b) # 0 since
{(a,0)} is contained in it. If d(a,b) > ¢, then Ay(X;a,b) = AY(X;a,b) = void.
If d(a,b) = ¢, then Ay(X;a,b) # 0. If d(a,b) < ¢ and Ay(X;a,b) = 0, then
Ay(X5a,b) = Ay(X;a,b) = {0}

13



Definition 2.2.3 (Magnitude homotopy type of a graph). The magnitude homotopy
type of a graph G is defined as follows.

My(G) ="\ M(G;a,b), where M(G;a,b) = Ay(G;a,b)/N)(G;a,b).

a,beG

Remark 2.2.4. Asin the Asao-Izumihara complex, we denote a simplex {xg, -,z } €
Ay(G;a,b) by (zg,- -+ ,zx), and let y < x denote that y is a subsimplex of z.

Example 2.2.5 ([17], Example 4.11.(1)(2)). (1) Let G be a tree. Then,

SOV .- v SO (wedge of |V (G)| spheres) ~ {(|[V(G)| + 1) points}, ¢ =0,
SV v St (wedge of 2| E(G)| spheres), 0> 1.

M, (G) =~ {

(2) Let G be a complete graph with m vertices (m > 2). Then,
My(G) =~ S*V - v S (wedge of m(m — 1)¢ spheres).
Proof. (1) We prove it in the end of §4.

(2) For a,b € V(G), all maximal faces of A,(G;a,b) are (-simplices and their
subsimplices which consist boundaries are all in A}(G;a,b). There are m(m —
1)¢ maximal faces in Uapeve) 2e(G;a,b). Therefore we have the result.

[

Theorem 2.2.6 ([17], Theorem 4.7.). For a graph G and k,{ > 0,
H(Me(@)) = MH[(G).
Proof. We prove that Hy,(M(G;a,b)) = MH(G; a,b) for a,b € V(G). Clealy,
ﬁk(Mz(GECL,b)) = Hi(Ae(Gia,b), (G a,b)).
It is sufficient to show the isomorphism
C.(Ad(G; a,b), Ay(G; a,b)) = MC(G; a,b)
as chain complexes. Define a homomorphism ¢y : Ci(A(G;a,b), AY(G;a, b)) —

MC4(G;a,b) by ((ig,i0), -+, (T4, 0x)) = (T4, , 25, ). We can easily check the
map ¢, is a chain map and isomorphism. O

Definition 2.2.7 (Suspension). Let X, Y be CW complexes.

14



e We define the join of X and Y by
X*Y::XxYx[O,l]/N,

where ~ is the equivalence relation such that (z,y;,0) ~ (z,y,,0) and (z1,y,1) ~
(x9,y,1) for any x, 1,29 € X, y1,92,y € Y. Especially, we denote by I',(X)
the cone of X with apex a:

[o(X):={a}*x X.
Note that I',(void) = void and T, ({0}) = {«a}.

e Let A C X be a subcomplex. The (reduced) suspension of the pair (X, A) is
defined by
T (X, A) 1= (Ta(X), Ta(4) U X).

Note that ¥ (X, void) = (I',(X), X) and ({0}, void) = ({a}, {0}).

Theorem 2.2.8 ([17], Theorem 4.21.). Let £ > 2. The magnitude homotopy type
M(X;a,b) of a graph X is homotpy equivalent to the double suspension of Asao-
Izumihara complex Ko(X;a,b)/K;(X;a,b).

Proof. 1t is sufficient to show that
(1Ac(X5a,b)[, |AYX;a,0)]) = Z2(|Ko(X3 0,0)], | K5(X5a, b)),

for ¢ > 2, a,b € X with d(a,b) < {. Let £ >0, a,b € X. Suppose that d(a,b) < ¢,
and K;(X;a,b) # (0. From this point, for simplicity, we will write K, = K,(X;a,b),
Ay = Ay(X;a,b), ete. Define the set Ay = Ay(X;a,b) as follows.

Af = {{((L,O), (xinil)? T ’(ximik)} | {<xi17i1)’ T 7('Tiwik)} € Kf} U K.

Then, we can easily check that Z( is a simplicial complex. Let o = (a,0), then we
have ~
Al = Ta([Ke).

Define the subset Ee C Ag by
N = {{(wigyi0) -+ (i i0)} € A | Llwigs- -+ 3y, b) < £},
Then, /Av’g is the subcomplex of Ag, and we have

|K’e| = Lo (| KG|) U | Kyl

15



By Definition 2.2.7, we have the following.

Z(Kol ) = (Tl KiD. Tal 1K) U 2]
— (B 1),

Similarly, let an apex 8 = (b, (), then

D(KLIKD = SOALIAD)
= (To(|Ad). T4 UIA )
= (1A, 125,

16



Chapter 3

Diagonality

3.1 Diagonal graph

Definition 3.1.1 (Diagonal graph). Let G be a graph. We say that G is diagonal
if G satisfies MHY(G) = 0 for k # £.

Example 3.1.2. Complete graphs and trees are diagonal ([8], Example 2.5, Corol-
lary6.8). The join of two (non-empty) graphs are diagonal ([8], Theorem 7.5.). On
the other hands, cycle graphs C,, (m > 5) are not diagonal.

3.2 Pawful graph

Y. Gu introduced pawful graphs in [5].

Definition 3.2.1 (Pawful graph). Let G be a graph with the diameter < 2. We call
G a pawful graph if G satisfies the following condition.

e For any vertices z,y, z € G with d(z,y) = 2, d(y, 2z) = 2, and d(z, z) = 1, there
exists the vertex a € G such that d(a,z) = d(a,y) = d(a, z) = 1.

Remark 3.2.2. The join of two (non-empty) graphs is a pawful graph.

Theorem 3.2.3 ([16], Theorem 3.4). Let G be a pawful graph. Let ¢ > 3 and
a,b € G. Then the Asao-Izumihara compler K,(G;a,b)/K;(G;a,b) is empty or
contractible or homotopy equivalent to the wedge of (£ — 2)-spheres.

Proof. For the face poset of a simplicial complex K,(a,b), let P be a (induced)
subposet of the face poset whose elements are contained in Ky(Gj;a,b) \ K;(G;a,b).

17



Let p be amap p: {(z,y,2) € V(G)? | d(z,y) =2, d(y,2) =2, d(z,z) = 1} = V(G)
such that p(z,y, z) = a satisfies d(a,z) = d(a,y) = d(a,z). Such a map exists by
Definition 3.2.1. We also fix a map ¢: {(z,y) € V(G) | d(z,y) = 2} — V(G) such
that q(z,y) = b satisfies d(z,b) = d(b,y) = 1.

Next we define the set S as follows.

U{(a,8,7,6) € V(G)* | d(e,6) = 2,d(B,6) = 2,d(e, B) = 1,7 = p(v, 6, 8)}
L{(a,8,7) € V(G)’ | d(o,v) =2, 8 = q(e,7)}-

For x = (xg,- -+ ,x) € P, we denote the minimum ¢ € {1,2,--- |k — 2} such that
(I‘Z’_l, Tiy Tiy1, Ii+2) eS (321)

by i(z). If (xg,x1,22) € S, then let i(x) = 0. In the case that there does not exist
i€{1,2,--- k— 2} satisfying (3.2.1) and i(x) # 0, then define i(x) = oco. On the
other hands, we denote the minimum j € {0,1,--- ,k — 1} such that d(z;, z;41) = 2
by j(z). If there does not exist such j € {0,1,---,k — 1}, then define j(z) = oo.
Now we define the subsets A, P’, P” C P as follows.

A:={z e P|i(x) =00 and j(x) = oo},
Pli=A{z e Pli(x) > j(x)},
P":={x € Pli(x) < j(x)}.

Define the map f: P’ — P” by
xr = (IOv U ,I'k) = ($07 s () =1 Tj(x)s Zs Lj(x)+1s * " ° ,l’k),

where z € G is a vertex satisfying (xo, 2, 1) € Sif j(z) = 0, or (2(x)-1, Tj(2), %, Tj(a)+1) €
S if j(z) > 1. Also we define the map g: P” — P’ by

—

y= (o, ye) = Yo, Uig)41, "+ » Tk)-

Since go f =idp: and f o g =idpr hold, f and g are bijection.

We define the subset M C P x P by M = {(x,y) € P’ x P" | f(z) = y}. Then
x <y for any (x,y) € M, and each x € P belongs at most one element in M since
f is injective. Therefore M is a partial matching on M.
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Next we prove that M is acyclic. Assume that there exists a cycle
Y=ot <y =2t < <y a? <yt =yt

such that (2%, y"*1) € M for each i € {1,2,--- ,p} (p > 2) and 3 # 3’ for every i, j €
{1727"' 7p} (2 7&]) For yt = (y67 ?y,12> € PN) let (y67 7%?17"' >y2) = z'. For
zt € P, we denote j(z!) by j'. We can assume that j' is the minimum number in
all ¢. Then we have the following.

o jl =i fort>1,

o ji+ 1> and j # j for t > 1,

o j2=4t41.

Let y* = (yo, -+, yx), then 2!, y? 2% ¢ are as follows.

T = (Yo, Vit Yitaa, 5 Uk)s

y2 = (Yo, -+ s Yits 21, Yir g2, -+, Y), Where 2y satisfies (y;_1, 951, 21, ¥i112) € S,
@’ = (Yo, Yits 2, Yirgss ** » Uk),s

y> = (Yo, -+ yin, 21, 20, Yings, -+, Yi), where 2z satisfies (yi1, 21, 22, ys113) € S.

For y' = (y§,--- , i) € P" (t > 3), we prove d(yh,yh,,) < 1 by induction.

(I) In the case of t = 3, by (y;1,21,22,¥i143) € S, we have zp = yu or 2o =
p(yir, 21, yir43) for y°. In both cases, d(y, v, ,) = d(ya, z2) < 1.

(IT) For ' (t > 3), we assume d(y},yh,,) < 1. Then

t+1:<

t t t t t
Yy Yor " s Yit—15Ysts Bt Yjr oy - 7yk;)7

where 2, satisfies (Yl _;, ¥, 21, i o) € S. By the assumption d(yj, yh,,) < 1,
we have i* # i'. Therefore i > ' + 1.

(i) In the case of i = i' +1, as in (I), d(yi™, yi},) = d(yl 4, 2) < 1 since
<yft—17yft’ Zt7y,ft+2> S

(i) In the case of i >i' +2, d(yi, yi'),) = d(yh, yh ) < 1.

By (I) and (II), we have d(yj,yh,) < 1 (t > 3). Since g, is singular in y*,
gt =1d"#4i' =41 (t > 3). By j2 # j!, we obtain j* # j' (¢t > 2). On the other hands,
gt =il =Tt = P by y! = yPTL. Tt contradicts. Now we have the matching M is
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acyclic. We consider the matching M on P as the matching on K,(G;a,b), then the
set of critical elements is AL K(G;a,b). The elements of A are all (£ — 2)-simplices.
By Theorem 1.2.4, K,(G : a,b) is homotopy equivalent to the CW complex which is
constructed some (¢ — 2)-cells attaching K/(G;a,b). Therefore the Asao-Izumihara
complex K,(G;a,b)/K}(G;a,b) is (empty or contractible or) homotopy equivalent to
wedge of (¢ — 2)-spheres. O

Corollary 3.2.4 ([5], Theorem 4.4.). Pawful graphs are diagonal.

3.3 Generalization

In this subsection, we generalize the result for pawful graphs (Theorem 3.2.3). Let
G be a graph with diameter 2. We define the set X, Y, X', Y’ as follows.

(a, B,7) € V(G)’ | (e, B) = d(B,7) = 1,d(ex, ) = 2},

(. 8,7,8) € V(G)* | d(a, ) = d(B,7) = d(,0) = 1,d(B,9) = 2},
(a,7) € V(G)* | d(ev, ) = 2},

(., 8,0) € V(G)* | d(ev, B) = 1,d(B,0) = 2}.

Let m1: X — X’ and m5: Y — Y’ be natural projections.

Y

ot Wt Wi et Wi et}

Definition 3.3.1. Assume that maps f1: X' — X and fy: Y/ — Y satisfy the
following.

(1) T © f1 = idX/ and o O f2 = idy/.
(H) If (a7ﬁ7775) € fZ(Y/)a then (*7a7ﬁ77) §é fQ(Y/) and (04,5/)/) ¢ fl(X/)

(iii) Let (a, B,7,d) € fo(Y'). If d(a,7y) = 2, then there does not exist 7/(# ) €
V(G) such that d(5,+") = d(v/,0) = 1.

Then we define the set S C X UY by S := fi(X') U fo(Y).

Theorem 3.3.2. Let G be a graph with diameter 2. Assume that G has S as in
Definition 3.3.1. Let { > 3 and a,b € V(G). Then the Asao-Izumihara complex
Ki(G;a,b)/K)(G;a,b) is homotopy equivalent to a wedge of (¢ — 2)-spheres. In par-
ticular, G is diagonal.

Proof. Similar to Theorem 3.2.3. O
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Figure 3.1: Non-pawful diagonal graph G.

Example 3.3.3. Let GG; be a graph as in Figure 3.1. Note that Gy is not pawful,
because for vertices 1,3,4 with d(1,3) = d(1,4) = 2 and d(3,4) = 1 there does not
exist a vertix a such that d(a,1) = d(a,3) = d(a,4) = 1. For this graph, we can
construct the set S as follows. Define the map fi: X' — X by

n [ (1,2,3),(1,5,4),(1,2,6), (2,6,4),(3,2,1),(3,6,5),
fl(X)‘{ (4,5,1), (4,6,2),(5,6,3), (6,2,1) }

Define the map fo: Y’ — Y by

((2,1,2,3),(5,1,2,3),(2,1,5,4), (5,1,5,4),(2,1,2,6), (5,1,2,6), )
(1,2,5,4),(3,2,6,4),(5,2,6,4), (6,2,6,4),
L") = (2,3,2,1),(4,3,2,1),(6,3,2,1),(2,3,6,5), (4,3,6,5), (6,3,6,5),
2 (3,4,5,1),(5,4,5,1),(6,4,5,1),(3,4,6,2), (5,4, 6,2), (6,4,6,2),
(1,5,2,3),(2,5,6,3),(4,5,6,3), (6,5,6,3),
| (2,6,2,1),(3,6,2,1),(4,6,5,1),(5,6,5,1) )

Then, since we have

{(O‘767775) S fQ(Y/) | d(a77) = 2} = {(473727 1)7 (374757 1)}7

it is easily seen that f; and fo satisfy the conditions (i), (ii) and (iii) of Definition
3.3.1. Thus by Theorem 3.3.2 we conclude that G is diagonal.

Example 3.3.4. Let G5 be a graph as in Figure 3.2. The graph G5 is not pawful but
diagonal graph. We can check G5 is diagonal by using Mayer-Vietoris type Theorem
by [8] (see Corollary 5.2.10). However, there does not exist S as in Definition 3.3.1.
The reason why is as follows. For (4,3,1) € Y’, f2((4,3,1)) = (4,3,2,1). On the
other hands, for (3,4,2) € Y’, we have f5((3,4,2)) # (3,4,5,2) since fs satisfies the
condition (iii) in Definition 3.3.1. Then (3,4,3,2) € f5(Y’), and we can not satisfy
the condition (ii).
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3 4

Figure 3.2: Non-pawful diagonal graph G5 which does not have S.

Example 3.3.5. Example 3.3.3 and Example 3.3.4 are cases of graphs whose each
edge is contained in a cycle of length < 4 and which are diagonal. However, it is

1

3 4
Figure 3.3: Non-diagonal graph Gj .
not true that for a graph if each edge is contained in a cycle of length < 4 then

it is diagonal. Let GG3 be a graph as in Figure 3.3, and it is not diagonal. In fact,
MH3(G3) does not vanish since (2,4, 5) € MH5(G3).
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Chapter 4
Cycle graph

As an example of non-diagonal graph, we describe the Asao-Izumihara complex of
odd cycle graphs. Y. Gu computed the magnitude homology of cycle graphs. The
result for odd cycle graphs is as follows.

Theorem 4.0.1 ([5], Theorem 4.6.). Let Cyy,,—1 (m > 3) be the cycle graph. Then
the magnitude homology of Co,—1 is as follows.

Zmel

(
zim-2 (
(

zrank MH; " (Cam—1)+2rank MH, 5 (C2m—1)

k?@ = (070))7

k,0) = (1,1)),
k>0,0>0,(k,¢)#(0,0),(1,1)),
0 (otherwise).

MH (Copy) =

Example 4.0.2. The rank of the magnitude homology of cycle graph C7 is as follows.

ANk|O] 12345 6 701819
0|7
1 14
2 14
3 14
4 14 14
5 42 14
6 70 14
7 98 14
8 28 126 14
9 112 154 14

We describe the Asao-Izumihara complexes of odd cycle graphs.
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Theorem 4.0.3. Let G = Cy,,,—1 (m > 3) be the cycle graph with 2m — 1 vertices.
Fiz ¢ > 3 and a,b € G. Then the Asao-Izumihara complex Ki(G;a,b)/K,;(G;a,b)
18 empty or contractible or homotopy equivalent to the wedge of spheres with various
dimensions.

Proof. Let P := Ky(G;a,b) \ K;(G;a,b). We define the set S as follows.

S:={(a,8,7) € V(G)’ | d(a, B) = 1, d(a, ) = d(av, B) + d(B,7)}.

For z = (zg, - ,x;) € P, we denote the minimum ¢ € {0,1,---,k — 2} such
that (x;, 241, %i12) € S by i(z). In the case that there does not exist such i €

{0,1,--- ,k — 2}, then define i(z) = co. On the other hands, we denote by j(z) the
minimum j € {1,2,--- |k — 1} satisfying either of the following.

o d(wjv, ;) = 1,d(2j,0541) = 2,d(x), x541) = d(wj, 250) + d(2j-1, 2541),
i d<xj—17$j) > 27d($j>$j+1) > 2.

In the case of d(zg,z1) > 2, define j(z) =
{1,2,--- ,k—1} and j(z) # 0, then define j(x
P', P" C P as follows.

0. If there does not exist such j €
) = 0o. Now we define the subsets A,

A:={z € P|i(x) = oo and j(z) = oo},
P = {x € Pli(z) > j(x)},
P":={z € P|i(z) < j(x)}.

Define the map f: P — P” by
€xr = (xo,. . ’xk) — <$07.. . 7xj(m),zjxj(m)+1,. - ’:Uk)’

where z € G satisfies (2, 2, j@)+1) € S . Note that f is well-defined since there
is the only one shortest path between any two different vertices. Also we define the
map ¢g: P” — P’ by

Y= (y07"' >yk)’_>(y07"' 7%\)+17”' ka)‘
We prove fog=1idps. Fory = (yo, - ,yx) € P”,
fogly) = f((yo, - Yi)—1: Yitwy: Yiwy+2: "+ > Yr))-

If d(Yicy)-1, Yiey)) = 2, then j(g(y)) = i(y). If d(yiy)-1,Yiy)) = 1, then y;(,) satisfies
A(Yity)—1, Yi)+1) < AYi)—15 Yiy)) + AWity)» Yi)+1) = 2 since (Yiy)—1, Vi) Vi) +1) ¢
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S. The graph G has no 3-cycle, then d(yiy)—1,¥ig)+1) = 0 ie. Yig)—1 = Yigy)+1-
Therefore, j(g(y)) = i(y). In any cases we have f o g(y) =y.

Next we prove g o f =idp. For x = (zg,-- ,x1) € P,
go f(l’) = 9((3507 s L)y By Lj(x) 4Ly T ,xk)), where (xj(m)a Zaxj(m)Jrl) c€S.

If j(x) = 0, then i(f(x)) = j(x). If j(x) > 1, then i(f(z)) = j(x) since (Tjz)-1, Tj@), 2) ¢
S. In any cases we have g o f(z) = z. Therefore f and g are bijection.

We define the subset M C P x P by M :={(x,y) € P' x P" | f(x) = y}. Then
x <y for any (z,y) € M, and each x € P belongs at most one element in M since
f is injective. Therefore M is a partial matching on M.

Next we prove that M is acyclic. Assume that there exists a cycle such that
Y-t <y - a? < =< yP =P <Pt =yt

with p > 2, that satisfies (2%, y"*') € M for each i € {1,2,--- ,p} and y* # 3’ (i # j)
for every Z?] € {1727 7p} For yt = (y67 >y]€:> € PN? let (y67 >y/it-:17"' 7?/]2) =

x'. For x; € P, we denote j(z;) by j'. We can assume that j!' is the minimum

number in all j*. Then we have the following.
o jl =i fort>1,

o ji 41> and 5t # ji for t > 1,

o« 2=l
Let y' = (yo, -+ ,yx), then z!, y?, 22 are as follows.
xl = (y07 LY, Yitqo, 7yk)7
y2 = (y07 s Yt 2L, Yitge, 7yk>7Where 21 satisfies (yi1> Zlayi1+2) € S in the case of
it =0 or d(yyp_1,yin) > 2, and 21 = y;n_; in the case of d(yj_q,yn) = 1,
a’ = (Yo, -+, Uity 20, Yirgss 5 Yk)-

MOI‘GOVGI‘ y3 = (?JO; LY, 2, Y, Y3, 7yk> since d(%h Zl) =1
For y* = (yb,---,y.) € P" (t > 3), we prove d(yfl,yflﬂ) =1, yh = yf1+2 by
induction.

(I) In the case of t = 3, d(y}\, yf’lﬂ) =d(yn,z1) =1, 4% =yn = y§’1+2.
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(I) For y* (t > 3), we assume d(y},yh,;) = 1, yh = yh,,. Then we have i # 4'.

Therefore ¢ > ' + 1.

(1> In the case of Iit = il + 17 for yt+1 = (y67 e 7y§17y£1+17 Zt7y§1+37 e 7yltq)7
yatly = 2 = yh =yt holds because of d(yi™, yit!)) = d(yh,yh,,) = 1.

(ii) In the case of " > i'+2, for y"*' = (yb, -+ ,yk, Y1 Yher 2 Y),
we have d(yffrl,yffjrll) =1land yi" =yh = Yooy = yf;’__&g

By (I) and (II), we have y;, = yh,, (¢ > 3). Since yj,,, is singular in 3, j* =
it # 4t = j' (1 > 3). By j2 # j', we obtain j' # j! (¢t < 2). On the other hands,
gt =il =Pt = 57t by y! = P Tt contradicts. Now we have that the matching

M is acyclic. Remark that the set of critical elements is A.

For any x € A, let us prove that x has no smooth point. First z satisfies i(x) =
j(x) = oco. It means x = (xg, - - -, xy) satisfies as follows.

(1) There does not exist i € {1,--- ,k — 1} such that d(z;_1,2;) = 1 and z;_; <
T; < Tijq1-

(2) d(l’o,l‘l) =1.

(3) There does not exist j € {2,--- ,k—1} such that d(x;_1,z;) > 2and d(z;,xj11) >
2.

(4) There does not exist j € {2,--- ,k—1} such that d(z;_1,z;) = 1, d(xj, xj+1) >
2 and Tj <Tj1 <X Tjt1-

Assume that z has a smooth point z, (n € {1,---,k —1)}. By (1), we have
d(x,_1,2,) > 2. Then n > 2 by (2). Furthermore, d(x,_2,2,_1) = 1 (otherwise
it contradicts (3)). If x,_, is smooth in z, then (2,2, %,-1,2,) € S. Therefore,
Zn_1 is singular in x. It means x, 1 < x,_o < =,. We know d(z,_2,7,-1) = 1 and
d(xy_1,x,) > 2. It contradicts (4). Therefore, x has no smooth point. It means that
the any subsimplex which consists boundaries of every critical element is contained
in K'(G;a,b).

We consider the matching M on P as the matching on K;(G;a,b), then the set of
critical elements is ALIK}(G;a,b). By Theorem 1.2.4, Ky(G} a, b) is homotopy equiva-
lent to the CW complex which is constructed some cells attaching K(G;a,b). There-
fore the Asao-Izumihara complex Ky(G;a,b)/K;(G;a,b) is (empty or contractible or)
homotopy equivalent to wedge of spheres with various dimensions. O
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Proof of Example 2.2.5(1). Let G be a tree. Let £ > 3 and a,b € V(G). First we
describe the Asao-Izumihara complexes for trees. As same as the proof of Theorem
4.0.3, we construct a matching M on P := Ky(G;a,b) \ K;(G;a,b). Define the set
S, A, P, P” and the map f, g by all the same as the proof of Theorem 4.0.3.
Then we have the bijectivity of f by the same reason, and we can define a partial
matching M C P x P as same. In the case of trees, we can show that the matching
M is acyclic in exactly the same way as in the proof of Theorem 4.0.3. All critical
elements are contained in A, and satisfy the condition (1), (2), (3) and (4) of the proof
of Theorem 4.0.3. We can easily check that they have no smooth point. It means
that the any subsimplex which consists the boundaries of every critical element is
contained in K'(G;a,b). Similar to the last part of the proof of Theorem 4.0.3, the
Asao-Izumihara complex K(G;a,b)/K}(G;a,b) is homotopy equivalent to wedge of
spheres. Moreover, for any critical element z = (z¢, - -+ ,x;) € A, we can check there
does not exist j € {0, -,k — 1} such that d(x;, ;1) > 2. If (o, 8,7) € V(G)? with
d(a, ) = d(B,v) = 1 satisfies o # =, then § smooth in («, 3,7). Therefore, any
critical element z = (xg,- -+ ,x)) € A satisfies

(i) d(zs,z41) = 1 for any 4, and
(ii) x; = w19 for any i.

By (i), the Asao-Izumihara complex is consisted of only (¢ — 2) dimensional spheres.
By (i) and (ii), the number of spheres is equal to 2|E(G)|. By Theorem 2.2.8,
the magnitude homotopy type M,(G;a,b) is homotopy equivalent to the double
suspension of Asao-Izumihara complex, then we have the result for £ > 3. The result
for 0 < ¢ < 2 can be easily checked. O]

Remark 4.0.4. For a even cycle graph, we can not construct an acycle matching
by the same way for a odd cycle graph since there exist pairs of vertices which have
more than one shortest paths.
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Chapter 5

Discrete Morse theory on
magnitude homotopy type

5.1 Projecting matching

Definition 5.1.1 (Induced subgraph). Let G be a graph. An induced subgraph H
is a graph with the vertex set V(H) C V(G), and which satisfies {z,y} € F(H) if
and only if {z,y} € F(G) for x,y € V(H). In this paper, we call a induced subgraph
simply a subgraph.

Definition 5.1.2. Let GG be a graph, and H C G be a subgraph. We say that x € G
projects to H if there exists m(z) € H such that dg(z,y) = dg(z, 7(z)) + da(m(x), y)
for any y € H.

Definition 5.1.3 (Convex subgraph). Let G be a graph, and H C G be a subgraph.
If H satisfies the following, then we say H is convex.

e For any r,y € H7 dH(x>y) = dg(.ff,y)

Through this section, our setting is as follows. Let G, H and K be conected
graphs. Assume that there exists an isomorphism ig: K — ig(K) C G of K to an
induced subgraph i¢(K) C G, and ig(K) is convex in G (similarly for H). Define a
new graph X = GU H by G U H identified i¢(k) and iy (k) for each k € K. Denote
by simply K or G N H the subgraph ig(K)(=iy(K)) C GUH.

Definition 5.1.4. (Biased point) Define the set

H,={ye€ H\ K |y projects to K}.
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We call an element of H, a biased point. We denote the set Hy:= H \ (K U H,.).
Let £ > 0 and a,b € X.
Definition 5.1.5. Let x = (xg, - ,x) € Ay(X;a,b).
(i) We say that z is flat if g, -+ ;2 € GU Hg or g, ,x € H.

(ii) We say that (x;, xit1,- - , ;) is sticky if x; € int(G) and x; € H,, or vise versa,
and 11, Tito, - ,xj—1 € K. For sticky subsequence (z;, z;t1,--- ,2;), we say
it is fillable if z;41 # 7w(x;) (z; € H,) or x;_1 # w(x;) (z; € H,). Otherwise,
we say it is removable.

(ili) We say z is twistable if there does not exist ¢ € {0,--- ;k — 1} and j €
{i+1,---  k} such that (z;,zi41,-- -, z;) is sticky.

Definition 5.1.6. Let x = (z¢, - ,2%), ¥y = (Yo, "+ ,Un) € Ap(X;a,b). Let 2/ =
(@i, i1, -+ ,x;) be a subsequence of x, and ' = (y,, Yp+1,- - - ,Yq) be a subsequence
of y. If z; = y,, define 2’ x ¢/ = (i, Tit1, -+ T4, Ypt1s -+ 5 Yg)-

Proposition 5.1.7 ([14], Proposition 5.9). Let G, H, X, K be as above. Assume
that K is convex in X, and H projects to K. Let £ > 0, a,b € X and =z =
(20, , k) € Ag(X;a,b). Then the following are equivalent.

(i) x is twistable.

(ii) x can be decomposed x = xy *xg* - -+ * x,,, where each z; is flat and each point
of concatenation is contained in Hy.

Proof. We prove (i) = (ii). Assume that z is twistable. If x is flat, x satisfies (ii).
Let = be not flat, and the maximum ¢ € {1,2,---  k — 1} such that (zg,--- ,z;) is
flat.

o If vy, -+ ,2; € GU Hy, then ;.1 € H, and x; € HyU K. If z; € Hy, then x
is decomposed at z; such that (zg,--- ,x;) is flat. Assume that z; € K. Take
j €{0,---,i—1} such that z; € (GUH,)\ K = int(G)UHy, 41, ,2; € K.
Since (xj,xj41,- -+ , 2, Ti41) is not sticky, we have x; € Hy. Hence, = has a
decomposition x = (zg, - ,x;) * (2, - - ,xx) such that (z,--- ,z;) is flat and
the point of concatenation x; is in H.

o If xg,- - ,x; € H, then x;,; € int(G) and z; € Hy U K. We may assume that
r; € K. Take j € {0,---,i — 1} such that z; € int(H), xj41, - ,2; € K.
Since (z;,%j41, - ,%i, Tiy1) is not sticky, we have z; € H,. Hence, = has a
decomposition z = (xg, - ,x;) * (z;,- -+, zx) such that (zg,--- ,z;) is flat and
the point of concatenation z; is in Hj.
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In both cases, we continue decomposition for (x;,--- ,z), then we obtain the de-
composition for x such as (ii). The converse (ii) = (i) is straightforward O

Definition 5.1.8 (Projecting matching). For = = (xq, -+ ,2x) € Au(X;a,b) \
A)(X;a,b), we denote by () the minimum ¢ € {0, --- , k—1} such that (z;, zi11, - -, x;)
(j > i+ 1) is sticky, and this j is denoted by j(z). Then we define the projecting
matching as follows.

(i) If 24y € Hy and z(z)41 # 7(T4(y)), then
b (20, Tiga), T(Tia)), Tiga) 41, Th)-

(ii) If Tiz) € H, and Ti(z)+1 = W(zi(x)), then

—

x (3307 oy L) 41y ,l‘k).
(iii) If 2j(p) € Hy and 2jz)-1 # 7(2j()), then
(20, )1, T(Tj()), Tja)s =+ > The)-

(iv) If Tj(z) € H, and Tj(z)—1 = W(l’j(x)), then

—

T (Z‘()," . ,.73]‘(@_1,' o ,xk).

Proposition 5.1.9 ([17], Proposition 5.9.). The projecting matching is acyclic.

Proof. Let x = (xg, -+ ,xx) € Ap(X;a,0) \ AY(X;a,b). A sequence z can be decom-
posed as
T =Wy K Wo -+ k Wy, (5.1.1)

where each wj is flat or sticky. Such a decomposition is constructed as follows. First,
we pick up all sticky subsequence, then x is decomposed into sticky subsequences and
other subsequences which do not have sticky subsequence. By Proposition 5.1.7, we
can decompose non sticky parts into flat subsequence such that concatenations of flat
subsequences are contained in Hy. Note that concatenations of a sticky subsequence
and a flat subsequence in (5.1.1) are not contained in K since endpoints of sticky
subsequence are containd in H, U int(G).

We prove the matching is acyclic. Assume that there exists a cycle such that
Y=ot <y -2t <<y =P <P =yt
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with p > 2, that satisfies 2* F 3! for each i € {1,2,--- ,p} and y* # o/ (i #
j) for every i,j € {1,2,--- ,p}. For z € Ay(X;a,b)\ A)(X;a,b), we denote the
number of points in int(G) by |z|g, and as same in int(H) by |z|g. We have |y!|q >

|2t |le = |v%lg > |2%lg = -+ > |2P|¢ = |[v"" e = |yt|q, then it must be all equal.
Similary, |y'|n = |2'r = [VPln = [2*|n = -+ = [2"|ly = |[y""|u = |y'|u. Let
y' = (yo, -+ ,yr). Let y,, be a removal point such that 1 = (Yo, , Yoy, » Y&),

then y,, € K. A decomposition of y such as (5.1.1) is denoted by
Y = W1 *Wg * -+ X% Wy

with the first sticky subsequence w; = (Y4, Ygt1,- -+ ,¥r). We can assume y, € H,.
By definition of projecting matching, y,, = ¥y,+1. To remove a point in K does
not bring out a new stickey subsequence. Then the first sticky subsequence of z'
is w, = (Yg,Ygr2, - »yr) and it is fillable. Therefore, y* = y' since y? 4 z'. It
contradicts p > 2. Il

Definition 5.1.10. Denote by T,(X;a,b) the set of critical elements of projecting
matching M on Ay(X;a,b) \ Ay(X;a,b), and define T;(X) := Uy pexTe(X; a,b).

Remark 5.1.11. Clearly,

Ti(X;a,b) = {x € Ay(X;a,b) \ AY(X;a,b) | zis twistable }.

5.2 Mayer-Vietoris type theorem

In this subsection, the setting is same as §5.1. Let us define the condition(x) by

(x) the graph H projects to GN H.

Theorem 5.2.1 ([17], Corollary 5.16.(1)). Assume that the graph X = GUH satisfies
the condition(x). Then,

M(GNH)V My(X) = M(G)V My(H).

Before the proof of Theorem 5.2.1, we need some preparation. Let £ > 0 and
a,b € X. Define the subsets S(G), S(H), S(GNH) C Ay(X;a,b) as follows.

S(GQ) = {(zo, -+ ,x) € Ay(X;a,b) | g, -+ ,x € G},
S(H) :={(xg, - ,xx) € Ap(X;0a,b) | xg, -+, € H},
S(GNH) :={(xo, - ,x1) € Ay(X50a,b) | g, ,x, € GNH}.
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Note that S(G) C Ay(X;a,b) is not equal to Ay(G;a,b). The inclusion S(G) D
Ay(G;a,b) is true, however the converse S(G) C Ay(G;a,b) is not true. In fact,
for x € S(G) with a path p(z) € Py(X;a,b) such that z < p(z), there does not
necessarily exist a path p'(z) € Py(G;a,b) such that x < p/(x). Similarly for S(H)
and S(GN H).

Moreover, we define the subset S'(H) C S(H) by

S'(H) := {Z’Z(xo,---,xk)ES(H) x € A)Y(X;a,b) or there exists i € {0,--- , k} }

such that z; € int(H)
Lemma 5.2.2. For any a,b € G and = € int(H),
dx(a,b) < dx(a,z)+ dx(z,b).

Proof. In this proof, the distance d means dx. First we prove g < w(h) < h for any
g € G and h € int(H). In the case of g € G N H, it holds. Let ¢ € int(G). If
{9,h} € E(X), then {g,h} € E(G) or {g,h} € E(H). However, since g € int(G)
and h € int(H), then {g,h} ¢ E(X). Hence d(g,h) > 2. Let (9,21, - ,xx,h)
be a shortest path on X. There exist ¢ € {1,---,k} such that z; € GN H. We
have d(g, h) = d(g, x;) + d(z;, h) = d(g, x;) + d(z;, 7(h)) + d(7(h), h). Hence we have
g < m(h) < h for any g € G and h € int(H). Therefore, for any a,b € G and
x € int(H), d(a,z) + d(z,b) = d(a,n(x)) + d(n(x),x) + d(z,7(x)) + d(7(x),b) >
d(a,m(z)) + d(n(z),b) + 2 > d(a,b) +2 > d(a,b). O

Lemma 5.2.3. The subset S'(H) C S(H) is the subcomplex of Ay(X;a,b).
Proof. Let x = (xq,- -+ ,x) € S'(H).

(I) In the case of L(z) < ¢, x € A)(X;a,b). For any subsimplex o’ C z, 2/ €
A)(X;a,b) holds since A)(X;a,b) is subcomplex of Ay(X;a,b).

(IT) In the case of L(z) = ¢, there exists i € {0,---,k} such that x; € int(H).
Denote a subsimplex of x which obtained by removig z; from x by z/. By
Lemma 5.2.2, L(z') < £. Any subsimplex y C x such that L(y) = ¢ has a point
contained in int(H ), we have y € S’(H). This completes the proof.

[
Definition 5.2.4. Define the subset S(G, H) C Ay(X;a,b) by

L(z) = ¢ and, there exists i,j € {0,--- , k} }

(G, H) = {w = (@0, 1) € Ael X0, ) such that z; € int(G) and z; € int(H)
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Remark 5.2.5. As sets of simplices, we have
Ay(X;a,b) = (A)(X;a,0) US(G)US(H)) U S(G, H).
Lemma 5.2.6. For the subsets of Ay(X;a,b), we have the following.
(i) S(GNH)NS'(H) C AY(X;a,b).
(ii) S(G)NS"(H) € Ay(X;a,b).
(ili) S(GNH)US'(H) = S(H).
(iv) S(G)US(H) = S(G)US'(H).

Proof. (i) Letx = (zo,--- ,zx) € S(GNH)NS'(H) C Ay(X;a,b). Since xg, - - -,z €
G N H, x does not have a point in int(H). Moreover, since x € S'(H), we have
x € AY(X;a,b).
(ii) Clearly, S(GN H) = S(G) N S(H) as sets. By (i), S(GN H)N S'(H) =
S(G)NSH)NS'(H)=S(G)NS"(H) C Ay(X;a,b).

(iii) We prove S(GN H)U S'(H) D S(H). Let o = (zo,---,2x) € S(H). If
r € A)(X;a,b), then s € §'(H). Consider in the case of x ¢ A)(X;a,b). If ©
has a point of int(H), we have x € S’(H). Otherwise, we have x € S(GN H).
The converse inclusion is straightforward.

(iv) By (ii), S(G) U S(H) = S(G) U S(G' N H)U S'(H) = S(G) U S'(H).

Proposition 5.2.7. We have the following homotopy equivalence

Ay(X;a,b) ~ AY(X;a,b) US(G)U S(H).
Moreover there exists a strong deformation retract from left-hand side to right-hand
side.

Proof. Consider the projecting matching M on A,(X;a,b) \ Ay(X;a,b). By Propo-
sition 5.1.9, M is acyclic. Note that

S(G,H) ={x € Ay(X;a,b) \ Ay(X;a,b) | x belongs to an element of M},

and
A(X;a,b) = (AYX;a,0) US(G)US(H))U S(G, H).

Since Ay(X;a,b)US(G)US(H) is a subcomplex of Ay(X;a,b), by Theorem 1.2.4(a)
and Remark 1.2.6, we have the result. O
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Proposition 5.2.8. We have the following.

(i)
Ay(X3a,0)  S(G)US(H)UA(X;a,b)
A)(X;a,b) AY(X;a,b) '
(i)
S(G)US(H)UAY(X;a,0)  Au(G;a,b) y S'(H)UA)(X;a,b)
NXKah) NG N

(iii)
Ay(H;a,b)  AJGNHjab) S'(H)UA(X;a,b)
AY(H;a,b) ~ AL(G N H;a,b) AY(X;a,b)

In general, we know the following.

Fact 5.2.9. (I) Let A be a topological space and C' C B C A be subspaces.
Assume that there exists a strong deformation retract from A to B. Then it
induces the strong deformation retract from A/C to B/C.

(IT) Let A;, As be topological spaces, and X = A; U Ay, B = A; N Ay. Then

(ITI) Let X = AUB be a topological space and A, B C X be closed subspace. Then
A/(ANB)~ X/B.

Proof of Proposition 5.2.8. (i) Let A= Ay(X;a,b), B=S(G)US(H)UA)(X;a,b)
and C = A)(X;a,b). By Proposition 5.2.7, there exists a strong deformation
retract from A to B. Then A, B and C' satisfy the assumption of Fact 5.2.9
(I), we have the result.

(ii) First, let A= A/(G;a,b) and B = Ay(X;a,b), then ANB = A)(G;a,b). Since
A, B and X = AU B satisfy the condition of Fact 5.2.9 (III),

Ay(Gia,b)  Ay(Gra,b) UA(X;a,b)
AL (Gsa,b) AY(X;a,b)

= (). (5.2.1)

For z € S(G), if © ¢ Ay(G;a,b), then x € Aj(X;a,b). Hence,

 S(G)UAY(X;a,b)
() = AY(X;a,b)

(5.2.2)
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(iii)

Next, let A; = S(G)UA(X;a,b), Ay = S'(H)UA(X;a,b). Let X = AU A,
and B = A; N As. By Lemma 5.2.6 (iv),

X =8(G)US'"(H)UA)(X;a,b) =S(G)US(H)UA(X;a,b).
By Lemma 5.2.6 (i), We have B = A}(X;a,b). By applying Fact 5.2.9 (II),

S(GYUS(H)UAY(X;a,b) _ S(G)UAN(X;a,b)  S'(H)UA(X;a,b)
A)(X;a,b) T AYGsab) Ay(X;a,b))

Therefore, by (5.2.1), (5.2.2), this completes the proof.

First, we show S(H) \ A¢(H;a,b) C Ay(X;a,b). For any x € S(H), we
prove x satisfies © € Ay(H;a,b) or x € AY(X;a,b). Let © = (x4, -+ ,24,) €
S(H), then there exists a path (a,z1,- - ,x,-1,b) € Py(X;a,b) such that = <
(a,1,--- ,2p-1,b). Denote the path by p(z). If L(x) < ¢, then x € A)(X;a,b).
We consider in the case of L(x) = ¢. Note that x;, = a and z;, = b. If the
path p(x) has a subpath (z;,,, 2,41, - ,i,.,,) (m € {0,--- ,k}) such that the
ends points x;,,,2;,., € G N H and others x; 41, - ,%;,,,—1 € int(G). By
r € S(H), 41, ,%i,,,—1 does not belong to . By L(x) = ¢, we have
dx (@i, Tiy, ) = Gms1 — G- Since G N H is convex in X, denn (i, , Tipyr) =
im+1 — tm- It means there exists a path on G N H from z;, to z;, ., with
length 4,41 — %,,. We replace th subpath (x;,,%;,+1, - ,2;,.,) of p(x) with
the path on G N H, and we continue such replacement then we obtain the path
p(z) € P(GN H;a,b) such that < p(z). Hence © € Ay(H;a,b). Now we
have

S(H)\ A¢(H;a,b) € Ay(X;a,b). (5.2.3)

Let Ay = S(GNH)UA)(X;a,b) and Ay = S"(H)UA)(X;a,b). Let B= A;NA;
and X = A; U Ay. Then, B = A)(X;a,b) and
X =S(GNH)US(H)UA)X;a,b)
= S(H)UA)(X;a,b)
= Ay(H;a,b) UAX;a,b).

The second equation holds by Lemma 5.2.6 (iii), and third equation holds by
(5.2.3). Therefore, by Fact 5.2.9 (II),

Ay(H;a,b) UA)(X;a,0)  S(GNH)UA(X;a,b) y S'(H)UA)(X;a,b)
A)(X;a,b) - AY(X;a,b) AY(X;a,b)

(5.2.4)
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By Fact 5.2.9 (III), the left-hand side of (5.2.4) is

Ay(H;a,b) UA)(X;a,0)  A(H;a,b)
A)(X;a,b) ~ AY(H;a,b)

For the former part of right-hand side of (5.2.4), by (5.2.3) and Fact 5.2.9 (III),

S(GNH)UA(X;a,0)  AfGNH;a,b) UA(X;a,b)  AlGNH;a,b)
AL(X;a,b) - AY(X;a,b) T A(GNH;a,b)

This completes the proof.
[

Proof of Theorem 5.2.1. By Proposition 5.2.8 (i) and (ii),

S'(H) U AY(X;a,b)

M(X;a,b) ~ My (G;a,b)V AL(X;a,b)

Moreover, by Proposition 5.2.8 (iii), we have

S'(H)UAY(X;a,b)

M(GNH;a,b)V My(X;a,b)V AL(X;a,b)

S'(H)UAY(X;a,b)

~ . H:
Mz(G, a, b) \/Mg( ,a,b) V AZ(X;CL,[)) ,

for any a,b € X. This completes the proof. Il

Corollary 5.2.10 ([8], Theorem 6.6). Assume that the graph X = G U H satisfies
the condition(x). Then, there exists the following short split exact sequence.

0 — MHL(G N H) — MH},(G) ® MH}(H) — MH(X) — 0.

5.3 Sycamore twist

In this subsection, the setting is also the same as §5.1. Denote the set of biased

points by
H,:={x € H\ig(K) | x projects to ig(K)},

and the set of non-biased points by
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Definition 5.3.1 (Sycamore twist). Let a: K — K be a isometry. Assume that
dy(h, k) = dg(h, a(k)), (5.3.1)

for any h € Hy and k € K. Define a new graph X by G U H identified ig(k) and
ig(k) for each k € K. Another new graph Y is defined by G U H identified ic (k)
and ig(a(k)) for each k € K. Then, X and Y are called graphs differ by a sycamore
twist.

Remark 5.3.2. Under the above setting, note that H projects to iy (K) if and only
if Hy = 0. Therefore, if Hy = (), then (G, H,X,K) and (G, H,Y, K) satisfy the
condition(*) in §5.2 respectively. Hence, by Theorem 5.2.1, M,(X) ~ M,(Y) for
> 0.

Example 5.3.3 (Whitney twist). Let G and H be graphs. Let g, g_ be vertices
of G, and h,, h_ be vertices of H. A new graph X is defined by G LI H identified
g+ ~ hy and g_ ~ h_. Define another new graph Y by G U H identified g, ~ h_
and g_ ~ h,. Then, X and Y are called graphs differ by a Whitney twist, and it
is a special case of a sycamore twist. In [12], it is proved that the magnitudes of X
and Y coincide under the assumption that {g;,g-} € E(G) and {hy,h_} € E(H).

Theorem 5.3.4 ([17], Theorem 5.20.). Let X and Y be graphs differ by a sycamore
twist. Then, there exists a bijection between Ty(X) and T,(Y) which preserves the
dimensions of critical elements.

Proof. We can prove in a similar manner as [14, Proposition 5.6]. First let us define
maps 7g, 7y : X — Y as follows (see also Figure 5.1). (Note that, here, X and Y
are defined as G U H/ ~, where ~ is certain equivalence relation. Therefore, any
point in X can be expressed as T with x € G H. One can easily check the following
is well-defined on i¢(K) Uig(K).)

7, if v € G Nig(K), Z, if z € G\ ig(K),
z, if v € ig(K), ic(a~1(ig'(x))), if v € ig(K),
T,

Ta(T) = TH(T) =
o(7) if v € H ~ ig(K), 1(7) T, ifz € Hig(K),
ig(a(iz (v)), if v € ig(K), 7, if z € ig(K).
(5.3.2)
By Proposition 5.1.7, = € T,(X) can be expressed as a concatenation
T =T % Tg k- kT, (5.3.3)
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. L
o
K
G I
1 1 TG(l) = TH(l) =1
2 3 2—(3 17¢(2) =2,7¢(3) =3, 74(2) = 3,74(3) = 2

Figure 5.1: The maps 7¢ and 75 [17, Figure 13.].

of flat sequences x; such that each point of concatenation is contained in Hy. If x;
is contained in G U Hy, then by the assumption (5.3.1) of the sycamore twist, 7¢(z;)
has the same length with x;. Define 7(z;) by

; H,
() o= ) (@ C GUH), (5.3.4)
T(x;)  (otherwise),
and
T(x) = 7(21) * o x T(Tm). (5.3.5)
This gives a desired bijection T;(X) — Ty(Y"). O

Corollary 5.3.5 ([14], Theorem 6.5). Let X and Y be graphs differ by a sycamore
twist. Then, the magnitudes of X and Y coincide.

Proof. By Theorem 1.1.5,

20 M0 (5.3.6)
=> ( (—1)’franko;;<X)) ¢
>0 \ k>0



By the definitions of MC%(X), Ay(X;a,b) and AL(X;a,b),

rank MC(X) = ) [Ap¢(X;a,b), (5.3.7)

a,beX

where A (X;a,b) is the set of all k-simplices of Ay(X;a,b) \ Ay(X;a,b). For any
a,b € Ay(X;a,b)\ AY(X;a,b) such that a F b, we have dim(a) + 1 = dim(b). Hence,
by (5.3.6) and (5.3.7), we have

X =D (Z(—l)’“ (Z IAk,e(X;a,bH)) ¢

>0 \k>0 a,beX
¥ (z<—1>km,e<x>|) n
>0 \ k>0

where T}, ,(X) is the set of all k-simplices of 7,(X). Similarly, we have

#HY =) (Z(—l)k|Tk,e(Y)|> q".

>0 \k>0
Therefore, by Theorem 5.3.4, #X and #Y coincide. n

Remark 5.3.6. Let {g;,9-} € E(G) and {hy,h_} € E(H), and X, Y be as in
Example 5.3.3. Denote by K a subgraph {g;,g_} of X (or Y). By Corollary 5.3.5,
#X = #Y. It is still open whether magnitude homology groups are isomorphic
or not. However, if either the following (i) or (ii) holds, then magnitude homotopy
types are equivalent.

(i) H,:={xz € H\ K | z projects to K} = 0, or
(i) Ho = H\ (KUH,) = 0.

In the case of (i), X and Y are isomorphic as graphs. In the case of (ii), H projects to
K. Then, by Mayer-Vietoris type theorem (Corollary 5.2.10), MH(X) = MH.(Y)
for £ > 0. Moreover, by Theorem 5.2.1, M;(X) ~ M,(Y) for ¢ > 0.

Example 5.3.7. Let X and Y be graphs differ by a Whitney twist such as Figure
5.2. Then X and Y satisfy neither condition (i) nor (ii) in Remark 5.3.6. We do not
know whether MH' (X) and MH(Y") are isomorphic or not.
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A X

Figure 5.2: Graphs differ by a Whitney twist.

Example 5.3.8. Let X and Y be graphs differ by a Whitney twist such as Figure 5.3.
Then X and Y satisfy neither condition (i) nor (ii) in Remark 5.3.6. However, in this
case, we can show that MH(X) = MHY(Y) and My(X) ~ M,(Y). In fact, X and
Y have another decomposition (G’, H') in Figure 5.3 such that G’ projects to G'NH'.
Then both of MH(X) and MHY(Y) are determined only by MH(G"), MH(H') and
MH(G' N H'). Hence, MH(X) = MH’(Y). Similary, we have My(X) ~ M,(Y).

SR

Figure 5.3: Graphs differ by a Whitney twist which have another decompositions.
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