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Symbols and Notations

The following list describes several symbols that will be used later in this thesis.
I. Number Sets

Natural numbers with its minimum element 1

Integers

Rational numbers

Real numbers

Complex numbers

H Q B 6 N Z

Unit circle on C {z € C: |z] = 1}

[n] The n point set {1,2,...,n}

II. Posets and Mdobius Functions

P = (P, <) Partially ordered set (for short, poset), page 12

p Mobius function defined on a poset P, page 13

(B(n), uB) Boolean poset and its Mdbius function p2, page 12

(P(n),ul) All partition and its M&bius function, page 12

(NC(n), uN€) Non-crossing partition and its Mébius function, page 13

Kr(7) Kreweras complement of m € NC(n), page 14

ITI. Measures and Operations

(Q, F,P) Probability space; the triplet of sample space {2, o-algebra F and probability P.
E[X] Expectation of a random variable X

M,, () Moments of a probability measure p, see equation (0.0.1), page 1

D.(u) Dilation of a probability measure u, page 1

uwHB v Free additive convolution of  and v, page 4

1 X v Free multiplicative convolution of u and v, page 4

kn(p) Free cumulants of a probability measure u, see equation (2.2.1), page 16
R, R-transform of u, page 16

Sy, S-transform of p, page 16



h Free unitary normal distribution on T with parameter ¢, page 50

I1; Free unitary Poisson distribution on T with parameter ¢, page 51

At Multiplicative free semicircle distribution on [0, c0) with parameter ¢, page 54
®(p) The limit measure in Tucci’s limit theorem , see equation (4.6.1), page 55
IV. Polynomials and Operations

Clx] The set of all polynomials with complex coefficients

lead f The leading coefficient of a polynomial f, page 1

deg f The degree of a polynomial f, page 1

p[p] Empirical root distribution of a polynomial p, see equation (0.0.2), page 2

D.(p) Dilation of a polynomial p, page 2

0a(p) Root dilation of a monic polynomial p having non-negative roots, see equation (0.0.3),
page 2

pHq g Finite additive convolution of p and ¢, see equation (0.0.4), page 2
p W4 ¢ Finite multiplicative convolution of p and ¢, see equation (0.0.5), page 2
H&d) (p) Finite free cumulants of p, see equation (4.1.1), page 41

/L\El/\) (z) Normalized Laguerre polynomial, see equation (4.1.2), page 41

H,(z,t) Unitary Hermite polynomial, see equation (4.4.1), page 49

Lgm(z) Unitary Laguerre polynomial, see equation (4.4.3), page 51

V. Matrices and Operations

Iy Identity matrix of size N

Py Projection of size N with rank N — 1

Dy Diagonal matrix of size N

Uy  Haar unitary matrix of size N , page 32

Try  The un-normalized trace
try  The normalized trace % Try

V1. Miscellaneous

S,  Symmetric group acting on [n]

#(g) The cycle number of g € &,,, page 15

lg] The length of g € &,,, page 15

Qr The multiplicative expansion for a sequence {ay, }neny and ™ € P(n), page 2
Wg(g, N) Weingarten function on &,, with s N, page 34

uxvg The main part of Weingarten function on &,,, page 34



Notations

Denote by P and Py the set of all probability measures on R and [0, 00), respectively. Addi-
tionally, we define P, and P, . as the set of all compactly supported probability measures on R

and [0, 00), respectively. The notation — means the weak convergence of probability measures.
Let L>~(€2) be the set of random variables X on €2 such that

E[|X]"] < o0

for all n € N. We always assume in this thesis that every random variable is in L~ (£2) unless
otherwise noted. Similarly, for a probability measure p on C, assume

/|z|”,u(dz) < 00, neN
C

and define
M, (p) := / 2"u(dz), neN (0.0.1)
C
called the moments of p. Define the dilation D.(u)(B) := u(c~!B) for a probability measure u
on C, ¢ # 0 and a Borel set B in C.
For a polynomial f € C[z] written as f(z) = agx® + --- + a1 + ag (ag # 0), we define
deg f := d and lead(f) := a4. A polynomial f € C[z] is said to be monic if lead(f) = 1. Also,

[ € CJz] is said to be real-rooted if all roots of f are in R. The following subsets of C[z] are
often used in this thesis:

« Clz]o :={f € Cla] : f(0) =0}
o Pron(d) :=={p € Cx] : p is monic and degp = d}.
We use the following notations for a polynomial p of degree d.

o The number e (p) denotes the (d — k)-th coefficient of p for k =0,1,...,d, and it is often
useful to write

d -1
w= (i kmut

instead of eg(p). Then a polynomial p(x) = ZZO(—l)kek(p)xd*k can be written as

d
pla) = > (~1)F <Z) B ()",
k=0

e The empirical root distribution of p is the probability measure

1
wlp] = p Z mp(2)0s, (0.0.2)
zeC
p(2)=0
where my(z) denotes the multiplicity of the root at z.

o For ¢ # 0, D.(p)(z) := c¥p(x/c) for p € Puon(d).

o For a monic polynomial p(x) = Hizl(m — A\x) with nonnegative roots,

d
da(p)(@) = [J(@-27), a>o. (0.0.3)

k=1



For p,q € Pyon(d), one defines the finite free additive convolution p By q to be

d
@ =31 (}) ¥ 4aem@e 0.0.4

€
= gl
k=0 i+j=k

For p € Ppon(d), pP4™ denotes the m-th power of finite free additive convolution of p. One also
defines the finite free multiplicative convolution p Xy q to be

d
(p Ry q)(z) = Z < ) p)ex(q)z? . (0.0.5)
=0
In particular, p®" denotes the n-th power of finite free multiplicative convolution of p.
For a finite multi-set A = {A1, -+, A\q} of complex numbers, the k-th elementary symmetric
polynomials er(A) is denoted by

ex(A) == Z H)\j , eo(A) =1,

Jcld), |J|=k \jeJ

where [d] = {1,2,---,d}. In addition, we define

for each 0 < k < d.
Throughout this thesis, for a sequence {a, }neny C C and a partition m of [n], we define

ar =] o

Ver

Similarly, for a permutation g € &y, let Try[A1, Ao, ..., Ai] be the product of traces accord-
ing to the cycle decomposition of g; for example if ¢ = (1,3,2,5)(4)(6,9)(7,8) € &gy then
TI‘g[Al, AQ, e ,Ag] = TF(A1A3A2A5) TI“(A4) TI‘(AGAg) TI“(A7A8).



Chapter 1

Introduction

Background of the research

Free probability theory is a branch of mathematics that emerged in the 1980s from the concept of
free independence introduced by Voiculescu when studying operator algebras generated by free
groups. The group von Neumann algebra L(G) is defined as the weak closure of group algebra
C[G] for a discrete group G acting on ¢2(G). A naive question arises here: for different free
groups F,, and F,,, are the corresponding von Neumann algebras L(F,) and L(F,,) isomorphic
or not? It is known as the free group factor isomorphism problem and is still an open problem
in operator algebra theory. Voiculescu obtained new insights into the structure of free group
factors L(TF,) by paying attention to the property of freeness of groups and also algebras (e.g.,
see [MS17; VDNO92)).

He also found the celebrated application to random matrix theory called asymptotic freeness
in [Voi91]. Roughly speaking, it states that an independent family of random matrices satisfies
the free relation as the dimensions tend to infinity. In other words, we can obtain information
about an independent family of random matrices by using free probability if the dimensions are
large enough. This discovery led to a deeper investigation of the relationship with random matrix
theory [AGZ10], e.g., large deviations and free entropy [BCGO03; Voi02], BBP phase transition
[BBP05; Bel+17], additivity violation of minimum output entropy [BCN16; Has09], etc. Since
then, many researchers have studied this fruitful topic having interesting connections to other
fields of mathematics, e.g., combinatorics of noncrossing partitions [NS06], representation theory
of symmetric groups [Bia98; Bia0l], quantum information theory [NCO00].

One of the crucial approaches to free probability theory is to pursue the analogy of classical
probability theory, which we call the usual probability theory based on the probability space
(Q, F,P) to contrast the difference. There are so many probabilistic analogues between free and
classical probability theories. For example, independences, convolutions, cumulants, the law of
large numbers (LLN), the central limit theorem (CLT), normal distributions, Lévy-Khintchine
representations, entropies, and so on.

More recently, in [Mar21; MSS22]|, Marcus, Spielman and Srivastava investigated a relation-
ship between polynomial convolutions and the sum of random matrices related to free probability
theory. They gave the affirmative answer to the Kadison—Singer problem and the construction of
non-trivial Ramanujan graphs. Since the 2010s, this research area has been referred to as finite
free probability because there are many analogues for free probability. Recent progress in this
field includes the development of finite free cumulants by Arizmendi and Perales [AP18], which
can be used to derive various results in finite free probability using a combinatorial approach.



Motivation

Free probability and random matrices

Let us briefly discuss free probability theory, which is not the main subject but is a motivation
for the research addressed in this thesis. The reader is referred to [MS17; NS06] for further
details.

Definition 1.0.1 (Non-commutative probability space). Let A be a C-algebra with the unit 14
and ¢ : A — C a linear map such that ¢(14) = 1. We call the pair (A, ¢) a noncommutative
probability space. Elements a € A are called noncommutative random variables.

We often impose more assumptions on (A, ¢); A is a C*-algebra, ¢ is a positive map, etc.
Then, for a selfadjoint element a € A, there exists a corresponding probability measure p, such
that

o(a®) = / ¥ g (d), keN
R
by the continuous functional calculus.

Definition 1.0.2 (Free independence). For (X;);cr a family of subsets of A, let A; := alg(1 4, X;)
for i € I. We call (X;);er freely independent if

whenever n € N, (i1,...,i,) € I", ij # ij41 such that i1 # d2,...,9,—1 # iy and a; € A;; such
that p(a;) =0 for every j =1,...,n

Voiculescu introduced this concept to understand the structure of free group factors L(FF,,)
and then developed another kind of probability theory; convolutions, normal distributions, the
law of large numbers, the central limit theorem, and so on. For example, we can define the free
additive (resp. multiplicative) convolution p B v (resp. u X v) for probability measures p, v on
R as the distribution of @ + b (resp. ab) where noncommutative random variables a, b are free
independent, a has the distribution p and b has the distribution v, see [Voi87] and [BV93] for
more details.

A hint for the application of free probability to random matrix theory can be traced back
to Wigner’s theorem in the 1950s. Let us take a brief look. Basically, in random matrix theory,
the main interest lies in the eigenvalue distribution. For Ay an N x N hermitian matrix and
{\}Y, the eigenvalues of Ay, the empirical eigenvalue distribution (EED) of Ay is defined as

| N
R
To understand the empirical eigenvalue distribution uy, it is basic to look at the moments

My, () = Z M =try(4%), kel

As an example, let Ay = (a;;)Y._; be a GUE (Gaussian Unitary Ensemble) random matrix,

2,7=1
ie. aj = wiy + Mjlyij is a complex Gaussian random variable normalized such that VN Nayj

a standard complex Gaussian random variable (E[a;;] = 1, E[|a;;|?] = 1/N), aij = @j;, and
{xij}i>j U{yij }i>; are independent. Although we can even compute precisely the density on the
space of N x N hermitian matrices and the joint distribution of the eigenvalues in the case of



GUE, the moments are also directly calculated by using Wick’s formula and the combinatorics
of pair partitions:

0, if £ is odd,
E[trN(A?V)] = #ymm)—1—1

ZFEPQ(QZ) N#2am , if k=2l for some [ € N,
for a precise discussion and notation here, see [MS17, Chapter 1]. The condition #(ygm) =1+1
implies m € NCy(2]) and we finally obtain

Jim Eftr(4%)] = z+11<2;l> - /R 2 e (d),
where fisc(dz) = (2m) 714 — 221[_y ) (x)da is called the (standard) semicircle distribution. By
refining the discussion above, we can obtain a stronger result: the empirical distributions of Ay
weakly converge to s almost surely. More generally, this result holds even if the random matrix
elements a;; do not follow Gaussian distributions (such matrix is called a Wigner matriz) and is
widely known as Wigner’s theorem [Wigh5]. One of Voiculescu’s fundamental contributions was
the discovery that the semicircle distribution plays the role of the normal distribution in free
probability theory. For instance, the free central limit theorem holds: the limit of D, \/ﬁ(,uEE”)
exists and coincides with the standard semicircle distribution us. for any probability measure
@ € P with mean 0 and variance 1.
It is also well known that a GUE random matrix has the density

1 1
——exp | —-TrH?
Zy P < 2 )
on the space of hermitian matrices H = (Hij)fyjzl, where Zp is the normalization constant. As
can be seen easily from this, it follows that a GUE random matrix exhibits unitary invariance:

its distribution in the space of N x N hermitian matrices is unchanged under any unitary adjoint
action.

Definition 1.0.3 (Unitarily invariant). A random hermitian matrix Ay is said to be unitarily
tnwariant if its distribution is invariant for any unitary adjoint action.

Definition 1.0.4 (Haar Unitary). Let Uy be the N x N unitary group. There exists a unique
left-invariant probability measure on Uy because Uy is a compact group. Let Uy be a unitary
random matrix whose distribution is the left-invariant probability measure on U and then we
call Uy a Haar unitary matriz of size N.

Let Ay be a unitarily invariant hermitian of size N whose eigenvalues are {\;}Y,. It is

known that a diagonalization Ay = UyDyUn™ exists, where Dy = diag(\1, Ag,...,Ay) and
Uy is a Haar unitary random matrix of size N and independent of Dy (see [CM14, Proposition
6.1]).

While Wigner’s theorem is about a single random matrix sequence, let us consider such two
sequences. Then the concept of free independence naturally appears as the dimensions tend to
infinity. Note that asymptotic freeness can be applied in various settings, not only in this typical
case.

Proposition 1.0.5 (Asymptotic freeness). Let Ay and By be sequences of hermitian matrices
such that their EEDs converge in moments. Then Ay and UyBnUj satisfy the free indepen-
dence asymptotically as the dimensions N tend to infinity.

A simple consequence of the asymptotic freeness means: let p1 (resp. p2) be the limit measure
of EEDs of Ay (resp. By) and then the EEDs of the sum of Ay +UynByUjR; converge to pi B
in moments. It is a classical problem in linear algebra to describe the eigenvalues of Ay + By for



given two hermitian matrices Ay and By, e.g. Weyl’s inequality and Horn’s conjecture [KTO01].
However, if By is at, in some sense, probabilistically the most general position for Ay, then
asymptotic freeness implies that the overall behavior of the eigenvalues of the sum Ay + By is
almost determined when the dimension is large enough.

Asymptotic representation theory and the Markov—Krein correspondence

Another interesting appearance of free probability can be seen in asymptotic representation
theory initiated by Vershik et al. [LS77; VK77], which was pointed out by Biane in the 1990s
[Bia98]. Loosely speaking, the main part of the tensor representation of symmetric groups &,
can be described by free convolution as the degree n tends to infinity.

Let A be a Young diagram of size n displayed in the Russian style. We then identify A
as a scaled piecewise linear function and equivalently as its local minimal and maximal points
described by interlacing integer sequences {x;}}¥, and {y; ;V: _11, ie.

T <Yy <2< <ITN-1 <Yn <TnN.

In addition, we also identify X as a signed measure 7y := Zfi 102, —Z;V: El dy, and as a probability

measure my on R called the (Kerov) transition measure of A\ by the Markov—Krein correspon-
dence:

1 1
= 1 R. 1.0.1
/R Tpye- dmy(z) = exp [/R 08 T~ drx(z) |, zeC\ (1.0.1)

The Markov—Krein correspondence generally provides a bijection between the probability mea-
sures m on R and certain Schwartz distributions 7. In many examples, 7 is a signed measure,
and in such a case 7 is called the Rayleigh measure of m. In general, 7 is the derivative (in the
sense of Schwartz distribution) of a so-called Rayleigh function; see [Ker98] for further details.

Via this correspondence, we can consider, for example, a Markov chain of Young diagrams
following the branching rule induced from the representation theory of symmetric groups, called
the Plancherel measure. Then the almost surely limit of measures Dy, 5 (m,) is known to be the
standard semicircle distribution ps. and the corresponding limit shape of scaled Young diagrams
is also known as the VKLS (Vershik—Kerov—Logan—Shepp) curve. Moreover, given two sequences

of young diagrams )\511) and )\%2) such that their scaled transition measures converge to measures
m; and my with a few regularity conditions, then the main part of the tensor representation of
two irreducible representations corresponding to /\7(11) and )\%2) is described as the free convolution
D, / sa(mi B my). In any case, it is essential to understand the moments and free cumulants of
transition measures m and Rayleigh measures 7, and also their relations between them: My (m),
Mg (7), kg(m), etc. This kind of research is known as the study of Kerov-Olshanski algebra
[Hor16]. In this thesis, we show a relation between the moments of a Rayleigh measure 7 and
the free cumulants of a transition measure p by the combinatorics of non-crossing partitions,
see Theorem 2.3.1.

Kerov additionally investigated interlacing sequences appearing in different contexts using
the Markov—Krein correspondence: roots of two orthogonal polynomials of large consecutive
degrees [Ker93]; eigenvalues of large random matrices and those of their principal submatrices,
in the case of randomly rotated real Wigner matrices [Ker93]. Then the case of Wigner and
Wishart matrices (without random rotation) was studied by Bufetov [Bufl3]. There are also
situations where the distribution 7 above appears as a probability measure: Poisson—Dirichlet
processes (see [Ker98, Section 4.1] and references therein); self-decomposable distributions for
monotone convolution [FHS20]; Harish-Chandra—Izykson—Zuber integral of rank one at a high
temperature regime [MP22]. The reason why the same correspondence appears in different
contexts is still unclear to the author.

In this thesis, we prove a concentration phenomenon analogous to those in [Buf13; Ker93] in
the setting of unitarily invariant hermitian random matrices. Although it seems to be a “folklore



theorem” in random matrix theory, there is no proof, and even, only [GY23] among the literature
states it explicitly as a conjecture to the author’s best knowledge. The main result of Chapter
3 is Theorem 3.1.1, which answers to a conjecture announced by [GY23].

Finite free probability

Finite free probability is a remarkable recent development in free probability. This research
area has attracted attention since the 2010s, when Marcus, Spielmann and Srivastava, the three
founders, solved the Kadison—Singer conjecture and discovered a connection between the original
method of solving it and free probability theory. The most important findings were the following.

Proposition 1.0.6. Let A and B be N x N hermitian matrices. Then
E[det(xl — A—UBU™)| = det(xl — A) By det(xI — B), (1.0.2)

where U is a Haar unitary matrix and the expectation is taken over U. A similar statement for
the multiplication also holds:

E[det(x] — AUBU™)] = det(al — A) X, det(zI — B). (1.0.3)

The operation By (resp. X;) is called finite free additive (resp. multiplicative) convolution
although these operations were already defined and studied in the 1920s by Szegd and Walsh
[Sze22; Wal22]. The concept of asymptotic freeness leads to the consideration of the connection
between finite and free probability. In fact, there are various finite free versions of results in
free probability. Moreover, in many cases, taking the limit of them as the degree d tends to
infinity gives the corresponding result in free probability. In other words, the inspiration from
free probability theory makes many probabilistic analogues in this polynomial setting.

Specifically, for any polynomial p = H?Zl(ac — \;) with degree d, we have the law of large
numbers:

n~4pBat (nz) - (x — a)? (1.0.4)

where a = Zle Ai/d is the average of the roots of p. Similarly, for any polynomial p with degree
d having only real roots such that Zle A\i/d=0and 0? = Zgzl A?/d, we have the central limit

theorem:
do?

nfgpﬁﬂdn(\/ﬁx) — Hed <x, d—]_) s (105)

where Hey(z,02) is the Hermite polynomial of degree d:

1£]
2 d\ (=D +1))1 4,
d (_1)%(%)( 2)(k(+(1;2k)) Ld—2k

Hey(z,0%) =0
k=0

That is, Hermite polynomials play the role of normal distributions in this framework.

Hermite polynomials are well known as the orthogonal polynomials for Gaussian distributions
and are utilized for the analysis of GUEs. Interestingly, the average of the characteristic poly-
nomial of the GUE (and more generally a Wigner matrix) is a Hermite polynomial [FGO06]. It is
also the famous fact that Hermite polynomials have only real roots because they are orthogonal
polynomials. In addition, the limit of empirical root distributions u[Heg(x, 1)] is the standard
semicircle distribution g, [MG60]. We can easily prove this result by using finite free cumulants

{m(zd) d_ because the Hermite polynomial Hey(z,1) is characterized as ngd) (Hegq(z,1)) = 0,

mgd) (Hegq(z,1)) =1, and e (Heg(z,1)) = 0 for 3 < n < d, see also Proposition 4.1.7.
Chapter 4 of this thesis pursues this kind of probabilistic analogy in finite free probability,
specifically in the case of multiplicative convolution. In contrast to the classical case, limit

10



theorems for multiplication are not directly derived from those for addition. It is interesting to
note that even the LLN for multiplication exhibits a significant difference.

The LLN is a well-known result that a sample average of independent identically distributed
random variables with finite mean concentrates on the theoretical mean when the sample size is
sufficiently large. As an analogous result in free probability, the LLN for free random variables
was also established [LP97]. More precisely, for any y € P with mean «, we have Dy, (uBm) =2
S as n — 0o, where u®" is the n-th power of free additive convolution of .

The LLN can also be applied to the multiplication of independent positive random vari-
ables, whether classically or freely. In classical probability, the LLN for multiplication can be
easily formulated and investigated by using the exponential mapping of those random variables.
Additionally, the multiplicative CLT can also be considered, which results in the log normal dis-
tribution. This distribution is widely used in various fields of science, particularly in statistics.

However, it is not easy to consider the LLN for multiplication in free probability since
XY =L eXeV for (non-commutative) random variables X and Y. For example, we can consider
the two different limits of

()™, (1.0.6)
(=), (1.0.7)

where (i) ¥ denotes the push-forward of a measure v by the mapping x — z® for a € R and
(ii) ¥ is the n-th power of free multiplicative convolution of 4 € P,. Interestingly, their limits
generally do not coincide.

As a matter of fact, Ho studied the CLT for multiplication and discovered that the distri-

butions (uﬁ)&” converge to multiplicative free semicircle distribution \; if log # has the zero
mean and variance ¢t > 0 [Holl]. The limit of (1.0.6) can be derived by slightly modifying Ho’s
method and the limit is the delta measure concentrated at the mean of log u.

The limit of (1.0.7) was obtained by Tucci for a probability measure p with bounded support
[Tucl0]. After that, the result was extended to include unbounded cases by Haagerup and Moller
[HM13]. As a result, the limit distribution of the sequence (1.0.7) always exists but surprisingly
not a delta measure except for trivial cases. For p # dp, the limit measure ®(u) € Py is
characterized by the S-transform, see Section 4.6 for details.

Therefore we call the convergence of (1.0.6) the LLN for multiplicative free convolution and
the convergence of (1.0.7) Tucci’s limit theorem in this thesis. We obtain finite versions of these
results, see Theorems 4.5.1 and 4.6.4 in Chapter 4.

Main results and outline of this thesis

After this introduction, we prepare technical notions in Chapter 2 for the later chapters. In
particular, the following two theorems are a part of our main results.

Theorem 2.3.1. Suppose that i is a probability measure on R with finite moments of all orders
and 7 is defined by the Markov—Krein correspondence (1.0.1). Then the formula

Mi(r)= 3 (k41 [pl) mpa0)

peENC(k)

holds for every k € N, where NC(k) is the set of non-crossing partitions of {1,...,k} and x,(x)
is the free cumulant of p.

The formula above will be used to prove Theorem 3.1.1 in Chapter 3. Note that this formula
is more or less known; however, we provide a different proof by observing a combinatorial
structure of non-crossing partitions.

11



Theorem 2.4.20. Suppose that f; € Clz]p with deg f; = m; for each 1 < i < k, and let
M = Zle m;. Then we have

(n —1)Ink-1 Hle m;lead f;, n=M — (k—1),
Z H(Zf1|v|>,unﬂ'1) {0, n>M—(k—1),

mEP(n) L Ver

where P(n) denotes the set of all partitions of [n] and 1, := {{1,...,n}} € P(n), and uF is the
Mobius function on [n], see Chapter 2 for details.

Theorem 2.4.20 plays an important role in investigating the three limit theorems below
relating finite free probability, namely Theorems 4.3.1, 4.4.2 and 4.5.2.

In Chapter 3, we show a concentration phenomenon on the empirical eigenvalue distribution
(EED) of the principal submatrix in a random hermitian matrix whose distribution is invariant
under unitary conjugacy. More precisely, if the EED of the whole matrix converges to some
deterministic probability measure u, then the difference of rescaled EEDs of the whole matrix
and of its principal submatrix concentrates at the Rayleigh measure (in general, a Schwartz
distribution) associated with p by the Markov—Krein correspondence. The whole statements
are based on [FH22J.

Theorem 3.1.1. Let uy, 7N, iy, 7n be defined in Section 3.1, u be a probability measure on
R and 7 be related to p by the Markov—Krein correspondence (1.0.1). Assume that

sup E[My(un)] < oo and  Mg(p) < oo, k € 2N
N>1

and pupy converges in moments to p in probability:

A}im P[|Mg(pun) — Mg(p)] > €] =0, keN, e>0.
—00

Then we have

lim || Mk(TN) k(T)HL2 =0, ke N,
N—oo

and
J&im PHMk(ﬁN) — Mk(u)| > E] =0, keN, e>0.
—00

In particular, if the moment problem for {My(x)}x>1 is determinate then iy weakly converges

to p in probability:
) fin(de) = [ fta)

Chapter 4 of this thesis mainly focuses on limit theorems in finite free probability, which
is primarily based on [AFU23; FU23|. The field of finite free probability has made significant
progress in limit theorems for finite free convolutions and combinatorial structures, as seen in
[AGP23; AP18; Kab21l; Kab22; Mar21|. This thesis aims to study further limit theorems for
finite free convolutions and their connections to the free probability theory. In the proof of
limit theorems, we use a series of combinatorial identities on sums over partitions proved in
Chapter 2. These identities allow for new proofs of the recent results by Kabluchko [Kab21;
Kab22] using purely combinatorial tools. Compared to Kabluchko’s analytical approach using
the saddle-point argument, our proof is more straightforward.

First, we study the limit of {p?dm}meN as m — oo for a fixed monic polynomial pg of degree

lim ]P’[

N—o0

)26]:0, f € Cp(R), e > 0.

d.

Theorem 4.2.4. Let us consider p € Py, (d) with nonnegative roots.

12



(1) We have

$da e~1(p) <1,
Jim pm (@) = 3o~ de=1 G (p) = 1and &(p) <1,
(z —1)4, e1(p) =1 and é3(p) = 1.

The limit does not exist if e1(p) > 1.

(2) Assume that ej(p) > 0. Then

Hm Dz, (pym (P4™) () =

m— 00

{xd —dz?7, &(p) < eip),
(z —1)4, ea(p) = e1(p)?.

This is a preliminary result that describes the behavior of m-fold finite free multiplicative
convolution X; of a monic polynomial p with nonnegative roots, as m tends to infinity. It is
different in flavor from the others, but independently interesting in its own right.

In Section 4.3, we show a finite free analogue of a result of Sakuma and Yoshida [SY13],
which is a limit theorem related to free multiplicative and additive convolution. Let us intro-
duce a detailed description of their result to formulate the problem. Let u be a probability
measure on [0,00) that has the second moment and is not dg. Put s := 1/mi(u) > 0 and
a = Var(u)/(m1(u))?. Then Sakuma and Yoshida in [SY13, Theorems 9 and 11] proved that
there exists a probability measure 7, on [0,00) such that

Digm jan (™)) = 1a.
In addition, it holds for the measure 7, that
an n—1
K'n(na): (’I’z" n €N,

where k,(p) is the n-th free cumulant of a probability measure p on R. Free cumulants are
an important combinatorial tool to treat the free additive and multiplicative convolutions (see
[NS06] for details). According to [AP18], one can also define and consider the finite free cumu-
lants " (p) of p € Pmon(d) to treat the finite free additive convolution B, from a viewpoint
of combinatorics. The definition of finite free cumulants and their fundamental properties are
summarized in Section 4.1.

To describe the corresponding theorem, let us define

en(t, 11) := exp <—t(;> HQ(M)) :

for n € N, t > 0 and a probability measure y on R.

Theorem 4.3.1. Let us consider pg € Pmon(d) with nonnegative roots such that ngd) (pa) =1,

and let 1 be a probability measure with compact support. Assume that u[pg] 2 as d — .
Then

(1) For n € N, we have

. m m -1 n—1
Trlgnoo Kg'bd) (Dl/m <(p§d )EEd )) = tn(_l(ﬂ,)—l)' €w(t7ﬂ)ﬂg(7ﬂ 1n)
m/d—t>0 " reP(n)

(2) For n € N, we have

(r2(p)n)"

n! ’

40 (0 ()

where the limit coincides with the n-th free cumulant of 7,,(,).

13



In Section 4.4, we give alternative proofs for the results shown by Kabluchko in [Kab21;
Kab22] by using finite free cumulants and combinatorial formulas deduced from Theorem 2.4.20.

Theorem 4.4.2. (1) (Kabluchko [Kab22]) Let us define Hy(z;t) as the unitary Hermite poly-
nomial. Then we get

p[Hy(z )] = 4, d — oo,
where ¥, is the free unitary normal distribution (see [Bia97a] and [BV92, Lemma 6.3]).

(2) (Kabluchko [Kab21]) Let us define Lg,,(2) as the unitary Laguerre polynomial. Then we
get

,U[[Ld,m]] i) 11, d — 00,
where II; is the free unitary Poisson distribution (see [Kab21] and [BV92, Lemma 6.4]).

In Section 4.5, we show the central limit theorem for finite free multiplicative convolution of
polynomials with nonnegative roots and investigate a connection to free probability.

Theorem 4.5.2. (1) Let d > 2. Suppose p(z) = [[{_, (¢ — %) such that 1 3°{_, 6, = 0 and
é Zi:l 9;% = 02, Then we have

. do*
i 1m0 = 1 (525,

and .
Iy(x;t) == Z(—l)k (Z) exp (Wt) zdF t>0.
(2) As d — oo, we have
pllazst)] = A,
where \; is the multiplicative free semicircle distribution on [0, 00).

Lastly, we prove the finite free analogue of Tucci’s limit theorem in Section 4.6.

Theorem 4.6.4. Consider a monic polynomial p of degree d with non-negative real roots A and
let k = k(p) be the number of zeros in A. Let A := {)\gn) > )\gn) > > /\((in)} be the set of
non-negative real roots of p®a”. Then

lim (A™)a =
Jim (A7) 5 (A)’

14



Chapter 2

Combinatorics

In this chapter, we prepare technical notions. We start from basic combinatorics of finite posets
and Mobius functions defined on it. Then as concrete examples, we deal with several classes of
partitions, which will be used to define various cumulants. The last two sections form a part
of the main results. Formula (2.3.1) will be used to prove Theorem 3.1.1 in Section 3.3. The
second one (2.4.20) will play a prominent role in proving main theorems in Chapter 4.

2.1 Partially ordered sets and Mobius inversion formula

A partially ordered set (for short, poset) is a set equipped with a partial order. More precisely,
a pair P = (P,<) is called a poset if P is a set and < is a relation on P, that is, reflexive,
antisymmetric and transitive. A poset P is said to be finite if the number of elements in P is
finite.

We give three examples as important posets in this thesis as follows.

Example 2.1.1. (1) Define B(n) as the set of all subsets of [n]. The set B(n) can be equipped
with the following partial order <:

VWL VW (Visa subset of W)

for VW € B(n). Then B(n) = (B(n), <) is a finite poset. It is easy to verify that the
minimum and maximum elements of B(n) are () and [n], respectively.

(2) We call m = {V1,...,V,.} a partition of the set [n] if it satisfies that
(i) V; is a non-empty subset of [n] for all i = 1,2,...,r;
(i) ViV =0 i i £ j
(ifi) ViU--- UV, = [n].

Each subset V; is called a block of m and |V;| denotes the number of elements in V;, namely
the size of V.

Let P(n) be the set of all partitions in [n]. The set P(n) can be equipped with the reversed
refining order <:

T<o L each block of 7 is completely contained in one of the blocks of o.

Then P(n) = (P(n), <) is a finite poset. The minimum and maximum elements of P(n) (with
respect to <) are given by 0, := {{1},{2},...,{n}} and 1,, := {{1,2,...,n}}, respectively.

15



(3) For a partition m € P(n), we say that 7 is crossing if there exists a pair of different blocks
V,W € m such that the following relation holds:

i1 < j1 <12 <Jj2
for some i1,i9 € V and j1,jo € W. If 7 is not crossing, 7 is said to be non-crossing. Define

NC(n) as the set of non-crossing partitions of P(n) with the relation < induced from P(n).
Then (NC(n), <) is a sub-poset of P(n).

Remark 2.1.2. 1. Via the following bijection, B(n) can be identified as a sub-poset of
NC(n + 1), which is called the set of interval partitions and plays an important role
in boolean probability theory, see [SW97]|. Given V C [n], it corresponds to a partition 7
of [n+ 1] such that i,j € [n+ 1] (i < j) are in the same block of 7 if and only if [ € V for
allt <1 <j5—1.

2. The cardinalities of B(n), P(n) and NC(n) are known to be 2", B, and C,, = #(2"),

n+l\n
respectively, where the last two satisfy the following recursive relations
" /n
By =B, =1, Bn+1zz<k>Bk n>1,
k=0
n
Co=C1 =1, Chy1 = ZCn,ka n>1. (2.1.1)
k=0

They are called the Bell numbers and the Catalan numbers, respectively.

Let P = (P, <) be a finite poset. Denote P?) := {(r,0) € Px P : 7 < ¢}. For F,G :
P®) 5 C, their convolution F * G : P? — C is defined as

(F*G)(m0):= Y F(m,p)G(p,0).
peEP
r<p<o

The zeta function (p : P — C of P is defined by
Cp(myo) =1, (m,0) € P?).

The Mdébius function up of P is defined as the inverse of (p with respect to the convolution .
The following inversion principle is one of the most important properties of incidence alge-
bras.

Proposition 2.1.3 (Mobius inversion formula). Let P be a finite poset and up : P@ — 7 the
Mobius function associated with P. Then, for any functions f, g : P — C, the relation

f(m)=> glo) weP
o<m
is equivalent to the relation

g(r) = 3" f(@)uplo,m)  TEP

o<m

The following formula on the Mobius functions is often used in this thesis.

Proposition 2.1.4. Let P be a finite poset with the maximum 1p and pp the Mobius function
on P. Then the following identity holds:

1, mw=1p,
o,1p) =0r1, :=
S artnin =iy {1 770

<o
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Example 2.1.5. (1) Let u2 denote the M&bius function of B(n). It is easy to verify that
pBW, V) = (=D)IVI=Wl for W < V in B(n). In particular, we have uB(W, [n]) = (—1)»~IWI
for all W € B(n).

(2) Let pf denote the Mébius function of P(n). The function uf can be explicitly computed as
follows: for m,0 € P(n),

i () = (=1) 7772073317 (= 1)),

where || denotes the number of blocks of 7 € P(n) and r; is the number of blocks of o that
contain exactly ¢ blocks of 7. In particular, we have

o (0, 1) = (=)= (| — 1)1
and
s (0n, 0) = (=1)" I @Y - (= 1)),

where ¢; is the number of blocks of ¢ of size i.

(3) Let uN© denote the M&bius function associated with NC(n). The concrete values of uX¢ (7, o)
can be expressed by using the Catalan numbers (2.1.1). There are two important facts:
(a) sp = pNC(0,,1,) = (~1)""1C,,_1 for n € N;
(b) For (m,0) € NC(n)®, each chain [m,0] = {p € NC(n) | # < p < o} has the natural
decomp051t10n [r,0] 2 NC(1)!t x NC(2)2 x --- x NC(n)'»

Thus, uNC(m,0) = s1t189!2 - - 5,'n. In particular, if we define uNC(0) := pN€(0,,0) then

(o) = T DM

1<i<k

for o = {V1,...,Vi} € NC(n).

Kreweras complement

The Kreweras complement of a non-crossing partition 7 € NC(n) is defined as follows. Inserting
additional points 1] := {1,2,...,m} to [n], suppose that L, = {1,1,2,2,...,n,n} is a linearly
ordered set with the order as displayed. It is clear that NC(L,,) is isomorphic to NC(2n). Take
the maximal non-crossing partition o of [n] such that 7 Uo € NC(L,,). Then deleting bars over
the integers, we call o the Kreweras complement of 7 and denoted by Kr(m). For convenience,
we sometimes keep the bars and regard Kr(7) as a non-crossing partition on [n].

Example 2.1.6. If 7 = {{1,7},{2,5,6},{3},{4},{8,9}} then the following picture

shows that Kr(m) = {{1,6},{2,3,4},{5},{7,9}, {8} }.

17



Correspondence between non-crossing partitions and symmetric groups

The set of non-crossing partitions can be embedded into the symmetric group. Here we collect
needed facts. For further details, the reader is referred to [Bia97c; NSO06]

The length function on symmetric groups is defined as the minimal number [ for which g can
be written as a product of [ transpositions. It has the following properties: for all g,h € &,,,

|hgh™| = |g],
lgh| < |g] + |A],
lgh| = |g] + |h] (mod 2). (2.1.2)

The number #(g) of cycles in the cycle decomposition of g is known to satisfy

#(9) + gl = n.

Let d be a metric on &,, defined by d(g,h) = |g~'h|. The geodesic set from the unit e to
Yo = (1,...,n) is defined by

6NC("Yn) = {g €6, ‘ d(e,g) + d(Q:’Yn) = d(ev’)’n) (: n— 1) }

For g, h € Snc(7n), denote by g < h if g and h are on a common geodesic and d(e, g) < d(e, h),
namely, if d(e, g) + d(g, h) = d(e, h), or equivalently, |g| + |¢g~'h| = |h|.

For a partition 7 € NC(n), each block V' = {i1,i2,...,4,} € m whose elements are arranged
in the increasing order associates the cyclic permutation h = (i1, d2, ..., 1p), so that 7 associates
the permutation Pr := hihg---hi, where | = #(P,) = |n|. This embedding becomes a poset
isomorphism

P: NC(n) — &nc(vn),
see [NS06, Proposition 23.23]. We need the following facts later: for g = Py, h = Pr € Snc(Vn),
1. the relation o < 7 holds in NC(n) if and only if |g| + [¢7'h| + |h 1y, = n — 1,

2. g7 = Pkr(o); in particular #(g~'v,) = [Kr(o)],

3. pNC(o,7) = pn 5(g™1h),

where '8 is the main part of Weingarten function, (3.1.6).

Similar results hold for 77(1) (2) € 69, instead of o, where

A =1, . n)(n+1)---(2n) and AP =(1)---(n)(n+1,...,2n).

Correspondingly, let
ADAD) = {{1,...on} {0+ 1,..., 20},

then 73(1(1) @) = 7,(11)7,(12). Via the embedding

NC(n) x NC(n) = [0g, (110, 12))] ¢ NC(2n)
the restriction of the mapping P induces an isomorphism between NC(n) x NC(n) and
Snc( ) = {9 € Ga | (e, g) + dlg, WD) = dle.rf) (=20 -2) ). (2.1.3)

For (m1,m) € NC(n) x NC(n) and h = P, ,) € Gnel(y ()77(12)), the element h_ ’yﬁl)%(f)
corresponds to (Kr(m), Kr(m2)) under the isomorphism P, and in particular #(h~ 1y, )7(2))

|Kr(m)| + |[Kr(me)] = |Kr(w)| + 1, where m = (w1, m2) is regarded as a partition in NC(2n).
Note that this relation can be clearly understood in terms of the relative Kreweras complement;

however, we will not use this technical notion since it is not directly needed in this thesis.
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2.2 Free cumulants

This section deals with the free cumulants k,, associated with the non-crossing partitions NC(n).
The reader is referred to [NS06] for further details.

For a probability measure p on R with finite moments of all orders, the free cumulants
{kn (1) }nen of p are determined recursively by the moment-cumulant formula

Mo(u)= > kx(p), o€NC(n), neN. (2.2.1)
TENC(n)
<o

Actually, it suffices to take 0 = 1,,n = 1,2,3,... to determine the free cumulants, and then the
above formula can be proved for all o € NC(n),n = 1,2,3,.... More explicitly, free cumulants

can be expressed as
Ko (1) = Z Mg ()N (o, ), m € NC(n), neN, (2.2.2)

ceNC(n)
o<

where pNC is the Mobius function on the poset NC(n).

We compute the free cumulants of free unitary normal distribution ¥; and free unitary
Poisson distribution II; introduced in Section 4.4. A calculation strategy is the use of the
Lagrange inversion theorem (see, e.g., [Com74, p. 148, Theorem A]).

Recall that, for a probability measure p (on [0,00) or T) with nonzero first moment, we
obtain

R, (2Su(2)) = =

on a neighborhood of 0, where R,(z) is the R-transform of ; and S,(z) is the S-transform of
p, see [BV92; BV93] for details. If f,(z) := 25,(2) is analytic on a neighborhood of 0 and
fu(0) = 0 and also f,,(0) # 0, then the Lagrange inversion theorem implies that

o= (i) ()

Using the above strategy, the following known results are rigorously proved.

Proposition 2.2.1 (see [DGN15]). For n € N and ¢ > 0, we have

o (51) = exp (-?) (_”gn_l

Proof. Recall that, for any ¢ > 0,

s = (i (= +1)).

Then it is easy to verify that fx,(z) := 2Sx,(z) is analytic on a neighborhood of 0 and f5,(0) = 0
and also fy, (0) = e!/? £ 0. The Lagrange inversion theorem implies that

Lo (a7 2 )"
kn(2t) = ! llg(l) (dz) <fEt(Z)>
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Proposition 2.2.2. For n € N and t > 0, we get

n—1 Nk n—
kn(IT;) = (—=1)"~12me 2y (]_f!)(Qn)k—l (k ~ f) (2.2.3)
k=1

To show this, we use the Lagrange inversion theorem again. According to [Kab21], we have

Snt(z):exp< ! ), t > 0.

z+%

One can see that, fi1,(z) = 25m,(2) is analytic on a neighborhood of 0, and fr1,(0) = 0 and also
f11,(0) = € # 0. By the Lagrange inversion theorem, we have

1 ar—1 z "
(11 :—1 _—
Fin(TTt) n! -0 dzn—1 (fnt(z)>
1

2.2.4
I S 1 220
_n'Z%Odan pz—i—%'

To compute this, we prepare the following result derived from Fai Di Bruno’s formula.

Lemma 2.2.3. Let u be an analytic function on C. Then

L@ =[S JT e | e,

meP(n)Ver
Proof. According to Fad Di Bruno’s formula, for analytic functions f and g, we have
d’n
TreE) = Y 1) [T M)
T€P(n) Vern

Taking f(z) = e* and g(z) = u(z), and observing that fU™D(z) = €?, we obtain the desired
result. O

The complete computation is as follows.

Proof of Proposition 2.2.2. By (2.2.4) and Lemma 2.2.3, we obtain

1

oIl = (-2 e S (2un) [TV
" reP(n—1) ven
1 n—1
:E(—2)"71672"t Z —2ont)* Z H|V|‘
’ k=1 reP(n—1)Ven
|7|=F
n—1
o — Hv !V\'
:(_1)n Lon,—2nt Z( Z
k=1 TeP(n—1)
\7r| k

Hence, it is enough to prove

Z Mye V" _ 1 (n-2
(n—1)! K'\k—1
TEP(n—1)

|7T| k
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by comparing with (2.2.3). Note that an elementary combinatorial argument shows that

n n— 2
3 _ o 1<k<n-—1 92.2.5
<p17 “e 7pn—1> (k - 1) ( )

P1,---,Pn—120
p1+-+(n—1)pp—1=n—1
p1+'“+pn—1=k

Thus, since the number of partitions with p; blocks of size 1, ps blocks of size 2,..., p, blocks
of size n is equal to

n!
pilpal- - pp!(1)PL(21)P2 - - (nl)Pn

we have
Z HVETF V]! l Z < n )
_ |
meP(n—1) (n—1)! i P1ysPn—120 PLy - Pn—t
|7|=k pi+-+(n—1)pn_1=n—1
p1+-+pn_1=k
1 (n-2
CkN\k-1)"
where the last equality follows from (2.2.5). O

2.3 Kreweras decomposition

The goal of this section is to prove the next theorem.

Theorem 2.3.1. Suppose that i is a probability measure on R with finite moments of all orders
and 7 is defined by the Markov—Krein correspondence (1.0.1). Then the formula

M) = 3 (k41— |ml) kalp) (2.3.1)

TeNC(k)

holds for every k € N, where NC(k) is the set of non-crossing partitions of {1,...,k} and k. (u)
is the free cumulant of p.

Remark 2.3.2. This formula gives an explicit combinatorial relation between two bases in the
Kerov—Olshanski algebra: the moments of 7 and free cumulants of y. It can be easily proved by
combining known formulas for complete symmetric functions as follows. The moments of 7 and
the free cumulants of p can be identified with the elements {p,(A)},>1 and {(—1)"€}(A)}n>1 in
[Las09], respectively; the latter fact is noted on page 2242 of [Las09]. Combining (4.5) and the
formula right before (4.10) in [Las09] allows one to express {p;,(A)}»>1 in terms of {e,,(A)},,>1 as
a sum over integer partitions. Applying the involution gives a formula that expresses {p,(A)}n>1
in terms of {(—1)"e} (A)}n>1. This formula can be transformed into the sum over non-crossing
partitions via [NS06, Corollary 9.12], which amounts to Theorem 2.3.1.

Let us start to prove the combinatorial formula (2.3.1) by the induction on the degree k. In
this subsection, we keep the assumptions and notation in Theorem 2.3.1. To begin, the original
formula for the Markov—Krein correspondence (1.0.1) implies the recursive relation

k—1
Mi(7) = kMg(p) = Y Mp(7) Mgy (1), k€N, (2.3.2)

r=1

which is exactly the relation satisfied by complete symmetric functions and Newton power sums
([Ker98, (3.2.4) and Section 3.4]).
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Thanks to the moment-cumulant formula (2.2.1), the RHS of the desired formula (2.3.1)
may be transformed into

Yo ok+1—lmraw) =k D kalw)— Y (7= 1) ka(p)
)

TeNC(k) TeNC(k TeNC(k)

=kMy(u) = > (Inl = 1) ra(p).

TeNC(k)

Hence, according to the recursive equation (2.3.2), Formula (2.3.1) is eventually equivalent to

k—1
S (rl =D s(p) = Me(m) My (p). (2.3.3)
TeNC(k) r=1

By the induction hypothesis up to the degree k — 1 and the moment-cumulant formula, the RHS
of (2.3.3) can be written as

k-1
Y. > 1K@ mw(u) axln). (2.3.4)
r=1 7eNC(r)
weNC(k—r)
The cardinality | Kr(7)| can be interpreted as the number of inserting 7 into 7 in the following
way:

(P1) pick r € {1,2,...,k— 1}, 7 € NC(r) and = € NC(k — r);

(P2) pick a block B of Kr(7), where Kr(7) is interpreted as a partition on the points [F] inter-
lacing with [r];

(P3) substitute the partition x into the last point of B.

The steps (P2) and (P3) provide a way to insert m into 7, which yields a non-crossing
partition m € NC(k); see also Example 2.3.3. The sum (2.3.4) can then be expressed as

> k), (2.3.5)

where 7 runs over all the non-crossing partitions appearing as a result of (P1)—(P3). Note that
the same non-crossing partition 7 may appear more than once, and the sum (2.3.5) needs to
count the multiplicity. Actually, in order to have (2.3.3), we need to demonstrate that each
7 € NC(k) appears exactly |m| — 1 times. To achieve this, we introduce the notion of Kreweras
decomposition of a non-crossing partition, which describes the relation between 7, T and 7 above.

Example 2.3.3. For the non-crossing partitions 7 = {{1,7},{2,5,6},{3},{4},{8,9}} and = =
{{1,3},{2}}, the Kreweras complement Kr(7) is the partition described by the dashed curves
below

the resulting non-crossing partition 7 is
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Definition 2.3.4. 1. For 0 € NC(r), a Kreweras point of o is the last point of a block of the
Kreweras complement Kr(o) regarded as a partition on [F] that interlaces with [r].

2. For m € NC(k), a pair (7,n) of non-empty disjoint subsets of 7 such that 7 Ux = 7 and
the union of all elements of 7 is an interval of [k], that is, there exist some i < j such that

U Vv=tlij={ii+1,....5}
Venr

If the position of 7 is a Kreweras point of 7, then we call (7, ) a Kreweras decomposition
of 7, T an outer partition of m and 7 an inner partition of .

Example 2.3.5. The non-crossing partition = = {{1,8},{2,3},{4,6,7},{5},{9,10}} can be

described as
T = K_./:\r\.\ o« e

12345678910

and it has the four inner partitions m = {{2,3},{4,6,7},{56}},m = {{4,6,7},{5}},m3 =
{{5}},m4 = {{9,10}}. Any other subsets of 7 are not inner partitions; for example, 7’ = {{2,3}}
has the support {2,3} of interval form, but the Kreweras complement of 7 \ 7" is described by
the dashed curves and white singletons in the picture

~

/.’/\/_\:\
. - N
o ) o

o o " To
11445566 10 10

\]
o
oo
ool &
©
©l

so that the position of the removed block {2, 3} was at the point 1, which was not the last point
of the block {1, 7}.

The goal is then to demonstrate that each 7 € NC(k) has exactly || — 1 Kreweras decompo-
sitions. The proof is based on the induction, which depends on the following nesting structure
of inner partitions.

Lemma 2.3.6. Suppose that 7 € NC(k) and its first block which contains 1 divides [k] into
(non-empty) [ segments I, ..., ;. Then 7; := m|;, is an inner partition of 7 for every j, and
moreover, every inner partition of 7; is an inner partition of 7. Conversely, any inner partition
of 7 is some 7; or its inner partition.

Proof. 1t is clear that all m; (j = 1,...,1) are inner partitions of 7. Then we take any inner
partition m; of 7; for j = 1,...,1. Note that the Kreweras complement Kr(w;) equals Kr(m)
restricted to the interval I;,. Hence, since m; is at a Kreweras point of the outer partition
7; = m; \ mj, m; is also at a Kreweras point of 7 \ ;.

Conversely, we take any inner partition 7 of 7. By the definition of inner partitions, 7 is
supported on some interval I;. If w contains the first block of 7, then 7 equals ;. Otherwise,
the support of 7 is a sub-interval of I; which does not intersect the first block of 7;, and since
m is at a Kreweras point of the outer partition 7, 7 is also at a Kreweras point of 7; \ . O

Proposition 2.3.7. Let £ > 2. Each 7 € NC(k) has exactly |7| — 1 Kreweras decompositions.
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Proof. The proof runs by the induction. It is clear that the statement is true when k = 2. Then
we assume the statement is true up to & — 1 and take 7 € NC(k) (|x| > 1). Suppose that the
first block of 7 divides [k] into [ segments I1,. .., [;. Then all {m; = 7|y, }é.zl are inner partitions
of m. By Lemma 2.3.6, a subset of 7 is an inner partition of 7 if and only if it is one of {r; }2:1
or an inner partition of some ;. Therefore, by the induction hypothesis, the number of inner
partitions of 7 is [ + Zé»:l(|7rj| —-1)=|r| -1 O

Example 2.3.8. We take m € NC(27) to be

//{\\.\. o ¢« o e o « « e o o
1 23456 7 8 91011121314151617 18192021 2223 24 2526 27

in which |7| = 14. The three non-crossing partitions

T = //(\\0\7 T = e ¢« o o o>

234567 1011121314 15

Ta= « e e e 0N
17 18 19 20 21 22 23 24 25 26 27

are inner partitions of m and the two inner partitions of m;

./(\.\.,./\.
345 6 4 5

are inner partitions of 7. In the same way, the three inner partitions of o

./:\. o ) o ) o
12131415 13 15

and the five inner partitions of g

o« e e e o o ) o e o e °

1819 21222324252627 2223 2526 26

are also inner partitions of 7. Thus 7w has 13 inner partitions: 71, 7, 73 and the inner partitions
of them.

2.4 Combinatorial formula related to finite free probability

In this section, we investigate the value of

k
> I (Z fi(!V|)> i (75 1) (2.4.1)

m€P(n)i=1 \Ver

for polynomials fi, ..., fr without constant terms. These values will play an important role in
considering the convergence of finite free cumulants in Chapter 4.

At first, we define useful polynomials r4(z) and si(z) to understand the combinatorics behind
Formula (2.4.1)
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Definition 2.4.1. For any polynomial f(x) € Clz]y, define a family of functions {¢p(t)}nen
and its generating series M (t, z) as follows. For n € N

on(t) == exp(f(n)t)

and -
Pn (t) o1

M(t,z):=1+ oy

n=1

Also, we define {1, (t) tnen, {7k(2) tren and {si(2) }ren (see Remark 2.4.4) as characterizing the

following identities:
z — Tk(z) k
M(t,z)=e 1—1—271‘
k=1

and

log(M Z 1/1 Z Skls!z)t"‘.

k=1

There are a lot of useful relations between them.

Proposition 2.4.2. Let {¢n(t)}nen, {¥n(t)}nen, {re(2)}tren, and {sg(z)}ren be defined as
above.

(1) For all n,k € N, we obtain

Z Ur (), or equivalently Yn(t) = Z ()l (7, 1,),

weP(n) TEP(n)

and

ri(z) = Z sx(2), or equivalently sk(z) = Z ra(2)pk (7, 1y,). (2.4.2)

(2) For all n,k € N, we have

SHORRIOESS (Zle) (7, ). (24.3)

meP(n) \Ver

(3) For all n,k € N,
0= (}) otk (2.4.4)

=1

Proof. The statement (1) follows from the moment-cumulant formula. Since ¢,(0) = 1 and

k
= (Z f(|V|)> or(t)

Ver

for k € N and 7 € P(n), we obtain

SO0 = Y PO 1) = 3 <Zf\V\) W1,

TEP(n) meP(n) \Ver
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Because we just exchanged the order of sum, we have sl(j)(O) = w,(f)(o) as the desired result in
(2). By the definitions of M(t, z) and ri(2),

=3 (})Erdo.

=1
It is easy to verify that <pl(k) (0) = f(I)* as desired. O

Example 2.4.3. Here, as the simplest polynomial, take f(z) = x. Then it immediately follows
that ¢, (t) = exp(nt), ¢1(t) = €' and 1, (t) = 0 for n > 2. Hence, s(z) = z and

re(z) = Y 2" (2.4.5)
weP (k)
for every k € N.
Remark 2.4.4. An easy consequence of (2.4.4) and (2.4.5) is
3 (7) (—1)" 'k =0 (2.4.6)
=1

for k € N if n > k. Hence, for any polynomial f € C|x]y, corresponding 7x(f) is a polynomial

because r,g,n)(()) = 0ifn > kdeg(f) from (2.4.6). Also, si(f) is a polynomial due to the moment-

cumulant formula (2.4.2).

After this, to consider the cases of various polynomials f, we will emphasize the corresponding
polynomials 7x(f), sp(f) just as appeared in the remark above, and the variables ¢ and z will
not be denoted when they are unimportant.

Lemma 2.4.5. Let f, g be polynomials in C[z]p, o, 8 € C and k € N. Then

(1) riaf + Bg) = ari(f) + Bri(g).

(2) r(f) =ri(F5).

Proof. Both are derived directly from (2.4.4). O

Next, we will generalize the definition of polynomials r; and s; as determined by polyno-
mials { fi}le and satisfying multi-linearity. According to Lemma 2.4.5, the following can be
understood as a natural extension.

Definition 2.4.6. Let us consider f,..., fr € Clz]p. We define

ri(froeoos fo) =r(fr fi) (2.4.7)

Likewise, for m € P(k),

Tﬂ[fl?“'?fk‘] = H T|V\(fi1?"'7fi|v|)'

V:{i1,...,i|v|}€ﬂ'

Moreover, we define

salfv, o Sl =D rolfi, o filuk (o0,7) (2.4.8)

oeP(k)
o<m

for m € P(k). In particular, si(fi,..., fx) denotes s1,[f1,..., fil.

26



Clearly, sx(f,..., f) = sx(f) for all polynomial f € C[z]p, and hence this is a generalization.
The benefits of this generalization are the subsequent properties.

Proposition 2.4.7. For k € N and f1,..., fi € C[z]o, we have

re(fio o f) = > salfia...s il

weP (k)

Likewise, we have

Selfto fu] = 11 s (firs -5 fip))

V:{il,...,i|v|}€7r
for m € P(k).

Proof. Tt follows from the standard discussion using the Mobius inversion formula, see [NS06,
Lectures 9-11]. O

Example 2.4.8. As an interesting example, we take the polynomials g,,(z) = 2™ for m € N,
then consider s(gm,,- - -, gm, ) for positive integers {m;}*_, and let M = Zle m;. First, note
that ¢ (z) = = and also

Tk(gmp cee 7gmk) = Tl(gM)
=1rrm(g1)

due to Lemma 2.4.5 and Equation (2.4.5).

The map P(k) — P(M), o — &, is defined as each point {i} expanding m;-interval, e.g.,
Ok = {{1,...,mu}, {mi+1,....mi +mo},....{M —my +1,..., M}}; in particular, P(k) and
[ﬁk, 1p7] are poset isomorphism via this map. Then we have

Sk(g’mla o 7gmk) = Z TO'[Qmu o 7gmk]:u£(0-a ]-k)
ceP(k)

= > 15lor,. . 1luhs (G 1)
oeP(k)

D D S ACI

c€P (k) meP(M)
<o

LD SR

TeP(M) ceP(k)

<o

= > 2T e 1m)

T€P(M) TVOL<p

-5
meP(M)
7VO0=1ps

where we used the result of Example 2.4.3 on the second line and Proposition 2.1.4 on the fifth
line. Thus, degsg(gm,,---+9m;) = M — (k — 1) and lead sg(gm,, - .., 9m,) = #{r € P(M) :
7T\/0k:1M,’7T| :M—(k}—l)}.

Let V be a vector space over C. A multi-linear map ® : V¥ — C is said to be symmetric if
for any permutation ¢ of [k], we have

CIJ(arl, e ,J}k) = CI)(:I?L(l), .. .,JIL(k)), (xl, e ,ka) S Vk.



Lemma 2.4.9. The both 7 and s;, are symmetric multi-linear maps from C[z]k to C[2]o.

Proof. By the definition (2.4.7) and Lemma 2.4.5, it is clear that 7 is a symmetric multi-linear
map. For s, the multi-linearity and the invariance of symmetric action are derived from those
of ri by the moment-cumulant formula (2.4.8). O

We obtain a generalized result of Formula (2.4.3) as follows.

Proposition 2.4.10. For any k,n € N and fi,..., fi € C[x]o, we get
SSCRSNATES 9B | { DRI FEERN
weP(n)t Ver

The key to proving Proposition 2.4.10 is the following lemma.

Lemma 2.4.11 (see [Thol4]). Let V be a vector space over C, (generally, a field). If & : V¥ — C
is a symmetric multi-linear map, then it is written as

@(xl,...,xk):%Z(—m*l Y (S,

=1 Ji |J=t - \jeJ
where & () := ®(,...,z) for z € V.

Proof of Proposition 2.4.10. Note that a map (fi,..., fx) — s,(cn)(fl, -, £1)(0) from C[z]k to
C is symmetric multi-linear by Lemma 2.4.9. Also, define a symmetric multi-linear map ®,, :
Clz]k — C by

Dpn(fro-- o o) = D H(Zfz V!)un (7, 1n)-

7eP(n)i=1 \Ver

One can see that, for any k,n € N and f € C[z]o,

s 0) = el ),
due to Formula (2.4.3). Thus, Lemma 2.4.11 implies the desired result. O

By Proposition 2.4.10, the problem boils down to finding the degree and leading coefficient
of polynomials si(f1,..., fr). As a special family of polynomials, let us take

for m € N. Then the general cases are induced from them by multi-linearity of si; see Theorem
2.4.20.
Consider 74(Cm,, - - -, Cm, ) for positive integers {m;}¥_; then its coefficient is

Gy s Cmn ) (0) = 7 Gy - €y ) (0)

B ny, n—l, e
_l;(l)( )" emy (1) -+ emy (1) (2.4.9)

= (e () ()

by (2.4.4). This value has a combinatorial meaning as follows.

r,(gn) (
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Proposition 2.4.12. It holds that

i ey em ) (0) = #RE

where RE:%)1 ) T {(W1,..., W) € B(n)* : [W;| = m;, Ule W; = [n]}. In particular,
(1) degrh(Cmys- - Cmy) = Sor_ my =: M,

1 M 1
(2) leadrk(cmu"'vcmk) = ("”;i )(Cm17-'-7cmk) =T

Proof. Equation (2.4.9) implies

Tl(gn)(cmu s 7ka)(0) = Z Z Z (—1)”71.

I=1VeB(n)  Wi,..WiCV
V=l [Wil=ma,...,|Wi|=my

Define W = Ule W;. Exchanging the order of summations shows

T](cn)(cml,...,cmk)([)) = Z Z Z (_1)n—l

W1,...,WkEB(n) =1 wcv
[Wil=ma,...,|Wi|=my V=t

= Z Z (=) VI

Wi,..,WgeB(n) WCV
[Wil=m1,...,|[Wg|=my

= > Ow,n]

Wi,....Wr€B(n)
[Wi|=ma,...,|Wi|=my

— up
= #R,

M1,esMyp)’
where the third equation follows from Proposition 2.1.4 and Example 2.1.5 (1). The properties
(1) and (2) follow easily from the definition of the set Rr™ O

(ml’“'»mk).

Similar to the polynomial rx(¢p,, ..., ¢m, ), we can give a combinatorial interpretation to the

coefficients of si(¢m,, ..., Cm,) Which reflects the intrinsic decomposition of RéZz)l k)’ Let us
prepare a few concepts to explain it.

o Define the natural map 7: B(n) \ § — P(n) as
W) ={Wiu{{i}:j¢ W}
for all non-empty subsets W C [n].
o An ordered partition of [n] is a tuple V. = (V1,...,V}) such that {Vi,...,V;} € P(n).

o There is a canonical map that makes a partition 7 = {V4,...,V;} € P(n) correspond to an
ordered partition 7= (V1,...,V}) such that 1 € V; and V; contains the minimum number
in [n]\ (ViU---UV;_1) for i > 2. We call @ the natural ordered partition of [n] associated
with 7 € P(n). Clearly, this map is one-to-one correspondence.

In particular, the following concept plays an important role in interpreting the coefficients
of sp(Cmys- - Cm,) by combinatorics.
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Definition 2.4.13. Let W = (Wi,...,W;) € R

(ma,...,my)"
(1) W is said to be separable when VE_,7(W;) # 1,, € P(n).
(2) W is said to be essential if W is not separable.
(n)

(m1,...,mp)’

Let S (n)

(o) denote the set of essential tuples in R

The set R(n)

(mp,e..ymy) CATL be decomposed into its components which consist of essential tuples.

One can see that, for (Wy,...,Wy) € RE:% ) there are uniquely a natural ordered partition
@ = (Vi,..., Vi) of [k] and an ordered partition U = (Uy,...,U;) of [n] with \/,c, 7(W;) =
7 (U;) for each 1 < j <.

Example 2.4.14. Take (W, Wy, W3) € R

(2.2,2)" where

Wl = {1,4}, W2 = {2,4} and W3 = {3,5}

Then @ = (Vi,Va) = ({1,2},{3}) and U = (Uy,Us) = ({1,2,4},{3,5}). It is clear that
U = (UTGV1 Wi, Urev2 WT). Moreover, 7(W1) V 7(Wa) = {{1,2,4},{3},{5}} = 7(U1) and
T(Wg) = T(Ug).

Define
=, U n . _ _
SoY oy = (W, W) € Rgm)mmk) U we=u, W) =7 ()

reV; reV;

for a natural ordered partition @ = (Vi,...,V}) of [k], an ordered partition U = (Uy,...,U;)

of [n] and positive integers {m;}%_;. Note that S(?;IU my) 18 isomorphic to S‘(/‘lUll) X oo X S‘(/‘ZU”)
(@) ._ gl _
where S}/ := S(:nrl’._wm”) when V = {ry,...,m}.

A consequence of the above one-to-one correspondence is that

(n) _ 7,U
R(ml,‘..,mk) o U U S(m17-~~7mk)
7=(V1,...,Vi) U=(U1,..,.Us)

- U U U S(?”{lljwwmk)

T=(Vi,..,V)) 1,21 U=(Uy,...,U;)
= 2

and therefore

l
(n) _ n (i)
o,y my) = > > (il iz) [T#sv”. (2.4.10)
= 21,..,01>1 ’ ’ i=1
T J

(n)

The value s, (¢, , - -+, ¢m,)(0) can be computed by counting the number of st

(ma,....,mg)"
Proposition 2.4.15. It holds that
st oy em ) 0) = #S0 -

In particular, sg(¢pm,, ..., Cmn,) is a polynomial of degree Ele m; — (k—1).
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Proof. By using the induction, it is not difficult to see that there are no essential tuples in

. k .
Rgnm)l,...,mk) if n> 3% 7 m;— (k—1), which means #S((Zz)l,...,mk) =0.
Define ™)
() #S n
= n!
For the conclusion, it suffices to show that si(cpm,,...,cm,) = Sk(m1,...,my), which is equiva-
lent to
Tk(Cmys ooy Cmy)(2) = Z Se(ma,...,mg)(2) (2.4.11)
TeP(k)
because of the Mobius inversion formula. By Proposition 2.4.12, Equation (2.4.11) is equivalent
to l
(n) _ n (i5)
LR DEND DR R | ) £
7={V1,..,Vi}eP(k) i1,....ii>1 =1
i1+-+i=n
for n € N, which is exactly the same as (2.4.10). O
Now, the last problem is to determine the leading coefficient of si(cy, ;. .., cm, ), i.€., to count
S((:‘f_(k_l)) where M = Z’-“: m;. The main strategy is to use the mathematical induction, which
TyeersME) i=1

(M—(k=1))

requires a slight modification of S (1)

Definition 2.4.16. Let {m;}*_; and {li}?iz(k_l) be sequences of positive integers and L :=
L+ 4+ le(k—l)' Define

k
ool — (o 3
plh-ten) {(Wl,...,Wk) € B(L)* : [Wi| = my, \/T(Wi) VOr—(k—1) = 1L}a

(ma,...,mg)
i=1

where Op/_p—1) = {{L,.... i}, {hi+1,.... L+ 1o}, o, (oM M

It is clear from Definitions 2.4.13 and 2.4.16 that S ((%_(k%i))) is a specific case of T((iilli‘ggk 71)).
That is,
gM=(k-1)) _ p(1,...1)
(m17"'7mk) (mlv---7mk)’

where (1,...,1) is a (M — (k — 1))-tuple which consists only of 1.
Example 2.4.17. Let us look at examples for small k.
o For any positive integers m; and ly,...,ly,, one has

I1,eees Im
BT =1,

o For any positive integers mi,mo and {1, ...,y +m,—1, One has

(llv"‘vlm +m *1) _ (l/177l'/m )
#T(ml,mg)l ’ - Z <H ll) #T(mQ) 2 3
IC[T‘nlr‘er—l} el
Il=m1

where 11 =3,y and {l5,...,0,,,} ={li | i € [m1 +mg — 1]\ I}. Thus,

(lseslmy+mo—1) e . .
#T(m1,m2) - Z H bi le

ICmi+ma—1] =1 el
[7|=m1
mi1+mo—1 mi1+mo—1
1 2 ml + m2 _ 2 1 2
= II = > L
, mp — 1 ;
=1 =1
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Applying the counting technique used in the above example to the general case yields the
following results.

Proposition 2.4.18. Let {m;}}*_ | and {l; } Y be sequences of positive integers, where

M = Z _;m;. Then

M—(k—1) M—k—-1) \ *7!

(sl — (6 1)) ' M-k '
L eam) H ! <m1—1,...,mk—1 Z l ' (2.4.12)

i=1 =1

Proof. We use the induction for k as follows. Formula (2.4.12) holds for £ = 1 because we
mentioned in Example 2.4.17. Assume Formula (2.4.12) holds up to k£ — 1. Note that

Uyl —(e—1y) . el o — (k=1
#T(ml,.‘.,mk) - Z (H ll) #ng, ,ka) " )

IC[M—(k—-1)] \iel
[ |=m1
where I} =3l and {l, ..., 0 ., (e 1)} ={l;|i€e[M—(k—1)]\I}. Thus, by the
induction hypothesis (2.4.12),
sl pr—(—1))
#Tﬂu, M)
M—(k—1 M—(k—1)
oy (1 (ze st ) (
. ‘ X ! mg—l,...,mk—l
IC[M—(k-1)] =1 iel =1
|[I|=m1
k-2
M—(k—1 M—(k—1
- ! mg—l,...,mk—l ; ‘ '
i=1 i=1 ICM—(k— el
[|=ma
k—2
("H <m2 oot my— (k- 1)> M_f_l)z» <M - k> MY
i1 ! mg—l,...,mk—l im1 ! m1—1 im1
k-1
- M_l(—kl_l)l, M—k M—z(k: 1)l'
B . ‘ ml—l,...,mk—l - !
i=1 i=1
O
Thus, we can get the leading coefficient of si(cp,, ..., cm,) as a corollary.

Corollary 2.4.19. Let {m;}¥_| be a sequence of positive 1ntegers and M =S¥ m;. Then
(M — (k —1))*~
[T (mi = 1)!

Proof. Recall that deg sx(cm,, - ,¢cm,) = M — (k—1) by Proposition 2.4.15. Then Propositions
2.4.15 and 2.4.18 imply that

lead si(Cmys- -5 Cmy) =

st W ey em)(0) = #S( ’meQ

_ (1

- # (ml,..,,mk)

B <m1 —1,...,mk—1>(M (k=1))
M — (k—1)!

- ! 2 (k ) (M — (k—1))*2,
Hz 1( - 1)

as desired. O
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Combining the above propositions, we show the main result of this section.

Theorem 2.4.20. Suppose that f; € Clz]p with deg fi = m; for each 1 < i < k, and let
M = Zle m;. Then we have

(n —1)Ink=1 Hf: m;lead fi, n=M —(k—1),
> H(Zf@“/')“n“) {O, 1 n>M—(k—1).

mEP(n)t Ver

Proof. By Proposition 2.4.10, the statement is equivalent to the following:
o degsp(fi,.... fx) =M —(k—1);
o leadsi(fi,..., fi) = (M — (k= 1)) - T[i, (mqlead f;).

Because the family of polynomials {¢;,(7)}men is a basis of C[z]o, the polynomials {f;}%_; can
be uniquely expressed as linear combinations of {¢p, (%) }men:

=Y alej(a)
j=1

for 1 < i < k. Here, note that ¢,,(x) is a polynomial of degree m and the leading coefficient

1/m! and hence a%)i = m!lead f;. Next, by Proposition 2.4.9,

f17 "afk Z Z (1) e k) le,...,Cjk).

n=l  jr=1
Then, by Proposition 2.4.15,

deg sk(fi1,.-., fr) = deg sp(Cmys-- -+ Cmy)

=M — (k—1).
Hence, by Corollary 2.4.19,
lead si(f1,--., fx) = aﬁ,lli e agf])C lead si(Cmy s - - -5 Cmy)

k
= lead sg(Cmys - - -+ Cmy) Hmi! lead f;
i=1
(M — (k= 1)F2

= m;!lead f;
[Ty (ms — 1)! 11:11

k
= (M — (k= 1))"2 [ milead f..

We give a few specific cases of Theorem 2.4.20.

Corollary 2.4.21.

: n— nkil n =
2 (E ) o= T e

meP(n) \Ver
and
2F(n — 1)kt =k+1
S (X we a1y < [F DI =L (2.4.14)
reb(n) \Ver 0, n>k+1.

These formulas will be used in Chapter 4.
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Finally, we conclude this section by noting that the combination of Example 2.4.8 and
Theorem 2.4.20 leads to the following result as a byproduct.

Corollary 2.4.22. For positive integers {m;}*_,, define M = Zle m; and 0y = {{1,...,m1},
{mi+1,....mi+ma},....,{M —my+1,...,M}}. Then

k
#{o € P(M): 0V O, =1y, o] =M — (k—1)} = (M — (k= 1)) > ma.
=1
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Chapter 3

Random Matrices

We prove a concentration phenomenon on the empirical eigenvalue distribution (EED) of the
principal submatrix in a random hermitian matrix whose distribution is invariant under unitary
conjugacy; for example, this class includes GUE (Gaussian Unitary Ensemble) and Wishart
matrices. More precisely, if the EED of the whole matrix converges to some deterministic
probability measure u, then the difference of rescaled EEDs of the whole matrix and of its
principal submatrix concentrates at the Rayleigh measure (in general, a Schwartz distribution)
associated with p by the Markov—Krein correspondence. For the proof, we use the moment
method with Weingarten calculus and free probability.

3.1 Main result

Let X be an hermitian random matrix of size N whose distribution is invariant under conjugacy
by unitary matrices and let Ay = ()\gN) <. < /\%V)) be its eigenvalues. It is known that a
diagonalization Xy = UyDyUN" exists, where Dy = diag()\gN),)\;N), .. .,)\E\J,V)) and Uy is a
Haar unitary random matrix of size N and independent of Dy (see [CM14, Proposition 6.1]).

For the principal submatrix X made by removing the last row and column of Xy, Cauchy’s
interlacing law says that the eigenvalues AN = (5\(1N) < ... < )\( ) ) of X N interlace with Ayn
(see [Taol2, Exercise 1.3.14]):

A R ) 5 <L) < S <),

In many examples, the empirical eigenvalue distribution puy = (1/N) Zf\il 0, of the random

matrix Xy converges, as N — oo, to a non-random probability measure, and we do assume
so. Then it is not hard to see (at least with a mild assumption) that the empirical eigenvalue
distribution iy of X also converges to the same limit. Our main result roughly says that the
Rayleigh measure

N —
T~ = Nuy — (N = 1)jiy = Z(&(N) -y G5V
i=1 j=1 7

is close to the Rayleigh measure 7 linked to the transition measure pyn by the Markov—Krein
correspondence. Note that 7 is of the form

N N-1

™N=) 60— Y0
. i — 7
=1 J=1

where (ngN) << 77](\[]\7_)1) is a sequence also interlacing with Ay (see [Ker98, Eq. (2)]).
Since our arguments are based on the moment method, we denote by My (¢) for simplicity
the k-th moment of a measure or Schwartz distribution ¢ when it is well defined. It should be

35



noted here that if a probability measure p has finite moments of all orders, then 7 defined via
(1.0.1) also has finite moments of all orders (see [AD57, Theorem A (d)] and [Ker98, Section
3.4]). Furthermore, for convenience of statements, let ziy be the transition measure associated
with the Rayleigh measure Ty; then the main result can alternatively be phrased that iy is
close to .

Theorem 3.1.1. Let uy,7n, in, Tn be as above, u be a probability measure on R and 7 be
related to pu by the Markov—Krein correspondence (1.0.1). Assume that

sup E[Mg(un)] < oo and Mg(p) < oo, ke 2N (3.1.1)
N>1

and pn converges in moments to g in probability:

lim P[|[Mg(pun) — Mg(p)| > € =0, kEeN, e>0. (3.1.2)
N—o00

Then we have
| My (Tn) — My (7)||2 = 0, k eN,

lim
N—oo
and
th P[|Mk<ﬁ]v) - Mk(,u)\ > 6] =0, keN e>0.
—00

In particular, if the moment problem for {My(x)}x>1 is determinate then fiy weakly converges
to p in probability:

lim ]P’[

N—oo

[ #@) (o) - [ @i

26]:0, f € Cp(R), €>0.

Remark 3.1.2. (i) Since the relation between the moments {M,, (1) }nen (resp. {Mn(un) tnen)
and {Mg(7)}ken (resp. {My(7n)}ren) is the same as that between complete symmetric
functions and Newton power sums (see (2.3.2) below), the convergence (3.1.2) holds if and
only if 7y converges in moments to 7 in probability.

(ii) The combination of (3.1.1) and (3.1.2) implies the convergence of moments in LP norm for
every p € [1,00); see Proposition 3.2.3.

(iii) The assumptions (3.1.1) and (3.1.2) are satisfied by appropriately normalized Gaussian
Unitary Ensemble (GUE) [HP0O, Theorem 4.1.5], where p is the standard semicircle dis-
tribution (1/(27))v4 — 22 dz. For GUE (actually, more general Wigner matrices), a finer
result on the fluctuation of 7y from 7 is also known in [ES18] stated in the language of
rectangular Young diagrams; see also [Sod17].

The proof is based on Weingarten calculus and free probability which allow us to compute
the moments of the principal submatrix:

E o Tr[(Xn)¥] = E o Tt[DnUn PyUn*DyUn PyUN* - - DUy PyUnN", (3.1.3)

where Py = diag(1,1,...,1,0).

In fact, the joint distribution of (S\gN) < ... < S\S\J,V_)l) is explicit under the condition that
()\gN) < <L )\E\Z,V)) is a constant sequence; it is proportional to the Vandermonde determinant
[Bar01, Proposition 4.2] (see also the expository paper [Farl5]). Using this explicit formula
might be an alternative approach for computing (3.1.3) and hence for the proof of Theorem
3.1.1; however, the author is not sure whether this direction is promising.
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Weingarten calculus

The computation of mixed moments of Haar unitary random matrices Uy and deterministic ma-
trices is called Weingarten calculus. Recall that for g € &y, let Trg[A1, Ag, ..., Ag] be the prod-
uct of traces according to the cycle decomposition of g; for example if g = (1, 3,2,5)(4)(6,9)(7,8)
then Try[A1, Ao, ..., Ag] = Tr(A1A3A2A5) Tr(As) Tr(AsAg) Tr(A7Ag). Similarly, for a sequence
{an}n>1 C C we define oy to be the product of ay,’s according to the sizes of cycles; in the above
example, oy = ayaqas?.
Let A;,B; (i=1,...,k) be N x N matrices. Then
Eo Tl“g[AlUNBlUN*, o ,AkUNBkUN*]
= ) Trg[Ar,..., A Trg[B,. .., By We(gs, N)
91,92,93€6,

919293=49

for all g € S. In particular, in the case of g = 7, = (1,2,..., k) the formula above specializes
to

Eo TI'[(AlUNBlUN*> <. (AkUNBkUN*)]

= S Tyl AT By, Bl Wa(h g o, V), (3.1.4)
g,heCy

see [CS06, Proposition 2.3]. The coefficients Wg(g, N) are called the Weingarten function. Its
asymptotic behavior for large IV is known in the form

N*9We(g, N) = 1) 8(g) + O (N72), g€ &y (3.1.5)

The number |g|, called the length function, is the minimal number [ for which g can be written
as a product of [ transpositions, and the value ,uzvg(g) above is expressed in terms of the Catalan
numbers C,, = (2n)!/(n!l(n + 1)!) as

me(g) = [[ (~0™'Cy) (3.1.6)

1<j<l

where g = hy - - hy is the cycle decomposition of g; see [CM17, Theorem 2.7].

3.2 Moment convergence

Some results on the moment method for random measures are collected below. The proofs are
basic. Let p,pn,n € N, be random probability measures on R with an underlying probability
space (€2, F,P) below.

Proposition 3.2.1. Suppose that p,,p,n € N have finite moments of all orders almost surely,
and the moment problem for {My(p)}r>1 is determinate almost surely. If

lim P[[Mg(pn) — Mi(p)| > =0, k€N, >0, (3.2.1)

then p,, weakly converges to p in probability:

lim IP’[

n—oo

[ 1@ dpnto)~ [ 5@ dota)

> 6:| =0, f € Cp(R), €>0. (3.2.2)

Proof. For later use, we first verify the existence of a subsequence of {py},>1 which weakly
converges to p almost surely. Let Qy € F be such that P[] = 1 and the moment problem for
{Mj(p*)}r>1 is determinate for all w € Qg. For k = 1, there exists a subsequence {n(1,¢)}7°,
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of N and Q; C Qp such that Q; € F,P[;] = 1 and Ml(pz(u)) converges to Mj(p¥) for all
w e Q. For k = 2, there exists a subsequence {n(2,¢)}72, of {n(1,£)}2, and Qs C Oy such
that Q9 € F,P[Qs] = 1 and Mg(p‘;(u)) converges to My (p“) for all w € Q9. In this way we
obtain subsequences {n(k,£)}7°, and decreasing subsets €, of probability one for & > 1. Define
Q == M1 and n(f) := n(f,£); then Mk(p‘;:(g)) converges to My (p) as £ — oo for all w € Q
and all £ € N. Since the moment problem for the limit sequence is determinate, we conclude by
[Chu68, Theorem 4.5.5] that Pl weakly converges to p* as ¢ — o for all w € Q.

To finish the proof, suppose to the contrary that the desired conclusion (3.2.2) is false: there
exist f € Cp(R), €, > 0 and a subsequence of {py,}n>1, denoted by {p,}, such that for all n’

i

However, we can extract a further subsequence of {p,, } which weakly converges to p almost surely
as we discussed. For this subsequence, the LHS of (3.2.3) must tend to zero, a contradiction. [

[ 1@ i) = [ 1ia)dote)

> e] > 4. (3.2.3)

Remark 3.2.2. A similar result and proof are found in [Gre63, p. 178-180].

Proposition 3.2.3. Suppose that

sup E[Mg(pn)] < oo and E[Mg(p)] < oo, k € 2N. (3.2.4)
n>1

Then the condition (3.2.1) is equivalent to
| My (pn) = Mg(p)lle =0, p€[l,00), kEN. (3.2.5)

Proof. Tt suffices to prove that (3.2.1) implies (3.2.5); the other direction is well known.
For p € [1, 00) choose £ € 2N such that £ > p. The Hélder inequality implies that | My (p,)|* <
Mpe(pp) and hence

1
Mk (pa)llze < | Mi(pn)l[ e < (E[Mge(pn)])?- (3.2.6)
Combining the above and (3.2.4), as well as similar inequalities for Mg(p), yields that

sug” M (ppn)|lzr <00 and || Mg(p)||zr < oo, kEeN, pe[l, o). (3.2.7)
ne

By standard arguments we obtain

| Mi(pn) = Mi(p)I175 = E[[My(pn) — Mi(p)PL{n, (o) My ()] 2} ]
+ E[Mr(pn) = Mi(P) Pt (o) M )] <))
< (B[[My(pn) — My(p) P7)) V2 (B[ My () — My(p)| > o) /2 +
< (1 M) 2o + | M) 20)? (B M (pr) — Mi(p)] > )V + &

Applying (3.2.7) and (3.2.1) to the above finishes the proof. O

Proposition 3.2.4. Suppose that (3.2.1) and (3.2.4) hold. Then

lim E[P(Mi(pn), Ma(pn), - - ., Mi(pn))] = E[P(M1(p), Ma(p), ..., Mi(p))]

n—o0
for every k € N and every polynomial P € Clzy,x9, ..., zk].

Proof. This is a consequence of Proposition 3.2.3 and the following standard fact: if random
variables Y, Z,Y,,, Z,,n € N satisfy Y, — Y in LP and Z,, — Z in LP for all p € [1,00), then
Y, Z, = YZ in LP for all p € [1,00). O
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3.3 Proof of the main result

In this section, we follow the notation in Theorem 3.1.1. The index N is omitted for readability
when no confusion occurs. The main part of the proof of Theorem 3.1.1 is the following.

Theorem 3.3.1. Assume that

sup E[My(un)] < oo, k € 2N. (3.3.1)
N>1

Then, for every k € N and ¢ € {1,2}, it holds that
E[M(7n)] = E[M(7n) ]+ O (N71).
Remark 3.3.2. Whether the above result holds for ¢ > 3 is unknown.

Proof. Note first that the assumption (3.3.1) implies that

sup E[[Mg(pun)[] <oo, g€ &
N>1

for every k € N, thanks to the iterative use of Schwarz inequality and (3.2.6).

(i) £ =1. A key of the proof is the calculations of
N-1
Y E[N*] =Eo Tx[(PU*DUP), (3.3.2)
j=1

where P = diag(1,...,1,0). The RHS of (3.3.2) is calculated into

E o Te[(PU*DUP)*| = E o Te[(DU PU*)¥]

= Y EoTry[D,...,D|Try[P,..., P]Wg(h ™ g~ ) (3.3.3)
g,heSy,

= Y EoTry[D,...,D|Trj-1,[P,..., P]Wg(g'h)
g,heSy,

= Y N*¥OEoty[D,..., DI(N - )W wWg(g™'h),  (3.3.4)
g,heSy,

where (3.1.4) was used on the second line and the change of variables h +— h~1v, was employed
on the third line.

On the other hand, if the projection P is replaced by the identity I in (3.3.3), then the same
calculations lead to

N
> E[\*] =EoTr[D"] = Eo Tr[(DUIU™)"]
=1

= Y N*OEotry[D,..., DIN#" ) We(g h). (3.3.5)
g,heSy,

Taking the difference of (3.3.4) and (3.3.5) provides

N N-1
EM(7n)] = Y EN] = D EN]
i—1 =1

= Y N*OEotr[D,..., D#(h~ ) N#O 7071 (14 O(N7Y) We(g~'h).
g,hEGk
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Here we use the asymptotic expansion (3.1.5) of the Weingarten functions to get
E[Mx(7n)] = > # (W ) EM, ()l B9 h) + O (N7 . (3.3.6)
lgl+lg =" hl+ A~ yi|=k—1

Using the isomorphism explained in Section 2.1, we may rewrite (3.3.6) in terms of non-crossing
partitions:

EMyFv)l = 3 [Ke(m) EM, (un)]uf(o,m) + O (N )
o<meNC(k)

= ) [Ke(m)|Elrr(pn)] + O (N7, (3.3.7)
meNC(k)

where the cumulant-moment formula (2.2.2) was used in the last line. Combining (3.3.7) and
Theorem 2.3.1 implies the desired conclusion.

(ii) ¢ = 2. Taking the expectation of My (7x)? = (Tr[D*] — Tr[(DU PU*)¥])? with Weingarten
calculus yields

E[Mg (7n)?]
=EoTr oy o[(DUIUN (DUIU*)¥| = E o Tr_a)_@o[(DUIU*)*, (DUPU*)¥]|
e Vi e Vi
~EoTr ) e [(DUPU**, (DUIU*)¥] + E o Tr )2 [(DUPU**, (DUPU*)¥|
k k k k

= D NFOEM(un)]Te(h) We(g~'h) (3.3.8)
g,hEng
where
Ti(h) = Trh717£1)71i2) [Ik, Ik] — Trh717£1>7£2) [Ik, Pk] — Trh’W;(Cl)“/;(f) [Pk, Ik] + Trh*lv,gl)%?) [Pk, Pk].

Note that, for readability, we use the abbreviation Try[A¥, B¥] = Tr,[Ay,..., Ak, Bi, ..., Byl
when A=A =---=A,and B=B; =---= B;.

By using the evident decomposition I = P + @ with @ = diag(0,...,0,1), we have the
following expansion

k 1k
Trh—w,i%ﬁ) (1%, I7]

- Trh—lvél)w?) (15, 1" P+ Q)
=T, o, oI5 L P+ T o o1, 17Q)
= Trh—1,yl(€1),yl<€2) [Ika Ik_27 P+Q, P} + Trh—lv,(cl)v,@ [Ik, Ik_l, Q]

= Trh_lvl(;)%(cz) [Ik, Ik_2,P, P + Trh‘l'y,i”v,(f) [Ik7 Ik_27 Q,P] + Trh—1,yl<€1>%(€2) Uka Ik_la Q]

k
- Trh*l,y](cl)%(f) [Ika Pk] + Zl Trh*l,yl(cl),yl(f) [Ikv Iki]a Q? Pjil]' (339)
J:

In the same way,

k
Trh_l'yl(cl)’YI(cQ) [Pk, Ik] = Trh—lv,il)vf) [Pk, Pk} + z; Trh_l’y,il)’y,g) [Pk, Ik_j, Q, Pj_l]. (3.3.10)
]:
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Combining (3.3.9) and (3.3.10) together we get
k . . . .
Ti(h) = Zl (T, @ 5 19, QP = T, o o [PR,15,Q, P7).
=
Again, a similar argument yields

ZZTrhl(l)(Q 7QPZIII€]QPJ1]

i=1 j=1

(1) ()

When we decompose h~! ’yk into cycles, the contribution of the cycle which contains @
is at most 1 in Tr _ 7(1)7(2)[ Q P 1%=7 Q, PI~1. Therefore, we get the upper bound
k k

Ti(h) = O (N#(hflw(fl)"/z(f))—l) -0 (N%—|h71”/1(€1)%(€2>\—1) ) (3.3.11)

Here we also use the asymptotic expansion (3.1.5) of the Weingarten functions and tWO elemen-

tary facts about the length functlon in symmetric groups Gay: |g|+ g~ h|+|h™ ’y(l) ] > 2k—2
1

andt Jg| + 197 ]+ (1120 £ 2% — 1 sinco o] + g~ + (120 = pD) = 2k — 2

(mod 2) by using the length property (2.1.2). Applying those facts and (3.3.11) to (3.3.8) reveals

that

E[My(7y)?] = > NIl RN () T () gy (97 h) + O (N1
g,hEGQk
lgl+Hg ™ Al Ry P | =2k 2

By using the isomorphism (2.1.3), the last expression can be rewritten in terms of non-crossing
partitions:

Ti(Px)

EMe7v)Y = Y0 EMe(un)]ubd (0m) g + O (N7
o,meNC(2k)
o<r<(1,M,1,3)
Tr(Px -
= E[M(MN)]NHIEE(,M)l +O (N7

TeNC(2k)
7< (1MW, 1, )

Ti(Pry m2)) _
=Y Bl () )] ey e £ O (N,

m1,m2€NC(k)

Note that
7743(7)(71'1,7I'2)) = Z Z Tr(KI‘(ﬂ'l),KI‘(ﬂ'Q)) [Ik_zv Qv Pz_lv Ik_]v Q’ PJ_I]
i=1 j=1
NI ) =2 K (7 ) [ [ K ()| + O (NIRHmIIml=3) - (3.3.19)

This is because the contribution of a cycle is 0 if it contains both P and @, and is 1 if it
contains ) and no P; from those observations, the main contributions appear when both Q’s
are at Kreweras points of 7 and 7o, respectively, and so (3.3.12) follows. Hence we arrive at
the formula

EMi(Tn)? = > [Ke(m)|[Kre(me)| Elr, (hn)fim ()] + O (N71) .
m1,m2€NC(k)

Applying Theorem 2.3.1 to the RHS finishes the proof. O
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Remark 3.3.3. Note that the calculations for £ = 1 are similar to those in [NS06, pp.379-393]
where asymptotic freeness is proved for matrices rotated by independent Haar unitaries.

Proof of Theorem 8.1.1. According to Theorem 2.3.1 , My, (1) is a polynomial on {M,, (1n) }nen,
so that Proposition 3.2.4 allows us to pass to the limit:

lim EMg(7n)] = Mi(r) and  lim E[M(ry)?] = Mp(r)?, keN.

N—o0 N—o0

Combining the above and Theorem 3.3.1 yields that

lim E[Mg(7n)] = Mp(7) and  lim E[M(7n)?] = Mp(7)?, k€N,

N—o00 N—o00
which readily implies || Mg (7n) — Mg(7)|| 2 — 0. In particular, My (7n) converges to Mg(7) in
probability for every k € N. Since My (1) and My (u) are respectively expressed by a common
polynomial evaluated at {Mg(7n)}r>1 and {Mg(7)}g>1, it follows that My (finy) converges to
My (p) in probability. Finally, if the moment problem for {My(u)}x>1 is determinate then we
conclude that i weakly converges to u in probability by Proposition 3.2.1. O
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Chapter 4

Finite Free Probability

In this chapter, we provide various limit theorems in finite free probability. To begin with, we
introduce basic notions and results in finite free probability. The most essential concepts in this
theory are finite free additive and multiplicative convolutions of polynomials. In particular, we
pay more attention to multiplicative convolution in this thesis.

First, we study the limit of {p?dm}meN as m — oo for a fixed monic polynomial pg of degree d.
In the second, we give the finite free analogue of Sakuma and Yoshida’s limit theorem, that is, the
limit of {Dl/m((p;?dm)mdm)}m@\; as m — oo in two separate regimes; (i) m/d — t for some t > 0,
and (ii) m/d — 0. As the third result, we give alternative proofs of Kabluchko’s limit theorems
for the unitary Hermite polynomial and the unitary Laguerre polynomials via combinatorial
identities. The fourth result is the central limit theorem for finite free multiplicative convolution
and a discovery related to the multiplicative free semicircle distributions. Lastly, we provide a
finite free analogue of Tucci’s limit theorem in Section 4.6. Moreover, we study the empirical
root distributions of the limit polynomials when their degree tends to infinity.

4.1 Preliminaries

In this section, we introduce some concepts and preliminary results on finite free probability
that are used in the remainder of this thesis; see [AGP23; Mar21; MSS22| for more details on
finite free probability.

For any p, q € Ppon(d), one defines the finite free additive convolution

d !
@ =31 (}) ¥ 4aem@e
k=0 it+j=k
For p € Puon(d), a polynomial pP¢™ denotes the m-th power of p with respect to finite free
additive convolution. Note that, if p,q € Pyon(d) are real-rooted, then so is p By ¢ € Ppon(d)
(see [MSS22, Theorem 1.3]). The finite free additive convolution plays an important role in
studying the characteristic polynomials of the sum of (random) matrices. For a d x d real
symmetric matrix A, x4 denotes the characteristic polynomial of A. Then we obtain

(xa Ba xB)(z) = Eqdet[zly — A — QBQ"],

where the expectation is taken over unitary matrices ) distributed uniformly on the unitary
group of degree d (see [MSS22, Theorem 1.2]). Moreover, the finite additive convolution is closely
related to the free additive convolution H which describes the law of sum of freely independent
non-commutative random variables (see [BV93; Maa92; Voi86| for detailed information on free
additive convolution). For example, Marcus [Mar21] obtained typical limit theorems (LLN,
CLT and Poisson’s law of small numbers, etc.) for finite free additive convolution. According
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to the evidence above, we can treat finite free probability as a discrete approximation of free
probability.

Proposition 4.1.1. (see [AP18, Corollary 5.5]) Suppose that pg, g4 € Pmon(d) are real-rooted
and p, v are probability measures on R with compact support. If u[pg] — p and pfqq] — v as
d — oo, respectively, then u[pg Bq qq] — pBv as d — co.

Similarly, for p, ¢ € Pmon(d), the finite free multiplicative convolution p Xy q is defined by

d
(pXg q)(r) = Z(—l)" <d> ei(p)ei(q)x?.

For p € Ppon(d), we denote by pP™ the m-th power of p for finite free multiplicative convolution.

Note that, if p has only nonnegative roots and ¢ is real-rooted, then pX ¢ has only real roots (see,
e.g., [Mar66, Section 16, Exercise 2]). If p, ¢ have only roots located on T := {z € C: |z| = 1},
then so is p Ky q (see, e.g., [Sze22, Satz 3]). According to [MSS22, Theorem 1.5], the finite
free multiplicative convolution describes the characteristic polynomial of the product of positive
definite matrices. More precisely, if A and B are d x d positive definite matrices, then

(xaXq xB)(z) = Eq det[zly — AQBQ™].

Furthermore, it is also known that K  is closely related to free multiplicative convolution X
which describes the law of multiplication of freely independent random variables (see [BV93] for
further details on free multiplicative convolution).

Proposition 4.1.2. (see [AGP23, Theorem 1.4]) Let us consider p4, ¢4 € Pmon(d) in which pg
has only nonnegative roots and ¢, is real-rooted. Further, consider probability measures u, v on
R with compact support, in which p is supported on [0,00). If u[pa] — u and plqs] = v as
d — oo, respectively, then u[pg Mg qq] — pXv as d — oo.

Also, according to [Kab21, Proposition 2.9], the same statement holds when pg, ¢4 have only
roots located on T and pu,v are probability measures on T.

There is a useful concept to understand finite free additive and multiplicative convolutions
by combinatorics. For p € Ppon(d), the finite free cumulant of p is defined by

n—1
. (=) ~ P
Ky (p) T (n _ 1)| Z eﬂ'(p):u’n(ﬂ-a 171)7 (411)
weP(n)
forn=1,2,...,d (see [AP18, Proposition 3.4] for details).

Example 4.1.3. (1) Let us set p(z) = 2% — dz?!. Since €1(p) = 1 and &(p) = 0 for all
1=2,...,d, it is easy to see that qu(ld)(p) =d" 1 forn=1,2,...,d.

(2) Consider A > 0. We define the normalized Laguerre polynomial

d ] ‘
LY (@)=Y (1) <d> (dci)zxd—@, (4.1.2)

]
1=0

where (a); := a(a—1)---(a — i+ 1). Then the finite free cumulants of I:El)‘) are given by
ne )( ()‘)) Aforn=1,2,...,d (see [AGP23]).

According to [AP18, Proposition 3.6], the finite free cumulant linearizes the finite free addi-
tive convolution:

w (0B q) = w0 (p) + £ (0)
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for p,q € Ppon(d). In particular, we have
D () = meP(p),  meN.

In the following, we give a formula for finite free cumulants of pPam for p € Pmon(d) and
m € N. First, the following is directly derived from the definition of finite free multiplicative
convolution.

Lemma 4.1.4. For a family {p;}"; C Pmon(d), one has
m
e;(p1 xd"'lgdpm)zngj(pi) (j=1,...,d).

In particular, if all p; = p for some p € Pyon(d), then
& (pm) = e(p)™.

Second, it is also known that

_ J\n—1
i (p®aq) = % Z d T2 2 00, o)y, (0n, 7) RS (p)R1Y (q)
(n—1)! rrcEm)
oVT=1p

by [AGP23, Theorem 1.1]. In particular, if p = ¢, then

nq@(pxdz):% > <Hd'f’z' n on,am(d)(p))-

" 01,02€P(n)
o1Voo=1,

In general, the following holds.

Proposition 4.1.5. For a family {p;}"; C Ppnon(d), we have

/i,(ld)(m Xy - Mg pm) = Z HZd"’Z' " P n(On,04)K gcf)(Pi)Mg(W, 1)

7r€P z lo;<m

_ (= A1 (0, o)k (s
= m Z H (On, 0i)k Ko, (pi) | -

’ 01,..,0m€P(n) \i1=1
o1V Vom=1n

In particular, if all p; = p for some p € Ppon(d), then

_J\n—1 "
n;@(p@dm):% S [ d i 00 o)D) |l 1)

" 7€P(n) \o<m

_ (_d)nfl Z ﬁd|0'i|_n P(O ) (d)( )
B Hp, (O, 03) kg (D) | -
01y, 0m€P(n) \i=1

o1V---Vom=1n

Proof. By the definition of finite free cumulant (4.1.1) and Lemma 4.1.4, we obtain

—d n—1 B
F&%d) (pl Mg - Ny pm) = L Z ew(pl Mg Ky Pm)Hg(Fa 1n)

—1)!
(n —1)! wEP(n)
S ) Z He,r pE () 1), (4.1.3)
(n 1
T€P(n) 1=1
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According to [AP18, Proposition 3.4], since
Ex(p) = Y d7I 7"y (00, 0)5 (1),
o<m

for any p € Pmon(d), the first equality holds by (4.1.3).
The second equality is proved as follows:

S LSS a0 O ol o) 7 1)

w€P(n)1=10;<m

= Z Z Hd“’i'_"uE(On,Jz) ()(pz) Mg(m 1n)

T€P(n) \01,-;om<mi=1

= Z Hdlm\ "E (0, 00k ((;f)(pi) Z LE (7, 1)

01y, 0mEP(n) o1V Vo, <m

= 2 <H d"”'_"ﬂg(omvi)%é‘?(pi)> ,

01,..,0m€EP(n) \i=1
o1V---Vom=1n

where we used Proposition 2.1.4 on the third line. ]

Example 4.1.6. By using the first equation in Proposition 4.1.5, we get

m

~ _\n—1
A () = SV S [ O | )

we€P(n) \o<m

(d)

because Ky, (L(l)) =1 for all n. The formula implies that

s (EP)Pm) = a {1 - <1 - ;)m}
k(D ((Eg”)gdm) = {1 - g <1 . Cll)m + % <1 . ;)m <1 - fl)m} :

According to [AP18, Theorem 5.4], it is known that the finite free cumulants approach free
cumulants introduced by Speicher. A consequence of this is the following criteria for convergence
in distribution.

and

Proposition 4.1.7. Let us consider pg € Pyon(d) and a probability measure p with compact
support. The following assertions are equivalent.

(1) plpa] = pas d — oo.

(2) For all n € N, limg_, 0 K\ )(pd) = Kn(p).

4.2 Simple limits for p®™ as m — oo

In this section, we investigate the relatively simple limits of p®™ for p € ]P’mon(d) having
nonnegative roots. In order to study it, we give some properties of a sequence {¢;(p )} . First,
let us recall Newton’s inequality and Maclaurin’s inequality (see, e.g., [HLP52, Section 2 22]).
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Proposition 4.2.1 (Newton’s inequality). Let p € Pyon(d) be a monic polynomial with real
roots. Then

fé/iJrl(p)gifl(p) < gl(p)27 1= 17 27 R d—1

The equality holds if and only if its roots are the same « in which case ¢;(p) = o for i =
1,2,...,d.

Proposition 4.2.2 (Maclaurin’s inequality). Let p € Ppon(d) be a monic polynomial with
positive roots. Then

&(p) = &lp)? = > eu(p)d (4.2.1)

with equality if and only if its roots are the same .

Remark 4.2.3. The inequality (4.2.1) itself holds even when p has zero roots. More precisely,
1
if p has exactly k zero roots then e1(p) > -+ > €4_x(p)%F and €4_r4+1(p) = --- = €q(p) = 0.

Recall that, for p € Pyon(d) and ¢ # 0,

De(p)(x) = c'p(x/c),

and hence the definition of finite free cumulants implies

r{ (De(p) = i (p). (4.2.2)
Theorem 4.2.4. Let us consider p € Py, (d) with nonnegative roots.
(1) We have
a?, éi(p) <1,
lim pMi™(z) = { a4 — da®1, €1 (p) =1 and é&(p) < 1,
m—oQ
(x—1)%, ei1(p) =1 and e3(p) = 1.

The limit does not exist if e;(p) > 1.

(2) Assume that e1(p) > 0. Then

lm Dy /z, pym (P24 (2) =

m— 00

{a:d —dz®1, e (p) < ei(p)?,
(z—1%  elp) =e(p)?

Proof. For each i, we get

Accordingly, it does not converge in the case €1(p) > 1.
Next, we consider the case €1(p) < 1.

o Ife1(p) <1, then €;(p) <1 fori=2,...,dby Maclaurin’s inequality. Then we get
d /d .
() = (1) (et 2
o If €1(p) =1, then ex(p) < 1 by Maclaurin’s inequality. There are two possible cases.
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(i) If e2(p) < 1, then e;(p) < 1 for i =2,...,d, and therefore

d
pHam(z) = Z(—l)i <d> &i(p)madt I g gpdt

1

(ii) If ea(p) = 1, then €;(p) = 1 for i = 2,...,d by Proposition 4.2.1. It means p(z) =
(z — 1) Thus we have

p&dm(m) =(z— 1)d mereo, (x — 1)d.

For the latter part, assume €;(p) > 0. The condition €3(p) < €1(p)? means that &;(p) < é1(p)’
for all i = 2,...,d by Maclaurin’s inequality. Then

d

S (4) (B

1=2

— 2% — dz®1,
as m — oo because ¢;(p) < €1(p)’ for all i = 2,...,d.
If e5(p) = €1(p)?, then €;(p) = ' for some a by Proposition 4.2.1. Then a similar way to
the above computation shows

D1z (pyn (079 () = (z — 1)~

4.3 Finite free analogue of Sakuma—Yoshida’s limit theorem

In this section, we study the finite free analogue of the limit theorem by Sakuma and Yoshida
[SY13] as already mentioned in Introduction. More precisely, our purpose in this section is to
investigate the limit behavior of the sequence of finite free cumulants of

'Dl/m((p?dm)aadm)7
(d)

as m — oo for pg € Pmon(d) with nonnegative roots, such that x;’(ps) = 1. Recall that,
Sakuma and Yoshida investigated the asymptotic expansion of S-transform, in contrast to that,
Arizmendi and Vargas [AV12] gave another proof by focusing on the combinatorial structure of
the non-crossing partitions. Here, we will take the latter approach, i.e., the convergence of finite
free cumulants.

Suppose first that degree d is fixed. According to (4.2.2) and Theorem 4.2.4, we have

1
A (D (™)) ) = ——lD (™) 2225 0
for n =2,...,d. In this case, we get Dl/m((pggdm)aadm)(az) — (2 — 1)% as m — oo; hence this is

not an interesting result. In order to obtain a non-trivial limit of finite free cumulant, we consider
the following two situations of m — oo with (i) m/d — ¢ for some ¢ > 0, or (ii) m/d — 0.

In the later discussions, we consider py € Pyon(d) with nonnegative roots. Additionally, we
assume that
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(A-1) £1?(pa) = 1, that is, €1 (pa) = 1;

(A-2) there exists a probability measure p with compact support such that ppg] — p as d — oco.

We define
enlts 1) = exp (—t@ @(u)) L0

for n € N. Note that, for 7 € P(n),

enlt,p) = ] exp <t(|‘2/|>/<2(u)> = exp (f > <H2/|>H2(u)> :

Ver Ver

We summarize our results as follows.

Theorem 4.3.1. Let us consider pg € Pyon(d) with nonnegative roots such that mgd) (pa) = 1,

and let 1 be a probability measure with compact support. Assume that u[pg] = pas d — .
Then

(1) For n € N, we have

_1>n71
lim & Dy ((PF™Em)) = (_7
0 ( ( )) tn=t(n —1)!

ex(t, )y, (7, 1)
w€P(n)

(2) For n € N, we have
. m m (’{2(#)”)”_1
n}gnoo ’igzd) (Dl/m ((P?d )EEd )) =0
m/d—0 ’

where the limit coincides with the n-th free cumulant of 7,

Case of m/d — t for some ¢t > 0

We firstly consider the case when a ratio of a number m of finite free multiplicative convolution
and degree d of polynomials converges to some ¢ > 0 as m — oo (and hence d — o), that is,
m/d — t as m — oo.

Proposition 4.3.2. Let us consider pg € Ppon(d) satisfying (A-1) and (A-2). For n € N,

)
_1\n—1
k(@ (Dl/m((p?dm)ﬁﬂde — t"(—l(ln)—l)' Z ex(t, )k (7, 1,,),
TEP(n)

as m — oo with m/d — t for some ¢ > 0.

Proof. By Lemma 4.1.4, we have

(@ ) \n-2, (@) m
En(pF™) = Enlpa)™ = </~e§d)(pd)” - <n> 1 (pa)" "y (pa) +0(d—2)) .

2 d

Since Iigd) (pa) =1 by (A-1) and K,gd) (pa) — ka(p) as d — oo by (A-2), we then get

n K'/(d) "
Eupm) = <1 -(5)= +0<d2>>

_ (1 - (Z) ’féd)d(pd) N O(d-z)>d ‘ (4.3.1)
S exp <—t<g> @(M)> :
as m — oo with m/d — t. O
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Let us denote by {kn(t, ) }rn>1 the above limit of finite free cumulants.

Proposition 4.3.3. For n € N, we have

. (k2(p)n)™ !
1 t =
tg(])a+ fin(t; 1) n!

Proof. Tt is easy to see that lim,_ o+ ex (¢, u) = 1. Note that

Z ME(W, ln) =0

weP(n)

and
i k
O en(tun) = (—VZ (’Z‘)@m)) enlts 1)

Due to L’Hépital’s theorem, Proposition 4.3.2 and Equation (2.4.13), the following result is
obtained:

-1

(- Sver (Sman) " extt )

_1\n—1
tli%1+ ot 1) = ((nl—)l)' Z tli%l+ (n—1)! pin (. 10)
meP(n)
A vIVY" e
- ((n—1)1)2 ﬂezp;n) <VZ€; ( 9 >> oy (705 1)
(o)
n!

O
Example 4.3.4. For simplicity, we assume that mgd) (pqg) = 1. Then it also satisfies that rko(u) =
1. Then the first four cumulants are computed as follows.
o k1(t,u) =1 and lim;_,g+ k1 (¢, ) = 1.

t_

e
o kot p) = and lim; o+ k2(t, 1) = 1.
3t t

e’ — 3e" + 2 . 3

o ralton) = e 2 Timy g Rt ) = o
2t 2

12et — 3e2t — 4¢3t + 6t — 6 .

® ’{4(t7 //J) = and hmt—)O"" ’{'4(t7 AUJ) = g

63

Case of m/d — 0 as m — oo
Our goal is to show the next one.
Proposition 4.3.5. Let us consider pg € Pron(d) satisfying (A-1) and (A-2). It satisfies that
n—1
WD (Dy (e By ) — BRI e

n!

as m — oo with m/d — 0.
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Proof. By Proposition 4.1.5,

(—d)!

(d) (pBamy _ L %)

Z gﬂ' (pd)m.us (777 1n)

T€P(n)

_ (=t T Jloil—n, P (d)
= m Z Hd Mn(0n70i)"£o’i (pd)
=1

O1,...,0m€EP(N)
o1V--Vom=1y

D) &K a(m)
- (n—l)!lzg a

where, on the third line, we define the polynomials {g;(m)};°, as the coefficients of the expansion
with respect to d~!. We immediately know that ¢;(m) =0 (I = 0,...,n — 2) from the second
line. One can verify that the degree of ¢;(m) is less than or equal to .

Look at the first line and (4.3.1), and then consider the coefficients of the expansion of
en(pa)™ (n € N) with respect to d~1. Then it follows that its degree is less than or equal to the
degree of its denominator d'. Also, it is true about €, (pg)™ for ™ € P(n).

Thus, what to prove is that the leading coefficient of ¢,_1(m) equals (—r2(pg))™ 'n" 2. The
coefficient polynomial of d"~! in the expansion of

@ m
)" = ] (1 - () 0<d-2>>

Ver

is computed as

h’_%zo <7> <1Z|> (—mé@(pd)('vg'))h <_Hgd>(pd)<|v|;|r>>"r o

ll-‘r"'-‘rl‘ﬂ:n—l

so its leading coefficient is

5 1 @, (i )" @ (Vs )
ll! AN <_’L€2 (pd) < 9 ol TR (pd) 2 .
lsel7 20 Il

l1+--~+l|ﬂ:n—1

Hence the leading coefficient of ¢,—1(m) equals to

(—ss )"t Y > M("g')ll'-(‘?)lr P (m,1,)

weP(n) l1,eslp 20
v n—1
> (’2')> (7, 1)

a={(Vi, i} Wl Flr=n—1
Ven

(_H(d)( )nfl
- (2n —pi))! 2 <

meP(n)
d n—1_n—
= (=r5" (pa))" "2,

where the last equality holds due to Equation (2.4.13). Finally, we obtain

_ J\n—1 0 m
0 i) et
=0

o).

as desired. O
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4.4 Alternative proof of Kabluchko’s limit theorems

In this section, we give alternative proofs for Kabluchko’s two limit theorems by using the
combinatorial formulas in Chapter 2.
Kabluchko’s limit theorem for unitary Hermite polynomial

Let us define Hy(z;t) as a polynomial on C by setting

Hy(z:t) == kzi:(—n’f <Z> exp (-W) 24k zeC, t>0. (4.4.1)

0

The polynomial Hg(z;t) is called the unitary Hermite polynomial with parameter ¢ > 0. By
[Kab22, Lemma 2.1], all zeroes of the polynomial Hy(z;t) are located on the unit circle T. It is
known as the limit polynomial of the Central Limit Theorem (CLT) for finite free multiplicative
convolution of polynomials with roots located on T by Mirabelli [Mir21, Theorem 3.16]. For the
reader’s convenience, we prove this result directly from the definition of finite free multiplicative
convolution.

Proposition 4.4.1. Let d > 2. Suppose p(z) = szl(z — ¢%%) such that

1< 1<
§ — § 2 _ 2
gk:10k—0 and ngIQk =0 .

Then

. K ym do?
m ¢y /m(p)™"(2) = Ha | 20— |-

m—0o0

Proof. First, note that
d 2
0= (Z 0k> = do”? + 2 Z 9j19j2 (4.4.2)
k=1 1<j1 <j2<d

by the assumptions. It follows that

Sul1, (D)) = <Z>_1 Y exp <\/Z.T—n(03‘ N —{—ejk))

1<ii<<jp<d

:<Z>_l (Z)Jr\/zm ST @+t 05)

1< <-<jr<d

1 _3
o Z (0, + -+ +0)* + O(m™3)
1< <-<jr<d

OR{BE )

] (S DL R (S I o FRe
() {5 (1) -(22)) ~own)
—1- m& +0(m™3),
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where we used the assumptions and (4.4.2) on the third line. Thus, €x(¢,, m(p))™ goes to
exp(—k(d — k)o?/2(d — 1)) as m — oo for k = 0,...,d. It means lim,, ;o qﬁl/\/m(p)&dm(z) =
Hy(z;do?/(d — 1)). O

Kabluchko [Kab22, Theorem 2.2] proved that the empirical root distribution of Hg(z;t)
converges weakly on the unit circle to the free normal distribution ¥; on T with parameter ¢ > 0
as d — oo, where ¥; was introduced by [BV92] and studied by [Bia97a; Bia97b; Zhol4; Zhol5].
Moreover, a matricial model in which the moments of (unitary) matrix-valued Brownian motion
at time ¢ converge to ones of ¥; as the matrix size goes to infinity, was constructed by [Céb16].
Further, the free cumulant of ¥; was known (see [DGN15]). We already computed the free
cumulant of ¥; in Section 2.2.

We give another proof of this theorem by showing that the finite free cumulant of Hy(z;t)
converges to the free cumulant of ¥, in which the combinatorial formula (2.4.14) is essential.

Theorem 4.4.2. Consider ¢t > 0. As d — oo, we have
plHa(z; )] = 2,
that is,
nt\ (—nt)" !

0 uCeit) o (=15 ) S = ()

2 n!
Proof. By the definition of Hy(z;t), we have

~ tk(d —k
ek(Hd(z;t)) = €xp <_(2d)> ) k:O717"'7d7

and therefore for m € P(n),

ex(Hg(zt)) H exp (-W)

Ver

eopa(Ee 2 )

_ in t 2
—exp< 2>exp<2d;€;]‘/| )

Due to (2.4.14), a straightforward computation shows that

S En(Ha(z )ik (m, 1)

TEP(n)
t 2\ P
( ) Y exp (MZ!VI >un<w,1n>
EP(n Ver
00 k
_ tn (it 2 P
—ew (-5) X Y <2dZV|> E (7. 10)
weP(n) \ k=0 Ver
n—1
. _in t\"! Z Z’V’Q P(r,1,) b+ 0 1
= ex _— _ n
PL7 n—l! 2d s \& Han T an
tn tN"T ) 1
= R _ . on _1 n—
eXp( 2) n—1!<2d> 27 (n=1)n +O(d">
t £\ ! 1
:exp( ;) (d) n”2+0<dn).
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Therefore we have

oo () 2o ).

lim £ (Hy(2:1)) = exp <_”t> (il

d—00 2 n!

which implies

Combining with Proposition 2.2.1, we obtain the desired result. O

Kabluchko’s limit theorem for unitary Laguerre polynomial

Let Lg,, be the unitary Laguerre polynomial, that is,

Lim (2 zd: ( ) <1 — ?)mzd—’f. (4.4.3)

=0

In [Kab2l, Theorem 2.7], if m/d — t > 0 for some ¢t > 0 as d — oo, then the empirical root
distribution of Lg,,(z) converges weakly on T to the free unitary Poisson distribution II; with
parameter ¢, see [BV92; Kab21] for details on II;. We give a strict statement and an alternative
proof of Kabluchko’s limit theorem for free unitary Poisson distribution as follows.

Theorem 4.4.3. As d — oo with m/d — t for some t > 0, we get
plLam] = i,

equivalently

(d) n—1on _—2nt = (_t)k k—1(T— 2
Ky (Lam) = (—1)"" 2% E o (2n) 1) = K (I1}),
k=1 )

where we understand ngd)(Ldm) =e 2,

Proof. Consider m/d — t for some t > 0 as d — co. By the definition of the finite free cumulants,
we have

2|V
e D O I | (B I {EA !
‘ neP(n) Ver

As d — oo, we get

D )

Ven Ver
m — 1 (2|V])!
o (a0 31O
Vern =1
< =12\
—2nt m
=) g <_d D g )
k=0 Ver =2
e 1V
—2nt —n
=€ Zkl <_d Zf g1 ) +0(d™)
k=0 Ver =2



Let ty :=m/d then t; — t as d — oo by the assumption. Then

N n—1, . \k 0 1\ *
s - GVt 3 S E (575 O e o
k=1

m€P(n) Ver =2
— k
(=)™ o e 1 (2]
= 2 2 D DR E LA k) R TER RCIFa)
meP(n) k=1 Ver =1
— Mo (d)

For short, we write fi(z) := (2z)'/I, and then

k
Ma(d) = (ZZ”}S‘ D) i)
weP(n) k=1 Ver =1
:anl kﬁ szl+l|v| P(ﬂ'l)
w€P(n) k=1 j=1 \Venl;j=1
n— 1( ¢ )k [e)
—Ud
:Z ] Z W Z (Z S+ (V) ) (Z S+ (V) )ME(W, 1n).
k=1 I, 0lg=1 weP(n) Ven Ver

Recall that, for each n € N and l1,--- ,lp € N,

s (fusts oo fys1)(0) = > (Z fll+1(’V‘)> (Z S (IV]) )Mn ™, 1p).

me€P(n) \Ver Ver
By Theorem 2.4.20, if Zle deg fi,4+1 — k <n —1, that is, Zle l; <n—1 then

S]E;n)(fl1+17 o 7flk+1)(0) = 07

also if Zle l; =n —1 then

(n) k 2l +1
Sk; (fll-‘rla"'aflk—‘rl)(o) H l +1 1
=1
(n — 1)127(2n)~1
Thus, we get
ri? (Lam) = ((; — S s fitse e fyr)(0) +O(dY)
’ k=1 ) I, le=1

L+ tlp=n—1

— (_1)n712n672nt

4k k
kf (2n)F14 {(11, k) ENFY Tl =n - 1} +0(@d™)
’ =1

—t\k n —
:(_1)n—12ne—2nt ) ( ]Zl) (2”)k_1<k_i> —|—O(d_1)

Combining with Proposition 2.2.2, we have obtained the result as d — oo. O
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4.5 LLN and CLT for finite free multiplicative convolution on
P,

In this section, we prove the Law of Large Numbers (LLN) and Central Limit Theorems (CLT)
for finite free multiplicative convolution of polynomials with nonnegative roots. Moreover, we
investigate a relation between the limit polynomial from the CLT and the multiplicative free
semicircle distribution on [0, c0).

Theorem 4.5.1. Let p(x) = HZ:1(5U — e%). Assume that

d
Z Qk = Q.
k=1

ISHN

Then
lm ¢y 7, ()™ () = (2 — *)?,

m—r0o0

Proof. A simple computation shows that

A= (1) X eo(twnr0)

1< << <d

:<Z>1 <Z>+; S (0 +--05) +O(m?)

1<ii<--<jp<d

(O (D) L) S on)

1
=14+ —-ak+0(m™?).
m

This implies that

lim & (d1/m (p))" = e,

m—o0

and therefore .
d
: Mgm _ _1\k ak, d—k _ _ Lad
im0, (p) () => (-1) <k>€ T (z—e”)
O

We then investigate the central limit theorem for polynomials with non-negative roots and
their limits as the degree goes to infinity. As a remarkable notice, their proofs are parallel to
those in Section 4.4.

Theorem 4.5.2. (1) Let d > 2. Suppose p(z) = [[f_,(z — %) such that 1 S°{_, 6 = 0 and
i S¢_, 67 = 0. Then we have

. m do?
i o =1 (22

m—»00 d—1

and

Iy(x;t) == i(—l)’f (Z) exp (Wt) 4k, t>0.

k=0
(2) As d — oo, we have
M[[Id(l';t)]] l> At,

where \; is the multiplicative free semicircle distribution on [0, 00).
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Proof. A similar argument to the proof of Proposition 4.4.1 shows that

- k(d—k 3

er(d1)ymp) =1+ 2(((1_1)7)”0'2 +0(m™z).
Thus, 5k(¢1/\/m(p))m goes to exp(k(d — k)o?/2(d — 1)) as m — oo for k = 0,...,d. It means
limy, 00 ¢1/\/m(p)&dm(z) = Iy(z;do?/(d - 1)).

For the latter part, a similar argument to proof of Theorem 4.4.2 also shows

n nt)n—1
kD (I4(x;t)) = exp (;) ( tr)zl +0(d™").

This implies that

d—o0

lim R;d)(jd($§ t)) = exp <> = Kln(Det/Q (nt))a

as desired. O

Remark 4.5.3. The multiplicative free semicircle distribution A; on [0,00), introduced in
[Bia97a, Proposition 5]. Note that )\, coincides with D,./2(n;), where 7, is the probability
measure on [0,00) appeared in [SY13]. Indeed, the n-th moment m,, () is given by

nt\ 2 pk-l /g
k
exXp (2) > <k+1)t >0
k=0

A similar argument to the proof of Proposition 2.2.1 shows that

n n n—1
en) = exp (5 ) 0 = (D)

for all n € N, and therefore Ay = D,./2(n;) for t > 0.

4.6 Finite free analogue of Tucci’s limit theorem

Tucci’s limit theorems for Free multiplicative convolution

In this section, we introduce free multiplicative convolution and its characterization via the
S-transform (see [BV93] for more details). For a probability measure u # dp on [0, 00), we define

* tz

Yu(z) = T p(dt), z€ C\[0,00).
0 — 1z

It is known that its inverse function ¢! exists in a neighborhood of (1({0}) —1,0), and then

we define the S-transform of u as

Su(2) = 2y, 2 e (u{0}) - 1,0).

z

According to [BV93], for probability measures u,v # dp on [0,00), the free multiplicative con-
volution p X v is characterized by

SAMV(Z) = Su(Z)SV(Z),

for all z in the common interval where all three S-transforms are defined. Note that the common
interval is not empty since (u X v)({0}) = max{p({0}),»({0})} (see [BV93, Lemma 6.9]).

Some kind of limit theorem for free multiplicative convolution of a probability measure on
[0, 00) was obtained by Tucci [Tucl0] and Haagerup and Moller [HM13].
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Proposition 4.6.1. Let us consider p € Py. As n — oo, the sequence of (,ugn)% converges

weakly to the measure ®(u) € P4 characterized by

() <[0 S(;_DD —t te (u{oh),1) 461)

@(p)({0}) = p({0}).

Moreover, the support of the measure ®(u) is the closure of the interval

((Am}—yddw>—lzémtuwﬂ><:mﬂm)

Example 4.6.2. (1) Let MP be the (standard) Marchenko-Pastur distribution which is defined
as

A —1)
e | .
g (0,4)(t) dt

Then ®(MP) is the uniform distribution U(0, 1) on the open interval (0, 1), see [Ued21].

MP (dt) =

(2) Consider 1 = (9 + 01). Then we have

1 1
(p(:u‘) = 550 + )2 1(0,1/2) (t)dt7

2(1— ¢
since S,(t) = (2+2t)/(1 +2t), t € (—1/2,0) implies that ®(u)([0,¢]) = 271(1 —¢)~ for all
1/2 <t < 1.

Finite free analogue of Tucci’s limit theorem

In this section, we provide the finite free analogue of Tucci’s limit theorems. First, we calculate
the n-th power of finite free multiplicative convolution of polynomials that have only non-
negative real roots. Let A be the multi-set of roots of p¥4" for n > 1 and a monic polynomial
p of degree d with non-negative real roots. We put A := AW, for short.

Lemma 4.6.3. Let p be a monic polynomial of degree d with non-negative real roots A. Then
we have

G(AMy =g, 0<i<d (4.6.2)
In particular, p and p™4™ have the same multiplicity of zeros.

Proof. Note that

and then by the definition
d /d .
pn(a) = S (e
i=0

This is equivalent to (4.6.2). The last assertion holds because the number of zeros in A is equal
to k if and only if

ed_k(A) >0 and eg_p+1 (A) =0,

where we understand egy1(A) = 0. O
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Due to the relation (4.6.2), we obtain the following limit for roots of finite free multiplicative
convolution of polynomials.

Theorem 4.6.4. Consider a monic polynomial p of degree d with non-negative real roots A and
let k = k(p) be the number of zeros in A. Let A := {)\gn) > )\gn) > > )\Eln)} be the multiset
of non-negative real roots of p®”. Then

3=

\ < 1<i<d-—k.
e a E
Remark 4.6.5. Note that )\Z(n) =0ford—k+1<i<dby Lemma 4.6.3.

Proof. For 1 <i <d — k, Equation (4.6.2) implies that

A ) "
gi—1<A(n))_<€i_1(A)) : (4.6.3)

For i = 1, Equation (4.6.3) implies that

A A _
e =& (A™) =& (A"

Since

we obtain

and therefore ()\g"))% — e1(A) as n — oo.
For 2 <i <d—k, we have

(n)
ei(A(”)) B ZJc[d], |J|=i (Hje] )‘j )
ci-1(A) 2o Jcid, |J|=i-1 (HjeJ )\S' ))

N > Jcid, [Jl=i <HjeJ Aﬁ"’)
B (iill))‘gn))‘gn) T )‘gi)l
A (4
( d ))\gn))\én) . )‘('ﬁ)l

i—1 7

Similar to the estimation above, we obtain

ei(A™) (AN (d> ).
ei—l(A(n)) - )\gn))\gn) . )‘(ﬁ)l

Consequently, we have

() ey ()24

7

and therefore, by using (4.6.3),

() i) == ()




Taking the n-th root of each value in the above inequality, we get

(2) s =omt = ()

Hence, we obtain ()\Z(n))% — €;(A)/e;—1(A) as n — oc. O

For a positive number a > 0 and a monic polynomial p(z) = Hle(a: — ;) with non-negative

real roots, we define
d

P () = [J@ = ).

i=1

Remark 4.6.6. According to Theorem 4.6.4, if p is a monic polynomial of degree d with non-
negative real roots A and k is the number of zeros in A, then
)

Remark 4.6.7. Let p be a monic polynomial of degree d with non-negative real roots A =
{A\1 > -+ > A\g}, k the number of zeros in A, and )\En) the i-th real root of p¥a” for 1 < i < d.
By Newton’s inequality (see, e.g., [HLP52]), we have

ei(A) S €ir1(A)

d—k ~
im (pan (%) ) = 2 — ei(A)
tim (p%)3) (2) [[( =

n—r00 gi—

Thus, this is the finite free analogue for Tucci’s limit theorem.

= > — , 1<i<d—-k—-1, 4.6.4
IV EATY (4.6.4)
where the equality holds if and only if A\; = --- = A\;. However, the inequality (4.6.4) can be
directly proven by Theorem 4.6.4 due to )\En) > )\Ei)l.

Consequently, we find the following remarkable phenomenon; except for trivial cases, the
1
limit roots of (p'zd")(i), not being zero, are all distinct.

In particular, we apply Theorem 4.6.4 to the (normalized) Laguerre polynomial and a poly-
nomial with two real roots.

Example 4.6.8 (Case of the normalized Laguerre polynomial). Consider d > 1. Recall the
normalized Laguerre polynomial (4.1.2):

d ) '
£ = 3y (§) Gl

=0

Let A be the set of positive real roots of p = ES). Note that

d d-1 d—i+1

=, — .. <1<
ei(A) pi 7 g , 1<4<d

and hence p has no zero roots since p(0) = eg(A) # 0.

Suppose that )\gn) > 2> )\&") are non-negative real roots of p®". By Theorem 4.6.4, we
obtain

T
_
U
L

+
=

L) 4 : d—i+1
lim (A = W) g i =
'rll—>ngo( ¢ ) ei*l(A) % . % .. d7;+2 d

for 1 <i < d, where note that ep(A) = 1.
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Example 4.6.9 (Case of a polynomial with two roots). Given d > 1, consider the following
monic polynomial p of 2d degree:

p(x) = 2%z — 1)4, d>1,

and put A ={1,---,1,0,---,0} as the set of roots of p. Then we get
——— ——

d times d times

;)

fevj(A):i 0<j5<d,

ey

and e;(A) =0 for d+1 < j < 2d. Suppose that /\gn) >0 > Afin) are positive real roots of p¥d™,
By Theorem 4.6.4, we have

d—i+1

. n)y L
tim ) = 5=t

n—o0 ¢

forall 1 <i<d.

Remark 4.6.10 (Rate of Convergence). According to the proof of Theorem 4.6.4, it is easy to

see that
€i(A) 1
:1 —
8 (’éH(A)) o (n) ’
as n — oo.

We demonstrate an example in which the rate of convergence is of order 1/n and it is optimal.
Consider d = 2 in Example 4.6.8, that is, p(x) = 2% — 22 + 271, As a consequent result of a
proof of Lemma 4.6.3, we obtain p™2"(x) = 22 — 2z 4 27" for n € N. Hence (positive) real roots
of p™2" are given by

3=

log(A™)

A =14 v1—2, A =112

It is easy to see that limnﬁoo(Agn))% =1, limn%oo(Aén))% = 1/2 and also

n)y L n)\ L 1
n (log()\g ))rlz —log 1) — log 2, n <10g()\g ))}z —log 2> — —log 2,

as n — oo. Consequently, the order 1/n is optimal.

Further, we investigate how the empirical root distributions of the limit polynomial obtained
by Theorem 4.6.4 (or Remark 4.6.6) converge weakly as d — oo. For the reason above, we
henceforth emphasize their degree as follows.

Let pg be a monic polynomial of degree d with non-negative real roots Ag = {A\j 4 > -+ >
Ad,q} and let k4 be the number of zeros in Ag. Denote by R;(Aq) the limit roots of (p?d")(%) as
n — oo for 1 <17 < d, that is,

€i(Ag)

€i-1(Ag)’
as provided in Theorem 4.6.4. In the following, we investigate relationships between the empirical
root distributions:

Ri(Ag) =

d d
1 1
Hd = pl i:E 1 Ox.a and Vg = d ;:1: OR(Aq)-

Lemma 4.6.11. Let p; be a monic polynomial of degree d with non-negative real roots Ag,.
Assume that kg = 0 (equivalently, Agq > 0 or R4(Ag) > 0). Then we have

[ togt) i) = [ 0gtyvatar).
0 0

61



Proof. Note that the integrals [ (logt) ug(dt) and [~ (logt) v4(dt) are finite since kg = 0. A
direct computation shows that

%) d
/0 (log ) va(dt) = ;Zlog Ri(Ay)

€i(Aq)
= d21 ) (by Theorem 4.6.4)

1
= log e4(Aq) (since €p(Ag) = 1)
1 d

d
1 o0
= 72 loea = /0 (log £) jrald).

O]

We study how the empirical root distributions vy = 52? 1 0R,(n,) behave as d — oo when

=7 Zz 1 0, , converges weakly to some probability measure on [0, c0).

Proposition 4.6.12. Let p; be a monic polynomial of degree d with non-negative real roots
A4. Assume that there exist p € P4 . and a compact set K in [0,00), such that the measures
g and p are supported on K for all d > 1, and such that pug — p as d — co. Then we obtain

Ri(Ag) — /0 "t de)

as d — oo. In addition, if 0 ¢ K, then it satisfies that

Rd(Ad)—>< /Ooot_lu(dt)>_l and /Ooo(logt)ud(dt)% /Ooo(logtyl)(u)(dt)

as d — 0o, where ®(u) is defined in Proposition 4.6.1.

Proof. By the assumptions and Theorem 4.6.4, we get

d 00 o)
Ri(Ag) = e1(Ag) = %Z zd—/ tud(dt)%/o tp(dt),

as d — o0.
Moreover, we assume that 0 ¢ K in the following statement. Note that the functions ¢ + ¢!
and ¢t — logt are bounded and continuous on K. We then obtain

Ra(Ay) = eZdlAj{d = <Cllzd: ld)l ) </O°° t_l,ud(dt)>_1 . (/OOO t—lu(dt)> -1

as d — oo. It follows that k; = 0 from 0 ¢ K. By Lemma 4.6.11, we obtain

| togtwatn = [ “Gogtyatin > [~ qogtiu(ar).

According to [HM13, Proposition 1], the last integral equals to [ (log)®(u)(dt), and therefore
we get the convergence. O
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We give examples of the weak limit laws of empirical root distributions 52?:1 OR;(Ay) B8
d — oo.

Example 4.6.13. (1) In Example 4.6.8, it was shown that R;(Ag) = 9= 4=+ when we consider

7(1)

pq = L, . with non-negative real roots A4 for each d > 1. It is easy to see that

d
1 w
y §‘1j5d§+1 2 U(0,1) = ®(MP),

as d — oo, where the last equality holds due to Example 4.6.2 (1).

(2) In Example 4.6.9, we obtained that R;(Asg) = Qdd:i;jrll for 1 < i < d when py(x) = x%(z —1)¢

with non-negative real roots Asy. For any bounded continuous functions f on [0, 00), we get

[ ()

1 1
50'}‘7262% 11-:_11] dt :if( 7d

where the last equality holds by changing variable to u = ¢/(1 + t), and therefore

1 1 1
—50 + 52 Zé d-it1 — 250 + Wl(m/z)(t)dt =0 (2(50 + 51)) ,

2d—i+1

as d — oo, where the last equality holds due to Example 4.6.2 (2).
According to Proposition 4.6.12 and Example 4.6.13, it is natural to conjecture as follows.

Conjecture 4.6.14. Let p; be a monic polynomial of degree d with non-negative real roots
Ag={ Mg > > Ngal- Let us further consider € Py .. Assume that the empirical root
distributions of pg, that is, 5 Zl 1 0y, , converge weakly to i as d — co. Then we obtain

d

1 w

p Z OR,(Ag) — P(1)
=1

as d — oo.
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