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Abstract

We study quark and lepton flavor structures on magnetized T /Z, twisted orbifold model.
There are 6,460 number of flavor models but most of them cannot lead to realistic flavor observ-
ables because of the difficulties on realizing mass hierarchies and small (large) mixing angles
of quarks (lentons). We find that certain zero point patterns of zero-modes of fermions and
Higgs fields give the flavor models being able to avoid these difficulties. We classify such flavor
models and show numerical example. Also we study (T2 x T2)/ZP™ permutation model and
its Zs twist orbifolding. Additionally we study Yukawa matrices at three modular symmetric
points, 7 = 7, w and ico, where S, ST and T-symmetries remain. We find Yukawa matrices on
T?/Z, orbifold have a kind of texture structures because of the residual symmetries.

Next we study four-dimensional (4D) modular symmetric quark flavor models without fine-
tuning. Mass matrices are written in terms of the modular forms. The modular forms become
hierarchical as close to the modular symmetric points depending on its residual charges. Ac-
tually the residual Zy symmetries with N > 6 can originate the large quark mass hierarchies.
Also the products of residual symmetries such as Z3 x Z3 x Z3 have such possibility. First we
study the quark flavor model with I'gs symmetry. We assume the vicinity of the cusp 7 = ioco
where residual Zg symmetry remains. To make our analysis simple we use only I'g singlet
modular forms. Consequently we find the models realizing the order of the quark mass ratios
and the absolute values of the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements without
fine-tuning. In the same way, we study the quark flavor models with A4 x A4 x A4 symmetry.
Then we discuss the CP violation caused by the value of the modulus 7 and show numerical
example. Results imply the quark flavors including the CP phase require non-universal moduli.

Finally we construct the Siegel modular forms. Zero-modes on T at 7 = 0 are the Siegel
modular forms of weight 1/2 for the subgroup of Sp(6,Z). They have several moduli parameters
and therefore have the possibility realizing the flavor structures including the CP phases. We
study the Siegel modular forms transformed by 3(96) and show numerical example using the
singlet Siegel modular forms. We find one of moduli patameters w; works on the large mass
hierarchies and wy works on the CP violation successfully in our model.
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Chapter 1

Introduction

In recent years, the Standard Model (SM) of the particle physics was established by the dis-
covery of the Higgs particle. It gives precisely consistent predictions with almost all of the
observations in experiments so far. However, there are still unsolved mysteries in the particle
physics. The origin of the flavor structures of quarks and leptons is one of such problems.
Up-sector quarks, down-sector quarks and charged leptons have large mass hierarchies while
neutrinos have extremely small masses. Moreover quarks have small mixing angles while lep-
tons have large one. Also non-vanishing CP phases exist in both quark and lepton sectors. To
describe them, the SM needs to tune 22 real parameters. Ten real parameters are for six quark
masses, three mixing angles and one CP violating phase. Remaining twelve real parameters are
for six lepton masses, three mixing angles and three Dirac and Majorana CP violating phases.
Especially, it seems to be unnatural that the SM has hierarchical values of parameters to realize
large mass hierarchies. Thus explaining the flavor structures without fine-tuning is one of the
challenging issues in present-day particle physics.

To understand the origin of the flavor structures, two types of approaches, bottom-up and
top-down approaches have been carried out. Non-Abelian discrete flavor models are one of the
bottom-up approaches. They have used non-Abelian discrete groups such as Sy, Ay, A(3N?),
A(6N?) and so on as the flavor symmetries of quarks and leptons [1{11]. These symmetries
are broken after the gauge singlet scalars (so-called flavons) get the vacuum expectation values
(VEVs). However the configuration of them becomes complicated in order to realize the flavor
structures and it is still artificial.

Recently modular symmetric flavor models have been proposed. In the models, the su-
perpotentials are invariant under the modular transformation Sp(2,Z) ~ SL(2,Z). Then
three-generations of quarks and leptons are regarded as three-dimensional (reducible or irre-
ducible) representations of the finite modular groups. Hence, their mass matrices as well as
Yukawa couplings are also the representations of the finite modular groups. Therefore they
are written in terms of the modular forms for the finite modular groups which are the holo-
morphic functions of the modulus 7 [12] El Instead of flavons, the modular symmetry in mass

!The modular flavor symmetry was also studied from the top-down approach such as string theory [14H30].
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matrices is violated by the VEV of the modulus 7. It is remarkable that the finite modular
groups I'y for N = 2,3,4 and 5 are isomorphic to the non-Abelian discrete groups S3, A4, Sy
and Ajs, respectively |13]. In this sense, the modular symmetric flavor models are attractive
way describing the flavor structures in the framework of the non-Abelian discrete symmetries
without complicated configurations of the VEVs of the flavons. Indeed the modular symmetric
flavor models in T'y ~ S5 [31], T's ~ Ay [12], Ty ~ Sy [32] and T's ~ Aj [33,134] have been pro-
posed. Furthermore the modular symmetries including higher levels and covering groups were
studied [20}35-40]. Using them, phenomenological studies have been widely studied in many
works [12,31-34},136-39,41-81]. (See for reviews Refs. [82//83].) Then ambiguities of coupling
constants exist in the mass matrices and most of the works have used them as free parameters.
Consequently they have succeeded to realize the flavor structures by tuning these parameters.
On the other hand it is still difficult to explain the flavor structures by fewer parameters. In
addition, there remains the difficulties on realizing large hierarchies of fermion masses without
fine-tuning.

The residual symmetries of the modular symmetry have the possibilities describing hierarchi-
cal fermion masses without fine-tuning. At three modular symmetric points, 7 = i, w = e2™7/3
and oo, S, ST and T-symmetries remain [44]. Then the modular symmetry breaks into resid-
ual Zy, Z3 and Zy symmetries, respectively, where N is the level of the finite modular group.
The modular forms with the residual charge r take hierarchical values " where ¢ stands for the
deviation of the modulus 7 from the modular symmetric points. Thus, the residual symmetries
make mass matrices hierarchical and can lead to large hierarchical fermion masses without
hierarchical values of the coupling constants. Along in this way, Refs. [77,84] have succeeded
to obtain realistic lepton flavor observables without fine-tuning. Moreover the quark flavor
structures were described in I's ~ A, [85,86], I}, ~ S} [87], Sj x S3 [88], I's ~ S5 x Ay [89] and
Ayx Ayx Ay [90]. Both quark and lepton flavors were studied in S [91] and I'; [92]. On the other
hand, Refs. [85,86}90] have shown the difficulty on obtaining both quark hierarchical masses
and the CP violating phase simultaneously. Particularly numerical studies in Ref. [90] have
implied that the vicinity of the modular symmetric points is favored for the large hierarchical
fermion masses while it is disfavored for the CP violation. Refs. [85[86,[90] have indicated that
the models with multi moduli parameters can avoid such difficulty. Multi modular symmetries
were studied in Refs. [93195]. Also, the Siegel modular forms which are generalized modular
forms of Sp(2,Z), have Sp(2g,Z) modular symmetry described by several moduli. Therefore
they are promising way explaining the flavor structures. However, the studies of the modular
symmetric flavor models using the Siegel modular forms are developing works.

In this paper, we discuss the quark flavor models with I's symmetry. We use residual T’
(Zs) symmetry at the cusp 7 = ico to reproduce quark mass hierarchies without fine-tuning.
As another possibility realizing such mass hierarchies, we also discuss the quark flavor models
with Ay x Ay x Ay symmetry. We use residual ST and T-symmetries at 7 = w and ico, where
Z3 X Z3 X Z3 symmetry remains. Then we will see the quark mass ratios and the absolute values
of the CKM matrix elements can be realized in the vicinity of the modular symmetric points
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without fine-tuning. Also we will see the inconsistency between the large quark mass hierarchies
and the CP violation through numerical studies. Furthermore, we study the construction of
the Siegel modular forms for subgroups of Sp(6,7Z). The Siegel modular forms for subgroups of
Sp(4,7Z) and Sp(6,Z) can be constructed from magnetized 7% and T° models of the superstring
theory, respectively [96-100]. Then we will show the quark flavor observables including the
CP phase can be realized without fine-tuning by deviating multi moduli parameters from the
modular or CP symmetric points.

As one of the top-down approaches, higher dimensional theories are also attractive. They can
lead to non-Abelian discrete flavor symmetries as geometrical symmetries of extra-dimensions.
In particular, the supestring theory is promising candidate for the unified theory. It predicts
ten-dimensional (10D) space-time; extra six-dimensions are assumed to be compactified. Thus
six-dimensional (6D) compact space may lead to the flavor structures through its geometrical
symimetry.

The torus compactification T? x T2 x T? of the superstring theory is one of the simplest
compactifications. Two-dimensional (2D) torus 7?2 has the modular symmetry Sp(2,Z) =~
SL(2,7) as the geometrical symmetry. Therefore it may lead to 4D modular symmetric flavor
models as the low-energy effective theory. On the other hand, we need to derive 4D chiral
theory as the low-energy effective theory since the SM is a chiral theory. It is remarkable
that the torus compactification with magnetic fluxes leads to 4D chiral theories [96,101-107].
The zero-mode wave functions on torus have chiral solutions depending on the signs of the
fluxes. Additionally, they have the solutions whose degeneracy number is determined by the
sizes of the fluxes. Thus there is the possibilities realizing three-generation chiral fermions
on magnetized torus model. Orbifoldings of torus have further possibilities realizing three-
generation zero-modes. Actually, several numerical studies have shown that realistic flavor
observables can be realized [108-116]. In this paper, we discuss quark and lepton mass matrices
derived from magnetized T?/Z, twisted orbifold model. Zero-modes in magnetized T?/Z,
orbifold model transform non-trivially under the modular symmetry [19-26}/117]. We expect
that three-generations of fermions originate from one of 72s and other tori do not contribute
to the generation structures. Therefore we concentrate on zero-mode wave functions on 72 and
its orbifold 72 /Z, in our analysis.

Yukawa couplings on magnetized torus and its orbifolding models are given by the overlap
integrals of zero-mode wave functions. As a result, they are written in terms of the modular
forms and described by the modulus 7. Note that there are no ambiguities of coupling con-
stants up to the overall factors in mass matrices contrary to ones on 4D modular symmeric
flavor models. This is because Yukawa couplings are explicitly calculated from the overlap
integrals of zero-modes of fermions and Higgs fields. Then the mass terms of Higgs fields (u
terms) are important. In general, the superstring theory as well as magnetized orbifold models
predicts multi pairs of Higgs fields. They have the same quantum numbers under the SM gauge
group SU(3) x SU(2) x U(1) and can couple to quarks and leptons. Hence the fermion mass
matrices are given by the linear combinations of multi Higgs VEVs and Yukawa couplings. The
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direction of Higgs VEVs is aligned in the lightest mass direction. In the superstring theory,
unfortunately Higgs p terms are forbidden at the perturbative level. Insteadly, they can be
induced from nonperturbative effects such as D-brane instanton effects. However, it is still diffi-
cult to determine the lightest mass direction of Higgs fields uniquely on the magnetized orbifold
models because of the shortage of the instanton zero-mode configurations giving Higgs u terms.
In our analysis, we regard the direction of Higgs VEVs as free parameters as in Refs. [110-113].

Similarly, D-brane instanton effects can induce Majorana masses of right-handed neutrinos
[118-122]. Generating the smallness of neutrino masses is important. Such masses are realized
through the seesaw mechanism by introducing heavy Majorana mass terms of right-handed
neutrino. In Ref. [123], possible Majorana masses on magnetized T?/Z, are classified. In our
analysis we assume the same D-brane instanton effects to reproduce the light neutrino masses.

As same as 4D modular symmetric flavor models, deriving hierarchical fermion masses is
the key issue on the magnetized orbidold models. On 4D modular symmetric flavor models it
is solved by the deviation of the modulus from the modular symmetric points. In place of this,
we use the deviation of the Higgs VEVs here. The mass matrices of up-sector quarks, down-
sector quarks and charged leptons are approximately rank one matrices. Hence, realistic mass
matrices are realized in the vicinity of the directions of Higgs VEVs leading to rank one mass
matrices. One way to find such directions is using texture structures of Yukawa matrices at the
modular symmetric points. Suitable combinations of Yukawa textures can give rank one mass
matrices. In Ref. [114], Yukawa textures at the modular symmetric points have been classified
and the directions of Higgs VEVs leading to rank one mass matrices have been studied. On
the other hand, such method is available for the modulus at the modular symmetric points.
Here, we study another way using the property of wave functions on the compact space. As we
will see, such way is applied for not only quark and charged lepton mass hierarchies but also
to find the directions of Higgs VEVs leading to small (large) mixing angles of quarks (leptons).
We will classify which flavor models have such directions of Higgs VEVs and show numerical
example realizing quark and lepton flavor observables.

Also, we will study magnetized (T2 x T2)/ZP™ and its orbifold. Additionally we will
discuss Yukawa textures on magnetized T?%/Z,. Yukawa matrices have S(Zy), ST(Z3) and
T(Zy)-symmetries at the modular symmetric points 7 = i, w and ioco, respectively. Then
Yukawa matrices are restricted to specific patterns because of the residual symmetries. In
Refs. [53}[56L63L[75H77], realistic results were obtained at the vicinity of the modualr symmetric
points. (See also Ref. [124].)

This paper is organized as follows. In Chapter [2, we discuss magnetized orbifold models.
In particular, we review torus compactification in Section and study T?/Z, orbifold model
in Section (T2 x T2)/Z%™ and its orbifold models in Section [2.3) and Yukawa textures in
Section In Chapter [3| we discuss 4D modular symmetric flavor models. In particular, we
study the quark flavor models with I's symmetry in Section [3.3] and ones with A4 x Ay x Ay
symmetry in Section [3.4] In Chapter [d we discuss the constructing Siegel modular forms. In
Chapter [§], we conclude this paper. In Appendix [A] we show the equivalence of Wilson lines



13

and SS phases. In Appendix we show the favorable models on T?/Z,, Yukawa couplings
and Majorana neutrino masses used in numerical example. In Appendix [C| we review D-
brane instanton effects inducing Majorana neutrino masses and Higgs p terms. In Appendix
@, we show possible three-generation models on (T2 x T2)/(Z x ZF*). In Appendix [E| we
show decompositions of zero-modes with higher fluxes. In Appendix [F]| we show mass matrix
structures of the favorable models on 7?/Z,. In Appendix |G| we review the group theory and
the modular forms of I's. In Appendix [H] we review the group theory and the modular forms
of Ay. In Appendix we review the group theory and the Siegel modular forms of 5(96).
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CHAPTER 1.

INTRODUCTION



Chapter 2

Magnetized orbifold models

In this chapter, we discuss the magnetized orbifold models of the superstring theory. We
consider the orbifoldings of the magnetized torus compactification of the extra six-dimensions
in the superstring theory. Then we show that the magnetized orbifold models possess the
possibilities to realize flavor structures of both quark and lepton sectors. This chapter is along
in Refs. [22}2325,1141|116].

2.1 Torus compactification

In this section, we focus on the torus compactification of the extra six-dimensions,

MO =RY x T? x TF x T2 (2.1)

2.1.1 10D N =1 U(N) Super Yang-Mills theory

The 10D N = 1 U(N) Super Yang-Mills theory is a low energy effective theory of the superstring
theory. We review the theory on R x T? x T x T3 with magnetic fluxes (See Ref. [96]). We
note that magnetic fluxes can be introduced only on the compact spaces T7 x Tz x T2 because
of the Lorentz invariance on R%3. First we study Kaluza-Klein decomposition with magnetic
fluxes. Let us start from the 10D action,

1 1 -
= ! 2 | ——Te(FMYF, —Tr(AI'"D 2.2
5 d:cH/T?dzZ{ LT By + ST D) (22)

M i=1,2,37T;

where FMN = 8MAN—8NAM—@[AM, AN] and DM)\ = 8M/\—Z[AM, )\] with ]\47 N € {0, 1, ceey 9}
This action is invariant under U(N) gauge transformation,

A= UNUTY, Ay — UAU — (04, U), (2.3)

where U denotes adjoint representation. Here A denotes gaugino fields and Fj;y is the field
strength of the 10D vector potential A;. The second term in the action contains 4D Yukawa

15
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terms,

;—gTr()\FMDM)\) - ;—gTr(—z')\FM[AM, A+ (2.4)

:i —GA\H (i
2gTr( i\l [Au>/\]>+29Tr( IANLT Ay, ) + - - (2.5)

where p € {0,1,2,3} and m € {4,5,...,9}. The second term on the second row in the above
equation corresponds to 4D Yukawa terms. Note that A,, is regarded as 4D scalar fields.

By Kaluza-Klein decomposition, vector fields Ay; and Majorana-Weyl spinors A are decom-
posed into the 4D (= M?*) parts and three of the 2D torus (= T? (i = 1,2,3)) parts as

)

An(@, 21,22, 23) = Z M ninans (T) @ Oarng (21) @ Parny (22) @ Parng (23), (2.6)

ni,n2,mn3

)\(l‘, 215 %2, 23) = Z wmnzm (l‘) ® ¢n1 (Zl) ® wm (22) ® ¢n3<23). (27)

ni,n2,mn3

Here ¢nrn,(2i) is the n;-th excited mode of the 2D vector fields on the i-th torus 77 while

¥n,(2;) is one of the 2D Majorana-Weyl spinors. We introduce the background magnetic fields
on T x T¢ x T,

F= ingidzi VAN diz
i (Malvov. (2.8)
= s My1n,xn, dz Ndz;, i=1,2,3,
M1y.xn.

where N = N, + Ny + N.. The U(N) gauge symmetry breaks into U(N,) x U(N,) x U(N.) by
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the differences of fluxes M, .. These magnetic fluxes lead to the following vector potential,

M Im((gi + Gia)dzi) 1, xn,

ImT ,
Az 2) = P (2 + )z Ly
Imf Im((ifi + Gie)dz) LN, x N,
(2.9)
3111]1\147—% (21 + éia)]-NaxNa
- ;r;nj\l/{r (Zl + Czb)lebe dzi
;TIZr]r‘l/f' (Zi + Cic)In.xN,
;Ilnj\l/{r% (Zi + Cia)lNaxNa
* Qfﬁ (20 + Gio) Ly, dz,  (2.10)
;leé\l{— (Zl + Czc)]-chNC
(Azi)alNaxNa
= (Azi)b]-NbXNb dZZ
(Azi>c]-Nc><Nc
(Aii)alNaXNa
+ (A2i>b1Nbeb dZZ (2.11)
(Aii)clchNc

(A(z, 2))aln,xN,
(A(z, 2)o1n, =N, , (2.12)
(A(2,2)) 1N xN.

where ( is so-called Wilson lines. We can always omit Wilson lines from A(z, Z) by introducing
Scherk-Schwarz (SS) phases instead as shown in Appendix [Al In the following we adopt SS
phases and set Wilson lines vanishing, ¢ = 0.

Next we study the boundary conditions on 772. The 2D torus can be regarded as the complex
plane C divided by a 2D lattice A spanned by two basis vectors ey; = 27 R; and ey, = 2w R;7;
where R; = e;;/2m € R denotes the radius of T? and 7; = ey;/e;; € C denotes the complex
structure modulus of T?. The complex coordinates on T? are defined by z; = u;/e1; where u
denotes ones on C. Then the 2D torus 77 has the metric,

ds® = 2h,d=I'dz), ' = |ey|? ( ) : (2.13)

1 - 1
pa— 2 (02)  pa o L (00} (2.14)
er; \0 0 e; \2 0

The identifications on T? are written as

and the gamma matrices,
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where we have used the notations,

21

—~

1 0
7= 221, él = 0 5 ég = 1 s é3 = 0 216)
0 1

Z3

These identifications give the boudary conditions of the vector potential,

(A(Z+ 6,2+ é))a = (A(Z, 2))a + dX5(5, 22), (2.17)

(A(Z+ 765, 2+ 16:))a = (A(Z, Z))a + dx5:(Z:, Z2), (2.18)
_ M . M

) = (Fotmn ) x5 = (Fretona), (2.19)

where a € {a, b, c}. Note that these correspond to U(1) gauge transformation. Thus the vector
potential is identified up to U(1) gauge transformation under the boundary conditions. These
conditions and the gauge transformation laws in Eq. ([2.3)) mean that the gaugino fields,

XNz, 2) A(z,2) Nz, 2)

)
Nz, 2) = | A(z,2) MNz,2) Ne(x,2) |, (2.20)
Xz, 2) ANP(x,2) \<(x,7)

8y

obey the boundary conditions,
Az, 2+ &) = XYz, 2+ 1) = A (x, 2),

ap od 5\ 27rioc‘f-ﬁ zx?ﬁ(zz) ap = aff od 2 — 2mial? ixa-ﬁ(zi) af Poa (221)
AP (2, 2+ é;) = e X GNP (g 2 N (x, 2+ Ti6) = e X BN () )

where «, 5 € {a,b,c}, a # 3, 0/11527; denote SS phases satisfying a{?,; + alf,; + af%, = 0 and

af 1, af WIQB = i i i
X1 (2) = Tr. Imz;, x5 (z) = Tmr. Im(7z;), I = M, — M. (2.22)

Here A\** are the gaugino fields under the remaining gauge group U(N,) x U(Ny) x U(N,)
while A*? are bi-fundamental matter fields under U(N,) x U(N3), (Na, Ng). We note that the
boundary condition after a contractible loop on T? must be trivial. This requires the quantized
magnetic fluxes,

M. € Z, (2.23)

which is so-called the Dirac quantization condition.
Now we are ready to solve the Dirac equation on T?. We denote the 2D spinors of the
gaugino fields, ¥, (z;), as

g?ﬂ:(zi) g?ﬂ:(zi) gfﬂ:(zi)

wm<zi>=(w“i+), b () = (08, (2) by (z) 0l (a) | (2.24)

Y- O (z) U (z) U (n)

N
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The boundary conditions in Eq. (2.21)) are rewritten in terms of ¢, +(z;) as

e (20 + 1) = pt (2 + 1) = i (2),
B

1%y s (2.25)
wgﬁt('zi +1) = 627”0[11@61)(12 (e Z)waﬁi(Z@) ¢a6 (zi + 1) = 2o

eixgiﬁ(zi)wafgi(zi)-

Here we consider the Dirac equation for zero-modes, 1y, (2;) = (0,4, %0,—)*. The Dirac equation
for zero-modes is written as

_ _Dt
i Dot = (i0%D., + 0% D, Yoe = i (g 7 ) (Zzﬁ 0, (2.26)

Particularly let us consider the equation for 1),y which is given by

Dwoi'i‘ = (WRi)_l(azﬂboi—i— + [Aéia 1/}01'-5—]) (227)
82i¢8?+ (azl + 211117' Zz)w (az’b + QImT Z) gic+
— xR) | (0. - %Zi) ba 3211/1 (0s, + %ﬁzi) k| =0, (228
(azi - 211117' Zl)w <821 QImT Zl)w 821@/)85+

The boundary conditions in Eq. ( requlre the solutions of ¢§? to be constants. On the
other hand, we can find that for & > 0 only wo  have zero-mode solutlons with the degeneracy
number |I7,| while for I',5; < 0 only ;% have such solutions. Similarly we can find that the
solutions of ¢§* are constants; for I}, ¢ > 0 only Yo, have |1}, ‘ 5| number of solutions while
for I op < 0 only @Zzoﬂ have such solutlons Note that these solutions have the exclusivity for
the chiality. Thus, we obtain [I/4| generations of bi-fundamental chiral zero-modes on the
magnetized ¢th torus. The explicit formula of the jth zero-mode of 1,1 is given by

(+aif a5 ) 1L ]

’l/} (’Zia Ti)
2
MM Imz; im|1?, |7'7L<J+ L +€> 27i(|I2 42— aaﬁ)<]+a“ﬁ+€>
<|A2|> e ‘I;B‘ 7*7r|1 ﬁ'zllm'r Ze s 1725l e B 2 112 5l (229)
LeZ
| | m% i | m j+au
v B gl pimllislzimrt g | T, (I 5|Zz,|fa5| ), (2.30)
—0421
(j+a1,o |Ia | j—a1,a \I& | *
¢01 o B( Ziy T z) - <¢0 + o g (Ziﬂ'i)) s (231)
where j = {0,1,.. — 1} and A; = |ey;|*Im7; stands for the area of ith torus. The o
J Lo
function is the J acobl theta function defined by
9 {Z} (v, 1) = Zem(“M)QTeQ”(“H)(”b), a,beR, v,7eC. (2.32)

LEZ
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They have the periodicity,

9 m (v +n,7) = €2y m (v, 7), (2.33)
0] [Z] (v + n7,7) = T T 2R g [Z] (v,7), (2.34)
where n € Z. The products of the functions can be expanded as
U 5 rtstNim
9 ]\61 (1/1, NlT) x U ]\62 (VQ, NQT) = Z U N1+N2 (Vl + o, (N1 + NQ)T)
MEZN{ +N,

Nor—Nis+NiNom
< N1N2(](\)’1+N2) (11 Ny — N1, NyNo(Ny + No)T).

(2.35)
Using these properties, we can show the following product expansions of zero-modes [96],
0 Qe ca a cb
(()]l—ah’am) u (Zm ’L) w0k+ 1 21)’| o ZZ;TZ - Z yjkg i j+k+eu H_ 11’0‘2 ) u (zini)7
€T, i |
cb
(2.36)
where |2+ |17, | = |I4,], (5%, ag)+(a5s, agt) = (a2, as?) and yJ5" denotes three point couplings
given by
jke . (.7 + Oélz)agf (k + 0412)0421 (g + OélZ)Oéng)
Yr2 = CULE - T - L)) EXP {2m ( |77, + 7| - A
el =1 T ZialG+og?) —|1iy | (kase) 112, || Tiglm
x v Hapleales (11alass — | Lalas?. [ 1oy Lol 7i)
m=0 0
X 5(]+a11)+(k+a ) —(L+ast), | I, In—|1¢, |m> (237)
with
12 g-1y2 | Lol v
n e Z, (|Izb| |Ii, |- |Il N = (2111’17')_ / A_ / a]—ibca (238)
Also zero-modes satisfy the following normalization condition,
af ,oa I’ k+a ’8 I *
/ dZZdZZ ]+ 14 21 ) | I(Z“ Ti) ( (()ZI 1i ) ‘ QB‘(Z,L', TZ)) — (QImTi)_l/QCSj’k;, (239)
T2
and the periodicity,
P a8y |1 oSt ol i
wojl_ll BH_ 1 21 )7|I ¢(]+ 11 217 ) ‘I ‘7 (240)
G+al? o + DLl G+adf ) Il
ox ol = gt (2.41)
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By use of the normalization condition, it can be found that the definition of three point couplings

in Eq. (2.36]) is equivalent to

7

ke ke 1/2 _ Gatag) |1 (k+ase,age), T, () (Erashagh) [T
Y. = gyrs = g(2Imr) dedwoii * o, + | o, + . (2.42)
T

In Table 2.1, we show the number of zero-modes on magnetized T?, which is given by a size of
the flux M;.

Flux 1 2 3 45 6]|M,
1 2 3 45 6|M,

Number of zero-modes

Table 2.1: The number of zero-modes on magnetized T2.

To calculate 4D Yukawa couplings, we also consider the Klein-Gordon equation for 2D parts
of vector fields, ¢4, (2;), where = is helicity on T?. Laplacian A can be constructed from Dirac
operator D as

2iF.,z,

DD 0 1 1Dt D] 0 Gz 0
(i p)* = < ) = {D',D} + (2 ’ > = A4 | O e ]
0 DDf 2 0 1[D, DT] 0 G

(2.43)

To find functions obeying Klein-Gordon equation, first let us act N = DD on the zero-modes
of 2D spinors g, +. From Dy, = 0, we find

t QW‘IQH
N’woi_’_ — D D¢Oi+ — A - T ¢0i+ — O (244)
Notice that N satisfies
4r|I?
[N, D'] = MD* : (2.45)

(2

A, A,
Y e S 5 W S e S 5 S 2.46
TN, amli s T (2:46)

we obtain the commutation relations,

Introducing

[a,a'] =1, [n,a']=d', [n,ad = —a. (2.47)

Then (a) 4o, +, r > 0, satisfy

A| I 1 An|T 1
a'wOH- = 07 A(aT)r¢0i+ = % (n + 5) (aT)T¢0i+ = Ll B‘ (T‘ + 5) (aT)Tq/JOr‘r' (248)
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This and the above commutation relations correspond to the harmonic oscillator quantum
algebra. Therefore the eigenstates of Laplacian A are given by (a') 4o,y o< (D7), . That is,
the ground state of the vector fields obeying Klein-Gordon equation is written in terms of 1o,
as same as the spinor fields. However, this ground state generally gets nonzero mass eigenvalue,

2 _ 27|11 4]

7 Az
For vector fields on T}, the mass squared is shifted by +4n|I/4|/A; but the ground state is
given by the lowest mass state (minus sign) |96]. Note that this mass value is the contribution

(for scalar fields on T7). (2.49)

from one torus. Including contributions from three tori, we find mass eigenvalue of the ground
state of vector fields,

2r |1} | 27T| | 27T| |
2 _ 2 _ 4 2.50
m Z m; -/41 ./42 A3 ( )

i=1,2,3

where plus and minus signs correspond to scalar and vector fields on T?, respectively. Thus
when we require supersymmetry at af sector, mass of vector fields in Eq. must vanish.

Finally we show 4D Yukawa couplings using Kaluza-Klein decomposition. Substituting
decompositions in Egs. and into 4D Yukawa terms in Eq. and leaving only
zero-modes, we can find

Vi :_Zgg/wdm Yous - [0, Yo,s ), (2.51)
Yoy =55 22T (b, - , 2.52
H/T S Tr(o,- - [bo,4.0,), (2.52)

where trace is regarding to gauge symbols o and Yy is the CPT conjugates of Y{;). Since the
ground states of vector fields ¢o,+ are given by theta functions as 1,1, 4D Yukawa couplings
are given by the products of three point couplings,

YT12><T22><T32(7-17 7—2,7—3> = YT12/22(7—1) X YTQQ/ZQ(TQ) X YT;/ZQ(TS)' (253)

IZ
Hereafter, we focus on the zero-modes of the bi-fundamental matter fields A*?, @Z)(J+a1’ L)

which are written by theta functions. Then we will omit the symbols of the chirality, 4, gauge
representations, af, and the zero-mode, 0, from the notation of zero-modes. Moreover we
denote \Ii6| as M;. Hence, we use the notation of zero-modes, ¢U+e1-02):Mi( ) instead of

| ’L
Yo+

to dlstinguish three tori in the discussion.

(G+ail a5, |1 5] . . ) p e s
R eR (2 7). Also we omit ¢ meaning ith torus on T2 x Ty x T2 if it is not necessary

2.1.2 Modular symmetry

Here we give a brief review of the modular symmetry on 7% and the modular forms [125({128].
The modular transformation is defined as the basis transformation of the 2D lattice A defining

I



2.1. TORUS COMPACTIFICATION 23

<Zi) - (Z Z) (Z) ’ (2.54)

T? ~ C/A. Tt is given by

where
a b
v = (c d) € Sp(2,Z) ~ SL(2,Z) =T, (2.55)
satisfying
T (0 1
vy =J, J= (_1 0/ (2.56)

Under the modular transformation, the complex structure modulus and the complex coordinate
on T2, 7 and z, are transformed as

€ aez +bey  at +b

€ ces +de;  cr+d’
u u 2z

— = = )
e1 ces +dey  cT+d

\]
Il

(2.57)

(2.58)

N
Il

There are two generators, S and T defined by

S— (_01 é) CoT= ((1) 1) . (2.59)

They satisfy the algebraic relations,
S? =1, S*=(ST)=1 (2.60)

S and T-transformations for 7 and z are given by

S 1 IS z
TS ——, 2 ——,
T T (2.61)

T T
T—=17+1, z—=z

The modular symmetry is spontaneously broken by the VEV of 7. The modular transformations
in Eq. mean that there are no value of 7 preserving full modular symmetry. Meanwhile,
there are three symmetric points where the partial modular symmetry (called residual symme-
try) is preserved [44]:

e 7 = is invariant under S-transformation;

2mi/3 —

e T=c¢ w is invariant under ST-transformation;

e T = 300 1s invariant under T-transformation.
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Figure shows the fundamental region D of 7 under the modular group SL(2,Z) ~ I and
the positions of three symmetric points.

o0 ®

D i
2.0
EL5)
1.0 | /“\
i
w
0.5

0.0 : ‘ ‘
-1.0 -0.5 0.0 05 1.0
Rer

Figure 2.1: The fundamental region D of the modulus 7 under the modular group SL(2,Z) ~T.
White and blue corresponds to the fundamental region and gray is out of the region. Three
blue points stand for three symmetric points, 7 = i, w and ioo.

Next let us study the modular forms. We introduce the principal congruence subgroup of
level N, I'(N), which is the normal subgroup of T',
1
(O 2) (mod N) } | (2.62)

a b a b
['((N)=<h= r
={r=(0 a)er|(C 3)
In addition we introduce I' = T'/{£I} and I'(N) = I'(N)/{£I}. We note that h = —1I is not

included in T'(N) for N > 2 but it is included in '(V).

The modular forms of weight k& are the holomorphic functions of 7 transformed as

)2 ey, 1) () f(7), ~ye€T, (2.63)

where p is a unitary matrix satisfying p(y172) = p(n)p(12), 71,7 € T and Ji(vy,7) is the
automorphy factor defined as

Je(,7) = (et +d)F, 4= <CCL Z) erl, (2.64)

which satisfies

Jk(%%ﬁ) = Jk(’h;’h(ﬂﬂk(%ﬁ% Y72 €1 (2-65)
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Especially, the modular forms for T'(IV) further satisfy

Fir) 2 Ju(y, 7)p (h) f(7) = Ju(y, ) f (7)., h€T(N). (2.66)
Since S? : 7= —1: 7 = 7, we obtain
Fir) S (182 () = fi(r), = ()P (1) = 1. (2.67)

This implies p(—I) = —I for £ = 2Z + 1 and p(—I) = I for k£ = 2Z. Thus, the unitary matrix
p(7) is a unitary representation of

Iy =T/T(N) = (S,T|5* = (ST)* =T" =1, S°T =TS5?), (2.68)
for odd weights, k € 2Z + 1, while it is a unitary representation of
Iy =L/T(N) = (S, T|S* = (ST)* =T" =1), (2.69)

for even weights, k € 2Z. It is remarkable that I'y ~ S5, I'y ~ Ay, ['y ~ S; and I's ~ A5 [13].
Also I')y is the double covering group of I'y ﬂ The unitary representation of I'y, p, satisfies
the algebraic relations,

p(S)* = [p(S)p(T)] = p(T)™ =1 (2.70)

Similarly one of I')y satisfies

p(S)" = [p(S)p(T) = p(T)N =T, p(S*)p(T) = p(T)p(S?). (2.71)

The modular forms can be extended to the half integer weights k/2. We introduce the
double covering group of T,

I'={[v,€¢|]ly e, e {x1}}. (2.72)

There are two generators,

S=I[S1], T=I[T,1], (2.73)
satisfying the algebraic relations,

S?=[-11=2, S*=(ST?=[,-1]=2% S =(ST)°=[,1|=1=2* ZT =TZ.
(2.74)

The normal subgroup of f, f(N ), corresponding to I'(N) of I is given by

T(N) = {[h,e] €T|h e T(N), e =1}. (2.75)

1See e.g., Refs. [37H40,79,/129].
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The automorphy factor Ji /2(¥,7) is given by

~ » » b ~
Topior) = dhalnn) = der 0%, kez 5= |y= (1 1) eF @

where we take (—1)¥/2 = e7#7/2. Then the modular forms of half integer weights k/2 are
transformed as (See e.g., [127],130}/131].)

FiE) = D3, 7)) fi(r), F€T. (2.77)

The modular forms for I'(V) further satisfy

F1(0(r)) = Tyyalh, D)p () f (1) = Jija(h, 1) (7). R € T(N), (2.78)
where p is a unitary representation of the quotient group,
Ty =0/T(N)=(S,T|S*=Z, §*= (ST =27, TN = Z* =1, ZT = TZ). (2.79)

Additionally we show the behaviours of the modular forms of weight 1/2 at three symmertric
points 7 = 7, w and ico. Since these points are invariant under S, ST" and T-transformations,
the modular forms which are the functions of 7 have the following invariances at the symmetric
points,
fz(l) = Jl/z(Sai)Pij(;V/)fj(i)a
fiw) = T (ST, w)p? () f (w), (2.80)
fi(ioo) = Jija(T,ic0)p” (7) f (i00).
Before we end this section, we show the modular transformations of the zero-modes on T72.
Under S and T-transformations, the zero-modes ¢U+e1:22):M (> ) are transformed as

¢(j+a1,a2),M(Z’ 7_) i w(j-i—oq,ozz),M(_Z/T’ _1/7_)

= (—7)2plk  (S)yplkrerea) M (y 1y (2.81)
w(j+a1’a2)’M(z, ) ER w(jJral’a?)’M(z, T+ 1)
= P (T2 M (2 7). (2.82)
where
k emi/t i (j+a1) (k+aq)
Py (S) = N ITOETOE 1), () ad) (2.83)
N SO
P (T) = X UG a0 () (2.84)

The automorphy factor in S-transformation, (—7)/?, means that the zero-modes behave as

the modular forms of weight 1/2. Here we focus on the case that (ay,a0; M) = (0,0;2Z)
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and (1/2,1/2;2Z + 1). Obviously in these cases the zero-modes are closed under S and T-
transformations. The unitary representation p for (ay, ag; M) = (0, 0; 2Z) satisfies the algebraic
relations,

~ (2.85)

while one for (o, ag; M) = (1/2,1/2;27Z + 1) satisfies,

p(S)’ = p(Z) = ™/,

p(S) = [p(S)p(T)P = p(Z)* = €™,

(T)YM = ™/, (2.86)
(

(

)
T =p(2)' =1,
)

s

p

2)p(T) = p(T)p(Z).

s

The formers fulfill the algebraic relations of fg u- The laters fulfill ones of fg a- Therefore the
zero-modes on T? with (aq, ag; M) = (0,0;2Z) behave as the modular forms of weight 1/2 for
Topr; ones with (g, e; M) = (1/2,/1/2;2Z 4 1) behave as the modular forms of weight 1/2
for PgM.

2.2 T?*/Z, orbifold

In this section we study magnetized T?/Z, twisted orbifold model. As we will see, there
are further possibilities realizing three-generation zero-modes. Furthermore we can find flavor
models realizing realistic quark and lepton flavor observables.

2.2.1 Zero-modes on 1?/Z,

The T?/Z, orbifold is obtained by further identifying the Z, twisted point —z with z, i.e.
z ~ —z [105H107,132]. The zero-modes on T?/Z, orbifold are required to satisfy

¢T2/Zgn(—2) = €mﬂ¢T2/Zgn(2), m € Ly, (2.87)

in addition to the boundary conditions on T2 in Eq. (2.25). Here m € Z, denotes Z, parity;
m = 0 is Zy even modes and m = 1 is odd modes. Under Z, twist z — —z, the zero-modes on
T? are transformed as

,(/}(jJral,aQ),M(Z) — w(j+a1’a2)’M(—Z> o 6720427711# (j+a1),a2), M(Z) (288)
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Thus, the zero-modes on T?/Z, can be defined as

@Z)éj;;%gw)vM(Z) _ N(j+a1) ( (j+o1,02), (z) + emml/J (j+a1,02), M( Z)) (2.89)
= ) (gl () 4 ety (U-Gre e () (2.00)
= O]k a1,az, Mw (k+a1,a2), M(Z) (291)
where
. 12 (j+a1=0, M/2)
(J+er) — ’ ’ 2.92
N { 1/v/2 (otherwise), (2.92)
and
Ok M — NGt (5. o plm=20)mis Y (2.93)

Note that the consistency between Z, twist identification in Eq. (2.87)) and the torus boundary
conditions in Eq. (2.25) restrict SS phases to

(o, a2) = (0,0), (1/2,0), (0,1/2), (1/2,1/2). (2.94)

Table shows the number of zero-modes on T?/Z, orbifold.

(Zs parity m; aq, ag) || M =even | M = odd
(0;0,0) 2+1 M1
(1;0,0) 21 Mol

(0;1/2,0) y Mil
(1;1/2,0) Yy M-l
(0;0,1/2) yu Ml
(1,0,1/2) z M-l
(0;1/2,1/2) o ML
(1;1/2,1/2) y M4l

Table 2.2: The number of zero-modes on magnetized T?/Z,. Z; parities 0 and 1 correspond to
even and odd modes, repectively.

We additionally show the values of (M;m;aq,as) giving three-generation zero-modes in
Table 2.3
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(M;m;ai,az) | Independent j in 1/}%725“2)’]\/[
(4;0;0,0) (0,1,2)
(5;0;0,0) (0,1,2)
(7;1;0,0) (1,2,3)
(8;1;0,0) (1,2,3)

(5:0;1/2,0) (0,1,2)
(6:0;1/2,0) (0,1,2)
(6;1;1/2,0) (0,1,2)
(7:1;1/2,0) (0,1,2)
(5:0,0,1/2) (0,1,2)
(6;0;0,1/2) (0,1,2)
(6:1;0,1/2) (1,2,3)
(7:1;0,1/2) (1,2,3)

(6:0;1/2,1/2) (0,1,2)

(7:0;1/2,1/2) (0,1,2)

(5:1;1/2,1/2) (0,1,2)

(6:1;1/2,1/2) (0,1,2)

Table 2.3: The values of (M;m;ay,as) giving three-generation zero-modes on magnetized
T2/ Zs.

Yukawa couplings on T?/Z, orbifold are given by the overlap integral of zero-modes on

T2/ZQI

Vibly, = gmr)? [ dadspi M ) wle ) - (e o))
T2 /72 2 2
(2.95)
where
mr +mpg =mg, (296)

is required to make Yukawa couplings Z, twist invariant. Yukawa couplings on T?/Z, can be
rewritten by ones on 72 as

ij“écfz O%;alLonLvML Oﬁiﬂl;mmazmMR (Ofﬁ;:{aleoQHJwH) . sz;k/f’, (297)
where we have used Eq. (2.91]). Hereafter we denote Yukawa couplings on T?/Z, as Y’* instead
Tkt
of Yz, 12"

We also show the modular symmetry in the zero-modes on T?/Z;. Under the modular
transformation, the zero-modes on T?/Z, are transformed as

a1,a2) a1,a2) (k+aof,ab),M
Yoo, HM/Zm M(mzfr,—1/7) = (=1) P2l (S)olhisbo?M (2,7), (2.98)

aq,a ai,a2),M k+a ,a8),M
1/}7?272%” 2) (Z T) % w§22+/zin 2) (Z,T + 1) = pia/(T)w;;/»Zgn 2) (ZvT)u (299>
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where
pjk ,(S) _ { N(i+a1)N(k+a?)%4cés (zﬁ(]_‘_ al)(k + 0/1)) 5(0627041)7(0/170"2)7 (m = 0)’ (2.100)
aa NN o) B sin (357 + o) (K + 1)) S(azan)agapy (M= 1),
pZuko/ (T) = 6%(j+a1)25(al,a2—a1+%)v(aﬁvaé)' (2.101)

Obviously only the zero-modes with (aq, ag; M) = (0,0;2Z) and (1/2,1/2;27 + 1) are mapped
into themselves, as in the case of T2. The unitary representation p satisfies the algebraic
relations in Eq. (2.85)) for (ay, ag; M) = (0,0;2Z) and Eq. (2.86|) for (1/2,1/2;27 + 1).

2.2.2 Zero points of zero-modes

Next let us see zero points of zero-modes on T?/Z,. Zero points are the coordinates such that
(j+o1,a2),M
T2 )78

on zero points at the fixed points which are the invariant points under Z, twist up to lattice

translations of torus. As we will see in Subsection [2.2.4] such zero points have important roles

all zero-mode wave functions vanish, 9 (z) = 0 for all of j. Among them, we focus

on realizing flavor structures in the magnetized T?%/Z, model. The fixed points on T?/Z, are
as follows:

1 7 1+71
Pr = - = . 2.102
F {07 2a 27 9 } ( O)

It is easy to check that these points have Z, twist invariance up to lattice translations.
In the following, we study which zero points the zero-modes wTJ;;%l,;O‘Q)’M(z) have. It depends
on the values of SS phases (ay,ay), flux M and Z, parity of zero-modes. We start from the

boundary conditions at the fixed points to find zero points. It follows from zero-mode formula

in Eq. (2.30)) that

ny + NaT o i M miM Im(ﬂ1+n27' z j+a1+ ng,a2+Mn1 M
ijrahaQ (2+ : ) _ 671'1(]4»011)7116—4 ning o 5 — w ) ) (2)’

(2.103)

where ny,ny € Z. In addition, we can find

m—2as,,(M—(j+a1),a2),M n + neT
(—1)m 2 z
2
; 7 . M M

_ i(j+ai)n M oy, miM Im(ny+na™)z m—Mnina—2(aini+asns))—2(as+%Ln (Mf(]+a1+7n2),a2+7n1),M

=7 i 1) leTa MN2p75 Tmr (_1)( 1m2—2(c1ni+azng))—2(az 2 1)77bT2 (Z)
(2.104)

Combining these boundary conditions at the fixed points, we obtain ones of zero-modes on
TQ/ZQI

) . . . M M
w(]-&-al ,02) 5 ny + noT _ em(j"'al)"lemle Qe%w (]+a1+7n2,a2+7n1),M(2>
T2 /73" 9 o T2/Z£”l )

(2.105)
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where
m' =m — Mning — 2(a1ng + agng)  (mod 2). (2.106)

We note that again m and m’ denote Z, parity for Z, twist; m(m’) = 0 and 1 stand for even
and odd modes, respectively. Substituting z = 0, the relations of the zero-modes between the
fixed points are obtained,

T2 /75" 9 T2 /Zan’

This implies that the values of the zero-modes at the fixed points are given by in terms of ones

¢(J+a1 ,a2) (nl + 77,27') _ 67ri(j+oc1)n1 MMn1n2¢(3+a1+%n27a2+%n1)7M(0>‘ (2107)

at z = 0. Hence we should check whether the zero-modes at z = 0 vanish or not to find which
zero points zero-modes have. From the definition of zero-modes in Eq. (2.91]), we find that the
zero-modes at z = 0 satisfy

Uaay “M0) £ 0, wgoe M (0) = o, (2.108)

for all of j, (a1, a3) and M. Thus when the right-hand side in Eq. (2.107)) has Zy odd parity,
that is,

m' =m — Mnins — 2(a1ng + asng) = 1 (mod 2), (2.109)

the left-hand side in Eq. (2.107) always vanishes. Consequently we can find the zero points of
zero-modes as shown in Table 2.4l

(m;aq,c0) M =272 M=27Z+1

(0;0,0) None HTT
(1;0,0) Oaé,ngTT 07%,%
(0;1/2,0) 3 3
(1;1/2,0) 0,3 0,Z,4r
(0,0,1/2) 55 ITT 5
(1;0,1/2) (1)% (1) I f
(0;1/2,1/2) §é 35 g
T 0

(1;1/2,1/2) 0,

N|

Table 2.4: The zero points of each zero-mode at the fixed points. Z, parities 0 and 1 correspond
to even and odd modes, respectively.

We additionally consider the zero points of the derivative of the zero-modes on T?/Zs.
Differentiating the boundary condition at the fixed points in Eq. (2.105]), we obtain
.o N1 + NoT
8 gz ()
mM wiM Im(ny+no7)z < 6 M

— emilitan)ni B nang 5 =

0z + ATmTt

; M M
(m + ngﬂ) e O]

T2 /78
(2.110)
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Substituting z = 0, we find

(j+a1,a2) ni + naT __mi(jHar)ny MMy n ﬁ wM = (i+e1+in2,a0+ 4 ne), M
%/Zm ( 2 ) = e G T iy 2T ) Vg (©).

(2.111)

Notice that the derivatves of Zs even and odd modes are Zy odd and even modes, respectively.
Therefore the derivatves of Zy even modes vanish at z = 0 while ones of odd modes are nonzero,

w;@*/;a M) =0, w;;;i 02l M(2) £ 0, (2.112)

for all of j, (a1, ) and M. Using the zero-modes at z = 0 in Eq. and the derivatives

of the zero-modes at z = 0 in Eq. , it is found that either the first or second terms on

the right-hand side in Eq. vanihies at z = 0 but the remaining term does not vanish.

Thus only the derivatives of Z, even modes vanish at z = 0 whereas they does not vanish at
1 T

z = 3,5 and 1+T. The derivatives of Zy odd modes does not vanish at all fixed points. We
summarize the result in Table 2.5

(myag,a0) M =2Z M=27Z+1

(0:0,0) 0 0
(1;0,0) None None
(0:1/2,0) 0 0
(1;1/2,0) None None
(0;0,1/2) 0 0
(1;0,1/2) None None
0:1/2,1/2) 0 0
(1;1/2,1/2)  None None

Table 2.5: The zero points of the derivatives of each zero-mode at the fixed points. Z, parities
0 and 1 correspond to even and odd modes, respectively.

We comment on why the zero points of the derivatives of zero-modes are different from ones
of the zero-modes. This is due to the z dependence of the boundary conditions in Eq. .
It leads to the second term in Eq. and zero points of the derivatives of zero-modes differ
from ones of zero-modes.

2.2.3 Three-generation models

Here we study three-generation models on 7?/Z,. We classify all possible three-generation
models with non-vanishing Yukawa couplings. As we have seen in Subsection the gauge
symmetry U(N) in the 10D U(N) Super Yang-Mills theory is broken into U (N, ) x U (Ny) xU (N,)
by the background magnetic fluxes. Then nine types of the matter fields A\ appear as in
Eq. (2.20). We remind the following results regarding to the 2D spinors of A.
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e For M,3 > 0, af sector with the positive chirality has M,z degenerate solutions but So
sector with the positive chirality has no solution.

e For M, > 0, af3 sector with the negative chirality has no solution but Sa sector with
the negative chirality has M, degenerate solutions.

e o« sector has constant solution.

For example, when M,, > M,. > 0, the 2D spinors ¥4 have the solutions,

[ fye g e const.  ylllhias Mk kit ot e
Uy = e 9 ) = | no solution const. w;é;;;;bc M | (2.113)
L i j‘b £ no solution  no solution const.
( e ghab  qpac const. no solution no solution
b = ,¢;_a wg_b wgc _ (wTQjZaib’%b)’M“b)* const. no solution
\ P PP e (w(TQl;Zﬁic’% JMacys (lﬂ(Tiszfi’% WMy const,

(2.114)

where Mg, + mpe = Mge and My, + My = M,.. In this case, A%(N,, Ny), \*(N,, N.) and
(N, N,) with positive chirality and A\*(N,, Ny), A?(N,, N.) and A*(N., N,) with negative
chirality remain massless in the 4D effective theory after the chirality of the 10D gaugino fields
is fixed. Here we concentrate on this case and assume A has left (negative) chirality.

As a toy model, let us start from U(8) gauge symmetry and choose (N, Ny, N.) = (4,2,2)
to obtain the Pati-Salam gauge symmetry SU(4) x SU(2) x SU(2)g up to U(1) factors, which
contains the SM gauge symmetry SU(3)g x SU(2)r x U(1)y. Note that some of the U(1)
part may be anomalous and massive according to the Green-Schwarz mechanism. On this
model, \%(4,2), \*(2,2) and \%(2,4) correspond to left-handed matter fields (quarks and
leptons), (charge-conjugated) right-handed matter fields and higgsino fields. Here we suppose
supersymmetry at the ab, bc and ac sectors. This means there are the same number of Higgs
fields and higgsino fields. Also supersymmetry ensures that tachyonic modes do not appear
at tree levels. Insteadly we can break U(8) to SU(3)g x SU(2), x U(1)y up to U(1) factors
by suitable magnetic fluxes and Zy twist orbifolding. See for details of model building Refs.
[111},/133].

As we have seen in Subsection the extra-dimensional parts of the gaugino fields are
written by the products of the zero-modes on T?, i = 1,2,3. When the extra-dimensions are
given by T?/Zq x T3]y x T}]Zs, they are written by ones on T7?/Zy, i = 1,2,3. As shown
in Table we can find various three-generation zero-modes on T?/Z,. When we realize
three-generation zero-modes on T7/Z,, a single zero-mode must appear on both T3 and T3 to
obtain three-generation quarks and leptons. Then three-generations of all fermions must be
originated from T} /Zy. Otherwise Yukawa couplings are rank one matrix which is not favorable
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phenomenologically. For example when three-generations of left- and right-handed matter fields
are originated from T7/Zy and T%/Z,, respectively, Yukawa couplings have the following rank
one structure,

” .
Y’Z‘ZIQ/ZQXTQQ/ZQXTg/ZQ(T17 T2, ’7'3) = YIZIQ/ZQ (T1> X Yj%/ZQ(TQ) X YT32/Z2(7'3), (2115)

where j denotes three-generation indices of left-handed matter fields, k& denotes ones of right-
handed matter fields and we omit indices of higgsino fields. On the other hand, when three-
generations of left- and right-handed matter fields are originated from T%2/Z,, Yukawa couplings
are generally rank three matrices:

Yok

ik
Tf/ngTg/ngTg/Zg (7'1, T2, 7‘3) = YIZE/ZQ (7’1) X YTQQ/ZQ (7’2) X YT'?’Q/ZQ (7’3), (2116)

where Yz /,(72) and Y72z, (73) just contribute to the overall factor of Yukawa couplings. Thus
we should consider the case where three-generations of all fermions are originated from only
T?/Zs, and other orbifolds do not affect the generation structures. In what follows, we concen-

trate on Yukawa couplings on T2/ La, szlffZQ,

Y%?fZQ(Tl) = g(QIHlT1>1/2/ ledzllpi(Zl,Tl) X wﬁ(zl,ﬁ) X (w%(zl,Tl))*, (2117)

T2/Z

where ij, Yk and %, denote zero-modes on T?2/Zy of left-, right-handed matter fields and
higgsino fields, respectively.

Yukawa couplings on T?/Z, are required to be Z, twist even in total. That is, Yukawa
couplings must be the overlap integrals of three even modes or pairs of one even modes and

two odd modes. Otherwise they vanish. All possible Z, twist mode patterns of zero-modes are
shown in Table 2.6

Type | p1(A)  ¥r(A™) Yu(A*)
I even even even
11 odd even odd
1r even odd odd
111 odd odd even

Table 2.6: Possible Z, twist mode patterns of zero-modes leading to non-vanishing Yukawa
couplings for one torus.

Note that the type II is equivalent to type II’ by flipping left- and right-handed matter
fields. These patterns are consistent with Eq. (2.96)).

Furthermore the definition of the fluxes in Eq. (2.22)) requires the flux condition,
|[éb‘ + |[l§c| = ‘[zlzc’ — M(/ib + lec = Ml

ac*

(2.118)
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Similarly, SS phases must satisfy

(af”,05") + (o}, a5%) = (af%,05°)  (mod 2). (2.119)

Eq. and these mean that when we choose the values of (M*%; m®_ a$° a57) of ¢, and ¥p
to make them three-generations, ones of higgsino ¢y are decided. Hence, the generation number
of higgsino as well as Higgs fields is automatically decided. In Table[2.7] we classify all possible
three-generation models with non-vanishing Yukawa couplings satisfying M, + My, = M.
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Table 2.7: Possible three-generation models with non-vanishing Yukawa couplings on T?/Z,
twisted orbifold. The first column shows the Z, mode types shown in Table The second,
third and fourth columns show (flux; Z, parity; SS phases) of ¥, ¥g and 1y, respectively.

The fifth column shows the number of Higgs fields. We omit three-generation models which are

equivalent to the models shown in this table by flipping left- and right-handed matter fields.

(type)

(ML; mr;air, OézL)

(Mg;mpg; 0qp, a2r)

(MH; myg; g, 042H)

Q
T

(D
(D
(1)
(1)
(D
()
(1)
(1)
(D
()
(1)
(1)
()
(D
(1)
(1)
(D
(1)
(1)
(D
()
(1)
(1)
(D
(D)

(4;0;0,0)
(5;0;0,0)
(7;1,0,0)
(8;1;0,0)
(5;0;1/2,0)
(6;0;1/2,0)
(6;1;1/2,0)
(7;1;1/2,0)
(5;0;0,1/2)
(6;0;0,1/2)
(6;1;0,1/2)
(7;1;0,1/2)
(6;051/2,1/2)
(7;0;1/2,1/2)
(5;1;1/2,1/2)
(6;1;1/2,1/2)
(5;0;0,0)
(7;1;0,0)
(8;1;0,0)
(5;0;1/2,0)
(6;0;1/2,0)
(6;1;1/2,0)
(7;1;1/2,0)
(5;0,0,1/2)
(6;0,0,1/2)
(6;1;0,1/2)
(7;1;0,1/2)
(6;0;1/2,1/2)
(7,0;1/2,1/2)
(5;1;1/2,1/2)
(6;1;1/2,1/2)
(7;1;0,0)
(8;1;0,0)
(5;0;1/2,0)

(8;0;0,0)
(9;0;0,0)
(11;1;0,0)
(12:1;0,0)
(9;0;1/2,0)
(10;0;1/2,0)
(10;1;1/2,0)
(11;1;1/2,0)
(9;0;0,1/2)
(10;0;0,1/2)
(10;1:0,1/2)
(11;1:0,1/2)
(10;0;1/2,1/2)
(11;0;1/2,1/2)
(9;1;1/2,1/2)
(10;1;1/2,1/2)
(10;0;0,0)
(12:1;0,0)
(13;1;0,0)
(10;0;1/2,0)
(11;0;1/2,0)
(11;1;1/2,0)
(12;1;1/2,0)
(10;0;0,1/2)
(11;0:0,1/2)
(11;1;0,1/2)
(12:1:0,1/2)
(11;0:1/2,1/2)
(12;0;1/2,1/2)
(10;1;1/2,1/2)
(11:1;1/2,1/2)
(14; 0; 0, 0)
(15;0;0,0)
(12;1;1/2,0)

Sy 00O O Oy Ut oY U Oy Ot O Ot Oy Ot O U Oy O O O Ot O O Ot O Ot O O Ot Ot Ot Ot Ot Ot Ot
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(type)

(A4L;”@L;Q1L>&2L)

(AfR;”lR;alR,aéR)

(AfH;ﬂ1H§a1H,a2H)

Q
T

(I1)
(I11)
(I11)
(1)
(I1)
(I11)
(I11)
(1)
(1)
(I11)
(I11)
(I11)
(1)
(I1)
(I11)
(I11)
(IT)
(1)
(I11)
(I11)
(IT)
(IT)
(I1T)
(I11)
@

(5; ,0)
(5; 0 1/2 0)
(5;0;1/2,0)
(5;0;1/2,0)
(5;0;1/2,0)
(5;0;1/2,0)
(5;0;1/2,0)
(5;0;1/2,0)
(5;0;1/2,0)
(5:0;1/2,0)
(5;0;1/2,0)
(5;0;1/2,0)
(6;0;1/2,0)
(6;0;1/2,0)
(6;0;1/2,0)

(6;0;1/2,0)
(6;1;1/2,0)
(7:1;1/2,0)
(5;0,0,1/2)
(6;0,0,1/2)
(6;1;0,1/2)
(7;1;0,1/2)
(6;051/2,1/2)
(7,0,1/2,1/2)
(5;1;1/2,1/2)
(6;151/2,1/2)
(8:1:0,0)
5:0;1/2,0
6;0; 1/2 0

( )
( )
(6; ,0)
(7; 1 1/2 0)
(5:0;0,1/2)
(6:0:0,1/2)
(6:1:0,1/2)
(7:1:0,1/2)
6:0:1/2,1/2)
7;0;1/2,1/2)
5,1;1/2,1/2)
6;1;1/2,1/2)
(5;0,1/2,0)
(6;0;1/2,0)
(6;1;1/2,0)
(7;1;1/2,0)
(5;0,0,1/2)
(6;0;0,1/2)
(6;1;0,1/2)
(7;1;0,1/2)
6;0;1/2,1/2)
7:0;1/2,1/2)
5;1;1/2,1/2)
6;1;1/2,1/2)
(6;0;1/2,0)
(6;1;1/2,0)
(7,1;1/2,0)

(13;1;1/2,0)
(13;0;1/2,0)
(14;0;1/2,0)
(12:1;0,1/2)
(13;1;0,1/2)
(13;0;0,1/2)
(14;0:0,1/2)
(13;1;1/2,1/2)
(14;1;1/2,1/2)
(12;0;1/2,1/2)
(13;0;1/2,1/2)
(16;0;0,0)
(13;1;1/2,0)
(14;1;1/2,0)
(14;0;1/2,0)
(15;0;1/2,0)
(13:1:0,1/2)
(14;1;0,1/2)
(14;0;0,1/2)
(15;0;0,1/2)
(14;1:1/2,1/2)
(15;1;1/2,1/2)
(13;0;1/2,1/2)
(14;0;1/2,1/2)
(10;0:0.0,0)
(11;0:0.0,0)
(11;1;0.0,0)
(12;1;0.0,0)
10;0;1/2,1/2)
11:0;1/2,1/2)
11:1;1/2,1/2)
12:1;1/2,1/2)
11;0;0.0,1/2)
12;0;0.0,1/2)
10:1;0.0,1/2)
11:1:0.0,1/2)
(12;0;0.0,0)
(12;1;0.0,0)
(13;1:0.0,0)

—~ o~~~ T /N /N /N
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(ML; mr;o1rL, a2L)

(MR; Mmpg; 1R, 042R)

(MH; mug;01H, OéQH)

Q
T

(Ir)
(ir)

(6;0;1/2,0)
6:0;1/2,0
6:0;1/2,0
6:0;1/2,0
6:0;1/2,0
6:0;1/2,0
6:1;1/2,0
6:1;1/2,0
6:1;1/2,0
6:1;1/2,0
6:1;1/2,0
6:1;1/2,0
6:1;1/2,0
6: 1; 1/2 0

( )
( )
(6; )
( )
( )
( )
( )
(6; )
( )
( )
( )
( )
( )
(6; ,0)
(6; 1 1/2 0)
(7:1;1/2,0)
(7:1;1/2,0)
(7:1;1/2,0)
(7:1;1/2,0)
(7:1;1/2,0)
(7:1;1/2,0)
(7:1;1/2,0)
(7:1;1/2,0)
(7:1;1/2,0)
(5:0;0,1/2)
(5:0;0,1/2)
(5:0;0,1/2)
(5:0;0,1/2)
(5:0;0,1/2)
(5:0;0,1/2)
(5:0;0,1/2)
(5:0;0,1/2)
(6:0;0,1/2)
(6:0;0,1/2)
(6:0;0,1/2)
(6:0;0,1/2)
(6:0;0,1/2)
(6:0;0,1/2)

(5;0;0,1/2)

(7;1;0,1/2)
6;0;1/2,1/2)
7;0;1/2,1/2)
51;1/2,1/2)
6:1;1/2,1/2)

6:1;1/2,0)
7,1;1/2,0)
5,0;0,1/2)
6;0;0,1/2)
)
)

e s N R

(

(

(5;

(
(6:1;0,1/2
(7:1;0,1/2

(6;0;1/2,1/2)

(7;0;1/2,1/2)

(5:1;1/2,1/2)

(6;1;1/2,1/2)

(7:1;1/2,0)

(5;0;0,1/2)

(6;0;0,1/2)

(6:1;0,1/2)

(7:1;0,1/2)

6:0:1/2,1/2)

7:0;1/2,1/2)
5:1:1/2,1/2)
6:1:1/2,1/2)

(5;0;0,1/2)

(6;0;0,1/2)

(6:1;0,1/2)

(7:1;0,1/2)

6:0:1/2,1/2

7;

5;

6;

(

(

(

(6;
(
(
(

)
0;1/2,1/2)
1:1/2,1/2)
1,1/2,1/2)
6;0;0,1/2)
6;1;0,1/2)
7,1;0,1/2)
(6:0:1/2,1/2)
(7;0;1/2,1/2)
(5;1;1/2,1/2)

(
(
(5
(6;

(11;0;1/2,1/2)
(13;1:1/2,1/2)
(12;0:0.0,1/2)
(13;0;0.0,1/2)
(11;1;0.0,1/2)
(12:1:0.0,1/2)
(12;0:0.0,0)

(13;0:0.0,0)

(11;1;1/2,1/2)
(12;1;1/2,1/2)
(12:0:1/2,1/2)
(13;0;1/2,1/2)
(12:1;0.0,1/2)
(13;1;0.0,1/2)
(11;0:0.0,1/2)
(12;0:0.0,1/2)
(14;0: 0.0, 0)

(12:1:1/2,1/2)
(13;1;1/2,1/2)
(13;0;1/2,1/2)
(14;0;1/2,1/2)
(13;1:0.0,1/2)
(14;1;0.0,1/2)
(12;0,0.0,1/2)
(13;0;0.0,1/2)
(10;0:0,0.0)

(11;0:0,0.0)

(11;1;0,0.0)

(12;1;0,0.0)

(11;0;1/2,0.0)
(12;0;1/2,0.0)
(10;1;1/2,0.0)
(11;1;1/2,0.0)
(12;0;0,0.0)

(12;1;0,0.0)

(13;1:0,0.0)

(12;0;1/2,0.0)
(13;0;1/2,0.0)
(11:1;1/2,0.0)

Gl - O O Ot =J Ot Ot &Y O Ot O O O 1 O =1 O =1 O =1 & 00 O O O O O O O O 1 =1 O Ot = & =~ Ot
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(type) | (Mp;mp;aip, aar) | (Mg;mp; g, azr) | (Ma;my; a1, con) | gu
(IT) (6:0:0,1/2) (6:1:1/2,1/2) (12:1;1/2,00) | 6
(III) (6;1;0,1/2) (6;1;0,1/2) (12;0;0,0.0) 7
(I11) (6;1;0,1/2) (7:1;0,1/2) (13;0; 0,0.0) 7
(11) (6:1;0,1/2) (6:0;1/2,1/2) (12;1;1/2,0.0) | 6
(I0) (6:1;0,1/2) (7:0;1/2,1/2) (13;1;1/2,00) | 6
(1) (6:1:0,1/2) (5:1:1/2,1/2) (11;0;1/2,0.0) | 6
(1) (6:1:0,1/2) (6:1:1/2,1/2) (12:0;1/2,0.0) | 6
(I1D) (7:1;0,1/2) (7:1;0,1/2) (14;0;0,0.0) 8
(11) (7:1:0,1/2) (6:0;1/2,1/2) (13;1;1/2,0.0) | 6
(10) (7:1;0,1/2) (7:0;1/2,1/2) (14;1;1/2,0.0) | 7
(1) (7:1:0,1/2) (5:1:1/2,1/2) (12:0;1/2,0.0) | 6
(1) (7:1:0,1/2) (6:1:1/2,1/2) (13;0;1/2,00) | 7

(1) (6:0:1/2,1/2) (6:0:1/2,1/2) (12;0;0.0,0.0) | 7
(1) (6;0;1/2,1/2) (7:0;1/2,1/2) (13;0,0.0,00) | 7
(Ir) | (6:0;1/2,1/2) (5:1;1/2,1/2) (11;1;0.0,0.0) | 5
(Ir) | (6:0:1/2,1/2) (6:1:1/2,1/2) (12:1;0.0,0.0) | 5
1) (7:0;1/2,1/2) (7:0;1/2,1/2) (14;0,0.0,0.0) | 8
(Ir) | (7;0;1/2,1/2) (5:1;1/2,1/2) (12;1;0.0,00) | 5
Ir) | (7:0;1/2,1/2) (6:1:1/2,1/2) (13;1;0.0,0.0) | 6
(I1T) (5;1;1/2,1/2) (5;1;1/2,1/2) (10;0;0.0,0.0) 6
I | (5:1:1/2,1/2) (6:1:1/2,1/2) (11;0;0.0,0.0) | 6
(D) | (6;1:1/2,1/2) (6:1;1/2,1/2) (12:0;0.0,0.0) | 7

In the same way, three-generation models with non-vanishing Yukawa couplings satisfying

My, — My, = M, can be classified. However, such three-generation models have single Higgs
field and it is difficult to realize flavor structures. Therefore we ignore them hereafter.

2.2.4 Phenomenologically favorable conditions

Here we study quark and lepton flavor models on the magnetized T2/Z,. We consider all
possible zero-mode assignments into left-handed quark doublets Q = (ur,d;)?, right-handed
up-sector (down-sector) quark singlets up (dg), left-handed lepton doublets L = (v, er)7,
right-handed neutrino (charged lepton) singlets vg (eg), and up and down type Higgs fields
H, . Here and hereafter we denote (flux; Z, parity; SS phases) of the zero-modes assigned
into each field of f € {Q = (ur,dp)”, ur,dg|L = (vp,er)", vr, er|Hy, Ha} by By. Additionally
we denote the jth zero-mode of each field as @Z)} We note that the zero-modes of quarks and
leptons must be three-generations; therefore (flux; Z, parity; SS phases) of them are chosen
from the values shown in Table Then mass matrices for up-sector quarks, down-sector
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quarks and charged leptons, M, My and M, are given by
M= YIHG, M= YD, M = Y, (2.120)

where (H} ;) denote Higgs VEVs and

VM = gletmr) [ dedzu, -0k, (Wh) = gClr)'? [ sz, ok, ), (2120
Vi = oot [ dsizg, v, - (o) = o) [ sl vk, h, (212)
Y = g(2Imr)!/? / dedzyd, 0, - (W) = g(2Imr)!/? / dedzyy - O, - (V)" (2123)

On the other hand, the light neutrino mass matrix, M,, can be induced through the seesaw
mechanism:

M, = MpMppMp, (2.124)

where Mprp is Majorana mass matrix of right-handed neutrinos and Mp is Dirac mass matrix
given by

Mk = vk, (2.125)
with
st [ty b 6t [t ot .

In Appendix [C.1], we give a brief review of the Majorana mass terms of right-handed neutrinos
induced by the D-brane instanton effects on the magnetized T?/Z, model. Non-vanishing
Yukawa couplings are obtained when (flux; Z, parity; SS phases) for quarks and leptons satisfy

Bg+ By, = BrL + B,, = Bu,, Bg+ Ba, = Br+ B, = Bu,. (2.127)

We assume the fluxes of the zero-modes of up and down type Higgs fields are larger than ones of
quarks and leptons to obtain multi generation Higgs fields. Moreover generation numbers of up
and down type Higgs fields must be same to cancel the chiral anomaly in 4D supersymmetric
models. As a result, we find that 6,460 number of flavor models satisfy these conditions.
However, it is not clear which models are phenomenologically favorable among them. Actually,
there are some difficulties to realize realistic quark and lepton flavor observables and most of
models are disfavored. In what follows, we show the difficulties and find the conditions to avoid
them.
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Condition for up-sector quark masses
First we show the difficulty on realizing up-sector quark mass ratios. Since up-sector quarks
have large mass hierarchy, its mass matrix can be approximated as a rank one matrix,

My,
MIF = YIM(H,) = (U)! me Uk (2.128)
my

O(1079)

oc (UMT O(1073) Up (2.129)

1

0

= (UM 0 Uk +0O(107%), (2.130)

where U} and U} are unitary matrices to diagonalize M,,. This approximate rank one structure
requires the direction of up type Higgs VEVs, k!, such that

Elhf; s.t. YJM(Hﬁ) = Myank one  (condition I), (2.131)

where M. ank one denotes a rank one matrix. If this condition is fulfilled, the mass hierarchy in the
up-sector quarks can be realized by taking (H’) = h! +&% such that g, /h, ~ O(Z) ~ O(1073).

me

Condition for down-sector quark and charged lepton masses

Second let us see the difficulty on realizing both down-sector quark and charged lepton mass
ratios. The down-sector quark and charged lepton have large mass hierarchies and their mass
matrices are approximated as rank one matrices,

mq
Mt =Y ]H(HY) = (U ms Ug (2.132)
my

O(107%)

oc (UHT 0(1072) U (2.133)

1

0

= (UH)! 0 Us + 0(1072), (2.134)
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M
MZ* = Y*(Hg) = (Up)! My Ur (2.135)
mr

O(1074)

o (U)T 0(1072) U (2.136)

1

0

= (U 0 Ug + O(1072), (2.137)

1

where U and Ug are unitary matrices to diagonalize My; Us and U§, are ones for M,. These
approximate rank one structures require the direction of down type Higgs VEVs, kY, such that

ahg s.t. }/djké<H§> = MRank one) (2138)
YIM(HY) = Mgank one,  (condition 7). (2.139)

If this condition is fulfilled, the mass hierarchies in the down-sector quarks and charged leptons
can be realized by taking (H') = hf + &4 such that e4/hg ~ O(Z2) ~ O(1072).

mp

Condition for quark mixing
Third we study the difficulty on realizing quark mixings. The quarks have small mixing angles.
Indeed, the absolute values of the CKM matrix elements are observed as

0.974  0.227 0.00361
Vexm| = [(UHTUE = | 0226 0973 0.0405 | . (2.140)
0.00854 0.0398  0.999

This is approximately a unit matrix. Therefore the following condition,
Ui ~ Uy, (2.141)

should be satisfied. This can be realized when unitary matrices u}’%; which diagonalize rank
; JkE ) 170
one matrices Y,y (H, 4) as
jk

() P YTFHHD ] o |0 : (2.142)

satisfy the following condition,

u¥ =u?  (condition IIT). (2.143)



2.2. T?/Zy ORBIFOLD 43

Notice that when this condition is satisfied, we can take the basis where u%, u?, u% and ué% are
unit matrices. In such basis, the quark mass matrices are given by

0
1
0
MIF = yI*HY = YIF(RG + %) 0 +0 <$—b> : (2.145)
1

where we have assumed that the conditions I and II are satisfied. These mass matrices imply
that the unitary matrices Uf”% which diagonalize M, 4 can be estimated as

1 0 0 1 O(%) ¥ x 0 * * O(2e)
U}if,R ~ 10 1 O(%) 0 1 0 x x 0] ~ * * (’)(%)
o) 1 o) 01 00 1 O(z=) O(m) 1
(2.146)
I 0 0 L0 OF)\ [+ * 0 * x  O(2)
Ug,R ~ 10 1 O(ZZL—Z) 0 1 0 x % 0] ~ * * @(%)
0 0G) 1 J\oG) o 1 00 1/ O o) 1
(2.147)
where * stands for unestimated values. Then the CKM matrix are estimated to be
* «  O(e) * % O(1072)
Vokm ~ * «  O(e) | ~ * * O(107?) | . (2.148)
o) O(ne) 1 O(1072) O(1072) 1

This estimation is consistent with the experimental results in Eq. (2.140f). Thus the condition
IIT in Eq. (2.143) can partially realize small mixing angles in the CKM matrix.

Condition for lepton mixing
Fourth we study the difficulty on realizing lepton mixings. The leptons have large mixing
angles. Indeed, the absolute values of the PMNS matrix elements are observed as

0.801 — 0.845 0.513 — 0.579 0.143 — 0.156
[Vonns| = | 0.232 — 0.507  0.459 — 0.694 0.629 — 0.779 | . (2.149)
0.260 — 0.526 0.470 — 0.702 0.609 — 0.763

To find the condition to realize these values, we consider the light neutrino mass matrix under
the condition I in Eq. (2.131)),

ME = Y Mgl (V)T (H) (2.150)

= YR (Mgl ™ (VTR + O(eu) + O(E7). (2.151)
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Since we assume ¢, /h, ~ O(%) ~ O(107%), the first term is dominant in above. The direction

of h,, is determined to fulfill the condition I and there are no parameters to be used for realizing

lepton mixings. Thus it is difficult to realize realistic lepton mixings by the first term in
Eq. (2.151) unless Mgg and YJ*h! have ideal structures. This difficulty can be avoided when
the following condition is satisfied,

YIMBE = Mgank one = Y7¥hE =0 (condition IV). (2.152)
When this condition is fulfilled, the light neutrino mass matrix is given by
MJF = Y Mgl ™ (V) el

w*

(2.153)

The structure of this mass matrix can be controled by the directions of €,. Therefore there are
the possibilities to realize realistic lepton mixings by taking suitable directions of ¢,.
In Table we summarize all conditions we have proposed to realize realistic flavor ob-

servables.
Conditions
| Jht s.t. YI*h! = rank one matrix
11 | 3nf s.t. Ydﬂdhfl = rank one matrix, and Y7*h4 = rank one matrix
11 uj, = uj
1Y YIkht = rank one matrix = YJ*hl =0

Table 2.8: The conditions I, II, ITT and IV.

We regard these conditions as phenomenologically favorable conditions. In the following,
we study which models can fulfill these conditions.

2.2.5 Zero point analysis

To find which flavor models are phenomenologically favorable, we study the model constraints to
satisfy the conditions I, II, III and IV which require the directions of Higgs VEVs, h,, 4, leading
to rank one (for quarks and charged leptons) and vanishing mass matrices (for neutrinos).
Here we show such directions can be obtained in several cases by checking the zero points of
zero-modes of each field. In more detail, patterns of zero points which zero-modes of each
field have determine whether the directions of Higgs VEVs h,, 4 satisfying the conditions I, II,
ITT and IV exist or not. The procedure is as follows. First we start from Yukawa couplings
between left-handed fermion zero-modes 7,0%, right-handed fermion zero-modes 1%, and Higgs
field zero-modes 1Y,

Y — gy = g@tmn) " [ dedzl ) vh(e) - (W) (2.154)
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Then we consider the structures of Yukawa couplings for each zero point pattern of zero-modes.
As we will see, the zero point patterns have the information which linear combinations of
Yukawa matrices lead to rank one or vanishing mass matrices. Second we will construct unitary
transformation matrices for Higgs field zero-modes which correspond to this linear combination.
Finally we classify the structures of mass matrices in each zero point pattern. Here we denote
sets of the zero points at the fixed points of ¢, % and 1% as Py, , Py, and P,,; ones of the
derivatives of ¢, % and 1% as Py, P}, and P}
Yukawa couplings between v, 9% and 1% lead to the product expansion,

V1(2) - Wi(2) = v (2). (2.155)
Let us focus on one point z = p on T?%/Z, (not necessary to be the fixed points),
V1) - V() = ¥V (p). (2.156)
We consider a unitary transformation for @/}i such as
Wl — g = U” (p WJJL/a (2.157)
cosbtly 0 —sinfy 1 0 0 e~tao 0 0
Uyl (p) = 0 1 0 0 cosf —sind, 0 e 0 . (2.158)
sinfy, 0 cosby 0 sinf; cosb, 0 0 e (
where
J fi P,
;= { argwg(pj» orp & Py, (2.159)
arg (a—wL(p)) forp € Py, ,
tan~! z%gg forp ¢ Py,
tan T2 () orp e ry,,
tan~! i) for Py,
92 — ’wL(p)| Slngl"’“;‘f[,(p))" cos th p ¢ YL (2161)
—1 9z 7L
e+ Zoi et 07 P € Purs
After the unitary transformation for p ¢ P, , redefined zero-modes ¢ (z) satisfy
W (p) = dpp) =0, i(p) #0. (2.162)
For p € Py, , the derivatives of redefined zero-modes zﬂi(z) satisfy
9 7.0 9 71 9 72
— = — =0, — 0. 2.163
02 Vr(p) 02 Y1 (p) " 9. Vi(p) # ( )

Note that when p ¢ P,, , it is unknown whether the derivatives of redefined zero-modes %@/}JL(Z)
vanish or not. Similarly when p € P, , it is unknown whether redefined zero-modes 17 (z) vanish
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or not. In the same way, we can obtain redefined zero-modes, 1/A)R and ﬂH, for ¢ and ¥y by
unitary transformations Uy, (p) and Uy, (p). They satisfy

U(p) = Vk(p) =0, Th(p) #0 for p ¢ Py, (2.164)
Lg(p) = ZUR(p) =0, ZUi(p) #£0 for p € Py,

Do (p) = dh(p) = - = 0 2 (p) =0, P (p) #0 forp & Puus (5 165)
Z0%(D) = Zdk(p) = = ZVW 2 (p) =0, LT p) #£0 for p € Py,

where gy denotes generation number of Higgs fields.
Now we are ready to discuss the structures of Yukawa couplings for each zero point patterns.
We consider the product expansions of redefined zero-modes,

A . ~

W (2) - U(2) = PG (2), (2.166)

where

Y = g™ = UF (0)UR (0) (UFf (p)"Y7*" = g(2Imr)"/> / dzdzy] (=) - U(2) - (0 ()"
(2.167)

Let us consider all possible zero point patterns for 1%, 1[1% and z/}fi{ Non-vanishing Yukawa
coupling conditions in Egs. , and mean that when we choose the values
of (flux; Z, parity; SS phases) of 121% and @ZZ to make them three-generations, ones of 1/3% are
determined. Since zero points of zero-modes at the fixed points depend on the values of (flux;
Zs parity; SS phases) as classified in Table [2.4] we can find all possible zero point patterns from
non-vanishing Yukawa coupling conditions. Additionally, Table [2.4] and imply that when
pisin Py, it is not in prf for f € {L, R, H}. Consequently, we find the following zero point
patterns are possible:

(1) p¢ Py, p & Py, p & Py
(2) p€ Py, p € Py, p & Pyys
(3) pe Py, pE Pypyp€E Py, WEP,,p¢ Py,
(4) pE Py, p€ Py, pE Py, (DEP,,, pELF,).

In each pattern, we consider the structures of Y7kor—1) — UéﬂL/ (p)U[ZZ’ (p)(UQEJgHH_l)E(p))*Yj/W/

because we take the Higgs mode basis such that (gy — 1)th zero-mode of Higgs fields is non-
vanishing at p and others vanish.
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Pattern (1) p ¢ Py,, P & Pyp, P & Py,
Table shows the zero points of redefined zero-modes in this pattern.

A k

vy, = Uszwa Pyyp o Pypsp Py, )

A ik

@Dg% = U’Z’R¢§ PlﬂR? p P¢R’ p PwR i

A - k

Q/qu:UiHQ/’Z Pi/)va Pil)H;p PﬂJH’p PwH’p

PiZ)va PwH

Table 2.9: Zero points of redefined zero modes in pattern (1).

Then the product expansion in Eq. (2.166)) at z = p leads to

?ﬁjL(p) T%C-z(p) = g 1%{(1?) & YIkerT o §i25k2 (rank=one matrix) (2.168)
—— N——
oxdJ-2 k2 (9 —1)
s YU (p))* = Mpank one- (2.169)

Pattern (2) p € Py, p € Py, P & Py,
Table [2.10] shows the zero points of redefined zero-modes in this pattern.

g —2 g —1

ror =
w]L = U@JZ;L¢E PwL PIZJL Pl/JL -
Ny ”

1/}1?. = Uisz% P¢R PQ!)R
Ny &

¢%{:U1i;Hw];{ Pyu 0 Ppys P Py 0 Pyy, p

Piﬁva PwH

Table 2.10: Zero points of redefined zero modes in pattern (2).

Then the product expansion in Eq. (2.166)) at z = p leads to

() Ph(p) = 9 dhp) e VMU = (2.170)
—— N — ——
=0 =0 xoblag—1)
& YMUETp)=o. (2.171)

Pattern (3) p€ Py,, p ¢ Py, P € Py, € P),,, P& P),,)
Table shows the zero points of redefined zero-modes and their derivatives in this pattern.
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J=0 1 2 3 . gn—2 guy—1
@E]L = UJWL Py, Py, Py, - o _ ~
= Utk | Pogop Popp Pug ; ] )
wH = Ujk Uk Py Py, Py, Py, . Py, P,
i1 = f/z 2yt | Pip Pip P, - _ _
%@@H Ui,]; (?ZZZJH P,Q,H, P P{bH, D P&)H, P P’Q’H’ p P";)H’ D P1/pH

Table 2.11: Zero points of redefined zero modes in pattern (3).

Then the product expansion in Eq. (2.166) at z = p give no information for Y@= gince
both left and righ-hand sides trivially vanish,

U (p) - Dh(p) = G by (p) . (2.172)
=0 k2 =0

Instead we consider the derivative of the product expansion in Eq. (2.166)). At z = 0, it leads
to

9 . ) 9 -, 9 .
—7(p) - h(p )+W( ) 52 VR(P) = ¥ gwé(p)

0z ——
T ok = N
87 b (g —1)
& YIRen=l o 572582 (rank one matrix) (2.173)
& YU (D)) = Myauk one. (2.174)

Pattern (4) p¢P¢L7p€P1/’R9p€P¢H (ngQZRap%Pé;H)
This pattern is flipping between ¢/, and 1 in the pattern (3). Thus we obtain the same result
as the pattern (3),

YIRUEHD(p))* = Mpank one- (2.175)

In Egs. (2.169) and (2.174f), we note that unitary transformations Uy, and Uy, do not
affect the rank of the matrix. Consequently we find the direction of Higgs VEVs, hud =

vuvd(Uégi_dl)é)*, leading to rank one fermion mass matrices in three patterns (1), (3) and (4).

Additionély, it leads to vanishing fermion mass matrices in the pattern (2). Reminds that the
favorable condition I and II require the rank one fermion mass matrices while the condition
IV requires the vanishing fermion mass matrices. Therefore the rank one and vanishing mass
matrices in four patterns can be used for realizing these conditions.

2.2.6 Phenomenologically favorable models

Here we classify all of quark and lepton flavor models satisfying the favorable conditions I, II,
III and IV. In what follows, we denote sets of the zero points at the fixed points of each field
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f as Py for
f € {Q = (uLa dL)Tv UR, dR|L = (VLa eL)Ta VR, 6R|Hua Hd} (2176)

As we will see soon, the sets of zero points of quarks, leptons and Higgs fields are restricted to
realize the favorable conditions.

Condition 1
The condition I requires the directions of up type Higgs VEVs leading to the rank one mass
matrix for the up-sector quark,

M, = YNy, = Mgank one- (2.177)
According to Subsection this is realized when p, in the following patterns exists,

(1)pU¢PQ? pU¢PuRa pu%PHqﬂ
dpy, s.t. (3) pu € Pg, pu ¢ Pup, Pu € P,y (pu & PG, Pu &t Pr,), (constraint T).
(4)pU¢PQu puEPuRa puEPHua (pu¢PqiRa pu¢Plu)a
(2.178)

Condition IT
The condition II requires the directions of down type Higgs VEVs leading to the rank one mass
matrices for both down-sector quark and charged lepton,

My =Y]*h) = Myank ones Mo = Y7*h = Myank one- (2.179)
According to Subsection [2.2.5] this is realized when py in the following patterns exists,

(1) pa & Pq, pa & Pay, pa ¢ Pu,,
Jpa st. ¢ (3) pa € Po, pa & Pags Pa € Puy, (pa & Po, pa ¢ Pir,), (constraint ITy),
(4) pa & P, pa € Pay, pa € Puy, (pa ¢ Py, pa ¢ Pi,),
(2.180)

(1) pa & Pr, pa & Fep, pa & Py,
and ¢ (3) pa € Pr, pa & Peps Pa € Puy (pa & Pr, pa & Py,), (constraint II5).
(4>pd¢PL7 pdGPeRa pdEPHd7 (pd¢PéR> pd¢PI/id)7
(2.181)

Note that it is not necessary to fulfill identical patterns in constraint II; and Il,.

Condition IIT
The condition III requires that unitary matrices uZ’d which diagonalize rank one mass matrices
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Yjﬁehﬁ,d are equal, u¥ = u¢. Assuming the condition I (constraint I) is satisfied, we can find

rank one up-sector quark mass matrix,

Yi*ht = v, YUV (p,)". (2.182)
This can be diagonalized by
0
UZ (pa)[ou Y ¥ U (0)URF (p,) o 692652 = o |, (2.183)
1

for (Yr, YR, ¢¥u) = (Q,ur, H,). Here Uy,, Uy, and Uy, are defined in Eq. (2.158) and the
sentence below. Obviously Uy, (p,) = Ug(p.) is equivalent to u} since it diagonalizes rank one

mass matrix YJ¥h!. In the same way, assuming the condition II (constraint II; and Il,) is
satisfied, we can show Uy, (pa) = Ug(pa) is equivalent to u¢. Thus, the condition IIT is satisfied
when Ug(pu) = Ug(pa), that is,

Pu = pa (constraint IIT). (2.184)
Condition IV
The condition IV requires that when the up-sector quark mass matrix is rank one matrix, the

neutrino Dirac mass matrix vanishes. That is, when the condition I is satisfied, the neutrino
Dirac mass matrix must vanish,

YIMRE = Mrank one = YMBE =0. (2.185)
According to Subsection this is realized when p, in the pattern (2) exists,
dpy s.t. (2) pu € Pr, p€ P,,, p ¢ Py, (constraint IV). (2.186)

In Table we summarize all constraints.
Now we are ready to classify all of quark and lepton flavor models satisfying the constraints.
See Table Firstly the constraint I1I imposes p, = py = p. Second the constraint [V requires

peP,, pePl, pé¢Pu, (2.187)

and p must be in Pp since Pr, P,, C Pp. Third, the constraint I which is consistent with the
constraint IV requires that p is in the pattern (1),

p¢ Py, ¢ Pupy PéE Pu, (2.188)

because p ¢ Py, from Eq. (2.187). Fourth, the constraint II, which is consistent with the
constraint IV requires that p is in the pattern (3),

pEPL, p%PeR, pGPHd, (2189)
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Fg P,, Py, P P, P, Py, Py,
(1) | not in | not in - - - - not in -
L p, is § (3) in not in - - - - in -
(4) | notin in - - - - in -
((1) not in - not in - - - - not in
II;: pgis < (3) in - not in - - - - in
>(4) not in - in - - - - in
(1) - - - notin | - | notin - not in
IIy: pgis < (3) - - - in - not in - in
L (4) - - - not in | - in - in
MWpa=ra | - | - | - | - | -| - | - | -
IV: p, is - - - in in - not in -

Table 2.12: The constraints I, 11, II,, IIT and IV. For example, if p, corresponds to (1), it is
not included in Py. If p, corresponds to (3), it is included in Pg. The bold texts denote the
choices in Eq. (2.191f) which are consistent with all constraints.

because p € Pp from Eq. (2.187). Finally the constraint II; which is consistent with other
constraints requires that p is in the pattern (4),

p¢ Py, p€ Py, pE Py, (2.190)

because p ¢ Pg from Eq. (2.188)) and p € Py, from Eq. (2.189)). As a result, the point p which
is consistent with all constraints must satisfy

p%PLUPdRUP,,RUPHdCPF, p%PQUPuRUPeRUPHuCPF. (2191)

Thus, we can find quark and lepton flavor models satisfying the favorable conditions I, II, III
and IV by checking whether zero points of the zero-modes of each field fulfill this condition,
Eq. , or not. In Appendix , we classify all quark and lepton flavor models satis-
fying Eq. . There are 408 flavor models in total. Note that these models also satisfy
non-vanishing Yukawa coupling conditions, Egs. , and , and the anomaly
cancellation condition which makes the generation number of up and down type Higgs fields
the same.

2.2.7 Modular symmetric models

Here we study the flavor models which have a specific property under the modular transfor-
mation. To calculate theoritical values of the flavor observables, we must identify two types
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of VEVs; one is the VEV of the modulus and another one is the VEVs of Higgs fields. In the
former, we assume the vacuum where the modulus lies on either of three modular symmetric
points, 7 = i, w and i00; as shown in Subsection these points are invariant under S, ST
and T-transformations, respectively. In the latter, we consider the direction of Higgs VEVs
aligned in eigenbasis of S, ST or T-transformations corresponding to each symmetric point. In
the following, we will show that some flavor models have the possibility to reproduce realistic
flavor observables in a vicinity of S-symmetric vacuum but there are no consistent models for
ST and T-symmetric vacua.

First we consider the direction of Higgs VEVs under an assumption that the value of the
modulus lies on either of 7 = i, w and i0o0. The direction of Higgs VEVs is aligned in the
lightest mass direction. It is known that supersymmetric mass term (u term) of Higgs fields
can be generated by D-brane instanton effects [118-122]. As we show in Appendix , actually
D-brane instanton effects yield the following Higgs p term in a leading order:

lu“jkganZch’lcn - Ae_SinSt(2Im7—)_1(Yqud]€)€anZden = (7_) (ijdk)ganimH§n7 (2192)

where A stands for a typical scale such as the compactification scale and Sj, is the instanton
action. Here Y7 (Y}) are three point couplings between instanton zero-modes «, 3 () and
Higgs fields HI (HY),

Vi = gtmr) [ dedzia(a) - val) - (6, ) 2.198)
Vi = gltmn) [ dedzyn(z) v, (2) - (0 ()" (2.194)

where 1), 13 and 1, are the zero-mode wave functions of instanton zero-modes «, 8 and 7;
Y, and Yy, are ones of up and down type Higgs fields H,, and H,.

As we have seen in Subsection [2.1.2] the zero-modes on T?/Z, behave as the modular forms
of weight 1/2. Hence, under the modular transformation, the zero-modes 14 5 and ¥y, , are
transformed as

Yapr = J172(%: 7)o ()b (2.195)
e Y GRS Vo GOL A (2.196)

where p, g, and pg, , denote 1 X 1 and gy X gy unitary representation matrices for a, 3, v
and H, 4. Using these transformations, we obtain the modular transformation of three point
couplings Y, 4,

YI(r) = Ji2(3,7)pa(3) - ps(3) - (4. (3))YE(T), (2.197)
YI(1) = Jio (7, 7)pa(®) - py(3) - (0, (3))YE(7). (2.198)



2.2. T?/Zy ORBIFOLD 53

From the modular invariances shown in Eq. (2.80)), at three symmetric points 7 = 4, w and oo,
we find

Y2 4(0) = T12(8,0)pa(S) - ppa(S) - (P, ,(5)) Y ia(), (2.199)
Y a(w) = Tia(ST,w)pa(T) - ps(T) - (o, (1)), (2.200)
Y y(ic0) = Jyjo(Ti00)pa(T) - ppa(T) - (pif, ,(T))"Y,Egli00). (2.201)

Taking three point couplings at 7 = ¢, w and ‘oo into eigenstates of S, ST and T-transformations,
respectively, the above relations are rewitten as

V1 0) = diag (T15(5.1)pa(S) - p3.1(3) <pHud<§>>*) o
Vi s(w) = diag (J12(ST,@)pa(T) - p3(T) - (7}, (T ) (2.203)
y

Vi (ioo) = diag (J1/2(Ti00)pa(T) - psy(T) - (6}, (T)

(i), (2.202)

YV (i0), (2.204)

where Yu,d(i), Y%d(w) and ffud(z’oo) stand for three-point couplings in eigenstates of S, ST
and T-transformations, respectively. These relations mean that only jth three point coupling

satisfying
~ . ~ Ji
diag (J1/2(3, 1) s> 05 - E)) =1 porr =i,
diag (J1)>(ST,)pa(ST) - 93, (ST) - (7, (ST))") " =1 for 7 =, (2.205)
N ‘
diag (J1/2(T, zoo)pa(T) ~pa~(T) - (pﬁfnd(T))*) =1 for 7 = oo,

does not vanish at each symmetric point. On the other hand, one satisfying

diag (T2(5,)0a(5) - 30(8) - (0 (5)) " #1 porr =
ding (J1/2(ST,w)pa(ST) - pao(ST) - (ol (ST)")" #1 for 7 =, (2.206)
diag (J,2(T,100)pa(T) - p3n (D) - (o, (D))" 1 for 7 =i,

vanishes because it leads to
Va7 Yua. (2.207)

We call the formers as the invariant Yukawa couplings and the latters as the variant Yukawa
couplings. Notice that only the directions of Higgs fields corresponding to the invariant Yukawa
couplings can have nonzero masses because i term elements corresponding to the variant
Yukawa couplings vanish. In other words, nonzero masses are generated only for the Higgs
fields which are invariant under S, ST or T-transformations. Thus the mass eigenstates of the
leading order mass term at three symmetric points are given by S, ST and T-transformations
eigenstates, respectively.
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In general, there would exist some configurations yielding a single instanton zero-mode;
therefore the leading order mass term is generalized as

() = S daYivEe = 3 (), (2.208)

where a runs all possible configurations of instanton zero-mode. Note that the mass eigenstates
at three symmetric points are given by the eigenstates of the modular transformations as one
configuration case. Thus in the leading order, the Higgs VEVs which are aligned in the lightest
mass direction lie on the eigenstates of S, ST and T-transformations at three symmetric points
T =1, w and 100, respectively.

However, on the magnetized T?/Z, model, unfortunately we cannot find the leading order
Higgs 1 term being able to fix the lightest mass direction uniquely. This is due to the shortage of
number of instanton zero-mode configurations which couple to Higgs fields. In what follows, we
assume the directions of Higgs VEVs aligned along eigenstates of residual modular symmetry
as the leading order although it is unknown the full order p term structure.

Next, let us study the conditions to realize the Higgs VEVs which correspond to the eigen-
states of the residual modular transformations at the symmetric points. Then we ignore 7-
symmetric vacuum, 7 = 00, since the values of elements of Yukawa couplings at 7 = 00 are
strictly restricted by T-symmetry and it is difficult to realize realistic flavor observables. Fur-
thermore, the symmetric point 7 = 700 corresponds to the decompactification limit, and it is
not valid from the veiwpoint of 4D effective theory.

As shown in Subsection the zero-modes on T?/Z, are mapped into themselves under
the modular transformation when (flux; SS phases) of the zero-modes are (2Z; 0,0) and (2Z+ 1;
1/2,1/2). Here we consider what zero-modes are closed under S or ST-transformations to find
the conditions realizing S or ST-invariant Higgs VEVs. Note that the modular transformation
for Higgs VEVs are given by

(HL ) — J50(3. 7)™ (7)(HL ), (2.209)
since (7, ,)*(Hy, 4) is modular invariant. From the unitary transformation matrices in Eqgs. (4.42)

and (4.45)), S and ST-transformations for zero-modes are closed when

{ (a1, a9) = (0,0) or (1/2,1/2) for S-transformation,

2.210
(o, 0) = (M/2,M/2) (mod 1) for ST-transformation. ( )

Thus, when SS phases of the zero-modes of Higgs fields satisfy the above conditions, Higgs
VEVs can lie on the eigenstates of the residual modular transformation at the symmetric
points. However, we should consider the directions of Higgs VEVs, hf;,d = v,a(U I(ffd_l)z(p))*, to
realize realistic flavor observables. That is, we should consider whether hﬂd can be cigenstates
of the residual modular transformations at the symmetric points or not. The conditions for the

modular eigenstates hﬁ,d are given by

{ p=0or & for S-symmetric vaccum, (2.211)

p=0 for ST-symmetric vaccum.
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Let us prove this condition for S-symmetric vacuum. When the non-vanishing redefined zero-
modes of Higgs fields satisfying Eq. (2.165 @/J(QH 1)( T) = U(gfd 1)g( )¢§{u,d(277)7 are eigen-
states of S-transformation, the direction hf ; = vy q(U l(qgfd bt
7 = 4. This can be checked by calculating S-transformation of zﬂgf(;l)(p, i) for p ¢ Py, , and

% Agfd_l)(p,i) for p € Py, ,. Remind Eq. (2.165)). S-transformation for gﬁgfl;l)(p, i) is given

(p))* becomes S-eigenstate at

by
7gr—1) ;
gH 1) gH (g _ e (0,1 for p =0,
5, Q) = Hwa . 2.212
¢ ( ) ¢ ( (p )) { gjjd 1)(_124_1’ Z) fOI' p _ 14'_@ ( )
D (0,4) for p =0,
- —2micaH, 4 —mi TgE—1) (144 1+z
e de g (i) forp =4
(2.213)
where we have used the boundary condition in Eq. (2.25) in the second row. On the other
hand, one for ng 1)(p, i) is given by

28D p,i) 5 (=) 2o (S« (pi)

(—i >azwgﬂ (0,4) for p=0,
— & 1) e ki (2.214)
(—i) gz (=5, 0)  for p
(— z)ag gH b (0 z) for p =0, (2.215)
o ( Z)e—Qﬂ'ZalH e “d 8wHH 1)( . 72') for p = 144 .

where we have used the boundary condition in Eq. (2.105) in the third row. Since the trans-
formation law does not depend on z, these also consist for z # p,

ng 1(2 i) forp—OgZPH

u,d’

N S
P (2,0) 2 | (2.216)
e 2miH, 4 i 77D(QH 1)(2’1') for p = % ¢ PHu,d7
(gu—1) ; —
2 (gH by, s ) (i D&, (2,4) for p=0€ Pp,,, 9917
9z (2,1) = ~ —27rm1H d CriHud  2(gp-1) f _l+i o p (2:217)
(—i)e ude 5V, (2,4) forp=-*¢€ Py,
Using £ = EN (—i)£, we can obtain S-transformation for ¢ )(z i) instead of -2 gb S 1)(2, i)
in Eq. (2.217). Consequently we obtain
ng Y(z,4) for p=0¢ Py, ,,
—2micH, 4 —mMH“’d @(9H71)< ) f 1+i ¢ P
e e 2 z,1) forp="+2 ;
DD (z,0) S N, Hoa b= ¥ T (2.218)
’l/)gH (z 7) forp—OEPHu,d,
e AT g o @Z) (gr— 1)(2’,2') forp=1+ € Py, .
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Thus zﬂgjgl) (2,1) = Uﬁffdfl)g(p)wﬁu’d(z, i) with p = 0 and 13+ are eigenstates of S-transformation.

That is, the direction hf , = vuvd(UI'(zfd_l)z(p))* with p = 0 and 1 is S-symmetric vacuum.

This is because that z = 0 and % are invariant under S-transformation up to the lattice

transformation of torus. On the other hand, it is difficult in the same way to show whether
1

zﬂgfd_l)(z, i) for p = 5 and % are eigenstates of S-transformation or not. This is because that

z= % and % are not invariant under S-transformation. Instead, we adopt the direct calculation
using S-transformation in Eq. (4.42)). For flavor models shown in Table we check whether
wg’f;”(z, i) = Ul(ffdfl)z(p)wﬁlud(z,i) is an eigenstate of S-transformation or not. As a result,

there are no models where 7,@1(55;1)(2, i) with p = % and % is eigenstates of S-tranformation.

So far we have discussed Higgs VEVs in S-symmetric vacuum. Ones in ST-symmetric
vaccum can be studied in the same way. The direction hﬁ,d at ST-invariant point p = 0
is eigenstates of ST-transformation but one at ST-variant points p € {%, 5 HTW} is not
eigenstates of ST-transformation. Thus the direction hf ; = vy a(U gyfd_l)g(p))* with p = 0 is
ST-symmetric vacuum. ’

Now we have two conditions for S and ST-symmetric vacua. The conditions for S-symmetric
vacuum are

14
(aq,a2) = (0,0) or (1/2,1/2), p=0or —2H (2.219)

Ones for ST-symmetric vacuum are
(o, a0) = (M/2,M/2) (mod 1), p=0. (2.220)

We classify all flavor models satisfying these conditions in addition to the favorable condition
in Eq. . Consequently we cannot find the flavor models satisfying the conditions for
ST-symmetric vacuum in Eq. while we can find the models satisfying the conditions
for S-symmetric vacuum in Eq. . We show the results for S-symmetric vacuum in Table
213l There are 24 flavor models in total.
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Bqg ‘ Buy By, By B, B, B, B, ‘QH‘ p
5,0,0,07,0,%,216,1,2,216,1,5,0/6,1,0,5 [ 5,0,0, [12,0,3,5 | 11,1,5,2 | 6 | 0
5,0,0,07,0,2,416,1,2,216,1,0,5 |6,1,5,0(5,0,5,0[12,0,5,5|11,1,5,2| 6 | 0
5,0,,0(6,0,5,0(6,1,0,2 16,1,3,115,1,4,315,0,0,0{11,0,0,0 | 11,1,2, 2] 6 | 0
5,0,2,0/6,1,0,2 16,0,4,0/6,1,4,215,0,0,0 |5,1,4,211,1,4, 1 111,0,0,0] 6 | 1
5,0,0,5 [6,0,0,5|6,1,5,0(6,1,5,3|5,1,5,5(5,0,0,0{11,0,0,0 | 11,1,3,5| 6 | 0
5,0,0,5|6,1,5,0]6,0,0,5|6,1,5,5|50,0,0 51,55 |11,1,5,5 | 11,0,0,0 | 6 | 5
5,1,3,5 | 7,1,0,0 | 6,1,5,5 | 6,0,5,0|6,0,0,5 | 5,0,5,0 | 12,0,3,5 | 11,0,0,0 | 6 | 5+
51,3,32171,006,1,4,1216,0,0,1|6,0,1,0|50,0,5|12,0,3,1]11,0,0,0| 6 |
6,0,2,0(5,0,2,0/7,1,4,0/6,1,3,2 /51,3, 17,0,3,1/11,0,0,0 | 13,1,0,0| 6 | 0
6,0,%,0 6,0,0,% 6,1,0,% 6,1,%,(1) 6,1,(1),% 6,0,(1),% 12,0,%,% 12,1,%,% 6|0
6,0,1,0/6,0,0,216,1,0,316,1,0,2 16,1,2,0/6,0,2,0[12,0,3,2112,1,3,1 16 | 0
6,0,8,% 5,0,0,2 7,1,0,4 16,1,1,2 (51,3, 17,0,3,3111,0,0,0 | 13,1,0,0 | 6 | 0
6,0,0,1 |6,0,5,0(6,1,2,0/6,1,4,0|6,1,0,1{6,0,0,3(12,0,3,2/12,1,4. 216 | 0
6,0,0,26,0,2,0/6,1,2,0/6,1,0,2 1 6,1,2,0/6,0,4,0/12,0,4, 1 |12,1,1. 216 | 0
6,0,,217,0,4,317,1,00/7,1,1,0(6,1,4,0(6,0,0,3 | 13,0,0,0 | 13,1,3,2 | 7 | 0
6,0,3,5|7,0,%,5/71,00/71,0,3|6,1,0,5 | 6,0,3,0|13,0,0,0 |13, 1,2, 2| 7 | 0
6,0,3,3/7,1,0,0|70,3,5|71,10]6,0,0,56,1,3,013,1,3,1113,0,0,0| 7 |
6,0,5,%17,1,0,0|70,4,4]71,0,31]6,0,1,0/6,1,0,5|13,1,3,1113,0,0,0| 7 |
6,1,5.0/50,0,5|71,0,5|6,1,5,5 5000|7100 |11,1,5,5|13,0,5,5| 6 | 4
6,1,5,06,1,0,5|6,0,0,5|6,0,5,06,0,0,5|6,1,0,5|12,0,5,5|12,1,5,5| 6 | 5
6,1,5,0|6,1,0,5|6,0,0,56,0,0,5|6,0,5,06,1,5,0]12,0,5,5 [12,1,5,5| 6 | 5
6,1,0,1 | 5,0,5,0|7,1,4,0(6,1,3,115,0,0,0{7,1,0,0|11,1,1,1113,0,3,2] 6 | 1
6,1,0,5 | 6,1,5,0|6,0,5,0|6,0,5,06,0,0,5 |6,1,0,5|12,0,5,5|12,1,5,5| 6 |
6,1,0,5 [6,1,5,0(6,0,5,0(6,0,0,216,0,5,0(6,1,2,0{12,0,1,2/12,1,5,5| 6 | 1

Table 2.13: All quark and lepton flavor models satisfying S-symmetric vacuum conditions in
Eq. (2.219). The first to eighth columns show the flux M | Zy parity m (even, odd = 0, 1) and
SS phases (aq, ag) of the zero-modes of the fields. gy denotes the number of Higgs fields.

Finally we comment on the realization of the flavor models in S-symmetric vacuum. As
we have discussed in Subsection [2.2.4] we need to slightly deviate the direction of Higgs VEVs
from hf;d to realize small but nonzero masses of the first and second generation quarks and
charged leptons. Then the deviations may not be S-symmetric direction. Therefore it may be
difficult to realize flavor observables in exact S-symmetric vacuum. Actually in the following,
we will show in an numerical example the deviation from S-symmetric directions is required to
obtain realistic flavor observables.
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2.2.8 Numerical example

Here, we show a numerical example deriving a realistic quark and lepton flavor structures in
the vicinity of S-eigenstates. We use the flavor model shown in Table

. \ Ba, \ By, \gH
1.0]12,0,4,4112,1,5.3] 6

)99 )9

Bo | Buy | By | BL | B,, | B
6,0,2.0/6,0,0,]6,1,0,216,1,0,1]6,1,%,0]6,0,

)9 ) 9

Table 2.14: Flux, Z, parity (even, ood = 0, 1), SS phases (a1, ay) of quarks, leptons and Higgs
fields in the model. gy denotes the number of Higgs fields.

In this model, quark doublets @ have (flux, Z, parity, SS phases ay,ay) = (6,0,0,%);
right-handed up-sector quarks ug have (5,0,0, %), right-handed down-sector quarks dr have
(6,0, 3,0); lepton doublets L have (6,0, ,0); right-handed neutrinos v have (5,0, %, 0); right-
handed charged leptons eg have (6, 0,0, %), up type Higgs fields H, have (11,0, 0,0); down type
Higgs fields Hy have (12,0, %, %) The number of both up and down types Higgs fields are six.
Yukawa couplings Y, 7%, Ydij k. Y% and Y% are shown in Appendix the Majorana mass
matrix of the right-handed neutrinos induced by D-brane instanton effect is shown in Appendix
B.3l

First of all, we fix the value of modulus by 7 = ¢ and use the slight deviations of Higgs
VEVs from h, 4 as parameters. Higgs VEV directions satisfying the favorable conditions I-IV,

hfb’d, in this model are given by

h' = v,(0.8464,0.5014, 0.1759, 0.03657, 0.004504, 0.0003144), (2.221)
hl = v4(0.4330, 0.7696, 0.4501, 0.1310, 0.02074, 0.001945), (2.222)

where h! and hf are S-eigenstates with eigenvalues +1 and +i, respectively. Thus the modulus
7 is S-symmetric vacuum, while these directions of Higgs VEVs are S-eigenstates. Before we
consider the deviation from S-eigenstate directions, we try to realize flavor observables in exact
S-eigenstate directions of the Higgs VEVs. Six pairs of up (down) type Higgs fields contain
three S-eigenstates with eigenvalue +1 (+¢) in total. Therefore there are three of degree of
freedom in S-eigenstate directions of up and down type Higgs VEVs respectively. We use them
as free parameters. To obtain realistic flavors, let us choose the following directions of Higgs
VEVs,

(H,)
(Hag)

v,(0.8466, 0.5009, 0.1762, 0.03715, 0.004794, 0.0003797), (2.223)
v4(0.5006, 0.7890, 0.3521, 0.05382, —0.003787, —0.003709). (2.224)

Note that again these directions are S-eigenstates with eigenvalues +1 and +i, respectively.
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They lead to the following up-sector quark, down-sector quark and charged lepton mass ratios,

(M, M, my) /My = (2.96 x 107°,5.35 x 1074, 1), (2.225)
(Mg, Mg, my) /mp = (4.36 x 1074 1.17 x 1072 1), (2.226)
(Me, My, my)/my = (4.36 x 1074, 1.17 x 1072, 1), (2.227)
and a ratio of the differences of the squares of the neutrino masses,
Am?2 2 _ 2
Ay M Zm ] g, (2.228)
Amyyg imp, —m3,

for normal ordering (NO), m,, < m,, < m,,. The absolute values of the CKM matrix, |Veku|,
and the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, |Vpuns|, are obtained as follows,

0.972 0.235 0.00134 0.990 0.137 0.0134
[Veku| = [ 0.233 0964 0126 |, [Veuns|= | 0.129 0957 0.261 |.  (2.229)
0.0309 0.122  0.992 0.0487 0.257 0.965

The large hierarchies in the mass ratios of quarks and charged lepton are realized. Also the
ratio of the differences of the squares of the neutrino masses is realistic. Moreover the absolute
values of the CKM matrix can be realized up to O(1). On the other hand, the absolute values
of the PMNS matrix are nearly an unit matrix and they cannot reproduce large mixings in
lepton flavors. Consequently, in this model it is difficult to realize both quark and lepton flavor
observables in the exact S-eigenstate directions of the Higgs VEVs.

Next, we try the realization in the vicinity of above S-eigenstate directions of Higgs VEVs.
We use all six pairs of Higgs VEVs as free parameters for both up and down types but fixing
the modulus at 7 = ¢ is continued to simplify the analysis. To realize flavor structures in the
vicinity of hf;j 4> we have chosen the following directions of Higgs VEVs,

(H') = v,(0.8509, 0.4970, 0.1679, 0.02805, —0.006762, —0.003731), (2.230)
(HY) = v,4(0.4340, 0.7688,0.4499, 0.1283, 0.02538, 0.03302). (2.231)

The norm of ! in (HF) is 0.9998 and one of hf in (HY) is 0.9995. Thus these directions lie on
the vicinity of hid. Then the mass matrices for up-sector quark M,,, down-sector quark My,
neutrino M, and charged lepton M, are given by

0.7202 0.5992  0.1214 0.8675  0.3620 0.05514
M,/m; = | 02492 0.2063  0.03922 |, My/m,= | 0.3053 0.1303 0.02287 | ,
0.03057 0.02249 —0.002550 0.03861 0.03580 0.03967
(2.232)
—0.3614 —0.09456 —0.3323 0.8675  0.3053 0.03861
M,/m,, = | —0.09456 —0.1345 —0.4077 |, M,/m, = | 0.3620 0.1303 0.03580
—0.3323  —0.4077 —0.5819 0.05514 0.02287 0.03967

(2.233)
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They lead to the following up-sector quark, down-sector quark and charged lepton mass ratios,

(M, M, my) /My = (3.13 x 107°,8.14 x 1072, 1), (2.234)
(Mg, M, myp) /mp = (8.46 x 1074, 4.10 x 1072, 1), (2.235)
(e, My, My ) /my = (8.46 x 1074,4.10 x 1072, 1), (2.236)

and a ratio of the differences of the squares of the neutrino masses,

A 2 2 2
\/ My [0 =Ml 6 (2.237)

2 2 _ a2
Aml/13 ’myl mug

for NO. For inverted ordering (10), m,, < m,, < m,,, we cannot find the directions of Higgs
VEVs leading to realistic results. The absolute values of the CKM matrix, |Voku|, and the
PMNS matrix, |Vpyns|, are obtained as follows,

0.973  0.232 0.00234 0.841 0.522 0.147
Vera| = | 0.232 0973 0.0162 |, [Vewns| = [ 0.246 0.608 0.755 | .  (2.238)
0.00603 0.0152  1.00 0.483 0.598 0.639

The results are summarized in Table 2.15] As a result, in this model we could realize both
quark and lepton flavor structures in the vicinity of S-eigenstate direction of Higgs VEVs.

Obtained values Reference values
(T, Me, my) /my | (3.13 x 107°,8.14 x 1073, 1) (5.58 x 1076,2.69 x 1073, 1)
(g, mg,mp) /iy | (8.46 x 107%,4.10 x 1072, 1) (6.86 x 107%,1.37 x 1072, 1)
0.973  0.232 0.00234 0.974  0.227 0.00361
|Vexu| 0.232  0.973 0.0162 0.226  0.973  0.0405
0.00603 0.0152  1.00 0.00854 0.0398  0.999
VAmMZ [ Am? 0.162 (NO) 0.173
(Me,my,me)/my | (8.46 x 107%,4.10 x 1072, 1) (2.78 x 107%,5.88 x 1072, 1)
0.841 0.522 0.147 0.801-0.845 0.513-0.579 0.143-0.156
[Vemns| 0.246 0.608 0.755 0.232-0.507 0.459-0.694 0.629-0.779
0.483 0.598 0.639 0.260-0.526 0.470-0.702 0.609-0.763

Table 2.15: The mass ratios of the quarks and leptons, and the absolute values of the CKM
matrix and the PMNS matrix elements at 7 = ¢ under the vacuum alignments of Higgs fields in
Egs. (2.230) and (2.231]). Reference values of mass ratios are shown in Refs. [134,(135]. Those
of the CKM matrix and PMNS matrix elements are shown in Refs. [136] and [137].
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2.3 (T2 x T2)/Z** orbifolds

In the previous section, we have found the possibility to realize both quark and lepton flavor
strcutures on the magnetized 72/ZP™ model by checking the zero points of the zero-modes of
each field. In this section, we study (T2 x T2)/ZP*™ permutation orbifold model as the further
possibility realizing flavor structures. Also we study the orbifolding by both Z, twist (Zg)) and
Z, permutation (ZP™), (T2 x T2)/(Z" x ZP™). Z, permutation identifies two tori, 72 and
T?. On (T2 xT3)/ nger) orbifold, the complex structure modulus of T2, 71, and one of T3, 7,

are identified as
T =Ty =T, (2.239)

because T7 and T3 are identified.

2.3.1 Zero-modes on (17 x Tf)/nger)

The (T2 x T2)/Z® permutation orbifold is obtained by further identifying the Z, permutation
point z; with 29, i.e. 27 ~ 29, under the moduli stabilization 7 = 7 = 7. Z, permutation
is given by (z1,290;71,72) — (22,21;72,7) for 1 = 7 = 7, therefore it corresponds to the
permutation of T2 and T%, T? <+ TZ. The zero-modes on (T? x T3)/ nger) orbifold are required
to satisfy

2P0 4
w(Tlngg)/nger)n (217 22) H w T2><T22)/Zéper>n (ZQ, Zl) = enﬂ-lw(Tlngg)/Z;per)n (Z]_, 22), n E ZQ,

(2.240)
in addition to the boundary conditions on T? and 7% in Eq. (2.25). Here n € Z, denotes

ng ") parity; n = 0 is Z(p even modes and n = 1 is odd modes. Under Z, permutation
(21,22) = (22, 21), the products of the zero-modes on T? and T are tranformed as

w (J1+a11,001), Ml( ) w(j2+a12 ,022) Mz( ) N w(]lJrau ,021) Ml( ) w (j2+ai2,a22),M> (21). (2.24”

Thus, the zero-modes on (T2 x T2)/ZP™) satisfying Eq. (2.240) can be defined as [23]

w(;"’_&l 7&2)7M
(T2 ><T2)/Z(per>n

— ijer <¢ jitai,az) ( ) ¢ (jatai,a2) M( ) n7rz¢ (J1+o1,a2) ( ) w (jata1,a2), M<Z1)> ’

(21, 22)

(2.242)
where n € Zy and

J=0vd), Jij2 € Za, i > o, (2.243)
a = (ay, ds) = ((0q1, 12), (@21, a22)) = ((a1, ), (a9, a2)), (2.244)
My =M, =M, (2.245)

j /2 (j1 = J2)

7 )
Niper) = { (2.246)

1/V2 (ji # jo).
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Note that M} = My = M, ay; = ajp and ag; = gy are required because 77 and T are
identified. In Table _2.16L we show the number of zero-modes on magnetized (17 x Ty)/ nger)
up to M < 6.

Flix |1 2 3 4 5 6] M
Even |1 3 6 10 15 21 | MMED
Odd |0 1 3

Table 2.16: The number of zero-modes on magnetized (T2 x T2)/Z¥®™ . The second and third
rows show the number of even- and odd-modes under Z, permutation, respectively.

We can find three-generations for even-modes at M = 2 and for odd-modes at M = 3.
Yukawa couplings on (T2 x T2)/ZP™ are given by the overlap integral of the zero-modes
on (T? x TQQ)/nger):
i
(T2xT2)/ZP™
2 2, 32 (G+@1L,820),My ) (k+d15,G2r), MR (41 1,821), My ’
=g (QIIHT) /(lexT;)/Zéper) d Zld ZQw(TfXTS)/Zéper)nL ¢(foT22)/nger)nR <¢(T12><T22)/Zéper)nH) )

(2.247)

where
M + Mg = My,

ayp + dig = A,
(2.248)
Qo + Qgrp = Qg

nr +ngr =ny (mod 2),

are required to obtain non-vanishing Yukawa couplings.
We additionally show the modular transformation for zero-modes on (T xT3)/ Zéper). Under
S and T-transformations, the zero-modes are transformed as

-

Ery Y

jj' @18 dadl, (ﬂy)w(j’Jr&de’/z),M (Zla 2, 7—)7 (2249)

j+an,a S
w(J+ Lozl (lezQaT) - ‘]l(’.)/77_)p

(T2xT2)/ZP™ (T2xT2)/2P" (T2xT2)/ZP™

where

7' G Gad _onT AT (4172) (7175) 61 & G2 ni (712) (7551) 81 & G20

p(foTg)/Z;P“)” (v) =2 (per)Mper) Pr2yxT2 (V) +e Pray 2 (7)), (2.250)
(j1j2)(jijé)62152/152252'2 o jljioclo/loczo/g ~ jzjéoqo/loczocé ~
T2XT2 ( ) — Pr2 ( ) ’ T2 (7)7 (2251)
Jijionaasal, . . . . .

and p; , @ =1,2, are given by Eqs. (4.42) and (4.45]). Unitary transformation matrices

t . . I .
P22 zpen S well as prz,pz satisty the algebraic relations of I'y,,:

p(S)" = [p(S)p(T)] = p(T)*M =T, p(S*)p(T) = p(T)p(S?). (2.252)

Thus, the zero-modes on (T2 x T2)/Z¥™ behave as the modular forms of weight 1 for ['(2M).
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2.3.2 Zero-modes on (T? x T;)/(ZS) % nger))

Next, we discuss the zero-modes on (T2xT2) /(Z” x ZP™). The zero-modes on (T2xT2)/(Z x
7P orbifold are required to satisfy Eq. (2.240) in addition to the boundary conditions on
T?/Zo and T3 /Zy. They are given by

@Dgfl&l’&Z)’M(zla =2

+ai,a2) +ai,a2),M nm +ai,a2) +ai,a2),M
Ny (85802 (2g) - g2t @M () 4 enmi s e M (1) gl odl M (o))
(2.253)
where m,n € Zy. Note that m = 0 and 1 denote Z, twist even and odd modes, respectively;

n =0 and n = 1 denote Z, permutation even and odd modes, respectively. In Table 2.17, we
show the number of zero-modes on magnetized (T2 x T2)/(Z{" x ZP™).

(th) parity m; nger) parity n; ay, as) M = even M = odd
(0;0;0,0) 33 +D(F +2) | §(M+1)(M+3)
(1;0;0,0) T -1 g(M —1)(M +1)
(0;0;1/2,0) MMy L(M +1)(M +3)
(1;0;1/2,0) L +1) LM —1)(M+1)
(0;0;0,1/2) T(E+D) s(M +1)(M +3)
(1;0;0,1/2) YA +1) LM —1)(M +1)
(0;0;1/2,1/2) YAy LM —1)(M +1)
(1;0;1/2,1/2) YA+ L(M +1)(M +3)

(0;1;0,0) L +1) LM —1)(M+1)

(1;1;0,0) 5(5 — (5 —2) | g(M = 1)(M = 3)
(0;1;1/2,0) T -1 (M —1)(M +1)
(1;1;1/2,0) T -1 §(M —1)(M - 3)
(0;1;0,1/2) T -1 s(M —1)(M+1)
(1;1;0,1/2) T -1 §(M —1)(M - 3)
(0;1;1/2,1/2) T -1 s(M —1)(M - 3)
(1;1;1/2,1/2) T(E - (M —1)(M +1)

Table 2.17: The number of zero-modes on magnetized (T2 x T2)/(Z) x Z8™). 7 parities
0 and 1 correspond to Z, twist even and odd modes, respectively; ZP™) parities 0 and 1

correspond to Zy permutation even and odd modes, respectively.

We additionally show the values of (M;m;n; ay, as) giving three-generation zero-modes in
Table We can find 32 three-generation zero-modes in total.
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(M; m; n; aq, as) | (M; m; n; ay, as)

M = even M = odd
(2;0;0;0,0) (3;0;0;0,0)
(6;1;0;0,0) (5;1;0;0,0)
(4:0:0:1/2,0) (3:0:0:1/2,0)
(4;1;0;1/2,0) (5;1;0;1/2,0)
(4;0;0;0,1/2) (3;0;0;0,1/2)
(4;1;0;0,1/2) (5;1;0;0,1/2)

(4,0;0;1/2,1/2) | (5;0;0;1/2,1/2)
(4,1;,0;1/2,1/2) | (3;1;0;1/2,1/2)
(4;0;1;0,0) (5;0;1;0,0)
(8;1;1;0,0) (7:1;1;0,0)

5;0;1;1/2,0

6;0;1;1/2,0 )
7:1;1;1/2,0)
)

( ) (
(6;151;1/2,0) (
(6;0;1;0,1/2) (5;0;1;0,1/2
(6;1;1;0,1/2) (7;1;1;0,1/2)
(6;0;1;1/2,1/2) (7;0;1;1/2,1/2)
(6;1;1;1/2,1/2) (5;1;1;1/2,1/2)

Table 2.18: The values of (M;m;n; oy, as) giving three-generation zero-modes on magnetized
(T} x T)/(Z5) x 25).

Yukawa couplings on (T2 x T2)/(ZY) x Z{P*) are given by the overlap integral of the zero-
modes on (T2 x T2)/(Z" x ZP™):

-

Tkl
(T2xT2) /(28 x 2P
_ 2 +0¢ a ),ML (k+0¢1R a2R (€+Ol1H a2H MH *
— %(21 A2z d2 2oy Uta1L.dar ( ) :
g ( mT) /(TQXTQ)/(Z(t) Z(per)) ads me "L me "R me TH
(2.254)
where
mp +mgr =my (mod 2), (2.255)

is required in addition to Eq. (2.248)).
Also we show the modular transformation for zero-modes on (T2 x T%)/ (th) X nger)). Under

S and T-transformations, the zero-modes are transformed as

PORTIIM (24, 20,7) 25 (9, 7) P S () TN (24, 24, 7), (2.256)

m,n m,n
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where

77 @&, Gad, _ 7 i (J142)(J1J5) A1 87 Gads nmi (9192)(Jad1) @18 dadl

(J12)(3143) 61 &) Gadly _ Juiedjasay oy fjsanajasah i~ 2.258
p(TIQXTQQ)/th) (f}/) - TIQ/Zét) ( ) TQQ/Z;t) ( )7 ( . )

sl ! !
Ji]; X101 20y

and p ,© = 1,2, are given by Eqgs. (2.100) and (2.101)). py,, satisfies same algebraic

relations as py. o ,penn. Thus, the zero-modes on (T 2 % T2)/(ZY x ZP™) behave as the
1 2 2
modular forms of weight 1 for I'(2M).

2.3.3 Three-generation models

Here let us study three-generation models on magnetized (T2 x T2)/Z¥*™ and (T2 x T2)/(ZS x
7P, In the same way as Tp/ZY studied in Subsection [2.2.3, we can find three-generation
models on (T2xT2)/ZL™ and (T2 xT2)/(ZY x ZP™). Then we assume the following structures
of 4D Yukawa couplings,

Jk _ ik

Y(foTg)/ng”)ng (r.73) = Y(leng)/Zépem (1) x Yoz (73), (2.259)
Jk _ yrik
r2rp) e g yerz 2,7 ™) = Yignar ot agpen) () X Y22 (7). (2.260)

That is, three-generations are originated from the zero-modes on (T2 x T2)/Z¥™ and (T2 x
T2)/(ZY) x ZP™). Note that to obtain non-vanishing Yukawa couplings, Eqgs. and
(2.255)) are required. In Table , we classify all possible three-generation models on (77 x
T3/ ng Y with non-vanishing Yukawa couplings. We show ones on (TExT3)/ (Z;t) X Z;per)) in
Appendix

My;ng | Mg;ng | My;ny | gu

2;0 2;0 4;0 10
3;1 2;0 5;1 10
3;1 3;1 6;0 21

Table 2.19: Possible three-generation models with non-vanishing Yukawa couplings on (772 x
T2)/ZP*). The first, second and third columns show (flux; ZP parity) of 11, ¥r and ¥y,
respectively. The fourth column shows the number of Higgs fields. We omit three-generation
models which is equivalent to the model shown in this table by flipping left- and right-handed
matter fields.
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2.3.4 Numerical example on (T12 X T;)/(th) X nger))

Here we show a numerical example on (T2 x T2)/(Z x ZP™). We focus on the quark flavors
() 5 70%)

to make our analysis simple. We use the following model on (T2 x T%)/(Zs’ x Z
(Mg;mg; ng; g aq) = (2;0;0;0,0),
(Mops Mg Mgy Qg s Q2uy,) = (2:0;0;0,0),
(M Mag; Ny Qdg, Q24,) = (2;050;0,0), (2.261)
(Mpy,;mp,;nm,; cim,, d2m,) = (4;0;0;0,0),
(M, mmy;nm,; can,, aem,) = (4;050;0,0),
which has six zero-modes of Higgs fields. The zero-modes of left-handed quark doublets @) =
(ug,dr)T, right-handed up-sector (down-sector) quarks ug (dz) and up (down) type Higgs fields
are shown in Table 2.201

—

J Q, ug, dg H,, H,

(0,0) | {§OOOD (5 2y 7y | OO0 1
(1,0) | @SGOOND (oo 7y | GO0 () 2y 1)
(1,1) | iy OO (2, 29, 7) ($1““<z2m>
(2,0) - £°“°<zzm>
(271) B ((2 1),(0,0),2 (Z )
(272) - 032 (0,0),2 (2’1,2’2, )

Table 2.20: Zero-modes of left-handed quark doublets @ = (ur,dr)”, right-handed up-sector
(down-sector) quarks ug (dg) and up (down) type Higgs fields.

Yukawa couplings for up and down-sectors on this model, YJEZ and Ydj M, are given by

. Yo 0 O 0 yg O
(0, ik
Yzf,d(o = 0?2-2-4) 0 w 0], Yj d(l 0= 0%2 oy | ¥a 0 we ],
0 0 . 0 y. O
B 0 0 yy V2y, 0 0
E(1, £
v =, 10y o, Y;d@ V=0l 0 Hwa+u) 0 |, (2262
0 v O N e 0 0
ik (2,
Yo d(2 R C%z oay (Ve 0 ya), Yu],d@ = 0%2-2-4) 0 v 0],
0 yqg O 0 0 y,
where
6 16 6 16)y (16
va = (s + i), yy = 2(n8"” + i ),
16 16 16 16
ye = 4(ni'”)?, ya = V205" + 0 )0 + 1),

—2\/_17416( SO0l gy =208 4 {2,
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Here we have used the notation,
o N
=y hﬂ (0, M7). (2.263)

As same as the way in Subsection [2.2.8] we regard the directions of Higgs VEVs as free
parameters. First let us choose the following direction of Higgs VEVs,

(H?) 7é o (other VEVs) = 0,

@1 (2.264)
(Hy”) =04(H, > # 0, (other VEVs) = 0.
Then mass matrices for up-sector and down-sector quarks are given by
e Ye
M, = YJ*(H) = ¢y Yo (HE), (2.265)
Ya,

. Ye 0.4y, 0
My =Y{*"(HY) = lyosy | 0dye mp 0dya | (HE). (2.266)

0 04ys  ¥a

At 7 = 1.5, we can obtain the mass ratios of the quarks and the absolute values of the CKM
matrix elements as shown in Table 2.21]

Obtained values Observed values
(Mayme,me)/my | (3.22 x 107%,1.80 x 1072,1) | (1.26 x 10~°,7.38 x 1073, 1)
(Mg, ms,my) /my | (1.02x 1073,1.24 x 1072,1) | (1.12 x 1073,2.22 x 1072, 1)

0.973 0.230 0.000515 0.974  0.227 0.00361
Verxm| = [(UDTUL | | 0226 0.959  0.170 0.226  0.973  0.0405
0.0395 0.165  0.986 0.00854 0.0398  0.999

Table 2.21: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at 7 = 1.5 for the direction of Higgs VEVs in Eq. (2.264). Observed values are shown in
Ref [136].

Assuming further non-vanishing VEV's of Higgs fields, more realistic results can be obtained.
Let us choose the following direction of Higgs VEVs,

(HPYY = 0. 22(H(2 ?) ) £0, (other VEVs) 0,

(HPYY = —0.10(HP?) £ 0, (HPY) = 0.34(HP?) £ 0, (other VEVs) = 0. (2.267)
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Then mass matrices for up-sector and down-sector quarks are given by

o Ye 0.22y, 0
M, =Y*(H) = ¢hogy [ 0220w 0.22y0 | HP?, (2.268)
0 0.22y4 Ya

S Ye — 0.10 X v/2y, 0.34y, 0
My =YM(HD) = 2y 0.34y. U= 22 (Ya + ve) 0.34y, HE,
0 0.34yq Yo — 0.10 x /2y,

(2.269)

At 7 = 1.57, we can obtain the mass ratios of the quarks and the absolute values of the CKM
matrix elements as shown in Table 2.22

Obtained values Observed values
(M, M, M) f 1004 (1.35 x 107°,8.96 x 1073, 1) (1.26 x 1075, 7.38 x 1073, 1)
(mg, mg, myp) /my (2.08 x 1073,7.20 x 1072, 1) (1.12 x 1073,2.22 x 1072, 1)

0973  0.229 0.00772 0.974 0.227 0.00361
Vexu| = [(UH'UE | | 0229 0973  0.0403 0.226  0.973  0.0405
0.00171 0.0410  0.999 0.00854 0.0398  0.999

Table 2.22: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at 7 = 1.5¢ for the direction of Higgs VEVs in Eq. (2.267). Observed values are shown in
Ref [136].

Thus, we can also realize realistic quark flavor structures on magnetized (7% x Ty)/ (Zg) X

nger)). When we consider the realization of both quark and lepton flavor structures, we should
use the zero point analysis studied in Subsection [2.2.5 Then we can classify the phenomeno-

logically favorable models on (T x T3)/ (Zét) X nger)) but we do not touch to it in this paper.

2.4 Yukawa textures

In the two previous sections, we have seen the possibilities realizing flavor structures on mag-
netized orbifold models. We have obtained various three-generation models where multi Higgs
fields appear as shown in Tables [2.7] and To realize realistic flavor observables we
have used the directions of multi Higgs VEVs as free parameters. Then it is possible to find
the phenomenologically favorable flavor models and direction of Higgs VEVs through the zero
point analysis studied in Subsection [2.2.5] Thus the zero point analysis is one way to realize
flavor structures on magnetized orbifold models.
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As an another way to approach to the flavor structures, Yukawa textures which restrict some
of entries in the fermion mass matrices to zero have been studied on the bottom-up approach. In
this section, we will show that Yukawa textures also can be obtained at the modular symmetric
points on magnetized orbifold models. Furthermore, we will illustrate numerical studies for
quark flavor structures using Yukawa textures.

2.4.1 Yukawa textures on 172/Z,

Here, we study Yukawa textures on magnetized T?/Z,. As we will see, Yukawa textures can
be realized at three modular symmetric points 7 = ¢, w and 700 because of the residual S, ST
and T-symmetris.

S-symmetry

First we study Yukawa textures at S-symmetric point 7 = ¢. Only if 7 = 4, the wave functions
on T?/Z, can be expanded by eigenstates of the Z, twist (for eigenstates of the Z, twist, see
Refs. [22,106,107,{132]). The Z, twist is the transformation of the complex coordinate on T2,

z = iz. (2.270)

At 7 =i, S-transformation is given by

z 1 z 1

S:(z,7)— (——,——) = S:i(zi)— (——,,——,) = (iz,1). (2.271)
T T

Note that 7 = ¢ is invariant under S-transformation; therefore, the Z4 twist at 7 = ¢ corresponds
to S-transformation. This means that eigenstates and eigenvalues of S-transformation are
equivalent to ones of the Z, twist at 7 = 4. In Table [2.23| we show the number of each Z, (5)
eigenstate in the zero-modes on T?%/Z, at 7 = i.

Z, parity: SS phases; # of generations number of each Z, (S) elgenstat.e
n=1 n=-1 n=1 n=—t

0; 0,0; 2n n n 0 0

0;0,0; 2n+1 n+1 n 0 0

0; 1/2,1/2; 2n n n 0 0

0; 1/2,1/2; 2n + 1 n+1 n 0 0

1 0,0; 2n 0 0 N .

1;0,0; 2n + 1 0 0 nil =

1;1/2,1/2; 2n 0 0 n n

1;1/2,1/2; 2n + 1 0 0 n+l n

Table 2.23: The number of each Z, eigenstate in zero-modes on 72 /7o at T = i. Zgy parity 0
and 1 denote even and odd modes, respectively. 1 denotes the eigenvalues of the Z, twist.
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Note that only the zero-modes with SS phases (0,0) and (1/2,1/2) are mapped to themselves
under the Z, twist (S-transformation); therefore we ignore the zero-modes with (0,1/2) and
(1/2,0). Table means that any three-generation zero-modes with even parity consist of
two n = 1 and one n = —1 eigenstates. Similarly, any three-generation zero-modes with odd
parity consist of two 7 = ¢ and one = —i eigenstates. Notice that Zy even modes do not
contain 1 = i and —i eigenstates since n? is equivalent to Z, eigenvalue. Also Zy odd modes do

not contain 7 = 1 and —1 eigenstates.
According to Eq. (2.80), Yukawa couplings which are the modular forms satisfy

Y = (S 0)p (5)T12(S, D)ol (S)(J12(S, )i (5)" Y7+, (2.272)

at 7 =7 because of the residual S-symmetry. Here p;, pr and py are unitary matrices defined
by Eq. and jl/g(g,i) = (—4)2. On the Z, eigenstates, j;_/Q(g,i)pL’]iH(g) is given
by a diagonalized matix composed of Z, eigenvalues. The number of Z, eigenvalues in the
diagonalized matrix can be obtained from Table Then we can classify the structures of
Yukawa matrices on S-eigenbasis at 7 = ¢ by use of the residual S-symmetry in Eq. .
The results are shown in Table 2.24]

Zo parities of | Structures of Yukawa matrices for each S-eigenstate Higgs mode
(L,R,H) 1 -1 i —i
* % 0 0 0 =
(0,0,0) x % 0 0 0 x None None
0 = x* x 0
x x 0 0 0 =
(0,1,1) None None x x 0 0 0 %
0 0 = x* x 0
x % 0 0 0 =
(1,0,1) None None x % 0 0 0 x
0 0 = x *x 0
0 0 =% x *x 0
(1,1,0) 0 0 x x x 0 None None
x x 0 0 0 =

Table 2.24: The structures of Yukawa matrices for each S-eigenstate Higgs mode. Yukawa
matrices are S-eigenstates. The symbol “x” stands for nonzero matrix elements.

As shown in Table we can find two types of Yukawa textures,
x x 0 0 0 =
« x 0], (00 %], (2.273)
0 0 =% x x 0

at 7 = 1.
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As a simple example of Yukawa textures, we show Yukawa matrices on the following three-
generation model,

(Mp;mp;aqr, asr) = (4;0;0,0),
(MR;mR;OélR,OézR) = (4;0;0,0), (2274)
(MHQmH§a1Haa2H) = (8;0;070),

which has five zero-modes of Higgs fields. Three-generation zero-modes of left-handed fermions
are same as ones of right-handed fermions. On S-eigenstates, they are transformed by

1

diag (71,2(5,1)p1(8)) = diag (1o(S.00n(®)) = [ 1|, (2.275)
—1

under S-transformation. On the other hand, five-generation zero-modes of Higgs fields are
transformed by

1
1
diag (]1/2(3', i)pH(§)> - 1 . (2.276)
-1
-1
Then the residual S-symmetry in Eq. is given by
] o
1 7 S
Ykt — 1 1 1 y IR (2.277)
—1 -1 -1
-1

This leads to the following Yukawa textures,

0 0 0
Yako ikl ik 0], Y™ vi* =10 0 (2.278)
% x ok

S * ¥
O ¥ ¥
S * ¥

ST-symmetry

Second we study Yukawa textures at ST-symmetric point 7 = w. Only if 7 = w, the wave
functions on T?/Z, can be expanded by eigenstates of the Zg twist (for eigenstates of the Zg
twist, see Refs. [22,/106,107,{132]). The Zg twist is the transformation of the complex coordinate
on T2,

wi/3

z— e = w2 (2.279)
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At 7 = w, ST-transformation is given by

& 1) = ST:(z,w)—>(

r+1 7+1

z 1
w+1" w+1

ST : (z,7) — (— ) = (wz,w).

(2.280)

Note that 7 = w is invariant under ST-transformation; therefore, the Z2 = Z3 twist at 7 =
w corresponds to ST-transformation. This means that eigenstates of ST-transformation are
equivalent to ones of the Zg twist at 7 = w. Similarly, eigenvalues of ST-transformation are
equivalent to ones of the ZZ = Z3 twist at 7 = w. In Table we show the number of each
Zg eigenstate in the zero-modes on T?/Zy at T = w.

) . number of each Zg eigenstate
Zo parity; SS phases; # of generations D=1l new? pew new? neu? 5w

0; 0,0; 3n n 0 n 0 n 0

0;0,0; 3n+1 n+1 0 n 0 n 0

0; 0,0; 3n + 2 n+1 0 n+1 0 n 0

0; 1/2,1/2; 3n n 0 n 0 n 0
0;1/2,1/2; 3n+ 1 n+1 0 n 0 n 0

0; 1/2,1/2; 3n + 2 n+1 0 n+1 0 n 0

1; 0,0; 3n 0 n 0 n 0 n

1;0,0; 3n + 1 0 n+1 0 n 0 n

1; 0,0; 3n + 2 0 n+1 0 n+1 0 n
1;1/2,1/2; 3n 0 n 0 n 0 n
1;1/2,1/2; 3n + 1 0 n+1 0 n 0 n
1;1/2,1/2; 3n 4 2 0 n+1 0 n+1 0 n

Table 2.25: The number of each Zg eigenstate in zero-modes on T?/Zy at 7 = w. Zy parity 0
and 1 denote even and odd modes, respectively. 1 denotes the eigenvalues of the Zg twist.

Note that only the zero-modes with SS phases (M /2, M/2) (mod 1) are mapped to them-
selves under the Zg twist (and ST-transformation); therefore we ignore the zero-modes with

other SS phases. Table means that any three-generation zero-modes with even parity

2 eigenstates. Similarly, any three-generation

1/2 3/2 5/2

consist of one 7 = 1, one n = w and one n = w

and one n = w
5/2

zero-modes with odd parity consist of one n = w™/*, one n = w eigen-

states. Notice that Z, even modes do not contain n = w'/?, w*? and w®? eigenstates since n? is
equivalent to Zs eigenvalue. Also Z, odd modes do not contain 7 = 1 and w and w? eigenstates.

According to Eq. (2.80), Yukawa couplings which are the modular forms satisfy
YN = Ty o(ST,w)pp (ST) o (ST, w)pl (ST)(J1a (ST, w)plf (ST))Y7¥, (2.281)

at 7 = w because of the residual ST-symmetry. Here pr, pr and py are unitary matrices

defined by Egs. (2.100) and (2.101)), and ip(ﬁ’, w) = (—(w +1))"/2. On the Zg eigenstates,
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jl /Q(E\T L, W)PL.R, H(g\’f ) is given by a diagonalized matix composed of Z2 = Zj3 eigenvalues. The
number of Z2 = Zj eigenvalues in the diagonalized matrix can be obtained from Table .
Then we can classify the structures of Yukawa matrices on ST-eigenbasis at 7 = w by use of
the residual ST-symmetry in Eq. (2.281). The results are shown in Table [2.26]

Z parities of | Structures of Yukawa matrices for each ST-eigenstate Higgs mode
(L,R,H) 1 w? w
* 0 0 0 « O 0 0 =
All patterns 0 0 x 0 0 0 % 0
0 « 0 0 0 = 00

Table 2.26: The structures of Yukawa matrices for each ST-eigenstate Higgs mode. Yukawa
matrices are ST-eigenstates. The symbol “x” stands for nonzero matrix elements.

As shown in Table we can find three types of Yukawa textures,

0 0 0 %« 0 0 0 =
0 0], 0 0], (2.282)
* * * 0

Y

o O *

* * *
0 0 0
at T = w.

As a simple example of Yukawa textures, we show Yukawa matrices on the three-generation
model in Eq. (2.274]). On ST-eigenstates, three-generation zero-modes of left- and right-handed

fermions are transformed by
o - o - 1
diag <J1 /Q(ST,w)pL(ST)> — diag <J1 (ST, w)pR(ST)> - w2 |, (2.283)
w

under ST-transformation. On the other hand, five-generation zero-modes of Higgs fields are
transformed by

1
1
diag (j'l /Q(S‘VT,w)pH(s‘VT)) - W2 . (2.284)
w2
w
Then the residual S7T-symmetry in Eq. is given by
o
1 7 o 1
Ykt — w? w? w? YR, (2.285)
w w w?



74 CHAPTER 2. MAGNETIZED ORBIFOLD MODELS

This leads to the following Yukawa textures,

Yk yikl YR yaks (2.286)

o O ¥
*x O O

0 0 0
0], Y*™=10 «
* * 0

S x O
o *x O
o O ¥
o O ¥

T-symmetry
Third we study Yukawa textures at T-symmetric point 7 = ¢0o. Only the zero-modes with
SS phases (M/2, M/2) (mod 1) are mapped to themselves under T-transformation; therefore
we ignore the zero-modes with other SS phases. Then the zero-modes can be expanded by
T-transformation eigenstates.

According to Eq. , Yukawa couplings which are the modular forms satisfy

Y = Jyo(T, i00) i (T) 1o (T i)l (T) (o (T i) plg (D)) Y7H (2.287)

at 7 = 100 because of the residual T-symmetry. Here p;, pr and py are unitary matrices
defined by Eq. (2.101) and J;/9(7',i00) = 1. This leads to

; ; . ) + OélL)2 (]f + 0411%)2 (5 + OélH)2
jkt _ ke (J — 2.2
Y =Y exp |7 i + i Vi ) ( 88)

and the non-vanishing condition of the elements of Yukawa matrices,

. 2 (k 2y 2 '
<(J +]\ZL) ! J;;;R) ( +J\;;H) ) mod 2 =0, otherwise Y* = 0. (2.28)

This condition makes almost all of elements of Yukawa matrices vanish. As an example let us
see Yukawa matrices on the three-generation model in Eq. (2.274). On T-eigenstates, three-
generation zero-modes of left- and right-handed fermions are transformed by

1
diag (71/2(T, i00)p1(T) ) = diag (7, o(T,ic0)pr(T)) = | e/t , (2.200)
—1

under T-transformation. On the other hand, five-generation zero-modes of Higgs fields are
transformed by

671’1/8

diag (jlp(f, zm)pH(f)) = e/ : (2.291)
9i/8
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Then the residual T-symmetry in Eq. (2.287)) is given by

174

. ’ 1
1 i kk oTi/8
vkt _ omifA i/ i/ YR (2.292)
q _1 o97i/8
1
This leads to the following Yukawa textures,
* 0 0 000 000
YR yikt — Lo o of, Y* yviM—1[0o 0 o], v*=|0 % 0]. (2.293)
0 0 =x 000 0 00

Obviously we cannot realize flavor mixings from these Yukawa textures since they are diago-
nalized. Similarly, it is difficult to obtain realistic flavor observables from Yukawa textures on
other three-generation models. Therefore in what follows we avoid the discussion of Yukawa
textures at T-symmetric point 7 = 700.

2.4.2 The Fritzch and Fritzch-Xing mass matrices

Here we give a brief review of the Fritzch and Fritzch-Xing mass matrices. In Ref. [13§], Fritzch
proposed the quark mass marices with texture zeros. It was extended in Ref. [139]. (See
for a review Ref. |140].) Additionally, various structures of texture zeros were studied [141].
Actually, phenomenologically viable four zero textures of Hermitian quark mass matrices have
been investigated and it has been found that there are several possibilities. (See e.g. Ref. [142]
and references therein.)

The Fritzch mass matrices for up and down-sector quarks, M;Fd), are defined as the following
Hermitian matrices,

0 C, 0 0 Cq O
M =1c: o B,|, MP=|c: o By, (2.294)
0 B A, 0 B A

where A, 4 are taken to be real and positive parameters; B, 4 and C, 4 are complex parameters.

In addition, A, 4 > |By4| > |Cy.ql is assumed. These matrices are extended to the Fritzch-Xing
. (F-X) : . . . .

mass matrices, M, ,~’, by introducing one more parameter in (1,1) entry in mass matrices as

0o C, 0 0 Cqg 0
M =\ B, B.|, M{™=|c; B, Bal. (2:295)
0 B A, 0 Bj Ag

where A, 4 are taken to be real and positive parameters; B;,d are real parameters; B, 4 and
Cy.q are complex parameters. In addition, A, 4 > |Bya| > \B;7d| > |C.q4] is assumed.
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In what follows, we focus on three-generation model in Eq. and illustrate numerical
studies for quark flavor structures. Then we will show that the Fritzch and Fritzch-Xing mass
matrices can be obtained from Yukawa textures at S7" and S-symmetric points, respectively.
Furthermore, we will obtain realistic quark flavor observables by taking appropriate directions
of Higgs VEVs. In this sense, Yukawa textures at S and ST-symmetric points have the further
possibility to realize flavor structures. The approach using Yukawa textures can be applied to
lepton flavor structures as well as quarks. However in this paper we do not touch to it.

2.4.3 Numerical example at 7 =1

Here we study three-generation model in Eq. (2.274]) at 7 = 7. We will show that the Fritzch-
Xing mass matrices can be realized from Yukawa textures at S-symmetric point 7 = ¢ on this

model.

Yukawa, couplings Y7* on this model are given by

Xy X3
ijO = 0(4—4—8) X1 5 ijl 4 4-8) X3 X4 )
X2 X4
V2X, Xy
Y]kQ = C(4—4—8) %(X(] + XQ) ) ij‘S = C(4—4—8) X4 X3 ) (2296>
V2X, X3
X
ij4 = C(4—4—8) Xl )
Xo
with
X() _ 77(()128) + 277(128) + né}lQS),
Xy =l + 0l + e + 06,

28 128
Xy =2(n36™Y + i),

128 28 128 128
X3:774(1 )+77§8)+77( )‘H?éo )7
128 28 128 128
X4—77£2)+77§0)+77( )+77é2 )

Here, we have used the notation,

UJ(VM) =9 l%] (0, MT). (2.297)
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On S-eigenstates, Yukawa matrices at 7 = ¢ are calculated as

1.00  —0.0839 0 —0.0572 —0.248 0
VIR0 = cyqg) | —0.0839 0.00704 0], Y* =cuag | —0.248 —0.943 0],
0 0 0 0 0 0
0.0683 —0.301 0 0 0 0
VIR = cyas) [ —0.301 0281 0 |, Y™ =cuas |0 0  —0.636 ],
0 0  0.844 0 —0.636 0
0 0 0.602
VI = cyag | 0 0  —0.158

0.602 —0.158 0
(2.298)

Notice that the linear combination of Y7*0 Ykl YJ7*2 and Y7*3 can form the structure of the
Fritzch-Xing mass matrices. For example, let us choose the following directions of Higgs VEVs,

(H') = v,(1.00,0.00838, 0, —0.000211, 0),

. (2.299)
(HY) = v4(0.999, —0.0402, 0, —0.0145, 0).
They leads to
1.00 —8.60 x 1072 0
MIF = YM(HL) = cuas | —8.60 x 1072 —8.53 x 1074 1.34 x 1074 |, (2.300)
0 1.34 x 1074 0
1.00 ~7.39 x 1072 0
MIF = YR = cyag | =739 x 1072 449 x 1072 9.20 x 1073 | . (2.301)
0 9.20 x 1073 0

These mass matrices become the structures of the Fritzch-Xing mass matrices by the basis

transformations,
0 0 1 0 01
Mya— |01 0| Myga|010]. (2.302)
100 1 00

Thus the Fritzch-Xing mass matrices can be realized on three-generation model in Eq. (2.274))
at 7 = iP] These mass matrices give the mass ratios of the quarks and the absolute values of
the CKM matrix elements shown in Table 2.27]

2The Fritzch-Xing mass matrix can be obtained by another type of string compactifictaion [143H145].
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Obtained values

Comparison values

(mu7 me, mt)/mt

(2.16 x 1076,8.13 x 1073, 1)

(5.58 x 1075,2.69 x 1073,1)

(mda ms, mb)/mb

(2.02 x 1073,4.10 x 1072,1)

(6.86 x 107*,1.37 x 1072,1)

0.973  0.233  0.000550 0.974  0.227 0.00361
Vexu| = |(UHTUE 0.233  0.973  0.00848 0.226  0.973  0.0405
0.00251 0.00812  1.00 0.00854 0.0398  0.999

Table 2.27: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at 7 = ¢ under the directions of Higgs VEVs in Eq. (2.299)). Comparison values of mass ratios
are shown in Ref [135]. Ones of the CKM matrix elements are shown in Ref [136].

2.4.4 Numerical example at 7 =w

Here we study three-generation model in Eq. at 7 = w. We will show that the Fritzch
mass matrices can be realized from Yukawa textures at ST-symmetric point 7 = w on this
model.

Yukawa couplings Y7*¢ on this model are given by Eq. . On ST-eigenstates, Yukawa
matrices at 7 = w are calculated as

0.9535 + 0.04357¢ 0 O
ijo = C(4_4_8) 0 00 y
0 0 0
0.2852 — 0.1027¢ 0 0
VI = ¢y 0 0 0.8093 — 0.0005968: | ,
0 0.8093 — 0.00059682 0
0 —0.6454 — 0.06436: 0
Yk = C(4-4-8) | —0.6454 — 0.06436¢ 0 0], (2.303)
0 0 0
0 0.1615 + 0.15764 0
YIRS = ¢y | 0.1615 + 0.1576i 0 0 ,
0 0 —0.6802 — 0.5248:
0 0 0.4039 + 0.08034¢
VIR = ¢y s 0 0.1607 — 0.8077% 0
0.4039 + 0.08034: 0 0

Notice that the linear combination of Y7*0, Y7*! and Y7*2 can form the structure of the Fritzch

mass matrices. For example, let us choose the following directions of Higgs VEVs,

(H') = 1,(0.9969, —0.0002465, 0.07846, 0, 0),

¢ (2.304)
(H%) = 14(0.9900, 0.001771,0.1409, 0, 0).
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They leads to

M = i)

0.9505 + 0.043464 —0.05064 — 0.005050i 0
— C(aag) | —0.05064 — 0.005050i 0 —(1.995 — 0.001471i) x 10~
0 —(1.995 — 0.001471) x 104 0
(2.305)
M = Y (Hg)
0.9445 + 0.04296i —0.09093 — 0.009068; 0
= C(aag) | —0.09093 — 0.009068i 0 (1.433 — 0.001057) x 103
0 (1.433 — 0.001057) x 103 0
(2.306)

These mass matrices become the structures of the Fritzch mass matrices by the basis transfor-
mations,

00 1 00 1
Mya— |0 1 0| Mygal0 1 0]. (2.307)
100 100

Thus the Fritzch mass matrices can be realized on three-generation model in Eq. (2.274) at
7 = w. These mass matrices give the mass ratios of the quarks and the absolute values of the
CKM matrix elements shown in Table 2,28

Obtained values Comparison values
(M, e, me)/me | (152 x 1075,2.86 x 1073,1) | (5.58 x 1075, 2.69 x 1073, 1)
(ma, ms, ) /my | (2.37 x 107%,9.41 x 1073,1) | (6.86 x 1074, 1.37 x 1072, 1)

0974 0228 0.00292 0974 0.227 0.00361
Verxu| = [(UH'UE | | 0228 0973  0.0421 0.226  0.973  0.0405
0.00677 0.0416  0.999 0.00854 0.0398  0.999

Table 2.28: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at 7 = w under the directions of Higgs VEVs in Eq. (2.304]). Comparison values of mass ratios
are shown in Ref [135]. Ones of the CKM matrix elements are shown in Ref [136].

Y
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Chapter 3

4D modular symmetric flavor models

In this chapter, we consider 4D modular symmetric flavor models. Especially, we study the
quark flavor structures on the models. This chapter is along in Refs. [89}90].

3.1 Framework

Here we consider the 4D modular invariant supersymmetric theory. In the theory, the superpo-
tential W (7) is modular invariant. The superpotential relevant to quark mass terms are written
as

wir) = > [0V + BN QU | (3.1)

Jk=123

where 7 = (ui,di)T, uf, and d%,/ are superfields corresponding to three-generations of left-
handed quark doublets, right-handed up-sector quarks and right-handed down-sector quarks,
respectively; H: and HY are up type and down type Higgs superfields, respectively; a/* and
7% are coupling constants. The 4D modular invariant supersymmetric theory may be derived
from the higher-dimensional theories such as the superstring theory as the low-energy effective
theory. Indeed, the magnetized orbifold models we have studied in Chapter [2l have the modular
symmetry as the geometrical symmetry of the compact space. We note that Higgs fields H, and
H,; in this theory are assumed to be single generations although multi generation Higgs fields
appear in the magnetized orbifold models. This is because only the lightest mass eigenstate
of multi Higgs fields is expected to be not decoupled at the low-enegy scale. Thus, the 4D
modular invariant supersymmetric theory we will study in this chapter can be the candidates
of the low-energy effective theory of the magnetized orbifold models.

Under the modular transformation, the 4D superfields ® € {Q,ug,dr, H,, Hy} are trans-
formed as

7 — (c7 -+ d) ™5 gl (7)" 07, (3.2)

81
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where —k; < 0 stands for the modular weights of 4D superfields and p(y) is a unitary represen-
tation matrix of the finite modular group. Hence, quarks are assigned into three-dimensional
(redusible or irreducible) representation of a finite modular group with weight —ké while Higgs
fields are assigned into one-dimensional irreducible representation. Then Yukawa couplings for
up and down-sector quarks, Y, and Yy, are transformed as

. ik ’ 110

YI* = (er + d)™ ol (4) 05 (1) pr, (Y (3.3)
. ik . , .

Yi* = (er + d)%apl (1) b (1) o, (1) Y] ", (3.4)

where k{,ﬁ = ké) + k’ij + kpy, and k{g = ké? + kSR + kp,. This means Yukawa couplings are
given by the modular forms of weight k{/]z , for the finite modular group, which are holomorphic
functions of the modulus 7. The fundamental region D of the modulus 7 is shown in Table 2.1]

Since the superpotential is modular invariant, it must be singlet under the modular trans-
formation. That is, the most general form of the superpotential is given by

11 12 13 1
a’l"i Oé'r'i Oé'r'i uR
W(r) =Y |V (@ @ @) a2 o2 o | |u} | H.
2 o a2 o) \ut) ],
11 12 13 1
r; r; r; dR
Y (Y (@ @ @) |3t B2 57 | dn | Ha| . (3.5)
- 31 32 33 d3
T T T R 1

where Y,. (1) are modular forms belonging to all possible irreducible representations 7; of the
finite modular group and choosen to make the superpotential W (7) singlet. Coupling constants
a{ff (ﬂﬁf) may be related each other when quarks belong to multiplets. They lead to the up
and down-sector quark mass matrices, M, and My,

[ ol o P\ [up
M, =Y Ve (@ @ @) (a2 a2 o2 | [uf] (H)| . (3.6)
2 it o) ),
- 11 p12 413 dl,
T; T; T
My=) " |Ye(r) (Q Q% Q) | B2 52 B2 | |3 | (Ha)| - (3.7)
m 31 432 433 B
— T T T R 1

We comment on the normalization of modular forms. There is an ambiguity on the nor-
malization of modular forms. However we expect naturally that such normalization would give
O(1) contributions and not be the origin of hierarchical structures. As mentioned above, our
models may originate from the compactification of higher-dimensional theory such as the mag-
netized orbifold models of superstring theory. Then obtained values in our models appear in
high energy scale such as the GUT scale, 2 x 10'® GeV, and they are affected by the renormal-
ization group effects through some factors, although those effects depend on the scenario. For
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example, renormalization group effects in the minimal supersymmetric scenario were studied
in Refs. [134,/135]. Therefore, we should realize the values of the quark flavor structures at high
energy scale up to O(1). In the following analysis, we use the values at the GUT scale, 2 x 101°
GeV, for tan 5 = 5 in Refs. [134}/135] as reference values.

3.2 Quark flavor models without fine-tuning

Next let us review the modular symmetric quark flavor models without fine-tuning. We assume
O(1) sizes of coupling constants aﬁ;’: and B,Zf on the quark mass matrices because we do not
explain large mass hierarchies of quarks by use of them. We expect that large mass hierarchies
of quarks originate from only the value of the modulus 7.

In the vicinity of the modular symmetric points, the modular forms take hierarchical values
depending on their residual charges. This can be understood as follows. At the modular
symmetric points, 7 = ¢, w and 200, residual Zy, Z3 and Zy symmetries exist respectively,
where N denotes a level of the finite modular group. For example, A, modular symmetry is
broken to Z3 residual symmetry at 7 = ioo since T3 = I. To study the hierarchical structures
of the modular forms in the vicinity of the symmetric points, let us introduce following three
quantities,

T —1 T — W ;
— — — 2mit/N
€s = - EsT = —— Er=e . 3.8

Z’ 27 ( )

Notice that they represent the deviations from the symmetric points. They are transformed as

271'73/]\/8

S ST 2 T
€9 —» —€g, EST — WEgT, ET € T (3.9)

under S, ST and T-transformations, respectively. We define residual S, ST and T-charges as
7 in eigenvalues (—1)", w?" and e™/N for S, ST and T-transformations. Hence, €g, g7 and
er have residual S-charge 1, ST-charge 1 and T-charge 1, respectively. Therefore, the modular
forms f7(7) with residual S-charge rg in the vicinity of the symmetric point 7 = i can be
expanded by eg as [77]

o0
(1) ~ chagﬁzn ~cpey, T~ (3.10)
n=0

where ¢,, denote constant coefficients and e < 1 at 7 ~ i. Similarly, the modular forms f7(7)
with residual ST-charge rgr in the vicinity of the symmetric point 7 = w can be expanded by
€sr as

o0
fi(r) ~ chsgs;ﬁ%" >~ CEGE, T W, (3.11)
n=0
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where eg7 < 1 at 7 ~ w. The modular forms f7(7) with residual T-charge r7 in the vicinity
of the symmetric point 7 = 00 can be expanded by er as

oo
fi(r) ~ Z el TN el T~ oo, (3.12)
n=0

where e < 1 at 7 ~ i00. Thus the modular forms in the vicinity of the symmetric points can
generate large hierarchies and become the origin of the quark mass hierarchies.

As an illustlating example, we suppose that quark doublets @), up-sector quark singlets ug
and up type Higgs field H, with the residual ST-charges,

Q:(1,1,0), wugr:(0,1,0), H,:O0. (3.13)

Then the elements of the mass matrix of up-sector quarks M, have the following ST-charges,

2 1 2
My:|2 1 2 (3.14)
020
According to Eq. (3.11)), the sizes of elements of M, are approximately given by
’55T‘2 \é‘ST’ ’5ST\2
|My| = | lesr]® lestl lesrl? |, (3.15)

1 |€ST|2 1

at 7 >~ w.

In this way, hierarchical structures of mass matrices can be obtained in the vicinity of the
symmetric points. Nevertheless the realization of the quark flavor structure is not straightfor-
ward. We need to obtain the quark mass ratios, m, /m; ~ 107°, m./m; ~ 1072 mg/my ~ 1073
and m,/mp ~ 1072, When we take ¢ = O0(0.1), m,/m; ~ 107° can be realized by the residual
charge 5 as €> ~ O(107°). This means the residual Zy symmetries with N > 6 are required to
realize quark mass hierarchies. Such residual symmetries are yielded only at the cusp, 7 = o0,
for the finite modular groups satisfying 7V = I with N > 6. When we consider the products
of the finite modular groups, we can relax this requirement. For example, let us consider the
products of the finite modular group A4 x Ay x Ay controled by three moduli 7, 7 and 73. In
this case, each A, generates residual Z3 symmetry at both symmetric points, w and ico. Thus
the residual Zs x Z5 x Z3 symmetry and the hierarchical value €% are realized in the vicinity of
w and 200.

3.3 The models with ['; modular symmetry

As a finite modular group breaking into residual Zy symmetry with N > 6 at 7 = ioo, first
we consider the finite modular symmetry at level 6, I'g ~ S5 x A4. I's modular group has two
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generators, S and T-transformations, and they satisfy the algebraic relations,
S? = (ST)? =T° = ST*ST*ST*ST? = 1. (3.16)

Thus it can be expected that the hierarchical value £° are realized in the vicinity of 7 = ioc.

To make our analysis simple, we use only I'g singlets and assign Higgs fields H, and H, into
[ trivial singlet 13 with weight 0. In addition, we restrict all coupling constants affj and ﬁ;lk to
+1 in quark mass matrices to avoid the fine-tuning by them. Since we require the hierarchical
value €°, we focus on the vicinity of the cusp, 7 = ico. We use only the deviation of the modulus
from the cusp (and the choices of +1 or —1 in a{f: and Bﬁf) as a free parameter.

As reviewed in Appendix , in T's modular group, six singlets, 15, 19, 15, 1}, 1} and 12
exist. They have six different T-charges up to 5. Therefore € to the powers up to 5 can appear
in mass matrices. Table [3.1] shows T-charges and the orders of the modular forms of each T'g
singlet.

Singlets | 15 17 19 1} 19 14
T-charges | O 1 2 3 4 5

Orders 1 & &2 g3 &+ &b

Table 3.1: T-charges of six ['g singlets and their orders in the vicinity of 7 = i00.

To realize large mass hierarchies of quarks, we concentrate on the following four types of
mass matrices,

55 €3fa+b €b 63 E2fa+b Eb

Type I: M, o< | £t 43 e |, Myoc | e300 £e2 0 4e2 |, (3.17)
+ePb i 4 +edb 4e2e 4
55 63_a+b €b 64 52—a—&-b 5b

Type II: M, oc | £>Fo0  +£&3 40|, Myoc | £etto®  4£22 0 £eo| ) (3.18)
4570 430 4 4etb 420 4
55 62—a—|—b gb 83 82—(1—‘,—b €b

Type III: M, oc | £&°ot  +e2 £ |, Myo | £e¥ted  £e2 0 feo |, (3.19)
4570 420 4 +e370 420 4
55 627(1+b 6b 84 5Qfaer 51)

Type IV: M, o< [ £e5+270 42 £ |, Myoc | £ettob £e2 £e2] . (3.20)
4570 42 41 +etb 42 4

where £ corresponds any possible combinations of signs and a,b € {0,1,2,3,4,5}. Without
loss of generality it is possible to fix the signs of (1,1), (1,2) and (1,3) elements of M, and M,
to +1 by the basis transformation for right-handed quarks ug and dg. The powers of € on
diagonal elements in M, and M, are (5,3,0) and (3,2,0) for type I, (5,3,0) and (4,2,0) for type
I1, (5,2,0) and (3,2,0) for type III and (5,2,0) and (4,2,0) for type IV. These powers seem to be
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suitable in order to realize hierarchical quark mass ratios. Four types of mass matrices can be
led by the following singlet assignments of quarks,

Type I:
_ b mod 2 a mod 2 0 _ 5—b mod 2 3—a mod 2 0 _ 3—b mod 2 2—a mod 2 0
Q - (1b mod 3 1a mod 3> 10)7 UR = (15—b mod 37 ]‘3—a mod 37 10)’ dR - (13—b mod 3? 12—a mod 3’ 10)’
(3.21)
Type 1T :
o bmod2 q4a mod2 10 o 5—b mod 2 943—a mod 2 10 o 4—b mod 2 942—a mod 2 10
Q - ( b mod 3> 1a mod 3> 10)’ UR = (157b mod 3’ 137(1 mod 3 10)7 dR - (1471; mod 3’ 127(1 mod 3’ 10)’
(3.22)
Type III :
_ bmod2 q4a mod2 10 _ 5—b mod 2 92—a mod 2 10 _ 3—b mod 2 42—a mod 2 10
Q - ( b mod 3> 1(1 mod 3> 10)7 UR = (15—b mod 37 ]‘2—a mod 37 10)’ dR - (13—6 mod 37 12—a mod 37 10)7
(3.23)
Type IV :
_ b mod 2 a mod 2 0 _ 5—b mod 2 2—a mod 2 0 _ 4—b mod 2 2—a mod 2 0
Q - (1b mod 3 1a mod 3 10)7 UR = (15—b mod 3’ ]‘2—a mod 37 10)’ dR - (14—b mod 3? 12—a mod 3’ 10)
(3.24)

However, there are the cases that these assignments cannot lead to the mass matrices in four
types. This is because all of the singlet modular forms of I's with certain T-charges do not
exist for weights less than 14. For example, the modular forms of weight 12 belong to 11 do not
exist as shown in Appendix [G.2] Thus, some of mass matrix elements may vanish due to the
shortage of the singlet modular forms for weights less than 14. We study the case of Yukawa
couplings of the weight 14 in Subsection and one of weights less than 14 in Subsection
5.0.2

3.3.1 Weight 14

Here we study the models with Yukawa couplings of weight 14 where all of mass matrix elements

do not vanish. As a benchmark point of the modulus, let us choose 7 = 3.2¢ around the cusp.
(14) Y(014) y (4
) 1 )

1, 1 )
154 1;

Yl(o1 4), Y1(11 Y and Yl(lli), exist. At the benchmark point 7 = 3.2, they are evaluated as
2 1 2

As shown in Appendix |G.2, seven singlet modular forms of weight 14, Y1(01 4),
0

14 14 14 14
Yl(8 )/Y1(3 ) =151, Yl(;i)/yl(g ) — 0172 €,
YVt =208 x 1072 = &, viY/vRY =358 x 107 — &,
9yt 1) 10 (3.25)

YOV vEY =435 x 107 = &, VIV vSY =746 x 107° — &,
2 0 1 0

Y v =156 x 1076 — €7,
0

1.
1541

Here Yl(llfi) ~ €7 originates from Yl(l6 ) -Yl(g ) ~ 3.4 while Yl(llf) ~ ¢ originates from Y1(16 ) -Y1(08 Vel
2 2 2 0

The modular forms of order €% for 0 < n < 6 can appear when the modular forms of order "
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belonging to same irreducible representation exist. Actually, at weight 14 we find the modular
forms Yl(%lf) ~ ¢ and Yl(%li.) ~ ¢7. In what follows, we ignore Yl(;;) because it is ignorable for Yl(%l?)
as shown in Eq. . Also we assume left-handed quark doublets @), right-handed up-sector
quark singlets ur and right-handed down-sector quark singlets dr have weight -7 in order to
make Yukawa couplings have weight 14.

Type I: (5,3,0) and (3,2,0)
First we study the quark flavor model in type I. The quark mass matrices of type I are given
by

11y(14) 12y/(14) 13y (14)
o Y]_l «Q Y13+a7b mod2 & Y]_Gfb mod 2
(14) 1 3+aa;43nod 3 (61:137 mod 3

21 22 23
Mu — « Yllfa#»b mod 2 (07 Y]_l (67 Y167u mod 2 3 (326)
1(—12-)&-b mod 3 (14)0 6—%12])0(1 3
31 32 33
07 Y11+b mod 2 07 Y 34+a mod 2 07 YIO
14b mod 3 3+a mod 3 0

BUYRY BV s AUV,

— o
4+4+a—b mod 3 o

21y (14) 22y,(14) 23y,-(14)
Md — /8 Y13—a+b mod 2 /8 Yl() /8 Y16—a mod 2 y (327)
3(7121)% mod 3 (14)1 Gfu(.llil)od 3
31 32 33
/6 Y13+b mod 2 /6 Y14+a mod 2 /6 Y]_O
3+b mod 3 4+a mod 3 0

where /% and B7% are coupling constants which we have restricted to £1. When we choose
unsuitable signs +1, the mass matrices are approximately rank-deficient and they would lead
to extremely small mass eigenvalues. To avoid rank-deficient, we must choose appropriate signs
+1 in coupling constants. Moreover, we need to choose the values of a and b which determine
T-charges of Yukawa couplings. Consequently, we find best-fit choices at 7 = 3.2i,

a=2 b=3, (3.28)
and
all a12 0113 1 1 1 511 512 513 1 1 1
o a2 oB| =1 1 1|, |[p g2 pB|l=1 -1 -1]. (3.29)
a31 &32 a33 -1 =1 1 BSI ﬁ32 533 -1 1 -1

Then T-charges of (), ur and dg are

Q = (1(1)7 187 18)7 UR = (187 117 18)? dR = (187 187 18) (330>
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They lead to the hierarchical quark mass matrices,

Y(14) Y(14) Y(14)

1t (2 11 0.0000746 0.000435 0.00358
MY = [ vt v v | v = | 0.000435  0.00358  0.0208
—y _y<14> y<14> ~0.0208 —0.172 1
1
5 84 83
~ | et & 2, (3.31)
—e? —¢ 1
(14) (14) (14)
LETO YR 0.00358 0.00358  0.00358
14 (14) J(14) “(14) 14
Ma/Yye? = | V¥ =YY —vR? /v = [ 00208 —0.0208 —0.0208
° a4 () (14) _ _
_Y18 ylg _ylg 1 1 1
3 63 83
~ e —e? =&t (3.32)
-1 1 -1
These mass matrices give the following quark mass ratios,
(M, M, my) /My = (2.11 x 107°,7.07 x 1072, 1), (3.33)
(Mg, Mg, my) /mp = (2.91 x 107°,1.97 x 1072 1), (3.34)

and the absolute values of the CKM matrix elements,

0.973  0.231 0.000681
Vekum| = | 0231 0973  0.0270 | . (3.35)
0.00690 0.0261  1.00

Results are summarized in Table 3.2

o) 100 Ze x 10° T x 10t e x 102 [Vl [Vakal V&R
obtained values 21.1 7.07 29.1 1.97 0231 0.0270 0.000681
observed values 12.6 7.38 11.2 2.22 0.227  0.0405 0.00361
GUT scale values | 5.39 2.80 9.21 1.82 0.225  0.0400  0.00353

Table 3.2: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at the benchmark point 7 = 3.2¢ in the best-fit model by Egs. (3.30) and (3.29) of type I
with Yukawa couplings of weight 14. Observed values Ref. [136] and GUT scale values with
tan 0 = 5 [134}/135] are shown.

Again we note that our purpose is to realize the order of quark mass ratios and mixing angles
without fine-tuning by coupling constants. For this purpose, we have restricted the coupling
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constants a/¥, 39% to £1 to make our point clear. Varying a/*, 8% = O(1), more realistic results

can be obtained. For example, we set

all o2 o3 2.547  1.987 1.052

ol a?? B =] 1124 1.000 2.998 |,

ot a2 o —2.511 —1.001 2.754 536
gt gtz pis 1.149  1.000  1.405 (3:36)
g2 g2 B = [ 2997 —2.999 —1.504

B3t 332 338 —2.961 1.664 —1.494

Then, we obtain the following quark mass ratios,

(M, Mg, my) /g = (5.39 x 107°,2.80 x 1072, 1), (3.37)
(Mg, mg, mp)/mp = (9.21 x 1073, 1.82 x 1072, 1),

and the absolute values of the CKM matrix elements,

0.974  0.225 0.00353
Vexm| = | 0225 0.974  0.0400 | . (3.39)
0.00556 0.0398  0.999

Results are summarized in Table Similarly, other models in this type could be realistic
when we vary o/*, 37 = O(1).

T x 100 Te x 10° T4 x 10t e x 107 [Vl [Vl V&M
obtained values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225  0.0400 0.00353

Table 3.3: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at the benchmark point 7 = 3.2¢ in the best-fit model by Egs. and of type I
with Yukawa couplings of weight 14. Observed values Ref. [136] and GUT scale values with
tan 8 = 5 [134}/135] are shown.

Type II: (5,3,0) and (4,2,0)
Second we study the quark flavor model in type II. The quark mass matrices of type II are

given by Eq. (3.26)) and
/BllY 014 /812Y 41—321 b mod 2 /813Y 6142) mod 2

4+a b mod 3 6 b mod 3

(14) (14) (14)
M = 52”/13 ekt P Y s | (3.40)
14 14
531}/ 2+b mod 2 532}/—1(4«&»(1 mod 2 /333Y1(8

2+b mod 3 44+a mod 3
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To calculate the quark flavor observables, we need to choose the signs 41 in coupling constants
and the values of a and b. Consequently, we find best-fit choices at 7 = 3.2,

a=2, b=3, (3.41)
and
Oéll 0612 Oél3 1 1 1 ﬂll ﬁlQ /813 1
ot a2 B = 1 1 -1, 521 ﬁ22 ﬂ23 =|-11 1 . (3.42)
a31 a32 0133 -1 =1 =1 531 532 533 1 1 —1
Then T-charges of ), ur and dg are
Q= (1(1)718’18)7 UR = (1(2)71%v18)7 dr = (1%718’18)' (343)

They lead to the hierarchical quark mass matrices,

Y(14) Y(14) Y(14)

N 1 1 0.0000746 0.000435 0.00358
MY = | Yt v —Y(M) /Y = [ 0000435 0.00358 —0.0208
_yl((l)14) _yl(%lzfl) _Y1(g 4) —0.0208  —0.172 -1
5 54 53
~ et 8 =, (3.44)

oo Yy Yo 0.000435 0.00358 0.00358
M/ V" = | =Yy? YRt YR /vt = | —000358 0.0208  0.0208
iy 0 _
Y1;z‘ Y18 _Y18 0.172 1 1
54 63 3
~ | =g &% & |. (3.45)
e 1 -1

These mass matrices give the following quark mass ratios,

(1, M, my) /My = (2.14 x 107°,7.00 x 1072, 1), (3.46)
(Mg, ms,my) /mp = (7.16 x 107%,2.11 x 1072, 1), (3.47)

and the absolute values of the CKM matrix elements,

0.982  0.190 0.00309
Vexwm| = | 0.190 0982  0.0200 | . (3.48)
0.00683 0.0191  1.00

Results are summarized in Table [3.4
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Moy 6  mec 3 mg 4 ms 2 us cb ub
e x 100 e x 107 2 x 107 e x 10 V&sul Vil V&M

obtained values 214 7.00 7.16 2.11 0.190  0.0200 0.00309
observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

Table 3.4: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at the benchmark point 7 = 3.2¢ in the best-fit model by Egs. and of type II
with Yukawa couplings of weight 14. Observed values Ref. [136] and GUT scale values with
tan § = 5 |134}/135] are shown.

Type III: (5,2,0) and (3,2,0)
Third we study the quark flavor model in type III. The mass matrices of type III are given by

Eq. (3.27) and

11y(14) 12y(14) 13y(14)
67 Yll o Y14+a—b mod2 & Ylﬁ—b mod 2
(14) 1 4+aaa41)nod 3 (6121)b mod 3
21 22 23
M,= |« Y117a+b mod 2 «Q Ylo & Y167a mod 2 | - (3.49)
I(ELZL«)&»b mod 3 (14)1 67tzlzn)od 3
31 32 33
«Q Y11+b mod 2 «Q Y14+a mod 2 «a Ylo
14+b mod 3 4+a mod 3 0

To calculate the quark flavor observables, we need to choose the signs +1 in coupling constants
and the values of a and b. Consequently, we find best-fit choices at 7 = 3.2,

a=2 b=3, (3.50)
and
all @12 &13 1 1 1 611 612 513 1 1 1
o a2 @B =1 -1 1], |[p* B2 p2|=|1 1 -1]. (3.51)
0431 0432 Oé33 1 1 -1 631 632 ﬁ33 1 —1 1

Then T-charges of (), ug and dg are

Q = (1(1)7 137 18)7 UR = (187 187 18)? dR = (187 187 18) (352>
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They lead to the hierarchical quark mass matrices,

(14)  (4) (14)
Yoo Ypoo Y, 0.0000746 0.00358  0.00358
(14) (14) (14) (14) (14)
M/Y0 = | Yy YRt YU | /v = [ 0000435 —0.0208 —0.0208
y1<214> yh _y O 0.0208 1 -1
1 0 0
e e &
~ et -2 -2, (3.53)
g2 1 -1
(14)  ,(4) (14)
LEYRD YR 0.00358 0.00358 0.00358
M/ YR = | vt v | /v = | 0.0208  0.0208 —0.0208
Y1(814) . Y1(814) Y1(814) 1 -1 1
e 2 &8
~ et 2 -, (3.54)
1 -1 1
These mass matrices give the following quark mass ratios,
(M, Me, M) /My = (1.04 x 107%,2.12 x 1072, 1), (3.55)
(Mg, Mg, my) /mp = (2.91 x 107°,1.97 x 1072 1), (3.56)

and the absolute values of the CKM matrix elements,

0.967  0.255  0.00000171
Vexum| = | 0.255 0967  0.00706 | . (3.57)
0.00180 0.00682 1.00

Results are shown in Table B.A

Muox 100 Te x 10° T4 x 10t e x 107 [V [Viku (V&L
obtained values 104 21.2 29.1 1.97 0.255  0.00706 0.00000171
observed values 12.6 7.38 11.2 2.22 0.227  0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225  0.0400 0.00353

Table 3.5: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at the benchmark point 7 = 3.2i in the best-fit model by Eqgs. and of type III
with Yukawa couplings of weight 14. Observed values Ref. [136] and GUT scale values with
tan 8 = 5 [134}135] are shown.
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Type IV: (5,2,0) and (4,2,0)

Finally we study the quark flavor model in type IV. The mass matrices of type IV are given by
Eqgs. and . To calculate the quark flavor observables, we need to choose the signs
+1 in coupling constants and the values of a and b. Consequently, we find best-fit choices at
T = 3.2,

a=5 b=0, (3.58)
and
all a12 a13 1 1 1 /811 612 513 1 1 1
a2 Bl =1 1 1], R g2 g8 l=11 -1 —-1]. (3.59)
o3l a3 o33 1 -1 —1 g3l @32 333 1 1 -1
Then T-charges of ), ug and dg are
Q = (187 1%7 18)7 UR = (1%7 1(1)7 18)? dR = (1(1)7 1(1)7 18) (36())

They lead to the hierarchical quark mass matrices,

(14) (14) (14)
LEVIRE YR 0.0000746  0.00358 1
MY = [ve? vR? Y | /vY = | 0000435 00208 0.0000746
0 0
YEM) YO v 0.0000746 —0.00358  —1
- S|
~ et &2 &, (3.61)
g -8 -1
(1) ) (4
Yl(g Yoo Yy 0.000435 0.00358 1
Ma/v" = | VY =y =y /v = | 000358 —0.0208 —0.0000746
0 0
R R G 0.000435 0.00358 ~1
et 2 1
~ ¥ —e? =& . (3.62)
R |

These mass matrices give the following quark mass ratios,

(M, M, my) /My = (7.46 x 107°,1.47 x 1072, 1), (3.63)
(Mg, ms, my)/mp = (1.01 x 1072, 1.54 x 1072 1), (3.64)

and the absolute values of the CKM matrix elements,

0.974 0.226  0.0000000194
|Vexum| = 0.226 0.974 0.000158 . (3.65)
0.0000358 0.000154 1.00
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Results are shown in Table (3.6

T 100 e 107 M 100 e x 107 ViRl [V |Véiou
obtained values 74.6 14.7 10.1 1.54 0.226  0.000158 1.94 x 10~8
observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

Table 3.6: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at the benchmark point 7 = 3.2¢ in the best-fit model by Eqgs. and of type 1V
with Yukawa couplings of weight 14. Observed values Ref. [136] and GUT scale values with
tan § = 5 |134}/135] are shown.

3.3.2 Weights less than 14

Next we study the models with Yukawa couplings of weights less than 14 where some of mass
matrix elements vanish because there do not exist modular forms of proper weights and repre-
sentations.

Type III: (5,2,0) and (3,2,0) with weights 8 and 10
First we study the model where Yukawa couplings for up-sector have weight 8 and ones for
down-sector have weight 10. In addition, we consider the model in type III. As a benchmark
point of the modulus, we choose 7 = 3 72’ around the cusp. As shown in Appendix four
singlet modular forms of weight 8, Ylo , Y118 ), Ylf ) and Y( exist. At the benchmark point
T = 3.7i, they are evaluated as

Y(S)/YO =11, YV =-T19%x107 =,

(3.66)
Vi /Y =732x 107 = & YU/ V) =535 x 107 — &,
2 0

At weight 10, five singlet modular forms, Yl(olo), Yl(llo) Y(lo) Y (19 and Y 0 exist. At T = 3.71,
0 2

10
they are evaluated as

10)/Y(010) =11, 10)/Y(010) =0.102 = ¢,
/YO10 =732%x107% = &2, /YO10 =744 x 107" = &3, (3.67)
/Y§0_544><1o — &
Here we assume left-handed quark doublets @), right-handed up-sector quark singlets ur and

right-handed down-sector quark singlets dr have weights -4, -4 and -6, respectively. In this case
Yukawa couplings for up-sector have weight 8 and ones for down-sector have weight 10.
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The mass matrices in type III are given by

12v/(8) 13y/(8)
O & Y14+a—b mod 2 (6% Ylﬁ—b mod 2
(8) 4+a—(b8)mod 3 (%Sb mod 3
21 22 23
Mu — (0% Yll—a+b mod 2 « Y]_O Y16—a mod 2
1(%3+b mod 3 (8) 1 67a(1§10d 3
31 32 33
07 Y11+l7 mod 2 « Y14+a mod 2 « Y]_O
1+b mod 3 4+a mod 3 Y
11y/(10) 12y,(10) 13y,/(10)
/B Y]_l /B Y14+a7b mod 2 /B Y]_()'fb mod 2
(10) 0 4+azi’0§ﬂ0d 3 (?[637 mod 3
21 22 23
Md - /3 Y137a+b mod 2 /6 Y]_O /6 Y].Gfa mod 2
3(—1(6-)H; mod 3 (10)1 6—%16\)0d 3
31 32 33
/8 Y13+b mod 2 /8 Y14+a, mod 2 /8 Y]_O
3+b mod 3 4+a mod 3 0

95

(3.68)

(3.69)

Here some of mass matrix elements can vanish depending on their T-charges, that is, values of
a and b. To calculate the quark flavor observables, we need to choose the signs +1 in coupling

constants and the values of a and b. Consequently, we find best-fit choices at 7 = 3.7,

a=1, b=2, (3.70)
and
_ _ a13 _ _ 1 511 612 513 1 1 1
a?t o oaBl=11 1 1], g g2 Bl =-1 -1 1 (3.71)
B 0432 0433 - -1 =1 531 532 B33 1 -1 1
Then T-charges of @), ug and dg are
Q= (137 1%’ 18)7 Up = (157 1%? 18)7 dr = (lia 1%’ 18) (372)
They lead to the hierarchical quark mass matrices,
(8)
0 0 Y 0 0 0.00732
MY =Yy Yy vy | /v = 00000535 000732 —0.0719
(®) (8) _
0 Y1; _Ylg 0 0.0719 1
0 0 &2
~ et 2 -, (3.73)
0 ¢ -1
(10) (10) (10)
Yoo Yuoo Yo 0.000744  0.000744 0.00732
My/Y" = | =Y” —vR® viO /v = | ~000732 ~0.00732  0.102
vy y1<;10> 0.102  —0.102 1
e & g2
~ - - ¢ (3.74)
e —e 1
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These mass matrices give the following quark mass ratios,

(M, M, my) /My = (1.27 x 107°,2.18 x 1072, 1), (3.75)
(Mg, ms, mp)/mp = (1.44 x 1073, 1.74 x 1072, 1), (3.76)

and the absolute values of the CKM matrix elements,

0.974 0.227 0.00741
Vexm| = | 0.227  0.973  0.0300 | . (3.77)
0.0140 0.0276  1.00

Results are shown in Table B.7

My 6  me 3 mg 4 ms 2 us cb ub

obtained values 12.7 2.18 14.4 1.74 0.227  0.0300 0.00741
observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

Table 3.7: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at the benchmark point 7 = 3.7 in the best-fit model by Egs. and of type III
with up-sector Yukawa couplings of weight 8 and down-sector Yukawa couplings of weight 10.
Observed values Ref. |136] and GUT scale values with tan 8 = 5 [134}/135] are shown.

Type III: (5,2,0) and (3,2,0) with weights 8 and 12

Next we study the model where Yukawa couplings for up-sector have weight 8 and ones for
down-sector have weight 12. In addition, we consider the model in type III. As a benchmark
point of the modulus, we choose 7 = 3.7i around the cusp. As shown in Appendix four

singlet modular forms of weight 8, Y(O), Y(l), Y(s) and Y( ) exist. At the benchmark point
190 11
(12)

T = 3.7i, they are evaluated as in Eq. 3.66). At welght 12, six singlet modular forms, Y,
O’L
Y(12) Y(12) Y(lz) Y

and Y exist. At 7 = 3.7, they are evaluated as

1 19 1 1O
Yf” /Y(12 =11, 12)/1/012) = 0.102 — &,
/Y01.2 = 1.03x1072 = ¢ Y /YJ‘2 =744 x 1074 = &%, (3.78)
N YT = THT X 1070 = &, 10”/Y012_554><107—>5
Here Yl(ol;) ~ ¢% originates from Y ' Y 1 ~ &% . 3 while Y(lz) ~ 1 originates from Y(O6 )Y(G) ~
0

1-1. In what follows, we ignore Y(O because it belongs to the same representation as Yl(olz,z)
0

and Yl(olf) >> Yl(oli). Also we assume left-handed quark doublets @, right-handed up-sector
0 0
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quark singlets ur and right-handed down-sector quark singlets dg have weights -4, -4 and -8,
respectively. In this case Yukawa couplings for up-sector have weight 8 and ones for down-sector
have weight 12.

The mass matrices in type III are given by Eq. and

11y(12) 12y,(12) 13y,(12)
/8 Yl 5 Y4+a b mod 2 /8 YG b mod 2

4+azi723nod 3 (61257 mod 3
21 22 23
Md = /B Y 3 a+b mod 2 /6 Y]_O B Y167a mod 2 . (379)
3 a+b mod 3 (12)1 6— (er2nod 3
31 32 33
6 Y 3+b mod 2 6 Y14+a mod 2 ﬂ Y
3+b mod 3 44+a mod 3

Here some of mass matrix elements can vanish depending on their T-charges, that is, values of
a and b. To calculate the quark flavor observables, we need to choose the signs +1 in coupling
constants and the values of a and b. Consequently, we find best-fit choices at 7 = 3.7,

a=1, b=2 (3.80)
and
Oéll 0612 Oélg 1 1 1 511 612 613 1 1 1
0 a2 o | =1 1 1|, [p2 p2 pB|=(-1 -1 1]. (3.81)
(131 &32 a33 1 —1 —1 631 632 533 1 -1 1
Then T-charges of @), ug and dg are
Q - (1(2)71%’18)7 UR = (1(1)71;18)7 dr = (1171%’18)' (382)

They lead to the hierarchical quark mass matrices,

(®)
0 0 Yy 0 0  0.00732
MY = [V vie v [y = 00000535 000732 —0.0719
0 —-v® —y® 0 0.0719  —1
12 10
0 0 &2
~ et &2 —e], (3.83)
0 ¢ -1
12) 02 y02)
LY YR ' 0.000744 0.000744 0.0103
MY = | -Y? Yy Y{f) /Yyo!) = | —0.0103 —0.0103 0.102
(12) (12) 12) _
R R 0.102 0102 1
g & £
~ | —e* - ¢ ]. (3.84)
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These mass matrices give the following quark mass ratios,

(M, Mg, my) Jmy = (1.27 x 107°,2.18 x 1072 1), (3.85)
(ma, mg, my)/my = (1.76 x 1073,2.02 x 1072, 1), (3.86)

and the absolute values of the CKM matrix elements,

0.974 0.227 0.0103
[Vernm| = | 0226 0.974  0.0308 | . (3.87)
0.0170 0.0276 0.999

Results are shown in Table B.8

My 6 Me 3 mq 4 ms 2 us cb ub
oux 10° e x 107 2 x 107 T x 10 Vsl 1Vl VM

obtained values 12.7 2.18 17.6 2.02 0.227 0.0308 0.0103
observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

Table 3.8: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at the benchmark point 7 = 3.7 in the best-fit model by Egs. and of type III
with up-sector Yukawa couplings of weight 8 and down-sector Yukawa couplings of weight 12.
Observed values Ref. |136] and GUT scale values with tan 8 = 5 [134}/135] are shown.

3.3.3 The origin of 'y modular symmetry

As we have seen throughout this section, the values of the quark flavor structures can be
realized up to O(1) without fine-tuning in I'¢ modular symmetry. Then residual T-symmetry
(Zg-symmetry) of I'g on the cusp 7 = ioo can originate hierarchical quark mass ratios. Before
we end this section, we also comment on a plausible origin of I's modular symmetry of the
theories. As we have seen in Chapter some modular forms are derived from the torus
compactification T? x T3 x Ti of the low-energy effective theory of the superstring theory
with magnetic flux background. For example the modular forms of weight 1/2 transformed
by 'y are obtained on magnetized T?; the modular forms of weight 1 transformed by Iy are
obtained on magnetized T? x T7 with the moduli stabilization 7, = 7. In addition, non-
factorizable toroidal compactifications 7% and 7° can lead to more various modular forms.
Therefore it may be expected that I'¢ modular symmetry originates from magnetized troidal
compactification models. As a simple case, I'¢ >~ S3 x Ay ~ 'y x I's may originate from I’y
modular symmetry on 72, I'; modular symmetry on 7% and trivial modular symmetry on 75
under the moduli stabilization 7 = 7.
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3.4 The models with A; x A; X A; modular symmetry

As another promissing example for the quark flavor models without fine-tuning, we study the
models with Ay x Ay X A4 modular symmetry, which is controled by three moduli 7, 75 and 73.
A4 modular group has two generators, S and T-transformations, and they satisfy the algebraic
relations,

S? = (ST =T =1. (3.88)

Since A4 modular symmetry breaks to residual Z3 symmetry at both 7 = w and ico, Ay x Ay x Ay
modular symmetry breaks to residual Z3 X Z3 X Z3 symmetry which is able to generate the
hierarchical value €% in the vicinity of 7 = w and ico. Hereafter, we assume the moduli
stabilization 7y = 7, = 73 = 7 and the vicinity of the symmetric points w or ‘oo in order to
generate the hierarchical values of the modular forms. Note that the non-universal moduli such
as 7, ~ w, T» ~ w and 73 ~ i00 are possible to generate the hierarchical value £° as well as the
universal moduli 7y = 7, = 73 = 7 ~ w or 100. Also we will study the models with non-universal
moduli 7 = 75 # 73 in Subsection [3.4.5]

The superpotentials for up and down-sectors, W, and Wy, with Ay x Ay x A4 modular
symmetry are given by

11 12 13 1
aT1T2T3 17273 17273 uR
1 2 3
WU: Z YTI(T)Y;?(T)K'ZS(T)(Q Q Q) az‘}rz’rg 12"?’)“21'3 12"?7’21‘3 u% HU )
31 32 33 3
T1,72,73 ar1T2T3 r17T273 17273 Ug 1
(3.89)
11 12 13 dl
N e el e S W
1
Wy = Z Yo, (T) Yoo (T) Yoo (T)(Q' Q* Q°) | BE vy B2y B | | 4% | Ha| , (3.90)
r1,72,73 31 32 33 d3
17273 17273 17273 R 1

where Y, (7),(n = 1,2,3) are the modular forms belonging to all possible irreducible represen-
tations 7, with respect to n-th A,. Coupling constants ¥~ (5% ) may be related each
other when quarks belong to multiplets. Yukawa couplings are given by the products of three
modular forms Y. (7)Ys, (7)Y, (7). Notice that this corresponds to Yukawa couplings on the
magnetized orbifold models in Eq. (2.53)) under the moduli stabilization 71 = 75 = 73.

After the Higgs fields get the VEVs, these superpotentials lead to the mass terms,

1

Ugr
1 2 3
(@ Q° Q )M, | up
3
Ugr
(3.91)
11 12 13 1
: 1 2 3 a;i"?"? a’2°§7‘27‘3 a£:137'27'3 uf
- Z HYT”(Q Q Q) Qrirars Qrirgrs Qrirgrg Ug <HU> )
r1,r2,73 | n=1 0531 32 33 US
e T17T27T3 T1T273 17273 R 1
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dj
1 2 3
Q" Q° Q")M, | dy
diy
11 12 13 dl <392>
3 1 9 3 gi"?’r‘g ;127‘2'!‘3 gg’l‘g’l‘g é{
- Z HS/T"(Q Q Q) 17273 T17T27T3 T17273 dR <Hd>
r1,1r9,73 | n=1 31 32 33 d3
17273 17273 17273 R 1

To make our analysis simple, we use only A, singlets and assign Higgs fields H, and Hy into
Ay X Ay x Ay trivial singlets 1 x 1 x 1 with weight 0. In addition, we restrict the coupling
constants ¥ and ¥ to £1 in quark mass matrices as same as the analysis on Tg
modular symmetry in the previous section. To avoid fine-tuning by coupling constants, we use
only the deviation of the modulus from the symmetric points w or ico (and the choices of +1
or —1 in o and ) as a free parameter.

As reviewed in Appendix[H.1] in A4 modular group, three singlet irreducible representations
1, 1" and 1” exist. Under S, ST and T-transformations, the modular forms of weight k belonging

to 1, 1" and 1”, Y1(7), Y1.(7) and Y3~ (7) are transformed as

S:Yi(r) = (=7)*Yi(1), ST :Yi(r) = (=1 —1)"Yi(7), T :Yi(7r)=Yi(7),

S:Yu(r) = (—=7)*Yu(r), ST :Yi(r)=(—1—-1)'wYy(r), T:Yu(r)=wYy(r),

S Y1//<T) = (—T)kylll(T), ST : Ylu (7’) = (—1 - T)szyln(T), T: Ylll(T) = (JJ2Y1//(T).
(3.93)

As shown in Appendix [H.2] at weight k& = 8, we can find the modular forms belonging to 1, 1’
and 17, V¥ (7)., Yl(,g) (1) and Yl(,ﬁf) (7), while at weights less than 8 some singlet modular forms
do not exist. For example, at weight 6 the modular forms belonging to 1’ and 1” do not exist.

Therefore we consider the assignments of weights,
kg = kup, = kap, = 4, (3.94)

to make Yukawa couplings have weights 8.
First let us consider the modular forms in the vicinity of the cusp 7 ~ ico. Using Egs. (3.12))
and ([3.93)), we obtain the hierarchical structures of the modular forms,

VP(r) = =1, (3.95)
V(1) ~ e = 27773, (3.96)
Y (1) = e} = e'mins, (3.97)

at 7 ~ 100.
Next let us consider the modular forms in the vicinity of left cusp 7 ~ w. Using Egs. (3.11))
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and (3.93)), we obtain the hierarchical structures of the modular forms,

2
YO (r) = ey = ( “’) , (3.98)

T — w2
T—Ww
YI(IS) (7_> ~ cgp = — _WQ’ (3.99)
Y (1) el =1, (3.100)

at 7 ~ w. Here we have used (—1 — w) = w?.

3.4.1 Favorable models

Here we study favorable models realizing quark flavor observables at 7 ~ w and i00. To realize
hierarchical quark mass ratios, we consider the mass matrices of the forms,

O() = * O« «
M, x x  0EY) x|, My *  0E*) x|, (3.101)
* x« O * x  O(1)

where we assume ¢ ~ (.15 and * denotes unfixed values at this stage. Each A4 can yield the
modular forms of the orders 1, € and €2 at 7 ~ w and ico. We denote the orders of the modular
forms of the n-th Ay as 1, €, and 2. Then up-sector mass matrix M, of the above forms is
realized in the following two types:

O(e1%e5%e3?)
Type 123 : M, x O(e169¢3) : (3.102)
O(1)
O(e12e9%e3?)
Type 1?2 : M, O(e1%e) , (3.103)
o(1)

where the notation of the type, £‘min*

, corresponds to up-sector mass matrix with M??
O(eied ). Notice that type 123 has a permutation symmetry of three A4’s while type 122
does not has such symmetry. On the other hand, other possible types, 123, 122, 223, 132
and 23% are equivalent to type 122 since each A, cannot be distinguished under the moduli
stabilization 7 = ™ = 73.

Next we classify the possible types of down-sector mass matrix My. When M, is in type
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123, the possible types of down-sector mass matrix My are given by

O(e1%e9?) O(e1’e0?)
122212 : My o O(g189) 1722230 My O(e9¢3)
(1) o(1)
O(e1%e9?) O(e1e2?)
122217 : My o 0O(e2) ;172737 My O(g2) :
O(1) O(1)
0(8152832> 0(5152532)
123%12 : My o< O(g169) , 123%23: My o< O(gq63)
O(1) O(1)
O(e16265%) O(e1£2e3?)
123212 : My o< O(g?) , 123%37 0 My O(£2) :
o) O(1)
(3.104)
k

where the notation of the type, ¢!m?nF-rPs?, corresponds to down-sector mass matrix with
M x O(eiel eF) and M2 oc O(ePe?). Other types such as 1222-13 are equivalent to any of
the above types.

In the same way, we can find the possible types of down-sector mass matrix when M, is in

type 122. The possible types of M}! are

1222 . 0(812622), 2232 . 0(822832), 1232 . 0(812832),

3.105
1723 : O(e1%e9e3), 1223 : Ofe165%e3), 123%: O(e169e5%), ( )

and ones of M?? are

12:0(e1?), 2%: O(e2?), 3%: O(e3?),

(3.106)
12 : 0(6182), 23 : O(€283), 13 : 0(8183).

In total, 44 types realizing hierarchical structures in Eq. exist.

In these types we investigate phenomenologically favorable models. As benchmark points
of modulus 7, we choose 7 = 2.17 and w + 0.0517 in the vicinity of ¢co and w. The values of the
modular forms of weight 8 at the benchmark points are evaluated as

r=21i: YOv® =151, YO/ = 0148 5e, Y /v® =0.0218 = &2,
(3.107)
r=w+005Li: Y/ vP=1-1 vy =0148 ¢ Y¥/vP] =00218 - £
(3.108)

We enumerate the models for each choice of the signs 1 in coupling constants « and ( for
44 type. Then we pick up the models realizing the orders of the quark mass ratios and mixing
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angles. Therefore we require the following hierarchical results as phenomenologically favorable
conditions,

1/3 < (mu/mt)model < 37 1/3 < (mc/mt)model < 3’
(mu/mt GUT (mc/mt)GUT
(md/mb)model (ms/mb)model
1/83< —F—<3, 1/3<-——7—"F—- <3, 3.109
/3 < mafma)our 13 <t s (3.109)
V-T mode
2/3 < leKM# <3/2, (x € {us,cb,ub}).
‘VCKM’GUT

As a result, we find 1,584 number of models satisfying these conditions at both benchmark

points 7 = 2.1¢ and w + 0.051i. Table 3.9 shows the results at 7 = 2.1i and Table shows
ones at 7 = w + 0.051z.

Type Number of models ‘ Type Number of models

123-1222-12 64 122-1232-32 64
123-1222-23 64 122-1232-12 32
123-1222-12 96 122-1232-23 32
123-1222-32 96 122-1232-13 64
123-1232-12 32 122-1223-12 16
123-1232-23 16 122-1223-22 48
123-1232-12 32 122-1223-32 48
123-1232-32 32 122-1223-12 32
122-1222-12 32 122-1223-23 16
122-1222-22 64 122-1223-13 48
122-1222-32 64 122-1223-12 16
122-1222-12 32 122-1223-22 32
122-1222-23 32 122-1223-32 32
122-1222-13 64 122-1223-12 16
122-2232-12 32 122-1223-23 16
122-2232-22 32 122-1223-13 32
122-2232-32 32 122-1232-12 0
122-2232-12 0 122-1232-22 16
122-2232-23 32 122-1232-32 16
122-2232-13 32 122-1232-12 16
122-1232-12 32 122-1232-23 0
122-1232-22 64 122-1232-13 16

Table 3.9: Number of models satisfying hierarchy conditions in Eq. (3.109) at the benchmark
point 7 = 2.17. The first and third columns denote the type of MM-M22-M}'.
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Type Number of models Type Number of models

123-1222-12 64 122-1%232-32 64
123-1222-23 64 122-1%23%-12 32
123-1222-12 96 122-123%-23 32
123-1222-32 96 122-123%-13 64
123-123%-12 32 122-1223-12 16
123-123%-23 16 122-1%223-22 48
123-123%-12 32 122-1%223-32 48
123-123%-32 32 122-1%223-12 32
122-1222-12 32 122-1223-23 16
122-1222-22 64 122-1223-13 48
122-1222-32 64 122-12%23-12 16
122-1%222-12 32 122-1223-22 32
122-1222-23 32 122-1223-32 32
122-1%222-13 64 122-1223-12 16
122-2232-12 32 122-1223-23 16
122-2232-22 32 122-12%23-13 32
122-2232-32 32 122-123%12 0
122-223%-12 0 122-123%-22 16
122-2232-23 32 122-1232-32 16
122-2232-13 32 122-1232-12 16
122-123%-12 32 122-123%-23 0
122-123%-22 64 122-123%-13 16

Table 3.10: Number of models satisfying hierarchy conditions in Eq. (3.109) at the benchmark
point 7 = w + 0.0514. The first and third columns denote the type of M}-M7*-M;'.

3.4.2 Numerical example

To illustrate the numerical calculations of quark flavors without fine-tuning, here we show some
examples using the favorable models classified in Tables and [3.10

Type 122-1%22-12 at 7 = 2.1 ~ 100
In type 122-1222-12, the T-charge assignments to quark fields are given by

{leQQ’Qg} : {(alva2aa3)a(b1>b2763)a(0a 070)}7 (3'110)
{ug, uk,up} - {(1—a1,1 —ag, 1 — a3)mea s, (1 — 01,2 = b2, —b3)mea 3, (0,0,0)},  (3.111)
{d}%v d?%v d?%} : {(1 — aq, 1- a2, _a3)m0d 3 (1 - bla _b27 _b3)mod 3 <07 07 0)}7 (3112>
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where a; € {0,1,2} and b; € {0, 1,2} are T-charges of the i-th A4 for Q! and Q?, respectively.

We find the best-fit choices of a; and b;,

(a17a2aa'3) = (1a 17 1)7 (blab% b3) = (2a 270)7

and signs £1 in the coupling constants o and /3,

all a12 a13 1 1 1 511 512 613 1 1
0621 0622 a23 — 1 1 -1 , 521 622 623 — 1 —1
a31 0132 a33 1 —1 —1 531 532 533 1 1

In these choices, we obtain the quark mass matrices,

At 7 = 2.14, they take the hierarchical structures,

YOVEYE vy Ry
Mu — <Hu> Yl('g)yl(?)yl(g) Yl(’%)yl(?)yl(s)
Y1(8) Y1(8) Yl(g) _ Yl('8) Y1(8) Yl(g)
Y1(§) YI(ISI) Yl(S) Yl(S) Yl('8) Yl(zgz)
My = (Hy) | YRVYIVE —ySDvEv®
Yl(S) Yl(s) Yl('8) Yl(/S) Yl(ff) Y1(8)

1.03 x 107 4.74 x 10~*
|M, /M| = [2.18 x 1072 3.21 x 1073
1.00 1.48 x 1071

0% O 00
~ [ 0(e?) 0% O
o) 0f) 0()

Y

4.74 x 107 3.21 x 1073

|Mg/MP?| = [3.21 x 107° 2.18 x 1072

O(eh) O3 O(eY)
~ | OE?) OE?) O(?)
Oe) OF) 01

1.48 x 1071 3.21 x 1073

Yo Yo v

—yrHv®
_Yl(S) YI(S) Y1(8)
VAT A O
Yy v
Yl(S) YI(S) Y1(8)

1.03 x 107°
2.18 x 1072
1.00

1.03 x 107°
2.18 x 1072
1.00

1
-1
1

(3.113)

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)

(3.120)

From these mass matrices, we can calculate the quark mass ratios and the absolute values of
the CKM matrix elements. The results are shown in Table B.11]
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Muox 100 Ze x 10° T4 x 10* 2= x 107 [V [Vl [V
obtained values | 10.22 4.50 13.22 2.27 0.202  0.0419  0.00318
GUT scale values | 5.39 2.80 9.21 1.82 0.225  0.0400  0.00353
lo errors +1.68  +0.12  £1.02  £0.10  +0.0007 =£0.0008 +0.00013

Table 3.11: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at the benchmark point 7 = 2.17. GUT scale values at 2 x 10'® GeV with tan 8 = 5 [134}/135|
and lo errors are shown.

As same as the analysis of quark flavor models with I's modular symmetry studied in Section
3.3, we have fixed the coupling constants a’* and 7% to +1. Then more realistic results can
be obtained by varying a/*, 3% = O(1). In the above model, let us choose the following O(1)
size of coupling constants,

all aol? ob? 271 194 267 pit plz pis 1.24 196  3.00
a?t o?? B | =1253 199 -223], g B2 BB =245 —1.88 —2.26
adt o3? o 2.82 —1.39 —-2.44 B3t B3z 333 1.00 1.20 2.35
(3.121)
In these choices, we obtain the quark mass ratios,
(M, Mg, my) /my = (5.39 x 107%,2.80 x 1072, 1), (3.122)
(ma, mg, my)/mp = (9.21 x 107*,1.82 x 1072, 1), (3.123)

and the absolute values of the CKM matrix elements,

0.974  0.225 0.00353
Vexwm| = | 0225 0974 0.0400 | . (3.124)
0.00556 0.0397  0.999

The results are summarized in Table B.12

Max 100 e x 10° T4 x 100 2= x 107 [Vl VRl [V
obtained values |  5.39 2.80 9.21 1.82 0225  0.0400  0.00353
GUT scale values | 5.39 2.80 9.21 1.82 0.225  0.0400  0.00353
1o errors +£1.68  £0.12  £1.02  £0.10  £0.0007 =£0.0008 +0.00013

Table 3.12: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at the benchmark point 7 = 2.17. GUT scale values at 2 x 10'® GeV with tan 8 = 5 [134}/135|
and lo errors are shown.
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Type 123-1222-12 at 7 = w + 0.051i ~ w
In type 123-1222-12, the ST-charge assignments to quark fields are given by

{Q17Q27Q3} : {(a17a27a3>7 (blub27b3)7 (0707 0)}7 (3125>
{ug, ub,ub} o {(1 —ay, 1 —az,1 —as)mod s, (2 — 01,2 — b2, 2 — b3)moa 3, (0,0,0)},  (3.126)
{d}%, d%, d?:i} . {(]_ — aq, 1-— asg, —ag)mod 3, (2 - bl, 2 — bQ, _bS)mod 3, (O, 0, 0)}7 (3127)

where a; € {0,1,2} and b; € {0, 1,2} are ST-charges of the i-th A4 for Q' and Q?, respectively.
We find the best-fit choices of a; and b;,

(a1,a2,a3) = (1,1,1), (b1, b2, b3) = (2,0,2), (3.128)

and signs £1 in the coupling constants a and /3,

O{H a12 0413 1 1 1 511 612 613 1 1 1
a?t o2 Bl =11 1 -1}/, pHop2 Bl =1 -1 1]. (3.129)
0431 a32 OéS3 1 —1 =1 531 532 633 1 —1 —1

In these choices, we obtain the quark mass matrices,

Yl(S)Yl(S)Yl(S) YI(S)YI(EE)YI(S) YI(S)YI(S)YI(B)
M, = (H,) | YOYEYE vOvPvE —vOvOYP |, (3.130)
YEOVEYE —viOvPyE —vOvHY
Y1(8) Yl(g) Y1(18/) Y1(8) Yl(l%) Yl(/s) Yl(g) Yl(S) Y1(8)
My = (Hy) | YOVIVE —vPyPyE vy v |. (3.131)
YIvPvE —vHyOv® vy Py

At 7 = w + 0.0514, they take the hierarchical structures,

1.04 x 107 4.76 x 10™* 1.04 x 107°
|M, /M| = 218 x 1072 3.22x 103 2.18 x 1072 (3.132)
1.00 1.48 x 1071 1.00
O(e%) O(h) O
~ [ OE?) OE3) 0E?) |, (3.133)
o) 0@ 0()
476 x 107* 3.22 x 1073 1.04 x 107°
|My/M3P| = [3.22x 1073 218 x 1072 2.18 x 1072 (3.134)
1.48 x 1071 3.22 x 1073 1.00
O(') O(e%) O(°)
~ | OE®) 0OE?) 0EY | . (3.135)
Oe) 0O(*) 0)
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From these mass matrices, we can calculate the quark mass ratios and the absolute values of
the CKM matrix elements. The results are shown in Table B.13

Muox 100 Ze x 10° T4 x 100 2= x 102 [V [Vl [V
obtained values 10.3 4.52 13.29 2.27 0.202 0.0420  0.00319
GUT scale values | 5.39 2.80 9.21 1.82 0.225  0.0400  0.00353
1o errors +1.68  £0.12  +£1.02  £0.10  +0.0007 =£0.0008 +0.00013

Table 3.13: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at the benchmark point 7 = w + 0.051i. GUT scale values at 2 x 10'® GeV with tan8 = 5
[134,/135] and 1o errors are shown.

3.4.3 CP violation

So far, we have studied the quark mass ratios and the absolute values of the CKM matrix
elements on the A4 x Ay x Ay modular symmetric flavor models without fine-tuning. Here we
additionally study the possibility of the realization of the CP violation. We assume that the
CP violation is only induced by the VEV of the modulus 7. The independent values of the
modulus 7 under the modular transformation (so-called the fundamental region) are shown in
Figure [2.1

Under the CP transformation, the modulus 7 is transformed as [27}/146}/147]

T — =77, (3.136)
ie.,
Rer — —Rer, Im7 — Imr. (3.137)
The CP invariant points of the modulus are obviously given by following three,
e the imaginary axis, Rer = 0;
e the boundary, Rer = +1/2;
e the unit arc, |7| = 1.
Note that the imaginary axis Rer = 0 is CP invariant due to T-symmetry,
1 ce. 1 . r 1
T = §+21m7'—> —§+ZImT—> §+zImT:7', (3.138)
and the unit arc |7| = 1 is CP invariant due to S-symmetry,

T = IATET Z0, _pTiANET Dy pifreT _ o (3.139)
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Therefore, we cannot obtain non-vanishing CP phase in our numerical examples studied in
Subsection since we have fixed the modulus at 7 = 2.1¢ (the imaginary axis) or w+0.051¢
(the boundary). In order to find the models leading to non-vanishing CP phase, here we study
the necessary conditions for the CP violation.

In the vicinity of the symmetric points, the mass matrices can be classified to two types. In
one type the CP violation is not induced while in another type it can be occured. To understand
this, first we study the mass matrices in the vicinity of 7 = 00 and A4 modular symmetry
instead of Ay x A4 x A;. As shown in Eq. , the mass matrix elements as well as the
modular forms with T-charge 77 can be expanded by eff = e2™7r7/N = ?mi7rr/3 i the first
order approximation. Thus, the up-sector mass matrix M, with the following T-charges,

2 21
M,: 11 1 0], (3.140)
110
can be estimated as
€2 €2 er
Mu ~\léer Er 1 . (3141)
Er ET 1

This charge pattern can be realized by T-charge assignments of the fields,
Q:(-1,0,0), wgr:(-1,-1,0), H,:0. (3.142)

Note that the second order contribution to the first order is O(g3.) and it is ignorable in the
vicinity of 7 = 100 where ey < 1. Actually we have assumed 7 ~ 0.15 in Subsection to
generate large quark mass hierarchies. This mass matrix has the phase factors,

‘€T|2647r'iReT/3 ’5T|2647r'iReT/3 ‘gT‘eQTriReT/?)
Mu ~ |€T‘62mRe'r/3 |6T|627rzReT/3 1 (3143)
|€T|€2m'ReT/3 |€T|627riReT/3 1
|€T|2627La |€T|262ia |€T|€ia
= | ler|e’™ |ep|e™ 1 : (3.144)

leple®  |ep|e™ 1
where ov = 2mRet /3. For the phase transformations u;, and ug,

—tx

e
U = 1 . URp = et , (3.145)
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the phase factors in the mass matrix are completely vanished as

M, — uTLMuuR

’8T|2€2ia |€T|262ioc ‘ET‘eia

~ul [ ferle™  |eplet 1 uR (3.146)
lerle™  |er|e™ 1
e—ia |5T | 262ia |€T | 2€2ia |€T | eia e—ia
= 1 lerle™  |er|e™ 1 e i@ (3.147)
1 lerle™  |er|e™ 1 1

ler|® lerf ler
=\ ler| ler| 1 |]. (3.148)

ler| ler| 1

This is because the powers of the phase factors in the mass matrix are determined by their
T-charges and the phase transformations u;, and ugr correspond to them as

il
ez¢>a

uh = e , ¢ = [—(T-charge of Q")]mod 3, (3.149)
—idla
e

efiwla

e~ WP , ' = [~(T-charge of u’)]mod 3- (3.150)
—ip3a
e

S
=
|

Here we have used the notation [¢|meq 3 = 7 when ¢ = 3n + r with the maximum integer n such
that » = 0,1, 2. This is one example of the type where the CP violation is not induced El

On the other hand, the mass matrix with the following T-charges,

021
M,: |21 0], (3.151)
2 10

has non-vanishing phase factors. This charge pattern can be realized by T-charge assignments
of the fields,

Q:(—1,0,0), wug:(=2,—1,0), H,:0. (3.152)

!Similar behaviors at the modular symmetric points were studied in Refs. [115]/148|.
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This mass matrix can be estimated as

1 €2 er
MuN e’:‘% er 1 (3.153)
g2 ep 1
1 ‘€T ’2647riRe7'/3 |5T | e?wiReT/:s
— |€T|2e47riRe'r/3 |€T|62m'ReT/3 1 (3154)
|€T|2647riReT/3 |€T|e27riRe‘r/3 1
1 |€T‘2€2m ‘6T’em
= | ler|?e®™  |ep|e™ 1 : (3.155)
ler|?e®™  |ep|et 1

where o = 2mrRer/3. Under the basis transformations in Eqgs. (3.149)) and (3.150)), the phase
factors in this matrix are partially vanished,

M, — uEMuuR

1 |€T|2€2io¢ ‘8T’€ia
~ul [ |er2ed™  |ep|et 1 uR (3.156)
|€T|2€2ia |€T|€ia 1
efia 1 |€T|2€2ia |ET|€ia 6721'(1
= 1 ler|?e¥™  |ep|e® 1 e i@ (3.157)
1) \|er|*e*™ |erle™ 1 1
= ‘5T|2 ’5T| 1 . (3158)
ler)*  ler| 1

In this case, the phase factor e in the (1,1) matrix element survives. This is because T-
charge is identified up to N = 3 in mass matrix elements. Notice that if the (1,1) matrix

% and the mass matrix in the first

element in M, has T-charge 3, it has the phase factor e
approximation becomes completely real after the phase transformation. Thus the identification
of T-charge in the mass matrix leads to non-vanishing phase factors. This is one example of
the type where the CP violation can be induced.

This mechanism is generallized as follows. The T-charge of the M/* element is given by one

of @7 and uf,
T-charge of M?* = [—(T-charge of /) — (T-charge of u’})]moa 3- (3.159)
In the first order approximation, M7* element has the phase factor,

exp [ia(T-charge of M}")] = exp [ia[—(T-charge of Q’) — (T-charge of u};)lmoas] . (3.160)
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On the other hand, the mass matrix element after the phase transformation, [uTLMuuR]jk , has
the phase factor,

exp [ia[—(T-charge of Q') — (T-charge of u};)]mod 3]
x exp [—ia([—(T-charge of @7)]mea 3 + [—(T-charge of u};)]mod 3)] - (3.161)

This is cancelled only if

[—(T-charge of Q7) — (T-charge of u%)]mod 3
= [~ (T-charge of Q”)]med 3 + [—(T-charge of u%)]moa 3, (3.162)

is satisfied. Notice that the left-hand side in Eq. (3.162)) is less than 3. Thus when
[—(T-charge of Q7)]mod 3 + [—(T-charge of u%)]mod 3 > 3, (3.163)

is satisfied, MJ* gets non-vanishing phase factor e =3¢ after the basis transformations in Eqs. (3.149))
and (3.150]). Similarly, we find the condition for down-sector quarks,

[—(T-charge of Q7)|moa 3 + [—(T-charge of d%)]med s > 3. (3.164)

Remind that the residual charges determine the hierarchical structures of the mass matrices.
These conditions imply that residual charges further determine the phase factors in mass ma-
trices. Therefore, the CP violation is strongly related to the hierarchical quark mass ratios
through the residual charges. This is also true in other modular symmetric flavor models since
above analysis only depends on the residual charges of the modular group.

When either of the conditions in Eqs. (3.163|) and are satisfied, the quark mass
matrices can be complex and the CP violation can be induced depending on the value of the
modulus 7. Otherwise, the quark mass matrices are real in the first order approximation and
the sufficient CP violation never occur. Note that again the second order contribution to the
first order is estimated as O(1073) and it is ignorable. Thus we can regard Egs. and
as the necessary conditions for the CP violation.

Next we consider the necessary conditions in the vicinity of 7 = w. Since A4 modular group

satisfies (ST)® =T, we can regard the same conditions in Eqgs. (3.163)) and (3.164]),

[—(ST-charge of Q”)]mod 3 + [—(ST-charge of u%)]moa s > 3, (3.165)
[—(ST-charge of Q7)]moa 3 + [—(ST-charge of d5)]med 5 > 3, (3.166)

as the necessary conditions for the CP violation.

Now we extend the necessary conditions to Ay x Ay x A4 modular symmetry. We have
three necessary conditions for three A, symmetry. When at least one necessary condition
for A, symmetry is satisfied, the CP violation can be induced. Consequently we find that
all of favorable models shown in Tables [3.9] and satisfy the necessary conditions for the
CP violation. In Appendix [F] we classify the phase factors after the basis transformations in
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Egs. (3.149) and (3.150)), and the hierarchical structures of the mass matrices of the favorable
models. Indeed these mass matrix structures contain non-vanishing phase factors. Nevertheless

the numerical analysis shows that all of the favorable models cannot obtain sufficient CP phase
in the vicinity of the symmetric points. To understand this, let us consider the CKM matrix
at the first order approximation of €. It is calculated from the massmatrix structures in Table
As a result, we find all of the favorable models have either of the following two structures
of the CKM matrix at the first order approximation,

1 L5elp* —lePp 1 —L5[elpr [elp*
Vexm = | —1.5Je|p 1 —2le]* |, L.5lelp 1 —2le]* |, (3.167)
S 2 1 dAefp AP 1

where p is given by ¢/|¢|. It follows from this that Jarlskog invariant Jop vanishes at the first
order approximation,

Jop = ‘Im(vétf(MVCC%(M(VC%%M ccf<M)*)| = Im(3p*p|5|6) = 0. (3-168>

When we consider the second order contribution to the CKM matrix, we obtain O(¢?) deviation
compared to the first order. Hence, we expect

Jop <3 x Jef?, (3.169)

at the second order approximation. Since we have assumed |e| ~ 0.15 to realize quark mass
hierarchies, we obtain Jcp < 7.7 x 1077, On the other hand, this is extremely small compared
with the observed value Jep = 2.8 x 107°. Thus, the favorable models with A, x A4 x Ay
modular symmetry summarized in Tables and cannot realize the sufficient CP phase
although realistic values of the quark mass ratios and the mixing angles are obtained in the
vicinity of the symmetric points. In the following, we will confirm this through the numerical
examples using the some of the favorable models.

3.4.4 Numerical example of the CP violation

Here we will try to realize both the CP phase and the quark hierarchical structures in the
vicinity of the symmetric points 7 = 400 or w using the favorable models. To illustrate the
inconsistency between the CP violation and the quark hierarchical structures, we study the
model in type 122-1232-32 at 7 ~ w. In type 122-1232-32, the ST-charge assignments to quark
fields are given by

{leQQan} : {(a17a27a3)a(b17b2ab3)a(Oa 070)}7 (3170)
{UE,U%,U?}%} . {(2-(11,2-@2,2-&3)m0d 3,(2-()1,1 —bg,—bg)mod 3,(0,070)}7 (3171)
{d}%, d%, ds}%} t {2 — a1, —a2,2 — a3)mod 3, (—b1, —b2,2 — b3)moa 3, (0,0,0)}, (3.172)
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where a; € {0,1,2} and b; € {0, 1,2} are ST-charges of the i-th A, for Q* and Q?, respectively.
We find the best-fit choices of a; and b;,
(al,ag,ag) = (1,1,1), (bl,bQ,b3> = (1,0,0), (3173)

and signs £1 in the coupling constants o and /3,

Oéll 0512 a13 1 1 1 Bll 512 613 1 1 1
o a2 oB | =1 -1 -1, |[p* B2 pB|=(-1 1 —-1]. (3.174)
0431 0532 0633 1 1 -1 ﬁ31 BSQ ﬁ33 -1 =1 1

In these choices, we obtain the quark mass matrices,

YOYOY®  yOy®ye  yeyeye
M, = (1) | vOVEYE yOyPvE yOy©OyE | (3.175)
VAT B D A7 P L w0 G A
YOYOY®  yOyeoye  yeyeye
M= (Hy) [ =v®vEYE vV —yOvEy |. (3.176)
BRI S0 SIS b L) G A b
This is one of the models in Table and can satisfy hierarchy conditions in Eq. at
the benchmark point 7 = w + 0.051:. To check whether the CP violation can occur or not in
the vicinity of 7 = w, we calculate Jarlskog invariant Jop = Im (V% Vi (V& Véa)®) in
the 7 plane around 7 = w. The results are shown in Figure |3.1]

- ‘ ; —1
' ~15

; -2
] —25

0.9 F%\ | B 35

1.2

1.1

1.0

Im7

0.8 | 1

0.7 : . . :
-05 —-04 —-03 —-02 -0.1 0
Rer

Figure 3.1: Allowed regions and Jarlskog invariant in the 7 plane around 7 = w for the model
in type 122-1232-32. Green shows the region satisfying hierarchy conditions in Eq. , and
black, red and yellow colors correspond to log,,Jcp. White shows the region with log,,Jcp <
—5. Blue square denotes the point 7 = w + (0.0326 4+ 0.07537) on numerical example in Table
Gray is out of fundamental region.
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As a result, we cannot find the region of the modulus where both the sufficient Jarlskog
invariant and realistic quark hierarchical structures can be realized. Suitable value of Jarlskog
invariant Jop > 107° can be realized at |7 —w| > 0.080 (|e| > 0.23). This is consistent with the
estimation by Eq. (3.169). At |e| ~ 0.23, it gives Jop S 2.3 x 107 ~ 107 but it is too large
compared with |¢| ~ 0.15 which is required to realize hierarchical quark mass ratios. Thus, it
is difficult to realize both the CP phase and quark mass ratios simultaneously. As a numerical
example, in Table we show the results at 7 = w + (0.0326 + 0.07537) where Jop > 107° is
realized.

Maux109 Mex10® TAx10' Zex10? [Vl IVl [Vul  Jopx10°
obtained values 162 17.8 76.9 593 0287 0100  0.0128 1.01
GUT scale values |  5.39 2.80 9.21 1.82 0225  0.0400 0.00353  2.80
1o errors +1.68 4012  +1.02  +0.10 +0.0007 +0.0008 =+0.00013 91

Table 3.14: The values of the quark mass ratios and the absolute values of the CKM matrix
elements at the benchmark point 7 = w + (0.0326 + 0.0753i). GUT scale values at 2 x 10
GeV with tan 8 = 5 |134}|135] and 1o errors are shown.

The results show that the value of the up quark mass ratio is too large compared to observed
value. Hence, large quark mass hierarchies are not realized in this example although Jop > 1075
is realized. Similar results can be obtained for the favorable models in the vicinity of 7 = 700.

3.4.5 Non-universal moduli

As we have studied in the two previous subsections, the sufficient amount of the CP violation
does not occur in the favorable models with A, x A4 x A4 modular symmetry. This is because
the structures of the CKM matrix in the favorable models are commonly given by Eq.
and they lead to vanishing Jarlskog invariant at the first order approximation. Indeed, the
numerical example shows that the CP violation and the quark mass hierarchies are not realized
simultaneously. In this sense, the relation of the trade-off between the CP violation and the
quark mass hierarchies exist.

To improve the relation of the trade-off, let us study the models with non-universal moduli.
So far, we have assumed the moduli stabilization 7 = 75 = 73 = 7. Then the value of the
phase factors in the mass matrices can be controlled by the value of the modulus 7. However,
such phase factors are cancelled in Jarlskog invariant of the favorable models. We expect that
this cancellation is due to the strong restriction of the modulus by the moduli stabilization
71 = To = 73 = 7. When we have the phase factors controlled by multi moduli parameters, 7,
79 and 73, in mass matrices, they would give non-vanishing contributions to Jarlskog invariant.
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Here we concentrate on non-universal moduli in the vicinity of w,
N=n=T#7, |n-w=[n-w=|n-w <], (3.177)

and study the CP violation and the quark mass hierarchies by a concrete model.
As an example, we consider the model in type 123-1222-12. In type 123-1222-12, the ST-
charge assignments to quark fields are given by

{Q17Q27Q3} : {(a17a2aa3>7(blab2>b3)7(070a O)}7 (3178)
{u}z,u%,u%} . {(]_ —CL171 —a2,1 —ag)mod 37(2—b1,2—b2,2—b3>m0d 3,(070,0)}, (3179)
{d}p d??m d?}’z} P (1= a1, 1 — az, —a3)mod 3, (1 — b1, =b2, —b3)moda 3, (0,0,0)}, (3.180)

where a; € {0,1,2} and b; € {0, 1,2} are Zs-charges of the i-th A4 for Q' and Q?, respectively.
We find the best-fit choices of a; and b;,

(al,ag,ag) = (1, 1, 1), (bl,bg, bg) = (2, 2,0), (3181)

and signs £1 in the coupling constants a and /3,

all 0612 0613 1 1 1 ﬁll 612 613 1 1 1
ot 0 P =1 1 -1], prop= g =11 -1 1 ]. (3182
a3l 32 o33 1 —1 —1 B3t 332 333 1 1 -1

In these choices, we obtain the quark mass matrices,

8 8 8 8 8 8 8 8 8
v (@YD OV () Y (Y (Y () Y (Y (1Y ()
u 8 8 8 8 8 8 8 8 8
My = | Y m) Y (e (Y (m) Y (Y () |
Y1 (m)Yy (7)Y (73) ViV ()Y (n)Yy () =Y (n)Yy (7)Y, (73)
(3.183)
8 8 8 8 8 8 8 8 8
[N m) ORI (7)Y ()Y ()Y ()
- | O On () YOO () Y (Y (nn ()

8 8 8 8 8 8 8 8 8
VIO YH (m) YRR oy ) v )y ()

This is one of the models in Table and can satisfy hierarchy conditions in Eq. at
the benchmark point 7 = 73 = w4 0.0517 although the CP violation does not occur there. The
phase factors after the basis transformation in Egs. and , and the hierarchical
structures of the mass matrices are given by

[el® fel*ps® fel° el'pst lePp? el
My~ el el el ), Ma~ | =l —lelPp™ Jel? |, (3.185)
L=l 1 B el -1
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at the first order approximation. Here we have used p = ¢/¢| for ¢ = (1 — w)/(7 — w?) and
p3 = e3/|e3| for e3 = (173 — w) /(13 — w?). These mass matrices lead to the CKM matrix,

1 —lel (p* +0.5p5)  |¢’p3
VCKM = |6| (p + 05]93) 1 —2|€|2 N (3186)
2lel*p 2/e|? 1

at the first order approximation. Note that when 73 = 7, that is, p3 = p, this CKM matrix
is equivalent to one shown in Eq. (3.167). This CKM matrix gives non-vanishing Jarlskog
invariant,

Jep = [Tm(=2le|* (—=p* — 0.5p3) ps)| = 2[e|° - [Tm(p"ps)|. (3.187)
To illustrate the realization of both Jarlskog invariant and quark mass hierarchies, let us choose
T =w+0.055i, 73=w+0.055¢>"/5, (3.188)

and show the results in Table B.15l

Mux100 Mex10® BAx10t Zex10® [Vl Vil VMl Jopx10°
obtained values 16.0 5.63 6.16 2.52 0.214 0.0498 0.00411 2.53
GUT scale values |  5.39 2.80 9.21 1.82 0.225  0.0400  0.00353 2.80
lo errors +1.68  £0.12  £1.02  +0.10  £0.0007 +0.0008 +0.00013  *515

Table 3.15: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at 7 = w + 0.055i and 75 = w + 0.055¢>™/°. GUT scale values at 2 x 10'® GeV with tan 8 = 5
[134}/135] and 1o errors are shown.

This results satisfy the hierarchy conditions in Eq. (3.109). Thus, realistic quark mass ratios,
absolute values of CKM matrix elements and Jarlskog invariant are simultaneously realized in
the Ay x A4 X A4 modular symmetric flavor models with the non-universal moduli.
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Chapter 4

Constructing Siegel modular forms

In Chapter [2, we have studied the magnetized 72 and orbifold models as one of the top-down
approaches to the flavor structures. Then the zero-mode wave functions on magnetized 7% and
its orbifold behave as the modular forms of Sp(2,7Z) ~ SL(2,Z). Also Yukawa couplings are
written by the modular forms. In Chapter |3] we have studied 4D modular symmetric flavor
models as one of the bottom-up approaches to the flavor structures. Then we have used some
modular forms of finite modular groups to calculate Yukawa couplings. Thus, in these two
approaches, the modular forms are important.

Magnetized T°® model has several moduli and the modular symmetry Sp(6,Z) as the geo-
metrical symmetry. Then Siegel modular forms for the subgroup of Sp(6,7Z) can be derived
from them. Siegel modular forms have several moduli. Therefore the magnetized T° models
and the modular symmetric flavor models based on Siegel modular forms have rich possibilities
realizing flavor structures. Indeed, we have seen that the relation of the trade-off between the
CP violation and the quark mass hierarchies in A4 x A4 X A4 modular symmetric flavor models
can be improved by non-universal moduli. Hence, Siegel modular forms described by multi
moduli parameters are attractive way to explaining the flavor structures. In this chapter, we
will construct some examples of Siegel modular forms from the zero-mode wave functions on
magnetized 7.

This chapter is along in Ref. [149].

119
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4.1 Zero-modes on 7T°

First we review zero-modes on magnetized 7% [96}/99,[100]. 6D torus T° is defined by T° ~ C/A

where A is a 6D lattice spanned by following six basis vectors,

w1

Q
[}
Il
— oo or o oor
o
ot
|
=
)
|
S
[\v)

Here € is the complex structure moduli defined by

W1 W4 We
Q= |ws wy ws
We W5 W3

The complex coordinate on T, 7, satisfies the identifications on C3,
Z~Z4€, i=1,2,..,6.
The background magnetic flux on 7 is written by [100]
1 4 1 . . . ,
F = SPatas dz' N da’ + Py dy' N dy’ + paiyidx’ A dy’,
where x and y are coordinate vectors on T indirectly given by
d =04+ Q) F =g —l—Qé-yj.
In terms of z and Z, the flux F' is rewritten as

1 , | . . ) .
F = Peizi dz' Ndz? + —pzizidz' NdZ + plizi(idz' N\ dZ7)

2
where
Drizi = (Q - Q)_l(pr:cQ + Dyy + png - Qpl‘y)(Q - Q)_1>
Dzizi = (Q - Q)_I(meacQ + Dyy + pny - Qpacy)(Q - Q>_1’
DPrizi = Z(Q - Q>71<pr:r9 + Dyy +pny o prfy)<Q o Q)il'

J

(4.1)

(4.2)

(4.3)
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When we require supersymmetry, the flux F' must be a (1,1)-form. This is achieved by F,, =
F.: = 0, which is so-called the F-term condition. To make our analysis simple, we assume
Pzz = Pyy = 0. Then the F-term condition F,, = F3; = 0 is rewritten as

P2 = Qpyy,. (4.12)
In addition, the Dirac quantization condition make p,, /27 integral,
Pay = 27NT, (4.13)

where N must be a 3 X 3 integer matrix. In this chapter we concentrate on symmetric N
matrix. We note that symmetric N matrix is required by the consistency of S-symmetry as we
will see in the following. Eventually, we obtain the F-term condition,

NQ = QN, (4.14)
and the flux F',
F = n(N(ImQ) ™), (idz" A dz7). (4.15)
The vector potential A is led from F' = dA as

A =rlm (N(,? + f)(ImQ)—1d5>

== D (NE+ Q) ) @' + T (N + OIme) ) a2 (4.16)
2 2
=Ady + Asd?,

where 5 is the Wilson line. In what follows we assume the vanishing Wilson line, Q? = 0, for
simplicity.

Now we are ready to derive the zero-modes on magnetized T°. We consider fermion massless
modes (zero-modes) of the spinor,

U(Z,2) = (Y1400 Yt V) Ut Vet Vet Ve ) Vo) (417)

where (4, 4, 4) denotes the chiralities for each complex plane on T°. They obey the massless
Dirac equation,

0 D3 D.,» 0 D 0 0 0 V(4 +,4)
Ds 0 0 =Ds» 0 —Da 0 0 ||d¢ui
Do 0 0 Ds 0 0 =Da 0 |/|¢g-m
. i |0 =Dz Ds 0 0 0 0 Du|lve-o|_
PYED=F b, 0 0 0 0 D Da 0 IR e
0 —Dau 0 0 Da 0 0 —Dol||¢io
0 0 —-Ds 0 Dz 0 0 Da|l|ve_
0 0 0 Da 0 -D» Ds 0 ) \w_

(4.18)
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where
D,i =0, —iA,, Dz =0 —iAs. (4.19)
The boundary conditions of ¥(Z, Z) are given by
U(Z+ &) =W (), U(Z+Q6) = oax®u(2), (4.20)
where £k =1,2,3 and
& (2) = 7(N(ImQ) " 'm2)y, £qg, (2) = 7lm(NQ(ImQ) ' 2),. (4.21)

We focus on the case where only the spinor component with chiralities (+, 4+, +), ¥4 +,4), do
not vanish. Then 1, 4 1) obeys the masslesss Dirac equation,

Dzi¢(+,+,+) = 0. (4.22)
The solution to this equation is given by [96]

. ) e N1
P (Z,Q) = Nem(VA) (mQ) 7 mz g [ﬂg ] (NZ,NQ), (4.23)

T’N_l
where ¥ [‘7 0 ] (NZ, NQ) is the Riemann-theta function with characteristics defined by

a
v
;

3

(2,Q) = Z il +a)TQ'(m+a)ezm(m+ﬁ)T(z+B)7 QO € Hs, 6,56 R3. (4.24)

—
-

The independent indices of J € 73 label the degeneracy of zero-modes. Since zero-modes have
the periodicity,

TENG ke =1,2,3, (4.25)

the independent J are given by | det N | number of lattice points in Ay which is spanned by basis
vectors Neg, k = 1,2,3. Note that zero-modes in Eq. (4.23|) are well-defined only if ' = NQ
is an element of the Siegel upper-half plane H3 defined as [150]

Hy = {0 € GL3,0) Q7 =, ImQ > 0}. (4.26)

Thus three eigenvalues of Im/N€2 must be positive and this requirement restrict the consistent
region of the moduli €.

4.2 Sp(6,7Z) modular symmetry

Next we study Sp(6,7Z) modular symmetry on zero-modes on magnetized T°¢. We will show
zero-modes on magnetized T° behave as the Siegel modular forms for subgroups of Sp(6,Z).
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4.2.1 Modular transformation and Siegel modular forms

We start from the review of the modular symmetry on 7° and the Siegel modular forms [150-
159]. The modular transformation is the basis transformation of the lattice A defining T° ~

C3/A. Tt is given by
€4 A B\ [éy
()= 0) () @
€5 A B\ [é5
9-( 96
€6 A B\ (és
(2)- (@ 0)(2) (2

where
A B
— 7 4.
ot <C D) € Sp(6,7Z), (4.30)
satisfying
T 03 13
yIyvi=J, J (_13 0, (4.31)

Under the modular transformation, the complex structure moduli of T, ), are transformed as

O=(E & &) (@ & &) — A+ B (6 & &) (6 & &) (CQ+ D)™

= (AQ+ B)(CQ + D). (4.32)
The modular transformation is generated by seven generators, S and T; (i = 1,2, ...,6), defined
by
03 ]_3 13 Bz .
S = T, = , =1,2,...,6, 4.33
(—13 03) ’ (03 13) ' (4.83)
where
1 00 000 0 00
Bi=10 0 0), By={(0 1 0}, B3=10 0 0], (4.34)
000 000 0 01
010 000 0 01
B,=|100}|, Bs=100 1], Bg=1]100 0 (4.35)
000 010 1 00

The Siegel modular forms f7(€2) are holomorphic functions of €. Under the modular trans-
formation, they are transformed as

F(Q) = f(y : Q) = [det(CQ+ D)*p(v)* FH(Q), (4.36)
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where k is the so-called modular weight and p is a unitary representation of subgroup of Sp(6, Z).
In particular, the Siegel modular forms obey

FQ) S (S Q) = [det(—Q)]Fp(S)Y* FH(9), (4.37)
Q)L FT Q) = p(T)* A (), i=1,2,..,6. (4.38)

Generally p fulfills p(h) = I for elements h € G C Sp(6,Z) and forms a finite group.

4.2.2 Modular symmetry in zero-modes

Next we discuss the modular transformation for zero-modes on T° [l Since zero-modes on T°
in Eq. (4.23)) are the functions of {2 and Z, we need to find the modular transformation for z.
Under the modular transformation, the complex coordinate on T, Z, is transformed as

7 (CQ+ D)z (4.39)
Then we can find the modular transformation for zero-modes and the consistency conditions:

e S-transformation
When the consisteny conditions,

(NO)T =NQ, N=NT, Q=0T (4.40)

are satisfied, S-transformation for zero-modes are given by
S UH(2,Q) = R (-T2 -07) = Vet (=) Y p(SUR(E Q) (44D)

EEAN

where

3mi/4 _ . oo
p(S)F = \/eﬁe%”? NTE T e Ay (4.42)
(]

Note that the consistency condition for S-transformation is equivalent to the F-term
condition for symmetric N and €2. Then 2 must commute to N matrix.

e T-transformations
When the consistency conditions,

(NOT =NQ, (NBYY =NB, (NB)* c2Z (k=1,2,3), (4.43)
are satisfied, T-transformations for zero-modes are given by

Ty gR(7,0) = vh(Z.0+ B) = Y p(T) K (2.9), (4.44)

EGAN

!Modular symmetry in magnetized 729 was classified in Ref. [159].
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where
,0<Tz>;]; _ ewifTN—lBJé;’E’ j’ ]g c AN- (445)

Note that what T-transformation can be defined for zero-modes depend on the existence
of B matrix commuting to N matrix. In other words, some of T-symmetries of Sp(6,7Z)
can be violated in zero-modes because of the structure of N matrix.

Notice that these transformations correspond to ones for the Siegel modular forms of weight
1/2. Thus, zero-modes on T behave as the Siegel modular forms of weight 1/2 for subgroup of
Sp(6,7). Actually, taking z = 0, zero-modes on T become exactly the Siegel modular forms.
In this chapter, we focus on zero-modes with N matrix possessing three different eigenvalues.
When N matrix has three different eigenvalues, it cannot be expanded by 13 and N~!. This
can be understood as follows. If we can find a, 8 € R such that N = als + SN~!, we obtain

A2 A
N?>—aN —Bl3=0 = [ X|—-al|X]|-8]|1] =0, (4.46)
A A3

where A1, Ay and A3 are eigenvalues of N matrix. These quadratic equations for A\;, Ao and A3
give two solutions. Therefore at least two of A\;, Ay and A3 have same solution and N matrix is
degenerate if N = als + BN ~! consists.

Assuming N matrix with three different eigenvalues, we can find the structures of Q2 and B
matrix commuting to N matrix. When we write

A W] Wy We Wy oWy wg
Ao =0'NO, O"|wy wy ws|O=[w, W) '], (4.47)
A3 We Wy Ws W Wi wh

where O is a orthogonal matrix, NQ2 = QN leads to

A1 wp Wy w wp Wy wy A1
! / / _ ! / / o
A3/ \wg wi Wi wy whbowh A3

for three different eigenvalues (A1, A2, A3). Thus there are three independent symmetric matrices
commuting to N matrix. Since N # als + SN~!, we can regard 13, N and N~! as three
independent symmetric matrices commuting to N matrix. This means that {2 satisfying the F
term comdition N2 = QN can be expanded as

Q= k1354 kN + ksN 1, (4.49)

where k; (i = 1,2,3) are any complex values. In the same way, B matrix satisfying the
consistency condition NB = BN can be written as

det N

1
B=n1 - N _
ks e lem(N) s lem(N)? ’

(4.50)
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where lem(NV) are the least common multiple of N matrix elements, and n; (i = 1,2,3) are
any real values but B must be an integral matrix. Obviously we can find three independent B
matrices, that is, three independent T-transformations which are well-defined in zero-modes.
Therefore S-symmetry and three T-symmetries remain in zero-modes with N matrix possessing
three different eigenvalues.

4.3 Examples of the Siegel modular forms

In this section we show some examples of the Siegel modular forms constructed from zero-modes
on 7% As mentioned in the previous section, we focus on zero-modes with N matrix possessing
three different eigenvalues. Then S-symmetry and three T-symmetries remain in zero-modes.
Thus taking Z = 0 we can obtain the Siegel modular forms transformed by subgroup of Sp(6, Z)
which are generated by S-transformation and three T-transformations. We will show five Siegel
modular forms at det N = 2,3,4,5 and 6.

o det N =2

We consider the N matrix,
N=|1 -2 1], (4.51)

whose determinant is 2. Hence there are two independent degenerate zero-modes,

(). osm

N N

s = (

These zero-modes are even modes under 2 — —2Z and do not vanish at Z = 0. Therefore
even modes at 7 = 0,

7,0 (§)
A;’m):(?(m)z ‘”(NOl)(O’Q) , (4.59)
oy /0.0

are the Siegel modular forms of weight 1/2. They are mapped into themselves under
S-transformation and following three T-transformations,

15 B; 15 By 15 By
Ty = Ty = T = 4.54
T (03 13) . Tqr <03 1, ) , Ty <03 1, ) ; (4.54)
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where
1 00
001
0 1 -1
Bp=213+N=|1 0 1], (4.56)
-1 1 2
0 1 1
Biy=-13—-2N'=[1 0 —1]. (4.57)
1 -1 —4

It can be checked that these B matrices satisfy the consistency conditions for T-transformations
in Eq. (4.43]). The unitary representation matrices of S, Ty, T;; and Tj;-transformations,
p(S), p(Tr), p(Tyr) and p(Tyrr), form a group, Sy ~ T' x Z,, whose order is 96 Then,

$3(Q) in Eq. (4.53) are a doublet under S;.

o det N =3

We consider the following N matrix,

0 3 4
N=1|3 0 -4/, (4.58)
4 —4 -11

whose determinant is 3. Hence there are three independent degenerate zero-modes,

OGN s

N N N

s

e =,

These zero-modes are decomposed into even and odd modes under 2 — —2. At 2= 0,
only even modes do not vanish. Therefore, even modes at 2’ = 0,

1 2

- )0 V2 ((2)) @)
@(Q):@zgg;)_ f(%v (0,) + vy (O,Q)> , (4.60)

Wioa

are the Siegel modular forms of weight 1/2. They are mapped into themselves under
S-transformation and following three T-transformations,

]_3 B] 13 B[[ ]-3 B]II
1 (03 13) ) 11 (OS 13) ) 111 (03 13 ) ) ( )

2The group isomorphism Sy~ T’ x Z, is pointed out in Refs. [40,/160]
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where
2 00
Br=215=10 2 0], (4.62)
00 2
2 0
16 3 3
Byy=—-13+—-N+-—-N"'=[20 0], (4.63)
13 13 13
0 -2
0 0 —1
6 17 9
BI]I—Elg_mN+1()_4N = _01(1) ; . (4.64)

It can be checked that these B matrices satisfy the consistency conditions for T-transformations
in Eq. (£.43). The unitary representation matrices of S, Ty, Ty and Ty;-transformations,
p(S), p(T1), p(Trr) and p(Trrr), form a group, (Zs X Zz) X Zy x Zz, whose order is 96.
Then, Q%(Q) in Eq. (4.60]) are a doublet of this group.

o det N =4
We consider the following N matrix,
-1 1 -1

N=|1 -1 -1], (4.65)
—1 -1 2

whose determinant is 4. Hence there are four independent degenerate zero-modes,

(§),¢(_81)7w(81)) | (4.66)

N N N

Yh(2,9) = ( (—Sl)w

N

These zero-modes are decomposed into even and odd modes under 27 — —Z. At 22 = 0,
only even modes do not vanish. Therefore, even modes at 2= 0,

B @g(g) VN 793"‘\/%1%
@@ = | ) | = o Do0) N
3(92) (g)
- N_1 (OvQ)

are the Siegel modular forms of weight 1/2. They are mapped into themselves under
S-transformation and following three T-transformations,

]-3 BI 13 BII ]-3 BIII
I = [ = I = 4.
1 (03 13> ) 11 <03 13) ) 117 <03 13 ) ) ( 68)
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where
-1 1 0
4 2 4
Bi=—-13+-N—-_N'=[1 -1 0], (4.69)
3 37 3
0 0
-2 1 -1
Br=-13+N=|1 -2 -1}, (4.70)
-1 -1 1
-1 -1 0
2 2 4
3,112_513_§N+§N*1: -1 -1 0 |. (4.71)
0 0 -2

It can be checked that these B matrices satisfy the consistency conditions for T-transformations
in Eq. (4.43]). The unitary representation matrices of S, Ty, T;; and Ty -transformations,

p(S), p(Tr), p(Trr) and p(Tyrr), form a group, A(96) ~ A(48) x Zg, whose order is 384.
Then, zﬂé(Q) in Eq. (4.67)) are a triplet of this group.

o det N =5

We consider the following N matrix,

3 -2 2
N=|-2 -3 -2, (4.72)
2 -2 -7

whose determinant is 5. Hence there are five independent degenerate zero-modes,
0 ~1 -3 —4
(51) () (04)) . (4.73)

. o
wgv(z,ﬂ)z( ](VS)’% ’%g 02>,¢N N

These zero-modes are decomposed into even and odd modes under 2 — —2. At 2 = 0,
only even modes do not vanish. Therefore, even modes at 2’ = 0,

U3(9) v ( Jg_°2>(079> +¢]€_°3)(0,Q)

are the Siegel modular forms of weight 1/2. They are mapped into themselves under
S-transformation and following three T-transformations,

15 B; 13 By 15 By
T (03 13) . Tqr <03 1, ) s Trrr (03 1, ) ; (4.75)
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where
2 00
Br=213=[(0 2 0], (4.76)
00 2
3 1 L -1
B][ - —513 - §N: 1 ]_ y (477)
-1 1 2
0 1 1
19 7 5
Biyr=—13+-N—-N*'=|1 0 -1]. (4.78)
2 4 4 ] 1 4

It can be checked that these B matrices satisfy the consistency conditions for T-transformations
in Eq. . The unitary representation matrices of S, Ty, T;; and TIII—transformat{ons,
p(S), p(T1), p(Tyr) and p(Ty;), form a group, As x Zs, whose order is 480. Then, ¢4 (€2)

in Eq. are a triplet of this group.

e det N =6

We consider the following N matrix,

—2 -1 -1
N=|-1 -2 1], (4.79)
~1 1 0

whose determinant is 6. Hence there are six independent degenerate zero-modes,

B 00,66 6 D) s

N N N 7¢N N N

Vh(2,9) = (w

These zero-modes are decomposed into even and odd modes under 2 — —Zz. At 27 = 0,
only even modes do not vanish. Therefore, even modes at 2’ = 0,

-1

A % (wg Doy ko m)
1@2(9) -2
Ty | va(@) | _ Wy 07 (0,9)
V3(Q) = e | = L( (,01) (:3) ) , (4.81)
A V2 \y ? (0,§)+¢N0 (0,9Q)
o3 (0,9)

are the Siegel modular forms of weight 1/2. They are mapped into themselves under
S-transformation and following three T-transformations,

1; By 13 Bp 13 B
[ = [ = [ = 4.82
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where

100
Br=13=10 1 0], (4.83)
001
1 -1
Byy=-313-2N+6N‘'=[1 0 1], (4.84)
-1 1

0 1 1
Byp=-213—-N=1[|1 0 -1]. (4.85)

1 -1 =2

It can be checked that these B matrices satisfy the consistency conditions for T-transformations
in Eq. . The unitary representation matrices of S, Ty, T;; and TIII—transformat{ons,
p(S), p(Ty), p(Tyr) and p(Typ;), form a group, Sy % Ay, whose order is 1152. Then, ¢ (Q)

in Eq. are a quartet of this group.

Table summarizes the results.

N detN B[,B[[,B[[[ Groups
21 -1 100 01-1 01 1 ~
o0 | GCn@y | s
11 0 001 —11 2 1-1-4
03 4 200 020 00-1
<30 74> 3 <o20>,<200>,<001> (Zs X Za) X Zy X Zs
4—4 —11 002 00 -2 ~11 2
-11 -1 110 —2 1 -1 ~1-10 ~
(1 ~1 —1> 4 (1 —10),( 1 —2—1>,<—1 -1 0) A(96)
“1-1 2 0 00 —1-11 0 0 -2
—3-2 2 200 01-1 01 1
<—2—3—2) 5 (020),(101),(10—1> As X Zg
2 —2 -7 002 —11 2 1-1-4
2.1 -1 100 01-1 01 1 ~
(—1—21) 6 (010)7(101>,(10—1) Sy X Ay
11 0 001 —11 0 1-1-2

Table 4.1: Examples of the Siegel modular forms of weight 1/2 obtained from the zero-modes
on magnetized T°°.

4.4 The Siegel modular forms for A(96)

In the previous section, we have constructed some of Siegel modular forms of weight 1/2 from
zero-modes on T°. In this section, we give a further study of the Siegel modular forms of weight
1/2 for A(96) in Eq. 1@) Also we construct the Siegel modular forms of higher weights.
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4.4.1 Weight 1/2

The Siegel modular forms of weight 1/2 for 3(96) are given by Eq. 1) For convenience, we
redefine them as

( 0 )(O, Q) + %qﬂ]gg ><O, Q) ﬁ¢]g01)(0>9)

oA
¢(2) V2N ) 0
Zggi - wggz (0,€2) - zﬁ]gg(? (0,9) ; (4.86)
]S %) 0,8) —wzg‘ol) (0,9)

where the minus sign in the third row is merely the convension. The independent B matrices
satisfying the consistency conditions for T-transformation in Eq. (4.43) are given by Eqs. (4.69)),
(4.70) and (4.71)). Then the moduli 2 commuting to N matrix is generally written as

Q) = w1 Br + ws By + w3 By, (487)

where (w1, ws,ws) are the moduli parameters. Under T-transformations, (wq,ws,ws) are trans-
formed as
(w1, wa, w3) 1, (w1 + 1, we, ws),
(wi, wa, w3) T (w1, wp + 1, w3), (4.88)
(w1, ws,ws) KL (wr,wa, w3 + 1).

Under S, Ty, Ti; and Tjr-transformations, the triplet Siegel modular forms (¢, 7,60) are
transformed as

¢ ¢ ¢ ¢
T,
n i\/det(—Q)P(S) n|, n| =5 p(Tranrr) | 0] (4.89)
[ 0 0 0
where
0 i 5t i 00
p(S)=e T S5i Ji —3i|, p(T) =101 0],
RV Y 0 01
AvetoTet (4.90)
it g0 -1 00
p(TH) = 0 1 0 y p(TH[) = 0 10
0 0 -1 0 01

One can check p(T7) = p(T%) and p(Tir7) = p(TF). Hence we can regard p(S) and p(Tyr) as
generators of unitary representations although 77 and T;;; cannot be generated by S and T7;.
p(S) and p(T;r) form a group A(96) ~ A(48) x Zg and satisfy the algebraic relations,

p(8)? = —ils, (p(S)p(T11))* = p(T1r)* = (p(S) " p(T1r) ™" p(S)p(Tir))* = 13,

2 (4.91)
p(S)?o(Tir) = p(Trr)p(S)*.
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In Appendix we summarize the group theory of 8(96). Thus, (¢, n, ) are the Siegel modular
forms of weight 1/2 for A(96).
Introducing ¢; = e™/* (i = 1,2,3), ((,n,0) can be expanded by the powers of ¢;. Notice
that
T,
(qqu,qg) (64q1,qz,Q3)
(01, G2, Q3) 5 (q1,e B 42, G3), (4.92)
(Q1,CI2,Q3) (Q17Q2,64Q3)
and
T, mi
(€,n,0) = (e2¢,m,0),
(¢:m,60) = (e3¢, ™0, (4.93)

(€, 0) 725 (€7¢, 1, 0).

T-charges of (¢, 7n,0) mean that they are expanded by ¢; as

- qquqgl Z Cm1m2m3q§ml 8m2q§m37 (494)
LS
M= Comams @i 605, (4.95)
meZ3
0=q Z S mamadr 0 3", (4.96)
meZ3

where ¢!, ¢ and ¢* denote constant order 3 tensors. Substituting 2 in Eq. (4.87) to the
definitions of ({,n,0) in Eq. (4.86]), we actually obtain following g-expansions,

¢ V22034303 + 263d3 a5t + 243a3°qs P + 2q%q§5q§2 + 20183 g5 + 2(1%%5’1613‘ +-0)
0| = 1+205° +40705° + 205°05° + 203°¢5 " + Agig3" +
0 —(2g5 + 2032 + 2¢53* + 4453° + 43 ¢B¢3® + 4¢3 qPqs 0 + - )
(4.97)

It is remarkable that only non-negative powers of ¢; and ¢» appear in (¢,n,6) while it is not
true for g3. This is because diag(NBy) > 0 and diag(NB;r) > 0 but diag(N By;y) includes a
negative eigenvalue. It follows from these g-expansions that at two cusps w; = ico and ws = 100
where ¢; and ¢y vanish respectively, (¢, n,0) have the following behaviours,

4.98
wy=100: (=0, n=1, 6 =0. ( )

Finally we study the Siegel modular forms of higher weights. Taking tensor products of
(¢,m, 0), the Siegel modular forms of higher weights are constructed. In Appendix we show
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the Siegel modular forms up to weight 5. The dimension of the Siegel modular forms of weight
k is 954205 = 1(2k+2)(2k +1). This can be shown from the behaviours of (¢, 7, ) at the cusps
in Eq. . We use a mathematical induction. Here we introduce a vector Y,, containing the
products of n number of (¢, 7, 0):

¢" )
¢"'n
: Products with one or more (
<n€n72
n—1
Y, = 6 n < (4.99)
n
nn—le
: Products without ¢
nen—l
o J

Let us assume that Y,,_; spans ,,1C5 = %(n + 1)n dimensional spaces. Note that Y,,_; contains
%(n + 1)n number of products. Hence this assumption means all products of n — 1 number of
(¢,m,0) are linearly independent each other. This is true for Y; = ({,n,0). Thus we should
show that Y;, spans ,,42C5 = 3(n 4 2)(n + 1) dimensional spaces under this assumption.

First let us consider the products with one or more ( in Y,,. They are given by (Y,,_; and
span (n 4 1)n dimensional spaces. This means

> > "I TR =0 = ¢ = 0. (4.100)
§=0,1,...n—1 k=0,1,....j
Second we consider the products without ¢. As shown in Eq. (4.97)), the lowest orders of ¢
in n and 6 are ¢ and ¢, respectively. This means
n" # Z e 9, Ve € C, (4.101)
j=12,..n

because the lowest order in the left-hand side is ¢J while one in the right-hand side is ¢;.
Similarly, we find

O£ Y e, Ve €C, (4.102)

§=2,3,..n

because the lowest order in the left-hand side is g5 while one in the right-hand side is ¢5.
Repeating this procedure, we obtain

> eI =0-¢;=0. (4.103)

7=0,1,....,n
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Third, we consider the equation,

B S S P ST S T

0,1,...m—1k=0,1,....j §=0,1,....,n

As shown in Eq. (4.98), the first term vanishes at the cusp w; = ioo. This means that this
equation is devided to two equations,

Z > eIt = > eI =0. (4.105)

1,en—1k=0,1,....5 §=0,1,...n

These two equations consist only if ¢j; = 0 and ¢; = 0 as shown in Eqgs. (4.100) and (4.103]).
Thus we obtain

Z Z ; njjkgk_|_ Z "70]—0—>cjk—0 CJ—O (4.106)

0,1,....n—1k=0,1,....5 7=0,1,....n

This means that all products in Y,, are linearly independent each other. Therefore we have
proven that Y,, spans ,,2Cy = %(n + 2)(n + 1) dimensional spaces when Y,,_; spans ,1Cy =
(n + 1)n dimensional spaces.

4.4.2 Residual symmetries

Next we study residual symmetries at the modular symmetric points. S, T7, Ty and Ty -
transformations satisfy the following algebraic relations,

St = (ST ' Ty = (ST, *Ti)? = 1. (4.107)

We can find three invariant moduli (modular symmetric points) corresponding to these algebraic
relations. The generators of algebraic relations, S, ST} 7y and ST, 2Ty1, act on the moduli

as
S:Q=-97, (4.108)
(ST;'Tir) : = —(Q2 = Br + Bir) ™, (4.109)
(ST *Tir) : Q= —(Q—=2Br + Bry) ™. (4.110)

Solving the equations,
— Qg = Qg, (4.111)
- (QSTflTH — B+ By) = QST;lTH, (4.112)
- (QSTF2T11 B 2BI + BII)_l = Q.S'T172T11’ (4113)

we obtain the invariant moduli (g, QSTIATH and QSTFQT” under S, ST, T, and ST, 2T ,-
transformations, respectively. In addition there are three invariant moduli Qr,, Qp,, and Qg,,,
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under 717, Ty and Tyr-transformations, respectively. In Table |4.2] we show these invariant
moduli. Note that the structures of the moduli are restricted by N2 = QN. Hence, it is
diagonalized by the orthogonal matrix O which diagonalize N matrix in Eq. (4.65)) as

V3+1 0 0
O'NO = 0o -2 0 : (4.114)
0 0 —v3+1
where
_ 1 1 1
O=|"Vos V2 oous (4.115)
1+v3 0 —_1=v3
6+2v/3 V6-2v3
v v : Q) Invariant moduli
T 0 0
S —Q! Qs=0| 0 &% o |07
0 0 ¢t%
et 0 0
ST Ty —(Q=Bi+Bi)™ Qepoag, =0 0 5 0 |07
0 0 et%
% 0 0
ST *Ty —(Q=2Br+ Bu)™' Qgpo, =0 0 5 0 | OF
0 0 %
Ty Q+ By Qr, =icoBr (w = ic0)
Tir Q+ By Qr,, = icoBr (wy = i00)
Trrr Q+ Byyr Qr,,, = icoBr (w3 = i00)

Table 4.2: Invariant moduli corresponding to the algebraic relations in Eq. (4.107) and 7-
transformations. 4 in the third column means any double sign.

4.5 Numerical example

In this section, we study quark flavor models using the Siegel modular forms for &(96) which
we have studied in the previous section. To make our analysis simple, we use the Siegel
modular forms belonging to 3(96) singlets. There are eight singlets 1,, ¢ = 0,1,...,7, in ﬁ(%),
When left-handed matter fields L = (Ly, Lo, L3) belong to singlets (1,,,, 14,,, 14,,) With weights
(—kr1, —kr2, —krs) and right-handed matter fields R = (Ry, R, R3) belong to (14, 1gps L1ags)
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with (—kp1, —kr2, —kr3), fermion mass matrices are given by

cHY 0 0 0 Y g 0 0 CHy
(k11) m (k12) " (k13) "
M aq,, 0 0 0 +ag,, |0 0 Of+ay,, [0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
+ :(|_k21) CleYI(k‘Ql) O O + Oé:(lk22) 0 CkTQY]_(k22) O + a:(lk23) 0 0 C%Yl(kZB)
q21 a21 q22 a22 a23 a23
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
+ sy 0 0 0f+al™ [0 0 0| +al |0 0 0 :
Sy g o) T o ey o) T o o oty
1431 1432 1‘133
(4.116)
where « denotes coupling constants and
ij = (—qu — qu) mod 8, k’jk = ij + kRk- (4.117)

Here we denote C' = (23 det Im2) and its powers are originated from the ratio of Kahler metric.
Note that when all of mass matrix elements have same weights, the powers of C' contribute to

the overall factor.
As we have seen throughout Chapter 3], hierarchical values of the modular forms are required
to reproduce large quark mass hierarchies. For this purpose we concentrate on the vicinity of

the cusp,
Q~ QT] = l‘OOB[7 (4118)

where 77 symmetry remains. When 2 lies on the vicinity of €2p,, the Siegel modular forms
f(Q) with the residual charge r are expanded by powers of q; = e™“1/* as

fQ) ~dr <1, w ~ico. (4.119)
Actually g-expansions in Eq. (4.97)) are written as
¢ V247 (26345 + 24305 + 2057037 + 203°q5 "0 + - --)
n| ~ 1+ 2¢35% +2¢3%¢35 + - - , (4.120)
0 “2q}— 2084 -

in the first order approximation of ¢;. (¢, 7, #) have Tr-charge (2,0,0) and this result is consis-
tent. Thus the modular forms become hierarchical as close to {2y, depending on their 7;-charges.
To obtain more realistic mass hierarchies of quarks, we further assume wy ~ ico and |ws| < |wi],
where |g1] < |g2] < 1. Then ((,n,0) is evaluated as

¢ W24}q;

n| ~ 1 : (4.121)

0 —2¢5
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in the first order approximation of ¢; and g;. We have the hierarchy (,0 < n ~ 1 while the
hierarchy between ¢ and 6 is controlled by the values of w; and w,.
Next, let us study the behaviors of singlet Siegel modular forms in the assumption wy, ws ~

100, |wa| < |wi|. That is, we use the approximation in Eq. (4.121]). In Table we show T7,
Ty and Tyj;-charges of eight A(96) singlets.

1o 1, 1, 13 1, 15 16 17
o 6 4 2 0 6 4 2
Trr-charges | O 1 2 3 4 5 6 7
Trr-charges | O 4 0 4 0 4 0 4

Tr-charges

Table 4.3: Ty, Tty and Tyj;-charges of £(96) singlets.

Up to weight 5, we can find eight modular forms belonging to singlets,

3/2 2 3 7/2 4 4 9/2 5
YD v vy TRy [y Ry o) (4.122)

Note that the Siegel modular forms belonging to the singlet 1; do not appear up to weight 5.
When (,0 < n ~ 1, they are evaluated as

f 2V/3 44/3
Y1(73/2) = 0= 4\/_% 42, Y1(42) = 0 ~ >

3

3

S 0=~ PERES ¢ = 48014y,

Y(?/z f<9 ~ _1602d1r. v ~ 1 vy ~ 1_192 E 4.123
4192 log — NG 1oy = 3 3 QQ7 (4.123)

3 64
v /2 o _ 8~ —644v/3¢5¢2, v ~ 20 ~ — 2 ghgl8
15 2\/66 34145 1, \/—Q \/5%(12

in the first order approximation of ¢ and 6. In what follows we ignore Y because it is negligible
comparing with Yl(;lj since 0 < 1.

Using these singlet Siegel modular forms, we build the quark flavor model in the vicinity of

Qr,. Let us study the model with the assignments in Table
Q UR dR Hu Hd
Weights | (—1/2,-5/2,—3/2) (0,—1/2,-5/2) (-5/2,—1,-5/2) 0 0
Irr. reps. (12, 16, 10) (11, 14, 10) (10, 17, 10) 10 10

Table 4.4: Assignments in our model.
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In this model, up and down-sector quark mass matrices M, and M, are given by

0 0 0—1/2a13yl(§>)
M, x 0 C12a2y Y 012028y ) (4.124)
C—5/4031 Yl(f/Z) C’_loz32Y1(42) a33Y1(;13
0 0 C™12a348¢ g3
~ 0 C12a®48qiqy —CV2a® Fqlg)® | (4.125)
0_5/404314\/§q%q§ —C"loz:”Q%gq% O‘Sgﬁé
071/25113/1(3) 075/4ﬁ12Y1(73/2) 071/25133/1(3)
M, 01/25213/1(25) 071/4ﬁ22yl(37/2) 01/25233/1(25) (4.126)
531Y1(;la) 0 533Y1(§a)
C12 M 48¢tq"  CP132AV3qiq]  C7'/26"48q1q5"
~ | OV Sqig® —CTVIBPIGE g —CUPER gl | (4.127)
31_1 0 33_1
46 46

where o/ and % are the coupling constants. Zero textures in mass matrices are due to the
shortage of the singlet modular forms. We expect that large quark mass hierarchies do not
originate from the values of the coupling constants. Therefore we assume O(1) sizes of o/ and
B%. Also we regard values of moduli (wy,ws,ws) as free parameters.

To generate large mass hierarchies, in the vicinity of w; ~ ico, we choose the moduli,

(wl,WQ,CL)g) = (132,062 + 086,0), (4128)
where
(q1, G2, q3) = (0.360, 0.624e%674 1), (4.129)

For CP violation, we have deviated w, from the imaginary axif] Additonally we assume the
following O(1) sizes of o/ and 3,

S - a8 _ - 116 Bt g1z 318 1.46 3.39 1.66

a2 B = - 172 303, |[p*M 52 8B =[344 —1.00 —2.89

o’ %2 o 1.00 —1.36 1.00 Bt . 3 208 - —1.27
(4.130)

They lead to the quark mass ratios,

(M, M, My ) /My = (8.25 x 107%,2.70 x 1072, 1), (4.131)
(Mg, ms, mp)/mp = (1.01 x 1073,2.02 x 1072, 1), (4.132)

3CP violation does not occur without Re(2 since the CP transformation is given by  — —Q* [27,(146,/147].
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absolute values of the CKM matrix elements,

0.975  0.224  0.00340
Vexm| = | 0.224 0974  0.0392 |, (4.133)
0.00809 0.0385  0.999

and the value of Jarlskog invariant,
Jor = [T (Ve Vi (Ve Vi) )| = 2.68 x 107°. (4.134)

Results are summarized in Table [£.5]

Mux100 Mex10® BAx10t Pex10® [Vl Vol [Vl Jopx10°
obtained values 8.25 2.70 10.1 2.02 0.224  0.0392  0.00340 2.68
GUT scale values |  5.39 2.80 9.21 1.82 0.225  0.0400  0.00353 2.80
1o errors +1.68  +0.12  +1.02  40.10 +0.0007 +0.0008 =+0.00013 013

Table 4.5: The mass ratios of the quarks and the absolute values of the CKM matrix elements
at (wy,ws, ws) = (1.37,0.6i+0.86,0). GUT scale values at 2 x 10'® GeV with tan 8 = 5 [134,/135]
and lo errors are shown.

Thus the quark flavor observables can be realized without fine-tuning of the coupling con-
stants in the vicinity of invariant moduli {2p,.

Finally, we comment on the CP violation in our model. At w; ~ 100, ws ~ oo and
ws = 0, up and down-sector quark mass matrices M, and M, are evaluated by Egs. and
, respectively. Then phase factors of ¢; in mass matrices are comletely vanished under
the following basis transformations,

M, = U MUy, Mg — ULMUsy,, (4.135)
where

€4iArg(Q1)

Ug = etiAre(@) , (4.136)

1

6727;Arg((h)

Usp = 1 : (4.137)

1

1

Udp = e2ihre(a) : (4.138)
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After the basis transformation, the mass matrices are written as

ULM, U,
0 0 C1201348|q |4 gi?
~ 0 C‘1/2a2248]q1]4q%4 _01/2@23%|q1’4q%8 7 (4'139>
C_5/4a314\/§|q1|2qg _C—1a32%§q§1 a33ﬁ6
ULMaUy,,
CY2gtas| gty O OBV Bl P O RBAS gy
~ _01/2521%’q1|4q%8 _0—1/462216’(]1‘2(]%1 _01/25233_%’q1|4q%8 , (4.140)
/331L 0 /333L
46 46

up to the overall factors. The phase factors of ¢; in mass matrices are completely canceled
El Therefore Rew; cannot contribute to the CP violation in our model. In the same way, we
check the effectiveness of the phase factor of ¢, in mass matrices. We consider the further basis

transformations,
USM Uy, = USUSMU, Uy, USMaUsy, — USUSMaU Uy, (4.141)
where
614iArg(Q2)
Uy = el8iArE(a2) : (4.142)
1
€—7iArg(q2)
U = elivgla) | (4.143)
1
1
Ugy, = eTiAre(az) : (4.144)
1
Then mass matrices are written as
U UM U Uy
0 0 0_1/2a1348|q1|4]q2|14
~ 0 0_1/2a2248|q1|4|q2|14 _01/2a23%|q1|4|q2|18 7 (4.145)
0_5/4a314\/§\q1|2|q2|7 _O—1a32%§|q2|468iAng(q2) a33ﬁ6
UL UEMaU4, Uy,
071/251148|Q1|4|Q2|14 075/4/8124\/§|CI1|2|Q2|7 071/251348|Q1|4|Q2|14
~ | =CYPB S g —CTVB716]q]?|go| ' —C2 5% S |an] e | (4.146)
31_1_ 0 33_1_
46 4/6

4Similar behaviors at the modular symmetric points were studied in Refs. |115}[148].
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up to the overall factors. After the basis transformations, the phase factor e¥48(e) = g2miRew:
survives in (3,2) element of M,. Therefore Rews in the region 1/2 > |Rews| > 0 can contribute
to the CP violation. Actually, sufficient CP violation can be obtained by the deviation of
wy from the imaginary axis (CP symmetric points) as we have seen in the above numerical
example. In this sense w; works on mass hierarchies while wy works on the CP violation in our
model. Thus, the Siegel modular forms which are described by the multi moduli parameters
are the promising way realizing both mass hierarchies and the CP violation without fine-tuning

of the coupling constants.



Chapter 5

Summary

In this paper, we have seen two approaches to the flavor structures. One is the magnetized
orbifold models of the superstring theory; another one is 4D modular symmetric flavor models.
Furthermore, we have constructed some examples of Siegel modular forms from magnetized T°
model.

5.1 Summary of magnetized orbifold models

In Chapter |2, we have discussed the magnetized orbifold models along in Refs. [2223,25,|114],
116]. The 10D N = 1 U(N) Super Yang-Mills theory is a low-energy effective theory of the
superstring theory. In the theory, the torus compactification of the extra six-dimensions with
magnetic flux leads to the chiral zero-mode solutions of the matter fields. In addition, zero-
modes are degenerated depending on the size of flux. Hence, magnetized torus compactification
model naturally leads to the chiral matter fields with the generation structure. In this sense,
magnetized torus compactification model is an attractive way realizing flavor structures of
fermions. Then the modular symmetry of the torus may describe the origin of the flavor
structures. Also the orbifoldings of torus have further possibilities.

First we have studied zero-modes on magnetized T?/Z, twisted orbifold. Zero-modes with
flux M behave as the modular forms of weight 1/2 for [yar and number of degeneracy (gener-
ation) is determined by their flux, Zs twist parity and SS phases. Then we have found various
three-generation models as shown in Table 2.7, Using them, we have found 6,460 of quark and
lepton flavor models. On the other hand, all of these flavor models cannot give realistic flavor
observables because of the difficulties on realizing hierarchical structures of quarks and leptons.
To avoid the difficulties, we have found four conditions I, II, IIT and IV. To realize large up-
sector quark mass hierarchies, the condition I requires the directions of up type Higgs VEVs
ht leading to rank one mass matrix of up-sector quarks. To realize large down-sector quark
mass and charged lepton mass hierarchies, the condition II requires the directions of down type
Higgs VEVs h% leading to rank one mass matrices of down-sector quarks and charged leptons.
To realize small quark mixings, the condition III requires the equality of u% and u¢ which are

143
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unitary matrices diagonalizing rank one mass matrices realized in the conditions I and II. To
realize large lepton mixings, the condition IV requires h¥ realized in the condition I is also the
direction leading to vanishing neutrino Dirac mass matrix. The flavor models satisfying these
conditions have the possibility realizing large mass hierarchies of up-sector quarks, down-sector
quarks and charged leptons, and small and large mixing angles of quarks and leptons in the
vicinity of hfj,d. Therefore we have regarded the flavor models satisfying these conditions as
the phenomenologically favorable models. To find such models, we have conducted the zero
point analysis in Subsection [2.2.5, Then zero point analysis provides the phenomenologically
favorable condition in Eq. which corresponds to the conditions I, II, IIT and IV. That
is, whether the conditions I, II, IIT and IV to obtain phenomenologically favarable models are
satisfied or not depends on only zero points of the zero-modes appearing the flavor models.
Consequently 408 of flavor models satisfying such condition have been found.

Additionally, we have classified the flavor models where h} ; are along in the modular
symmetric directions when the modulus lies on the modular symmetric points. Actually leading
order Higgs p term induced by the D-brane instanton effects at 7 = ¢, w and 700 gives the Higgs
VEVs along in the modular symmetric directions. We have found that 24 of flavor models
satisfying phenomenologically favorable condition can have hﬁ 4 along in S-eigenstates at 7 = 1.
Thus these flavor models have the possibility realizing flavor structures in the vicinity of S-
eigenstate direction of Higgs VEVs, hﬁ}d. Indeed the numerical example in Subsection m
have shown that one of 24 flavor model leads to the realistic flavor observables in the vicinity
of hﬁ’ 4» that is, the vicinity of S-eigenstate directions.

We note that zero point analysis we have conducted can be applied for other orbifold models
such as T?/Z3, T?/Z4 and T?/Z¢. This is because zero point analysis depends on only the zero
points of the zero-modes. Thus it would be intersting to investigate the possibilities realizing
flavor structures through zero point analysis in other orbifold models. Also studying Higgs u
term is an important issue to identify the direction of Higgs VEVs although we have assumed
the vicinity of hﬁ -

In addition, we have studied (T2 x T2)/Z%™ and (T2 x T2)/(Z" x ZP*™) orbifold models.
Zero-modes behave as the modular forms of weight 1 for I'},, and number of degeneracy (gen-
eration) is determined by their flux, Z, twist (permutation) parity and SS phases. We have
classified three-generation models and shown numerical example realizing quark flavors. Thus
these orbifolds also have the possibility realizing flavor structures.

As another way approaching to the flavor structures on the magnetized orbifold models, we
have studied Yukawa textures on T?/Z,. At the modular symmetric points 7 = i and w, the
structures of Yukawa matrices are restricted by the residual symmetries. We have found two
structures of Yukawa matrices for 7 = ¢ and three structures of Yukawa matrices for 7 = w as
shown in Tables and respectively. Using these structures, we have shown Fritzch-Xing
and Fritzch mass matrices are realized for 7 = ¢ and w, respectively. In numerical studies, we
have obtained realistic results of quark flavors for both cases. Therefore Yukawa textures at
the modular symmetric points are an attractive way realizing the flavor structures.
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5.2 Summary of 4D modular symmetric flavor models

In Chapter , we have discussed 4D modular symmetric flavor models along in Refs. [89,90]. In
the theory, the superpotential is modular invariant. Then superfields are transformed by the
finite modular group and have negative weights. Therefore fermion mass matrices as well as
Yukawa couplings are written in terms of the modular forms of the finite modular group. Note
that we have ambiguilties of coupling constants in mass matrices.

In this paper, we have studied the possibilities realizing quark flavor structures without fine-
tuning by coupling constants. In the vicinity of the modular symmetric points, the modular
forms with residual charge r are approximately given by &", which is the deviation of the
modulus from the modular symmetric points. Since the mass matrices are written by the
modular forms, they are also written by the powers of . To obtain large mass hierarchies of
up-sector quarks, we need the residual Zy symmetries with N > 6 which can yield hierarchical
value eV 1. Instead, the products of the residual symmetries such as Z3 x Z3 x Z5 can reproduce
such hierarchical values.

Firstly we have studied the quark flavor models with I's modular symmetry. ['g satisfies
T% = I; therefore residual Zg symmetry remains at T-symmetric point, 7 = ico. To reproduce
hierarchical values of the modular forms, we have assumed the vicinity of 7 = ‘0o where
hierarchical values up to €® appear. To find phenomenologically favorable models, we have
considered four types of quark mass matrices. In four types, diagonal components in mass
matrices have suitable powers of ¢ to realize quark mass ratios. We have treated the degree of
freedom to choose the powers of € in nondiagonal components as model depending values. For
simplicity we have used only I'g singlets, and restricted the coupling constants to +1 to avoid
fine-tuning by them. When both up and down-sector Yukawa couplings have weight 14 where
the modular forms of six I's singlets exist, we have obtained favorable models at 7 = 3.2¢ ~ io0.
When Yukwa couplings have weight less than 14, some of components of mass matrices vanish
because of the shortage of the modular forms belonging to I's singlets. We have found the
favorable models in the case that up-sector Yukawa couplings have weight 8 and down-sector
Yukawa couplings have weight 10 as well as weight 12 at 7 = 3.7¢ ~ 100. These models can
realize the order of the quark mass ratios and the absolute values of the CKM matrix elements
without fine-tuning. Thus, the modular symmetirc flavor models with I's symmetry have the
possibility realizing quark flavor structures without fine-tuning.

Second we have studied the quark flavor models with A4 x A4 x A4 modular symmetry which
are described by three moduli 7, 75 and 73. To make our analysis simple, we have assumed
the moduli stabilization 7, = 7, = 73 = 7. Ay satisfies (ST)? = T® = T; therefore residual Z3
symmetries remain at ST and T-symmetric points, 7 = w and i0o. To reproduce hierarchical
values of the modular forms, we have assumed the vicinity of 7 = w or 100 where hierarchical
values up to €2 x 2 x €2 = &% appear. As same as the analysis of the models with I's symmetry,
we have considered the mass matrices whose diagonal components have suitable powers of e.
Also we have used only Ay singlets, and restricted the coupling constants to 1 to avoid fine-
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tuning by them. When both up and down-sector Yukawa couplings have weight 8 where the
modular forms of three A4 singlets exist, we have obtained favorable models at 7 = 2.17 ~ ioco
and w + 0.051¢ ~ w as shown in Tables and These models can realize the order of the
quark mass ratios and the absolute values of the CKM matrix elements without fine-tuning.
However, the first order approximation tells that the structures of the CKM matrix in these
favorable models lead to vanishing CP phase. Numerical example in the vicinity of 7 ~ ioco
actually have shown that the sufficient CP violation needs |¢| ~ 0.23 while hierarchical quark
mass ratios need |e| ~ 0.15. Thus the relation of the trade-off between the CP violation and
the quark mass hierarchies exist.

The relation of the trade-off can be improved by introducing non-universal moduli. So far we
have considered the moduli stabilization 7 = 79 = 73 = 7. Instead we have assumed the non-
universal moduli 7y = 7 =7 # 73, [T —w| = |73 —w| < 1. Then numerical example have shown
that quark mass ratios, the absolute values of the CKM matrix elements and the CP phase can
be realized simultaneously at non universal moduli 7 = w + 0.055i, 75 = w + 0.055¢2™/>. This
result implies that the models with multi moduli parameters are an attractive way explaining
the flavor structures including the CP phase.

5.3 Summary of constructing Siegel modular forms

In Chapter {4 we have studied the construction of Siegel modular forms along in Ref. |[149]. As
mentioned in the end of Chapter [3] multi moduli parameters have the possibility realizing the
CP phase and large quark mass hierarchies simultaneously. Siegel modular forms have several
moduli and therefore they are promising approach to the quark flavor structures.

6D torus T° has Sp(6,Z) modular symmetry as the geometrical symmetry and zero-modes
on magnetized T° behave as the Siegel modular forms of weight 1/2 for the subgroup of Sp(6, Z).
Taking Z = 0, they become exactly the Siegel modular forms. On the other hand, T-symmetries
on zero-modes are partially violated depending on the structure of N matrix. Moreover the
consistency condition for S-transformation requires the moduli commuting to /N matrix, NQ =
QON, which is equivalent to the F-term condition for symmetric €2 and N. In this paper we have
focused on N matrix possessing three different eigenvalues, where three T-symmetries denoted
as Ty, Tr; and Ty remain. Then we have shown five examples of the Siegel modular forms of
weight 1/2 in Section

As a constructing example, we have studied the Siegel modular forms transformed by
A(96) ~ A(48) x Zs. From zero-modes on T® with N matrix in Eq. (4.65), we have ob-
tained the Siegel modular forms of weight 1/2 transformed by unitary matrices in Eq. (4.90).
These unitary matrices form a group A(96) ~ A(48) x Zs. Thus ¢4(Q) in Eq. (4.67) are a
triplet of this group. Higher weight Siegel modular forms have been constructed by tensor

products of them. The dimension of the Siegel modular forms of weight & is given by o5, 2C5.
Using the Siegel modular forms of A(96), we have given the numerical studies for quark
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flavor structures. To make our analysis simple, we have used singlet Siegel modular forms. To
reproduce quark mass hierarchies, we have assumed the vicinity of the cusp {}y,. When the
moduli lie on the vicinity of €1p,, the mass matrix elements become hierarchical depending on
its T7 charges. In the numerical studies, we have chosen (wy,ws,ws) = (1.37,0.67 + 0.86,0). To
obtain non-vanishing CP phase, we have deviated wy from the imaginary axis. In addition we
have deviated the coupling constants by O(1). Then we have obtained realistic quark flavor
observables including sufficient amount of CP phase as shown in Table [4.5

In the numerical example, one of the moduli parameter, w;, works on generating large quark
mass hierarchies but cannot contribute to CP violation. This is because the phase factors of
q1 = €™1/* in mass matrices are completely canceled by the basis transformation. Meanwhile
the phase factors of g, = ™2/ in mass matrices survive after any basis transformation. That
is, wy can contribute to the CP violation. In our numerical example, the deviation of w; from
the cusp (7T7-symmetric point) contribute to the large mass hierarchies while the deviation
of wy from the imaginary axis (CP symmetric points) contribute to the CP violation. Thus
the Siegel modular forms with multi moduli parameters have the possibility realizing flavor
structures including CP phases without fine-tuning.

We note that the deviation of the moduli from the modular or CP symmetric points are
important in our model. The moduli stabilization leading to such deviations is a key issueﬂ

5.4 Discussion

Here we discuss the further possibilities realizing the flavor structures. Let us start from
the comparison of magnetized orbifold models and 4D modular symmetric flavor models. As
mentioned in Section [3.1} 4D modular symmetric flavor models may be derived from the higher
dimensional theories such as the magnetized orbifold models as the low-energy effective theory.
Actually, the modular forms play important and similar roles for both models; Yukawa couplings
are written in terms of the modular forms. Hence, they would be related strongly through the
modular forms. In the following, we show some facts on both models regarding to the modulus,
Higgs fields and the origins of large mass hierarchies and CP violation in numerical examples.

e Magnetized orbifold models (quark and lepton flavor model on T2 /Z twisted orbifold in
Subsection [2.2.§)|)
— The modulus 7 is assumed to lie on S-symmetric point.

— There are six pairs of Higgs fields. Higgs VEVs are aligned in the lightest mass
direction but we have used its direction as free parameters.

— Yukawa couplings have no ambiguilties except for the overall factors since they are
calculated by overlap integral of zero-mode wave functions.

1See for moduli stabilization in moduli flavor models Refs. [161-168]. See also Ref. [169)
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— Large mass hierarchies originate from the deviation of Higgs VEVs from S-eigenstate
directions.

— CP violation is expected to be induced from the complex direction of Higgs VEVs
or the deviation of the modulus from CP symmetric points although we have not
studied it in this paper.

— The deviation of Higgs VEVs from S-symmetric point is important in this model.
Higgs p term leading to such deviation is a key issue. The moduli stabilization is
also an issue.

e 4D modular symmetric flavor models (quark flavor model with A, x Ay x A4 modular
symmetry in Subsection [3.4.5)

— The moduli 7, 7 and 73 are assumed to be in the vicinity of ST or T-symmetric
points.

— There are a pair of Higgs fields.

— Yukawa couplings have ambiguilties of coupling constants. We have treated them as
O(1) parameters since we expect hierarchical structures do not originate from them.

— Large mass hierarchies originate from the deviation of the moduli from the modular
symmetric points.

— CP violation originates from non-universal moduli on CP violating point.

— The deviation of the moduli from the modular or CP symmetric points are important
in the model. The moduli stabilization leading to such deviations is a key issue. Also
the origin of the values of the coupling constants should be identified.

The results on 4D modular symmetric flavor models imply that large mass hierarchies and
CP phase require multi moduli parameters. As we have seen in Chapter [4] the magnetized
T% models lead to zero-modes which behave as the Siegel modular forms. Moreover, it can be
expected that three-generation models with a pair of Higgs fields are obtained on the magnetized
T% models. In such models, we do not need to identify the lightest direction of Higgs fields
and only the moduli stabilization is an unsolved issue. Then large mass hierarchies and CP
phase would be obtained by the deviation of the moduli form the (modular or CP) symmetric
points as same as 4D modular symmetric flavor models. Note that ambiguilties of coupling
constants in mass matrices do not exist on the magnetized orbifold models except for the overall
factors. Therefore, the magnetized T° models with a pair of Higgs fields have the possibilities
realizing flavor structures by a few moduli parameters without fine-tuning by Higgs VEVs and
coupling constants. Also the magnetized T® models with multi Higgs fields are interesting.
They may have the leading order Higgs p term being able to fix the lightest mass direction
uniquely although the magnetized T?/Z, orbifold model does not. Then the direction of Higgs
VEVs depends on the values of the moduli. Hence the moduli are the unique orign of the
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flavor structures. Thus the magnetized T models are attractive and realization of the flavor
structures is challenging issue.
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Appendix A

Wilson lines and Scherk-Schwarz
phases

In this appendix, we show the equivalence of Wilson lines and SS phases on the magnetized
T? model [106]. We start from the zero-modes on T2, (pltera2l:M(5 7y which satisfy the
boundary conditions in Eq. . First we consider the following gauge transformation for
the zero-modes,

pltera), M, ry zz(j+a1"’2)’M(z, T) = e‘iReBZ@D(jJ“al’o‘z)’M(z,7‘), g e C. (A.1)

Then the vector potential A(z) is transformed as

mT M - Imr

A(2) = A(2) — d[Refz] = f—MIm ((z - iImT@) dz) = W (Grand).  (A2)

Comparing the vector potential in Eq. 1} we can regard a,, as Wilson line. Thus g(z) obeys
the boundary conditions,

A(z+1) = A(2) + dx1(2), (A.3)
Az +7) = A(2) + dXa(2), (A.4)
with
X1(z) = %Im (z + ayw) = x1(2) + Rep, (A.5)
Ta(2) = %Imf (2 + @) = xa(2) + Re7h. (A.6)

In the same way, we obtain the boundary conditions of @Z (z,7) as

i/;(j‘f'al,aﬁvM(Z + 1’ 7—) — 627Fi0t1—QiReﬂeiil(Z)J(j+a1,a2)7M’ (A7

"(Z(jJral’az)’M(Z + 7, 7_) _ e27ria272iRe‘T',Bei522(z)QZ(jJral,az),M. (AS)
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Here let us choose

Q1T — (g
= —m—. A9
p= - (4.9)
Then we obtain the gauge transformed zero-modes,
J(j+a1,a2),M(z7 7_) _ e”W@b(]ﬁral’aﬂ’M(z, 7->, (Al())
which satisfy the boundary conditions,
@(jml,ag),M(z +1,7) = eiX1(2)y) (i ten,02), M (A.11)
J(j—&—al,ag),M(Z )= eiX2(2)qjitar,02).M (A.12)
with
~ TM T — Q9 ~ M _ 17T — Q9
— I - =1 — . A.13
X1(2) T (z—l— i ) . Xa(2) [ T (z—l— 7 ) ( )

This implies that the gauge transformed zero-modes 1 (z, ) have Wilson line ¢ = (ay7— as) /M
but vanishing SS phases (a;,az) = (0,0). Thus SS phases can be absorbed into Wilson line
through the gauge transformation.



Appendix B

Flavor models on T°/Z,

B.1 Favorable models

Here, we show quark and lepton flavor models satisfying the phenomenologically favorable
conditions for quark and lepton flavors in Table

Table B.1: Quark and lepton flavor models satisfying the phenomenologically favorable condi-
tions for quark and lepton flavors. The first to eighth columns show the flux, Z, parity (even,
odd = 0, 1) and SS phases (a1, as) of the zero-modes of the fields. gy denotes number of Higgs
fields and p denotes the fixed points satisfying Eq. .

Bo | Buy | Baw | Br | By, | Bey | Bn, Bu, |gu|p
5,0,0,0|6,0,%,0(6,0,0,216,0,3,315,0,0,2|5,0,2,0|11,0,3,0|11,0,0,1| 6 | Z
5,0,0,0(6,0,2,0(6,1,1,216,1,0,1 51,1 1150, 0]11,0,4,0(11,1,3,1 16 |0
5,0,0,06,0,5,0(7,1,5,0/6,0,5,5|50,0,3|6,1,0,5|11,0,5,0 | 12,1,2,0| 6 | Z
5,0,0,06,0,5,0(7,1,5,0/6,1,0,2 5,1,5,%|6,0,5,5|11,0,5,0 | 12,1,2,0| 6 | 0
5,0,0,0|6,0,0,% |6,0,5,0/6,0,%,31]5,0,5,0|5,0,0,1|11,0,0,5 | 11,0,5,0| 6 |1
5,0,0,06,0,0,16,1,3,316,1,2,0|5,1,4,%/5,0,0,3|11,0,0,5 | 11,1,2, 2] 6 | 0
5,0,0,06,0,0,2 [7,1,0,2 |6,0,4,115,0,4,0/6,1,2,0|11,0,0, | 12,1,0,1 | 6 |3
5,0,0,0(6,0,0,2 [7,1,0,3]6,1,4,0(51,1,116,0,3,3]11,0,0, [12,1,0,4 | 6 |0
5,0,0,0|6,1,3,1(6,0,3,0/6,1,0,2 15,0,3,0|5,1,5,2(11,1,2,2111,0,5,0| 6 |1
5,0,0,0|6,1,3,116,0,0,2 16,1,2,0|5,0,0,1 |5,1,4,4|11,1,1,1 111,0,0,1 | 6 | Z
5,0,0,0|6,1,3,1217,0,3,1216,1,2,0/5,0,0,1|6,1,0,3 | 11,1,1,1 112,0,4,3| 6 | Z
5,0,0,0|6,1,4,217,0,4,1216,1,0,2 | 5,0,4,0/6,1,2,0|11,1,4, 2 112,0,1,4| 6 |}
5,0,0,0/7,0,3,316,1,5,516,1,5,0|6,1,0,1 | 5,0,0,5 | 12,0,1,2 | 11,1,5,3| 6 | 0
5,0,0,0/7,0,3,216,1,5,316,1,0,2 16,1,2,0|5,0,1,0|12,0,1,2 | 11,1,3,3| 6 | 0
5,0,0,0|7,0,3,217,1,4,0/6,1,0,1 16,1,2,0|6,0,3,5|12,0,1,2 |12,1,2,0| 6 | 0
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Bqg By By By By, B, Bpy, Bp, ‘ gH ‘ p
5,0,0,5|7,1,0,0|7,1,5,0(71,0,1150,0,0|5,0,%,0(12,1,0,5 |12,1,5,3 | 6 | 1~
51,3,5/6,1,4,0|6,1,0,1|6,0,3,5|5,0,1,0|50,0,5 | 11,0,0,2 | 11,0,5,0 | 6 | 3
51,3,316,1,2,0/6,1,4,%16,0,0,1|5,0,0,0|5,0,0,5 |11,0,0,2 | 11,0,0,0 | 6 | 4T
51,4,116,1,1,0]7,1,0,116,0,0,1|5,0,0,06,0,4,1111,0,0,1]12,0,4,0| 6 |~
51,3.56,1,5,0]7,1,0,5|6,0,3,5 | 50,5,06,0,0,3 | 11,0,0,% | 12,0,5,0 | 6 | 3
51,3,5/6,1,0,416,1,2,0/6,0,3,55,0,0,5|5,0,3,0|11,0,5,0|11,0,0,5 | 6 |
51,%,516,1,0,216,1,4,216,0,2,0(5,0,0,0|5,0,1,0|11,0,%,0 | 11,0,0,0 | 6 | T
51,3,316,1,0,4171,101]6,0,1,0(5,0,0,0]6,0,%,411,0,4,0]12,0,0,5 | 6 | 4T
51,4,116,1,0,1 1 7,1,1,0]6,0,4,115,0,0,116,0,1,0]11,0,1,0(12,0,0,4| 6 |
51,4,416,1,4,416,1,1,0/6,0,0,115,0,0,%5,0,0,0|11,0,0,0 | 11,0,0,% | 6 | Z
51,3,5/6,1,5,3/6,1,0,5 6,0,2,0|5,0,1,0|5,0,0,0 | 11,0,0,0 | 11,0,3,0 | 6 |
51,%,316,1,5,217,1,0,0|6,0,1,0|5,0,1,0/6,0,0,5 | 11,0,0,0 | 12,0,2,2 | 6 | 3
51,5,216,1,3,217,1,0,0|6,0,0,1|5,0,0,%6,0,1,0|11,0,0,0 | 12,0,2,2 1 6 |
51,4,117,1,1016,1,0,116,0,1,0/6,0,4,115,0,0,012,0,0,1|11,0,4,0| 6 | 1
51,4,417,1,4,0/6,1,0,416,0,4,116,0,3,0/5,0,0,1]12,0,0,2 |11,0,3,0| 6 | 1
51,3,5171,3,0|71,0,1|6,0,3,5|6,0,1,06,0,0,5 | 12,0,0,2 | 12,0,3,0| 6 | 3
51,35,35171,4,0|71,0,1|7,0,3,4]50,1,0|50,0,5 | 12,0,0,1 | 12,0,,0| 6 | 3
51,5,3171,4,0]7,1,0,0|6,0,1,0(6,0,1,126,0,0,5|12,0,0,1 | 12,0, 216 | 1
51,4,117,1,10(71,00/7,0,4,1150,10]5,00,0|12,0,0,1]12,0,3,2 |6 | 1
51,4,417,1,0,116,1,1,0/6,0,0,116,0,1,2/5,0,0,0|12,0,1,0]11,0,0,4 | 6 | Z
51,3,5171,0,1]6,1,2,0/6,0,3,5]6,0,0,5|5,0,3,0|12,0,5,0|11,0,0,5 | 6 | 2
51,5,317,10,1]71,10/6,0,3,4]6,0,0,36,0,3,0|12,0,3,0|12,0,0,5| 6 |
51,1 417101L171,10(70411500%50,10]12,0,2,0]12,0,0,2| 6 | Z
51,3.5|7.1,0,4]71,0,0]6,0,0,5|6,0,3,5|6,0,5,0]12,0,5,0 [ 12,0,5,5 | 6 | %
51,3,5/71,0,1|7,1,0,0/|703,%|50,0,5|5,0,0,0|12,0,5,0|12,0,2,2 | 6 |
51,%,3171,006,1,%,216,0,2,0(6,0,0,3|5,0,1,012,0,3,3|11,0,0,0 | 6 | 4T
51,%,32171,006,1,4,16,0,0,116,0,1,0]5,0,0,5|12,0,3,1]11,0,0,0 | 6 | 4T
51,4,117,1,00/71,10(6,0,1,0/6,0,0,116,0,4,1112,0,1,1]12,0,0,4| 6 |
51,4,417,1,0,0|71,3,0/7,0,43150,0,0|50,1,0]12,0,4,1]12,0,0,1 | 6 | 4
51,3,5|71,00/|71,0,1]6,0,0,5]6,0,1,0]6,0,%,3112,0,3,5]12,0,1,0| 6 | &
51,%,35171,00/|71,0,1|703,%1]5,0,00]50,0,5 12,0,3,112,0,1,0| 6 | 4T
6,0,3,0|5,0,0,0 |6,0,3,116,0,3,%15,0,0,11{6,0,2,0]11,0,3,0(12,0,0,1| 6 | Z
6,0,2,0(5,0,0,06,1,0,2 16,1,0,4 |5,1,4,216,0,4,0[11,0,1,0]12,1,2, 4] 6 | 0
6,0,,05,0,0,0 | 7,1,0,0 | 6,0,3,3 | 5,0,0,4 | 7,1,0,% [ 11,0,2,0 [ 13,1,3,0| 6 | %
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6,0,2,0(5,0,2,0(6,1,2,416,1,3,2151,1116,0,2,0]11,0,0,0 | 12,1,0,2 | 6 | 0
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Bg B, Ba, By B,, B., Bp, Bu, |gul »p
6,0,1,216,0,1,0(6,1,0,4 16,1,4,416,1,4,0(6,0,0,3|12,0,0,1 [12,1,2,0] 6 | 0
6,0,3,3/6,0,2,0(6,1,0,5|7,1,1,0|5,1,2,215,0,0,0|12,0,0,1|12,1,,0| 6 | 0
6,0,5,316,0,2,0|7,1,10]6,1,1,0/6,1,2,2/7,0,1,1112,0,0,1]13,1,0,5| 6 | 0
6,0,2,416,0,4,0|7,1,4,0|7,1,40(51,4,116,0,4,3112,0,0,1]13,1,0,4| 6 | 0
6,0,1,216,0,0,116,1,4,0/6,1,2,416,1,0,2 [6,0,1,0|12,0,1,0{12,1,0,1 | 6 | 0
6,0,3,3/6,0,0,5]6,1,2,0(7,1,0,5|5,1,%,45,0,0,0|12,0,5,0|12,1,0,5| 6 | 0
6,0,3,%/6,0,0,3]6,1,0,3]6,1,0,5|6,1,2,216,0,1,2112,0,4,0|12,1,5,0| 6 | 0
6,0,5,%/6,0,0,316,1,0,1(6,1,2,216,1,0,5|6,0,0,% | 12,0,1,0|12,1,3,0| 6 | 0
6,0,2,416,0,0,1|7,1,0,116,1,0,416,1,2,2170,4,1112,0,1,0|13,1,4,0/ 6 | 0
6,0,1,216,0,0,1 (71,0, 7,1,0,41{51,3,1/6,0,1,4]12,0,1,0[13,1,2,0] 6 | 0
6,0,3,3/6,1,2,0(6,0,2,0(6,0,1,0|6,1,%,56,0,2,4112,1,0,1 112,0,0,5 | 6 | &
6,0,3,3/6,1,2,0(6,0,2,0(6,1,4,4]6,0,1,0/6,1,3,0|12,1,0,2 | 12,0,0,5 | 6 | 4T
6,0,3,316,1,2,0(6,0,0,3(6,1,4,216,0,1,0/6,1,0,5 | 12,1,0,1 | 12,0,1,0| 6 | 4
6,0,2,416,1,1,0/6,0,0,1|7,1,0,115,0,0,0|5,1,2,11121,0,1]12,0,4,0| 6 |~
6,0,2,216,1,1,0(71,0,4/6,0,1,0(6,1,3,1(7,1,0,0]12,1,0,1 | 13,1,2,0] 6 | 4=
6,0,3,3/6,1,2,0(7,1,0,5(7,1,0,55,0,0,06,0,2,42112,1,0,1 13,1,1,0| 6 | 4
6,0,3,3/6,1,0,116,0,2,0(6,1,4,4]6,0,0,56,1,3,0|12,1,2,0]12,0,0,5 | 6 | 4T
6,0,5,316,1,0,116,0,2,0(7,1,1,0]5,0,0,051,241121,1,0/]12,0,0,3| 6 | 4T
6,0,1,416,1,0,116,0,0,116,0,0,116,1,2,216,0,2,1112,1,10]12,0,4,0| 6 |
6,0,1,116,1,0,116,0,0,4 16,1,2,116,0,0,4 6,1,0,1|12,1,1,0|12,0,2,0] 6 | 4=
6,0,3,3/6,1,0,3|71,20(6,0,0,5|6,1,2,57,1,0,0|12,1,5,0|13,1,0,5 | 6 | 4T
6,0,5,316,1,0,2|7,1,20(71,10]50006,0,2,2112,1,2,0]13,1,0,3 | 6 | 4T
6,0,2,1170,4,1171,00/|7,1,10(6,1,2,0(6,0,0,2|13,0,0,0|13,1,2,. 21 7 | 0
6,0,3,217,0,4,4171,0,0/|71,0,11{6,1,0,2 (6,0,1,0|13,0,0,0 | 13,1,3,2] 7 | 0
6,0,3,5|7,1,0,0(7,0,3,5(71,%0]6,0,0,56,1,5,0|13,1,3,3]13,0,0,0 | 7 | &
6,0,3,3|7,1,0,0|7,0,5,%5(71,0,3]6,0,1,06,1,0,5 |13,1,3,1]13,0,0,0 | 7 | 4
6,1,5,0(5,0,0,216,1,0,2 16,1,0,1 |5,0,2,0(6,1,2,0|11,1,1,1 [12,0,4,3]| 6 | 3
6,1,2,0/5,0,0,2 6,1,4,116,1,4,115,0,0,0|6,1,4,0[11,1,4,1112,0,0,1| 6 | L4~
6,1,1,0(5,0,0,2 [7,1,0,316,1,0,2 |5,0,3,0|7,1,4,0]11,1,3,1 113,0,3,1 | 6 | 1
6,1,5,0(5,0,0,5|7,1,0,216,1,5,5150,0,0|7,1,0,0|11,1,1,2113,0,3,3 | 6 | 1~
6,1,5,05,1,3,116,0,0,2 16,0,0,215,0,0,0|6,1,2,0|11,0,0,4 |12,1,5,2| 6 | 1T
6,1,5,0(5,1,1,1216,0,3,116,0,3,%15,0,2,0(6,1,1,0]11,0,0,4 [12,1,0,1| 6 | 1
6,1,2,0(5,1,4,1/7,0,4,116,0,0, |5,0,0,0 | 7,1,0,0 | 11,0,0,1 | 13,1,0,1 | 6 | L~
6,1,5,0(5,1,5,317,0,5,5(6,0,5,315,0,,0(7,1,2,0]11,0,0,5 [ 13,1,0,5 | 6 | 3
6,1,5,0/6,0,0,%16,0,3,516,0,5,0|6,1,0,1(6,1,5,5|12,1,1,2 [12,1,0,1 | 6 | 3
6,1,5,0(6,0,0,216,0,3,317,1,0,115,0,2,0(50,0,0]12,1,1,212,1,0,1| 6 | 3
6,1,2,0/6,0,0,216,1,0,216,0,2,0/6,1,0,36,0,0,1 |12,1,2, 111201116 | 1
6,1,2,0/6,0,0,2 6,1,0,2 16,1,0,2 | 6,0,2,0|6,1,4,0[12,1,4, 2 112,0,1,4| 6 | 1
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Bqg By By By By, B, Bpy, Bp, ‘ gH ‘ p
6,1,0,3 6,0,5,116,0,5,0(6,0,0,216,1,5,3|6,1,2,0(12,1,5,0 | 12,1,5,3 | 6 | 1T
6,1,0,1 [6,0,3,116,0,5,0(7,1,,0|5,0,0,0|5,0,0,3|12,1,3,0 |12,1,5,2 | 6 | 1T
6,1,0,2 [6,0,1,116,1,%,116,0,0,2 16,1,3,1216,0,3,3]12,1,1,0/12,0,3,0| 6 | 1~
6,1,0,2 16,0,4,116,1,4,116,1,4,116,0,0,2 16,1,0,1 [12,1,1,0]12,0,3,0| 6 | 14~
6,1,0,316,0,3,117,1,4,0(6,1,5,116,0,0,5|7,1,0,0 | 12,1,1,0 [13,0,3,1 | 6 | 14~
6,1,0,5 [6,0,3,17,1,5,0(7,1,5,0|5,0,0,0|6,1,0,5 | 12,1,3,0 | 13,0,5,5 | 6 | 1~
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6,1,0,216,1,3,1216,1,1,0(6,0,0,2 16,0,1,116,0,2,0]12,0,1,0[12,0,3,1 |6 | Z
6,1,0,5 [6,1,5,3/6,1,2,0(7,0,5,%15,0,0,1(5,0,0,012,0,5,0 [12,0,5,3| 6 | Z
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6,1,2,2 /51,4, 21704,116,0,1,0(5,0,4,0(7,1,4,0|11,0,0,0|13,1,0,0| 6 | %
6,1,5,3|51,3,5|7,0,3,5/6,0,0,5|5,0,0,5|7,1,0,5 | 11,0,0,0 | 13,1,0,0 | 6 |
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6,1,5,316,0,2,0/6,0,0,117,1,0,0]50,0,550,3,0|12,1,0,1 12,1,1,0 6 |
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6,1,2,216,0,1,0(6,1,4,0/6,1,1,0(6,0,3,1(6,1,2,4]12,1,0,1|12,0,0,1 | 6 |
6,1,5,3/6,0,2,0|7,1,0,0|6,1,1,0|6,0,2,217,1,0,5 | 12,1,0,1 | 13,0,,2 | 6 | 2
6,1,5,%16,0,2,0|7,1,0,0|7,1,0,0]|50,0,56,1,1,21121,0,1]13,0,2,2 /6 | 2
6,1,4,1216,0,0,116,0,1,0(6,0,4,216,1,0,5/6,1,3,0|12,1,1,0|12,1,0,3 | 6 | %
6,1,2,416,0,0,116,0,4,0]7,1,0,0]5,0,4,015,0,0,1]12,1,2,0|12,1,0,4| 6 | 1
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Bq Bug Bay, By By, Beg B, B, ‘ 9H ‘ p
6,1,12,216,0,0,116,1,0,4 6,0,4,416,1,0,2 16,0,0,3|12,1,1,0]12,0,2,0] 6 |1
6,1,5,3/6,0,0,1|6,1,0,5|6,1,0,5 6,0,2,26,1,2,2112,1,£,0]12,0,5,0| 6 | 3
6,1,3,%16,0,0,1]7,1,0,0]6,1,0,56,0,2,47,1,1,0/12,1,4,0[13,0,2, 2| 6 |3
6,1,2,416,0,0,117,1,0,0/71,0050,20/]61,411121,10/]13,0,3,2]| 6 |1
6,1,2,216,1,1,0/6,0,3,0/6,0,1,0(6,0,3,116,1,2,4112,0,0,1 |12,1,0,1 | 6 |1
6,1,5,5|6,1,2,0/6,0,1,0/6,0,3,56,0,3,0|6,1,5,0|12,0,0,1 |12,1,0,5 | 6 | 3
6,1,5,3/6,1,2,0/6,1,0,5|6,0,5,%6,0,3,0|6,0,0,5 | 12,0,0,1 12,0,,0| 6 | 3
6,1,5,32/6,1,2,0/6,1,0,3|7,0,%,450,1,0|5,0,0,% | 12,0,0,1 | 12,0,1,0| 6 | 3
6,1,2,516,1,2,0/7,0,4,216,0,1,0/6,0,4,217,1,1,0]12,0,0,1|13,1,0,0| 6 |1
6,1,2,216,1,1,0/7,0,3,117,0,4,315,0,4,0/6,1,2,4]12,0,0,1|13,1,0,0| 6 |1
6,1,5,3|6,1,0,1|6,0,0,5|6,0,0,56,0,2,2/6,1,2,2/12,0,4,0]12,1,5,0| 6 |3
6,1,5,3|6,1,0,116,0,0,3|6,0,%,%6,0,0,5|6,1,0,% | 12,0,5,0|12,1,1,0| 6 |
6,1,5,216,1,0,116,1,1,0/6,0,4,126,0,0,36,0,3,0|12,0,4,0]12,0,0,5| 6 |2
6,1,2,416,1,0,416,1,1,0/7,0,4,115,0,0,115,0,1,0]12,0,1,0|12,0,0,5| 6 | %
6,1,1,216,1,0,17,0,4,116,0,0,116,0,3,117,1,0,1]12,0,1,0]13,1,0,0| 6 |2
6,1,3,3|6,1,0,1|7,0,5,5|7,0,5,450,0,56,1,2,2112,0,4,0|13,1,0,0| 6 |3
6,1,5,2|71,20|71,0,3|70,%,46,0,1,0|6,0,0,5 | 13,0,0,1 13,0,3,0| 7 | 3
6,1,5,2|71,%0/|71,041]7100/6,1,0,56,1,3,0|13,0,0,1 1 13,0,1,0| 7 |3
6,1,2,517,1,0,4171,10/7014%116,0,0,116,0,1,0]13,0,1,0|13,0,0,5| 7 |2
6,1,2,217,1,0,47,1,4,0/7,1,0,0{6,1,4,0/6,1,0,3|13,0,1,0]13,0,0,1 | 7 |2
7,0,3,315,0,0,06,1,4,0/6,1,2,0(6,1,0,5|7,0,5,5|12,0,3,2[13,1,0,5 | 6 | 0
7,0,1,115,0,0,06,1,2,0|7,1,0,0{5,1,%,316,0,0,3|12,0,1,1/13,1,0,3| 6 | 0
7,0,1,4150,0,0(6,1,0,36,1,0,1 16,1,2,0]7,0,%4,2112,0,3,1113,1,2,0| 6 |0
7,0,1,415,0,0,0(6,1,0,5|7,1,0,051,1,116,0,2,0]12,0,3,1(13,1,3,0| 6 |0
7,0,3,315,0,5,0(6,1,3,0/6,1,2,0(6,1,%,5|7,0,3,5|12,0,0,5 [ 13,1,0,5 | 6 | 0
7,0,3,315,0,5,0(6,1,2,0|7,1,2,0(5,1,%,3/6,0,3,%12,0,0,% [ 13,1,0,5 | 6 | 0
7,0,3,415,0,4,0(6,1,5,216,1,2,216,1,2,0|7,0,3,4]12,0,0,4 [ 13,1,0,0| 6 | 0
7,0,4,2150,10(6,1,4,2 17,1, 0(51,4,116,0,1,0(12,0,0,1]13,1,0,0| 6 |0
7,0,1,415,0,0,116,1,0,5]6,1,0,2 |6,1,1,217,0,4,1112,0,4,0(13,1,3,0| 6 |0
7,0,3,315,0,0,216,1,0,2 7,1,0,1(5,1,3,5|6,0,5,5|12,0,5,0[13,1,2,0( 6 | 0
7,0,3,315,0,0,216,1,5,1216,1,5,3(6,1,0,3 | 7,0,5,4|12,0,5,0[13,1,0,0| 6 |0
7,0,1,415,0,0,216,1,3,1217,1,0,11(5,1,4,316,0,0,112,0,3,0[13,1,0,0| 6 |0
7,0,4,216,0,1,0(7,1,10]7,1,1,0]6,1,4,12/7,0,4,1113,0,0,1|14,1,0,5| 7 |0
7,0,1,416,0,4,0(7,1,0,0|71,0,0|6,1,0,%|7,0,4,2113,0,0,2 [14,1,3, 11 7 |0
7,0,3,316,0,0,2 17,1,0,117,1,0,1(6,1,3,5|7,0,5,5|13,0,5,014,1,2,0( 7 |0
7,0,3,416,0,0,27,1,0,0|7,1,0,0(6,1,2,0|7,0,5,%]13,0,5,0[14,1,2, 2| 7 |0
7,0,1,416,0,3,27,1,4,0(7,1,2,0(6,1,2,0|7,0,4,4113,0,0,0 | 14,1,0,3 | 7 | 0
7,0,4,216,0,4,217,1,0,17,1,0,116,1,0,1|7,0,4,1113,0,0,0|14,1,3,0| 7 |0
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707170 ’ 7071 7 ? 75 61 %7 7’1Ol 3,0’10 70’ll %
2 611% 71l0 ’7§l Vs 5 1 2 14 2792 7
) 757_ » 20 5 72 710 3,01 71’10 T
2 67].1 1 ’0700 » 70 1 ’270 14 27 7 2
505 | 0 016,04 1 21,1 .0,0,1 T
7070l 122 1 5,01 13 12 7 2
> 2 7’10(2) 2,1’10 71’071 %
0.0 12,1, 13,1,0, 1 6 | 5*
7270 13,0 l’? 6 é
)99 9 6 é
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Bo | Bu | Baw | Bu | By | By | Ba, Bu, |gu| p
7,1,0,0|5,0,4,0(6,1,2,417,1,2,0(5,0,0,06,1,0,1 [ 12,1,4,0|13,0,3,1 | 6 | L4~
7,1,0,0(5,0,0,% 16,0,5,0/6,0,5,0(6,1,5,%|7,1,0,0|12,1,0,2 [ 13,1,2,0| 6 | 4~
7,1,0,0(5,0,0,1 16,0,4,0|7,1,0,1{5,0,0,0|6,0,%,4]12,1,0,2 13,1,1,0| 6 | 4~
7,1,0,05,0,0,1 6,1,4,216,1,4,216,0,1,0]7,1,0,0 [ 12,1,0,1 | 13,0,3,2 | 6 | T
7,1,0,05,0,0,2 [6,1,5,5(7,1,0,4 15,0,0,06,1,2,0(12,1,0,5|13,0,3,5 | 6 | £~
7,1,0,0 [5,1,3,316,0,3,0/6,0,,0(6,0,0,5|7,1,0,0|12,0,3,2 (13,1,2,0| 6 | 4~
7,1,0,0 [5,1,3,316,0,3,0|7,0,%,31(5,0,0,0|6,1,0,5|12,0,3,1 [13,1,2,0| 6 | 4~
7,1,0,0 [ 5,1,3,1416,0,0,116,0,0,1{6,0,2,0|7,1,0,0|12,0,3,1(13,1,0,3 | 6 | 4T
7,1,0,0 | 5,1,4,116,0,0,1 [7,0,4,115,0,0,06,1,1,0[12,0,1,4113,1,0,4| 6 |
7,1,0,0|6,0,3,3(7,1,4,0|7,1,2,0/6,0,0,5 | 7,1,0,0 | 13,1,3,1 1 14,0,3,0 | 7 | 14T
7,1,0,06,0,3,3|7,1,0,2 17,1,0,1{6,0,2,0|7,1,0,0 | 13,1,3,1 | 14,0,0,5 | 7 | 1=
7,1,0,0 1 6,1,4,0(7,0,3,317,0,3,31(6,0,0,3|7,1,0,0]|13,0,5,0 | 14,1,3,2 | 7 | 4~
7,1,0,0{6,1,4,0(7,1,0,1 1 7,1,0,16,1,4,4|7,1,0,0 | 13,0,4,0 | 14,0,0,3 | 7 | 4~
7,1,0,0/6,1,0,1 [7,0,4,217,0,4,216,0,1,0]7,1,0,0 | 13,0,0,3 | 14,1, 1 | 7 | T
7,1,0,0|6,1,0,2 | 7,1,4,0|7,1,2,0(6,1,1,47,1,0,0 | 13,0,0,% | 14,0,5,0 | 7 | 1T

B.2 Yukawa couplings on the flavor model in Table

Here we show Yukawa couplings of up-sector quarks, down-sector quarks, neutrinos and charged
leptons, Y7* YI* Y+ and Y7* on the flavor model in Table

Up sector quark: Bg-B,,-By, = (6,0,3,0)-(6,0,0,1)-(12,0, 1, 3)

)9 IORED)
Table shows the zero-mode assignments for quark doublets @7, right-handed up-sector

quarks u¥, and up type Higgs fields HY.

Q’ uf; Hfi
0 Tw (1/2,0),6 + oL (11/2, 0)6) o (0,1/2),6 \%( 1/2 1/2),1 23/2 1/2), 12)
(3/2,0), (9/2,0),6 1,1/2 5,1/2),6 (3/2,1/2), 2121212
: %(Qﬁ 5j20 + o 7;20 6) %(Qﬁ; 1i2§ %421;36) \/ng /2 1j2 19j2 1;2 12)
2| B0 | U el | Gl )
3 %( 7/2,1/2),1 17/2 1/2), 12>

2

A 9/2 1/2),1 (15/2 1/2),12
E )
(11/2,1/2),12 13/2,1/2),12
5 %w /2,1/2), wﬁfm/ /2), )

Table B.2: The zero-modes on T?/Z;, for up-sector quarks and up type Higgs fields in Table
214
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Yukawa couplings are given by

YMH, = Y*H) + Y H, + Y/®H, + Y H, + VM H, + Y]¥H, (B.1)
with
1 B L
» Xo 12X1 1 0 N 0 5Xo 75X
Y™ =12 | 0 7§X2 TX , YV =cee12) | Xu 0 0 ,
1 1 1
0 0 X 0 55Xz 55X
0 0 7§X1 0 0 —\%X4
YR = ¢ 0 LXx, —LiX YIRS — 0 LXx5 LX,
u  — ©(6-6-12) V20 V2 ) " C(6-6-12) V2% 50 |
X \/%X4 0 X3 \/%Xl 0
1 1 _ 1
k4 0 _7§X5 _EXS k5 X5 1 2X4 10
Yuj = C(6-6-12) Xy 0 0 ) ij = C(6-6-12) 0 %Xg _EX2 ,
1 1 1
0 7§X2 7§XO 0 0 7§X1
where
> N
Xy =) (1) nsv+1/24720, NN =V {482} (0,4327). (B.2)
n=0

Down sector quark: Bo-By,-Bn, = (6,0, ;,0) (6,1,0, ) (12,1, ;, %)
Table shows the zero-mode assignments for quark doublets @7, right-handed down-sector

quarks d% and down type Higgs fields H.

QI d, H!

%W (1/2,0),6 A (11/2,0), 6) %(w11/2)6_|_¢51/2)6) 1/2 1/2),1 _|_¢(23/2 1/2),12
T(¢ 3/20)6_’_77/}9/20)6) T(¢21/2)6+,¢41/2)6) 3/21/2 +¢(21/21/2 ),12
T(¢5/20)6+¢7/20)6) 1/}31/2)6

(¢ )
(¢ )
( 5/2 1/2), 12+¢(19/2 1/2), 12)
(1/} 7/2 1/2),1 2, 1/)(17/2 1/2), 12)
5(Ur )

9/2 1/2),1 2 ¢(15/2 ,1/2),12

Ot = W NN = O

3F%F§F§F§F§P

w 11/2 1/2), 12+¢(13/2 1/2), 12)

Table B.3: The zero-modes on T?/Z, for down-sector quarks and down type Higgs fields in
Table 2,14

Yukawa couplings are given by

YIMHG = Y] ]+ YU H 4 Y HG 4 Y] + YN+ Y], (B3)
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with
\/LQX1 0 0 \%XO \%X2 0
Ydjko = C(6-6-12) —%Xg \%Xg 01, Yd]k1 = C(6-6-12) 0 0 X, |,
1 1 1
0 —7§X4 X5 —7§X3 _7§X5 0
0 \%Xl X3 0 %Xél X5
Ydjm = G6-6-12) \/%XO \/%X5 0, Yd]k3 = C(6-6-12) _\/%Xn% \/%Xo 01,
1 1
\/L§X5 %Xg 0 \/L§X4 0 0
ke Jk5 1 X 1 X
YiT = ceor2) 0 0 Xi, Y; C(6-6-12) | 543 502 01,
1 1 f
BX2 5X0 0 0 X1 Xo
where
° N
Xy = Z(—l)”%(zvﬂ/z)wzm v =9 {482} (0,4327). (B.4)
n=0

Neutrino: B.-B,,.-By, = (6,1,0,5 ) (6,1, ;,O) (12,0, ;, %)

Table shows the zero-mode assignments for lepton doublets L7, right-handed neutrinos v%
and up type Higgs fields H’.

L V§ H!
(1,1/2), (5,1/2), 1/2,0), (11/2,0),6 121212 23212 ,12
0 %(w /2) +¢ /2) ) %(w(/ w /2,0, ) \/Lﬁ( / /2), ( /2,1/2) )
(2,1/2) (4,1/2), (3/2,0), (9/2,0), (3/2,1/2), 21212 12
: T<¢ /31/42_1# ’ ) %(w ;20 dj j20 : \/Li(l/} ;2 1j2 19j2 1;2 12)
2 v e Y )
1 7/2 1/2),1 17/2 1/2),12
3 75 (U )
(9/2,1/2), 15 2,1/2),12
4 %( / /2) ( /2,1/2) )
5 %(w 11/2 1/2),1 (T123/2 1/2), 12)

Table B.4: The zero-modes on T?/Zs, for neutrinos and up type Higgs fields in Table

Yukawa couplings are given by

VICHL = Y{OHD + YIUHL 4 YPRHE ¢ YR YR VPR (B)
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with
1 1 1 1
. —7§X1 _7§X2 0 - 7§X0 0 _7§X3
Y 0= C(6-6-12) 0 —\%Xg —\%X4 ;YT = ceea2) —%X2 0 \%X5
0 0 —X5 0 _X4 0
1 1 1 1
Y™ = ce612) \%Xl _%X5 0 ) Y,/ C(6-6-12) —\%Xzi %Xo 0
—X3 0 0 X5 0 0
1 1 1 1
Y™ = ce612) \%X:s 0 \%Xo ; Y™ = ce612) 0 \%Xz —\%)ﬁ
0 X 0 0 0 Xo
where
> N
Xy = Z(_1>nn6(N+1/2)+72m ny =9 [482} (0,4327). (B.6)
n=0
Charged lepton: BL—B@R_BHd = (67 17 Oa ) (6 07 ;a O) (127 1a ;7 %)

Table shows the zero-mode assignments for lepton doublets L7, right-handed charged lep-
tons ek and down type Higgs fields HY.

L e, Hz
0 %W (1,1/2),6 + ¢ (5,1/2),6 ) %Oﬁ (1/2,0),6 + w (11/2,0), 6) \/Lﬁ( 1/2 1/2),1 w(23/2 ,1/2), 12)
1 %(d] (2,1/2),6 w (4,1/2),6 ) %("/} (3/2,0),6 w (9/2,0), 6) \/Li( 3/2 1/2),1 ¢(21/2 ,1/2), 12)
9 %U (3,1/2),6 T(w (5/2,0),6 ¢ (7/2,0), 6) \%( 5/2 1/2),1 ¢(19/2 11/2), 12)
3 %( 7/2 1/2),12 +77Z}(17/2 ,1/2), 12)
4 T( 9/2 1/2),1 +1/)(15/2 1/2), 12)
5 7(¢ 11/2 1/2),1 + w (13/2,1/2), 12)

Table B.5: The zero-modes on T?/Z, for charged leptons and down type Higg fields in Table
2.14

Yukawa couplings are given by

Yk = yikt, (B.7)
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B.3 Majorana neutrino masses on the flavor model in

Table 2.14

Majorana masses of right-handed neutrinos vz can be induced by D-brane instanton effects
as shown in Appendix [C.I} For right-handed neutrinos in Table [2.14] there are two possible
instanton zero-mode configurations, f1,v; and Bs, e,

Bg,-Byy-B,, = (3,0,0, 1)-(3,

3 )-(6,1,1,0), (B.8)
Bs,-B.,-B,,, = (2,0,0,0)-(4,

1,11

1202
1,4,0)-(6,1,3,0). (B.9)
These two configurations are different; nevertheless they give the same Majorana mass matrix
up to overall factor. Therefore we use only the former configuration, f;,v;. Table shows
the zero-mode assignments for instanton zero-modes and right-handed neutrinos.

e oA v
0 na (0,1/2),3 \/%(@Z)(Tuzuz);a +¢(5/2,1/2),3) %(1/) (1/2,0),6 — (11/2,0), 6)
1 %wu 1/2),3 ¢(2 ,1/2),3 ) e (3/2,1/2),3 %W (3/2,0),6 — (9/2,0), 6)
2 Tw (5/2,0), — (7/2,0), 6)

Table B.6: The zero-modes for instanton zero-modes and right-handed neutrinos.

The three point couplings d* are given by

¥ = g M5 + Mes + 1795 0 (B.10)
0 (3-3-6) —\%(774.5 + M35 + M225) Nrs + Mos + Moss '
B e 0 V2(nas + mss + M225) (B.11)
! (3-3-6) \%(771.5 + 6.5 + Mos + N5 + Nos + N255) 0 ’ '
B* = cra N7.5 + Mo.s + 7255 0 (B.12)
2 (3-3-6) —\%(774.5 + M5+ Me25) Mis+ Mes + Nios '
where
N
ny =90 [561} (0, 547). (B.13)

Using above &/ Majorana masses of right-handed neutrinos in Eq. (C.4)) can be calculated.



Appendix C

D-brane instanton effects

Here we give a brief review of Majorana neutrino mass terms and Higgs p terms induced by
D-brane instanton effects [118-122].

C.1 Majorana neutrino masses

In order to obtain Majorana mass of right-handed neutrinos vg, let us assume two stacks of
D-branes, Dy, and Dy,, and the D-brane instanton, D;,s, with magnetic fluxes. The D-branes
Dy, Dy, and Dy, are located to intersect each other. Then right-handed neutrinos vz can
appear as the zero-modes of the open strings between Dy, and Dy,. Similarly, instanton zero-
modes 3 () appear between Dy, (Dy,) and Di,s. We denote their zero-modes as ¢y, _(2), wé(z)
and w’; (2) for right-handed neutrinos v/%, instanton zero-modes 3/ and ¥, respectively. Right-
handed neutrinos and two instanton zero-modes can have non-vanishing three point couplings

di|

B = gltmr)? [ dedzglz) - psit(2) - (05, ()" (1)
and they give the instanton effects,
where § and « are Grasmannian. Mass terms do not vanish only if each of S and ~ has two-

generation zero-modes. Implementing Grasmannian integral, we obtain Majorana mass terms
of right-handed neutrinos Mgg,

R | ) |
Ae=Simst / A2 BdPye= ()T — NS (Imr) ™V 2 e pndfdE™ S (C.3)

= MEpvivy, (C.4)

169
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where Si,¢ stands for the instanton action and A is a typical scale such as the compactification
scale. When we consider magnetized T?/Z, twisted orbifold model, the configurations of the
instanton zero-modes leading to non-vanishing three point couplings must satisfy

Mg+ M, = +M,_,
mg + my =m,, (mod 2),
aig + oy = ay,, (mod 1),

Q98 + oy = gy, (mod 1),

where M, m and (aq, ag) are the flux, Zy parity and SS phases of 5, v and vg.

C.2 Higgs i terms

In order to obtain Higgs i terms, let us assume three stacks of D-branes, Dy,, Dy, and Dy,
and the D-brane instanton Dj,s with magnetic fluxes. The D-brane D, is parallel to D., and
D, are located to intersect them. Then up (down) type Higgs fields H, (Hy) can appear as the
zero-modes of the open strings between D, and D, (D.). Similarly, instanton zero-modes «, 3
and v appear as the zero-modes of the open strings between D, and D, Dy and Dy, and
D. and D;,s. We denote their zero-modes as @/)%Iu(z), Vi (2), Ya(2), ¥s(2) and 1, (z) for up
type Higgs fields HY, down type Higgs fields H%, instanton zero-modes «, 3 and 7, respectively.
Higgs fields and three instanton zero-modes can have non-vanishing three point couplings Y
and Y},

Y] = g(ImT)l/z/ddewa(z) ~p(2) - ( }{u (2))", (C.6)
YE = g(Tmr)!/2 / dodza(z) - by (2) - (W, (2))", (c.7)
and they give the instanton effects,

/dZOédBd,ye(ImT)_l/Q(YJ@HﬂB-&-dele’;fy)’ (C8)

where o, f and v are Grasmannian. Mass terms do not vanish only if each of «,  and v has
a single zero-mode. Implementing Grasmannian integral, we obtain Higgs i terms,

Ae—Simst / d2adBdrye™n) P Vi HipYfoHiy) — N e=Simst (Tm7) ™ (VIVF)e,m HI HE  (C.9)
= wre,mHi, HY . (C.10)

where S, stands for the instanton action, A is a typical scale such as the compactification scale
and m,n € {0, 1} are components of the SU(2);, doublet. When we consider magnetized T2 /Z,
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twisted orbifold model, the configurations of the instanton zero-modes leading to non-vanishing

three point couplings must satisfy

M, + My = £ My,
Me +mg = mpy, (mod 2),
Q14 + 015 = app, (mod 1),
Qo4 + Qo = aay, (mod 1),
M, + M, =+Mpy,,

Mg + my = mpy, (mod 2),

(C.11)

Q1o + a1y = a1p, (mod 1),

Q9o + oy = aop, (mod 1),

where M, m and (aq, ay) are the flux, Z, parity and SS phases of H,,, Hy, o, § and 7.
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Appendix D

Three-generation models on
(12 x T2) /(2 x 7P

Here we show possible three-generation models with non-vanishing Yukawa couplings on (7% x
72)/(ZY x ZP™) in Table

Table D.1: Possible three-generation models with non-vanishing Yukawa couplings on (T} X
T2 (2 x ZP™). By, Br and By denote (fux; Z parity; ZP™ parity; SS phases) of ¢r, g
and g, respectively. gy denotes the number of Higgs fields. We omit three-generation models
which is equivalent to the model shown in this table by flipping left- and right-handed matter
fields.

B, | Bg By |gul B Br By | gn
2;0;0;0,0 | 2;0,0;,0,0 | 4;0;0;,0,0 | 6 || 2;0;0;0,0 | 3;0;0;0,0 | 5;0;0;0,0 | 6
2;0;0;0,0 | 6;1;0;,0,0 | 8;1;0;0,0 | 6 | 2;0;0;0,0 | 5;1;0;0,0 | 7;1;0;,0,0 | 6
2;0;0;0,0 | 4;0;0;3,0 | 6;0;0;2,0 | 6 || 2;0;0;0,0 | 3;0;0;3,0 | 5;0;0;3,0 | 6
2;0;0;0,0 4;1;0;%,0 6;1;0;%,0 6 | 2;0;0;0,0 5;1;0;%,0 7;1;0;%,0 6
2;0;0;0,0 4;0;0;0,% 6;0;0;0,% 6 || 2;0;0;0,0 3;0;0;0,% 5;0;0;0,% 6
2;0;0;0,0 | 4,1;0;0,1 | 6;1;0;0,5 | 6 || 2;0;0;0,0 | 5;1;0;0,3 | 7;1;0;0,3 | 6
2;0;0;0,0 | 4;0;0;2,1 | 6;0,0;3.2 | 6 || 2;0;0;0,0 | 5;0;0;3,5 | 7;0;0;2,1 | 6
2;0;0;0,0 | 4,1;,0;2.1 1 6;1;0:3.2 | 6 | 2;0;0;0,0 | 3;1;0;1,3 | 5:L,0;4.1 | 6
2;0;0;0,0 | 4;,0;1;0,0 | 6:0;1;0,0 | 6 | 2;0;0;0,0 | 5;0;1;0,0 | 7;0;1;0,0 | 6
2;0;0;0,0 | &8;1;1;0,0 | 10;1;1;0,0 | 6 || 2;0;0;0,0 | 7;1;1;0,0 | 9;1;1;0,0 | 6
2;0;0;0,0 | 6;0;1;3,0 | 80;1;5,0 | 6 || 2;0;0;0,0 | 5;0;1;3,0 | 7;0;1;3,0 | 6
2;0;0;0,0 | 6;1;1;3,0 | &1;1;2,0 | 6 || 2;0;0;0,0 | 7;1;1;3,0 | 9;1;1;3,0 | 6
2;0;0;0,0 6;0;1;0,% 8;0;1;0,% 6 || 2;0;0;0,0 5;0;1;0,% 7;0;1;0,% 6
2;0;0;0,0 6;1;1;0,% 8;1;1;0,% 6 | 2;0;0;0,0 7;1;1;0,% 9;1;1;0,% 6
2;0;0;0,0 6;0;1;%,% 8;0;1;%,% 6 | 2;0;0;0,0 7;0;1;%,% 9;0;1;%,% 6
2;0;0;0,0 | 6;1;1;2,1 | 81;1;5.2 | 6 | 2;0,0;0,0 | 511545 | L1 L | 6
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APPENDIX D. THREE-GENERATION MODELS ON (T2 x T2)/(Z x Z%™)

By Br By |gu| B Br | Bu |gu
3;0;0;0,0 | 3;0;0;,0,0 | 6;0;0,0,0 | 10 || 3;0;0,0,0 | 6;1;0;0,0 | 9;1;0;0,0 | 10
3;0;0:0,0 | 5;1;0;0,0 | 8&;1;0;0,0 6 | 3;0;0;0,0 4;0;0;%,0 7;0;0;%,0 10
3;0;0;0,0 | 3;0;0;3,0 | 6;0;0;3,0 | 6 | 3;0;0;0,0 | 4;1;0;3,0 | 7:1;0;3,0 | 6
3;0;0;0,0 5;1;0;%,0 8;1;0;%,0 10 || 3;0;0;0,0 4;0;0;0,% 7;0;0;0,% 10
3;0;0;0,0 3;0;0;0,% 6;0;0;0,% 6 | 3;0;0;0,0 4;1;0;0,% 7;1;0;0,% 6
3;0;0;0,0 | 5;1;0;0,3 | 8;1;0;0,5 | 10 || 3;0;0;0,0 | 4;0;0;5,5 | 7;0;0;3,5 | 6
3;0;0;0,0 | 50;0;1,3 | 80;0;2,5 | 10 | 3;0;0;0,0 | 4,1;0;3,5 | 7;1;,0;3,5 | 10
3;0;0;0,0 | 3;1;0;4,1 | 6;1;,0;2,5 | 6 | 3;0;0;0,0 | 4;,0;1;0,0 | 7;0;1;0,0 | 6
3;0;0;0,0 | 5;0;1;0,0 | 8;0;1;0,0 | 10 || 3;0;0;0,0 | &;1;1;0,0 | 11;1;1;0,0 | 10
3;0;0;0,0 | 7;1;1;0,0 | 10;1;1;0,0 | 6 || 3;0;0;0,0 6;0;1;%,0 9;0;1;%,0 10
3;0;0;0,0 | 5;0;1;3,0 | 8;0;1;3,0 | 6 | 3;0;0;0,0 | 6;1;1;5,0 | 9;1;1;3,0 | 6
3;0;0;0,0 | 7;1;1;3,0 | 10;1;1;3,0 | 10 || 3;0;0;0,0 | 6;0;1;0,5 | 9;0;1;0,5 | 10
3;0;0;0,0 5;0;1;0,% 8;0;1;0,% 6 | 3;0;0;0,0 6;1;1;0,% 9;1;1;0,% 6
3;0;0;0,0 7;1;1;0,% 10;1;1;0,% 10 || 3;0;0;0,0 6;0;1;%,% 9;0;1;%,% 6
3;0;0;0,0 7;0;1;%,% 10;0;1;%,% 10 || 3;0;0;0,0 6;1;1;%,% 9;1;1;%,% 10
3;0;0;0,0 | 5114, | 8L;1:4,5 | 6 | 6;1;0;0,0 | 6;1;0;0,0 | 12;0;0;0,0 | 28
6;1;0;0,0 | 5:1;0;0,0 | 11;0;0;0,0 | 21 || 6;1;0;0,0 4;0;0;%,0 10;1;0;%,0 15
6;1;0;0,0 3;0;0;%,0 9;1;0;%,0 10 || 6;1;0;0,0 4;1;0;%,0 10;0;0;%,0 15
6;1;0;0,0 | 5;1;0;3,0 | 11;0;0;2,0 | 21 || 6;1;0;0,0 | 4;0;0;0,3 | 10;1;0;0,5 | 15
6;1;0;0,0 | 3;0;0;0,5 | 9;1;0;0,5 | 10 || 6;1;0;0,0 | 4;1;0;0,5 | 10;0;0;0,5 | 15
6;1;0;0,0 | 5;1;0;0,3 | 11;0;0;0,5 | 21 || 6;1;0;0,0 | 4;0;0;3,5 | 10;1;0;3.2 | 15
6;1;0;0,0 | 50;0;1,5 | 11;1;0;3,5 | 21 || 6;1;0;0,0 | 4;1;0;3,5 | 10;0;0;3.2 | 15
6;1;0;0,0 3;1;0;%,% 9;0;0;%,% 10 || 6;1;0;0,0 | 4;0;1:0,0 | 10;1;1;0,0 | 6
6;1;0;0,0 | 5;0;1;0,0 | 11;1;1;0,0 | 10 | 6;1;0;0,0 | 8;1;1;0,0 | 14;0;1;0,0 | 28
6;1;0;0,0 | 7;1;1;0,0 | 13;0;1;0,0 | 21 || 6;1;0;0,0 6;0;1;%,0 12;1;1;%,0 15
6;1;0;0,0 | 5;0;1;3,0 | 11;1;1;3,0 | 10 || 6;1;0;0,0 | 6;1;1;3,0 | 12;0;1;2,0 | 15
6;1;0;0,0 7;1;1;%,0 13;0;1;%,0 21 || 6;1;0;0,0 6;0;1;0,% 12;1;1;0,% 15
6;1;0;0,0 5;0;1;0,% 11;1;1;0,% 10 || 6;1;0;0,0 6;1;1;0,% 12;0;1;0,% 15
6;1;0;0,0 | 7;1;1;0,5 | 13;0;1;0,5 | 21 || 6;1;0;0,0 | 6;0;1;5,5 | 12;1;1;5,2 | 15
6;1;0;0,0 | 7;0;1;1,5 | 13;1;1;5,5 | 21 || 6;1;0;0,0 | 6;1;1;3,5 | 12;0;1;5,2 | 15
6;1;0;0,0 | 5;1;1;4,5 | 11;0;1;3,5 | 10 || 5;1;0;0,0 | 5;1;0;0,0 | 10;0;0;0,0 | 21
9;1;0;0,0 4;0;0;%,0 9;1;0;%,0 10 || 5;1;0;0,0 3;0;0;%,0 8;1;0;%,0 10
5;1:0;0,0 4;1;0;%,0 9;0;0;%,0 15 || 5;1;0;0,0 5;1;0;%,0 10;0;0;%,0 15
5;1;0;0,0 4;0;0;0,% 9;1;0;0,% 10 || 5;1;0;0,0 3;0;0;0,% 8;1;0;0,% 10
51;0;0,0 | 4,1;0;0,2 | 9;0;0;0,% | 15 || 5;1;0;0,0 | 5;1;0;0,3 | 10;0;0;0,5 | 15
5:1;,0;0,0 | 4;0;0;2,1 | 91,041 | 15 || 5;1;,0;0,0 | 50;0;1,1 | 10;1;,0;3,5 | 15
9;1;0;0,0 4;1;0;%,% 9;0;0;%,% 10 || 5;1;0;0,0 3;1;0;%,% 8;0;0;%,% 10
5;1;0;0,0 | 4;0;1;0,0 | 9;1;1;0,0 6 | 5;1;0;0,0 | 5;0;1;0,0 | 10;1;1;0,0 | 6
5;1;0;0,0 | 8;1;1;0,0 | 13;0;1;0,0 | 21 || 5;1;0;0,0 | 7;1;1;0,0 | 12;0;1;0,0 | 21




By Br By |gu| B Bg By gH
5;1;0;0,0 | 6;0;1;3,0 | 11;1;1;3,0 | 10 || 5;1;0;0,0 | 5;0;1;3,0 | 10;1;1;5,0 | 10
5;1;0;0,0 | 6;1;1;3,0 | 11;0;1;2,0 | 15 || 51;0;0,0 | 7;1;1;3,0 | 12;0;1;3,0 | 15
5;1;0;0,0 | 6;0;1;0,3 | 11;1;1;0,4 | 10 || 5;1;0;0,0 | 5;0;1;0,1 | 10;1;1;0,3 | 10
5;1;0;0,0 6;1;1;0,% 11;0;1;0,% 15 || 5;1;0;0,0 7;1;1;0,% 12;0;1;0,% 15
5:1;,0;0,0 | 6;0;1;5,5 | 11;1;1;5,2 | 15 || 51;0;0,0 | 7;0;154,5 | 12;1;155,5 | 15
51;,0;0,0 | 6;1;1;5,5 | 11;0;1;5,2 | 10 || 5;1;0;0,0 | 5;1;1;2,3 | 10;0;1;5,5 | 10
4;0;0;3,0 | 4;0;0;2,0 | 8;0;0;0,0 | 15 || 4;0;0;3,0 | 3;0;0;3,0 | 7;0;0;0,0 | 10
4;0;0;%,0 4;1;0;%,0 8;1;0;0,0 6 4;0;0;%,0 5;1;0;%,0 9:;1;0;0,0 | 10
4;0;0;%,0 4;0;0;0,% 8;0;0;%,% 10 4;0;0;%,0 3;0;0;0,% 7;0;0;%,% 6
4;0;0;%,0 4;1;0;0,% 8;1;0;%,% 10 4;0;0;%,0 5;1;0;0,% 9;1;0;%,% 15
4;0;0;3.,0 | 4;0;0;2,3 | 8;0;0;0,% | 10 || 4;0;0;3,0 | 5;0;0;3,2 | 9;0;0;,0,5 | 15
4;0,0;3,0 | 4;1;0;2,1 | 8;1;0;0,1 | 10 || 4;0;0;3,0 | 3;1;0;3.2 | 7:1,00,5 | 6
4;0;0;%,0 4:0;1;0,0 8;0;1;%,0 6 4;0;0;%,0 5;0;1;0,0 9;0;1;%,0 10
4;0;0;3,0 | 8;1;1;0,0 | 12;1;1;5,0 | 15 || 4;0;0;5,0 | 7;1;150,0 | 11;1;154,0 | 10
4;0;0;%,0 6;0;1;%,0 10;0;1;0,0 | 15 4;0;0;%,0 5;0;1;%,0 9:0;1;0,0 | 10
4;0;0;3,0 | 6;1;1;2,0 | 10;1;1;0,0 | 6 || 4;0;0;3,0 | 7;151;5,0 | 11;1;1;0,0 | 10
4;0;0;3,0 | 6;0;1;0,2 | 10;0;1;1,5 | 10 || 4;0;0;3,0 | 5;0;1;0,5 | 9;0;1;5.1 | 6
4;0;0;3,0 | 6;1;1;0,2 | 10;1;1;1,3 | 10 || 4;0;0;3,0 | 7;1;1;0,4 | 1511501 115
4;0;0;3,0 | 6;0;1;3,5 | 10;0;1;0,5 | 10 || 4;0;0;5,0 | 7;0;1;3,3 | 11;0;1;0,3 | 15
4;0,0;3,0 | 6;1;1;2,5 | 10;1;1;0,5 | 10 || 4;0;0;3,0 | 5;1;1;5,2 | 9151505 | 6
3;0;0;3,0 | 3;0;0;2,0 | 6;0;0;0,0 | 10 || 3;0;0;2,0 | 4;1;0;3,0 | 7;1;,0;0,0 | 6
3;0;0;3,0 | 5;1;0;2,0 | 81;0;0,0 | 6 || 3;0;0;2,0 | 4;0;0;0,5 | 7:0;0;3.5 | 6
3;0;0;%,0 3;0;0;0,% 6;0;0;%,% 6 3;0;0;%,0 4;1;0;0,% 7;1;0;%,% 10
3;0;0;%,0 5;1;0;0,% 8;1;0;%,% 10 3;0;0;%,0 4;0;0;%,% 7;0;0;0,% 10
3;0;0;3,0 | 5;0;0;3,2 | 80;0;0,5 | 10 || 3;0;0;2,0 | 4;1;0;5,5 | 7:1;0,0,5 | 6
3;0;0;3,0 | 3;1;0;3.2 | 6,1,0,0,5 | 6 | 3;0;0;2,0 | 4;,0;1;0,0 | 7;0;1;5.0 | 6
3;0;0;%,0 5;0;1;0,0 8;0;1;%,0 6 3;0;0;%,0 8;1;1;0,0 11;1;1;%,0 10
3;0;0;%,0 7:1:1;0,0 10;1;1;%,0 10 3;0;0;%,0 6;0;1;%,0 9:0;1;0,0 | 10
3;0;0;%,0 5;0;1;%,0 8:0;1;0,0 | 10 3;0;0;%,0 6;1;1;%,0 9:1;1;0,0 6
3;0;0;3,0 | 7;1;1;2,0 | 10;1;1;,0,0 | 6 || 3;0;0;2,0 | 6;0;1;0,5 | 9;0;1;5,5 | 6
3;0;0;3,0 | 5;0;1;0,5 | 80;1;5,3 | 6 | 3;0;0;3,0 | 6;1;1;0,5 | 9;1;1;5.2 | 10
3;0;0;%,0 7;1;1;0,% 10;1;1;%,% 10 3;0;0;%,0 6;0;1;%,% 9;0;1;0,% 10
3;0;0;%,0 7;0;1;%,% 10;0;1;0,% 10 3;0;0;%,0 6;1;1;%,% 9;1;1;0,% 6
3;0;0;%,0 5;1;1;%,% 8;1;1;0,% 6 4;1;0;%,0 4;1;0;%,0 8;0;0;0,0 | 15
4;1;0;3,0 | 51;0;2,0 | 9;0;0;0,0 | 15 || 4;1;0;3,0 | 4;0;0;0,5 | &;1;0;3,2 | 10
4;1;0;3,0 | 3;0;0;0,2 | 7;1;0:2,1 | 10 || 4;1;0;3,0 | 4;1;0;0,5 | 8;0;0;3.2 | 10
4;1;0;%,0 5;1;0;0,% 9;0;0;%,% 10 4;1;0;%,0 4;0;0;%,% 8;1;0;0,% 10
4;1;0;3,0 | 5;0;053,3 | 9:1;0;0,4 | 10 || 4,1;0;5,0 | 4;1;0:3,5 | 8;0;0;0,5 | 10
4;1;0;3,0 | 3;1;052,5 | 7;0;0;0,4 | 10 || 4;1;0;3,0 | 4,0;1,0,0 | &1;1;2,0 | 6
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APPENDIX D. THREE-GENERATION MODELS ON (T2 x T2)/(Z x Z%™)

By Br By |gu| B Br | Bu |gu
4;1;0;3,0 | 5;0;1;,0,0 | 9;1;1;5,0 | 6 || 41;0;3,0 | 81;1;0,0 | 12;0;1;3,0 | 15
4;1;0;3,0 | 7;1;1;,0,0 | 11;0;1;5,0 | 15 || 4;1;0;3,0 | 6;0;1;2,0 | 10;1;1;0,0 | 6
4;1;0;3,0 | 50;1;2,0 | 9;1;1;0,0 | 6 || 4;1;0;3,0 | 6;1;1;2,0 | 10;0;1;0,0 | 15
4;1;0;3,0 | 7;15153,0 | 115051;0,0 | 15 || 4;1;0;5,0 | 6;0;1;0,5 | 10;151;5,5 | 10
4;1;0;%,0 5;0;1;0,% 9;1;1;%,% 10 4;1;0;%,0 6;1;1;0,% 10;0;1;%,% 10
4;1;0;3,0 | 715150, | 11;,0;154,5 | 10 || 4;1;0;3,0 | 6;0;1;5,2 | 10;1;1;0,2 | 10
4;1;0;3,0 | 7;0;1;5,1 | 11;1;150,3 | 10 || 4;1;0;3,0 | 6;1;1;5,2 | 10;0;1;0,2 | 10
4;1;0;3,0 | 5;1;1;2,1 | 9;0;1;0,2 | 10 || 5;1;0;3,0 | 5;1;0;2,0 | 10;0;0;0,0 | 21
5;1;0;%,0 4;0;0;0,% 9;1;0;%,% 15 5;1;0;%,0 3;0;0;0,% 8;1;0;%,% 10
5;1;0;%,0 4;1;0;0,% 9;0;0;%,% 10 5;1;0;%,0 5;1;0;0,% 10;0;0;%,% 15
51;0;3,0 | 4;0;0;3,2 | 9,1;0;0,5 | 10 || 51;0;1,0 | 5;0;0;3,5 | 10;1;0;0,5 | 15
5:1;0;3,0 | 4;1;0;3,2 | 9;0;0;0,5 | 15 || 5;1;0;4,0 | 3;1;0;3,5 | 8;0;0;0,5 | 10
5;1;0;%,0 4:0;1;0,0 9;1;1;%,0 6 5;1;0;%,0 5;0;1;0,0 10;1;1;%,0 10
5;1;0;%,0 8:;1;1;0,0 13;0;1;%,0 21 5;1;0;%,0 7:1;1;0,0 12;0;1;%,0 15
5;1;0;%,0 6;0;1;%,0 11;1;1;0,0 | 10 5;1;0;%,0 5;0;1;%,0 10;1;1;0,0 | 6
5:1;,0;4,0 | 6;1;1;3,0 | 11;0;1;0,0 | 15 || 5;1;0;5,0 | 7:151;5,0 | 12;0;1;0,0 | 21
5;1;0;3,0 | 6;0;1;0, | 11;1;1;2 .2 1 15 | 5;1;0;4,0 | 5;0;1;0,5 | 10;1;1;2,1 | 10
5:1;0;2,0 | 6;1;1;0,4 | 11;0;1;2,1 | 10 || 51;0;1,0 | 7:1;1;0,5 | 12;0;1;4.1 | 15
5;1;0;%,0 6;0;1;%,% 11;1;1;0,% 10 5;1;0;%,0 7;0;1;%,% 12;1;1;0,% 15
51;0;3,0 | 6;1;1;5,2 | 11;0;1;0,2 | 15 || 5;1;0;4,0 | 5;1;1;5,% | 10;0;1;0,2 | 10
4;0;0;0,3 | 4;0;0;0,2 | 8;0;0;0,0 | 15 || 4;0;0;0,2 | 3;0;0;0,5 | 7;0;0;0,0 | 10
4;0;0;0,3 | 4,1;0;0,2 | 8;1;0;0,0 | 6 | 4;0;0;0,2 | 5;1;0;0,5 | 9;1;0;0,0 | 10
4;0;0;0,% 4;0;0;%,% 8;0;0;%,0 10 4;0;0;0,% 5;0;0;%,% 9;0;0;%,0 15
4;0;0;0,% 4;1;0;%,% 8;1;0;%,0 10 4;0;0;0,% 3;1;0;%,% 7;1;0;%,0 6
4;0;0;0,3 | 40;1;,0,0 | 80;1;,0,2 | 6 | 4;0;0;0,2 | 50;1;0,0 | 9;0;1;0,5 | 10
4;0;0;0,3 | 8;1;1;,0,0 | 12;1;1;0,3 | 15 || 4;0;0;0,2 | 7;1;1;0,0 | 11;1;1;0,2 | 10
4;0;0;0,3 | 6;0;1;2,0 | 10;0;1;1,5 | 10 || 4;0;0;0,1 | 5;0;1;2,0 | 9;0;1;3.1 | 6
4;0,0;0,5 | 6;1;1;3,0 | 10;1;155,5 | 10 || 40;0;0,3 | 7;1;152,0 | 11;1:152 5 | 15
4;0;0;0,% 6;0;1;0,% 10;0;1;0,0 | 15 4;0;0;0,% 5;0;1;0,% 9:0;1;0,0 | 10
4;0;0;0,3 | 6;1;1;0,2 | 10;1;1;0,0 | 6 || 4;0;0;0,2 | 7;1;1;0,5 | 11;1;1;0,0 | 10
4;0;0;0,3 | 6;0;1;2,3 | 10;0;1;5,0 | 10 || 4;0;0;0,1 | 7;0;1;5,2 | 11;0;1;3,0 | 15
4;0;0;0,3 | 6;1;1;2,1 | 10;1;1;3,0 | 10 || 4;0;0;0,1 | 5:1;1;4.1 | 91120 | 6
3;0;0;0,% 3;0;0;0,% 6;0;0;0,0 | 10 3;0;0;0,% 4;1;0;0,% 7:1;0;0,0 6
3;0;0;0,% 5;1;0;0,% 8:;1;0;0,0 6 3;0;0;0,% 4;0;0;%,% 7;0;0;%,0 10
3;0;0;0,1 | 5;0;0;3,2 | 80;0;2,0 | 10 || 3;0;0;0,5 | 4;1;0;3,5 | 7:1;0;5.0 | 6
3;0;0;0,1 | 3;1;0;3.2 | 610,20 | 6 | 3;0;0;0,5 | 4;0;1;0,0 | 7;0;1;0,5 | 6
3;0;0;0,% 5;0;1;0,0 8;0;1;0,% 6 3;0;0;0,% 8;1;1;0,0 11;1;1;0,% 10
3;0;0;0,3 | 7;1;1;0,0 | 10;1;1;0,2 | 10 || 3;0;0;0,5 | 6;0;1;3,0 | 9;0;1;5,5 | 6
3;0;0;0,3 | 5;0;1;2,0 | 80;1;3,5 | 6 | 3;0;0,0,2 | 6;1;1;5,0 | 9;1;1;5,2 | 10
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APPENDIX D. THREE-GENERATION MODELS ON (T? x T2)/(ZY x 7.$™)

By Bpg By ‘ 9u H By Bg ‘ Bg ‘ 9u
5,0;0;3,3 | 7:1;1;0,0 | 12;1;1;5,2 | 15 || 5;0;0;3,2 | 6;0;1;3,0 | 11;0;1;0,2 | 15
5,0;0;3,3 | 5;0;1;3,0 | 10;0;1;0,5 | 10 || 5;0;0;3.2 | 6;1;1;2,0 | 11;1;1;0,2 | 10
5:0;0;3,3 | 7:1;1;5,0 | 12:1;1;0,5 | 15 || 5;0;0;3.2 | 6;0;1;0,% | 11;0;1;2,0 | 15
5;0;0;%,% 5;0;1;0,% 10;0;1;%,0 10 5;0;0;%,% 6;1;1;0,% 11;1;1;%,0 10
5;0;0;%,% 7;1;1;0,% 12;1;1;%,0 15 5;0;0;%,% 6;0;1;%,% 11;0;1;0,0 | 15
5,0;0;3,3 | 7:0;1;3,5 | 12;0;1;0,0 | 21 || 5;0;0;3.,2 | 6;1;1;5,2 | 11;1;1;0,0 | 10
5,0;0;3,3 | 5L1:3,5 | 10;1;,1;0,0 | 6 || 4;1;0;5.2 | 4:1;0:5.2 | 8;0;0;0,0 | 15
4;1;0:5,5 | 3;1,0;3,5 | 7:0;0,0,0 | 10 || 4;1;053,1 | 4,0;1,0,0 | &1;134.1 | 6
41;0;5,5 | 5:0;1;0,0 | 9;1;1;5,5 | 10 || 451;0:3,3 | 81;1;0,0 | 12;0;1;5,5 | 15
4;1;0;5,5 | 7:151;0,0 | 11;0;1;3,2 | 10 || 451503, | 6;0;1;3,0 | 10;1;1;0,2 | 10
4;1;0;3,5 | 5;0;1;3,0 | 9;1;1;0,5 | 6 | 4;1;0;5,2 | 6;1;152,0 | 10;0;1;0,2 | 10
4;1;0;3,3 | 7:1;1;5,0 | 11;0;1;0,5 | 15 || 451505, | 6;0;1;0,5 | 10;1;1;2,0 | 10
4;1;0;%,% 5;0;1;0,% 9;1;1;%,0 6 4;1;0;%,% 6;1;1;0,% 10;0;1;%,0 10
4;1;0;5,5 | 7:1;1;,0,5 | 11;0;1;5,0 | 15 || 4;15055,3 | 6;051;3,3 | 10;1;1;0,0 | 6
41;0:5,5 | 7:0:1:3,5 | 11;1;1;0,0 | 10 || 4515033, | 6;1;1;5,2 | 10;0;1;0,0 | 15
41045 | 5:1:55,5 | 901,00 | 10 || 3;1;0:3,5 | 3;1;0:5,3 | 6;0;0;0,0 | 10
3;1;,0;3,5 | 4;0;1;0,0 | ;L34 | 6 | 3:1;0:5.2 | 5;0:1;0,0 | 81;1;5.8 | 6
3;1;0;%,% 8;1;1;0,0 11;0;1;%,% 10 3;1;0;%,% 7:1:1;0,0 10;0;1;%,% 10
3;1;,0;5,5 | 6;0:1;5,0 | 9;1;1;,0,5 | 6 | 3;1;0;5,5 | 5;0;1;3,0 | 81;1;0,5 | 6
3;1;,0;3,3 | 6;1;1;3,0 | 9;0;1;0,5 | 10 || 3;1;0;3.2 | 7:1;1;2,0 | 10;0;1;0,2 | 10
3;1;,0;3,3 | 6;0;1;,0,5 | 9;1;1;5,0 | 6 | 3;1;0;5,5 | 5;0;1;0,5 | 81;1;5,0 | 6
3;1;,0;3,3 | 6;1;1;,0,3 | 9;0;1;,0 | 10 || 3;1;0;3.2 | 7:1;1;0,% | 10;0;1;1,0 | 10
3;1;0;%,% 6;0;1;%,% 9;1;1;0,0 | 6 3;1;0;%,% 7;0;1;%,% 10;1;1;0,0 | 6
3;1;0;%,% 6;1;1;%,% 9;0;1;0,0 | 10 3;1;0;%,% 5;1;1;%,% 8;0;1;0,0 | 10
4:0;1;0,0 | 4;0;1;0,0 | 8;0;,0;,0,0 | 15 || 4;0;1;0,0 | 5;0;1;0,0 | 9;0;0;0,0 | 15
4:0;,1,0,0 | 8;1;1;0,0 | 12;1;0;,0,0 | 15 || 4;0;1;0,0 | 7;1;1;0,0 | 11;1;0;0,0 | 15
4:0;1;0,0 6;0;1;%,0 10;0;0;%,0 15 || 4;0;1;0,0 5;0;1;%,0 9;0;0;%,0 15
4;0;1;0,0 6;1;1;%,0 10;1;0;%,0 15 || 4;0;1;0,0 7;1;1;%,0 11;1;0;%,0 15
4;0;1;0,0 6;0;1;0,% 10;0;0;0,% 15 || 4;0;1;0,0 5;0;1;0,% 9;0;0;0,% 15
4;0;1;,0,0 | 6;1;1;0,2 | 10;1;0;0,5 | 15 || 4;0;1;0,0 | 7;1;1;0,5 | 11;1;0;0,5 | 15
4;0;1;,0,0 | 6;0;1;5,3 | 10;0;0;3,5 | 15 || 4;0;1;0,0 | 7;0;1;3,5 | 11;0;0;5.2 | 15
4;0;1;,0,0 | 6;1;1;3,1 | 10;1;0;4,3 | 15 || 4;0;1;0,0 | 5;L;,1:4,4 | 9;1;,0;3,4 | 15
5;0;1;0,0 | 5;0;1;0,0 | 10;0;0;0,0 | 21 || 5;0;1;0,0 | §8;1;1;0,0 | 13;1;0;0,0 | 21
5;0;1;0,0 | 7;1;1;0,0 | 12;1;0;0,0 | 15 || 5;0;1;0,0 6;0;1;%,0 11;0;0;%,0 21
5;0;1,0,0 | 5;0;1;2,0 | 10;0;0;3,0 | 15 || 5;0;1;0,0 | 6;1;1;3,0 | 11;1;0;3,0 | 15
5;0,1;,0,0 | 7;1;1;2,0 | 12;1;0;4,0 | 21 || 5;0;1;0,0 | 6;0;1;0, | 11;0;0;0,5 | 21
5;0;1;0,0 5;0;1;0,% 10;0;0;0,% 15 || 5;0;1;0,0 6;1;1;0,% 11;1;0;0,% 15
5:0;1;0,0 | 7;1;150,3 | 12;1;0;0,5 | 21 || 5;0;1;0,0 | 6;0;1;5,2 | 11;0;0;3,5 | 15
5;0,1;,0,0 | 7;0;1;5,2 | 12;0;0;2,5 | 21 || 5;0;1;0,0 | 6;1;1;2,3 | 11;1;055,5 | 21
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8.1, 0 7;1-1-872 10150533 Lo B
) ,1’070 ) 70 15 1919 15 L B
8:1:1:0,0 5;0;153,0 ;050500 | 3 8;1;1;0,0 e
8110, 7;1-1.1’ 13;1;0;3 6 | 8:1:1:0, 8;1;1;0 Bu
11;1;0,0 L0 |1 0530 | 21 11;1,0,0 +1;0,01) 16 9H
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180 APPENDIX D. THREE-GENERATION MODELS ON (T2 x T2)/(Z{" x ZP*™)

By Br By |gu| B Br | Bu |gnm
5,0;1;,0,2 | 5;0;1;0,2 | 10;0;0;0,0 | 21 | 50;1;0,5 | 6;1;1;0,5 | 11;1;0;0,0 | 15
50;1;0,4 | 7;1;1;0,2 | 12;1;0;0,0 | 15 || 5;0;1;0,5 | 6;0;1;5,2 | 11;0;0;3,0 | 21
50;1;0,4 | 7;0;1;3,3 | 12;0;0;4,0 | 21 || 5;0;1;0,5 | 6;1;1;5.2 | 11;1;0;2,0 | 15
5;0;1;0,% 5;1;1;%,% 10;1;0;%,0 15 6;1;1;0,% 6;1;1;0,% 12;0;0;0,0 | 28
6;1;1;0,% 7;1;1;0,% 13;0;0;0,0 | 28 6;1;1;0,% 6;0;1;%,% 12;1;0;%,0 21
6;1;1;,0,2 | 7;0;1;3,3 | 13;1;0;2,0 | 21 || 6;1;1;0,5 | 6;1;1;5,5 | 12;0;0;3,0 | 21
6;1;1;0,5 | 5:1;1;5,5 | 11;0;0:3,0 | 21 || 7:1;1;0,5 | 7:1;1;0,5 | 14;0;0;0,0 | 36
71108 | 6;0;1:5,1 | 13;1;0;2,0 | 21 || 7;15150,4 | 7;0;1L;5.2 | 14;150;2.0 | 28
7110, | 6:15155,5 | 13;0;0;3,0 | 28 || 7;15150,5 | 551;155,5 | 12;05053,0 | 21
6;0;1;%,% 6;0;1;%,% 12;0;0;0,0 | 28 6;0;1;%,% 7;0;1;%,% 13;0;0;0,0 | 28
6;0;1;3,3 | 6;1;1;5,5 | 121;0;0,0 | 15 || 6;0;1;1,5 | 51;1:4.2 | 11;1;0;0,0 | 15
7:0;1;1,5 | 7:0;1;4,% | 14;0;0;0,0 | 36 || 7;0;1;2,3 | 6;151;5,1 | 13;1;0;0,0 | 21
7:0;1;1,3 1 5 L1111 12:1;0,0,0 | 15 || 6;15158,1 | 6;15154,1 | 12;0;0;0,0 | 28
6;1;1;5,5 | 5:1;1:5,5 | 11;050;0,0 | 21 || 51;152 5 | 5;151;5,5 | 10;0;0;0,0 | 21




Appendix E

Decompositions of zero-modes with
higher fluxes

Here we study the decompositions of zero-mode wave functions on the magnetized T?/Z,,
T?/Z3, T?)Zy and T?/Zg orbifolds. As we have studied in Section zero-modes on mag-
netized T2 have degenerate solutions. The degeneracy number of zero-modes is given by the
size of flux. Then we find that zero-modes on orbifolds with higher fluxes are decomposed into
the products of ones with lower fluxes. Also such decompositions give a simple way counting
degeneracy number of zero-modes on magnetized orbifolds.

E.l1 T2/Z

First, let us consider zero-modes on T?/Z, with flux M, SS phases (a1, a3) and Z, parity m,

wjfz;%}ﬂa? (2,7). On T?/Z, orbifold, the complex coordinate, z, is identified as z ~ —z. The

fixed points for Zs twist z — —z are:

147

1 7
- L E.1
z=0, 2" 2" 2 (E.1)

Then SS phases are restricted to (g, as) = (0,0) and (1/2,1/2). To express the zero-modes
with higher fluxes by ones with lower fluxes, we use following four single zero-modes: zero-
mode with flux 1, SS phases (0,0) and Z, even parity, @/JT2 /ZO’

(1/2,0) and Z, even parity, lez/ /QZ% , zero-mode with flux 1, SS phases (0,1/2) and Z, even

parity, 1/#)2 ;O and zero-mode with flux 1, SS phases (1/2,1/2) and Zs odd parity, ¢§r12/ 2211/ 21
2
We denote them as 0gg, 010, 01 and 1,7, respectively. As we have discussed in Subsection m,

zero-modes on 172 /Zs have zero points at fixed points. We show zero points of 0y, 019, 0p; and

111 in Table

zero-mode with flux 1, SS phases

181



182 APPENDIX E. DECOMPOSITIONS OF ZERO-MODES WITH HIGHER FLUXES

zero-modes flux SS phases Z, parity number of zero-modes zero points
000 = ¢§?;/”Zgl 1 (0,0) even 1 LT
0y = @D(TlQ//QZ’%)’l 1 (1/2,0) even :
0p1 = w;’;;% 1 (0,1/2) even 1 z
1, =l /2;172 1 (1/2,1/2)  odd 1 0

Table E.1: Zero points of single generation zero-modes on T?/Z,.

Using these four zero-modes with flux 1, zero-modes with higher fluxes can be decomposed.
Let us see an example. We introduce

Y002 <0§0) . (E.2)
1
11

Since 11; vanishes at z = 0 while 0gg does not vanish, YO(O’O)’2

products of YO(O’O)’Q,

spans 2D spaces. Then, the

050
0,0),4 _ +-(0,0),2 0,0),2
S ) e
14
11

, (E.3)

spans 3D spaces. This is because (02,12,,14,) = 12,Y\*?? spanning 2D spaces vanish at z = 0
while 04, does not vanish. That is, 04, 02, and 12, are linearly independent. Note that Y, """
obeys the Dirac equation and the boundary conditions for zero-modes with flux 4 and SS phases

(0,0). In addition it has Z, even parity. Meanwhile, we find the product,
Y% = 009010001 111, (E.4)

which obeys the Dirac equation and the boundary conditions for zero-modes with flux 4 and SS
phases (0,0) but has Z, odd parity. Notice that sum of degeneracy numbers of Zy even and odd
modes on T?/Z, is equivalent to degeneracy number of zero-modes on T?. Since zero-modes
on T? with flux M have M degenerate solutions, YO(O’O)’4 and }/1(0,0),4 can be regarded as the
complete basis of even and odd modes with flux 4 and SS phases (0,0), respectively. Thus even
and odd modes with flux 4 and SS phases (0,0), wTJQ(;)Zﬁ and wTQ /Zl can be expanded by YO(O’O)’4
;]2(;20 1[)?2?21 have 3 and 1 degenerate solutions.

This result is consistent with the number of zero-modes on T?/Z, shown in Table .

and Y1(0’0 ", respectively. This means that 1
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This procedure is generalized as follows. We introduce

0
O(Q)n 212

Yo(o,o),zn _ }/0(0,0),2 2 Yo(o,o),z D ® Yo(o,o),2j — | o2~ 2m12m . me{0,1,...,n}. (E.5)

NV
products of n of YO(O’O)’2 .
2 12n—2
000111
2n
111

0,0),2n

In this stage it is unknown whether n + 1 components of YO( are independent each other.

If YO(O’O)’ZH spans n + 1-dimensional spaces,

02n+2
02n12
(0,0),2n+2 _ -(0,0),2 (0,0),2n 2n+2 .2m 2m 02n+2
YE) - }/E) ® Yb = 0 1 = 1%1%(0 0),2n | (E6>
03,117
2n+2
]'11+

. . 0,0),2 . . . .
spans n + 2-dimensional spaces because 1%1Y0( )2n spanning n + 1-dimensional spaces vanishes

at z =0 Whlle 027”r2 does not vanish. We have already known that YO(O’O)’2 spans 2D spaces;
therefore Yb " spans n + 1-dimensional spaces for n > 1. Note that YE)(O’O)’% has flux 2n, SS
phases (0,0) and Z, even parity. Then, we can find the products with flux 2n, SS phases (0,0)
and Zs odd parity,

Y202 = 000010001 11, Y, "0 E.7
1 0

?

which spans n — 1-dimensional spaces for n > 2. Since zero-modes on T? with flux 2n have 2n

),2n

degenerate solutions, YO(O’O and Yl(o’o)’% can be regarded as the complete basis of even modes

and odd modes on T?/Z,, respectively. Thus even and odd modes with flux 2n and SS phases

(0,0), wzfz(;zﬁ" and wzf;;zfn, can be expanded by Y and Y(O 0:2n yespectively. This means
that 1/1732(;)23" and @Dg;;)z?n span n + 1 and n — 1-dimensional spaces.
2

Tn the similar way, we can find that even and odd modes with flux 2n + 1 and SS phases
(0,0, ¢]+00 )2kl g ¢]+00 ):2n+1
12/79 T2/73

, can be expanded by
and

)



184 APPENDIX E. DECOMPOSITIONS OF ZERO-MODES WITH HIGHER FLUXES

respectively. This means that ZDTJ;;%] )27+ and wf([f;;%? )antl

respectively. The sum of degeneracy numbers of each Z; mode is equivalent to degeneracy

span n+ 1 and n-dimensional spaces,

number of zero-modes on 72, Therefore this result is consistent.

Similar analysis can be applied for zero-modes on T?/Z, with non-vanishing SS phases.
We summarize the results in Table One can check that basis of decompositions in fourth
column has flux, Z, parity and SS phases shown in first to third columns.

flux 7, parity SS phases basis of decompositions number of basis

on even (0,0) y {002 n+1
odd (0,0) 000010001111Y(0 0),2n—4 n—1
9 even (1/2,0) 000010Y( 0),2n-2 n
n
odd (1/2,0) gy 14, Y0022 n
) even (0,1/2) 00009 Y022 n
n
odd (0,1/2) 0501, Y0022 n
) even  (1/2,1/2) 0100, Y, "0 n
n _
odd  (1/2,1/2) 0go 1y, YO0 n
o+ 1 even (0,0) OOOYO(O’O)’Q” n+1
odd (0,0) 010001111Y( 0),2n~2 n
even (1/2,0) 0,y 02" n+1
2n+1 (0,0),2n—2
odd (1/2,0) 000001111% e n
even (0,1/2) 00, Y02 n+1
2n +1 (0,0),2n—2
odd (0,1/2) 000010111% e n
o+ 1 even (1/2,1/2) 000010001%(070)’27172 n
odd  (1/2,1/2) 15,y 002 n+1

Table E.2: Basis of decompositions of zero-modes on T?/Z, with higher fluxes. Y, """ is
defined by Eq. (E.5). In each row, the value of flux is equivalent to the sum of number of basis.
Numbers of basis are consistent with Table 2.2

E.2 T°/Z;

Second, let us consider zero-modes on T?/Zs3 with flux M, SS phases (ay,as) and Zj parity
m, wTJQJ;zlnaQ (2,7). On T?/Zs orbifold, the complex coordinate, z, is identified as z ~ wz,
w = e¥™/3_ Similarly, the complex structure modulus 7 is fixed at 7 = w. The fixed points for

Zs twist z — wz are:

24w 142w
37 3

(E.10)

z =0,
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Then SS phases are restricted to (ay, o) = (0,0), (1/3,1/3) and (2/3,2/3) for M € 2Z and
(o, 00) = (1/6,1/6), (1/2,1/2) and (5/6,5/6) for M € 2Z+1. To express the zero-modes with
higher fluxes by ones with lower fluxes, we use following three single zero-modes: zero-mode
with flux 1, SS phases (1/6,1/6) and Zs parity 1, w(1/6’1/6)’1, zero-mode with flux 1, SS phases

T2/7§
5/6,5/6) and Zs parity 1, ¢(52/6"2/6)’1, and zero-mode with flux 1, SS phases (1/2,1/2) and Zs
T2/7
3
parity w, 1/1(T12//22’11/ 21 We denote them as 011, O55 and 133, respectively. As same as zero-modes
3

on T?/Z,, they have zero points at fixed points. We show zero points of 0;1, 055 and 133 in

Table [E3

zero-modes flux SS phases Zj parity number of zero-modes zero points
0, = w%/ﬁz’é 9T 1 (1/6,1/6) 1 1 2w
055 = ¢§?2//622/6)’1 1 (5/675/6) 1 1 %
1y = ¢<T12//27%/2>71 1 (1/2,1/2) w 1

Table E.3: Zero points of single generation zero-modes on T?/Zs.

Using these three zero-modes with flux 1, zero-modes with higher fluxes can be decomposed.
Consequently, we obtain the decompositions of zero-modes on T?/Zs as shown in Table .
One can check that basis of decompositions in fourth column has flux, Z3 parity and SS phases
shown in first to third columns.

Table E.4: Basis of decompositions of zero-modes on T?/Zs with higher fluxes. Y *”**" and
Yo(l/ 21/2):6n%3 ore defined by Egs. and , respectively. In each row, the value of flux
is equivalent to the sum of number of basis. Numbers of basis are consistent with the results
derived before |1064|107}/132,/170].

flux 7Zj parity SS phases basis of decompositions number of basis

1 (0,0) )/0(0,0),671 . n 1
o v (0,0) 011055133}/0(1/271/2),671—3 o

ca (0,0) 03,023,132, Y, %" 0"° I — 1

! (1/3,1/3) 0,02y, /21203 -
6n w (1/3,1/3) 0%1133}/0(1/2,1/2)76,%3 -

W (1/31/3) 05130 "

L (2/32/3) 03,055y 2P0 -
" “ (2/32/3) 0%5133}/0(1/2’1/2),%—3 o
< 11 A/2),6n= "

2 (2/3,2/3) 0 1§3Y0(1/2 1/2),6n—3 )
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flux ~ Zs parity SS phases basis of decompositions number of basis
1 (1/6,1/6) 0115/(](0’0)’671 2n + 1
6n+1 w (1/6,1/6) 0%1055133%(1/2,1/2),%_3 o
CU2 (1/6,1/6) 055133%(1/2,1/2),67173 2n
1 (1/2,1/2) 0%10§5Y0(1 2,1/2),6n—3 o
6n +1 W (1/2,1/2) 133}/-0(0,0),6n o+ 1
w? (1/2,1/2) 011055135y, /512072 on
1 (5/6,5/6) 0555/6(0’0)’% 2n+1
6o+l w o (5/65/6) 0,03 LyYy !0 2n
P (5/65/6) 0313y Rme 2
1 (0,0) 011055%(0’0)’671 on+1
6n + 2 w (0’0) 0%1025133%(1/271/2),6n—3 m
w? (0,0) 13,y,200" 2n + 1
L (1/3,1/3) 03,5 2n + 1
On +2 w (1/3,1/3) 0551333/()(0’0)’611 on+1
w? (1/371/3) 0110§51§3yv0(1/2,1/2),6n—3 2n
L (2/323) 025" 20+ 1
On 2 w (2/3,2/3) 0111333/()(0’0)’671 2n + 1
w2 (2/372/3) 0%10551§3YE)(1/271/2)’6”_3 2n
1 (1/6,1/6) 02,055, " 2n + 1
6n + 3 w (1/6,1/6) 0%5133%(070),671 o+ 1
w? (1/6,1/6) 01 12,000 2n + 1
UGy e i 2
bn +3 w (1/2,1/2) 0110551333/5(0’0)’% on+1
2 2 02 12 v (1/2,1/2),6n—-3
w (1/2,1/2)  0§,05,15;Y, 2n
1 (5/6,5/6) Ollogsyo(o’o)m 2n + 1
on+3 w  (5/65/6) 03, 153Y """ 2n + 1
w? (5/6,5/6) 055133%(070)7671 2n +1

The procedure of proof is same as the case of T?/Z,. Here we prove only the decompositions

of zero-modes with flux 6n and SS phases (0,0). We introduce

v _ (0%
’ -\

Since 133 vanishes at z = 0 while 0;; does not vanish, 1/()(1/2’1/2

),3

(E.11)

spans 2D spaces. Then, the
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products of 3/()(1/2’1/2)’3,
0 6
0
0,0),6 _ v-(1/2,1/2),3 1/2,1/2),3
16, 3310

}/0(1/2’1/2)’3 vanishes at z = 0 while 0(151 does not vanish.
vy (1/2.1/2).3
0 )

spans 3D spaces. This is because 13,
Also we consider the products of 2n of

6n

011
6n—313
011 133

YE](O,O),Gn _ YO(1/2,1/2),3 2 Y0(1/2,1/2),3 2@ %(1/2,1/2),3 — | otr=3m13m | e {0,1,...,20).

Vv
products of 2n of 3/()(1/2’1/2)’3 .
3 16n—3
011133
6n
133

(E.13)

0,0),6n

In this stage it is unknown whether 2n + 1 components of YO( are independent each other.

If Y()(O’O)’Gn spans 2n + 1-dimensional spaces,

6n+3
011

077 13

V2126043 _ 1 1/21/23 10060 _ | qonts-smqam | _ [ O B 14

0 = Iy ® Yy = | 0y} 133 R Y(O’O)’G” ) ( : )
. 3340

3 16n
011 133

6n+3
133

YO(O,O),ﬁn

spans 2n+2-dimensional spaces because 13, spanning 2n+1-dimensional spaces vanishes

at z = 0 while 057"* does not vanish. Moreover, if it is true,
6n+6
Ut
6n+313
077133

: Qbn+6
0,0),6n+6 __ 1/2,1/2),3 1/2,1/2),6n+3 n+6—3m+ 3m
}/E)( ),6m+ = }/0( /2,1/2) ® }/‘0( /2,1/2),6n+ — 0(151+6 3 1%3 — (13 Y(1/12171/2),6n+3 : (E15)
. 3340

3 16n+3
011 133
6n+6
133

. : 0,0),6n+3
spans 2n + 3-dimensional spaces because 13,Y, """

vanishes at z = 0 while 07 does not vanish. We have already known that YO(O’O)’6 spans 3D

spanning 2n + 2-dimensional spaces
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spans 2n + 1-dimensional spaces for n > 1. In addition it follows from
0,0),6n

spaces; therefore YO(O’O)’G"
this that Yb(l/ 21/2),6nt3 spans 2n + 2-dimensional spaces for n > 0. Note that YO( has flux
6n, SS phases (0,0) and Zj3 parity 1; }/0(1/2’1/2)’6”+3 has flux 6n + 3, SS phases (1/2,1/2) and Z;
parity 1. Then, we can find the product with flux 6n, SS phases (0,0) and Zsz parity w,

Yl(o O = = 011055133Y) (1/2:1/2)6n=3 (E.16)

which spans 2n-dimensional spaces for n > 1. Similarly, we can find the product with flux 6n,
SS phases (0,0) and Zsz parity w?,

0,0),6n __ 1/2,1/2),6n—6
Y000 = 02, 02,12, Y, /AR OnE (E.17)

which spans 2n — 1-dimensional spaces for n > 1. The sum of degeneracy numbers of each Z3
mode is equivalent to degeneracy number of zero-modes on 72, Therefore Y()(O’O)’ﬁn, 1/1(0’0)’6" and
1/'2(0’0)’6" can be regarded as the complete basis of each Z3 mode with flux 6n and SS phases

(0,0) on T?/Z3. Thus each Zs mode with flux 6n and SS phases (0,0), %28 006 ang

T2/Z(2) ) T2/Zl
%32322”, can be expanded by YO(O’O)M, Y06 and V"™ respectively. This means that
1/}]0 ),6n w]O)ﬁn 1/}]0 ),6n

73/29 + V7278 73/72 SPan 2n + 1, 2n and 2n — 1-dimensional spaces, respectively.

E.3 T2/Z,

Third, let us consider zero-modes on T?/Z, with flux M, SS phases (a1, as) and Z, parity

m, @/J:F];;%}naz (2,7). On T?/Z4 orbifold, the complex coordinate, z, is identified as z ~ 2.

Similarly, the complex structure modulus 7 is fixed at 7 = 7. The fixed points for Z, twist

zZ — 1z are:

1414
5

Then SS phases are restricted to (ay,as) = (0,0) and (1/2,1/2). To express the zero-modes

with higher fluxes by ones with lower fluxes, we use following three single zero-modes: zero-

z=0, (E.18)

mode with flux 1, SS phases (0,0) and Z, parity 1, @Drﬁ’?%, zero-mode with flux 1, SS phases

(1/2,1/2) and Z4 parity i, (1721/2:1 " and zero-mode with flux 2, SS phases (1/2,1/2) and Z,4

T2/7%
parity 1, w(TlQ/ /221]/ 22 We denote them as 0go, 111 and 001, respectively. As same as zero-modes
4

on T?/7Z,, they have zero points at fixed points. We show zero points of Oy, 11; and 00;; in

Table [E.5

zero-modes flux SS phases Z4 parity number of zero-modes zero points
000 = %?22)%3 1 (0,0) 1 1 L
1, = ¢T12/221i/2 1 (1/2,1/2) i 1 0
00,; = ¢ /221/ 22001 (1/2,1/2) 1 1 None

Table E.5: Zero points of single generation zero-modes on T2 /Z;.
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Using these three zero-modes with flux 1 and 2, zero-modes with higher fluxes can be
decomposed. Consequently, we obtain the decompositions of zero-modes on T?/Z, as shown
in Table One can check that basis of decompositions in fourth column has flux, Z, parity
and SS phases shown in first to third columns.
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flux  7Z, parity SS phases basis of decompositions number of basis

1 (0,0) YO(O:O)An ntl
4n ! (0,0) 0000y, 1,, Y0044 !
! (0,0) 0(2301%13/0(0’0)’4"74 n
! (0,0) 03,00,,13,y, 00478 .
1 (1/2,1/2) 0300011}/0(0,0),%74 -
4n 1 (1/271/2) 0301113/0(0,0),411—4 ;
-1 (1/2,1/2) 00111%13/0(0,0),471_4 .
— (1/271/2) 0001:{‘1}/6(0»0),4n—4 .
1 (0,0) 0003/()(0’0)’4” —
dn +1 ‘ (0,0) 0(2)00011111}/0(070)7471—4 )
! (0,0) 0301%1}/0(0’0)’4"74 n
! (0,0) 00,13, 00401 "
1 (1/2,1/2) 0300011%(0,0),%_4 -
mi1 ! (1/2,1/2) 15, Y, "0 n+1
1 (1/2,1/2)  04900;,12, Y, "0+ i
—t (1/2,1/2) 02,13, Y, 004 .
1 (0,0) 02, Y0 e
An + 2 l (0,0) 0800011111}/0(0,0),47174 .
-1 (0,0) 1%11/0(0,0),% i
! (0,0) 00000, 13, Y, 004n—4 ;
1 (1/2,1/2) 00, YO0 —
n +2 ! (1/2,1/2) 0001113/()(0’0)’471 n+1
1 (1/21/2) 03,005,130 n
—q (1/2,1/2) 0301:131}/0(0,0),4%4 .
1 (0,0) TR GSRED .
dn + 3 i (0,0) 0011111}/0(0,0),4” o
-1 (0,0) 0001%13/0(0,0),471 il
! (0,0) 05,001, 1?1}/0(070)74”—4 "
1 (1/2,1/2) 0000011}/0(0’0)’4” "
P I o
-1 (1/2,1/2)  03,00;,12, Y04 N
— (1/2,1/2) 1?1%(0,0),471 -
Table E.6: Basis of decompositions of zero-modes on T?/Z, with higher fluxes. YO(O,O),4n is

defined by Eq. (E.20). In each row, the value of flux is equivalent to the sum of number of
basis. Numbers of basis are consistent with the results derived before [106}/107]132,(170].
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The procedure of proof is same as the case of T2 /Z,. Here we prove only the decompositions
of zero-modes with flux 4n and SS phases (0,0). We introduce

4
Y004 = 020 . (E.19)
111

Since 177 vanishes at z = 0 while 0y does not vanish, YO(O’O) A spans 2D spaces. Also we consider
the products of n of YO(O’O)’4,

4an
OOO
An—414
000 1 11

. me{0,1,..n}. (E.20)

J/

1/[)(0’0)’4” _ Yo(o,o),4 2 Yo(o,o),4 2 ® YO(O,O)A — | ogn—tmqam

-

products of n of YO(O’O)’4

4 14n—4
000111
4n
111

), 4

In this stage it is unknown whether n + 1 components of YO(O’O " are independent each other.

If Y()(O’O)’4n spans n + 1-dimensional spaces,

o
055 114
Y(O,O),4n+4_Y(0,0),4 Y(O,O)An_ 04n+4—.4m14m _ 0§g+4 ol
0 =Y, ® ¥ = | Yoo 1n | = 14111}/0(0,0),471 ) (E.21)
Opo 117
1y

YE)(O,O)ATL

spans n + 2-dimensional spaces because 17, spanning n + 1-dimensional spaces vanishes

at z = 0 while 0j0"* does not vanish. We have already known that YO(O’O)’4 spans 2D spaces;
therefore YO(O’O)’4 spans n + 1-dimensional spaces for n > 0. Note that 3/()(0’0)’4n has flux 4n, SS
phases (0,0) and Z,4 pairty 1. Then, we can find the products with flux 4n, SS phases (0,0) and

Z, parity i, —1 and —1,

VOO = 00900110, Yy "0 (24 parity i), (E.22)
YQ(O,O)An — 0(2)01%1}/0(0,0),471—47 (Zy parity — 1), (E.23)
ng((),0)7471 — 03000111?1%(0,0)7471—87 (Z4 parity — 1) (E24)

They span n, n and n — 1-dimensional spaces, respectively. The sum of degeneracy numbers

of each Z4 mode in equivalent to degeneracy number of zero-modes on T2. Therefore }/()(0’0)’4n,

y,00An -y 0004n 5 nq v{%94" can be regarded as the complete basis of each Z; mode with
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flux 4n and SS phases (0,0) on T2/Z4 Thus each Z4 mode with flux 4n and SS phases

,0),4n 0),4n 0),4n 0,0),4n 0,0),4n 0,0),4n
(0,0), ¥5H) i s VS and O, can be expanded by YOO, 00y 00

and YS(OO , respectively. This means that w:,f;;)zﬁn, wTJ;;Z;m, %32‘}23" and w;;;)zf span n + 1,
n, n and n — 1-dimensional spaces, respectively.

E4 T?%/Zg

Finally, let us consider zero-modes on T?/Zg with flux M, SS phases (a1, as) and Zg parity
m, @Z)(TJ;;%;M (2,7). On T?/Zg orbifold, the complex coordinate, z, is identified as z ~ w'/?z.
Similarly, the complex structure modulus 7 is fixed at 7 = w. There is only a single fixed point
for Zg twist z — w'/2z, z = 0. Then SS phases are restricted to (a1, as) = (0,0) for M € 27Z
and (o, an) = (1/2,1/2) for M € 2Z+1. To express the zero-modes with higher fluxes by ones
with lower fluxes, we use following three single zero-modes: zero-mode with flux 2, SS phases

(0,0) and Zg parity 1, 7,05;)2’%3, zero-mode with flux 1, SS phases (1/2,1/2) and Zg parity w'/2,

1/17}2//2211/ 2), , and zero-mode with flux 3, SS phases (1/2,1/2) and Zg parity 1, z/Jle//QZ})/ 23 We

denote them as 00g, 1;; and 000, respectively. As same as zero-modes on T?/Zs, they have
zero points at fixed points. We show zero points of 00y, 11; and 000;; in Table [E.7]

zero-modes flux SS phases Zg parity number of zero-modes zero points
00y, = %?20)28? 2 (0,0) 1 1 None
1, = w;f;/? 1 (1/2,1/2) w2 1 0
000, = z/le! /QZ}/ 2313 (1/2,1/2) 1 1 None

Table E.7: Zero points of single generation zero-modes on T?/Zs.

Using these three zero-modes with flux 1, 2 and 3, zero-modes with higher fluxes can be
decomposed. Consequently, we obtain the decompositions of zero-modes on T?/Zg as shown
in Table One can check that basis of decompositions in fourth column has flux, Zg parity
and SS phases shown in first to third columns.
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Table E.8: Basis of decompositions of zero-modes on T?2/Zg with higher fluxes. Y """ is

defined by Eq. (E.26]). In each row, the value of flux is equivalent to the sum of number of
basis. Numbers of basis are consistent with the results derived before [106,107]132,/170].

flux  Zg parity SS phases basis of decompositions number of basis

1 (0,0) Yo(o,o),ﬁn P
W1/2 (070) 000011100011%(070)7671—6 n
0,0),6n—6
6n w (0,0) 00(2)01%13/0( ) i
w3/2 (0,0) 1?100011%(0,0),6%76 "
w? (0,0) 000, 141115/0(0,0),611—6 "
w2 (070) 00%01‘;’100011%(0’0)7671—12 I
1 (1/2,1/2) 002,000, Y, V56 -
wl/2 (1/2,1/2) 111Y0(0,0),6n et 1
6n + 1 w (1/2,1/2)  004912,000,, Y, V6" .
W32 (1/2,1/2) 00301?1}/0(0,0),6n—6 ;
CL)? (]_/2,1/2) 1‘111000115/0(0,0),671—6 "
G (1/21/2) 00415, Y "0 !
1 (0,0) 0040 Y %" o
W (0,0) 00(2)0111000115/0(0’0)’6”_6 n
0,0),6n
bn +2 Y (0,0 1%15/0( : n+1
w32 (0,0) 00001?100011%(0,0),6n—6 i
wQ (070) 00(2]0 14111}/0(0,0),671—6 n
W (00) 13,000,000 !
T (1212) 000,00 "
w1/2 (1/271/2) 0000111%(070),671 n+ 1
6n +3 w (1/2,1/2) 00(2)01%1000115/0(0’0)’6%6 n
CL)3/2 (1/2,1/2) 1?1%(0,0),6n ot .
w? 1/2,1/2)  00g1} 000,, Y (%0676 i
11 0
w2 (1/2,1/2) 00(2]01?1}/0(0,0),671_6 .
! (0,0) 002,Y,20%" P
D00 1,000,100 i
bn +4 v (0,0) 00001%13/0(070)7671 n+1
W32 (0,0) 00301?100011%(0,0),6n—6 i
wQ (070) 14111}/0(0,0),671 -t ]
W (0,0) 000017,000,, Yy *?0" n
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flux  Zg parity SS phases basis of decompositions number of basis

1 (1/2,1/2) 0000000, Y "0 -
w2 (1/2,1/2) 002,1,, Y. *0" "
6n +5 v (1/2,1/2) 1%1000113/0(0’0)’671 n+1
CL)3/2 (1/271/2) 0000]_:%1}/0(0,0),611 nt 1
w2 (1/21/2)  00%11,000,,Y; 0" ;
Wh/? (1/2,1/2) 151)1}/0(0,0),6,1 .

The procedure of proof is same as the case of T2 /Z,. Here we prove only the decompositions
of zero-modes with flux 6n and SS phases (0,0). We introduce

00}
}/6(0,0),6 = ( 1600) ) (E25)
11

Since 1y; vanishes at z = 0 while 00y does not vanish, YO(O’O)’6

spans 2D spaces. Also we
consider the products of n of YO(O’O)’6

Y

0032
0055 1%,

Y 0 =Y oy 0% e Y00 = L oof S | m e {0,1,..,n}. (E.26)

—~~
(0,0),6
products of n of Y|

3 16n—6
0000111
6n
111

In this stage it is unknown whether n + 1 components of Y(](O’O)’Gn are independent each other.
If YO(O’O)’Gn spans n + 1-dimensional spaces,

005"
0035 1%,
Y 00bnt6 = 3 (006 g y (0.0)6n _ Snt3-3m6m | _ Ogo E.27
0 =Y, ® Yy = | 00, 7] = 16y (00).6n | - (E.27)
: 1140
005,137
6n+6
]‘11Jr

spans n + 2-dimensional spaces because 1(151Y0(0’0)’6n spanning n + 1-dimensional spaces vanishes
at z = 0 while 030%% does not vanish. We have already known that YO(O’O)’6 spans 2D spaces;
therefore YO(O’O)’6 spans n + 1-dimensional spaces for n > 0. Note that YE](O’O)’G" has flux 6n, SS
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phases (0,0) and Zg pairty 1. Then, we can find the products with flux 6n, SS phases (0,0) and

1/2 3/2 5/2

Zg parity w'/?, w, w*?, w? and w

VOO = 004911,0004, Y " (Zg parity w'/?), (E.28)
Yz(o’o)’G" = 00301%},0(0,0),671—67 (Zg parity w), ( )
Y000 = 12,000, Y, "0, (Z parity w*?), (E.30)
YO0 = 005014, Y, 0066 (Zg parity w?), (E.31)
Y00 = 002)15,000,, Y V"2 (Zg parity w*/?). (E.32)

They span n + 1, n, n, n, n and n — 1-dimensional spaces, respectively.
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Appendix F

Mass matrix structures of the favorable
models in Tables 3.9 and 3.10

Here we show the phase factors after the basis transformations in Eqs. and , and
the hierarchical structures of the mass matrices of the favorable models in Tables 3.9 and .10l
We express the structures of up and down-sector quark mass matrices by the phase factors
p = ¢/|¢| and powers of |¢| ~ 0.15. In Table [F.1], we show the results. Note that we show only
different structures which are not related by unitary transformations for the fields. In total we
find 128 number of different structures.

197
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Table F.1: The phase factors after the basis transformations Eqgs. (3.149) and (3.150]), and the
hierarchical structures of up and down-sector quark mass matrices of the favorable models in

Tables and First row denotes the structure of up-sector quark mass matrix and other
rows denote ones of down-sector quark, up to (H,) and (Hy). p is given by €/|¢| and |e] ~ 0.15.
We show only different structures which are not related by unitary transformations for the

fields. In total we find 128 number of different structures.
g6 |el*p=t |e|®

— 2 3 2
u= | eI —[el® —lel
1 le] -1
le[*p~" |el>p™2 [e]® le[*p~" el’p™2 |el® le[*p~" [el’p™2 |el® lel*p~" |el’p™? |el®
lel> lelPp~" lef? —lel> lelPp~" lel? lel®  [elPp~" lel? *|€|3 lel>p~" fel?
el —lel® -1 el —lel® -1 —lel  —lel® -1 —lel* -1
le[*p~" |el*p™2 [e]® le[*p~" el’p™2 |el® le[*p~" [el’p™2 |el® \6\4 71 lel>p~2 |e|®
lel> lelPp~t Jef? —lel* [el’p~" Jef? le[®  [el*p~" lel? *|E|3 lel?p~" fel?
lel lel? -1 lel le[® -1 —lel lel® -1 lel® -1
le[*p~" lel’p™2 |el® le[*p~" el’p™2 |el® le[*p~" el’p™2 |el® \6\4 71 lel>p=2 le]®
lel> lelPp~" —lel? —lel* lelPp~" —lel? lel®  [elPp~" —lef? *|E|3 lel?p~" —lel?
lel  —lel® 1 I C —lel  —lel® 1 —lel* 1
|€|410;1 |€|ZP73 \6\62 |€|41°;1 |E|2p7f |€|62 |E|4p;1 \E\zpff |€|62 \6\4 ;1 |5\z -2 |€|62
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Appendix G

Group theory and modular forms of I's

G.1 Group theoretical aspects

Here, we review the group theoretical aspects of I'g. I'g group is generated by two generators,
S and T-transformations which satisfy the following algebraic relations:

S? = (ST)? =T° = ST?ST*ST*ST? = 1. (G.1)

In T4 group, there are 12 irreducible representations, six singlets 19, 19, 19, 1}, 1} and 11, three
doublets 2¢, 2; and 2, two triplets 3° and 3' and one 6D representation 6. Each irreducible
representation is given by

1;: S=(-1)", T=(-1)u"

L 1/-1 3 _x(1 0
2’“'S_§<¢§ 1)’ F=w (0 —1>’

. . ., (G.2)
3" (-1) as, (—1) b3,
6 - 1 —as \/§a3 T — b3 0
) 2 \/§a3 as ’ N 0 —b3 ’
where r =0,1, k =0,1,2 and
1 -1 2 2 10 0
as — § 2 -1 2 s b3 == 0 w O . (GB)
2 2 -1 0 0 w?
In this basis, the Kronecker products between irreducible representations are:
Iel=1,, 1782;=2, 13 =3, 1706=6, (G.4)
2,22, =101 ©2,, 2,083 =6, 2,06=3"03"06, (G.5)
IFe3¥F=1oclleol,eo3d e, 36=202 02,0606, (G.6)
66=101%01501l01l01le2)02,92,93°03°@3' @3 @636, (G.7)
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where i,5 =0,1,2, r,s =0,1, m =i+ 7 (mod 3) and t = r + s (mod 2). In the following, we
show the Clebsch-Gordon (CG) coefficients of these products,

(Of ) ® 61 o pr Bl ( 61 o Pz /81
1)1r 5), = a1l B), ar)ir @ | B =Py | B2 ]
: " 3 3t

Bs Bs
b 5
Ba Ba
(@)1 ® gz = a1 P (r, ) gi ;
Bs Bs
B/ 4 B/

(@1> ? <Bl> N i(alﬂl +2f)1, @ L(04152 —aof)1, @ 1 < 11 — gl ) |
2 62 2 _

a2/, ; 2 V2 V2 \—a1f2 — asfh
a1
a1
aq b . a1 3
(O[2> ® 62 = PG(T, Z) 05251 5
i Pa/ 5 Q232
233 6
Io a1 — oy

a1f33 + a2 o186 — anf3 V2 —1fy — axfs

—alﬁs - a252

Bs 6 — B — B3

P2 — aafs
. [+ By i [ — azf ‘ a1
(a1> “ . - & (alﬁ? + O‘2ﬁ5) S Hy (a1ﬁ5 — 0z252) D Ps(0,7) | a1f3 — aafs
2 V2 )
30 g1
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Qi b 1 1
Qg ® | B2 = ﬁ(alﬁl + agfs + azfa)1y © ﬁ(%ﬁz + azf + azf3)qt
3" 3

a3 53

1 1 20161 — agfls — asfa 1 —a2f3 + a3l
® ﬁ(%ﬁ:& + aafy + s )1y B 73 —afy — agfi + 20305 | @ 7 —afy +asf |,
—aify + 20253 — azfr/ 4 o fs —asfr /),

B
e
y 2 Bs| _ By (CY151 + o3 + 04352) o Py (04152 + aofr + Oégﬁs)
o §4 V3 \aifs+afs+asfs), V3 \onfs + aofs+ asfs /),
3 g
b/
101 — azfa 233 — a3z
—aaf + azfs 12 — agfh
o Py (Ozlﬁzs + asfs + 04351) o Ps(r,0) | —aufs + a2 o Ps(r,0) | —a1fs + asfh
V3 \aifs + aafs + asfs 2 V2 a1y — asfs V2 o — asfs 7
—2 s + a3 105 — azfy

—o1 B + a2 fBs 6 —a1 s + a3y 6
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a5

Qg

A
e
Bs
Ba
Bs
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=]

1B+ aofls + azfa + aufy + as P + CY655)18
(B2 + aofi + asBs + aufls + asBy + asfs)1
(13 + gy + azB + aufls + asBs + asBi)1
(14 + anffs + azfs — asf — asPBs — agfa)q
( )

(

Sl
=)
—

0
1
0
2
1
0
o105 + azfs + azfe — auf — asf1 — agfs)1:

a1 s + agfs + azfs — aufls — as P2 — Py

a1 + ofls + asfe — aufBy — o586 — a5
— (184 + s + a3 fs + aufy + a5 P83 + agfo)

a1 8y + o + asfs — aufBs — a5 B — s
—(01 85 + aafis + 3B + aufla + a5 01 + aefs)

a1 B3 + aafs + a3 — aufBs — asBs — By )

O @ @ @ ©
SI-Sl-Sl-Sl-5-

S¥
5k

&
Si-

D
Sl
/\/\/—\

—(01 86 + aafls + a3y + s + a5 02 + agfr)

20181 — ofls — a3y + 20484 — asBs — s
D ﬁg 20383 — a1 2 — o + 20686 — aufBs — a5
20089 — o B3 — asfB1 + 20585 — cufs — afa

aofs — afe + as B — agBs

D % a1fls — apfl + ayfs — a5y
—a1 B3 + asf — aufs + apPa 30
agfls — asfs — a5 B3 + i Bo
D % a1fs — agfly — ayfs + a5
—a1 86 + asfy + auffs — s 31
2001 34 — o8 — a3fs — 20u 51 + 583 + g Ba
@ ﬁg —o1 5 — by + 20386 + aufa + o551 — 20633
—on g + 20205 — asfa + ufs — 20502 + 61/
20081 — awfls — P — 201484 + 586 + 5
—a1 By — 1 + 20383 + aufBs + s Ba — 20636
@ L —onf3 + 20205 — a3 + cufls — 20505 + P
2V3 | 20 By + aafBs + azfs — 20uB1 + a5 B + apfa
a1 35 + By — 20386 + By + a5 B — 20633
o1 fs — 20005 + a3fy + ufs — 20502 + 1/
aafl3 — asfe — asBs + s
a1 — i — aufls + sy
! —onfs + asf + aufe — agPa
2 )

—aofs + asfs — asPBs + ap B
—a1 05 + aofly — cufa + a5
oy B — agfBa + aufs — i 6
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where we have used the notations,

0 1
P2_<_1 0)7 P3_

Further details can be found in Ref. [35].

0 r i
. 0; 13 P; 03
P, = . .
(1] R <_13 03) (03 Pz) (G5

S = O
S O =

G.2 Modular forms

Here we review the modular forms of I's. The modular forms of level 6 of even weights can be
constructed from the products of the Dedekind eta function [35],

o0

n(r) =g [[1-¢"), g=¢"". (G.9)

n=1

Using 7, we introduce following functions,

P | i)

Yi(r) = o) R (G.10)
L (3T

Ya(1) = 3v/2 e (G.11)

n*(67)

Yy(7) = 3\/§W, (G.12)
_ 67)  P(27/3)

N = e T e (G19)
_enP(67)  n(37/2)

Y = Vo~V (G4
_mm6T) 1 p(r/6) 1 pP(27/3) n*(37/2)

WO = Ve T e Vs e e (@)

Then we can find four linearly independent modular forms of weight 2:
—_Y?2
@\ _ ! @),y _ @, 1 (V1Y —Y5Y;3
Yo' () = \/ﬁszlYQ L V() =YY - ViY;, Yy (7) = NG (1/11/6—1/21/5)’ (G.16)
1Yy + YoYs
V2YsY)
2 1 —V2Y1Y;
%0 = v s vms | (G.17)
V2YsYg

—V2Y1Y;
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Taking tensor products of these modular forms, higher weight modular forms can be con-
structed. The modular forms of weight 4 are:

4 2 2 4 2 2 4 2 2

vWm = () o e =iy, mle) = (Y;O>Y2<O)>2O, (G-18)
0 1

4 2 2 4 2 2 4 2 2

vl = (v, . e =), we = (i), (©1)

4 2 2 4 2 2

vl = (Vi) vl e = (). (G.20)

where Yﬁ(f ) and Yéfi) denote two linearly independent 6D modular forms of weight 4. In what
follows we use the same convention for other modular forms. In the same way, we can construct
the modular forms of weight 6 as

Yl(g) (1) = <Y2(°2)Y2(§)>13’ Yl(f) (1) = <Y1(§)Y1(§)>15 : Y1(§>(T) _ (Yl(?yl(g))lé 7 (G.21)
Yo () = (Yz(f)Yfg))%a Y3O(r) = (Y2(§>Y1(§‘))21, Y9 (7) = (y1<§>y2<§>)22, (G.22)
vl = (i) v = (v vl = (M) (G2
Y = (YD), Yl = (YY) L Yea) = () o (@24

In Table we summarize the modular forms of level 6 of even weights up to 6.

Weights Modular forms Y,

by — 2 v, Y2 v, v

- Y D VD v A v v

b =6 | 10 10 10 10, V0 0, v v, Y v v v

Table G.1: The modular forms of level 6 of even weights up to 6.

Furthermore we construct the singlet modular forms of weights 8, 10, 12 and 14 which we
have used in Section [3.3] The singlet modular forms of weight 8 are given by

® _ (y@y @) 3 _ (y @y &) _ (y @y ® _ (y @y @
v = (v Y18>18, v = (v, )19, v = (v, )18, vy = (v Y22>1§.

18 19 1 19 “19 11
(G.25)
The singlet modular forms of weight 10 are given by
(10) (4)y,(6) (10) _ (v (4)y-(6) (10) _ (v (4)y-(6)
0 = (v )10, vy = (v )19, Vi = (v >15’ (G.26)

) YO = (i) (G.27)
o s/
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The singlet modular forms of weight 12 are given by

(12) _ (6)1-(6) (12) _ (6)y,(6)
v = (g )13’ v = (g )13’
(12) _ (6)y-(6) (12) _ (6)y,(6)
et = (v Y@)lg’ = (g Ylé)lg’

The singlet modular forms of weight 14 are given by

(14) _ (6)y-(8) (14) _ (6)y-(8)
= () = (),
(14) _ (6)y-(8) (14) _ (6)y-(8)
vyt = (g Y18>1(1)’ it = (v va)ly
(14) _ (6)y-(8)

v = (),

Table summarizes the singlet modular forms of weights 8, 10, 12 and 14.

Weights Modular forms Y,

— ®) () 3(8) (8
ky =8 Y18 , Yl? , Ylg , Y1§

_ (10) §,(10) 1-(10) -(10) y-(10)

_ (12) y-(12) §-(12) 1-(12) 1-(12) y-(12)
hy =12 Ylgi ’ Ylgii ) Yl‘; ’ Ylg ’ Yl(l) ’ Yl%

_ (14) ,(14) -(14) y-(14) 1-(14) 1-(14) -(14)
ky =14 Y18 ’ Y1(1> » Yo s Y Y1% ’ Yl%i ’ Yl%iz’

Table G.2: The singlet modular forms of level 6 of weights 8, 10, 12 and 14.
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Appendix H

Group theory and modular forms of Ay

H.1 Group theoretical aspects

Here, we review the group theoretical aspects of A4. A4 group is generated by two generators,
S and T-transformations which satisfy the following algebraic relations:

S?= (ST =13 =1 (H.1)

In A, group, there are four irreducible representations, three singlets 1, 1’ and 1” and one
triplet 3. Each irreducible representation is given by

L p(8) =1, p(T) =1, (H.2)
U p(8) =1, p(T) =w,
1" p(S) =1, p(T) = w? H4
(122 10 0
3 p(S) = 3 2 -1 21|, pIT)=10 w O (H.5)
2 2 -1 0 0 w?

The Kronecker products between irreducible representations and the CG coefficients are shown
in Table [Tl

209



210 APPENDIX H. GROUP THEORY AND MODULAR FORMS OF A,

The Kronecker products the CG coefficients

1// ® 1// — 1/
1/ ® 1/ — 1// (albl) albl
1// ® 1/ — 1
) alb3
1"©3=3 (a't) (2)
alb?
. alb?
1'®3=3 (a'd) <a1b3)
alb!
(a'br+a?b3+a3b?)

D (a'b?+a?b! +a3b3)
393=101"013303 D (a0 +a2b?+a®b!)
.o 2a1b —a2b3 —a3b?

(azb7) &) ( —alb?—a?b1 4+2a3b3 )

—a'b34-2a2b%—a3b!
a2b3 —(Z3b2
al b2 _a2 bl
_al b3 +a3 bl

Table H.1: The Kronecker products between irreducible representations of A, and the CG
coefficients.

Wl

D

N =

H.2 Modular forms

Here we review the modular forms of I's ~ A4. The modular forms of level 3 of even weights
can be constructed from the products of the Dedekind eta function 7(7) and its derivative,

n(r)=¢>[[0-q¢"), q=¢"", (H.6)
/() = (). (1.7)
Using n and 7/, the modular forms of weight 2 belonging to A4 triplet 3 can be obtained as |12]
Y
() =Y. (H.8)
Ys
where
_ i (n(@/3) ' (r+1)/3)  n'((r+2)/3) 27y (37)
N0 =g (T o) om0
o Tt (ma/3) e (r+1)/3) | n'((m+2)/3)
nn =2 (s e e o) (H.10)
i () (D3, e +2)3
n =2 (e e e o) (H.LD)
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Taking the products of these modular forms, higher weight modular forms can be constructed.

The modular forms of weight 4 are:

Y (r) = V2 +2vaYs, Y(r) = Y2 + 20V,

Y2 - YoY;
Y3l(r) = | V2 —viYy (H.12)
Y: - Y1Y;
In the same way, we can construct the modular forms of weight 6 as
ViOr) = Y7+ Y5 4+ Y5 - 3ViYaYs,
Vi Y3
Yl (r) = (P +21eY3) [ Ya | Vid(r) = (Vi +2nYa) [ | (H.13)
Y3 Y,

The modular forms of weight 8 are given by

VO (r) = (V2 +2a3)%, V(1) = (Y2 4+ 2VaYa) (Y2 + 2ViYa),  Yin (1) = (Y2 + 2YiYa)?,

Y2 - Y3V Y2 - V1Y
VP (r) = (Y2 +20Y) (Y2 —WiYa |, Yy (r) = (Y7 +20Ys) [ Y2 —YoYs | . (HL14)
Y- V1Y,

Y2 - YiYs
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Appendix I

Group theory and Siegel modular
forms of A(96)

I.1 Group theoretical aspects

Here, we review the group theoretical aspects of A(96). A(96) group is generated by two
generators, S and T-transformations which satisfy the following algebraic relations:

S? = —ill, (ST =1, T® = (S'T'ST)* =1, S*°T = TS>. (L1)

In Ref. [24], it was shown that these algebraic relations correspond to A(96). In A(96) group,
there are 40 irreducible representations as shown in Table [T}

Dimensions 1 2 3 6 Total
Number of irr. reps. | 8 4 24 4 40

Table I.1: Number of irreducible representations of £(96).

Each irreducible representation is shown in Table

213
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r | p(S) p(T)
].q _gmi qme
(¢="0,1,...7) c a
2, _gmi —% \/75 qﬂ'i(l O)
o e 4 V3 1 e 4
(g=0,1,2,3) o1 0 -1
1 1
3, Y a0
(q:O,l, "7) e 4 ?5 —15 51 € 4 0 1z O»
L 1 - 0 0 —1i
3 N o (b0
@=01..7| Ty oA S DO
B Tt —gi g 0 0 et
1, 1y
3, P G T
(g=0.1,..7) e i |zt o—yl gl ed |0 ea 9m
B Tl 30 —3i 0 0 ex
o L 1 o 1 1 10 0 0 0 0
5 0 =5 5 0 3 0 e 0 0 0 0
6, oo 5 =3 0 —3 3 0 Ly [0 0 e 000
(¢=0,1,2,3) o 3 -3 0 1 -1 o0 0 -1 0 0
57
0 4 L0 -1 0.0 0 0 e+ 0
3 0 -3 =3 0 00 0 0 0 e+

Table 1.2: Irreducible representations of 5(96). Number of irreducible representations is 40.

The Kronecker products between irreducible representations and the CG coefficients are
shown in Table [[.3] We have used the following notations,

o O O O

(1.2)

-1
0

SO O = O O O
_— o O O O O

oS O O O O
SO O O = O O

o O O O

We also use a notation int(z) to express a integral part of real number .

Table 1.3: The Kronecker products between irreducible rep-
resentations of A(96) and the CG coefficients.

1,01,=1,
Oélﬂl
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2,21, =2,

mnt(z) [al Bl
Pyt (04251)

3,01, =3,

3,®1, =3

3,01,=3,
Oélﬁl
OéQBl
04361

6,21, =6,

Oélﬁl

04251

pint(5) [ @*B!

6 044,81

OéS,BI

Oé6ﬁ1

2p®2q: 17’@17"-1-4@27‘

.y 101 22
h(al8! + 028 @ J(alp? - a2 & )1 (if o 51>
3,02, =3, ® 3,44
3,02,=3, 2344
3,82, =3,93,

S

alpl! ol p?
—%a261+§a352 ® —%azb’?—@oﬁﬁl
§a252_%a351 —§a251—%a352

6, ®2, =6, D6,

alﬂl 05462

—%oﬂﬁl—i—@oﬁﬂ? §a261+%a562

pint(3) —1aBl + @aﬁﬂz & pinte) —@a?’ﬂl — 2a%p?
6 otpl 6 ol g2

@oﬂ@—%oﬁﬁl %a252+§a551

§a3l32_%a6ﬁ1 _%0;,52_@&651

3,03, =1, @2, @3, @344
int(Z) ?alﬂl — %a%?’ — %a?’ﬁQ >

( §a1ﬁ1+§a253+§a352 )@PQ %oﬂﬁ—kiagﬂ?’

V2
%0‘263_%@352 %02,32—%(1363
® %alﬁ2_%a251 @ —%alﬁg—%a?’ﬁl

|
‘ -

\/5041/334'%04351 %Ozl,BQ—l-%Oﬂﬁl
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3;) &® 3:1 = 3r ¥ 3r+2 ¥ 3r+6

1 20‘21B11 . ?0‘262_%@363 \/Lﬁlaiﬁz_\/iﬁlagfi
_ 1 I 1 143 1 3pn1 _ 1 1
A el I A NN Il O
8,©8,=3,98.,,08
041,31 %0253_%0(362 %a2ﬁ2—%a3ﬁ3
1 9243 1 3732 1 152,01 241 1 143, 1 351
SO el SRl Il W S
—ﬁa B - ﬁa ﬁ EOZ ﬁ3— ﬁagﬁ —ﬁa ,8 — ﬁa /B

3,88, =1,32, 36,

, V6 151 4 V6,233 | V6 332

znt(ﬁ) Oéﬁ + a/B + OéB
(éﬁalﬁl_ga?Bi)’—?a?’ﬂQ)@]% ! ( ’ _La2/682—ia3653 >
V2 V2

LOZQ,BS _ La3ﬁ2

. 152
int() —a
S L0232 _ 14333
V2 V2
043[31
04163
3,3, =3, 6,12
05152
1 252 _ 1 353
ol gl Nk okt
L4282 4 L343 Pint(’”f) —a?p!
V2 V2 ® I 143
10283 4 1332 X —aﬁl
V2 NZ) _ﬁazﬁg + ﬁa352
OJQﬁl
3p ©3g = 3. B 61
04251
a'pl! 1 2_20[1[5)? 343
1 203 1 332 nt(7+2) | 5B — sa’B
?04252 i ?043/33 SR v 04351\/5
ﬁa 6 + ﬁa 5 —04163
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6p & 3q = 3;4_2 D 3;~+6 @ E’;7"+2 ¥ 3r+6 S 67’

1 172 1 4.3 1 193 1 4792
o oty
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vt 61 _15204 ’ 1+ za:’,ﬂ B 61 —17304 61 +4§§ ’
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Ozlﬂl
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2 42 543
(%) | 5% B+ Wole B

P
©® 6 _a4I31
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2 2
6,23 =3 \/E; 3/\[3’ 6
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I.2 Siegel modular forms

Here we review the Siegel modular forms of 3(96) up to weight 5. The Siegel modular forms
of weight 1/2 are given by

(1/2) _
vy '? =
0

Taking the products of this, the Siegel modular forms of higher weights can be constructed.
The Siegel modular forms of weight 1 are:

CZ
1 _ (1/2),-(1/2) _ 1 1
v = (), = | R -
—V/2n6
V2 V2
1 _ (1/2),-(1/2) _
Y, = <Y3’7 Y3’7 )30 = V2¢0

In the same way, we can construct the modular forms of weight 3/2 as

3/2 1 1/2
v = (Y; ly 1/ >>17 _ <_¢76C92 n %éW),

30 " 37
C3
Yg(:/Z) _ (Y;,,(j)Y:,f;/Q))g = [ —2pe2 — 12 ],
T\ =30
—V/2¢nf
1 1
v/ _ (Yu)Y(}/z)) _ ¢
63 3¢ 3 65 \%462“"\%(772
ano* = 3’
¢

The Siegel modular forms of weight 2 are:
= (aal), = (e + 30 + '),
1 p4 4 3vV2, 202 1,4
v _ (Y(nym) I v L S L
20 36 13 2,003 2,39 _ 24 |
20 N + V6! \/gC
14 1,202, 1 4
2) 1)y (1) T
Y3o = <Y36 Y35 )30 = 2€ 770 )
_C202 _ <2n2



220 APPENDIX I. GROUP THEORY AND SIEGEL MODULAR FORMS OF &(96)

_%4292 + %62772
(2) _ (1)5-(1) _ | L 24 13
= (), = | e
~ A Wil
\/5104 _ £/§4
2 27
_\/§<39
) —5C0° — 220
60 nd> — 0
V2¢n
82006 + J5 ¢

2 1 1
Yﬁ(o) - <Y3(6 )YS(O)

The Siegel modular forms of weight 5/2 are:

1392 1 /32
— 500+ 5

N R A B e |
i (b — Cn*0
—2(n0* — 2(n*0
Y;;m _ (Yf),(fﬂ)yg(ol)) = iHB X %77293 _ %7749 — ¢4y |,
“ 7 33 _%7]&4 + %77382 + %775 o C49
CS
Ys(;b/Q) — (Y;:/Q)Yég)):y — i95 + 317293 + ?17749 ,

3 %7]944‘ 377302 + %775

5C0" + 3Cn?0° + 5Cn'

Y(5/2) — (YA(?’/?)YA(U) / — %7794 o %77382 o %775 o C4‘9 ,
37 _%195 _ %nzgzs + %7740 — ¢ty

—1C0t + CPo? — At

Yé,(75/2) _ (Yﬁ(jﬂ)yg(ol))ﬂ _ 6293 _ <27729 ’
3
7 _C27792 + <2773
—V2¢%n0
1 3
1_5§C2?3 2_3§C27172Z
/2 _ (y3/2y,mY)  _ 10 —3n°0° + 1n°0
61 - 63 36 - _L<302 _ LC?) 2
61 \/§ \{5 77
_%C2n02 _ 5<=2773

The Siegel modular forms of weight 3 are:

Yl(s) — <Y1(S/2)Y1(3/2))16 _ (%@94 — 3¢220% + 34‘2774)7

Cﬁ
= () < | e e —sme |,
2

1 p6 _ 15v2,2p94 152,492 1,6
sl T TR0 = ST — A
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4 _ (y2y6/2) V200 — 200

_ 3/2)1(3/2 N L . A )

= (R, = (e e b e |,
=5t + 50" + "6 — 51° + ('

1 32 1

50 0+ B OO 4 5’

Y?,(j) — <Y6(;3/2)Y6(§’/2))3 — %06 - %77204 _ %77402 + %776 + C4U0 7
6 _ings_l_ %77393 _ i7759+ %<492 + %C4772
ﬁe(ﬁ_%ﬁn294+%§n402_ﬁin6
vy = <Yé§’/2)Yé§’/2))3/ = 730000+ B2 :
0 —%%37792 N \%CSUS
$06+%ﬂ0294_$n402_ﬁ5n6

3) _ (3/2)5,(3/2) _ 1 95 | 5V2,,2093 | 5 . 4p 1 5
v = (v, = | wact RO TR0~ 55 |,
5 rond _ 5VZo3p2 1 1
— 130" — ITC7739 l—mCU5+7§C59
5 5
3) (3/2)y,(3/2) 75\;]8 el ’
= — B _pht — 2302 — L b - L5
Voo = (Y #vg?), = | a0 R AR iR |
L g5 4 520203 | 5 podg 1
7350 1+EC77? ‘:4572(77 0+ 5¢n
— 5607+ 5
v = (), - | e = o - o |
"’ 34 L srp5 4 L0203 3V2 - 4
35807 + 0" — =E=Cn"0
\/Lﬁg2n‘93 _ \/L§C27739
100 — 500 + 1Cn'0
VO _ (yeryem) —5C 0% + 3¢
6. — (163 3. 6 L e2pt L2
2v2> T T 2v2e
—1Cn0* + 3Cn°0* — 1 Cn°
_%C393 + %C37729

The Siegel modular forms of weight 7/2 are:
VI (V) =~V + VA0 — 500 + ),
13
1
i = (v = 0 = 50170 — 5C°07 + O
23 35 3 2 _%1(06 . %CUZQZL + ggn492 + ?11§776
. 760° = FCn?0" + $(n"0% — 1(n°
v — (vever) |7 Ve —vacn |,
_L 304_’_LC3 4
v vz
(7/2) (3/2)y(2) %<304 KA %C3174
3/2)+ (2
7 (), -l e s i)
5C°0° — (" n0° + 3¢
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%EC?’??@B*' %EC31739+\/L§C7
(7/2) _ (3/2)y,(2) _ 43 1.6 3 ~4.n2 1 4.3
vl = (), = _ﬁ"295‘F”493‘ 710 = 55¢0" = 550t |
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35 - }/ESOY;§5 - 8779+8779 8n9+877 +2C9+2C77 )
%97 o %772(95 + §77;93 _5 %27769 + %<47792 + %C4773
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L et i
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“aal Al At
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63 =0T = S (0T — =0
1.6 1,502 1 ~4p3 1 44,2
73”9; Y +fm¢ 0" — 5500
BECN0° + 2200+ 5%

03 0

304 _

The Siegel modular forms of weight 4 are:

4) _ (2)y(2) _ 1 p8 1,206 3,44 1,602 1,8 464,093 46 4,3
Vil = (Yavel ), = (et = o0+ sin'0" — Jon0+ hn® — SR — AE¢y0).

Yl(jb) _ <Y1(42)Y1(42)>10 _ (%77296 + %,,7404 + %177692 + %C477‘93 + %44,'739 + %<8)’
4 206 | 4V2, 4p4 4 602 2 4,03 2 ~4,.3n 2 /8
Vil = (v2v?) :( a0 50+ a0~ aae 0 = s Ee o~ )
a 1.7 7 305 7 3 1,7 1 ,4p4 6 4,202 1 4,4 ]
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—V20 0% + V200
_%<395 _ C377293 + %C37749
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The Siegel modular forms of weight 9/2 are:

5/2 2
v = (vy )3’3,(;6))15 — (2500 - BEchPet 4 BB 0 - ach),
_\%<762 i \/L§C7772
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We summarize the Siegel modular forms up to weight 5 in Table

Weights | Dimensions Irreducible representations of the Siegel modular forms
1/2 3 3.
1 6 36, 30
3,2 10 17, 35, 65
2 15 14, 20, 30, 3}, 60
5/2 21 35, 3%,, 34, 35, 37, 6,
3 28 Ls, 324, 325, 36, 30, 30, 3ua, 3, 62
7/2 36 13, 23, 37, 3%, 314, 315, 35, 634, 635, 63,
4 45 Loas Lobs 20as 206, 305 3aas 34y 3has by 36 36, 604, Gop, Goc
9/2 55 15, 314, 315, 35, 35, 35, 3o 34y 300 304s 334, 330, 37, 614, 615, 610
5 66 12,22, 394, 326, 360, b, B6cs B6ds 3s Baas Siyr S0ar 306 30, 30ds Daar Babs

62aa 62b7 620

Table 1.13: The Siegel modular forms of &(96). The dimensions of the Siegel modular forms
of weight k are 1(2k +2)(2k + 1).
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