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Abstract

We study quark and lepton flavor structures on magnetized T 2/Z2 twisted orbifold model.

There are 6,460 number of flavor models but most of them cannot lead to realistic flavor observ-

ables because of the difficulties on realizing mass hierarchies and small (large) mixing angles

of quarks (lentons). We find that certain zero point patterns of zero-modes of fermions and

Higgs fields give the flavor models being able to avoid these difficulties. We classify such flavor

models and show numerical example. Also we study (T 2
1 × T 2

2 )/Z
(per)
2 permutation model and

its Z2 twist orbifolding. Additionally we study Yukawa matrices at three modular symmetric

points, τ = i, ω and i∞, where S, ST and T -symmetries remain. We find Yukawa matrices on

T 2/Z2 orbifold have a kind of texture structures because of the residual symmetries.

Next we study four-dimensional (4D) modular symmetric quark flavor models without fine-

tuning. Mass matrices are written in terms of the modular forms. The modular forms become

hierarchical as close to the modular symmetric points depending on its residual charges. Ac-

tually the residual ZN symmetries with N ≥ 6 can originate the large quark mass hierarchies.

Also the products of residual symmetries such as Z3 × Z3 × Z3 have such possibility. First we

study the quark flavor model with Γ6 symmetry. We assume the vicinity of the cusp τ = i∞
where residual Z6 symmetry remains. To make our analysis simple we use only Γ6 singlet

modular forms. Consequently we find the models realizing the order of the quark mass ratios

and the absolute values of the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements without

fine-tuning. In the same way, we study the quark flavor models with A4 × A4 × A4 symmetry.

Then we discuss the CP violation caused by the value of the modulus τ and show numerical

example. Results imply the quark flavors including the CP phase require non-universal moduli.

Finally we construct the Siegel modular forms. Zero-modes on T 6 at z⃗ = 0 are the Siegel

modular forms of weight 1/2 for the subgroup of Sp(6,Z). They have several moduli parameters

and therefore have the possibility realizing the flavor structures including the CP phases. We

study the Siegel modular forms transformed by ∆̃(96) and show numerical example using the

singlet Siegel modular forms. We find one of moduli patameters ω1 works on the large mass

hierarchies and ω2 works on the CP violation successfully in our model.
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Chapter 1

Introduction

In recent years, the Standard Model (SM) of the particle physics was established by the dis-

covery of the Higgs particle. It gives precisely consistent predictions with almost all of the

observations in experiments so far. However, there are still unsolved mysteries in the particle

physics. The origin of the flavor structures of quarks and leptons is one of such problems.

Up-sector quarks, down-sector quarks and charged leptons have large mass hierarchies while

neutrinos have extremely small masses. Moreover quarks have small mixing angles while lep-

tons have large one. Also non-vanishing CP phases exist in both quark and lepton sectors. To

describe them, the SM needs to tune 22 real parameters. Ten real parameters are for six quark

masses, three mixing angles and one CP violating phase. Remaining twelve real parameters are

for six lepton masses, three mixing angles and three Dirac and Majorana CP violating phases.

Especially, it seems to be unnatural that the SM has hierarchical values of parameters to realize

large mass hierarchies. Thus explaining the flavor structures without fine-tuning is one of the

challenging issues in present-day particle physics.

To understand the origin of the flavor structures, two types of approaches, bottom-up and

top-down approaches have been carried out. Non-Abelian discrete flavor models are one of the

bottom-up approaches. They have used non-Abelian discrete groups such as SN , AN , ∆(3N2),

∆(6N2) and so on as the flavor symmetries of quarks and leptons [1–11]. These symmetries

are broken after the gauge singlet scalars (so-called flavons) get the vacuum expectation values

(VEVs). However the configuration of them becomes complicated in order to realize the flavor

structures and it is still artificial.

Recently modular symmetric flavor models have been proposed. In the models, the su-

perpotentials are invariant under the modular transformation Sp(2,Z) ≃ SL(2,Z). Then

three-generations of quarks and leptons are regarded as three-dimensional (reducible or irre-

ducible) representations of the finite modular groups. Hence, their mass matrices as well as

Yukawa couplings are also the representations of the finite modular groups. Therefore they

are written in terms of the modular forms for the finite modular groups which are the holo-

morphic functions of the modulus τ [12] 1. Instead of flavons, the modular symmetry in mass

1The modular flavor symmetry was also studied from the top-down approach such as string theory [14–30].
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matrices is violated by the VEV of the modulus τ . It is remarkable that the finite modular

groups ΓN for N = 2, 3, 4 and 5 are isomorphic to the non-Abelian discrete groups S3, A4, S4

and A5, respectively [13]. In this sense, the modular symmetric flavor models are attractive

way describing the flavor structures in the framework of the non-Abelian discrete symmetries

without complicated configurations of the VEVs of the flavons. Indeed the modular symmetric

flavor models in Γ2 ≃ S3 [31], Γ3 ≃ A4 [12], Γ4 ≃ S4 [32] and Γ5 ≃ A5 [33, 34] have been pro-

posed. Furthermore the modular symmetries including higher levels and covering groups were

studied [20, 35–40]. Using them, phenomenological studies have been widely studied in many

works [12, 31–34, 36–39, 41–81]. (See for reviews Refs. [82, 83].) Then ambiguities of coupling

constants exist in the mass matrices and most of the works have used them as free parameters.

Consequently they have succeeded to realize the flavor structures by tuning these parameters.

On the other hand it is still difficult to explain the flavor structures by fewer parameters. In

addition, there remains the difficulties on realizing large hierarchies of fermion masses without

fine-tuning.

The residual symmetries of the modular symmetry have the possibilities describing hierarchi-

cal fermion masses without fine-tuning. At three modular symmetric points, τ = i, ω ≡ e2πiτ/3

and i∞, S, ST and T -symmetries remain [44]. Then the modular symmetry breaks into resid-

ual Z2, Z3 and ZN symmetries, respectively, where N is the level of the finite modular group.

The modular forms with the residual charge r take hierarchical values εr where ε stands for the

deviation of the modulus τ from the modular symmetric points. Thus, the residual symmetries

make mass matrices hierarchical and can lead to large hierarchical fermion masses without

hierarchical values of the coupling constants. Along in this way, Refs. [77, 84] have succeeded

to obtain realistic lepton flavor observables without fine-tuning. Moreover the quark flavor

structures were described in Γ3 ≃ A4 [85,86], Γ′
4 ≃ S ′

4 [87], S ′
4 × S3 [88], Γ6 ≃ S3 ×A4 [89] and

A4×A4×A4 [90]. Both quark and lepton flavors were studied in S ′
4 [91] and Γ′

6 [92]. On the other

hand, Refs. [85, 86, 90] have shown the difficulty on obtaining both quark hierarchical masses

and the CP violating phase simultaneously. Particularly numerical studies in Ref. [90] have

implied that the vicinity of the modular symmetric points is favored for the large hierarchical

fermion masses while it is disfavored for the CP violation. Refs. [85,86,90] have indicated that

the models with multi moduli parameters can avoid such difficulty. Multi modular symmetries

were studied in Refs. [93–95]. Also, the Siegel modular forms which are generalized modular

forms of Sp(2,Z), have Sp(2g,Z) modular symmetry described by several moduli. Therefore

they are promising way explaining the flavor structures. However, the studies of the modular

symmetric flavor models using the Siegel modular forms are developing works.

In this paper, we discuss the quark flavor models with Γ6 symmetry. We use residual T

(Z6) symmetry at the cusp τ = i∞ to reproduce quark mass hierarchies without fine-tuning.

As another possibility realizing such mass hierarchies, we also discuss the quark flavor models

with A4 ×A4 ×A4 symmetry. We use residual ST and T -symmetries at τ = ω and i∞, where

Z3×Z3×Z3 symmetry remains. Then we will see the quark mass ratios and the absolute values

of the CKM matrix elements can be realized in the vicinity of the modular symmetric points
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without fine-tuning. Also we will see the inconsistency between the large quark mass hierarchies

and the CP violation through numerical studies. Furthermore, we study the construction of

the Siegel modular forms for subgroups of Sp(6,Z). The Siegel modular forms for subgroups of

Sp(4,Z) and Sp(6,Z) can be constructed from magnetized T 4 and T 6 models of the superstring

theory, respectively [96–100]. Then we will show the quark flavor observables including the

CP phase can be realized without fine-tuning by deviating multi moduli parameters from the

modular or CP symmetric points.

As one of the top-down approaches, higher dimensional theories are also attractive. They can

lead to non-Abelian discrete flavor symmetries as geometrical symmetries of extra-dimensions.

In particular, the supestring theory is promising candidate for the unified theory. It predicts

ten-dimensional (10D) space-time; extra six-dimensions are assumed to be compactified. Thus

six-dimensional (6D) compact space may lead to the flavor structures through its geometrical

symmetry.

The torus compactification T 2 × T 2 × T 2 of the superstring theory is one of the simplest

compactifications. Two-dimensional (2D) torus T 2 has the modular symmetry Sp(2,Z) ≃
SL(2,Z) as the geometrical symmetry. Therefore it may lead to 4D modular symmetric flavor

models as the low-energy effective theory. On the other hand, we need to derive 4D chiral

theory as the low-energy effective theory since the SM is a chiral theory. It is remarkable

that the torus compactification with magnetic fluxes leads to 4D chiral theories [96, 101–107].

The zero-mode wave functions on torus have chiral solutions depending on the signs of the

fluxes. Additionally, they have the solutions whose degeneracy number is determined by the

sizes of the fluxes. Thus there is the possibilities realizing three-generation chiral fermions

on magnetized torus model. Orbifoldings of torus have further possibilities realizing three-

generation zero-modes. Actually, several numerical studies have shown that realistic flavor

observables can be realized [108–116]. In this paper, we discuss quark and lepton mass matrices

derived from magnetized T 2/Z2 twisted orbifold model. Zero-modes in magnetized T 2/Z2

orbifold model transform non-trivially under the modular symmetry [19–26, 117]. We expect

that three-generations of fermions originate from one of T 2s and other tori do not contribute

to the generation structures. Therefore we concentrate on zero-mode wave functions on T 2 and

its orbifold T 2/Z2 in our analysis.

Yukawa couplings on magnetized torus and its orbifolding models are given by the overlap

integrals of zero-mode wave functions. As a result, they are written in terms of the modular

forms and described by the modulus τ . Note that there are no ambiguities of coupling con-

stants up to the overall factors in mass matrices contrary to ones on 4D modular symmeric

flavor models. This is because Yukawa couplings are explicitly calculated from the overlap

integrals of zero-modes of fermions and Higgs fields. Then the mass terms of Higgs fields (µ

terms) are important. In general, the superstring theory as well as magnetized orbifold models

predicts multi pairs of Higgs fields. They have the same quantum numbers under the SM gauge

group SU(3) × SU(2) × U(1) and can couple to quarks and leptons. Hence the fermion mass

matrices are given by the linear combinations of multi Higgs VEVs and Yukawa couplings. The
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direction of Higgs VEVs is aligned in the lightest mass direction. In the superstring theory,

unfortunately Higgs µ terms are forbidden at the perturbative level. Insteadly, they can be

induced from nonperturbative effects such as D-brane instanton effects. However, it is still diffi-

cult to determine the lightest mass direction of Higgs fields uniquely on the magnetized orbifold

models because of the shortage of the instanton zero-mode configurations giving Higgs µ terms.

In our analysis, we regard the direction of Higgs VEVs as free parameters as in Refs. [110–113].

Similarly, D-brane instanton effects can induce Majorana masses of right-handed neutrinos

[118–122]. Generating the smallness of neutrino masses is important. Such masses are realized

through the seesaw mechanism by introducing heavy Majorana mass terms of right-handed

neutrino. In Ref. [123], possible Majorana masses on magnetized T 2/Z2 are classified. In our

analysis we assume the same D-brane instanton effects to reproduce the light neutrino masses.

As same as 4D modular symmetric flavor models, deriving hierarchical fermion masses is

the key issue on the magnetized orbidold models. On 4D modular symmetric flavor models it

is solved by the deviation of the modulus from the modular symmetric points. In place of this,

we use the deviation of the Higgs VEVs here. The mass matrices of up-sector quarks, down-

sector quarks and charged leptons are approximately rank one matrices. Hence, realistic mass

matrices are realized in the vicinity of the directions of Higgs VEVs leading to rank one mass

matrices. One way to find such directions is using texture structures of Yukawa matrices at the

modular symmetric points. Suitable combinations of Yukawa textures can give rank one mass

matrices. In Ref. [114], Yukawa textures at the modular symmetric points have been classified

and the directions of Higgs VEVs leading to rank one mass matrices have been studied. On

the other hand, such method is available for the modulus at the modular symmetric points.

Here, we study another way using the property of wave functions on the compact space. As we

will see, such way is applied for not only quark and charged lepton mass hierarchies but also

to find the directions of Higgs VEVs leading to small (large) mixing angles of quarks (leptons).

We will classify which flavor models have such directions of Higgs VEVs and show numerical

example realizing quark and lepton flavor observables.

Also, we will study magnetized (T 2
1 × T 2

2 )/Z
(per)
2 and its orbifold. Additionally we will

discuss Yukawa textures on magnetized T 2/Z2. Yukawa matrices have S(Z2), ST (Z3) and

T (ZN)-symmetries at the modular symmetric points τ = i, ω and i∞, respectively. Then

Yukawa matrices are restricted to specific patterns because of the residual symmetries. In

Refs. [53,56,63,75–77], realistic results were obtained at the vicinity of the modualr symmetric

points. (See also Ref. [124].)

This paper is organized as follows. In Chapter 2, we discuss magnetized orbifold models.

In particular, we review torus compactification in Section 2.1 and study T 2/Z2 orbifold model

in Section 2.2, (T 2
1 × T 2

2 )/Z
(per)
2 and its orbifold models in Section 2.3 and Yukawa textures in

Section 2.4. In Chapter 3, we discuss 4D modular symmetric flavor models. In particular, we

study the quark flavor models with Γ6 symmetry in Section 3.3 and ones with A4 × A4 × A4

symmetry in Section 3.4. In Chapter 4, we discuss the constructing Siegel modular forms. In

Chapter 5, we conclude this paper. In Appendix A, we show the equivalence of Wilson lines
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and SS phases. In Appendix B, we show the favorable models on T 2/Z2, Yukawa couplings

and Majorana neutrino masses used in numerical example. In Appendix C, we review D-

brane instanton effects inducing Majorana neutrino masses and Higgs µ terms. In Appendix

D, we show possible three-generation models on (T 2
1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 ). In Appendix E, we

show decompositions of zero-modes with higher fluxes. In Appendix F, we show mass matrix

structures of the favorable models on T 2/Z2. In Appendix G, we review the group theory and

the modular forms of Γ6. In Appendix H, we review the group theory and the modular forms

of A4. In Appendix I, we review the group theory and the Siegel modular forms of ∆̃(96).
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Chapter 2

Magnetized orbifold models

In this chapter, we discuss the magnetized orbifold models of the superstring theory. We

consider the orbifoldings of the magnetized torus compactification of the extra six-dimensions

in the superstring theory. Then we show that the magnetized orbifold models possess the

possibilities to realize flavor structures of both quark and lepton sectors. This chapter is along

in Refs. [22,23,25,114,116].

2.1 Torus compactification

In this section, we focus on the torus compactification of the extra six-dimensions,

M10 = R1,3 × T 2
1 × T 2

2 × T 2
3 . (2.1)

2.1.1 10D N = 1 U(N) Super Yang-Mills theory

The 10DN = 1 U(N) Super Yang-Mills theory is a low energy effective theory of the superstring

theory. We review the theory on R1,3 × T 2
1 × T 2

2 × T 2
3 with magnetic fluxes (See Ref. [96]). We

note that magnetic fluxes can be introduced only on the compact spaces T 2
1 × T 2

2 × T 2
3 because

of the Lorentz invariance on R1,3. First we study Kaluza-Klein decomposition with magnetic

fluxes. Let us start from the 10D action,

S =

∫
M4

d4x
∏

i=1,2,3

∫
T 2
i

d2zi

[
− 1

4g
Tr(FMNFMN) +

i

2g
Tr(λ̄ΓMDMλ)

]
, (2.2)

where FMN = ∂MAN−∂NAM−i[AM , AN ] and DMλ = ∂Mλ−i[AM , λ] withM,N ∈ {0, 1, ..., 9}.
This action is invariant under U(N) gauge transformation,

λ→ UλU−1, AM → UAMU
−1 − (∂MU)U, (2.3)

where U denotes adjoint representation. Here λ denotes gaugino fields and FMN is the field

strength of the 10D vector potential AM . The second term in the action contains 4D Yukawa

15
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terms,

i

2g
Tr(λ̄ΓMDMλ) =

i

2g
Tr(−iλ̄ΓM [AM , λ]) + · · · (2.4)

=
i

2g
Tr(−iλ̄Γµ[Aµ, λ]) +

i

2g
Tr(−iλ̄Γm[Am, λ]) + · · · , (2.5)

where µ ∈ {0, 1, 2, 3} and m ∈ {4, 5, ..., 9}. The second term on the second row in the above

equation corresponds to 4D Yukawa terms. Note that Am is regarded as 4D scalar fields.

By Kaluza-Klein decomposition, vector fields AM and Majorana-Weyl spinors λ are decom-

posed into the 4D (= M4) parts and three of the 2D torus (= T 2
i (i = 1, 2, 3)) parts as

AM(x, z1, z2, z3) =
∑

n1,n2,n3

ϕM,n1n2n3(x)⊗ ϕM,n1(z1)⊗ ϕM,n2(z2)⊗ ϕM,n3(z3), (2.6)

λ(x, z1, z2, z3) =
∑

n1,n2,n3

ψn1n2n3(x)⊗ ψn1(z1)⊗ ψn2(z2)⊗ ψn3(z3). (2.7)

Here ϕM,ni
(zi) is the ni-th excited mode of the 2D vector fields on the i-th torus T 2

i while

ψni
(zi) is one of the 2D Majorana-Weyl spinors. We introduce the background magnetic fields

on T 2
1 × T 2

2 × T 2
3 ,

F = Fziz̄idzi ∧ dz̄i

=
πi

Imτ

M i
a1Na×Na

M i
b1Nb×Nb

M i
c1Nc×Nc

 dzi ∧ dz̄i, i = 1, 2, 3,
(2.8)

where N = Na +Nb +Nc. The U(N) gauge symmetry breaks into U(Na)×U(Nb)×U(Nc) by
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the differences of fluxes M i
a,b,c. These magnetic fluxes lead to the following vector potential,

A(z, z̄) =


πM i

a

Imτi
Im((z̄i + ζ̄ia)dzi)1Na×Na

πM i
b

Imτi
Im((z̄i + ζ̄ib)dzi)1Nb×Nb

πM i
c

Imτi
Im((z̄i + ζ̄ic)dzi)1Nc×Nc


(2.9)

= −


πiM i

a

2Imτi
(z̄i + ζ̄ia)1Na×Na

πiM i
b

2Imτi
(z̄i + ζ̄ib)1Nb×Nb

πiM i
c

2Imτi
(z̄i + ζ̄ic)1Nc×Nc

 dzi

+


πiM i

a

2Imτi
(zi + ζia)1Na×Na

πiM i
b

2Imτi
(zi + ζib)1Nb×Nb

πiM i
c

2Imτi
(zi + ζic)1Nc×Nc

 dz̄i (2.10)

≡

(Azi)a1Na×Na

(Azi)b1Nb×Nb

(Azi)c1Nc×Nc

 dzi

+

(Az̄i)a1Na×Na

(Az̄i)b1Nb×Nb

(Az̄i)c1Nc×Nc

 dz̄i (2.11)

≡

(A(z, z̄))a1Na×Na

(A(z, z̄))b1Nb×Nb

(A(z, z̄))c1Nc×Nc

 , (2.12)

where ζ is so-called Wilson lines. We can always omit Wilson lines from A(z, z̄) by introducing

Scherk-Schwarz (SS) phases instead as shown in Appendix A. In the following we adopt SS

phases and set Wilson lines vanishing, ζ = 0.

Next we study the boundary conditions on T 2
i . The 2D torus can be regarded as the complex

plane C divided by a 2D lattice Λ spanned by two basis vectors e1i = 2πRi and e2i = 2πRiτi
where Ri ≡ e1i/2π ∈ R denotes the radius of T 2

i and τi ≡ e2i/e1i ∈ C denotes the complex

structure modulus of T 2
i . The complex coordinates on T 2

i are defined by zi ≡ ui/e1i where u

denotes ones on C. Then the 2D torus T 2
i has the metric,

ds2 = 2hiµνdz
µ
i dz̄

ν
i , hi = |e1i|2

(
0 1

2
1
2

0

)
, (2.13)

and the gamma matrices,

Γzi =
1

e1i

(
0 2

0 0

)
, Γz̄i =

1

ē1i

(
0 0

2 0

)
. (2.14)

The identifications on T 2
i are written as

z⃗ ∼ z⃗ + êi ∼ z⃗ + τiêi, (i = 1, 2, 3), (2.15)
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where we have used the notations,

z⃗ =

z1z2
z3

 , ê1 =

1

0

0

 , ê2 =

0

1

0

 , ê3 =

0

0

1

 . (2.16)

These identifications give the boudary conditions of the vector potential,

(A(z⃗ + êi, ⃗̄z + êi))α = (A(z⃗i, ⃗̄zi))α + dχα1i(z⃗i, ⃗̄zi), (2.17)

(A(z⃗ + τiêi, ⃗̄z + τiêi))α = (A(z⃗i, ⃗̄zi))α + dχα2i(z⃗i, ⃗̄zi), (2.18)

χα1i(z⃗i, ⃗̄zi) =

(
πM i

α

Imτi
Imzi

)
, χα2i(z⃗i, ⃗̄zi) =

(
πM i

α

Imτi
Imτ̄izi

)
, (2.19)

where α ∈ {a, b, c}. Note that these correspond to U(1) gauge transformation. Thus the vector

potential is identified up to U(1) gauge transformation under the boundary conditions. These

conditions and the gauge transformation laws in Eq. (2.3) mean that the gaugino fields,

λ(x, z⃗) =

λaa(x, z⃗) λab(x, z⃗) λac(x, z⃗)

λba(x, z⃗) λbb(x, z⃗) λbc(x, z⃗)

λca(x, z⃗) λcb(x, z⃗) λcc(x, z⃗)

 , (2.20)

obey the boundary conditions,

λαα(x, z⃗ + êi) = λαα(x, z⃗ + τiêi) = λαα(x, z⃗),

λαβ(x, z⃗ + êi) = e2πiα
αβ
1i eiχ

αβ
1i (zi)λαβ(x, z⃗), λαβ(x, z⃗ + τiêi) = e2πiα

αβ
2i eiχ

αβ
2i (zi)λαβ(x, z⃗),

(2.21)

where α, β ∈ {a, b, c}, α ̸= β, ααβ1i,2i denote SS phases satisfying αab1i,2i + αbc1i,2i + αca1i,2i = 0 and

χαβ1i (zi) ≡
πI iαβ
Imτi

Imzi, χαβ2i (zi) ≡
πI iαβ
Imτi

Im(τ̄izi), I iαβ ≡M i
α −M i

β. (2.22)

Here λαα are the gaugino fields under the remaining gauge group U(Na) × U(Nb) × U(Nc)

while λαβ are bi-fundamental matter fields under U(Nα)×U(Nβ), (Nα, N̄β). We note that the

boundary condition after a contractible loop on T 2
i must be trivial. This requires the quantized

magnetic fluxes,

M i
α ∈ Z, (2.23)

which is so-called the Dirac quantization condition.

Now we are ready to solve the Dirac equation on T 2
i . We denote the 2D spinors of the

gaugino fields, ψni
(zi), as

ψni
(zi) =

(
ψni+

ψni−

)
, ψni±(zi) =

ψaani±(zi) ψabni±(zi) ψacni±(zi)

ψbani±(zi) ψbbni±(zi) ψbcni±(zi)

ψcani±(zi) ψcbni±(zi) ψccni±(zi)

 . (2.24)
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The boundary conditions in Eq. (2.21) are rewritten in terms of ψni±(zi) as

ψααni±(zi + 1) = ψααni±(zi + τi) = ψααni±(zi),

ψαβni±(zi + 1) = e2πiα
αβ
1i eiχ

αβ
1i (zi)ψαβni±(zi), ψαβni±(zi + τi) = e2πiα

αβ
2i eiχ

αβ
2i (zi)ψαβni±(zi).

(2.25)

Here we consider the Dirac equation for zero-modes, ψ0i(zi) = (ψ0i+, ψ0i−)
T . The Dirac equation

for zero-modes is written as

i D̸ψ0i± = (iΓziDzi + iΓz̄iDz̄i)ψ0i± = i

(
0 −D†

D 0

)(
ψ0i+

ψ0i−

)
= 0. (2.26)

Particularly let us consider the equation for ψ0i+ which is given by

Dψ0i+ = (πRi)
−1(∂z̄iψ0i+ + [Az̄i , ψ0i+]) (2.27)

= (πRi)
−1

 ∂z̄iψ
aa
0i+

(∂z̄i +
πIiab
2Imτi

zi)ψ
ab
0i+

(∂z̄i +
πIiac
2Imτi

zi)ψ
ac
0i+

(∂z̄i −
πIiab
2Imτi

zi)ψ
ba
0i+

∂z̄iψ
bb
0i+

(∂z̄i +
πIibc
2Imτi

zi)ψ
bc
0i+

(∂z̄i −
πIiac
2Imτi

zi)ψ
ca
0i+

(∂z̄i −
πIibc
2Imτi

zi)ψ
cb
0i+

∂z̄iψ
cc
0i+

 = 0. (2.28)

The boundary conditions in Eq. (2.25) require the solutions of ψαα0i+ to be constants. On the

other hand, we can find that for I iαβ > 0 only ψαβ0i+ have zero-mode solutions with the degeneracy

number |I iαβ| while for I iαβ < 0 only ψβα0i+ have such solutions. Similarly we can find that the

solutions of ψαα0i− are constants; for I iαβ > 0 only ψβα0i− have |I iαβ| number of solutions while

for I iαβ < 0 only ψαβ0i− have such solutions. Note that these solutions have the exclusivity for

the chiality. Thus, we obtain |I iαβ| generations of bi-fundamental chiral zero-modes on the

magnetized ith torus. The explicit formula of the jth zero-mode of ψ0i± is given by

ψ
(j+ααβ

1i ,α
αβ
2i ),|Iiαβ |

0i+
(zi, τi)

=

(
|I iαβ|
A2
i

)1/4

e
2πi

(j+α
αβ
1i

)α
αβ
2i

|Ii
αβ

| e
iπ|Iiαβ |zi

Imzi
Imτi

∑
ℓ∈Z

e
iπ|Iiαβ |τi

(
j+α

αβ
1i

|Ii
αβ

|
+ℓ

)2

e
2πi(|Iiαβ |zi−α

αβ
2i )

(
j+α

αβ
1i

|Ii
αβ

|
+ℓ

)
(2.29)

=

(
|I iαβ|
A2
i

)1/4

e
2πi

(j+α
αβ
1i

)α
αβ
2i

|Ii
αβ

| e
iπ|Iiαβ |zi

Imzi
Imτi ϑ

[
j+ααβ

1i

|Iiαβ |

−ααβ2i

]
(|I iαβ|zi, |Iαβ|iτi), (2.30)

ψ
(j+α1,α2),|Iiαβ |
0i− (zi, τi) =

(
ψ

(−j−α1,α2),|Iiαβ |
0i+

(zi, τi)
)∗
, (2.31)

where j = {0, 1, ..., |I iαβ| − 1} and Ai = |e1i|2Imτi stands for the area of ith torus. The ϑ

function is the Jacobi theta function defined by

ϑ

[
a

b

]
(ν, τ) =

∑
ℓ∈Z

eπi(a+ℓ)
2τe2πi(a+ℓ)(ν+b), a, b ∈ R, ν, τ ∈ C. (2.32)
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They have the periodicity,

ϑ

[
a

b

]
(ν + n, τ) = e2πinaϑ

[
a

b

]
(ν, τ), (2.33)

ϑ

[
a

b

]
(ν + nτ, τ) = e−πin

2τ−2πin(ν+b)ϑ

[
a

b

]
(ν, τ), (2.34)

where n ∈ Z. The products of the functions can be expanded as

ϑ

[
r
N1

0

]
(ν1, N1τ)× ϑ

[
s
N2

0

]
(ν2, N2τ) =

∑
m∈ZN1+N2

ϑ

[
r+s+N1m
N1+N2

0

]
(ν1 + ν2, (N1 +N2)τ)

×ϑ

[
N2r−N1s+N1N2m
N1N2(N1+N2)

0

]
(ν1N2 − ν2N1, N1N2(N1 +N2)τ).

(2.35)

Using these properties, we can show the following product expansions of zero-modes [96],

ψ
(j+αab

1i ,α
ab
2i ),|Iiab|

0i± (zi, τi) · ψ
(k+αca

1i ,α
ca
2i ),|Iica|

0i± (zi, τi) =
∑

ℓ∈Z|Ii
cb

|

yjkℓT 2 (τi) · ψ
(j+k+ℓ|Iica|+αcb

1i ,α
cb
2i),|Iicb|

0i± (zi, τi),

(2.36)

where |I iab|+|I ica| = |I icb|, (αab1i , αab2i )+(αca1i , α
ca
2i ) = (αcb1i, α

cb
2i) and y

jkℓ
T 2 denotes three point couplings

given by

yjkℓT 2 = c(|Iiab|-|Iica|-|Iicb|) exp

{
2πi

(
(j + αab1i )α

ab
2i

|I iab|
+

(k + αca1i )α
ca
2i

|I ica|
− (ℓ+ αcb1i)α

cb
2i

|I icb|

)}

×
|Iica|−1∑
m=0

ϑ

[
|Iica|(j+αab

1i )−|Iiab|(k+α
ca
1i )+|Iiab||I

i
ca|m

|IiabIicaI
i
cb|

0

]
(|I iab|αca2i − |I ica|αab2i , |I iabI icaI icb|τi)

× δ(j+αab
1i )+(k+αca

1i )−(ℓ+αcb
1i),|Iicb|n−|Iiab|m

, (2.37)

with

n ∈ Z, c(|Iiab|-|Iica|-|Iicb|) = (2Imτ)−1/2A−1/2

∣∣∣∣I iabI icaI icb

∣∣∣∣1/4 . (2.38)

Also zero-modes satisfy the following normalization condition,∫
T 2
i

dzidz̄iψ
(j+ααβ

1i ,α
αβ
2i ),|Iiαβ |

0i± (zi, τi)

(
ψ

(k+ααβ
1i ,α

αβ
2i ),|Iiαβ |

0i± (zi, τi)

)∗

= (2Imτi)
−1/2δj,k, (2.39)

and the periodicity,

ψ
(j+|Iiαβ |+α

αβ
1i ,α

αβ
2i ),|Iiαβ |

0i± = ψ
(j+ααβ

1i ,α
αβ
2i ),|Iiαβ |

0i± , (2.40)

ψ
(j+ααβ

1i ,α
αβ
2i +1),|Iiαβ |

0i± = ψ
(j+ααβ

1i ,α
αβ
2i ),|Iiαβ |

0i± . (2.41)
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By use of the normalization condition, it can be found that the definition of three point couplings

in Eq. (2.36) is equivalent to

Y jkℓ
T 2 = gyjkℓT 2 = g(2Imτ)1/2

∫
T 2

dzdz̄ψ
(j+αab

1i ,α
ab
2i ),|Iiab|

0i± · ψ(k+αca
1i ,α

ca
2i ),|Iica|

0i± ·
(
ψ

(ℓ+αcb
1i ,α

cb
2i),|Iicb|

0i±

)∗
. (2.42)

In Table 2.1, we show the number of zero-modes on magnetized T 2
i , which is given by a size of

the flux Mi.

Flux 1 2 3 4 5 6 Mi

Number of zero-modes 1 2 3 4 5 6 Mi

Table 2.1: The number of zero-modes on magnetized T 2.

To calculate 4D Yukawa couplings, we also consider the Klein-Gordon equation for 2D parts

of vector fields, ϕ±,0i(zi), where ± is helicity on T 2
i . Laplacian ∆ can be constructed from Dirac

operator D as

(i D̸)2 =

(
D†D 0

0 DD†

)
=

1

2
{D†, D}+

(
1
2
[D†, D] 0

0 1
2
[D,D†]

)
= ∆+

(
2iFziz̄i

(2πRi)2
0

0
2iFz̄izi

(2πRi)2

)
.

(2.43)

To find functions obeying Klein-Gordon equation, first let us act N ≡ D†D on the zero-modes

of 2D spinors ψ0i+. From Dψ0i+ = 0, we find

Nψ0i+ = D†Dψ0i+ =

(
∆−

2π|I iαβ|
Ai

)
ψ0i+ = 0. (2.44)

Notice that N satisfies

[N,D†] =
4π|I iαβ|
Ai

D†. (2.45)

Introducing

a =

√
Ai

4π|I iαβ|
D, a† =

√
Ai

4π|I iαβ|
D†, n = a†a, (2.46)

we obtain the commutation relations,

[a, a†] = 1, [n, a†] = a†, [n, a] = −a. (2.47)

Then (a†)rψ0i+, r ≥ 0, satisfy

aψ0i+ = 0, ∆(a†)rψ0i+ =
4π|I iαβ|
Ai

(
n+

1

2

)
(a†)rψ0i+ =

4π|I iαβ|
Ai

(
r +

1

2

)
(a†)rψ0i+. (2.48)
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This and the above commutation relations correspond to the harmonic oscillator quantum

algebra. Therefore the eigenstates of Laplacian ∆ are given by (a†)rψ0i+ ∝ (D†)rψ0i+. That is,

the ground state of the vector fields obeying Klein-Gordon equation is written in terms of ψ0i+

as same as the spinor fields. However, this ground state generally gets nonzero mass eigenvalue,

m2
i =

2π|I iαβ|
Ai

(for scalar fields on T 2
i ). (2.49)

For vector fields on T 2
i , the mass squared is shifted by ±4π|I iαβ|/Ai but the ground state is

given by the lowest mass state (minus sign) [96]. Note that this mass value is the contribution

from one torus. Including contributions from three tori, we find mass eigenvalue of the ground

state of vector fields,

m2 =
∑
i=1,2,3

m2
i = ±

2π|I1αβ|
A1

±
2π|I2αβ|
A2

±
2π|I3αβ|
A3

, (2.50)

where plus and minus signs correspond to scalar and vector fields on T 2
i , respectively. Thus

when we require supersymmetry at αβ sector, mass of vector fields in Eq. (2.50) must vanish.

Finally we show 4D Yukawa couplings using Kaluza-Klein decomposition. Substituting

decompositions in Eqs. (2.6) and (2.7) into 4D Yukawa terms in Eq. (2.5) and leaving only

zero-modes, we can find

Y(1) =
1

2g2

∏
i=1,2,3

∫
T 2
i

d2ziTr(ψ0i+ · [ϕ0i−, ψ0i+]), (2.51)

Y(2) =
1

2g2

∏
i=1,2,3

∫
T 2
i

d2ziTr(ψ0i− · [ϕ0i+, ψ0i−]), (2.52)

where trace is regarding to gauge symbols αβ and Y(2) is the CPT conjugates of Y(1). Since the

ground states of vector fields ϕ0i± are given by theta functions as ψ0i±, 4D Yukawa couplings

are given by the products of three point couplings,

YT 2
1×T 2

2×T 2
3
(τ1, τ2, τ3) = YT 2

1 /Z2
(τ1)× YT 2

2 /Z2
(τ2)× YT 2

3 /Z2
(τ3). (2.53)

Hereafter, we focus on the zero-modes of the bi-fundamental matter fields λαβ, ψ
(j+ααβ

1i ,α
αβ
2i ),|Iiαβ |

0i+
,

which are written by theta functions. Then we will omit the symbols of the chirality, ±, gauge

representations, αβ, and the zero-mode, 0, from the notation of zero-modes. Moreover we

denote |I iαβ| as Mi. Hence, we use the notation of zero-modes, ψ(j+α1i,α2i),Mi(zi, τi) instead of

ψ
(j+ααβ

1i ,α
αβ
2i ),|Iiαβ |

0i+
(zi, τi). Also we omit i meaning ith torus on T 2

1 × T 2
2 × T 2

3 if it is not necessary

to distinguish three tori in the discussion.

2.1.2 Modular symmetry

Here we give a brief review of the modular symmetry on T 2 and the modular forms [125–128].

The modular transformation is defined as the basis transformation of the 2D lattice Λ defining
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T 2 ≃ C/Λ. It is given by (
e2
e1

)
→
(
a b

c d

)(
e2
e1

)
, (2.54)

where

γ =

(
a b

c d

)
∈ Sp(2,Z) ≃ SL(2,Z) ≡ Γ, (2.55)

satisfying

γJγT = J, J =

(
0 1

−1 0

)
. (2.56)

Under the modular transformation, the complex structure modulus and the complex coordinate

on T 2, τ and z, are transformed as

τ ≡ e2
e1

→ ae2 + be1
ce2 + de1

=
aτ + b

cτ + d
, (2.57)

z ≡ u

e1
→ u

ce2 + de1
=

z

cτ + d
. (2.58)

There are two generators, S and T defined by

S =

(
0 1

−1 0

)
, T =

(
1 1

0 1

)
. (2.59)

They satisfy the algebraic relations,

S2 = −I, S4 = (ST )3 = I. (2.60)

S and T -transformations for τ and z are given by

τ
S−→ −1

τ
, z

S−→ −z
τ
,

τ
T−→ τ + 1, z

T−→ z.

(2.61)

The modular symmetry is spontaneously broken by the VEV of τ . The modular transformations

in Eq. (2.61) mean that there are no value of τ preserving full modular symmetry. Meanwhile,

there are three symmetric points where the partial modular symmetry (called residual symme-

try) is preserved [44]:

• τ = i is invariant under S-transformation;

• τ = e2πi/3 ≡ ω is invariant under ST -transformation;

• τ = i∞ is invariant under T -transformation.
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Figure 2.1 shows the fundamental region D of τ under the modular group SL(2,Z) ≃ Γ and

the positions of three symmetric points.

Figure 2.1: The fundamental region D of the modulus τ under the modular group SL(2,Z) ≃ Γ.

White and blue corresponds to the fundamental region and gray is out of the region. Three

blue points stand for three symmetric points, τ = i, ω and i∞.

Next let us study the modular forms. We introduce the principal congruence subgroup of

level N , Γ(N), which is the normal subgroup of Γ,

Γ(N) ≡
{
h =

(
a b

c d

)
∈ Γ

∣∣∣∣(a b

c d

)
≡
(
1 0

0 1

)
(mod N)

}
. (2.62)

In addition we introduce Γ̄ ≡ Γ/{±I} and Γ̄(N) ≡ Γ(N)/{±I}. We note that h = −I is not

included in Γ(N) for N > 2 but it is included in Γ̄(N).

The modular forms of weight k are the holomorphic functions of τ transformed as

f i(τ)
γ−→ Jk(γ, τ)ρ

ij(γ)f j(τ), γ ∈ Γ, (2.63)

where ρ is a unitary matrix satisfying ρ(γ1γ2) = ρ(γ1)ρ(γ2), γ1, γ2 ∈ Γ and Jk(γ, τ) is the

automorphy factor defined as

Jk(γ, τ) ≡ (cτ + d)k, γ =

(
a b

c d

)
∈ Γ, (2.64)

which satisfies

Jk(γ1γ2, τ) = Jk(γ1, γ2(τ))Jk(γ2, τ), γ1, γ2 ∈ Γ. (2.65)
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Especially, the modular forms for Γ(N) further satisfy

f i(τ)
h−→ Jk(γ, τ)ρ

ij(h)f j(τ) = Jk(γ, τ)f
i(τ), h ∈ Γ(N). (2.66)

Since S2 : τ = −I : τ = τ , we obtain

f i(τ)
S2

−→ (−1)kρij(S2)f j(τ) = f i(τ), ⇒ (−1)kρij(−I) = I. (2.67)

This implies ρ(−I) = −I for k = 2Z + 1 and ρ(−I) = I for k = 2Z. Thus, the unitary matrix

ρ(γ) is a unitary representation of

Γ′
N ≡ Γ/Γ(N) = ⟨S, T |S4 = (ST )3 = TN = I, S2T = TS2⟩, (2.68)

for odd weights, k ∈ 2Z+ 1, while it is a unitary representation of

ΓN ≡ Γ̄/Γ̄(N) = ⟨S, T |S2 = (ST )3 = TN = I⟩, (2.69)

for even weights, k ∈ 2Z. It is remarkable that Γ2 ≃ S3, Γ3 ≃ A4, Γ4 ≃ S4 and Γ5 ≃ A5 [13].

Also Γ′
N is the double covering group of ΓN

1. The unitary representation of ΓN , ρ, satisfies

the algebraic relations,

ρ(S)2 = [ρ(S)ρ(T )]3 = ρ(T )N = I. (2.70)

Similarly one of Γ′
N satisfies

ρ(S)4 = [ρ(S)ρ(T )]3 = ρ(T )N = I, ρ(S2)ρ(T ) = ρ(T )ρ(S2). (2.71)

The modular forms can be extended to the half integer weights k/2. We introduce the

double covering group of Γ,

Γ̃ ≡ {[γ, ϵ]|γ ∈ Γ, ϵ ∈ {±1}}. (2.72)

There are two generators,

S̃ ≡ [S, 1], T̃ ≡ [T, 1], (2.73)

satisfying the algebraic relations,

S̃2 = [−I, 1] ≡ Z̃, S̃4 = (S̃T̃ )3 = [I,−1] = Z̃2, S̃8 = (S̃T̃ )6 = [I, 1] ≡ I = Z̃4, Z̃T̃ = T̃ Z̃.

(2.74)

The normal subgroup of Γ̃, Γ̃(N), corresponding to Γ(N) of Γ is given by

Γ̃(N) ≡ {[h, ϵ] ∈ Γ̃|h ∈ Γ(N), ϵ = 1}. (2.75)

1See e.g., Refs. [37–40,79,129].
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The automorphy factor J̃k/2(γ̃, τ) is given by

J̃k/2(γ̃, τ) ≡ ϵkJk/2(γ, τ) = ϵk(cτ + d)k/2, k ∈ Z, γ̃ =

[
γ =

(
a b

c d

)
, ϵ

]
∈ Γ̃, (2.76)

where we take (−1)k/2 = e−kπi/2. Then the modular forms of half integer weights k/2 are

transformed as (See e.g., [127,130,131].)

f i(γ̃(τ)) = J̃k/2(γ̃, τ)ρ
ij(γ̃)f j(τ), γ̃ ∈ Γ̃. (2.77)

The modular forms for Γ̃(N) further satisfy

f i(h̃(τ)) = J̃k/2(h̃, τ)ρ
ij(h̃)f j(τ) = J̃k/2(h̃, τ)f

i(τ), h̃ ∈ Γ̃(N), (2.78)

where ρ is a unitary representation of the quotient group,

Γ̃N ≡ Γ̃/Γ̃(N) = ⟨S̃, T̃ |S̃2 = Z̃, S̃4 = (S̃T̃ )3 = Z̃2, T̃N = Z̃4 = I, Z̃T̃ = T̃ Z̃⟩. (2.79)

Additionally we show the behaviours of the modular forms of weight 1/2 at three symmertric

points τ = i, ω and i∞. Since these points are invariant under S, ST and T -transformations,

the modular forms which are the functions of τ have the following invariances at the symmetric

points,

f i(i) = J̃1/2(S̃, i)ρ
ij(γ̃)f j(i),

f i(ω) = J̃1/2(S̃T , ω)ρ
ij(γ̃)f j(ω),

f i(i∞) = J̃1/2(T̃ , i∞)ρij(γ̃)f j(i∞).

(2.80)

Before we end this section, we show the modular transformations of the zero-modes on T 2.

Under S and T -transformations, the zero-modes ψ(j+α1,α2),M(z, τ) are transformed as

ψ(j+α1,α2),M(z, τ)
S−→ ψ(j+α1,α2),M(−z/τ,−1/τ)

= (−τ)1/2ρjkαα′(S)ψ
(k+α′

1,α
′
2),M(z, τ), (2.81)

ψ(j+α1,α2),M(z, τ)
T−→ ψ(j+α1,α2),M(z, τ + 1)

= ρjkαα′(T )ψ
(k+α′

1,α
′
2),M(z, τ), (2.82)

where

ρjkαα′(S) =
eπi/4√
M
e

2πi
M

(j+α1)(k+α′
1)δ(α2,α1),(α′

1,α
′
2)
, (2.83)

ρjkαα′(T ) = e
πi
M

(j+α1)2δ(α1,α2−α1+
M
2
),(α′

1,α
′
2)
. (2.84)

The automorphy factor in S-transformation, (−τ)1/2, means that the zero-modes behave as

the modular forms of weight 1/2. Here we focus on the case that (α1, α2;M) = (0, 0; 2Z)
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and (1/2, 1/2; 2Z + 1). Obviously in these cases the zero-modes are closed under S and T -

transformations. The unitary representation ρ for (α1, α2;M) = (0, 0; 2Z) satisfies the algebraic
relations,

ρ(S̃)2 = ρ(Z̃) = eπi/2I,

ρ(S̃)4 = [ρ(S̃)ρ(T̃ )]3 = ρ(Z̃)2 = eπiI,

ρ(T̃ )2M = ρ(Z̃)4 = I,

ρ(Z̃)ρ(T̃ ) = ρ(T̃ )ρ(Z̃),

(2.85)

while one for (α1, α2;M) = (1/2, 1/2; 2Z+ 1) satisfies,

ρ(S̃)2 = ρ(Z̃) = eπi/2I,

ρ(S̃)4 = [ρ(S̃)ρ(T̃ )]3 = ρ(Z̃)2 = eπiI,

ρ(T̃ )M = eπi/4I,

ρ(T̃ )8M = ρ(Z̃)4 = I,

ρ(Z̃)ρ(T̃ ) = ρ(T̃ )ρ(Z̃).

(2.86)

The formers fulfill the algebraic relations of Γ̃2M . The laters fulfill ones of Γ̃8M . Therefore the

zero-modes on T 2 with (α1, α2;M) = (0, 0; 2Z) behave as the modular forms of weight 1/2 for

Γ̃2M ; ones with (α1, α2;M) = (1/2, /1/2; 2Z + 1) behave as the modular forms of weight 1/2

for Γ̃8M .

2.2 T 2/Z2 orbifold

In this section we study magnetized T 2/Z2 twisted orbifold model. As we will see, there

are further possibilities realizing three-generation zero-modes. Furthermore we can find flavor

models realizing realistic quark and lepton flavor observables.

2.2.1 Zero-modes on T 2/Z2

The T 2/Z2 orbifold is obtained by further identifying the Z2 twisted point −z with z, i.e.

z ∼ −z [105–107,132]. The zero-modes on T 2/Z2 orbifold are required to satisfy

ψT 2/Zm
2
(−z) = emπiψT 2/Zm

2
(z), m ∈ Z2, (2.87)

in addition to the boundary conditions on T 2 in Eq. (2.25). Here m ∈ Z2 denotes Z2 parity;

m = 0 is Z2 even modes and m = 1 is odd modes. Under Z2 twist z → −z, the zero-modes on

T 2 are transformed as

ψ(j+α1,α2),M(z) → ψ(j+α1,α2),M(−z) = e−2α2πiψ(M−(j+α1),α2),M(z). (2.88)
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Thus, the zero-modes on T 2/Z2 can be defined as

ψ
(j+α1,α2),M

T 2/Zm
2

(z) = N (j+α1)
(
ψ(j+α1,α2),M(z) + emπiψ(j+α1,α2),M(−z)

)
(2.89)

= N (j+α1)
(
ψ(j+α1,α2),M(z) + e(m−2α2)πiψ(M−(j+α1),α2),M(z)

)
(2.90)

≡ Ojk,α1,α2,M
m ψ(k+α1,α2),M(z), (2.91)

where

N (j+α1) =

{
1/2 (j + α1 = 0, M/2),

1/
√
2 (otherwise),

(2.92)

and

Ojk,α1,α2,M
m = N (j+α1)(δj,k + e(m−2α2)πiδM−j−2α1,k). (2.93)

Note that the consistency between Z2 twist identification in Eq. (2.87) and the torus boundary

conditions in Eq. (2.25) restrict SS phases to

(α1, α2) = (0, 0), (1/2, 0), (0, 1/2), (1/2, 1/2). (2.94)

Table 2.2 shows the number of zero-modes on T 2/Z2 orbifold.

(Z2 parity m; α1, α2) M = even M = odd

(0; 0, 0) M
2
+ 1 M+1

2

(1; 0, 0) M
2
− 1 M−1

2

(0; 1/2, 0) M
2

M+1
2

(1; 1/2, 0) M
2

M−1
2

(0; 0, 1/2) M
2

M+1
2

(1; 0, 1/2) M
2

M−1
2

(0; 1/2, 1/2) M
2

M−1
2

(1; 1/2, 1/2) M
2

M+1
2

Table 2.2: The number of zero-modes on magnetized T 2/Z2. Z2 parities 0 and 1 correspond to

even and odd modes, repectively.

We additionally show the values of (M ;m;α1, α2) giving three-generation zero-modes in

Table 2.3.
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(M ;m;α1, α2) Independent j in ψ
(j+α1,α2),M

T 2/Zm
2

(4; 0; 0, 0) (0,1,2)

(5; 0; 0, 0) (0,1,2)

(7; 1; 0, 0) (1,2,3)

(8; 1; 0, 0) (1,2,3)

(5; 0; 1/2, 0) (0,1,2)

(6; 0; 1/2, 0) (0,1,2)

(6; 1; 1/2, 0) (0,1,2)

(7; 1; 1/2, 0) (0,1,2)

(5; 0; 0, 1/2) (0,1,2)

(6; 0; 0, 1/2) (0,1,2)

(6; 1; 0, 1/2) (1,2,3)

(7; 1; 0, 1/2) (1,2,3)

(6; 0; 1/2, 1/2) (0,1,2)

(7; 0; 1/2, 1/2) (0,1,2)

(5; 1; 1/2, 1/2) (0,1,2)

(6; 1; 1/2, 1/2) (0,1,2)

Table 2.3: The values of (M ;m;α1, α2) giving three-generation zero-modes on magnetized

T 2/Z2.

Yukawa couplings on T 2/Z2 orbifold are given by the overlap integral of zero-modes on

T 2/Z2:

Y jkℓ
T 2/Z2

= g(2Imτ)1/2
∫
T 2/Z2

dzdz̄ψ
(j+α1L,α2L),ML

T 2/ZmL
2

(z) · ψ(k+α1R,α2R),MR

T 2/ZmR
2

(z) ·
(
ψ

(ℓ+α1H ,α2H),MH

T 2/ZmH
2

(z)
)∗
,

(2.95)

where

mL +mR = mH , (2.96)

is required to make Yukawa couplings Z2 twist invariant. Yukawa couplings on T 2/Z2 can be

rewritten by ones on T 2 as

Y jkℓ
T 2/Z2

= Ojj′,α1L,α2L,ML
mL

Okk′,α1R,α2R,MR
mR

(
Oℓℓ′,α1H ,α2H ,MH
mH

)∗
Y j′k′ℓ′

T 2 , (2.97)

where we have used Eq. (2.91). Hereafter we denote Yukawa couplings on T 2/Z2 as Y
jkℓ instead

of Y jkℓ
T 2/Z2

.

We also show the modular symmetry in the zero-modes on T 2/Z2. Under the modular

transformation, the zero-modes on T 2/Z2 are transformed as

ψ
(j+α1,α2),M

T 2/Zm
2

(z, τ)
S−→ ψ

(j+α1,α2),M

T 2/Zm
2

(−z/τ,−1/τ) = (−τ)1/2ρjkαα′(S)ψ
(k+α′

1,α
′
2),M

T 2/Zm
2

(z, τ), (2.98)

ψ
(j+α1,α2),M

T 2/Zm
2

(z, τ)
T−→ ψ

(j+α1,α2),M

T 2/Zm
2

(z, τ + 1) = ρjkαα′(T )ψ
(k+α′

1,α
′
2),M

T 2/Zm
2

(z, τ), (2.99)
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where

ρjkαα′(S) =

{
N (j+α1)N (k+α′

1) 4e
πi/4

√
M

cos
(
2π
M
(j + α1)(k + α′

1)
)
δ(α2,α1),(α′

1,α
′
2)
, (m = 0),

N (j+α1)N (k+α′
1) 4ie

πi/4
√
M

sin
(
2π
M
(j + α1)(k + α′

1)
)
δ(α2,α1),(α′

1,α
′
2)
, (m = 1),

(2.100)

ρjkαα′(T ) = e
πi
M

(j+α1)2δ(α1,α2−α1+
M
2
),(α′

1,α
′
2)
. (2.101)

Obviously only the zero-modes with (α1, α2;M) = (0, 0; 2Z) and (1/2, 1/2; 2Z+1) are mapped

into themselves, as in the case of T 2. The unitary representation ρ satisfies the algebraic

relations in Eq. (2.85) for (α1, α2;M) = (0, 0; 2Z) and Eq. (2.86) for (1/2, 1/2; 2Z+ 1).

2.2.2 Zero points of zero-modes

Next let us see zero points of zero-modes on T 2/Z2. Zero points are the coordinates such that

all zero-mode wave functions vanish, ψ
(j+α1,α2),M

T 2/Zm
2

(z) = 0 for all of j. Among them, we focus

on zero points at the fixed points which are the invariant points under Z2 twist up to lattice

translations of torus. As we will see in Subsection 2.2.4, such zero points have important roles

on realizing flavor structures in the magnetized T 2/Z2 model. The fixed points on T 2/Z2 are

as follows:

PF =

{
0,

1

2
,
τ

2
,
1 + τ

2

}
. (2.102)

It is easy to check that these points have Z2 twist invariance up to lattice translations.

In the following, we study which zero points the zero-modes ψ
(j+α1,α2),M

T 2/Zm
2

(z) have. It depends

on the values of SS phases (α1, α2), flux M and Z2 parity of zero-modes. We start from the

boundary conditions at the fixed points to find zero points. It follows from zero-mode formula

in Eq. (2.30) that

ψ
(j+α1,α2)

T 2

(
z +

n1 + n2τ

2

)
= eπi(j+α1)n1e

πiM
4
n1n2e

πiM
2

Im(n1+n2τ̄)z
Imτ · ψ(j+α1+

M
2
n2,α2+

M
2
n1),M

T 2 (z),

(2.103)

where n1, n2 ∈ Z. In addition, we can find

(−1)m−2α2ψ
(M−(j+α1),α2),M

T 2

(
z +

n1 + n2τ

2

)
= eπi(j+α1)n1e

πiM
4
n1n2e

πiM
2

Im(n1+n2τ̄)z
Imτ (−1)(m−Mn1n2−2(α1n1+α2n2))−2(α2+

M
2
n1)ψ

(M−(j+α1+
M
2
n2),α2+

M
2
n1),M

T 2 (z).

(2.104)

Combining these boundary conditions at the fixed points, we obtain ones of zero-modes on

T 2/Z2:

ψ
(j+α1,α2),M

T 2/Zm
2

(
z +

n1 + n2τ

2

)
= eπi(j+α1)n1e

πiM
4
n1n2e

πiM
2

Im(n1+n2τ̄)z
Imτ ψ

(j+α1+
M
2
n2,α2+

M
2
n1),M

T 2/Zm′
2

(z),

(2.105)
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where

m′ = m−Mn1n2 − 2(α1n1 + α2n2) (mod 2). (2.106)

We note that again m and m′ denote Z2 parity for Z2 twist; m(m′) = 0 and 1 stand for even

and odd modes, respectively. Substituting z = 0, the relations of the zero-modes between the

fixed points are obtained,

ψ
(j+α1,α2),M

T 2/Zm
2

(
n1 + n2τ

2

)
= eπi(j+α1)n1e

πiM
4
n1n2ψ

(j+α1+
M
2
n2,α2+

M
2
n1),M

T 2/Zm′
2

(0). (2.107)

This implies that the values of the zero-modes at the fixed points are given by in terms of ones

at z = 0. Hence we should check whether the zero-modes at z = 0 vanish or not to find which

zero points zero-modes have. From the definition of zero-modes in Eq. (2.91), we find that the

zero-modes at z = 0 satisfy

ψ
(j+α1,α2),M

T 2/Z0
2

(0) ̸= 0, ψ
(j+α1,α2),M

T 2/Z1
2

(0) = 0, (2.108)

for all of j, (α1, α2) and M . Thus when the right-hand side in Eq. (2.107) has Z2 odd parity,

that is,

m′ = m−Mn1n2 − 2(α1n1 + α2n2) = 1 (mod 2), (2.109)

the left-hand side in Eq. (2.107) always vanishes. Consequently we can find the zero points of

zero-modes as shown in Table 2.4.

(m;α1, α2) M = 2Z M = 2Z+ 1

(0;0,0) None 1+τ
2

(1;0,0) 0, 1
2
, τ
2
, 1+τ

2
0, 1

2
, τ
2

(0;1/2,0) 1
2
, 1+τ

2
1
2

(1;1/2,0) 0, τ
2

0, τ
2
, 1+τ

2

(0;0,1/2) τ
2
, 1+τ

2
τ
2

(1;0,1/2) 0, 1
2

0, 1
2
, 1+τ

2

(0;1/2,1/2) 1
2
, τ
2

1
2
, τ
2
, 1+τ

2

(1;1/2,1/2) 0, 1+τ
2

0

Table 2.4: The zero points of each zero-mode at the fixed points. Z2 parities 0 and 1 correspond

to even and odd modes, respectively.

We additionally consider the zero points of the derivative of the zero-modes on T 2/Z2.

Differentiating the boundary condition at the fixed points in Eq. (2.105), we obtain

∂

∂z
ψ

(j+α1,α2),M

T 2/Zm
2

(
z +

n1 + n2τ

2

)
= eπi(j+α1)n1e

πiM
4
n1n2e

πiM
2

Im(n1+n2τ̄)z
Imτ

(
∂

∂z
+

πM

4Imτ
(n1 + n2τ̄)

)
ψ

(j+α1+
M
2
n2,α2+

M
2
n1),M

T 2/Zm′
2

(z).

(2.110)
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Substituting z = 0, we find

∂

∂z
ψ

(j+α1,α2),M

T 2/Zm
2

(
n1 + n2τ

2

)
= eπi(j+α1)n1e

πiM
4
n1n2

(
∂

∂z
+

πM

4Imτ
(n1 + n2τ̄)

)
ψ

(j+α1+
M
2
n2,α2+

M
2
n1),M

T 2/Zm′
2

(0).

(2.111)

Notice that the derivatves of Z2 even and odd modes are Z2 odd and even modes, respectively.

Therefore the derivatves of Z2 even modes vanish at z = 0 while ones of odd modes are nonzero,

∂

∂z
ψ

(j+α1,α2),M

T 2/Z0
2

(z) = 0,
∂

∂z
ψ

(j+α1,α2),M

T 2/Z1
2

(z) ̸= 0, (2.112)

for all of j, (α1, α2) and M . Using the zero-modes at z = 0 in Eq. (2.108) and the derivatives

of the zero-modes at z = 0 in Eq. (2.112), it is found that either the first or second terms on

the right-hand side in Eq. (2.111) vanihies at z = 0 but the remaining term does not vanish.

Thus only the derivatives of Z2 even modes vanish at z = 0 whereas they does not vanish at

z = 1
2
, τ
2
and 1+τ

2
. The derivatives of Z2 odd modes does not vanish at all fixed points. We

summarize the result in Table 2.5.

(m;α1, α2) M = 2Z M = 2Z+ 1

(0;0,0) 0 0

(1;0,0) None None

(0;1/2,0) 0 0

(1;1/2,0) None None

(0;0,1/2) 0 0

(1;0,1/2) None None

(0;1/2,1/2) 0 0

(1;1/2,1/2) None None

Table 2.5: The zero points of the derivatives of each zero-mode at the fixed points. Z2 parities

0 and 1 correspond to even and odd modes, respectively.

We comment on why the zero points of the derivatives of zero-modes are different from ones

of the zero-modes. This is due to the z dependence of the boundary conditions in Eq. (2.105).

It leads to the second term in Eq. (2.111) and zero points of the derivatives of zero-modes differ

from ones of zero-modes.

2.2.3 Three-generation models

Here we study three-generation models on T 2/Z2. We classify all possible three-generation

models with non-vanishing Yukawa couplings. As we have seen in Subsection 2.1.1, the gauge

symmetry U(N) in the 10D U(N) Super Yang-Mills theory is broken into U(Na)×U(Nb)×U(Nc)

by the background magnetic fluxes. Then nine types of the matter fields λ appear as in

Eq. (2.20). We remind the following results regarding to the 2D spinors of λ.
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• For Mαβ > 0, αβ sector with the positive chirality has Mαβ degenerate solutions but βα

sector with the positive chirality has no solution.

• For Mαβ > 0, αβ sector with the negative chirality has no solution but βα sector with

the negative chirality has Mαβ degenerate solutions.

• αα sector has constant solution.

For example, when Mab ≥Mbc > 0, the 2D spinors ψ± have the solutions,

ψ+ =


ψaa+ ψab+ ψac+
ψba+ ψbb+ ψbc+
ψca+ ψcb+ ψcc+

 =


const. ψ

(j+αab
1 ,αab

2 ),Mab

T 2/Zmab
2

ψ
(k+αac

1 ,αac
2 ),Mac

T 2/Zmac
2

no solution const. ψ
(ℓ+αbc

1 ,α
bc
2 ),Mbc

T 2/Zmbc
2

no solution no solution const.

 , (2.113)

ψ− =


ψaa− ψab− ψac−
ψba− ψbb− ψbc−
ψca− ψcb− ψcc−

 =


const. no solution no solution

(ψ
(−j−αab

1 ,αab
2 ),Mab

T 2/Zmab
2

)∗ const. no solution

(ψ
(−k−αac

1 ,αac
2 ),Mac

T 2/Zmac
2

)∗ (ψ
(−ℓ−αbc

1 ,α
bc
2 ),Mbc

T 2/Zmbc
2

)∗ const.

 ,

(2.114)

where mab + mbc = mac and Mab + Mbc = Mac. In this case, λab(Na, N̄b), λ
bc(Nb, N̄c) and

λac(N̄c, Na) with positive chirality and λba(N̄a, Nb), λ
cb(N̄b, Nc) and λ

ca(Nc, N̄a) with negative

chirality remain massless in the 4D effective theory after the chirality of the 10D gaugino fields

is fixed. Here we concentrate on this case and assume λ has left (negative) chirality.

As a toy model, let us start from U(8) gauge symmetry and choose (Na, Nb, Nc) = (4, 2, 2)

to obtain the Pati-Salam gauge symmetry SU(4)×SU(2)L×SU(2)R up to U(1) factors, which

contains the SM gauge symmetry SU(3)R × SU(2)L × U(1)Y . Note that some of the U(1)

part may be anomalous and massive according to the Green-Schwarz mechanism. On this

model, λab(4, 2̄), λbc(2, 2̄) and λac(2̄, 4) correspond to left-handed matter fields (quarks and

leptons), (charge-conjugated) right-handed matter fields and higgsino fields. Here we suppose

supersymmetry at the ab, bc and ac sectors. This means there are the same number of Higgs

fields and higgsino fields. Also supersymmetry ensures that tachyonic modes do not appear

at tree levels. Insteadly we can break U(8) to SU(3)R × SU(2)L × U(1)Y up to U(1) factors

by suitable magnetic fluxes and Z2 twist orbifolding. See for details of model building Refs.

[111,133].

As we have seen in Subsection 2.1.1, the extra-dimensional parts of the gaugino fields are

written by the products of the zero-modes on T 2
i , i = 1, 2, 3. When the extra-dimensions are

given by T 2
1 /Z2 × T 2

2 /Z2 × T 2
3 /Z2, they are written by ones on T 2

i /Z2, i = 1, 2, 3. As shown

in Table 2.3, we can find various three-generation zero-modes on T 2
i /Z2. When we realize

three-generation zero-modes on T 2
1 /Z2, a single zero-mode must appear on both T 2

2 and T 2
3 to

obtain three-generation quarks and leptons. Then three-generations of all fermions must be

originated from T 2
1 /Z2. Otherwise Yukawa couplings are rank one matrix which is not favorable



34 CHAPTER 2. MAGNETIZED ORBIFOLD MODELS

phenomenologically. For example when three-generations of left- and right-handed matter fields

are originated from T 2
1 /Z2 and T 2

2 /Z2, respectively, Yukawa couplings have the following rank

one structure,

Y jk

T 2
1 /Z2×T 2

2 /Z2×T 2
3 /Z2

(τ1, τ2, τ3) = Y j

T 2
1 /Z2

(τ1)× Y k
T 2
2 /Z2

(τ2)× YT 2
3 /Z2

(τ3), (2.115)

where j denotes three-generation indices of left-handed matter fields, k denotes ones of right-

handed matter fields and we omit indices of higgsino fields. On the other hand, when three-

generations of left- and right-handed matter fields are originated from T 2
1 /Z2, Yukawa couplings

are generally rank three matrices:

Y jk

T 2
1 /Z2×T 2

2 /Z2×T 2
3 /Z2

(τ1, τ2, τ3) = Y jk

T 2
1 /Z2

(τ1)× YT 2
2 /Z2

(τ2)× YT 2
3 /Z2

(τ3), (2.116)

where YT 2
2 /Z2

(τ2) and YT 2
3 /Z2

(τ3) just contribute to the overall factor of Yukawa couplings. Thus

we should consider the case where three-generations of all fermions are originated from only

T 2
1 /Z2, and other orbifolds do not affect the generation structures. In what follows, we concen-

trate on Yukawa couplings on T 2/Z2, Y
jkℓ

T 2
1 /Z2

,

Y jkℓ

T 2
1 /Z2

(τ1) = g(2Imτ1)
1/2

∫
T 2
1 /Z2

dz1dz̄1ψ
j
L(z1, τ1)× ψkR(z1, τ1)×

(
ψℓH(z1, τ1)

)∗
, (2.117)

where ψjL, ψ
k
R and ψℓH denote zero-modes on T 2

1 /Z2 of left-, right-handed matter fields and

higgsino fields, respectively.

Yukawa couplings on T 2/Z2 are required to be Z2 twist even in total. That is, Yukawa

couplings must be the overlap integrals of three even modes or pairs of one even modes and

two odd modes. Otherwise they vanish. All possible Z2 twist mode patterns of zero-modes are

shown in Table 2.6.

Type ψL(λ
ab) ψR(λ

bc) ψH(λ
ac)

I even even even

II odd even odd

II’ even odd odd

III odd odd even

Table 2.6: Possible Z2 twist mode patterns of zero-modes leading to non-vanishing Yukawa

couplings for one torus.

Note that the type II is equivalent to type II’ by flipping left- and right-handed matter

fields. These patterns are consistent with Eq. (2.96).

Furthermore the definition of the fluxes in Eq. (2.22) requires the flux condition,

|I iab| ± |I ibc| = |I iac| → M i
ab ±M i

bc =M i
ac. (2.118)
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Similarly, SS phases must satisfy

(αab1 , α
ab
2 ) + (αbc1 , α

bc
2 ) = (αac1 , α

ac
2 ) (mod 2). (2.119)

Eq. (2.22) and these mean that when we choose the values of (Mαβ;mαβ, ααβ1 , ααβ2 ) of ψL and ψR
to make them three-generations, ones of higgsino ψH are decided. Hence, the generation number

of higgsino as well as Higgs fields is automatically decided. In Table 2.7, we classify all possible

three-generation models with non-vanishing Yukawa couplings satisfying Mab +Mbc =Mac.
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Table 2.7: Possible three-generation models with non-vanishing Yukawa couplings on T 2/Z2

twisted orbifold. The first column shows the Z2 mode types shown in Table 2.6. The second,

third and fourth columns show (flux; Z2 parity; SS phases) of ψL, ψR and ψH , respectively.

The fifth column shows the number of Higgs fields. We omit three-generation models which are

equivalent to the models shown in this table by flipping left- and right-handed matter fields.
(type) (ML;mL;α1L, α2L) (MR;mR;α1R, α2R) (MH ;mH ;α1H , α2H) gH
(I) (4; 0; 0, 0) (4; 0; 0, 0) (8; 0; 0, 0) 5

(I) (4; 0; 0, 0) (5; 0; 0, 0) (9; 0; 0, 0) 5

(II’) (4; 0; 0, 0) (7; 1; 0, 0) (11; 1; 0, 0) 5

(II’) (4; 0; 0, 0) (8; 1; 0, 0) (12; 1; 0, 0) 5

(I) (4; 0; 0, 0) (5; 0; 1/2, 0) (9; 0; 1/2, 0) 5

(I) (4; 0; 0, 0) (6; 0; 1/2, 0) (10; 0; 1/2, 0) 5

(II’) (4; 0; 0, 0) (6; 1; 1/2, 0) (10; 1; 1/2, 0) 5

(II’) (4; 0; 0, 0) (7; 1; 1/2, 0) (11; 1; 1/2, 0) 5

(I) (4; 0; 0, 0) (5; 0; 0, 1/2) (9; 0; 0, 1/2) 5

(I) (4; 0; 0, 0) (6; 0; 0, 1/2) (10; 0; 0, 1/2) 5

(II’) (4; 0; 0, 0) (6; 1; 0, 1/2) (10; 1; 0, 1/2) 5

(II’) (4; 0; 0, 0) (7; 1; 0, 1/2) (11; 1; 0, 1/2) 5

(I) (4; 0; 0, 0) (6; 0; 1/2, 1/2) (10; 0; 1/2, 1/2) 5

(I) (4; 0; 0, 0) (7; 0; 1/2, 1/2) (11; 0; 1/2, 1/2) 5

(II’) (4; 0; 0, 0) (5; 1; 1/2, 1/2) (9; 1; 1/2, 1/2) 5

(II’) (4; 0; 0, 0) (6; 1; 1/2, 1/2) (10; 1; 1/2, 1/2) 5

(I) (5; 0; 0, 0) (5; 0; 0, 0) (10; 0; 0, 0) 6

(II’) (5; 0; 0, 0) (7; 1; 0, 0) (12; 1; 0, 0) 5

(II’) (5; 0; 0, 0) (8; 1; 0, 0) (13; 1; 0, 0) 6

(I) (5; 0; 0, 0) (5; 0; 1/2, 0) (10; 0; 1/2, 0) 5

(I) (5; 0; 0, 0) (6; 0; 1/2, 0) (11; 0; 1/2, 0) 6

(II’) (5; 0; 0, 0) (6; 1; 1/2, 0) (11; 1; 1/2, 0) 5

(II’) (5; 0; 0, 0) (7; 1; 1/2, 0) (12; 1; 1/2, 0) 6

(I) (5; 0; 0, 0) (5; 0; 0, 1/2) (10; 0; 0, 1/2) 5

(I) (5; 0; 0, 0) (6; 0; 0, 1/2) (11; 0; 0, 1/2) 6

(II’) (5; 0; 0, 0) (6; 1; 0, 1/2) (11; 1; 0, 1/2) 5

(II’) (5; 0; 0, 0) (7; 1; 0, 1/2) (12; 1; 0, 1/2) 6

(I) (5; 0; 0, 0) (6; 0; 1/2, 1/2) (11; 0; 1/2, 1/2) 5

(I) (5; 0; 0, 0) (7; 0; 1/2, 1/2) (12; 0; 1/2, 1/2) 6

(II’) (5; 0; 0, 0) (5; 1; 1/2, 1/2) (10; 1; 1/2, 1/2) 5

(II’) (5; 0; 0, 0) (6; 1; 1/2, 1/2) (11; 1; 1/2, 1/2) 6

(III) (7; 1; 0, 0) (7; 1; 0, 0) (14; 0; 0, 0) 8

(III) (7; 1; 0, 0) (8; 1; 0, 0) (15; 0; 0, 0) 8

(II) (7; 1; 0, 0) (5; 0; 1/2, 0) (12; 1; 1/2, 0) 6
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(type) (ML;mL;α1L, α2L) (MR;mR;α1R, α2R) (MH ;mH ;α1H , α2H) gH
(II) (7; 1; 0, 0) (6; 0; 1/2, 0) (13; 1; 1/2, 0) 6

(III) (7; 1; 0, 0) (6; 1; 1/2, 0) (13; 0; 1/2, 0) 7

(III) (7; 1; 0, 0) (7; 1; 1/2, 0) (14; 0; 1/2, 0) 7

(II) (7; 1; 0, 0) (5; 0; 0, 1/2) (12; 1; 0, 1/2) 6

(II) (7; 1; 0, 0) (6; 0; 0, 1/2) (13; 1; 0, 1/2) 6

(III) (7; 1; 0, 0) (6; 1; 0, 1/2) (13; 0; 0, 1/2) 7

(III) (7; 1; 0, 0) (7; 1; 0, 1/2) (14; 0; 0, 1/2) 7

(II) (7; 1; 0, 0) (6; 0; 1/2, 1/2) (13; 1; 1/2, 1/2) 7

(II) (7; 1; 0, 0) (7; 0; 1/2, 1/2) (14; 1; 1/2, 1/2) 7

(III) (7; 1; 0, 0) (5; 1; 1/2, 1/2) (12; 0; 1/2, 1/2) 6

(III) (7; 1; 0, 0) (6; 1; 1/2, 1/2) (13; 0; 1/2, 1/2) 6

(III) (8; 1; 0, 0) (8; 1; 0, 0) (16; 0; 0, 0) 9

(II) (8; 1; 0, 0) (5; 0; 1/2, 0) (13; 1; 1/2, 0) 6

(II) (8; 1; 0, 0) (6; 0; 1/2, 0) (14; 1; 1/2, 0) 7

(III) (8; 1; 0, 0) (6; 1; 1/2, 0) (14; 0; 1/2, 0) 7

(III) (8; 1; 0, 0) (7; 1; 1/2, 0) (15; 0; 1/2, 0) 8

(II) (8; 1; 0, 0) (5; 0; 0, 1/2) (13; 1; 0, 1/2) 6

(II) (8; 1; 0, 0) (6; 0; 0, 1/2) (14; 1; 0, 1/2) 7

(III) (8; 1; 0, 0) (6; 1; 0, 1/2) (14; 0; 0, 1/2) 7

(III) (8; 1; 0, 0) (7; 1; 0, 1/2) (15; 0; 0, 1/2) 8

(II) (8; 1; 0, 0) (6; 0; 1/2, 1/2) (14; 1; 1/2, 1/2) 7

(II) (8; 1; 0, 0) (7; 0; 1/2, 1/2) (15; 1; 1/2, 1/2) 8

(III) (8; 1; 0, 0) (5; 1; 1/2, 1/2) (13; 0; 1/2, 1/2) 6

(III) (8; 1; 0, 0) (6; 1; 1/2, 1/2) (14; 0; 1/2, 1/2) 7

(I) (5; 0; 1/2, 0) (5; 0; 1/2, 0) (10; 0; 0.0, 0) 6

(I) (5; 0; 1/2, 0) (6; 0; 1/2, 0) (11; 0; 0.0, 0) 6

(II’) (5; 0; 1/2, 0) (6; 1; 1/2, 0) (11; 1; 0.0, 0) 5

(II’) (5; 0; 1/2, 0) (7; 1; 1/2, 0) (12; 1; 0.0, 0) 5

(I) (5; 0; 1/2, 0) (5; 0; 0, 1/2) (10; 0; 1/2, 1/2) 5

(I) (5; 0; 1/2, 0) (6; 0; 0, 1/2) (11; 0; 1/2, 1/2) 5

(II’) (5; 0; 1/2, 0) (6; 1; 0, 1/2) (11; 1; 1/2, 1/2) 6

(II’) (5; 0; 1/2, 0) (7; 1; 0, 1/2) (12; 1; 1/2, 1/2) 6

(I) (5; 0; 1/2, 0) (6; 0; 1/2, 1/2) (11; 0; 0.0, 1/2) 6

(I) (5; 0; 1/2, 0) (7; 0; 1/2, 1/2) (12; 0; 0.0, 1/2) 6

(II’) (5; 0; 1/2, 0) (5; 1; 1/2, 1/2) (10; 1; 0.0, 1/2) 5

(II’) (5; 0; 1/2, 0) (6; 1; 1/2, 1/2) (11; 1; 0.0, 1/2) 5

(I) (6; 0; 1/2, 0) (6; 0; 1/2, 0) (12; 0; 0.0, 0) 7

(II’) (6; 0; 1/2, 0) (6; 1; 1/2, 0) (12; 1; 0.0, 0) 5

(II’) (6; 0; 1/2, 0) (7; 1; 1/2, 0) (13; 1; 0.0, 0) 6
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(type) (ML;mL;α1L, α2L) (MR;mR;α1R, α2R) (MH ;mH ;α1H , α2H) gH
(I) (6; 0; 1/2, 0) (5; 0; 0, 1/2) (11; 0; 1/2, 1/2) 5

(II’) (6; 0; 1/2, 0) (7; 1; 0, 1/2) (13; 1; 1/2, 1/2) 7

(I) (6; 0; 1/2, 0) (6; 0; 1/2, 1/2) (12; 0; 0.0, 1/2) 6

(I) (6; 0; 1/2, 0) (7; 0; 1/2, 1/2) (13; 0; 0.0, 1/2) 7

(II’) (6; 0; 1/2, 0) (5; 1; 1/2, 1/2) (11; 1; 0.0, 1/2) 5

(II’) (6; 0; 1/2, 0) (6; 1; 1/2, 1/2) (12; 1; 0.0, 1/2) 6

(III) (6; 1; 1/2, 0) (6; 1; 1/2, 0) (12; 0; 0.0, 0) 7

(III) (6; 1; 1/2, 0) (7; 1; 1/2, 0) (13; 0; 0.0, 0) 7

(II) (6; 1; 1/2, 0) (5; 0; 0, 1/2) (11; 1; 1/2, 1/2) 6

(II) (6; 1; 1/2, 0) (6; 0; 0, 1/2) (12; 1; 1/2, 1/2) 6

(III) (6; 1; 1/2, 0) (6; 1; 0, 1/2) (12; 0; 1/2, 1/2) 6

(III) (6; 1; 1/2, 0) (7; 1; 0, 1/2) (13; 0; 1/2, 1/2) 6

(II) (6; 1; 1/2, 0) (6; 0; 1/2, 1/2) (12; 1; 0.0, 1/2) 6

(II) (6; 1; 1/2, 0) (7; 0; 1/2, 1/2) (13; 1; 0.0, 1/2) 6

(III) (6; 1; 1/2, 0) (5; 1; 1/2, 1/2) (11; 0; 0.0, 1/2) 6

(III) (6; 1; 1/2, 0) (6; 1; 1/2, 1/2) (12; 0; 0.0, 1/2) 6

(III) (7; 1; 1/2, 0) (7; 1; 1/2, 0) (14; 0; 0.0, 0) 8

(II) (7; 1; 1/2, 0) (5; 0; 0, 1/2) (12; 1; 1/2, 1/2) 6

(II) (7; 1; 1/2, 0) (6; 0; 0, 1/2) (13; 1; 1/2, 1/2) 7

(III) (7; 1; 1/2, 0) (6; 1; 0, 1/2) (13; 0; 1/2, 1/2) 6

(III) (7; 1; 1/2, 0) (7; 1; 0, 1/2) (14; 0; 1/2, 1/2) 7

(II) (7; 1; 1/2, 0) (6; 0; 1/2, 1/2) (13; 1; 0.0, 1/2) 6

(II) (7; 1; 1/2, 0) (7; 0; 1/2, 1/2) (14; 1; 0.0, 1/2) 7

(III) (7; 1; 1/2, 0) (5; 1; 1/2, 1/2) (12; 0; 0.0, 1/2) 6

(III) (7; 1; 1/2, 0) (6; 1; 1/2, 1/2) (13; 0; 0.0, 1/2) 7

(I) (5; 0; 0, 1/2) (5; 0; 0, 1/2) (10; 0; 0, 0.0) 6

(I) (5; 0; 0, 1/2) (6; 0; 0, 1/2) (11; 0; 0, 0.0) 6

(II’) (5; 0; 0, 1/2) (6; 1; 0, 1/2) (11; 1; 0, 0.0) 5

(II’) (5; 0; 0, 1/2) (7; 1; 0, 1/2) (12; 1; 0, 0.0) 5

(I) (5; 0; 0, 1/2) (6; 0; 1/2, 1/2) (11; 0; 1/2, 0.0) 6

(I) (5; 0; 0, 1/2) (7; 0; 1/2, 1/2) (12; 0; 1/2, 0.0) 6

(II’) (5; 0; 0, 1/2) (5; 1; 1/2, 1/2) (10; 1; 1/2, 0.0) 5

(II’) (5; 0; 0, 1/2) (6; 1; 1/2, 1/2) (11; 1; 1/2, 0.0) 5

(I) (6; 0; 0, 1/2) (6; 0; 0, 1/2) (12; 0; 0, 0.0) 7

(II’) (6; 0; 0, 1/2) (6; 1; 0, 1/2) (12; 1; 0, 0.0) 5

(II’) (6; 0; 0, 1/2) (7; 1; 0, 1/2) (13; 1; 0, 0.0) 6

(I) (6; 0; 0, 1/2) (6; 0; 1/2, 1/2) (12; 0; 1/2, 0.0) 6

(I) (6; 0; 0, 1/2) (7; 0; 1/2, 1/2) (13; 0; 1/2, 0.0) 7

(II’) (6; 0; 0, 1/2) (5; 1; 1/2, 1/2) (11; 1; 1/2, 0.0) 5
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(type) (ML;mL;α1L, α2L) (MR;mR;α1R, α2R) (MH ;mH ;α1H , α2H) gH
(II’) (6; 0; 0, 1/2) (6; 1; 1/2, 1/2) (12; 1; 1/2, 0.0) 6

(III) (6; 1; 0, 1/2) (6; 1; 0, 1/2) (12; 0; 0, 0.0) 7

(III) (6; 1; 0, 1/2) (7; 1; 0, 1/2) (13; 0; 0, 0.0) 7

(II) (6; 1; 0, 1/2) (6; 0; 1/2, 1/2) (12; 1; 1/2, 0.0) 6

(II) (6; 1; 0, 1/2) (7; 0; 1/2, 1/2) (13; 1; 1/2, 0.0) 6

(III) (6; 1; 0, 1/2) (5; 1; 1/2, 1/2) (11; 0; 1/2, 0.0) 6

(III) (6; 1; 0, 1/2) (6; 1; 1/2, 1/2) (12; 0; 1/2, 0.0) 6

(III) (7; 1; 0, 1/2) (7; 1; 0, 1/2) (14; 0; 0, 0.0) 8

(II) (7; 1; 0, 1/2) (6; 0; 1/2, 1/2) (13; 1; 1/2, 0.0) 6

(II) (7; 1; 0, 1/2) (7; 0; 1/2, 1/2) (14; 1; 1/2, 0.0) 7

(III) (7; 1; 0, 1/2) (5; 1; 1/2, 1/2) (12; 0; 1/2, 0.0) 6

(III) (7; 1; 0, 1/2) (6; 1; 1/2, 1/2) (13; 0; 1/2, 0.0) 7

(I) (6; 0; 1/2, 1/2) (6; 0; 1/2, 1/2) (12; 0; 0.0, 0.0) 7

(I) (6; 0; 1/2, 1/2) (7; 0; 1/2, 1/2) (13; 0; 0.0, 0.0) 7

(II’) (6; 0; 1/2, 1/2) (5; 1; 1/2, 1/2) (11; 1; 0.0, 0.0) 5

(II’) (6; 0; 1/2, 1/2) (6; 1; 1/2, 1/2) (12; 1; 0.0, 0.0) 5

(I) (7; 0; 1/2, 1/2) (7; 0; 1/2, 1/2) (14; 0; 0.0, 0.0) 8

(II’) (7; 0; 1/2, 1/2) (5; 1; 1/2, 1/2) (12; 1; 0.0, 0.0) 5

(II’) (7; 0; 1/2, 1/2) (6; 1; 1/2, 1/2) (13; 1; 0.0, 0.0) 6

(III) (5; 1; 1/2, 1/2) (5; 1; 1/2, 1/2) (10; 0; 0.0, 0.0) 6

(III) (5; 1; 1/2, 1/2) (6; 1; 1/2, 1/2) (11; 0; 0.0, 0.0) 6

(III) (6; 1; 1/2, 1/2) (6; 1; 1/2, 1/2) (12; 0; 0.0, 0.0) 7

In the same way, three-generation models with non-vanishing Yukawa couplings satisfying

Mab −Mbc = Mac can be classified. However, such three-generation models have single Higgs

field and it is difficult to realize flavor structures. Therefore we ignore them hereafter.

2.2.4 Phenomenologically favorable conditions

Here we study quark and lepton flavor models on the magnetized T 2/Z2. We consider all

possible zero-mode assignments into left-handed quark doublets Q = (uL, dL)
T , right-handed

up-sector (down-sector) quark singlets uR (dR), left-handed lepton doublets L = (νL, eL)
T ,

right-handed neutrino (charged lepton) singlets νR (eR), and up and down type Higgs fields

Hu,d. Here and hereafter we denote (flux; Z2 parity; SS phases) of the zero-modes assigned

into each field of f ∈ {Q = (uL, dL)
T , uR, dR|L = (νL, eL)

T , νR, eR|Hu, Hd} by Bf . Additionally

we denote the jth zero-mode of each field as ψjf . We note that the zero-modes of quarks and

leptons must be three-generations; therefore (flux; Z2 parity; SS phases) of them are chosen

from the values shown in Table 2.3. Then mass matrices for up-sector quarks, down-sector
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quarks and charged leptons, Mu, Md and Me are given by

M jk
u = Y jkℓ

u ⟨Hℓ
u⟩, M jk

d = Y jkℓ
d ⟨Hℓ

d⟩, M jk
e = Y jkℓ

e ⟨Hℓ
d⟩, (2.120)

where ⟨Hℓ
u,d⟩ denote Higgs VEVs and

Y jkℓ
u = g(2Imτ)1/2

∫
dzdz̄ψjuL · ψkuR · (ψℓHu

)∗ = g(2Imτ)1/2
∫
dzdz̄ψjQ · ψkuR · (ψℓHu

)∗, (2.121)

Y jkℓ
d = g(2Imτ)1/2

∫
dzdz̄ψjdL · ψkdR · (ψℓHd

)∗ = g(2Imτ)1/2
∫
dzdz̄ψjQ · ψkdR · (ψℓHd

)∗, (2.122)

Y jkℓ
e = g(2Imτ)1/2

∫
dzdz̄ψjeL · ψkeR · (ψℓHd

)∗ = g(2Imτ)1/2
∫
dzdz̄ψjL · ψkeR · (ψℓHd

)∗. (2.123)

On the other hand, the light neutrino mass matrix, Mν , can be induced through the seesaw

mechanism:

Mν =MDM
−1
RRM

T
D, (2.124)

where MRR is Majorana mass matrix of right-handed neutrinos and MD is Dirac mass matrix

given by

M jk
D = Y jkℓ

ν ⟨Hℓ
u⟩, (2.125)

with

Y jkℓ
ν = g(2Imτ)1/2

∫
dzdz̄ψjνL · ψkνR · (ψℓHu

)∗ = g(2Imτ)1/2
∫
dzdz̄ψjL · ψkνR · (ψℓHu

)∗. (2.126)

In Appendix C.1, we give a brief review of the Majorana mass terms of right-handed neutrinos

induced by the D-brane instanton effects on the magnetized T 2/Z2 model. Non-vanishing

Yukawa couplings are obtained when (flux; Z2 parity; SS phases) for quarks and leptons satisfy

BQ +BuR = BL +BνR = BHu , BQ +BdR = BL +BeR = BHd
. (2.127)

We assume the fluxes of the zero-modes of up and down type Higgs fields are larger than ones of

quarks and leptons to obtain multi generation Higgs fields. Moreover generation numbers of up

and down type Higgs fields must be same to cancel the chiral anomaly in 4D supersymmetric

models. As a result, we find that 6,460 number of flavor models satisfy these conditions.

However, it is not clear which models are phenomenologically favorable among them. Actually,

there are some difficulties to realize realistic quark and lepton flavor observables and most of

models are disfavored. In what follows, we show the difficulties and find the conditions to avoid

them.
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Condition for up-sector quark masses

First we show the difficulty on realizing up-sector quark mass ratios. Since up-sector quarks

have large mass hierarchy, its mass matrix can be approximated as a rank one matrix,

M jk
u = Y jkℓ

u ⟨Hℓ
u⟩ = (Uu

L)
†

mu

mc

mt

Uu
R (2.128)

∝ (Uu
L)

†

O(10−6)

O(10−3)

1

Uu
R (2.129)

= (Uu
L)

†

0

0

1

Uu
R +O(10−3), (2.130)

where Uu
L and Uu

R are unitary matrices to diagonalizeMu. This approximate rank one structure

requires the direction of up type Higgs VEVs, hℓu, such that

∃hℓu s.t. Y jkℓ
u ⟨Hℓ

u⟩ =Mrank one (condition I), (2.131)

whereMrank one denotes a rank one matrix. If this condition is fulfilled, the mass hierarchy in the

up-sector quarks can be realized by taking ⟨Hℓ
u⟩ = hℓu+ε

ℓ
u such that εu/hu ∼ O(mc

mt
) ∼ O(10−3).

Condition for down-sector quark and charged lepton masses

Second let us see the difficulty on realizing both down-sector quark and charged lepton mass

ratios. The down-sector quark and charged lepton have large mass hierarchies and their mass

matrices are approximated as rank one matrices,

M jk
d = Y jkℓ

d ⟨Hℓ
d⟩ = (Uu

L)
†

md

ms

mb

Ud
R (2.132)

∝ (Ud
L)

†

O(10−4)

O(10−2)

1

Ud
R (2.133)

= (Ud
L)

†

0

0

1

Ud
R +O(10−2), (2.134)
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M jk
e = Y jkℓ

e ⟨Hℓ
d⟩ = (U e

L)
†

me

mµ

mτ

U e
R (2.135)

∝ (U e
L)

†

O(10−4)

O(10−2)

1

U e
R (2.136)

= (U e
L)

†

0

0

1

U e
R +O(10−2), (2.137)

where Ud
L and Ud

R are unitary matrices to diagonalize Md; U
e
L and U e

R are ones for Me. These

approximate rank one structures require the direction of down type Higgs VEVs, hℓd, such that

∃hℓd s.t. Y
jkℓ
d ⟨Hℓ

d⟩ =MRank one, (2.138)

Y jkℓ
e ⟨Hℓ

d⟩ =MRank one, (condition II). (2.139)

If this condition is fulfilled, the mass hierarchies in the down-sector quarks and charged leptons

can be realized by taking ⟨Hℓ
d⟩ = hℓd + εℓd such that εd/hd ∼ O(ms

mb
) ∼ O(10−2).

Condition for quark mixing

Third we study the difficulty on realizing quark mixings. The quarks have small mixing angles.

Indeed, the absolute values of the CKM matrix elements are observed as

|VCKM| ≡ |(Uu
L)

†Ud
L| =

 0.974 0.227 0.00361

0.226 0.973 0.0405

0.00854 0.0398 0.999

 . (2.140)

This is approximately a unit matrix. Therefore the following condition,

Uu
L ∼ Ud

L, (2.141)

should be satisfied. This can be realized when unitary matrices uu,dL,R which diagonalize rank

one matrices Y jkℓ
u,d ⟨Hℓ

u,d⟩ as

[(uuL)
†]jj

′
Y j′k′ℓ⟨Hℓ

u⟩[uuR]k
′k ∝

0

0

1

jk

, (2.142)

satisfy the following condition,

uuL = udL (condition III). (2.143)
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Notice that when this condition is satisfied, we can take the basis where uuL, u
d
L, u

u
R and udR are

unit matrices. In such basis, the quark mass matrices are given by

M jk
u = Y jkℓ

u ⟨Hℓ
u⟩ = Y jkℓ

u (hℓu + εℓu) ∝

0

0

1

+O
(
mc

mt

)
, (2.144)

M jk
d = Y jkℓ

d ⟨Hℓ
d⟩ = Y jkℓ

d (hℓd + εℓd) ∝

0

0

1

+O
(
ms

mb

)
, (2.145)

where we have assumed that the conditions I and II are satisfied. These mass matrices imply

that the unitary matrices Uu,d
L,R which diagonalize Mu,d can be estimated as

Uu
L,R ∼

1 0 0

0 1 O(mc

mt
)

0 O(mc

mt
) 1


 1 0 O(mc

mt
)

0 1 0

O(mc

mt
) 0 1


∗ ∗ 0

∗ ∗ 0

0 0 1

 ∼

 ∗ ∗ O(mc

mt
)

∗ ∗ O(mc

mt
)

O(mc

mt
) O(mc

mt
) 1

 ,

(2.146)

Ud
L,R ∼

1 0 0

0 1 O(ms

mb
)

0 O(ms

mb
) 1


 1 0 O(ms

mb
)

0 1 0

O(ms

mb
) 0 1


∗ ∗ 0

∗ ∗ 0

0 0 1

 ∼

 ∗ ∗ O(ms

mb
)

∗ ∗ O(ms

mb
)

O(ms

mb
) O(ms

mb
) 1

 ,

(2.147)

where ∗ stands for unestimated values. Then the CKM matrix are estimated to be

VCKM ∼

 ∗ ∗ O(ms

mb
)

∗ ∗ O(ms

mb
)

O(ms

mb
) O(ms

mb
) 1

 ∼

 ∗ ∗ O(10−2)

∗ ∗ O(10−2)

O(10−2) O(10−2) 1

 . (2.148)

This estimation is consistent with the experimental results in Eq. (2.140). Thus the condition

III in Eq. (2.143) can partially realize small mixing angles in the CKM matrix.

Condition for lepton mixing

Fourth we study the difficulty on realizing lepton mixings. The leptons have large mixing

angles. Indeed, the absolute values of the PMNS matrix elements are observed as

|VPMNS| =

0.801 → 0.845 0.513 → 0.579 0.143 → 0.156

0.232 → 0.507 0.459 → 0.694 0.629 → 0.779

0.260 → 0.526 0.470 → 0.702 0.609 → 0.763

 . (2.149)

To find the condition to realize these values, we consider the light neutrino mass matrix under

the condition I in Eq. (2.131),

M jk
ν = Y jj′m

ν ⟨Hm
u ⟩[M−1

RR]
j′k′(Y k′kn

ν )T ⟨Hn
u ⟩ (2.150)

= Y jj′m
ν hmu [M

−1
RR]

j′k′(Y k′kn
ν )Thnu +O(εu) +O(ε2u). (2.151)
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Since we assume εu/hu ∼ O(mc

mt
) ∼ O(10−3), the first term is dominant in above. The direction

of hu is determined to fulfill the condition I and there are no parameters to be used for realizing

lepton mixings. Thus it is difficult to realize realistic lepton mixings by the first term in

Eq. (2.151) unless MRR and Y jkℓ
ν hℓu have ideal structures. This difficulty can be avoided when

the following condition is satisfied,

Y jkℓ
u hℓu =MRank one ⇒ Y jkℓ

ν hℓu = 0 (condition IV). (2.152)

When this condition is fulfilled, the light neutrino mass matrix is given by

M jk
ν = Y jj′m

ν εmu [M
−1
RR]

j′k′(Y j′jn
ν )T εnu. (2.153)

The structure of this mass matrix can be controled by the directions of εu. Therefore there are

the possibilities to realize realistic lepton mixings by taking suitable directions of εu.

In Table 2.8, we summarize all conditions we have proposed to realize realistic flavor ob-

servables.

Conditions

I ∃hℓu s.t. Y jkℓ
u hℓu = rank one matrix

II ∃hℓd s.t. Y
jkℓ
d hℓd = rank one matrix, and Y jkℓ

e hℓd = rank one matrix

III uuL = udL
IV Y jkℓ

u hℓu = rank one matrix ⇒ Y jkℓ
ν hℓu = 0

Table 2.8: The conditions I, II, III and IV.

We regard these conditions as phenomenologically favorable conditions. In the following,

we study which models can fulfill these conditions.

2.2.5 Zero point analysis

To find which flavor models are phenomenologically favorable, we study the model constraints to

satisfy the conditions I, II, III and IV which require the directions of Higgs VEVs, hu,d, leading

to rank one (for quarks and charged leptons) and vanishing mass matrices (for neutrinos).

Here we show such directions can be obtained in several cases by checking the zero points of

zero-modes of each field. In more detail, patterns of zero points which zero-modes of each

field have determine whether the directions of Higgs VEVs hu,d satisfying the conditions I, II,

III and IV exist or not. The procedure is as follows. First we start from Yukawa couplings

between left-handed fermion zero-modes ψjL, right-handed fermion zero-modes ψkR, and Higgs

field zero-modes ψℓH ,

Y jkℓ = gyjkℓ = g(2Imτ)1/2
∫
dzdz̄ψjL(z) · ψ

k
R(z) · (ψℓH(z))∗. (2.154)



2.2. T 2/Z2 ORBIFOLD 45

Then we consider the structures of Yukawa couplings for each zero point pattern of zero-modes.

As we will see, the zero point patterns have the information which linear combinations of

Yukawa matrices lead to rank one or vanishing mass matrices. Second we will construct unitary

transformation matrices for Higgs field zero-modes which correspond to this linear combination.

Finally we classify the structures of mass matrices in each zero point pattern. Here we denote

sets of the zero points at the fixed points of ψjL, ψ
k
R and ψℓH as PψL

, PψR
and PψH

; ones of the

derivatives of ψjL, ψ
k
R and ψℓH as P ′

ψL
, P ′

ψR
and P ′

ψH
.

Yukawa couplings between ψjL, ψ
k
R and ψℓH lead to the product expansion,

ψjL(z) · ψ
k
R(z) = yjkℓψℓH(z). (2.155)

Let us focus on one point z = p on T 2/Z2 (not necessary to be the fixed points),

ψjL(p) · ψ
k
R(p) = yjkℓψℓH(p). (2.156)

We consider a unitary transformation for ψjL such as

ψjL → ψ̂jL = U jj′

ψL
(p)ψj

′

L , (2.157)

U jj′

ψL
(p) =

cos θ2 0 − sin θ2
0 1 0

sin θ2 0 cos θ2

1 0 0

0 cos θ1 − sin θ1
0 sin θ1 cos θ1

e−iα0 0 0

0 e−iα1 0

0 0 e−iα2 0

 , (2.158)

where

αi =

{
arg(ψjL(p)) for p /∈ PψL

,

arg
(
∂
∂z
ψjL(p)

)
for p ∈ PψL

,
(2.159)

θ1 =

 tan−1
∣∣∣ψ1

L(p)

ψ2
L(p)

∣∣∣ for p /∈ PψL
,

tan−1
∣∣∣ ∂

∂z
ψ1
L(p)

∂
∂z
ψ2
L(p)

∣∣∣ for p ∈ PψL
,

(2.160)

θ2 =


tan−1 |ψ0

L(p)|
|ψ1

L(p)| sin θ1+|ψ2
L(p)| cos θ1

for p /∈ PψL
,

tan−1 | ∂
∂z
ψ0
L(p)|

| ∂
∂z
ψ1
L(p)| sin θ1+| ∂

∂z
ψ2
L(p)| cos θ1

for p ∈ PψL
.

(2.161)

After the unitary transformation for p /∈ PψL
, redefined zero-modes ψ̂jL(z) satisfy

ψ̂0
L(p) = ψ̂1

L(p) = 0, ψ̂2
L(p) ̸= 0. (2.162)

For p ∈ PψL
, the derivatives of redefined zero-modes ψ̂jL(z) satisfy

∂

∂z
ψ̂0
L(p) =

∂

∂z
ψ̂1
L(p) = 0,

∂

∂z
ψ̂2
L(p) ̸= 0. (2.163)

Note that when p /∈ PψL
, it is unknown whether the derivatives of redefined zero-modes ∂

∂z
ψ̂jL(z)

vanish or not. Similarly when p ∈ PψL
, it is unknown whether redefined zero-modes ψ̂jL(z) vanish



46 CHAPTER 2. MAGNETIZED ORBIFOLD MODELS

or not. In the same way, we can obtain redefined zero-modes, ψ̂R and ψ̂H , for ψR and ψH by

unitary transformations UψR
(p) and UψH

(p). They satisfy{
ψ̂0
R(p) = ψ̂1

R(p) = 0, ψ̂2
R(p) ̸= 0 for p /∈ PψR

,
∂
∂z
ψ̂0
R(p) =

∂
∂z
ψ̂1
R(p) = 0, ∂

∂z
ψ̂2
R(p) ̸= 0 for p ∈ PψR

,
(2.164){

ψ̂0
H(p) = ψ̂1

H(p) = · · · = ψ̂gH−2
H (p) = 0, ψ̂gH−1

H (p) ̸= 0 for p /∈ PψH
,

∂
∂z
ψ̂0
H(p) =

∂
∂z
ψ̂1
H(p) = · · · = ∂

∂z
ψ̂gH−2
H (p) = 0, ∂

∂z
ψ̂gH−1
H (p) ̸= 0 for p ∈ PψH

,
(2.165)

where gH denotes generation number of Higgs fields.

Now we are ready to discuss the structures of Yukawa couplings for each zero point patterns.

We consider the product expansions of redefined zero-modes,

ψ̂jL(z) · ψ̂
k
R(z) = ŷjkℓψ̂ℓH(z), (2.166)

where

Ŷ jkℓ = gŷjkℓ = U jj′

L (p)Ukk′

R (p)(U ℓℓ′

H (p))∗Y j′k′ℓ′ = g(2Imτ)1/2
∫
dzdz̄ψ̂jL(z) · ψ̂

k
R(z) · (ψ̂ℓH(z))∗.

(2.167)

Let us consider all possible zero point patterns for ψ̂jL, ψ̂
k
R and ψ̂ℓH . Non-vanishing Yukawa

coupling conditions in Eqs. (2.96), (2.118) and (2.119) mean that when we choose the values

of (flux; Z2 parity; SS phases) of ψ̂jL and ψ̂kR to make them three-generations, ones of ψ̂ℓH are

determined. Since zero points of zero-modes at the fixed points depend on the values of (flux;

Z2 parity; SS phases) as classified in Table 2.4, we can find all possible zero point patterns from

non-vanishing Yukawa coupling conditions. Additionally, Table 2.4 and 2.5 imply that when

p is in Pψf
, it is not in P ′

ψf
for f ∈ {L,R,H}. Consequently, we find the following zero point

patterns are possible:

(1) p /∈ PψL
, p /∈ PψR

, p /∈ PψH
;

(2) p ∈ PψL
, p ∈ PψR

, p /∈ PψH
;

(3) p ∈ PψL
, p /∈ PψR

, p ∈ PψH
(p /∈ P ′

ψL
, p /∈ P ′

ψH
);

(4) p /∈ PψL
, p ∈ PψR

, p ∈ PψH
(p /∈ P ′

ψR
, p /∈ P ′

ψH
).

In each pattern, we consider the structures of Ŷ jk(gH−1) = U jj′

ψL
(p)Ukk′

ψR
(p)(U

(gH−1)ℓ
ψH

(p))∗Y j′k′ℓ′

because we take the Higgs mode basis such that (gH − 1)th zero-mode of Higgs fields is non-

vanishing at p and others vanish.



2.2. T 2/Z2 ORBIFOLD 47

Pattern (1) p /∈ PψL
, p /∈ PψR

, p /∈ PψH

Table 2.9 shows the zero points of redefined zero-modes in this pattern.

j = 0 1 2 3 · · · gH − 2 gH − 1

ψ̂jL = U jk
ψL
ψkL PψL

, p PψL
, p PψL

- · · · - -

ψ̂jR = U jk
ψR
ψkR PψR

, p PψR
, p PψR

- · · · - -

ψ̂jH = U jk
ψH
ψkH PψH

, p PψH
, p PψH

, p PψH
, p · · · PψH

, p PψH

Table 2.9: Zero points of redefined zero modes in pattern (1).

Then the product expansion in Eq. (2.166) at z = p leads to

ψ̂jL(p)︸ ︷︷ ︸
∝δj,2

· ψ̂kR(p)︸ ︷︷ ︸
∝δk,2

= ŷjkℓ ψ̂ℓH(p)︸ ︷︷ ︸
∝δℓ,(gH−1)

⇔ Ŷ jk(gH−1) ∝ δj,2δk,2 (rank=one matrix) (2.168)

⇔ Y jkℓ(U
(gH−1)
ψH

(p))∗ =MRank one. (2.169)

Pattern (2) p ∈ PψL
, p ∈ PψR

, p /∈ PψH

Table 2.10 shows the zero points of redefined zero-modes in this pattern.

j = 0 1 2 3 · · · gH − 2 gH − 1

ψ̂jL = U jk
ψL
ψkL PψL

PψL
PψL

- · · · - -

ψ̂jR = U jk
ψR
ψkR PψR

PψR
PψR

- · · · - -

ψ̂jH = U jk
ψH
ψkH PψH

, p PψH
, p PψH

, p PψH
, p · · · PψH

, p PψH

Table 2.10: Zero points of redefined zero modes in pattern (2).

Then the product expansion in Eq. (2.166) at z = p leads to

ψ̂jL(p)︸ ︷︷ ︸
=0

· ψ̂kR(p)︸ ︷︷ ︸
=0

= ŷjkℓ ψ̂ℓH(p)︸ ︷︷ ︸
∝δℓ,(gH−1)

⇔ Ŷ jk(gH−1) = 0 (2.170)

⇔ Y jkℓ(U
(gH−1)
ψH

(p))∗ = 0. (2.171)

Pattern (3) p ∈ PψL
, p /∈ PψR

, p ∈ PψH
(p /∈ P ′

ψL
, p /∈ P ′

ψH
)

Table 2.11 shows the zero points of redefined zero-modes and their derivatives in this pattern.
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j = 0 1 2 3 · · · gH − 2 gH − 1

ψ̂jL = U jk
ψL
ψkL PψL

PψL
PψL

- · · · - -

ψ̂jR = U jk
ψR
ψkR PψR

, p PψR
, p PψR

- · · · - -

ψ̂jH = U jk
ψH
ψkH PψH

PψH
PψH

PψH
· · · PψH

PψH

∂
∂z
ψ̂jL = U jk

ψL

∂
∂z
ψkL P ′

ψL
, p P ′

ψL
, p P ′

ψL
- · · · - -

∂
∂z
ψ̂jH = U jk

ψH

∂
∂z
ψkH P ′

ψH
, p P ′

ψH
, p P ′

ψH
, p P ′

ψH
, p · · · P ′

ψH
, p P ′

ψH

Table 2.11: Zero points of redefined zero modes in pattern (3).

Then the product expansion in Eq. (2.166) at z = p give no information for Ŷ jk(gH−1) since

both left and righ-hand sides trivially vanish,

ψ̂jL(p)︸ ︷︷ ︸
=0

· ψ̂kR(p)︸ ︷︷ ︸
∝δk,2

= ŷjkℓ ψ̂ℓH(p)︸ ︷︷ ︸
=0

. (2.172)

Instead we consider the derivative of the product expansion in Eq. (2.166). At z = 0, it leads

to

∂

∂z
ψ̂jL(p)︸ ︷︷ ︸
∝δj,2

· ψ̂kR(p)︸ ︷︷ ︸
∝δk,2

+ ψ̂jL(p)︸ ︷︷ ︸
=0

· ∂
∂z
ψ̂kR(p) = ŷjkℓ

∂

∂z
ψ̂ℓH(p)︸ ︷︷ ︸

∝δℓ,(gH−1)

⇔ Ŷ jk(gH−1) ∝ δj,2δk,2 (rank one matrix) (2.173)

⇔ Y jkℓ(U
(gH−1)ℓ
ψH

(p))∗ =MRank one. (2.174)

Pattern (4) p /∈ PψL
, p ∈ PψR

, p ∈ PψH
(p /∈ P ′

ψR
, p /∈ P ′

ψH
)

This pattern is flipping between ψL and ψR in the pattern (3). Thus we obtain the same result

as the pattern (3),

Y jkℓ(U
(gH−1)ℓ
ψH

(p))∗ =MRank one. (2.175)

In Eqs. (2.169) and (2.174), we note that unitary transformations UψL
and UψR

do not

affect the rank of the matrix. Consequently we find the direction of Higgs VEVs, hℓu,d =

vu,d(U
(gH−1)ℓ
ψHu,d

)∗, leading to rank one fermion mass matrices in three patterns (1), (3) and (4).

Additionaly, it leads to vanishing fermion mass matrices in the pattern (2). Reminds that the

favorable condition I and II require the rank one fermion mass matrices while the condition

IV requires the vanishing fermion mass matrices. Therefore the rank one and vanishing mass

matrices in four patterns can be used for realizing these conditions.

2.2.6 Phenomenologically favorable models

Here we classify all of quark and lepton flavor models satisfying the favorable conditions I, II,

III and IV. In what follows, we denote sets of the zero points at the fixed points of each field
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f as Pf for

f ∈ {Q = (uL, dL)
T , uR, dR|L = (νL, eL)

T , νR, eR|Hu, Hd}. (2.176)

As we will see soon, the sets of zero points of quarks, leptons and Higgs fields are restricted to

realize the favorable conditions.

Condition I

The condition I requires the directions of up type Higgs VEVs leading to the rank one mass

matrix for the up-sector quark,

Mu = Y jkℓ
u hℓu =MRank one. (2.177)

According to Subsection 2.2.5, this is realized when pu in the following patterns exists,

∃pu s.t.


(1) pu /∈ PQ, pu /∈ PuR , pu /∈ PHu ,

(3) pu ∈ PQ, pu /∈ PuR , pu ∈ PHu , (pu /∈ P ′
Q, pu /∈ P ′

Hu
),

(4) pu /∈ PQ, pu ∈ PuR , pu ∈ PHu , (pu /∈ P ′
uR
, pu /∈ P ′

Hu
),

(constraint I).

(2.178)

Condition II

The condition II requires the directions of down type Higgs VEVs leading to the rank one mass

matrices for both down-sector quark and charged lepton,

Md = Y jkℓ
d hℓd =MRank one, Me = Y jkℓ

e hℓd =MRank one. (2.179)

According to Subsection 2.2.5, this is realized when pd in the following patterns exists,

∃pd s.t.


(1) pd /∈ PQ, pd /∈ PdR , pd /∈ PHd

,

(3) pd ∈ PQ, pd /∈ PdR , pd ∈ PHd
, (pd /∈ P ′

Q, pd /∈ P ′
Hd
),

(4) pd /∈ PQ, pd ∈ PdR , pd ∈ PHd
, (pd /∈ P ′

dR
, pd /∈ P ′

Hd
),

(constraint II1),

(2.180)

and


(1) pd /∈ PL, pd /∈ PeR , pd /∈ PHd

,

(3) pd ∈ PL, pd /∈ PeR , pd ∈ PHd
, (pd /∈ P ′

L, pd /∈ P ′
Hd
),

(4) pd /∈ PL, pd ∈ PeR , pd ∈ PHd
, (pd /∈ P ′

eR
, pd /∈ P ′

Hd
),

(constraint II2).

(2.181)

Note that it is not necessary to fulfill identical patterns in constraint II1 and II2.

Condition III

The condition III requires that unitary matrices uu,dL which diagonalize rank one mass matrices
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Y jkℓ
u,d h

ℓ
u,d are equal, uuL = udL. Assuming the condition I (constraint I) is satisfied, we can find

rank one up-sector quark mass matrix,

Y jkℓ
u hℓu = vuY

jkℓ
u (U

(gH−1)ℓ
ψH

(pu))
∗. (2.182)

This can be diagonalized by

U jj′

ψL
(pu)[vuY

j′k′ℓ
u (U

(gH−1)ℓ
ψH

(pu))
∗]Ukk′

ψR
(pu) ∝ δj,2δk,2 =

0

0

1

 , (2.183)

for (ψL, ψR, ψH) = (Q, uL, Hu). Here UψL
, UψR

and UψH
are defined in Eq. (2.158) and the

sentence below. Obviously UψL
(pu) = UQ(pu) is equivalent to u

u
L since it diagonalizes rank one

mass matrix Y jkℓ
u hℓu. In the same way, assuming the condition II (constraint II1 and II2) is

satisfied, we can show UψL
(pd) = UQ(pd) is equivalent to u

d
L. Thus, the condition III is satisfied

when UQ(pu) = UQ(pd), that is,

pu = pd (constraint III). (2.184)

Condition IV

The condition IV requires that when the up-sector quark mass matrix is rank one matrix, the

neutrino Dirac mass matrix vanishes. That is, when the condition I is satisfied, the neutrino

Dirac mass matrix must vanish,

Y jkℓ
u hℓu =MRank one ⇒ Y jkℓ

ν hℓu = 0. (2.185)

According to Subsection 2.2.5, this is realized when pd in the pattern (2) exists,

∃pu s.t. (2) pu ∈ PL, p ∈ PνR , p /∈ PHu (constraint IV). (2.186)

In Table 2.12, we summarize all constraints.

Now we are ready to classify all of quark and lepton flavor models satisfying the constraints.

See Table 2.12. Firstly the constraint III imposes pu = pd ≡ p. Second the constraint IV requires

p ∈ PL, p ∈ PνR , p /∈ PHu , (2.187)

and p must be in PF since PL, PνR ⊂ PF . Third, the constraint I which is consistent with the

constraint IV requires that p is in the pattern (1),

p /∈ PQ, p /∈ PuR , p /∈ PHu , (2.188)

because p /∈ PHu from Eq. (2.187). Fourth, the constraint II2 which is consistent with the

constraint IV requires that p is in the pattern (3),

p ∈ PL, p /∈ PeR , p ∈ PHd
, (2.189)
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PQ PuR PdR PL PνR PeR PHu PHd

I: pu is


(1)

(3)

(4)

not in not in - - - - not in -

in not in - - - - in -

not in in - - - - in -

II1: pd is


(1)

(3)

(4)

not in - not in - - - - not in

in - not in - - - - in

not in - in - - - - in

II2: pd is


(1)

(3)

(4)

- - - not in - not in - not in

- - - in - not in - in

- - - not in - in - in

III: pu = pd - - - - - - - -

IV: pu is - - - in in - not in -

Table 2.12: The constraints I, II1, II2, III and IV. For example, if pu corresponds to (1), it is

not included in PQ. If pu corresponds to (3), it is included in PQ. The bold texts denote the

choices in Eq. (2.191) which are consistent with all constraints.

because p ∈ PL from Eq. (2.187). Finally the constraint II1 which is consistent with other

constraints requires that p is in the pattern (4),

p /∈ PQ, p ∈ PdR , p ∈ PHd
, (2.190)

because p /∈ PQ from Eq. (2.188) and p ∈ PHd
from Eq. (2.189). As a result, the point p which

is consistent with all constraints must satisfy

p /∈ PL ∪ PdR ∪ PνR ∪ PHd
⊂ PF , p /∈ PQ ∪ PuR ∪ PeR ∪ PHu ⊂ PF . (2.191)

Thus, we can find quark and lepton flavor models satisfying the favorable conditions I, II, III

and IV by checking whether zero points of the zero-modes of each field fulfill this condition,

Eq. (2.191), or not. In Appendix B.1, we classify all quark and lepton flavor models satis-

fying Eq. (2.191). There are 408 flavor models in total. Note that these models also satisfy

non-vanishing Yukawa coupling conditions, Eqs. (2.96), (2.118) and (2.119), and the anomaly

cancellation condition which makes the generation number of up and down type Higgs fields

the same.

2.2.7 Modular symmetric models

Here we study the flavor models which have a specific property under the modular transfor-

mation. To calculate theoritical values of the flavor observables, we must identify two types



52 CHAPTER 2. MAGNETIZED ORBIFOLD MODELS

of VEVs; one is the VEV of the modulus and another one is the VEVs of Higgs fields. In the

former, we assume the vacuum where the modulus lies on either of three modular symmetric

points, τ = i, ω and i∞; as shown in Subsection 2.1.2, these points are invariant under S, ST

and T -transformations, respectively. In the latter, we consider the direction of Higgs VEVs

aligned in eigenbasis of S, ST or T -transformations corresponding to each symmetric point. In

the following, we will show that some flavor models have the possibility to reproduce realistic

flavor observables in a vicinity of S-symmetric vacuum but there are no consistent models for

ST and T -symmetric vacua.

First we consider the direction of Higgs VEVs under an assumption that the value of the

modulus lies on either of τ = i, ω and i∞. The direction of Higgs VEVs is aligned in the

lightest mass direction. It is known that supersymmetric mass term (µ term) of Higgs fields

can be generated by D-brane instanton effects [118–122]. As we show in Appendix C.2, actually

D-brane instanton effects yield the following Higgs µ term in a leading order:

µjkεnmH
j
umH

k
dn = Λe−Sinst(2Imτ)−1(Y j

u Y
k
d )εnmH

j
umH

k
dn ≡ d(τ)(Y j

u Y
k
d )εnmH

j
umH

k
dn, (2.192)

where Λ stands for a typical scale such as the compactification scale and Sinst is the instanton

action. Here Y j
u (Y k

d ) are three point couplings between instanton zero-modes α, β (γ) and

Higgs fields Hj
u (Hk

d ),

Y j
u = g(Imτ)1/2

∫
dzdz̄ψα(z) · ψβ(z) · (ψjHu

(z))∗, (2.193)

Y k
d = g(Imτ)1/2

∫
dzdz̄ψα(z) · ψγ(z) · (ψkHd

(z))∗, (2.194)

where ψα, ψβ and ψγ are the zero-mode wave functions of instanton zero-modes α, β and γ;

ψHu and ψHd
are ones of up and down type Higgs fields Hu and Hd.

As we have seen in Subsection 2.1.2, the zero-modes on T 2/Z2 behave as the modular forms

of weight 1/2. Hence, under the modular transformation, the zero-modes ψα,β,γ and ψHu,d
are

transformed as

ψα,β,γ → J̃1/2(γ̃, τ)ρα,β,γ(γ̃)ψα,β,γ, (2.195)

ψjHu,d
→ J̃1/2(γ̃, τ)ρ

jk
Hu,d

(γ̃)ψkHu,d
, (2.196)

where ρα,β,γ and ρHu,d
denote 1 × 1 and gH × gH unitary representation matrices for α, β, γ

and Hu,d. Using these transformations, we obtain the modular transformation of three point

couplings Yu,d,

Y j
u (τ) → J̃1/2(γ̃, τ)ρα(γ̃) · ρβ(γ̃) · (ρjkHu

(γ̃))∗Y k
u (τ), (2.197)

Y j
d (τ) → J̃1/2(γ̃, τ)ρα(γ̃) · ργ(γ̃) · (ρjkHd

(γ̃))∗Y k
d (τ). (2.198)
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From the modular invariances shown in Eq. (2.80), at three symmetric points τ = i, ω and i∞,

we find

Y j
u,d(i) = J̃1/2(S̃, i)ρα(S̃) · ρβ,γ(S̃) · (ρjkHu,d

(S̃))∗Y k
u,d(i), (2.199)

Y j
u,d(ω) = J̃1/2(S̃T , ω)ρα(T̃ ) · ρβ,γ(T̃ ) · (ρjkHu,d

(T̃ ))∗Y k
u,d(ω), (2.200)

Y j
u,d(i∞) = J̃1/2(T̃ , i∞)ρα(T̃ ) · ρβ,γ(T̃ ) · (ρjkHu,d

(T̃ ))∗Y k
u,d(i∞). (2.201)

Taking three point couplings at τ = i, ω and i∞ into eigenstates of S, ST and T -transformations,

respectively, the above relations are rewitten as

Ŷ j
u,d(i) = diag

(
J̃1/2(S̃, i)ρα(S̃) · ρβ,γ(S̃) · (ρjkHu,d

(S̃))∗
)
Ŷ k
u,d(i), (2.202)

Ŷ j
u,d(ω) = diag

(
J̃1/2(S̃T , ω)ρα(T̃ ) · ρβ,γ(T̃ ) · (ρjkHu,d

(T̃ ))∗
)
Ŷ k
u,d(ω), (2.203)

Ŷ j
u,d(i∞) = diag

(
J̃1/2(T̃ , i∞)ρα(T̃ ) · ρβ,γ(T̃ ) · (ρjkHu,d

(T̃ ))∗
)
Ŷ k
u,d(i∞), (2.204)

where Ŷu,d(i), Ŷu,d(ω) and Ŷu,d(i∞) stand for three-point couplings in eigenstates of S, ST

and T -transformations, respectively. These relations mean that only jth three point coupling

satisfying
diag

(
J̃1/2(S̃, i)ρα(S̃) · ρβ,γ(S̃) · (ρjkHu,d

(S̃))∗
)jj

= 1 for τ = i,

diag
(
J̃1/2(S̃T , ω)ρα(S̃T ) · ρβ,γ(S̃T ) · (ρjkHu,d

(S̃T ))∗
)jj

= 1 for τ = ω,

diag
(
J̃1/2(T̃ , i∞)ρα(T̃ ) · ρβ,γ(T̃ ) · (ρjkHu,d

(T̃ ))∗
)jj

= 1 for τ = i∞,

(2.205)

does not vanish at each symmetric point. On the other hand, one satisfying
diag

(
J̃1/2(S̃, i)ρα(S̃) · ρβ,γ(S̃) · (ρjkHu,d

(S̃))∗
)jj

̸= 1 for τ = i,

diag
(
J̃1/2(S̃T , ω)ρα(S̃T ) · ρβ,γ(S̃T ) · (ρjkHu,d

(S̃T ))∗
)jj

̸= 1 for τ = ω,

diag
(
J̃1/2(T̃ , i∞)ρα(T̃ ) · ρβ,γ(T̃ ) · (ρjkHu,d

(T̃ ))∗
)jj

̸= 1 for τ = i∞,

(2.206)

vanishes because it leads to

Ŷu,d ̸= Ŷu,d. (2.207)

We call the formers as the invariant Yukawa couplings and the latters as the variant Yukawa

couplings. Notice that only the directions of Higgs fields corresponding to the invariant Yukawa

couplings can have nonzero masses because µ term elements corresponding to the variant

Yukawa couplings vanish. In other words, nonzero masses are generated only for the Higgs

fields which are invariant under S, ST or T -transformations. Thus the mass eigenstates of the

leading order mass term at three symmetric points are given by S, ST and T -transformations

eigenstates, respectively.
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In general, there would exist some configurations yielding a single instanton zero-mode;

therefore the leading order mass term is generalized as

µjk(τ) =
∑
a

daY
ja
u Y ka

d ≡
∑
a

caµ
jk
a (τ), (2.208)

where a runs all possible configurations of instanton zero-mode. Note that the mass eigenstates

at three symmetric points are given by the eigenstates of the modular transformations as one

configuration case. Thus in the leading order, the Higgs VEVs which are aligned in the lightest

mass direction lie on the eigenstates of S, ST and T -transformations at three symmetric points

τ = i, ω and i∞, respectively.

However, on the magnetized T 2/Z2 model, unfortunately we cannot find the leading order

Higgs µ term being able to fix the lightest mass direction uniquely. This is due to the shortage of

number of instanton zero-mode configurations which couple to Higgs fields. In what follows, we

assume the directions of Higgs VEVs aligned along eigenstates of residual modular symmetry

as the leading order although it is unknown the full order µ term structure.

Next, let us study the conditions to realize the Higgs VEVs which correspond to the eigen-

states of the residual modular transformations at the symmetric points. Then we ignore T -

symmetric vacuum, τ = i∞, since the values of elements of Yukawa couplings at τ = i∞ are

strictly restricted by T -symmetry and it is difficult to realize realistic flavor observables. Fur-

thermore, the symmetric point τ = i∞ corresponds to the decompactification limit, and it is

not valid from the veiwpoint of 4D effective theory.

As shown in Subsection 2.2.1, the zero-modes on T 2/Z2 are mapped into themselves under

the modular transformation when (flux; SS phases) of the zero-modes are (2Z; 0,0) and (2Z+1;

1/2,1/2). Here we consider what zero-modes are closed under S or ST -transformations to find

the conditions realizing S or ST -invariant Higgs VEVs. Note that the modular transformation

for Higgs VEVs are given by

⟨Hℓ
u,d⟩ → J̃∗

1/2(γ̃, τ)ρ
ℓℓ′(γ̃)⟨Hℓ′

u,d⟩, (2.209)

since (ψℓHu,d
)∗⟨Hℓ

u,d⟩ is modular invariant. From the unitary transformation matrices in Eqs. (4.42)

and (4.45), S and ST -transformations for zero-modes are closed when{
(α1, α2) = (0, 0) or (1/2, 1/2) for S-transformation,

(α1, α2) = (M/2,M/2) (mod 1) for ST -transformation.
(2.210)

Thus, when SS phases of the zero-modes of Higgs fields satisfy the above conditions, Higgs

VEVs can lie on the eigenstates of the residual modular transformation at the symmetric

points. However, we should consider the directions of Higgs VEVs, hℓu,d = vu,d(U
(gH−1)ℓ
Hu,d

(p))∗, to

realize realistic flavor observables. That is, we should consider whether hℓu,d can be eigenstates

of the residual modular transformations at the symmetric points or not. The conditions for the

modular eigenstates hℓu,d are given by{
p = 0 or 1+i

2
for S-symmetric vaccum,

p = 0 for ST -symmetric vaccum.
(2.211)
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Let us prove this condition for S-symmetric vacuum. When the non-vanishing redefined zero-

modes of Higgs fields satisfying Eq. (2.165), ψ̂
(gH−1)
Hu,d

(z, τ) = U
(gH−1)ℓ
Hu,d

(p)ψℓHu,d
(z, τ), are eigen-

states of S-transformation, the direction hℓu,d = vu,d(U
(gH−1)ℓ
Hu,d

(p))∗ becomes S-eigenstate at

τ = i. This can be checked by calculating S-transformation of ψ̂
(gH−1)
Hu,d

(p, i) for p /∈ PHu,d
and

∂
∂z
ψ̂

(gH−1)
Hu,d

(p, i) for p ∈ PHu,d
. Remind Eq. (2.165). S-transformation for ψ̂

(gH−1)
Hu,d

(p, i) is given

by

ψ̂
(gH−1)
Hu,d

(p, i)
S−→ ψ̂

(gH−1)
Hu,d

(S : (p, i)) =

{
ψ̂

(gH−1)
Hu,d

(0, i) for p = 0,

ψ̂
(gH−1)
Hu,d

(−1+i
2
, i) for p = 1+i

2
,

(2.212)

=

 ψ̂
(gH−1)
Hu,d

(0, i) for p = 0,

e−2πiα1Hu,de−πi
MHu,d

2 ψ̂
(gH−1)
Hu,d

(1+i
2
, i) for p = 1+i

2
,

(2.213)

where we have used the boundary condition in Eq. (2.25) in the second row. On the other

hand, one for ∂
∂z
ψ̂

(gH−1)
Hu,d

(p, i) is given by

∂
∂z
ψ̂

(gH−1)
Hu,d

(p, i)
S−→ (−i) ∂

∂z
ψ̂

(gH−1)
Hu,d

(S : (p, i))

=

{
(−i) ∂

∂z
ψ̂

(gH−1)
Hu,d

(0, i) for p = 0,

(−i) ∂
∂z
ψ̂

(gH−1)
Hu,d

(−1+i
2
, i) for p = 1+i

2
,

(2.214)

=

 (−i) ∂
∂z
ψ̂

(gH−1)
Hu,d

(0, i) for p = 0,

(−i)e−2πiα1Hu,de−πi
MHu,d

2
∂
∂z
ψ̂

(gH−1)
Hu,d

(1+i
2
, i) for p = 1+i

2
,

(2.215)

where we have used the boundary condition in Eq. (2.105) in the third row. Since the trans-

formation law does not depend on z, these also consist for z ̸= p,

ψ̂
(gH−1)
Hu,d

(z, i)
S−→

 ψ̂
(gH−1)
Hu,d

(z, i) for p = 0 /∈ PHu,d
,

e−2πiα1Hu,de−πi
MHu,d

2 ψ̂
(gH−1)
Hu,d

(z, i) for p = 1+i
2
/∈ PHu,d

,
(2.216)

∂
∂z
ψ̂

(gH−1)
Hu,d

(z, i)
S−→

 (−i) ∂
∂z
ψ̂

(gH−1)
Hu,d

(z, i) for p = 0 ∈ PHu,d
,

(−i)e−2πiα1Hu,de−πi
MHu,d

2
∂
∂z
ψ̂

(gH−1)
Hu,d

(z, i) for p = 1+i
2

∈ PHu,d
.

(2.217)

Using ∂
∂z

S−→ (−i) ∂
∂z
, we can obtain S-transformation for ψ̂

(gH−1)
Hu,d

(z, i) instead of ∂
∂z
ψ̂

(gH−1)
Hu,d

(z, i)

in Eq. (2.217). Consequently we obtain

ψ̂
(gH−1)
Hu,d

(z, i)
S−→



ψ̂
(gH−1)
Hu,d

(z, i) for p = 0 /∈ PHu,d
,

e−2πiα1Hu,de−πi
MHu,d

2 ψ̂
(gH−1)
Hu,d

(z, i) for p = 1+i
2
/∈ PHu,d

,

ψ̂
(gH−1)
Hu,d

(z, i) for p = 0 ∈ PHu,d
,

e−2πiα1Hu,de−πi
MHu,d

2 ψ̂
(gH−1)
Hu,d

(z, i) for p = 1+i
2

∈ PHu,d
.

(2.218)
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Thus ψ̂
(gH−1)
Hu,d

(z, i) = U
(gH−1)ℓ
Hu,d

(p)ψℓHu,d
(z, i) with p = 0 and 1+i

2
are eigenstates of S-transformation.

That is, the direction hℓu,d = vu,d(U
(gH−1)ℓ
Hu,d

(p))∗ with p = 0 and 1+i
2

is S-symmetric vacuum.

This is because that z = 0 and 1+i
2

are invariant under S-transformation up to the lattice

transformation of torus. On the other hand, it is difficult in the same way to show whether

ψ̂
(gH−1)
Hu,d

(z, i) for p = 1
2
and i

2
are eigenstates of S-transformation or not. This is because that

z = 1
2
and i

2
are not invariant under S-transformation. Instead, we adopt the direct calculation

using S-transformation in Eq. (4.42). For flavor models shown in Table B.1, we check whether

ψ̂
(gH−1)
Hu,d

(z, i) = U
(gH−1)ℓ
Hu,d

(p)ψℓHu,d
(z, i) is an eigenstate of S-transformation or not. As a result,

there are no models where ψ̂
(gH−1)
Hu,d

(z, i) with p = 1
2
and i

2
is eigenstates of S-tranformation.

So far we have discussed Higgs VEVs in S-symmetric vacuum. Ones in ST -symmetric

vaccum can be studied in the same way. The direction hℓu,d at ST -invariant point p = 0

is eigenstates of ST -transformation but one at ST -variant points p ∈ {1
2
, ω

2
, 1+ω

2
} is not

eigenstates of ST -transformation. Thus the direction hℓu,d = vu,d(U
(gH−1)ℓ
Hu,d

(p))∗ with p = 0 is

ST -symmetric vacuum.

Now we have two conditions for S and ST -symmetric vacua. The conditions for S-symmetric

vacuum are

(α1, α2) = (0, 0) or (1/2, 1/2), p = 0 or
1 + i

2
. (2.219)

Ones for ST -symmetric vacuum are

(α1, α2) = (M/2,M/2) (mod 1), p = 0. (2.220)

We classify all flavor models satisfying these conditions in addition to the favorable condition

in Eq. (2.191). Consequently we cannot find the flavor models satisfying the conditions for

ST -symmetric vacuum in Eq. (2.220) while we can find the models satisfying the conditions

for S-symmetric vacuum in Eq. (2.219). We show the results for S-symmetric vacuum in Table

2.13. There are 24 flavor models in total.
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BQ BuR BdR BL BνR BeR BHu BHd
gH p

5, 0, 0, 0 7, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
5, 0, 0, 1

2
12, 0, 1

2
, 1
2

11, 1, 1
2
, 1
2

6 0

5, 0, 0, 0 7, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 5, 0, 1

2
, 0 12, 0, 1

2
, 1
2

11, 1, 1
2
, 1
2

6 0

5, 0, 1
2
, 0 6, 0, 1

2
, 0 6, 1, 0, 1

2
6, 1, 1

2
, 1
2

5, 1, 1
2
, 1
2

5, 0, 0, 0 11, 0, 0, 0 11, 1, 1
2
, 1
2

6 0

5, 0, 1
2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 0 6, 1, 1

2
, 1
2

5, 0, 0, 0 5, 1, 1
2
, 1
2

11, 1, 1
2
, 1
2

11, 0, 0, 0 6 1+i
2

5, 0, 0, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 6, 1, 1

2
, 1
2

5, 1, 1
2
, 1
2

5, 0, 0, 0 11, 0, 0, 0 11, 1, 1
2
, 1
2

6 0

5, 0, 0, 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 1
2

5, 0, 0, 0 5, 1, 1
2
, 1
2

11, 1, 1
2
, 1
2

11, 0, 0, 0 6 1+i
2

5, 1, 1
2
, 1
2

7, 1, 0, 0 6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 6, 0, 0, 1

2
5, 0, 1

2
, 0 12, 0, 1

2
, 1
2

11, 0, 0, 0 6 1+i
2

5, 1, 1
2
, 1
2

7, 1, 0, 0 6, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 0 5, 0, 0, 1

2
12, 0, 1

2
, 1
2

11, 0, 0, 0 6 1+i
2

6, 0, 1
2
, 0 5, 0, 1

2
, 0 7, 1, 1

2
, 0 6, 1, 1

2
, 1
2

5, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

11, 0, 0, 0 13, 1, 0, 0 6 0

6, 0, 1
2
, 0 6, 0, 0, 1

2
6, 1, 0, 1

2
6, 1, 1

2
, 0 6, 1, 0, 1

2
6, 0, 0, 1

2
12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 0

6, 0, 1
2
, 0 6, 0, 0, 1

2
6, 1, 0, 1

2
6, 1, 0, 1

2
6, 1, 1

2
, 0 6, 0, 1

2
, 0 12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 0

6, 0, 0, 1
2

5, 0, 0, 1
2

7, 1, 0, 1
2

6, 1, 1
2
, 1
2

5, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

11, 0, 0, 0 13, 1, 0, 0 6 0

6, 0, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 0 6, 1, 0, 1

2
6, 0, 0, 1

2
12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 0

6, 0, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 0, 1

2
6, 1, 1

2
, 0 6, 0, 1

2
, 0 12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 0

6, 0, 1
2
, 1
2

7, 0, 1
2
, 1
2

7, 1, 0, 0 7, 1, 1
2
, 0 6, 1, 1

2
, 0 6, 0, 0, 1

2
13, 0, 0, 0 13, 1, 1

2
, 1
2

7 0

6, 0, 1
2
, 1
2

7, 0, 1
2
, 1
2

7, 1, 0, 0 7, 1, 0, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 0 13, 0, 0, 0 13, 1, 1

2
, 1
2

7 0

6, 0, 1
2
, 1
2

7, 1, 0, 0 7, 0, 1
2
, 1
2

7, 1, 1
2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 0 13, 1, 1

2
, 1
2

13, 0, 0, 0 7 1+i
2

6, 0, 1
2
, 1
2

7, 1, 0, 0 7, 0, 1
2
, 1
2

7, 1, 0, 1
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
13, 1, 1

2
, 1
2

13, 0, 0, 0 7 1+i
2

6, 1, 1
2
, 0 5, 0, 0, 1

2
7, 1, 0, 1

2
6, 1, 1

2
, 1
2

5, 0, 0, 0 7, 1, 0, 0 11, 1, 1
2
, 1
2

13, 0, 1
2
, 1
2

6 1+i
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
6, 0, 0, 1

2
6, 0, 1

2
, 0 6, 0, 0, 1

2
6, 1, 0, 1

2
12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 1+i
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
6, 0, 0, 1

2
6, 0, 0, 1

2
6, 0, 1

2
, 0 6, 1, 1

2
, 0 12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 1+i
2

6, 1, 0, 1
2

5, 0, 1
2
, 0 7, 1, 1

2
, 0 6, 1, 1

2
, 1
2

5, 0, 0, 0 7, 1, 0, 0 11, 1, 1
2
, 1
2

13, 0, 1
2
, 1
2

6 1+i
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 1

2
, 0 6, 0, 0, 1

2
6, 1, 0, 1

2
12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 1+i
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 0, 1

2
6, 0, 1

2
, 0 6, 1, 1

2
, 0 12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 1+i
2

Table 2.13: All quark and lepton flavor models satisfying S-symmetric vacuum conditions in

Eq. (2.219). The first to eighth columns show the flux M , Z2 parity m (even, odd = 0, 1) and

SS phases (α1, α2) of the zero-modes of the fields. gH denotes the number of Higgs fields.

Finally we comment on the realization of the flavor models in S-symmetric vacuum. As

we have discussed in Subsection 2.2.4, we need to slightly deviate the direction of Higgs VEVs

from hℓu,d to realize small but nonzero masses of the first and second generation quarks and

charged leptons. Then the deviations may not be S-symmetric direction. Therefore it may be

difficult to realize flavor observables in exact S-symmetric vacuum. Actually in the following,

we will show in an numerical example the deviation from S-symmetric directions is required to

obtain realistic flavor observables.
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2.2.8 Numerical example

Here, we show a numerical example deriving a realistic quark and lepton flavor structures in

the vicinity of S-eigenstates. We use the flavor model shown in Table 2.14.

BQ BuR BdR BL BνR BeR BHu BHd
gH

6, 0, 1
2
, 0 6, 0, 0, 1

2
6, 1, 0, 1

2
6, 1, 0, 1

2
6, 1, 1

2
, 0 6, 0, 1

2
, 0 12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6

Table 2.14: Flux, Z2 parity (even, ood = 0, 1), SS phases (α1, α2) of quarks, leptons and Higgs

fields in the model. gH denotes the number of Higgs fields.

In this model, quark doublets Q have (flux, Z2 parity, SS phases α1, α2) = (6, 0, 0, 1
2
);

right-handed up-sector quarks uR have (5, 0, 0, 1
2
); right-handed down-sector quarks dR have

(6, 0, 1
2
, 0); lepton doublets L have (6, 0, 1

2
, 0); right-handed neutrinos νR have (5, 0, 1

2
, 0); right-

handed charged leptons eR have (6, 0, 0, 1
2
); up type Higgs fields Hu have (11, 0, 0, 0); down type

Higgs fields Hd have (12, 0, 1
2
, 1
2
). The number of both up and down types Higgs fields are six.

Yukawa couplings Y ijk
u , Y ijk

d , Y ijk
ν and Y ijk

e are shown in Appendix B.2; the Majorana mass

matrix of the right-handed neutrinos induced by D-brane instanton effect is shown in Appendix

B.3.

First of all, we fix the value of modulus by τ = i and use the slight deviations of Higgs

VEVs from hu,d as parameters. Higgs VEV directions satisfying the favorable conditions I-IV,

hℓu,d, in this model are given by

hℓu = vu(0.8464, 0.5014, 0.1759, 0.03657, 0.004504, 0.0003144), (2.221)

hℓd = vd(0.4330, 0.7696, 0.4501, 0.1310, 0.02074, 0.001945), (2.222)

where hℓu and h
ℓ
d are S-eigenstates with eigenvalues +1 and +i, respectively. Thus the modulus

τ is S-symmetric vacuum, while these directions of Higgs VEVs are S-eigenstates. Before we

consider the deviation from S-eigenstate directions, we try to realize flavor observables in exact

S-eigenstate directions of the Higgs VEVs. Six pairs of up (down) type Higgs fields contain

three S-eigenstates with eigenvalue +1 (+i) in total. Therefore there are three of degree of

freedom in S-eigenstate directions of up and down type Higgs VEVs respectively. We use them

as free parameters. To obtain realistic flavors, let us choose the following directions of Higgs

VEVs,

⟨Hℓ
u⟩ = vu(0.8466, 0.5009, 0.1762, 0.03715, 0.004794, 0.0003797), (2.223)

⟨Hℓ
d⟩ = vd(0.5006, 0.7890, 0.3521, 0.05382,−0.003787,−0.003709). (2.224)

Note that again these directions are S-eigenstates with eigenvalues +1 and +i, respectively.
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They lead to the following up-sector quark, down-sector quark and charged lepton mass ratios,

(mu,mc,mt)/mt = (2.96× 10−5, 5.35× 10−4, 1), (2.225)

(md,ms,mb)/mb = (4.36× 10−4, 1.17× 10−2, 1), (2.226)

(me,mµ,mτ )/mτ = (4.36× 10−4, 1.17× 10−2, 1), (2.227)

and a ratio of the differences of the squares of the neutrino masses,√
∆m2

ν12

∆m2
ν13

=

√
|m2

ν1
−m2

ν2
|

|m2
ν1
−m2

ν3
|
= 0.179, (2.228)

for normal ordering (NO), mν1 < mν2 < mν3 . The absolute values of the CKM matrix, |VCKM|,
and the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, |VPMNS|, are obtained as follows,

|VCKM| =

 0.972 0.235 0.00134

0.233 0.964 0.126

0.0309 0.122 0.992

 , |VPMNS| =

 0.990 0.137 0.0134

0.129 0.957 0.261

0.0487 0.257 0.965

 . (2.229)

The large hierarchies in the mass ratios of quarks and charged lepton are realized. Also the

ratio of the differences of the squares of the neutrino masses is realistic. Moreover the absolute

values of the CKM matrix can be realized up to O(1). On the other hand, the absolute values

of the PMNS matrix are nearly an unit matrix and they cannot reproduce large mixings in

lepton flavors. Consequently, in this model it is difficult to realize both quark and lepton flavor

observables in the exact S-eigenstate directions of the Higgs VEVs.

Next, we try the realization in the vicinity of above S-eigenstate directions of Higgs VEVs.

We use all six pairs of Higgs VEVs as free parameters for both up and down types but fixing

the modulus at τ = i is continued to simplify the analysis. To realize flavor structures in the

vicinity of hℓu,d, we have chosen the following directions of Higgs VEVs,

⟨Hℓ
u⟩ = vu(0.8509, 0.4970, 0.1679, 0.02805,−0.006762,−0.003731), (2.230)

⟨Hℓ
d⟩ = vd(0.4340, 0.7688, 0.4499, 0.1283, 0.02538, 0.03302). (2.231)

The norm of hℓu in ⟨Hk
u⟩ is 0.9998 and one of hℓd in ⟨Hk

d ⟩ is 0.9995. Thus these directions lie on

the vicinity of hℓu,d. Then the mass matrices for up-sector quark Mu, down-sector quark Md,

neutrino Mν and charged lepton Me are given by

Mu/mt =

 0.7202 0.5992 0.1214

0.2492 0.2063 0.03922

0.03057 0.02249 −0.002550

 , Md/mb =

 0.8675 0.3620 0.05514

0.3053 0.1303 0.02287

0.03861 0.03580 0.03967

 ,

(2.232)

Mν/mν3 =

 −0.3614 −0.09456 −0.3323

−0.09456 −0.1345 −0.4077

−0.3323 −0.4077 −0.5819

 , Me/mτ =

 0.8675 0.3053 0.03861

0.3620 0.1303 0.03580

0.05514 0.02287 0.03967

 .

(2.233)
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They lead to the following up-sector quark, down-sector quark and charged lepton mass ratios,

(mu,mc,mt)/mt = (3.13× 10−5, 8.14× 10−3, 1), (2.234)

(md,ms,mb)/mb = (8.46× 10−4, 4.10× 10−2, 1), (2.235)

(me,mµ,mτ )/mτ = (8.46× 10−4, 4.10× 10−2, 1), (2.236)

and a ratio of the differences of the squares of the neutrino masses,√
∆m2

ν12

∆m2
ν13

=

√
|m2

ν1
−m2

ν2
|

|m2
ν1
−m2

ν3
|
= 0.162, (2.237)

for NO. For inverted ordering (IO), mν3 < mν1 < mν2 , we cannot find the directions of Higgs

VEVs leading to realistic results. The absolute values of the CKM matrix, |VCKM|, and the

PMNS matrix, |VPMNS|, are obtained as follows,

|VCKM| =

 0.973 0.232 0.00234

0.232 0.973 0.0162

0.00603 0.0152 1.00

 , |VPMNS| =

0.841 0.522 0.147

0.246 0.608 0.755

0.483 0.598 0.639

 . (2.238)

The results are summarized in Table 2.15. As a result, in this model we could realize both

quark and lepton flavor structures in the vicinity of S-eigenstate direction of Higgs VEVs.

Obtained values Reference values

(mu,mc,mt)/mt (3.13× 10−5, 8.14× 10−3, 1) (5.58× 10−6, 2.69× 10−3, 1)

(md,ms,mb)/mb (8.46× 10−4, 4.10× 10−2, 1) (6.86× 10−4, 1.37× 10−2, 1)

|VCKM|


0.973 0.232 0.00234

0.232 0.973 0.0162

0.00603 0.0152 1.00




0.974 0.227 0.00361

0.226 0.973 0.0405

0.00854 0.0398 0.999


√

∆m2
ν12/∆m

2
ν13 0.162 (NO) 0.173

(me,mµ,mτ )/mτ (8.46× 10−4, 4.10× 10−2, 1) (2.78× 10−4, 5.88× 10−2, 1)

|VPMNS|


0.841 0.522 0.147

0.246 0.608 0.755

0.483 0.598 0.639



0.801-0.845 0.513-0.579 0.143-0.156

0.232-0.507 0.459-0.694 0.629-0.779

0.260-0.526 0.470-0.702 0.609-0.763


Table 2.15: The mass ratios of the quarks and leptons, and the absolute values of the CKM

matrix and the PMNS matrix elements at τ = i under the vacuum alignments of Higgs fields in

Eqs. (2.230) and (2.231). Reference values of mass ratios are shown in Refs. [134, 135]. Those

of the CKM matrix and PMNS matrix elements are shown in Refs. [136] and [137].
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2.3 (T 2
1 × T 2

2 )/Z
(per)
2 orbifolds

In the previous section, we have found the possibility to realize both quark and lepton flavor

strcutures on the magnetized T 2/Z(per)
2 model by checking the zero points of the zero-modes of

each field. In this section, we study (T 2
1 ×T 2

2 )/Z
(per)
2 permutation orbifold model as the further

possibility realizing flavor structures. Also we study the orbifolding by both Z2 twist (Z(t)
2 ) and

Z2 permutation (Z(per)
2 ), (T 2

1 × T 2
2 )/(Z

(t)
2 × Z(per)

2 ). Z2 permutation identifies two tori, T 2
1 and

T 2
2 . On (T 2

1 × T 2
2 )/Z

(per)
2 orbifold, the complex structure modulus of T 2

1 , τ1, and one of T 2
2 , τ2,

are identified as

τ1 = τ2 ≡ τ, (2.239)

because T 2
1 and T 2

2 are identified.

2.3.1 Zero-modes on (T 2
1 × T 2

2 )/Z
(per)
2

The (T 2
1 ×T 2

2 )/Z
(per)
2 permutation orbifold is obtained by further identifying the Z2 permutation

point z1 with z2, i.e. z1 ∼ z2, under the moduli stabilization τ1 = τ2 ≡ τ . Z2 permutation

is given by (z1, z2; τ1, τ2) → (z2, z1; τ2, τ1) for τ1 = τ2 ≡ τ ; therefore it corresponds to the

permutation of T 2
1 and T 2

2 , T
2
1 ↔ T 2

2 . The zero-modes on (T 2
1 ×T 2

2 )/Z
(per)
2 orbifold are required

to satisfy

ψ
(T 2

1×T 2
2 )/Z

(per)n
2

(z1, z2)
Z(per)
2−−−→ ψ

(T 2
1×T 2

2 )/Z
(per)n
2

(z2, z1) = enπiψ
(T 2

1×T 2
2 )/Z

(per)n
2

(z1, z2), n ∈ Z2,

(2.240)

in addition to the boundary conditions on T 2
1 and T 2

2 in Eq. (2.25). Here n ∈ Z2 denotes

Z(per)
2 parity; n = 0 is Z(per)

2 even modes and n = 1 is odd modes. Under Z2 permutation

(z1, z2) → (z2, z1), the products of the zero-modes on T 2
1 and T 2

2 are tranformed as

ψ
(j1+α11,α21),M1

T 2
1

(z1) · ψ(j2+α12,α22),M2

T 2
2

(z2) → ψ
(j1+α11,α21),M1

T 2
1

(z2) · ψ(j2+α12,α22),M2

T 2
2

(z1). (2.241)

Thus, the zero-modes on (T 2
1 × T 2

2 )/Z
(per)
2 satisfying Eq. (2.240) can be defined as [23]

ψ
(⃗j+α⃗1,α⃗2),M

(T 2
1×T 2

2 )/Z
(per)n
2

(z1, z2)

= N j⃗
(per)

(
ψ

(j1+α1,α2),M

T 2
1

(z1) · ψ(j2+α1,α2),M

T 2
2

(z2) + enπiψ
(j1+α1,α2),M

T 2
2

(z2) · ψ(j2+α1,α2),M

T 2
1

(z1)
)
,

(2.242)

where n ∈ Z2 and

j⃗ = (j1, j2), j1, j2 ∈ ZM , j1 ≥ j2, (2.243)

α⃗ = (α⃗1, α⃗2) = ((α11, α12), (α21, α22)) = ((α1, α1), (α2, α2)), (2.244)

M1 =M2 ≡M, (2.245)

N j⃗
(per) =

{
1/2 (j1 = j2),

1/
√
2 (j1 ̸= j2).

(2.246)
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Note that M1 = M2 ≡ M , α11 = α12 and α21 = α22 are required because T 2
1 and T 2

2 are

identified. In Table 2.16, we show the number of zero-modes on magnetized (T 2
1 × T 2

2 )/Z
(per)
2

up to M ≤ 6.

Flux 1 2 3 4 5 6 M

Even 1 3 6 10 15 21 M(M+1)
2

Odd 0 1 3 6 10 15 M(M−1)
2

Table 2.16: The number of zero-modes on magnetized (T 2
1 × T 2

2 )/Z
(per)
2 . The second and third

rows show the number of even- and odd-modes under Z2 permutation, respectively.

We can find three-generations for even-modes at M = 2 and for odd-modes at M = 3.

Yukawa couplings on (T 2
1 × T 2

2 )/Z
(per)
2 are given by the overlap integral of the zero-modes

on (T 2
1 × T 2

2 )/Z
(per)
2 :

Y j⃗k⃗ℓ⃗

(T 2
1×T 2

2 )/Z
(per)
2

= g2(2Imτ)

∫
(T 2

1×T 2
2 )/Z

(per)
2

d2z1d
2z2ψ

(⃗j+α⃗1L,α⃗2L),ML

(T 2
1×T 2

2 )/Z
(per)nL
2

· ψ(k⃗+α⃗1R,α⃗2R),MR

(T 2
1×T 2

2 )/Z
(per)nR
2

·
(
ψ

(ℓ⃗+α⃗1H ,α⃗2H),MH

(T 2
1×T 2

2 )/Z
(per)nH
2

)∗

,

(2.247)

where

ML +MR =MH ,

α⃗1L + α⃗1R = α⃗1H ,

α⃗2L + α⃗2R = α⃗2H ,

nL + nR = nH (mod 2),

(2.248)

are required to obtain non-vanishing Yukawa couplings.

We additionally show the modular transformation for zero-modes on (T 2
1 ×T 2

2 )/Z
(per)
2 . Under

S and T -transformations, the zero-modes are transformed as

ψ
(⃗j+α⃗1,α⃗2),M

(T 2
1×T 2

2 )/Z
(per)n
2

(z1, z2, τ)
S−→ J1(γ, τ)ρ

j⃗j⃗′α⃗1α⃗′
1α⃗2α⃗′

2

(T 2
1×T 2

2 )/Z
(per)n
2

(γ)ψ
(⃗j′+α⃗′

1,α⃗
′
2),M

(T 2
1×T 2

2 )/Z
(per)n
2

(z1, z2, τ), (2.249)

where

ρ
j⃗j⃗′α⃗1α⃗′

1α⃗2α⃗′
2

(T 2
1×T 2

2 )/Z
(per)n
2

(γ) = 2N j⃗
(per)N

j⃗′

(per)

(
ρ
(j1j2)(j′1j

′
2)α⃗1α⃗′

1α⃗2α⃗′
2

T 2
1×T 2

2
(γ) + enπiρ

(j1j2)(j′2j
′
1)α⃗1α⃗′

1α⃗2α⃗′
2

T 2
1×T 2

2
(γ)
)
, (2.250)

ρ
(j1j2)(j′1j

′
2)α⃗1α⃗′

1α⃗2α⃗′
2

T 2
1×T 2

2
(γ) = ρ

j1j′1α1α′
1α2α′

2

T 2
1

(γ̃) · ρj2j
′
2α1α′

1α2α′
2

T 2
2

(γ̃), (2.251)

and ρ
jij

′
iα1α′

1α2α′
2

T 2
i

, i = 1, 2, are given by Eqs. (4.42) and (4.45). Unitary transformation matrices

ρ
T 2
1×T 2

2 /Z
(per)n
2

as well as ρT 2
1×T 2

2
satisfy the algebraic relations of Γ′

2M :

ρ(S)4 = [ρ(S)ρ(T )]3 = ρ(T )2M = I, ρ(S2)ρ(T ) = ρ(T )ρ(S2). (2.252)

Thus, the zero-modes on (T 2
1 × T 2

2 )/Z
(per)
2 behave as the modular forms of weight 1 for Γ(2M).
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2.3.2 Zero-modes on (T 2
1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 )

Next, we discuss the zero-modes on (T 2
1×T 2

2 )/(Z
(t)
2 ×Z(per)

2 ). The zero-modes on (T 2
1×T 2

2 )/(Z
(t)
2 ×

Z(per)
2 ) orbifold are required to satisfy Eq. (2.240) in addition to the boundary conditions on

T 2
1 /Z2 and T 2

2 /Z2. They are given by

ψ(⃗j+α⃗1,α⃗2),M
m,n (z1, z2)

= N j⃗
(per)

(
ψ

(j1+α1,α2),M

T 2
1 /Zm

2
(z1) · ψ(j2+α1,α2),M

T 2
2 /Zm

2
(z2) + enπiψ

(j1+α1,α2),M

T 2
2 /Zm

2
(z2) · ψ(j2+α1,α2),M

T 2
1 /Zm

2
(z1)

)
,

(2.253)

where m,n ∈ Z2. Note that m = 0 and 1 denote Z2 twist even and odd modes, respectively;

n = 0 and n = 1 denote Z2 permutation even and odd modes, respectively. In Table 2.17, we

show the number of zero-modes on magnetized (T 2
1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 ).

(Z(t)
2 parity m; Z(per)

2 parity n; α1, α2) M = even M = odd

(0; 0; 0, 0) 1
2
(M

2
+ 1)(M

2
+ 2) 1

8
(M + 1)(M + 3)

(1; 0; 0, 0) M
4
(M

2
− 1) 1

8
(M − 1)(M + 1)

(0; 0; 1/2, 0) M
4
(M

2
+ 1) 1

8
(M + 1)(M + 3)

(1; 0; 1/2, 0) M
4
(M

2
+ 1) 1

8
(M − 1)(M + 1)

(0; 0; 0, 1/2) M
4
(M

2
+ 1) 1

8
(M + 1)(M + 3)

(1; 0; 0, 1/2) M
4
(M

2
+ 1) 1

8
(M − 1)(M + 1)

(0; 0; 1/2, 1/2) M
4
(M

2
+ 1) 1

8
(M − 1)(M + 1)

(1; 0; 1/2, 1/2) M
4
(M

2
+ 1) 1

8
(M + 1)(M + 3)

(0; 1; 0, 0) M
4
(M

2
+ 1) 1

8
(M − 1)(M + 1)

(1; 1; 0, 0) 1
2
(M

2
− 1)(M

2
− 2) 1

8
(M − 1)(M − 3)

(0; 1; 1/2, 0) M
4
(M

2
− 1) 1

8
(M − 1)(M + 1)

(1; 1; 1/2, 0) M
4
(M

2
− 1) 1

8
(M − 1)(M − 3)

(0; 1; 0, 1/2) M
4
(M

2
− 1) 1

8
(M − 1)(M + 1)

(1; 1; 0, 1/2) M
4
(M

2
− 1) 1

8
(M − 1)(M − 3)

(0; 1; 1/2, 1/2) M
4
(M

2
− 1) 1

8
(M − 1)(M − 3)

(1; 1; 1/2, 1/2) M
4
(M

2
− 1) 1

8
(M − 1)(M + 1)

Table 2.17: The number of zero-modes on magnetized (T 2
1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 ). Z(t)
2 parities

0 and 1 correspond to Z2 twist even and odd modes, respectively; Z(per)
2 parities 0 and 1

correspond to Z2 permutation even and odd modes, respectively.

We additionally show the values of (M ;m;n;α1, α2) giving three-generation zero-modes in

Table 2.18. We can find 32 three-generation zero-modes in total.
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(M ; m; n; α1, α2) (M ; m; n; α1, α2)

M = even M = odd

(2; 0; 0; 0, 0) (3; 0; 0; 0, 0)

(6; 1; 0; 0, 0) (5; 1; 0; 0, 0)

(4; 0; 0; 1/2, 0) (3; 0; 0; 1/2, 0)

(4; 1; 0; 1/2, 0) (5; 1; 0; 1/2, 0)

(4; 0; 0; 0, 1/2) (3; 0; 0; 0, 1/2)

(4; 1; 0; 0, 1/2) (5; 1; 0; 0, 1/2)

(4; 0; 0; 1/2, 1/2) (5; 0; 0; 1/2, 1/2)

(4; 1; 0; 1/2, 1/2) (3; 1; 0; 1/2, 1/2)

(4; 0; 1; 0, 0) (5; 0; 1; 0, 0)

(8; 1; 1; 0, 0) (7; 1; 1; 0, 0)

(6; 0; 1; 1/2, 0) (5; 0; 1; 1/2, 0)

(6; 1; 1; 1/2, 0) (7; 1; 1; 1/2, 0)

(6; 0; 1; 0, 1/2) (5; 0; 1; 0, 1/2)

(6; 1; 1; 0, 1/2) (7; 1; 1; 0, 1/2)

(6; 0; 1; 1/2, 1/2) (7; 0; 1; 1/2, 1/2)

(6; 1; 1; 1/2, 1/2) (5; 1; 1; 1/2, 1/2)

Table 2.18: The values of (M ;m;n;α1, α2) giving three-generation zero-modes on magnetized

(T 2
1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 ).

Yukawa couplings on (T 2
1 × T 2

2 )/(Z
(t)
2 ×Z(per)

2 ) are given by the overlap integral of the zero-

modes on (T 2
1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 ):

Y j⃗k⃗ℓ⃗

(T 2
1×T 2

2 )/(Z
(t)
2 ×Z(per)

2 )

= g2(2Imτ)

∫
(T 2

1×T 2
2 )/(Z

(t)
2 ×Z(per)

2 )

d2z1d
2z2ψ

(⃗j+α⃗1L,α⃗2L),ML
mL,nL

· ψ(k⃗+α⃗1R,α⃗2R),MR
mR,nR

·
(
ψ(ℓ⃗+α⃗1H ,α⃗2H),MH
mH ,nH

)∗
,

(2.254)

where

mL +mR = mH (mod 2), (2.255)

is required in addition to Eq. (2.248).

Also we show the modular transformation for zero-modes on (T 2
1 ×T 2

2 )/(Z
(t)
2 ×Z(per)

2 ). Under

S and T -transformations, the zero-modes are transformed as

ψ(⃗j+α⃗1,α⃗2),M
m,n (z1, z2, τ)

S−→ J1(γ, τ)ρ
j⃗j⃗′α⃗1α⃗′

1α⃗2α⃗′
2

m,n (γ)ψ(⃗j′+α⃗′
1,α⃗

′
2),M

m,n (z1, z2, τ), (2.256)
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where

ρj⃗j⃗
′α⃗1α⃗′

1α⃗2α⃗′
2

m,n (γ) = 2N j⃗
(per)N

j⃗′

(per)

(
ρ
(j1j2)(j′1j

′
2)α⃗1α⃗′

1α⃗2α⃗′
2

(T 2
1×T 2

2 )/Z
(t)
2

(γ) + enπiρ
(j1j2)(j′2j

′
1)α⃗1α⃗′

1α⃗2α⃗′
2

(T 2
1×T 2

2 )/Z
(t)
2

(γ)

)
, (2.257)

ρ
(j1j2)(j′1j

′
2)α⃗1α⃗′

1α⃗2α⃗′
2

(T 2
1×T 2

2 )/Z
(t)
2

(γ) = ρ
j1j′1α1α′

1α2α′
2

T 2
1 /Z

(t)
2

(γ̃) · ρj2j
′
2α1α′

1α2α′
2

T 2
2 /Z

(t)
2

(γ̃), (2.258)

and ρ
jij

′
iα1α′

1α2α′
2

T 2
i /Z

(t)
2

, i = 1, 2, are given by Eqs. (2.100) and (2.101). ρm,n satisfies same algebraic

relations as ρ
T 2
1×T 2

2 /Z
(per)n
2

. Thus, the zero-modes on (T 2
1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 ) behave as the

modular forms of weight 1 for Γ(2M).

2.3.3 Three-generation models

Here let us study three-generation models on magnetized (T 2
1 ×T 2

2 )/Z
(per)
2 and (T 2

1 ×T 2
2 )/(Z

(t)
2 ×

Z(per)
2 ). In the same way as T2/Z(t)

2 studied in Subsection 2.2.3, we can find three-generation

models on (T 2
1×T 2

2 )/Z
(per)
2 and (T 2

1×T 2
2 )/(Z

(t)
2 ×Z(per)

2 ). Then we assume the following structures

of 4D Yukawa couplings,

Y jk

(T 2
1×T 2

2 )/Z
(per)
2 ×T 2

3

(τ, τ3) = Y jk

(T 2
1×T 2

2 )/Z
(per)
2

(τ)× YT 2
3
(τ3), (2.259)

Y jk

(T 2
1×T 2

2 )/(Z
(t)
2 ×Z(per)

2 )×T 2
3 /Z2

(τ, τ3) = Y jk

(T 2
1×T 2

2 )/(Z
(t)
2 ×Z(per)

2 )
(τ)× YT 2

3 /Z2
(τ3). (2.260)

That is, three-generations are originated from the zero-modes on (T 2
1 × T 2

2 )/Z
(per)
2 and (T 2

1 ×
T 2
2 )/(Z

(t)
2 × Z(per)

2 ). Note that to obtain non-vanishing Yukawa couplings, Eqs. (2.248) and

(2.255) are required. In Table 2.19, we classify all possible three-generation models on (T 2
1 ×

T 2
2 )/Z

(per)
2 with non-vanishing Yukawa couplings. We show ones on (T 2

1 × T 2
2 )/(Z

(t)
2 ×Z(per)

2 ) in

Appendix D.

ML;nL MR;nR MH ;nH gH

2; 0 2; 0 4; 0 10

3; 1 2; 0 5; 1 10

3; 1 3; 1 6; 0 21

Table 2.19: Possible three-generation models with non-vanishing Yukawa couplings on (T 2
1 ×

T 2
2 )/Z

(per)
2 . The first, second and third columns show (flux; Z(per)

2 parity) of ψL, ψR and ψH ,

respectively. The fourth column shows the number of Higgs fields. We omit three-generation

models which is equivalent to the model shown in this table by flipping left- and right-handed

matter fields.
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2.3.4 Numerical example on (T 2
1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 )

Here we show a numerical example on (T 2
1 × T 2

2 )/(Z
(t)
2 ×Z(per)

2 ). We focus on the quark flavors

to make our analysis simple. We use the following model on (T 2
1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 ),

(MQ;mQ;nQ;α1Q, α2Q) = (2; 0; 0; 0, 0),

(MuR ;muR ;nuR ;α1uR , α2uR) = (2; 0; 0; 0, 0),

(MdR ;mdR ;ndR ;α1dR , α2dR) = (2; 0; 0; 0, 0),

(MHu ;mHu ;nHu ;α1Hu , α2Hu) = (4; 0; 0; 0, 0),

(MHd
;mHd

;nHd
;α1Hd

, α2Hd
) = (4; 0; 0; 0, 0),

(2.261)

which has six zero-modes of Higgs fields. The zero-modes of left-handed quark doublets Q =

(uL, dL)
T , right-handed up-sector (down-sector) quarks uR (dR) and up (down) type Higgs fields

are shown in Table 2.20.

j⃗ Q, uR, dR Hu, Hd

(0,0) ψ
((0,0),(0,0),2)
0,0 (z1, z2, τ) ψ

((0,0),(0,0),2)
0,0 (z1, z2, τ)

(1,0) ψ
((1,0),(0,0),2)
0,0 (z1, z2, τ) ψ

((1,0),(0,0),2)
0,0 (z1, z2, τ)

(1,1) ψ
((1,1),(0,0),2)
0,0 (z1, z2, τ) ψ

((1,1),(0,0),2)
0,0 (z1, z2, τ)

(2,0) - ψ
((2,0),(0,0),2)
0,0 (z1, z2, τ)

(2,1) - ψ
((2,1),(0,0),2)
0,0 (z1, z2, τ)

(2,2) - ψ
((2,2),(0,0),2)
0,0 (z1, z2, τ)

Table 2.20: Zero-modes of left-handed quark doublets Q = (uL, dL)
T , right-handed up-sector

(down-sector) quarks uR (dR) and up (down) type Higgs fields.

Yukawa couplings for up and down-sectors on this model, Y j⃗k⃗ℓ⃗
u and Y j⃗k⃗ℓ⃗

d , are given by

Y
j⃗k⃗(0,0)
u,d = c2(2-2-4)

ya 0 0

0 yb 0

0 0 yc

 , Y
j⃗k⃗(1,0)
u,d = c2(2-2-4)

 0 yd 0

yd 0 ye
0 ye 0

 ,

Y
j⃗k⃗(1,1)
u,d = c2(2-2-4)

 0 0 yf
0 yf 0

yf 0 0

 , Y
j⃗k⃗(2,0)
u,d = c2(2-2-4)


√
2yb 0 0

0 1√
2
(ya + yc) 0

0 0
√
2yb

 ,

Y
j⃗k⃗(2,1)
u,d = c2(2-2-4)

 0 ye 0

ye 0 yd
0 yd 0

 , Y
j⃗k⃗(2,2)
u,d = c2(2-2-4)

yc 0 0

0 yb 0

0 0 ya

 ,

(2.262)

where

ya = (η
(16)
0 + η

(16)
8 )2, yb = 2(η

(16)
0 + η

(16)
8 )η

(16)
4 ,

yc = 4(η
(16)
4 )2, yd =

√
2(η

(16)
0 + η

(16)
8 )(η

(16)
2 + η

(16)
6 ),

ye = 2
√
2η

(16)
4 (η

(16)
2 + η

(16)
6 ), yf = 2(η

(16)
2 + η

(16)
6 )2.
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Here we have used the notation,

η
(M)
N = ϑ

[
N
M

0

]
(0,Mτ). (2.263)

As same as the way in Subsection 2.2.8, we regard the directions of Higgs VEVs as free

parameters. First let us choose the following direction of Higgs VEVs,

⟨H(2,2)
u ⟩ ≠ 0, (other VEVs) = 0,

⟨H(2,1)
d ⟩ = 0.4⟨H(2,2)

d ⟩ ≠ 0, (other VEVs) = 0.
(2.264)

Then mass matrices for up-sector and down-sector quarks are given by

Mu = Y j⃗k⃗ℓ⃗
u ⟨H ℓ⃗

u⟩ = c2(2-2-4)

yc yb
ya

 ⟨H(2,2)
u ⟩, (2.265)

Md = Y j⃗k⃗ℓ⃗
d ⟨H ℓ⃗

d⟩ = c2(2-2-4)

 yc 0.4ye 0

0.4ye yb 0.4yd
0 0.4yd ya

 ⟨H(2,2)
d ⟩. (2.266)

At τ = 1.5i, we can obtain the mass ratios of the quarks and the absolute values of the CKM

matrix elements as shown in Table 2.21.

Obtained values Observed values

(mu,mc,mt)/mt (3.22× 10−4, 1.80× 10−2, 1) (1.26× 10−5, 7.38× 10−3, 1)

(md,ms,mb)/mb (1.02× 10−3, 1.24× 10−2, 1) (1.12× 10−3, 2.22× 10−2, 1)

|VCKM| ≡ |(Uu
L)

†Ud
L|


0.973 0.230 0.000515

0.226 0.959 0.170

0.0395 0.165 0.986




0.974 0.227 0.00361

0.226 0.973 0.0405

0.00854 0.0398 0.999


Table 2.21: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at τ = 1.5i for the direction of Higgs VEVs in Eq. (2.264). Observed values are shown in

Ref [136].

Assuming further non-vanishing VEVs of Higgs fields, more realistic results can be obtained.

Let us choose the following direction of Higgs VEVs,

⟨H(2,1)
u ⟩ = 0.22⟨H(2,2)

u ⟩ ≠ 0, (other VEVs) = 0,

⟨H(2,0)
d ⟩ = −0.10⟨H(2,2)

d ⟩ ≠ 0, ⟨H(2,1)
d ⟩ = 0.34⟨H(2,2)

d ⟩ ≠ 0, (other VEVs) = 0.
(2.267)
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Then mass matrices for up-sector and down-sector quarks are given by

Mu = Y j⃗k⃗ℓ⃗
u ⟨H ℓ⃗

u⟩ = c2(2-2-4)

 yc 0.22ye 0

0.22ye yb 0.22yd
0 0.22yd ya

H(2,2)
u , (2.268)

Md = Y j⃗k⃗ℓ⃗
d ⟨H ℓ⃗

d⟩ = c2(2-2-4)

yc − 0.10×
√
2yb 0.34ye 0

0.34ye yb − 0.10√
2
(ya + yc) 0.34yd

0 0.34yd ya − 0.10×
√
2yb

H
(2,2)
d .

(2.269)

At τ = 1.5i, we can obtain the mass ratios of the quarks and the absolute values of the CKM

matrix elements as shown in Table 2.22.

Obtained values Observed values

(mu,mc,mt)/mt (1.35× 10−5, 8.96× 10−3, 1) (1.26× 10−5, 7.38× 10−3, 1)

(md,ms,mb)/mb (2.08× 10−3, 7.20× 10−2, 1) (1.12× 10−3, 2.22× 10−2, 1)

|VCKM| ≡ |(Uu
L)

†Ud
L|


0.973 0.229 0.00772

0.229 0.973 0.0403

0.00171 0.0410 0.999




0.974 0.227 0.00361

0.226 0.973 0.0405

0.00854 0.0398 0.999


Table 2.22: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at τ = 1.5i for the direction of Higgs VEVs in Eq. (2.267). Observed values are shown in

Ref [136].

Thus, we can also realize realistic quark flavor structures on magnetized (T 2
1 × T 2

2 )/(Z
(t)
2 ×

Z(per)
2 ). When we consider the realization of both quark and lepton flavor structures, we should

use the zero point analysis studied in Subsection 2.2.5. Then we can classify the phenomeno-

logically favorable models on (T 2
1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 ) but we do not touch to it in this paper.

2.4 Yukawa textures

In the two previous sections, we have seen the possibilities realizing flavor structures on mag-

netized orbifold models. We have obtained various three-generation models where multi Higgs

fields appear as shown in Tables 2.7, 2.19 and D.1. To realize realistic flavor observables we

have used the directions of multi Higgs VEVs as free parameters. Then it is possible to find

the phenomenologically favorable flavor models and direction of Higgs VEVs through the zero

point analysis studied in Subsection 2.2.5. Thus the zero point analysis is one way to realize

flavor structures on magnetized orbifold models.
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As an another way to approach to the flavor structures, Yukawa textures which restrict some

of entries in the fermion mass matrices to zero have been studied on the bottom-up approach. In

this section, we will show that Yukawa textures also can be obtained at the modular symmetric

points on magnetized orbifold models. Furthermore, we will illustrate numerical studies for

quark flavor structures using Yukawa textures.

2.4.1 Yukawa textures on T 2/Z2

Here, we study Yukawa textures on magnetized T 2/Z2. As we will see, Yukawa textures can

be realized at three modular symmetric points τ = i, ω and i∞ because of the residual S, ST

and T -symmetris.

S-symmetry

First we study Yukawa textures at S-symmetric point τ = i. Only if τ = i, the wave functions

on T 2/Z2 can be expanded by eigenstates of the Z4 twist (for eigenstates of the Z4 twist, see

Refs. [22, 106,107,132]). The Z4 twist is the transformation of the complex coordinate on T 2,

z → iz. (2.270)

At τ = i, S-transformation is given by

S : (z, τ) →
(
−z
τ
,−1

τ

)
⇒ S : (z, i) →

(
−z
i
,−1

i

)
= (iz, i). (2.271)

Note that τ = i is invariant under S-transformation; therefore, the Z4 twist at τ = i corresponds

to S-transformation. This means that eigenstates and eigenvalues of S-transformation are

equivalent to ones of the Z4 twist at τ = i. In Table 2.23, we show the number of each Z4 (S)

eigenstate in the zero-modes on T 2/Z2 at τ = i.

Z2 parity; SS phases; # of generations
number of each Z4 (S) eigenstate

η = 1 η = −1 η = i η = −i
0; 0,0; 2n n n 0 0

0; 0,0; 2n+ 1 n+ 1 n 0 0

0; 1/2,1/2; 2n n n 0 0

0; 1/2,1/2; 2n+ 1 n+ 1 n 0 0

1; 0,0; 2n 0 0 n n

1; 0,0; 2n+ 1 0 0 n+ 1 n

1; 1/2,1/2; 2n 0 0 n n

1; 1/2,1/2; 2n+ 1 0 0 n+ 1 n

Table 2.23: The number of each Z4 eigenstate in zero-modes on T 2/Z2 at τ = i. Z2 parity 0

and 1 denote even and odd modes, respectively. η denotes the eigenvalues of the Z4 twist.
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Note that only the zero-modes with SS phases (0,0) and (1/2,1/2) are mapped to themselves

under the Z4 twist (S-transformation); therefore we ignore the zero-modes with (0, 1/2) and

(1/2, 0). Table 2.23 means that any three-generation zero-modes with even parity consist of

two η = 1 and one η = −1 eigenstates. Similarly, any three-generation zero-modes with odd

parity consist of two η = i and one η = −i eigenstates. Notice that Z2 even modes do not

contain η = i and −i eigenstates since η2 is equivalent to Z2 eigenvalue. Also Z2 odd modes do

not contain η = 1 and −1 eigenstates.

According to Eq. (2.80), Yukawa couplings which are the modular forms satisfy

Y jkℓ = J̃1/2(S̃, i)ρ
jj′

L (S̃)J̃1/2(S̃, i)ρ
kk′

R (S̃)(J̃1/2(S̃, i)ρ
ℓℓ′

H (S̃))∗Y j′k′ℓ′ , (2.272)

at τ = i because of the residual S-symmetry. Here ρL, ρR and ρH are unitary matrices defined

by Eq. (2.100) and J̃1/2(S̃, i) = (−i)1/2. On the Z4 eigenstates, J̃1/2(S̃, i)ρL,R,H(S̃) is given

by a diagonalized matix composed of Z4 eigenvalues. The number of Z4 eigenvalues in the

diagonalized matrix can be obtained from Table 2.23. Then we can classify the structures of

Yukawa matrices on S-eigenbasis at τ = i by use of the residual S-symmetry in Eq. (2.272).

The results are shown in Table 2.24.

Z2 parities of Structures of Yukawa matrices for each S-eigenstate Higgs mode

(L,R,H) 1 -1 i −i

(0,0,0)

∗ ∗ 0

∗ ∗ 0

0 0 ∗

 0 0 ∗
0 0 ∗
∗ ∗ 0

 None None

(0,1,1) None None

∗ ∗ 0

∗ ∗ 0

0 0 ∗

 0 0 ∗
0 0 ∗
∗ ∗ 0


(1,0,1) None None

∗ ∗ 0

∗ ∗ 0

0 0 ∗

 0 0 ∗
0 0 ∗
∗ ∗ 0


(1,1,0)

0 0 ∗
0 0 ∗
∗ ∗ 0

 ∗ ∗ 0

∗ ∗ 0

0 0 ∗

 None None

Table 2.24: The structures of Yukawa matrices for each S-eigenstate Higgs mode. Yukawa

matrices are S-eigenstates. The symbol “∗” stands for nonzero matrix elements.

As shown in Table 2.24, we can find two types of Yukawa textures,∗ ∗ 0

∗ ∗ 0

0 0 ∗

 ,

0 0 ∗
0 0 ∗
∗ ∗ 0

 , (2.273)

at τ = i.
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As a simple example of Yukawa textures, we show Yukawa matrices on the following three-

generation model,

(ML;mL;α1L, α2L) = (4; 0; 0, 0),

(MR;mR;α1R, α2R) = (4; 0; 0, 0),

(MH ;mH ;α1H , α2H) = (8; 0; 0, 0),

(2.274)

which has five zero-modes of Higgs fields. Three-generation zero-modes of left-handed fermions

are same as ones of right-handed fermions. On S-eigenstates, they are transformed by

diag
(
J̃1/2(S̃, i)ρL(S̃)

)
= diag

(
J̃1/2(S̃, i)ρR(S̃)

)
=

1

1

−1

 , (2.275)

under S-transformation. On the other hand, five-generation zero-modes of Higgs fields are

transformed by

diag
(
J̃1/2(S̃, i)ρH(S̃)

)
=


1

1

1

−1

−1

 . (2.276)

Then the residual S-symmetry in Eq. (2.272) is given by

Y jkℓ =

1

1

−1

jj′1

1

−1

kk′


1

1

1

−1

−1


ℓℓ′

Y j′k′ℓ′ . (2.277)

This leads to the following Yukawa textures,

Y jk0, Y jk1, Y jk2 =

∗ ∗ 0

∗ ∗ 0

0 0 ∗

 , Y jk3, Y jk4 =

0 0 ∗
0 0 ∗
∗ ∗ 0

 . (2.278)

ST -symmetry

Second we study Yukawa textures at ST -symmetric point τ = ω. Only if τ = ω, the wave

functions on T 2/Z2 can be expanded by eigenstates of the Z6 twist (for eigenstates of the Z6

twist, see Refs. [22,106,107,132]). The Z6 twist is the transformation of the complex coordinate

on T 2,

z → eπi/3z = ω1/2z. (2.279)
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At τ = ω, ST -transformation is given by

ST : (z, τ) →
(
− z

τ + 1
,− 1

τ + 1

)
⇒ ST : (z, ω) →

(
− z

ω + 1
,− 1

ω + 1

)
= (ωz, ω).

(2.280)

Note that τ = ω is invariant under ST -transformation; therefore, the Z2
6 = Z3 twist at τ =

ω corresponds to ST -transformation. This means that eigenstates of ST -transformation are

equivalent to ones of the Z6 twist at τ = ω. Similarly, eigenvalues of ST -transformation are

equivalent to ones of the Z2
6 = Z3 twist at τ = ω. In Table 2.25, we show the number of each

Z6 eigenstate in the zero-modes on T 2/Z2 at τ = ω.

Z2 parity; SS phases; # of generations
number of each Z6 eigenstate

η = 1 η = ω1/2 η = ω η = ω3/2 η = ω2 η = ω5/2

0; 0,0; 3n n 0 n 0 n 0

0; 0,0; 3n+ 1 n+ 1 0 n 0 n 0

0; 0,0; 3n+ 2 n+ 1 0 n+ 1 0 n 0

0; 1/2,1/2; 3n n 0 n 0 n 0

0; 1/2,1/2; 3n+ 1 n+ 1 0 n 0 n 0

0; 1/2,1/2; 3n+ 2 n+ 1 0 n+ 1 0 n 0

1; 0,0; 3n 0 n 0 n 0 n

1; 0,0; 3n+ 1 0 n+ 1 0 n 0 n

1; 0,0; 3n+ 2 0 n+ 1 0 n+ 1 0 n

1; 1/2,1/2; 3n 0 n 0 n 0 n

1; 1/2,1/2; 3n+ 1 0 n+ 1 0 n 0 n

1; 1/2,1/2; 3n+ 2 0 n+ 1 0 n+ 1 0 n

Table 2.25: The number of each Z6 eigenstate in zero-modes on T 2/Z2 at τ = ω. Z2 parity 0

and 1 denote even and odd modes, respectively. η denotes the eigenvalues of the Z6 twist.

Note that only the zero-modes with SS phases (M/2, M/2) (mod 1) are mapped to them-

selves under the Z6 twist (and ST -transformation); therefore we ignore the zero-modes with

other SS phases. Table 2.25 means that any three-generation zero-modes with even parity

consist of one η = 1, one η = ω and one η = ω2 eigenstates. Similarly, any three-generation

zero-modes with odd parity consist of one η = ω1/2, one η = ω3/2 and one η = ω5/2 eigen-

states. Notice that Z2 even modes do not contain η = ω1/2, ω3/2 and ω5/2 eigenstates since η3 is

equivalent to Z2 eigenvalue. Also Z2 odd modes do not contain η = 1 and ω and ω2 eigenstates.

According to Eq. (2.80), Yukawa couplings which are the modular forms satisfy

Y jkℓ = J̃1/2(S̃T , ω)ρ
jj′

L (S̃T )J̃1/2(S̃T , ω)ρ
kk′

R (S̃T )(J̃1/2(S̃T , ω)ρ
ℓℓ′

H (S̃T ))∗Y j′k′ℓ′ , (2.281)

at τ = ω because of the residual ST -symmetry. Here ρL, ρR and ρH are unitary matrices

defined by Eqs. (2.100) and (2.101), and J̃1/2(S̃T , ω) = (−(ω + 1))1/2. On the Z6 eigenstates,
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J̃1/2(S̃T , ω)ρL,R,H(S̃T ) is given by a diagonalized matix composed of Z2
6 = Z3 eigenvalues. The

number of Z2
6 = Z3 eigenvalues in the diagonalized matrix can be obtained from Table 2.25.

Then we can classify the structures of Yukawa matrices on ST -eigenbasis at τ = ω by use of

the residual ST -symmetry in Eq. (2.281). The results are shown in Table 2.26.

Z2 parities of Structures of Yukawa matrices for each ST -eigenstate Higgs mode

(L,R,H) 1 ω2 ω

All patterns

∗ 0 0

0 0 ∗
0 ∗ 0

 0 ∗ 0

∗ 0 0

0 0 ∗

 0 0 ∗
0 ∗ 0

∗ 0 0


Table 2.26: The structures of Yukawa matrices for each ST -eigenstate Higgs mode. Yukawa

matrices are ST -eigenstates. The symbol “∗” stands for nonzero matrix elements.

As shown in Table 2.26, we can find three types of Yukawa textures,∗ 0 0

0 0 ∗
0 ∗ 0

 ,

0 ∗ 0

∗ 0 0

0 0 ∗

 ,

0 0 ∗
0 ∗ 0

∗ 0 0

 , (2.282)

at τ = ω.

As a simple example of Yukawa textures, we show Yukawa matrices on the three-generation

model in Eq. (2.274). On ST -eigenstates, three-generation zero-modes of left- and right-handed

fermions are transformed by

diag
(
J̃1/2(S̃T , ω)ρL(S̃T )

)
= diag

(
J̃1/2(S̃T , ω)ρR(S̃T )

)
=

1

ω2

ω

 , (2.283)

under ST -transformation. On the other hand, five-generation zero-modes of Higgs fields are

transformed by

diag
(
J̃1/2(S̃T , ω)ρH(S̃T )

)
=


1

1

ω2

ω2

ω

 . (2.284)

Then the residual ST -symmetry in Eq. (2.281) is given by

Y jkℓ =

1

ω2

ω

jj′1

ω2

ω

kk′


1

1

ω2

ω2

ω


ℓℓ′

Y j′k′ℓ′ . (2.285)



74 CHAPTER 2. MAGNETIZED ORBIFOLD MODELS

This leads to the following Yukawa textures,

Y jk0, Y jk1 =

∗ 0 0

0 0 ∗
0 ∗ 0

 , Y jk2, Y jk3 =

0 ∗ 0

∗ 0 0

0 0 ∗

 , Y jk4 =

0 0 ∗
0 ∗ 0

∗ 0 0

 . (2.286)

T -symmetry

Third we study Yukawa textures at T -symmetric point τ = i∞. Only the zero-modes with

SS phases (M/2,M/2) (mod 1) are mapped to themselves under T -transformation; therefore

we ignore the zero-modes with other SS phases. Then the zero-modes can be expanded by

T -transformation eigenstates.

According to Eq. (2.80), Yukawa couplings which are the modular forms satisfy

Y jkℓ = J̃1/2(T̃ , i∞)ρjj
′

L (T̃ )J̃1/2(T̃ , i∞)ρkk
′

R (T̃ )(J̃1/2(T̃ , i∞)ρℓℓ
′

H (T̃ ))∗Y j′k′ℓ′ , (2.287)

at τ = i∞ because of the residual T -symmetry. Here ρL, ρR and ρH are unitary matrices

defined by Eq. (2.101) and J̃1/2(T̃ , i∞) = 1. This leads to

Y jkℓ = Y jkℓ exp

[
πi

(
(j + α1L)

2

ML

+
(k + α1R)

2

MR

− (ℓ+ α1H)
2

MH

)]
, (2.288)

and the non-vanishing condition of the elements of Yukawa matrices,(
(j + α1L)

2

ML

+
(k + α1R)

2

MR

− (ℓ+ α1H)
2

MH

)
mod 2 = 0, otherwise Y jkℓ = 0. (2.289)

This condition makes almost all of elements of Yukawa matrices vanish. As an example let us

see Yukawa matrices on the three-generation model in Eq. (2.274). On T -eigenstates, three-

generation zero-modes of left- and right-handed fermions are transformed by

diag
(
J̃1/2(T̃ , i∞)ρL(T̃ )

)
= diag

(
J̃1/2(T̃ , i∞)ρR(T̃ )

)
=

1

eπi/4

−1

 , (2.290)

under T -transformation. On the other hand, five-generation zero-modes of Higgs fields are

transformed by

diag
(
J̃1/2(T̃ , i∞)ρH(T̃ )

)
=


1

eπi/8

eπi/2

e9πi/8

1

 . (2.291)
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Then the residual T -symmetry in Eq. (2.287) is given by

Y jkℓ =

1

eπi/4

−1

jj′1

eπi/4

−1

kk′


1

eπi/8

eπi/2

e9πi/8

1


ℓℓ′

Y j′k′ℓ′ . (2.292)

This leads to the following Yukawa textures,

Y jk0, Y jk4 =

∗ 0 0

0 0 0

0 0 ∗

 , Y jk1, Y jk3 =

0 0 0

0 0 0

0 0 0

 , Y jk2 =

0 0 0

0 ∗ 0

0 0 0

 . (2.293)

Obviously we cannot realize flavor mixings from these Yukawa textures since they are diago-

nalized. Similarly, it is difficult to obtain realistic flavor observables from Yukawa textures on

other three-generation models. Therefore in what follows we avoid the discussion of Yukawa

textures at T -symmetric point τ = i∞.

2.4.2 The Fritzch and Fritzch-Xing mass matrices

Here we give a brief review of the Fritzch and Fritzch-Xing mass matrices. In Ref. [138], Fritzch

proposed the quark mass marices with texture zeros. It was extended in Ref. [139]. (See

for a review Ref. [140].) Additionally, various structures of texture zeros were studied [141].

Actually, phenomenologically viable four zero textures of Hermitian quark mass matrices have

been investigated and it has been found that there are several possibilities. (See e.g. Ref. [142]

and references therein.)

The Fritzch mass matrices for up and down-sector quarks,M
(F )
u,d , are defined as the following

Hermitian matrices,

M (F )
u =

 0 Cu 0

C∗
u 0 Bu

0 B∗
u Au

 , M
(F )
d =

 0 Cd 0

C∗
d 0 Bd

0 B∗
d Ad

 , (2.294)

where Au,d are taken to be real and positive parameters; Bu,d and Cu,d are complex parameters.

In addition, Au,d ≫ |Bu,d| ≫ |Cu,d| is assumed. These matrices are extended to the Fritzch-Xing

mass matrices, M
(F -X)
u,d , by introducing one more parameter in (1,1) entry in mass matrices as

M (F -X)
u =

 0 Cu 0

C∗
u B′

u Bu

0 B∗
u Au

 , M
(F -X)
d =

 0 Cd 0

C∗
d B′

d Bd

0 B∗
d Ad

 , (2.295)

where Au,d are taken to be real and positive parameters; B′
u,d are real parameters; Bu,d and

Cu,d are complex parameters. In addition, Au,d ≫ |Bu,d| ≫ |B′
u,d| ≫ |Cu,d| is assumed.
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In what follows, we focus on three-generation model in Eq. (2.274) and illustrate numerical

studies for quark flavor structures. Then we will show that the Fritzch and Fritzch-Xing mass

matrices can be obtained from Yukawa textures at ST and S-symmetric points, respectively.

Furthermore, we will obtain realistic quark flavor observables by taking appropriate directions

of Higgs VEVs. In this sense, Yukawa textures at S and ST -symmetric points have the further

possibility to realize flavor structures. The approach using Yukawa textures can be applied to

lepton flavor structures as well as quarks. However in this paper we do not touch to it.

2.4.3 Numerical example at τ = i

Here we study three-generation model in Eq. (2.274) at τ = i. We will show that the Fritzch-

Xing mass matrices can be realized from Yukawa textures at S-symmetric point τ = i on this

model.

Yukawa couplings Y jkℓ on this model are given by

Y jk0 = c(4-4-8)

X0

X1

X2

 , Y jk1 = c(4-4-8)

 X3

X3 X4

X4

 ,

Y jk2 = c(4-4-8)


√
2X1

1√
2
(X0 +X2)√

2X1

 , Y jk3 = c(4-4-8)

 X4

X4 X3

X3

 ,

Y jk4 = c(4-4-8)

X2

X1

X0

 ,

(2.296)

with

X0 = η
(128)
0 + 2η

(128)
32 + η

(128)
64 ,

X1 = η
(128)
8 + η

(128)
24 + η

(128)
40 + η

(128)
56 ,

X2 = 2(η
(128)
16 + η

(128)
48 ),

X3 = η
(128)
4 + η

(128)
28 + η

(128)
36 + η

(128)
60 ,

X4 = η
(128)
12 + η

(128)
20 + η

(128)
44 + η

(128)
52 .

Here, we have used the notation,

η
(M)
N = ϑ

[
N
M

0

]
(0,Mτ). (2.297)
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On S-eigenstates, Yukawa matrices at τ = i are calculated as

Y jk0 = c(4-4-8)

 1.00 −0.0839 0

−0.0839 0.00704 0

0 0 0

 , Y jk1 = c(4-4-8)

−0.0572 −0.248 0

−0.248 −0.943 0

0 0 0

 ,

Y jk2 = c(4-4-8)

0.0683 −0.301 0

−0.301 0.281 0

0 0 0.844

 , Y jk3 = c(4-4-8)

0 0 0

0 0 −0.636

0 −0.636 0

 ,

Y jk4 = c(4-4-8)

 0 0 0.602

0 0 −0.158

0.602 −0.158 0

 .

(2.298)

Notice that the linear combination of Y jk0, Y jk1, Y jk2 and Y jk3 can form the structure of the

Fritzch-Xing mass matrices. For example, let us choose the following directions of Higgs VEVs,

⟨Hℓ
u⟩ = vu(1.00, 0.00838, 0,−0.000211, 0),

⟨Hℓ
d⟩ = vd(0.999,−0.0402, 0,−0.0145, 0).

(2.299)

They leads to

M jk
u = Y jkℓ⟨Hℓ

u⟩ = c(4-4-8)

 1.00 −8.60× 10−2 0

−8.60× 10−2 −8.53× 10−4 1.34× 10−4

0 1.34× 10−4 0

 , (2.300)

M jk
d = Y jkℓ⟨Hℓ

d⟩ = c(4-4-8)

 1.00 −7.39× 10−2 0

−7.39× 10−2 4.49× 10−2 9.20× 10−3

0 9.20× 10−3 0

 . (2.301)

These mass matrices become the structures of the Fritzch-Xing mass matrices by the basis

transformations,

Mu,d →

0 0 1

0 1 0

1 0 0

Mu,d

0 0 1

0 1 0

1 0 0

 . (2.302)

Thus the Fritzch-Xing mass matrices can be realized on three-generation model in Eq. (2.274)

at τ = i 2. These mass matrices give the mass ratios of the quarks and the absolute values of

the CKM matrix elements shown in Table 2.27.

2The Fritzch-Xing mass matrix can be obtained by another type of string compactifictaion [143–145].
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Obtained values Comparison values

(mu,mc,mt)/mt (2.16× 10−6, 8.13× 10−3, 1) (5.58× 10−6, 2.69× 10−3, 1)

(md,ms,mb)/mb (2.02× 10−3, 4.10× 10−2, 1) (6.86× 10−4, 1.37× 10−2, 1)

|VCKM| ≡ |(Uu
L)

†Ud
L|


0.973 0.233 0.000550

0.233 0.973 0.00848

0.00251 0.00812 1.00




0.974 0.227 0.00361

0.226 0.973 0.0405

0.00854 0.0398 0.999


Table 2.27: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at τ = i under the directions of Higgs VEVs in Eq. (2.299). Comparison values of mass ratios

are shown in Ref [135]. Ones of the CKM matrix elements are shown in Ref [136].

2.4.4 Numerical example at τ = ω

Here we study three-generation model in Eq. (2.274) at τ = ω. We will show that the Fritzch

mass matrices can be realized from Yukawa textures at ST -symmetric point τ = ω on this

model.

Yukawa couplings Y jkℓ on this model are given by Eq. (2.296). On ST -eigenstates, Yukawa

matrices at τ = ω are calculated as

Y jk0 = c(4-4-8)

0.9535 + 0.04357i 0 0

0 0 0

0 0 0

 ,

Y jk1 = c(4-4-8)

0.2852− 0.1027i 0 0

0 0 0.8093− 0.0005968i

0 0.8093− 0.0005968i 0

 ,

Y jk2 = c(4-4-8)

 0 −0.6454− 0.06436i 0

−0.6454− 0.06436i 0 0

0 0 0

 ,

Y jk3 = c(4-4-8)

 0 0.1615 + 0.1576i 0

0.1615 + 0.1576i 0 0

0 0 −0.6802− 0.5248i

 ,

Y jk4 = c(4-4-8)

 0 0 0.4039 + 0.08034i

0 0.1607− 0.8077i 0

0.4039 + 0.08034i 0 0

 .

(2.303)

Notice that the linear combination of Y jk0, Y jk1 and Y jk2 can form the structure of the Fritzch

mass matrices. For example, let us choose the following directions of Higgs VEVs,

⟨Hℓ
u⟩ = vu(0.9969,−0.0002465, 0.07846, 0, 0),

⟨Hℓ
d⟩ = vd(0.9900, 0.001771, 0.1409, 0, 0).

(2.304)
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They leads to

M jk
u = Y jkℓ⟨Hℓ

u⟩

= c(4-4-8)

 0.9505 + 0.04346i −0.05064− 0.005050i 0

−0.05064− 0.005050i 0 −(1.995− 0.001471i)× 10−4

0 −(1.995− 0.001471i)× 10−4 0

 ,

(2.305)

M jk
d = Y jkℓ⟨Hℓ

d⟩

= c(4-4-8)

 0.9445 + 0.04296i −0.09093− 0.009068i 0

−0.09093− 0.009068i 0 (1.433− 0.001057)× 10−3

0 (1.433− 0.001057)× 10−3 0

 .

(2.306)

These mass matrices become the structures of the Fritzch mass matrices by the basis transfor-

mations,

Mu,d →

0 0 1

0 1 0

1 0 0

Mu,d

0 0 1

0 1 0

1 0 0

 . (2.307)

Thus the Fritzch mass matrices can be realized on three-generation model in Eq. (2.274) at

τ = ω. These mass matrices give the mass ratios of the quarks and the absolute values of the

CKM matrix elements shown in Table 2.28.

Obtained values Comparison values

(mu,mc,mt)/mt (1.52× 10−5, 2.86× 10−3, 1) (5.58× 10−6, 2.69× 10−3, 1)

(md,ms,mb)/mb (2.37× 10−4, 9.41× 10−3, 1) (6.86× 10−4, 1.37× 10−2, 1)

|VCKM| ≡ |(Uu
L)

†Ud
L|


0.974 0.228 0.00292

0.228 0.973 0.0421

0.00677 0.0416 0.999




0.974 0.227 0.00361

0.226 0.973 0.0405

0.00854 0.0398 0.999


Table 2.28: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at τ = ω under the directions of Higgs VEVs in Eq. (2.304). Comparison values of mass ratios

are shown in Ref [135]. Ones of the CKM matrix elements are shown in Ref [136].
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Chapter 3

4D modular symmetric flavor models

In this chapter, we consider 4D modular symmetric flavor models. Especially, we study the

quark flavor structures on the models. This chapter is along in Refs. [89,90].

3.1 Framework

Here we consider the 4D modular invariant supersymmetric theory. In the theory, the superpo-

tentialW (τ) is modular invariant. The superpotential relevant to quark mass terms are written

as

W (τ) =
∑

j,k=1,2,3

[
αjkY jk

u (τ)QjukRHu + βjkY jk
d (τ)QjdkRHd

]
, (3.1)

where Qj = (ujL, d
j
L)
T , ukR and djR are superfields corresponding to three-generations of left-

handed quark doublets, right-handed up-sector quarks and right-handed down-sector quarks,

respectively; Hℓ
u and Hℓ

d are up type and down type Higgs superfields, respectively; αjk and

βjk are coupling constants. The 4D modular invariant supersymmetric theory may be derived

from the higher-dimensional theories such as the superstring theory as the low-energy effective

theory. Indeed, the magnetized orbifold models we have studied in Chapter 2 have the modular

symmetry as the geometrical symmetry of the compact space. We note that Higgs fields Hu and

Hd in this theory are assumed to be single generations although multi generation Higgs fields

appear in the magnetized orbifold models. This is because only the lightest mass eigenstate

of multi Higgs fields is expected to be not decoupled at the low-enegy scale. Thus, the 4D

modular invariant supersymmetric theory we will study in this chapter can be the candidates

of the low-energy effective theory of the magnetized orbifold models.

Under the modular transformation, the 4D superfields Φ ∈ {Q, uR, dR, Hu, Hd} are trans-

formed as

Φj → (cτ + d)−k
j
ΦρjkΦ (γ)∗Φj, (3.2)

81
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where −kj ≤ 0 stands for the modular weights of 4D superfields and ρ(γ) is a unitary represen-

tation matrix of the finite modular group. Hence, quarks are assigned into three-dimensional

(redusible or irreducible) representation of a finite modular group with weight −kjΦ while Higgs

fields are assigned into one-dimensional irreducible representation. Then Yukawa couplings for

up and down-sector quarks, Yu and Yd, are transformed as

Y jk
u → (cτ + d)k

jk
Yuρjj

′

Q (γ)ρkk
′

uR
(γ)ρHu(γ)Y

j′k′

u , (3.3)

Y jk
d → (cτ + d)

kjkYdρjj
′

Q (γ)ρkk
′

dR
(γ)ρHd

(γ)Y j′k′

d , (3.4)

where kjkYu = kjQ + kkuR + kHu and kjkYd = kjQ + kkdR + kHd
. This means Yukawa couplings are

given by the modular forms of weight kjkYu,d for the finite modular group, which are holomorphic

functions of the modulus τ . The fundamental region D of the modulus τ is shown in Table 2.1.

Since the superpotential is modular invariant, it must be singlet under the modular trans-

formation. That is, the most general form of the superpotential is given by

W (τ) =
∑
ri

Yri(τ) (Q1 Q2 Q3
)α11

ri
α12
ri

α13
ri

α21
ri

α22
ri

α23
ri

α31
ri

α32
ri

α33
ri

u1Ru2R
u3R

Hu


1

+
∑
ri

Yri(τ) (Q1 Q2 Q3
)β11

ri
β12
ri

β13
ri

β21
ri

β22
ri

β23
ri

β31
ri

β32
ri

β33
ri

d1Rd2R
d3R

Hd


1

, (3.5)

where Yri(τ) are modular forms belonging to all possible irreducible representations ri of the

finite modular group and choosen to make the superpotentialW (τ) singlet. Coupling constants

αjkri (βjkri ) may be related each other when quarks belong to multiplets. They lead to the up

and down-sector quark mass matrices, Mu and Md,

Mu =
∑
ri

Yri(τ) (Q1 Q2 Q3
)α11

ri
α12
ri

α13
ri

α21
ri

α22
ri

α23
ri

α31
ri

α32
ri

α33
ri

u1Ru2R
u3R

 ⟨Hu⟩


1

, (3.6)

Md =
∑
ri

Yri(τ) (Q1 Q2 Q3
)β11

ri
β12
ri

β13
ri

β21
ri

β22
ri

β23
ri

β31
ri

β32
ri

β33
ri

d1Rd2R
d3R

 ⟨Hd⟩


1

. (3.7)

We comment on the normalization of modular forms. There is an ambiguity on the nor-

malization of modular forms. However we expect naturally that such normalization would give

O(1) contributions and not be the origin of hierarchical structures. As mentioned above, our

models may originate from the compactification of higher-dimensional theory such as the mag-

netized orbifold models of superstring theory. Then obtained values in our models appear in

high energy scale such as the GUT scale, 2× 1016 GeV, and they are affected by the renormal-

ization group effects through some factors, although those effects depend on the scenario. For
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example, renormalization group effects in the minimal supersymmetric scenario were studied

in Refs. [134,135]. Therefore, we should realize the values of the quark flavor structures at high

energy scale up to O(1). In the following analysis, we use the values at the GUT scale, 2×1016

GeV, for tan β = 5 in Refs. [134,135] as reference values.

3.2 Quark flavor models without fine-tuning

Next let us review the modular symmetric quark flavor models without fine-tuning. We assume

O(1) sizes of coupling constants αjkri and βjkri on the quark mass matrices because we do not

explain large mass hierarchies of quarks by use of them. We expect that large mass hierarchies

of quarks originate from only the value of the modulus τ .

In the vicinity of the modular symmetric points, the modular forms take hierarchical values

depending on their residual charges. This can be understood as follows. At the modular

symmetric points, τ = i, ω and i∞, residual Z2, Z3 and ZN symmetries exist respectively,

where N denotes a level of the finite modular group. For example, A4 modular symmetry is

broken to Z3 residual symmetry at τ = i∞ since T 3 = I. To study the hierarchical structures

of the modular forms in the vicinity of the symmetric points, let us introduce following three

quantities,

εS ≡ τ − i

τ + i
, εST ≡ τ − ω

τ − ω2
, εT ≡ e2πiτ/N . (3.8)

Notice that they represent the deviations from the symmetric points. They are transformed as

εS
S−→ −εS, εST

ST−→ ω2εST , εT
T−→ e2πi/NεT , (3.9)

under S, ST and T -transformations, respectively. We define residual S, ST and T -charges as

r in eigenvalues (−1)r, ω2r and e2πir/N for S, ST and T -transformations. Hence, εS, εST and

εT have residual S-charge 1, ST -charge 1 and T -charge 1, respectively. Therefore, the modular

forms f j(τ) with residual S-charge rS in the vicinity of the symmetric point τ = i can be

expanded by εS as [77]

f j(τ) ≃
∞∑
n=0

cnε
rS+2n
S ≃ c0ε

rS
S , τ ∼ i, (3.10)

where cn denote constant coefficients and εS ≪ 1 at τ ≃ i. Similarly, the modular forms f j(τ)

with residual ST -charge rST in the vicinity of the symmetric point τ = ω can be expanded by

εST as

f j(τ) ≃
∞∑
n=0

cnε
rST+3n
ST ≃ c0ε

rST
ST , τ ∼ ω, (3.11)
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where εST ≪ 1 at τ ≃ ω. The modular forms f j(τ) with residual T -charge rT in the vicinity

of the symmetric point τ = i∞ can be expanded by εT as

f j(τ) ≃
∞∑
n=0

cnε
rT+Nn
T ≃ c0ε

rT
T , τ ∼ i∞, (3.12)

where εT ≪ 1 at τ ≃ i∞. Thus the modular forms in the vicinity of the symmetric points can

generate large hierarchies and become the origin of the quark mass hierarchies.

As an illustlating example, we suppose that quark doublets Q, up-sector quark singlets uR
and up type Higgs field Hu with the residual ST -charges,

Q : (1, 1, 0), uR : (0, 1, 0), Hu : 0. (3.13)

Then the elements of the mass matrix of up-sector quarks Mu have the following ST -charges,

Mu :

2 1 2

2 1 2

0 2 0

 . (3.14)

According to Eq. (3.11), the sizes of elements of Mu are approximately given by

|Mu| ≃

|εST |2 |εST | |εST |2
|εST |2 |εST | |εST |2
1 |εST |2 1

 , (3.15)

at τ ≃ ω.

In this way, hierarchical structures of mass matrices can be obtained in the vicinity of the

symmetric points. Nevertheless the realization of the quark flavor structure is not straightfor-

ward. We need to obtain the quark mass ratios, mu/mt ∼ 10−5, mc/mt ∼ 10−2, md/mb ∼ 10−3

and ms/mb ∼ 10−2. When we take ε = O(0.1), mu/mt ∼ 10−5 can be realized by the residual

charge 5 as ε5 ∼ O(10−5). This means the residual ZN symmetries with N ≥ 6 are required to

realize quark mass hierarchies. Such residual symmetries are yielded only at the cusp, τ = i∞,

for the finite modular groups satisfying TN = I with N ≥ 6. When we consider the products

of the finite modular groups, we can relax this requirement. For example, let us consider the

products of the finite modular group A4 ×A4 ×A4 controled by three moduli τ1, τ2 and τ3. In

this case, each A4 generates residual Z3 symmetry at both symmetric points, ω and i∞. Thus

the residual Z3 ×Z3 ×Z3 symmetry and the hierarchical value ε6 are realized in the vicinity of

ω and i∞.

3.3 The models with Γ6 modular symmetry

As a finite modular group breaking into residual ZN symmetry with N ≥ 6 at τ = i∞, first

we consider the finite modular symmetry at level 6, Γ6 ≃ S3 × A4. Γ6 modular group has two
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generators, S and T -transformations, and they satisfy the algebraic relations,

S2 = (ST )3 = T 6 = ST 2ST 3ST 4ST 3 = I. (3.16)

Thus it can be expected that the hierarchical value ε5 are realized in the vicinity of τ = i∞.

To make our analysis simple, we use only Γ6 singlets and assign Higgs fields Hu and Hd into

Γ6 trivial singlet 1
0
0 with weight 0. In addition, we restrict all coupling constants αjkri and β

jk
ri

to

±1 in quark mass matrices to avoid the fine-tuning by them. Since we require the hierarchical

value ε5, we focus on the vicinity of the cusp, τ = i∞. We use only the deviation of the modulus

from the cusp (and the choices of +1 or −1 in αjkri and βjkri ) as a free parameter.

As reviewed in Appendix G.1, in Γ6 modular group, six singlets, 10
0, 1

0
1, 1

0
2, 1

1
0, 1

1
1 and 11

2

exist. They have six different T -charges up to 5. Therefore ε to the powers up to 5 can appear

in mass matrices. Table 3.1 shows T -charges and the orders of the modular forms of each Γ6

singlet.

Singlets 10
0 11

2 10
1 11

0 10
2 11

1

T -charges 0 1 2 3 4 5

Orders 1 ε ε2 ε3 ε4 ε5

Table 3.1: T -charges of six Γ6 singlets and their orders in the vicinity of τ = i∞.

To realize large mass hierarchies of quarks, we concentrate on the following four types of

mass matrices,

Type I: Mu ∝

 ε5 ε3−a+b εb

±ε5+a−b ±ε3 ±εa
±ε5−b ±ε3−a ±1

 , Md ∝

 ε3 ε2−a+b εb

±ε3+a−b ±ε2 ±εa
±ε3−b ±ε2−a ±1

 , (3.17)

Type II: Mu ∝

 ε5 ε3−a+b εb

±ε5+a−b ±ε3 ±εa
±ε5−b ±ε3−a ±1

 , Md ∝

 ε4 ε2−a+b εb

±ε4+a−b ±ε2 ±εa
±ε4−b ±ε2−a ±1

 , (3.18)

Type III: Mu ∝

 ε5 ε2−a+b εb

±ε5+a−b ±ε2 ±εa
±ε5−b ±ε2−a ±1

 , Md ∝

 ε3 ε2−a+b εb

±ε3+a−b ±ε2 ±εa
±ε3−b ±ε2−a ±1

 , (3.19)

Type IV: Mu ∝

 ε5 ε2−a+b εb

±ε5+a−b ±ε2 ±εa
±ε5−b ±ε2−a ±1

 , Md ∝

 ε4 ε2−a+b εb

±ε4+a−b ±ε2 ±εa
±ε4−b ±ε2−a ±1

 , (3.20)

where ± corresponds any possible combinations of signs and a, b ∈ {0, 1, 2, 3, 4, 5}. Without

loss of generality it is possible to fix the signs of (1,1), (1,2) and (1,3) elements of Mu and Md

to +1 by the basis transformation for right-handed quarks uR and dR. The powers of ε on

diagonal elements in Mu and Md are (5,3,0) and (3,2,0) for type I, (5,3,0) and (4,2,0) for type

II, (5,2,0) and (3,2,0) for type III and (5,2,0) and (4,2,0) for type IV. These powers seem to be
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suitable in order to realize hierarchical quark mass ratios. Four types of mass matrices can be

led by the following singlet assignments of quarks,

Type I :

Q = (1b mod 2
b mod 3,1

a mod 2
a mod 3,1

0
0), uR = (15−b mod 2

5−b mod 3,1
3−a mod 2
3−a mod 3,1

0
0), dR = (13−b mod 2

3−b mod 3,1
2−a mod 2
2−a mod 3,1

0
0),

(3.21)

Type II :

Q = (1b mod 2
b mod 3,1

a mod 2
a mod 3,1

0
0), uR = (15−b mod 2

5−b mod 3,1
3−a mod 2
3−a mod 3,1

0
0), dR = (14−b mod 2

4−b mod 3,1
2−a mod 2
2−a mod 3,1

0
0),

(3.22)

Type III :

Q = (1b mod 2
b mod 3,1

a mod 2
a mod 3,1

0
0), uR = (15−b mod 2

5−b mod 3,1
2−a mod 2
2−a mod 3,1

0
0), dR = (13−b mod 2

3−b mod 3,1
2−a mod 2
2−a mod 3,1

0
0),

(3.23)

Type IV :

Q = (1b mod 2
b mod 3,1

a mod 2
a mod 3,1

0
0), uR = (15−b mod 2

5−b mod 3,1
2−a mod 2
2−a mod 3,1

0
0), dR = (14−b mod 2

4−b mod 3,1
2−a mod 2
2−a mod 3,1

0
0).

(3.24)

However, there are the cases that these assignments cannot lead to the mass matrices in four

types. This is because all of the singlet modular forms of Γ6 with certain T -charges do not

exist for weights less than 14. For example, the modular forms of weight 12 belong to 11
1 do not

exist as shown in Appendix G.2. Thus, some of mass matrix elements may vanish due to the

shortage of the singlet modular forms for weights less than 14. We study the case of Yukawa

couplings of the weight 14 in Subsection 3.3.1 and one of weights less than 14 in Subsection

3.3.2.

3.3.1 Weight 14

Here we study the models with Yukawa couplings of weight 14 where all of mass matrix elements

do not vanish. As a benchmark point of the modulus, let us choose τ = 3.2i around the cusp.

As shown in Appendix G.2, seven singlet modular forms of weight 14, Y
(14)

10
0

, Y
(14)

11
2i

, Y
(14)

10
1

, Y
(14)

11
0

,

Y
(14)

10
2

, Y
(14)

11
1

and Y
(14)

11
2ii

, exist. At the benchmark point τ = 3.2i, they are evaluated as

Y
(14)

10
0
/Y

(14)

10
0

= 1 → 1, Y
(14)

11
2i
/Y

(14)

10
0

= 0.172 → ε,

Y
(14)

10
1
/Y

(14)

10
0

= 2.08× 10−2 → ε2, Y
(14)

11
0
/Y

(14)

10
0

= 3.58× 10−3 → ε3,

Y
(14)

10
2
/Y

(14)

10
0

= 4.35× 10−4 → ε4, Y
(14)

11
1
/Y

(14)

10
0

= 7.46× 10−5 → ε5,

Y
(14)

11
2ii
/Y

(14)

10
0

= 1.56× 10−6 → ε7.

(3.25)

Here Y
(14)

11
2ii

∼ ε7 originates from Y
(6)

11
0
·Y (8)

10
2

∼ ε3·ε4 while Y (14)

11
2i

∼ ε originates from Y
(6)

11
2
·Y (8)

10
0

∼ ε·1.
The modular forms of order εn+6 for 0 ≤ n < 6 can appear when the modular forms of order εn
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belonging to same irreducible representation exist. Actually, at weight 14 we find the modular

forms Y
(14)

11
2i

∼ ε and Y
(14)

11
2ii

∼ ε7. In what follows, we ignore Y
(14)

11
2ii

because it is ignorable for Y
(14)

11
2i

as shown in Eq. (3.25). Also we assume left-handed quark doublets Q, right-handed up-sector

quark singlets uR and right-handed down-sector quark singlets dR have weight -7 in order to

make Yukawa couplings have weight 14.

Type I: (5,3,0) and (3,2,0)

First we study the quark flavor model in type I. The quark mass matrices of type I are given

by

Mu =


α11Y

(14)

11
1

α12Y
(14)

13+a−b mod 2
3+a−b mod 3

α13Y
(14)

16−b mod 2
6−b mod 3

α21Y
(14)

11−a+b mod 2
1−a+b mod 3

α22Y
(14)

11
0

α23Y
(14)

16−a mod 2
6−a mod 3

α31Y
(14)

11+b mod 2
1+b mod 3

α32Y
(14)

13+a mod 2
3+a mod 3

α33Y
(14)

10
0

 , (3.26)

Md =


β11Y

(14)

11
0

β12Y
(14)

14+a−b mod 2
4+a−b mod 3

β13Y
(14)

16−b mod 2
6−b mod 3

β21Y
(14)

13−a+b mod 2
3−a+b mod 3

β22Y
(14)

10
1

β23Y
(14)

16−a mod 2
6−a mod 3

β31Y
(14)

13+b mod 2
3+b mod 3

β32Y
(14)

14+a mod 2
4+a mod 3

β33Y
(14)

10
0

 , (3.27)

where αjk and βjk are coupling constants which we have restricted to ±1. When we choose

unsuitable signs ±1, the mass matrices are approximately rank-deficient and they would lead

to extremely small mass eigenvalues. To avoid rank-deficient, we must choose appropriate signs

±1 in coupling constants. Moreover, we need to choose the values of a and b which determine

T -charges of Yukawa couplings. Consequently, we find best-fit choices at τ = 3.2i,

a = 2, b = 3, (3.28)

and

α11 α12 α13

α21 α22 α23

α31 α32 α33

 =

 1 1 1

1 1 1

−1 −1 1

 ,

β11 β12 β13

β21 β22 β23

β31 β32 β33

 =

 1 1 1

1 −1 −1

−1 1 −1

 . (3.29)

Then T -charges of Q, uR and dR are

Q = (11
0,1

0
2,1

0
0), uR = (10

2,1
1
1,1

0
0), dR = (10

0,1
0
0,1

0
0). (3.30)
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They lead to the hierarchical quark mass matrices,

Mu/Y
(14)

10
0

=


Y

(14)

11
1

Y
(14)

10
2

Y
(14)

11
0

Y
(14)

10
2

Y
(14)

11
0

Y
(14)

10
1

−Y (14)

10
1

−Y (14)

11
2i

Y
(14)

10
0

 /Y
(14)

10
0

=

0.0000746 0.000435 0.00358

0.000435 0.00358 0.0208

−0.0208 −0.172 1



∼

 ε5 ε4 ε3

ε4 ε3 ε2

−ε2 −ε 1

 , (3.31)

Md/Y
(14)

10
0

=


Y

(14)

11
0

Y
(14)

11
0

Y
(14)

11
0

Y
(14)

10
1

−Y (14)

10
1

−Y (14)

10
1

−Y (14)

10
0

Y
(14)

10
0

−Y (14)

10
0

 /Y
(14)

10
0

=

0.00358 0.00358 0.00358

0.0208 −0.0208 −0.0208

−1 1 −1



∼

 ε3 ε3 ε3

ε2 −ε2 −ε2
−1 1 −1

 . (3.32)

These mass matrices give the following quark mass ratios,

(mu,mc,mt)/mt = (2.11× 10−5, 7.07× 10−3, 1), (3.33)

(md,ms,mb)/mb = (2.91× 10−3, 1.97× 10−2, 1), (3.34)

and the absolute values of the CKM matrix elements,

|VCKM| =

 0.973 0.231 0.000681

0.231 0.973 0.0270

0.00690 0.0261 1.00

 . (3.35)

Results are summarized in Table 3.2.

mu

mt
× 106 mc

mt
× 103 md

mb
× 104 ms

mb
× 102 |V us

CKM| |V cb
CKM| |V ub

CKM|

obtained values 21.1 7.07 29.1 1.97 0.231 0.0270 0.000681

observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

Table 3.2: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at the benchmark point τ = 3.2i in the best-fit model by Eqs. (3.30) and (3.29) of type I

with Yukawa couplings of weight 14. Observed values Ref. [136] and GUT scale values with

tan β = 5 [134,135] are shown.

Again we note that our purpose is to realize the order of quark mass ratios and mixing angles

without fine-tuning by coupling constants. For this purpose, we have restricted the coupling
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constants αjk, βjk to ±1 to make our point clear. Varying αjk, βjk = O(1), more realistic results

can be obtained. For example, we setα11 α12 α13

α21 α22 α23

α31 α32 α33

 =

 2.547 1.987 1.052

1.124 1.000 2.998

−2.511 −1.001 2.754

 ,

β11 β12 β13

β21 β22 β23

β31 β32 β33

 =

 1.149 1.000 1.405

2.997 −2.999 −1.504

−2.961 1.664 −1.494

 .

(3.36)

Then, we obtain the following quark mass ratios,

(mu,mc,mt)/mt = (5.39× 10−5, 2.80× 10−3, 1), (3.37)

(md,ms,mb)/mb = (9.21× 10−3, 1.82× 10−2, 1), (3.38)

and the absolute values of the CKM matrix elements,

|VCKM| =

 0.974 0.225 0.00353

0.225 0.974 0.0400

0.00556 0.0398 0.999

 . (3.39)

Results are summarized in Table 3.3. Similarly, other models in this type could be realistic

when we vary αjk, βjk = O(1).

mu

mt
× 106 mc

mt
× 103 md

mb
× 104 ms

mb
× 102 |V us

CKM| |V cb
CKM| |V ub

CKM|

obtained values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

Table 3.3: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at the benchmark point τ = 3.2i in the best-fit model by Eqs. (3.30) and (3.36) of type I

with Yukawa couplings of weight 14. Observed values Ref. [136] and GUT scale values with

tan β = 5 [134,135] are shown.

Type II: (5,3,0) and (4,2,0)

Second we study the quark flavor model in type II. The quark mass matrices of type II are

given by Eq. (3.26) and

Md =


β11Y

(14)

10
2

β12Y
(14)

14+a−b mod 2
4+a−b mod 3

β13Y
(14)

16−b mod 2
6−b mod 3

β21Y
(14)

12−a+b mod 2
2−a+b mod 3

β22Y
(14)

10
1

β23Y
(14)

16−a mod 2
6−a mod 3

β31Y
(14)

12+b mod 2
2+b mod 3

β32Y
(14)

14+a mod 2
4+a mod 3

β33Y
(14)

10
0

 . (3.40)
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To calculate the quark flavor observables, we need to choose the signs ±1 in coupling constants

and the values of a and b. Consequently, we find best-fit choices at τ = 3.2i,

a = 2, b = 3, (3.41)

and α11 α12 α13

α21 α22 α23

α31 α32 α33

 =

 1 1 1

1 1 −1

−1 −1 −1

 ,

β11 β12 β13

β21 β22 β23

β31 β32 β33

 =

 1 1 1

−1 1 1

1 1 −1

 . (3.42)

Then T -charges of Q, uR and dR are

Q = (11
0,1

0
2,1

0
0), uR = (10

2,1
1
1,1

0
0), dR = (11

1,1
0
0,1

0
0). (3.43)

They lead to the hierarchical quark mass matrices,

Mu/Y
(14)

10
0

=


Y

(14)

11
1

Y
(14)

10
2

Y
(14)

11
0

Y
(14)

10
2

Y
(14)

11
0

−Y (14)

10
1

−Y (14)

10
1

−Y (14)

11
2i

−Y (14)

10
0

 /Y
(14)

10
0

=

0.0000746 0.000435 0.00358

0.000435 0.00358 −0.0208

−0.0208 −0.172 −1



∼

 ε5 ε4 ε3

ε4 ε3 −ε2
−ε2 −ε −1

 , (3.44)

Md/Y
(14)

10
0

=


Y

(14)

10
2

Y
(14)

11
0

Y
(14)

11
0

−Y (14)

11
0

Y
(14)

10
1

Y
(14)

10
1

Y
(14)

11
2i

Y
(14)

10
0

−Y (14)

10
0

 /Y
(14)

10
0

=

0.000435 0.00358 0.00358

−0.00358 0.0208 0.0208

0.172 1 −1



∼

 ε4 ε3 ε3

−ε3 ε2 ε2

ε 1 −1

 . (3.45)

These mass matrices give the following quark mass ratios,

(mu,mc,mt)/mt = (2.14× 10−5, 7.00× 10−3, 1), (3.46)

(md,ms,mb)/mb = (7.16× 10−4, 2.11× 10−2, 1), (3.47)

and the absolute values of the CKM matrix elements,

|VCKM| =

 0.982 0.190 0.00309

0.190 0.982 0.0200

0.00683 0.0191 1.00

 . (3.48)

Results are summarized in Table 3.4.
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mu

mt
× 106 mc

mt
× 103 md

mb
× 104 ms

mb
× 102 |V us

CKM| |V cb
CKM| |V ub

CKM|

obtained values 21.4 7.00 7.16 2.11 0.190 0.0200 0.00309

observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

Table 3.4: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at the benchmark point τ = 3.2i in the best-fit model by Eqs. (3.43) and (3.42) of type II

with Yukawa couplings of weight 14. Observed values Ref. [136] and GUT scale values with

tan β = 5 [134,135] are shown.

Type III: (5,2,0) and (3,2,0)

Third we study the quark flavor model in type III. The mass matrices of type III are given by

Eq. (3.27) and

Mu =


α11Y

(14)

11
1

α12Y
(14)

14+a−b mod 2
4+a−b mod 3

α13Y
(14)

16−b mod 2
6−b mod 3

α21Y
(14)

11−a+b mod 2
1−a+b mod 3

α22Y
(14)

10
1

α23Y
(14)

16−a mod 2
6−a mod 3

α31Y
(14)

11+b mod 2
1+b mod 3

α32Y
(14)

14+a mod 2
4+a mod 3

α33Y
(14)

10
0

 . (3.49)

To calculate the quark flavor observables, we need to choose the signs ±1 in coupling constants

and the values of a and b. Consequently, we find best-fit choices at τ = 3.2i,

a = 2, b = 3, (3.50)

and

α11 α12 α13

α21 α22 α23

α31 α32 α33

 =

1 1 1

1 −1 −1

1 1 −1

 ,

β11 β12 β13

β21 β22 β23

β31 β32 β33

 =

1 1 1

1 1 −1

1 −1 1

 . (3.51)

Then T -charges of Q, uR and dR are

Q = (11
0,1

0
2,1

0
0), uR = (10

2,1
0
0,1

0
0), dR = (10

0,1
0
0,1

0
0). (3.52)
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They lead to the hierarchical quark mass matrices,

Mu/Y
(14)

10
0

=


Y

(14)

11
1

Y
(14)

11
0

Y
(14)

11
0

Y
(14)

10
2

−Y (14)

10
1

−Y (14)

10
1

Y
(14)

10
1

Y
(14)

10
0

−Y (14)

10
0

 /Y
(14)

10
0

=

0.0000746 0.00358 0.00358

0.000435 −0.0208 −0.0208

0.0208 1 −1



∼

ε5 ε3 ε3

ε4 −ε2 −ε2
ε2 1 −1

 , (3.53)

Md/Y
(14)

10
0

=


Y

(14)

11
0

Y
(14)

11
0

Y
(14)

11
0

Y
(14)

10
1

Y
(14)

10
1

−Y (14)

10
1

Y
(14)

10
0

−Y (14)

10
0

Y
(14)

10
0

 /Y
(14)

10
0

=

0.00358 0.00358 0.00358

0.0208 0.0208 −0.0208

1 −1 1



∼

ε3 ε3 ε3

ε2 ε2 −ε2
1 −1 1

 . (3.54)

These mass matrices give the following quark mass ratios,

(mu,mc,mt)/mt = (1.04× 10−4, 2.12× 10−2, 1), (3.55)

(md,ms,mb)/mb = (2.91× 10−3, 1.97× 10−2, 1), (3.56)

and the absolute values of the CKM matrix elements,

|VCKM| =

 0.967 0.255 0.00000171

0.255 0.967 0.00706

0.00180 0.00682 1.00

 . (3.57)

Results are shown in Table 3.5.

mu

mt
× 106 mc

mt
× 103 md

mb
× 104 ms

mb
× 102 |V us

CKM| |V cb
CKM| |V ub

CKM|

obtained values 104 21.2 29.1 1.97 0.255 0.00706 0.00000171

observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

Table 3.5: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at the benchmark point τ = 3.2i in the best-fit model by Eqs. (3.52) and (3.51) of type III

with Yukawa couplings of weight 14. Observed values Ref. [136] and GUT scale values with

tan β = 5 [134,135] are shown.
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Type IV: (5,2,0) and (4,2,0)

Finally we study the quark flavor model in type IV. The mass matrices of type IV are given by

Eqs. (3.49) and (3.40). To calculate the quark flavor observables, we need to choose the signs

±1 in coupling constants and the values of a and b. Consequently, we find best-fit choices at

τ = 3.2i,

a = 5, b = 0, (3.58)

and α11 α12 α13

α21 α22 α23

α31 α32 α33

 =

1 1 1

1 1 1

1 −1 −1

 ,

β11 β12 β13

β21 β22 β23

β31 β32 β33

 =

1 1 1

1 −1 −1

1 1 −1

 . (3.59)

Then T -charges of Q, uR and dR are

Q = (10
0,1

1
2,1

0
0), uR = (11

2,1
1
0,1

0
0), dR = (10

1,1
1
0,1

0
0). (3.60)

They lead to the hierarchical quark mass matrices,

Mu/Y
(14)

10
0

=


Y

(14)

11
1

Y
(14)

11
0

Y
(14)

10
0

Y
(14)

10
2

Y
(14)

10
1

Y
(14)

11
1

Y
(14)

11
1

−Y (14)

11
0

−Y (14)

10
0

 /Y
(14)

10
0

=

0.0000746 0.00358 1

0.000435 0.0208 0.0000746

0.0000746 −0.00358 −1



∼

ε5 ε3 1

ε4 ε2 ε5

ε5 −ε3 −1

 , (3.61)

Md/Y
(14)

10
0

=


Y

(14)

10
2

Y
(14)

11
0

Y
(14)

10
0

Y
(14)

11
0

−Y (14)

10
1

−Y (14)

11
1

Y
(14)

10
2

Y
(14)

11
0

−Y (14)

10
0

 /Y
(14)

10
0

=

0.000435 0.00358 1

0.00358 −0.0208 −0.0000746

0.000435 0.00358 −1



∼

ε4 ε3 1

ε3 −ε2 −ε5
ε4 ε3 −1

 . (3.62)

These mass matrices give the following quark mass ratios,

(mu,mc,mt)/mt = (7.46× 10−5, 1.47× 10−2, 1), (3.63)

(md,ms,mb)/mb = (1.01× 10−3, 1.54× 10−2, 1), (3.64)

and the absolute values of the CKM matrix elements,

|VCKM| =

 0.974 0.226 0.0000000194

0.226 0.974 0.000158

0.0000358 0.000154 1.00

 . (3.65)
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Results are shown in Table 3.6.

mu

mt
× 106 mc

mt
× 103 md

mb
× 104 ms

mb
× 102 |V us

CKM| |V cb
CKM| |V ub

CKM|

obtained values 74.6 14.7 10.1 1.54 0.226 0.000158 1.94× 10−8

observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

Table 3.6: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at the benchmark point τ = 3.2i in the best-fit model by Eqs. (3.60) and (3.59) of type IV

with Yukawa couplings of weight 14. Observed values Ref. [136] and GUT scale values with

tan β = 5 [134,135] are shown.

3.3.2 Weights less than 14

Next we study the models with Yukawa couplings of weights less than 14 where some of mass

matrix elements vanish because there do not exist modular forms of proper weights and repre-

sentations.

Type III: (5,2,0) and (3,2,0) with weights 8 and 10

First we study the model where Yukawa couplings for up-sector have weight 8 and ones for

down-sector have weight 10. In addition, we consider the model in type III. As a benchmark

point of the modulus, we choose τ = 3.7i around the cusp. As shown in Appendix G.2, four

singlet modular forms of weight 8, Y
(8)

10
0
, Y

(8)

11
2
, Y

(8)

10
1

and Y
(8)

10
2

exist. At the benchmark point

τ = 3.7i, they are evaluated as

Y
(8)

10
0
/Y

(8)

10
0

= 1 → 1, Y
(8)

11
2
/Y

(8)

10
0

= −7.19× 10−2 → ε,

Y
(8)

10
1
/Y

(8)

10
0

= 7.32× 10−3 → ε2, Y
(8)

10
2
/Y

(8)

10
0

= 5.35× 10−5 → ε4.
(3.66)

At weight 10, five singlet modular forms, Y
(10)

10
0

, Y
(10)

11
2

, Y
(10)

10
1

, Y
(10)

11
0

and Y
(10)

11
2

exist. At τ = 3.7i,

they are evaluated as

Y
(10)

10
0
/Y

(10)

10
0

= 1 → 1, Y
(10)

11
2
/Y

(10)

10
0

= 0.102 → ε,

Y
(10)

10
1
/Y

(10)

10
0

= 7.32× 10−3 → ε2, Y
(10)

11
0
/Y

(10)

10
0

= 7.44× 10−4 → ε3,

Y
(10)

11
1
/Y

(10)

10
0

= 5.44× 10−6 → ε5.

(3.67)

Here we assume left-handed quark doublets Q, right-handed up-sector quark singlets uR and

right-handed down-sector quark singlets dR have weights -4, -4 and -6, respectively. In this case

Yukawa couplings for up-sector have weight 8 and ones for down-sector have weight 10.
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The mass matrices in type III are given by

Mu =


0 α12Y

(8)

14+a−b mod 2
4+a−b mod 3

α13Y
(8)

16−b mod 2
6−b mod 3

α21Y
(8)

11−a+b mod 2
1−a+b mod 3

α22Y
(8)

10
1

α23Y
(8)

16−a mod 2
6−a mod 3

α31Y
(8)

11+b mod 2
1+b mod 3

α32Y
(8)

14+a mod 2
4+a mod 3

α33Y
(8

10
0

 , (3.68)

Md =


β11Y

(10)

11
0

β12Y
(10)

14+a−b mod 2
4+a−b mod 3

β13Y
(10)

16−b mod 2
6−b mod 3

β21Y
(10)

13−a+b mod 2
3−a+b mod 3

β22Y
(10)

10
1

β23Y
(10)

16−a mod 2
6−a mod 3

β31Y
(10)

13+b mod 2
3+b mod 3

β32Y
(10)

14+a mod 2
4+a mod 3

β33Y
(10)

10
0

 . (3.69)

Here some of mass matrix elements can vanish depending on their T -charges, that is, values of

a and b. To calculate the quark flavor observables, we need to choose the signs ±1 in coupling

constants and the values of a and b. Consequently, we find best-fit choices at τ = 3.7i,

a = 1, b = 2, (3.70)

and  - - α13

α21 α22 α23

- α32 α33

 =

- - 1

1 1 1

- −1 −1

 ,

β11 β12 β13

β21 β22 β23

β31 β32 β33

 =

 1 1 1

−1 −1 1

1 −1 1

 . (3.71)

Then T -charges of Q, uR and dR are

Q = (10
2,1

1
1,1

0
0), uR = (11

0,1
1
1,1

0
0), dR = (11

1,1
1
1,1

0
0). (3.72)

They lead to the hierarchical quark mass matrices,

Mu/Y
(8)

10
0

=


0 0 Y

(8)

10
1

Y
(8)

10
2

Y
(8)

10
1

Y
(8)

11
2

0 −Y (8)

11
2

−Y (8)

10
0

 /Y
(8)

10
0

=

 0 0 0.00732

0.0000535 0.00732 −0.0719

0 0.0719 −1



∼

 0 0 ε2

ε4 ε2 −ε
0 ε −1

 , (3.73)

Md/Y
(10)

10
0

=


Y

(10)

11
0

Y
(10)

11
0

Y
(10)

10
1

−Y (10)

10
1

−Y (10)

10
1

Y
(10)

11
2

Y
(10)

11
2

−Y (10)

11
2

Y
(10)

10
0

 /Y
(10)

10
0

=

0.000744 0.000744 0.00732

−0.00732 −0.00732 0.102

0.102 −0.102 1



∼

 ε3 ε3 ε2

−ε2 −ε2 ε

ε −ε 1

 . (3.74)
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These mass matrices give the following quark mass ratios,

(mu,mc,mt)/mt = (1.27× 10−5, 2.18× 10−3, 1), (3.75)

(md,ms,mb)/mb = (1.44× 10−3, 1.74× 10−2, 1), (3.76)

and the absolute values of the CKM matrix elements,

|VCKM| =

 0.974 0.227 0.00741

0.227 0.973 0.0300

0.0140 0.0276 1.00

 . (3.77)

Results are shown in Table 3.7.

mu

mt
× 106 mc

mt
× 103 md

mb
× 104 ms

mb
× 102 |V us

CKM| |V cb
CKM| |V ub

CKM|

obtained values 12.7 2.18 14.4 1.74 0.227 0.0300 0.00741

observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

Table 3.7: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at the benchmark point τ = 3.7i in the best-fit model by Eqs. (3.72) and (3.71) of type III

with up-sector Yukawa couplings of weight 8 and down-sector Yukawa couplings of weight 10.

Observed values Ref. [136] and GUT scale values with tan β = 5 [134,135] are shown.

Type III: (5,2,0) and (3,2,0) with weights 8 and 12

Next we study the model where Yukawa couplings for up-sector have weight 8 and ones for

down-sector have weight 12. In addition, we consider the model in type III. As a benchmark

point of the modulus, we choose τ = 3.7i around the cusp. As shown in Appendix G.2, four

singlet modular forms of weight 8, Y
(8)

10
0
, Y

(8)

11
2
, Y

(8)

10
1

and Y
(8)

10
2

exist. At the benchmark point

τ = 3.7i, they are evaluated as in Eq. (3.66). At weight 12, six singlet modular forms, Y
(12)

10
0i

,

Y
(12)

11
2

, Y
(12)

10
1

, Y
(12)

11
0

, Y
(12)

10
2

and Y
(12)

10
0ii

exist. At τ = 3.7i, they are evaluated as

Y
(12)

10
0i
/Y

(12)

10
0i

= 1 → 1, Y
(12)

11
2
/Y

(12)

10
0i

= 0.102 → ε,

Y
(12)

10
1
/Y

(12)

10
0i

= 1.03× 10−2 → ε2, Y
(12)

11
0
/Y

(12)

10
0i

= 7.44× 10−4 → ε3,

Y
(12)

10
2
/Y

(12)

10
0i

= 7.57× 10−5 → ε4, Y
(12)

10
0ii
/Y

(12)

10
0i

= 5.54× 10−7 → ε6.

(3.78)

Here Y
(12)

10
0ii

∼ ε6 originates from Y
(6)

11
0
Y

(6)

11
0

∼ ε3 · ε3 while Y
(12)

10
0i

∼ 1 originates from Y
(6)

10
0
Y

(6)

10
0

∼
1 · 1. In what follows, we ignore Y

(12)

10
0ii

because it belongs to the same representation as Y
(12)

10
0i

and Y
(12)

10
0i

>> Y
(12)

10
0ii

. Also we assume left-handed quark doublets Q, right-handed up-sector
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quark singlets uR and right-handed down-sector quark singlets dR have weights -4, -4 and -8,

respectively. In this case Yukawa couplings for up-sector have weight 8 and ones for down-sector

have weight 12.

The mass matrices in type III are given by Eq. (3.68) and

Md =


β11Y

(12)

11
0

β12Y
(12)

14+a−b mod 2
4+a−b mod 3

β13Y
(12)

16−b mod 2
6−b mod 3

β21Y
(12)

13−a+b mod 2
3−a+b mod 3

β22Y
(12)

10
1

β23Y
(12)

16−a mod 2
6−a mod 3

β31Y
(12)

13+b mod 2
3+b mod 3

β32Y
(12)

14+a mod 2
4+a mod 3

β33Y
(12)

10
0

 . (3.79)

Here some of mass matrix elements can vanish depending on their T -charges, that is, values of

a and b. To calculate the quark flavor observables, we need to choose the signs ±1 in coupling

constants and the values of a and b. Consequently, we find best-fit choices at τ = 3.7i,

a = 1, b = 2, (3.80)

and α11 α12 α13

α21 α22 α23

α31 α32 α33

 =

1 1 1

1 1 1

1 −1 −1

 ,

β11 β12 β13

β21 β22 β23

β31 β32 β33

 =

 1 1 1

−1 −1 1

1 −1 1

 . (3.81)

Then T -charges of Q, uR and dR are

Q = (10
2,1

1
1,1

0
0), uR = (11

0,1
1
1,1

0
0), dR = (11

1,1
1
1,1

0
0). (3.82)

They lead to the hierarchical quark mass matrices,

Mu/Y
(8)

10
0

=


0 0 Y

(8)

10
1

Y
(8)

10
2

Y
(8)

10
1

Y
(8)

11
2

0 −Y (8)

11
2

−Y (8)

10
0

 /Y
(8)

10
0

=

 0 0 0.00732

0.0000535 0.00732 −0.0719

0 0.0719 −1



∼

 0 0 ε2

ε4 ε2 −ε
0 ε −1

 , (3.83)

Md/Y
(12)

10
0i

=


Y

(12)

11
0

Y
(12)

11
0

Y
(12)

10
1

−Y (12)

10
1

−Y (12)

10
1

Y
(12)

11
2

Y
(12)

11
2

−Y (12)

11
2

Y
(12)

10
0i

 /Y
(12)

10
0i

=

0.000744 0.000744 0.0103

−0.0103 −0.0103 0.102

0.102 −0.102 1



∼

 ε3 ε3 ε2

−ε2 −ε2 ε

ε −ε 1

 . (3.84)
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These mass matrices give the following quark mass ratios,

(mu,mc,mt)/mt = (1.27× 10−5, 2.18× 10−3, 1), (3.85)

(md,ms,mb)/mb = (1.76× 10−3, 2.02× 10−2, 1), (3.86)

and the absolute values of the CKM matrix elements,

|VCKM| =

 0.974 0.227 0.0103

0.226 0.974 0.0308

0.0170 0.0276 0.999

 . (3.87)

Results are shown in Table 3.8.

mu

mt
× 106 mc

mt
× 103 md

mb
× 104 ms

mb
× 102 |V us

CKM| |V cb
CKM| |V ub

CKM|

obtained values 12.7 2.18 17.6 2.02 0.227 0.0308 0.0103

observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

Table 3.8: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at the benchmark point τ = 3.7i in the best-fit model by Eqs. (3.82) and (3.81) of type III

with up-sector Yukawa couplings of weight 8 and down-sector Yukawa couplings of weight 12.

Observed values Ref. [136] and GUT scale values with tan β = 5 [134,135] are shown.

3.3.3 The origin of Γ6 modular symmetry

As we have seen throughout this section, the values of the quark flavor structures can be

realized up to O(1) without fine-tuning in Γ6 modular symmetry. Then residual T -symmetry

(Z6-symmetry) of Γ6 on the cusp τ = i∞ can originate hierarchical quark mass ratios. Before

we end this section, we also comment on a plausible origin of Γ6 modular symmetry of the

theories. As we have seen in Chapter 2, some modular forms are derived from the torus

compactification T 2
1 × T 2

2 × T 2
3 of the low-energy effective theory of the superstring theory

with magnetic flux background. For example the modular forms of weight 1/2 transformed

by Γ̃N are obtained on magnetized T 2; the modular forms of weight 1 transformed by Γ′
N are

obtained on magnetized T 2
1 × T 2

2 with the moduli stabilization τ1 = τ2. In addition, non-

factorizable toroidal compactifications T 4 and T 6 can lead to more various modular forms.

Therefore it may be expected that Γ6 modular symmetry originates from magnetized troidal

compactification models. As a simple case, Γ6 ≃ S3 × A4 ≃ Γ2 × Γ3 may originate from Γ2

modular symmetry on T 2
1 , Γ3 modular symmetry on T 2

2 and trivial modular symmetry on T 2
3

under the moduli stabilization τ1 = τ2.
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3.4 The models with A4 × A4 × A4 modular symmetry

As another promissing example for the quark flavor models without fine-tuning, we study the

models with A4×A4×A4 modular symmetry, which is controled by three moduli τ1, τ2 and τ3.

A4 modular group has two generators, S and T -transformations, and they satisfy the algebraic

relations,

S2 = (ST )3 = T 3 = I. (3.88)

Since A4 modular symmetry breaks to residual Z3 symmetry at both τ = ω and i∞, A4×A4×A4

modular symmetry breaks to residual Z3 × Z3 × Z3 symmetry which is able to generate the

hierarchical value ε6 in the vicinity of τ = ω and i∞. Hereafter, we assume the moduli

stabilization τ1 = τ2 = τ3 ≡ τ and the vicinity of the symmetric points ω or i∞ in order to

generate the hierarchical values of the modular forms. Note that the non-universal moduli such

as τ1 ∼ ω, τ2 ∼ ω and τ3 ∼ i∞ are possible to generate the hierarchical value ε6 as well as the

universal moduli τ1 = τ2 = τ3 ≡ τ ∼ ω or i∞. Also we will study the models with non-universal

moduli τ1 = τ2 ̸= τ3 in Subsection 3.4.5.

The superpotentials for up and down-sectors, Wu and Wd, with A4 × A4 × A4 modular

symmetry are given by

Wu =
∑

r1,r2,r3

Yr1(τ)Yr2(τ)Yr3(τ)(Q1 Q2 Q3)

α11
r1r2r3

α12
r1r2r3

α13
r1r2r3

α21
r1r2r3

α22
r1r2r3

α23
r1r2r3

α31
r1r2r3

α32
r1r2r3

α33
r1r2r3

u1Ru2R
u3R

Hu


1

,

(3.89)

Wd =
∑

r1,r2,r3

Yr1(τ)Yr2(τ)Yr3(τ)(Q1 Q2 Q3)

β11
r1r2r3

β12
r1r2r3

β13
r1r2r3

β21
r1r2r3

β22
r1r2r3

β23
r1r2r3

β31
r1r2r3

β32
r1r2r3

β33
r1r2r3

d1Rd2R
d3R

Hd


1

, (3.90)

where Yrn(τ), (n = 1, 2, 3) are the modular forms belonging to all possible irreducible represen-

tations rn with respect to n-th A4. Coupling constants αjkr1r2r3 (βjkr1r2r3) may be related each

other when quarks belong to multiplets. Yukawa couplings are given by the products of three

modular forms Yr1(τ)Yr2(τ)Yr3(τ). Notice that this corresponds to Yukawa couplings on the

magnetized orbifold models in Eq. (2.53) under the moduli stabilization τ1 = τ2 = τ3.

After the Higgs fields get the VEVs, these superpotentials lead to the mass terms,

(Q1 Q2 Q3)Mu

u1Ru2R
u3R


=

∑
r1,r2,r3

 3∏
n=1

Yrn(Q
1 Q2 Q3)

α11
r1r2r3

α12
r1r2r3

α13
r1r2r3

α21
r1r2r3

α22
r1r2r3

α23
r1r2r3

α31
r1r2r3

α32
r1r2r3

α33
r1r2r3

u1Ru2R
u3R

 ⟨Hu⟩


1

,

(3.91)
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(Q1 Q2 Q3)Md

d1Rd2R
d3R


=

∑
r1,r2,r3

 3∏
n=1

Yrn(Q
1 Q2 Q3)

β11
r1r2r3

β12
r1r2r3

β13
r1r2r3

β21
r1r2r3

β22
r1r2r3

β23
r1r2r3

β31
r1r2r3

β32
r1r2r3

β33
r1r2r3

d1Rd2R
d3R

 ⟨Hd⟩


1

.

(3.92)

To make our analysis simple, we use only A4 singlets and assign Higgs fields Hu and Hd into

A4 × A4 × A4 trivial singlets 1 × 1 × 1 with weight 0. In addition, we restrict the coupling

constants αjkr1r2r3 and βjkr1r2r3 to ±1 in quark mass matrices as same as the analysis on Γ6

modular symmetry in the previous section. To avoid fine-tuning by coupling constants, we use

only the deviation of the modulus from the symmetric points ω or i∞ (and the choices of +1

or −1 in α and β) as a free parameter.

As reviewed in Appendix H.1, in A4 modular group, three singlet irreducible representations

1, 1′ and 1′′ exist. Under S, ST and T -transformations, the modular forms of weight k belonging

to 1, 1′ and 1′′, Y1(τ), Y1′(τ) and Y1′′(τ) are transformed as

S : Y1(τ) = (−τ)kY1(τ), ST : Y1(τ) = (−1− τ)kY1(τ), T : Y1(τ) = Y1(τ),

S : Y1′(τ) = (−τ)kY1′(τ), ST : Y1′(τ) = (−1− τ)kωY1′(τ), T : Y1′(τ) = ωY1′(τ),

S : Y1′′(τ) = (−τ)kY1′′(τ), ST : Y1′′(τ) = (−1− τ)kω2Y1′′(τ), T : Y1′′(τ) = ω2Y1′′(τ).

(3.93)

As shown in Appendix H.2, at weight k = 8, we can find the modular forms belonging to 1, 1′

and 1′′, Y
(8)
1 (τ), Y

(8)
1′ (τ) and Y

(8)
1′′ (τ), while at weights less than 8 some singlet modular forms

do not exist. For example, at weight 6 the modular forms belonging to 1′ and 1′′ do not exist.

Therefore we consider the assignments of weights,

kQ = kuR = kdR = 4, (3.94)

to make Yukawa couplings have weights 8.

First let us consider the modular forms in the vicinity of the cusp τ ∼ i∞. Using Eqs. (3.12)

and (3.93), we obtain the hierarchical structures of the modular forms,

Y
(8)
1 (τ) ≃ ε0T = 1, (3.95)

Y
(8)
1′ (τ) ≃ εT = e2πiτ/3, (3.96)

Y
(8)
1′′ (τ) ≃ ε2T = e4πiτ/3, (3.97)

at τ ∼ i∞.

Next let us consider the modular forms in the vicinity of left cusp τ ∼ ω. Using Eqs. (3.11)
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and (3.93), we obtain the hierarchical structures of the modular forms,

Y
(8)
1 (τ) ≃ ε2ST =

(
τ − ω

τ − ω2

)2

, (3.98)

Y
(8)
1′ (τ) ≃ εST =

τ − ω

τ − ω2
, (3.99)

Y
(8)
1′′ (τ) ≃ ε0ST = 1, (3.100)

at τ ∼ ω. Here we have used (−1− ω) = ω2.

3.4.1 Favorable models

Here we study favorable models realizing quark flavor observables at τ ∼ ω and i∞. To realize

hierarchical quark mass ratios, we consider the mass matrices of the forms,

Mu ∝

O(ε6) ∗ ∗
∗ O(ε3) ∗
∗ ∗ O(1)

 , Md ∝

O(ε4) ∗ ∗
∗ O(ε2) ∗
∗ ∗ O(1)

 , (3.101)

where we assume ε ∼ 0.15 and ∗ denotes unfixed values at this stage. Each A4 can yield the

modular forms of the orders 1, ε and ε2 at τ ∼ ω and i∞. We denote the orders of the modular

forms of the n-th A4 as 1, εn and ε2n. Then up-sector mass matrix Mu of the above forms is

realized in the following two types:

Type 123 :Mu ∝

O(ε1
2ε2

2ε3
2)

O(ε1ε2ε3)

O(1)

 , (3.102)

Type 122 :Mu ∝

O(ε1
2ε2

2ε3
2)

O(ε1
2ε2)

O(1)

 , (3.103)

where the notation of the type, ℓimjnk, corresponds to up-sector mass matrix with M22
u ∝

O(εiℓε
j
mε

k
n). Notice that type 123 has a permutation symmetry of three A4’s while type 122

does not has such symmetry. On the other hand, other possible types, 123, 122, 223, 132

and 232 are equivalent to type 122 since each A4 cannot be distinguished under the moduli

stabilization τ1 = τ2 = τ3.

Next we classify the possible types of down-sector mass matrix Md. When Mu is in type
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123, the possible types of down-sector mass matrix Md are given by

1222-12 :Md ∝

O(ε1
2ε2

2)

O(ε1ε2)

O(1)

 , 1222-23 :Md ∝

O(ε1
2ε2

2)

O(ε2ε3)

O(1)

 ,

1222-12 :Md ∝

O(ε1
2ε2

2)

O(ε21)

O(1)

 , 1222-32 :Md ∝

O(ε1
2ε2

2)

O(ε23)

O(1)

 ,

1232-12 :Md ∝

O(ε1ε2ε3
2)

O(ε1ε2)

O(1)

 , 1232-23 :Md ∝

O(ε1ε2ε3
2)

O(ε2ε3)

O(1)

 ,

1232-12 :Md ∝

O(ε1ε2ε3
2)

O(ε21)

O(1)

 , 1232-32 :Md ∝

O(ε1ε2ε3
2)

O(ε23)

O(1)

 ,

(3.104)

where the notation of the type, ℓimjnk-rpsq, corresponds to down-sector mass matrix with

M11
u ∝ O(εiℓε

j
mε

k
n) and M22

u ∝ O(εprε
q
s). Other types such as 1222-13 are equivalent to any of

the above types.

In the same way, we can find the possible types of down-sector mass matrix when Mu is in

type 122. The possible types of M11
d are

1222 : O(ε1
2ε2

2), 2232 : O(ε2
2ε3

2), 1232 : O(ε1
2ε3

2),

1223 : O(ε1
2ε2ε3), 1223 : O(ε1ε2

2ε3), 1232 : O(ε1ε2ε3
2),

(3.105)

and ones of M22
d are

12 : O(ε1
2), 22 : O(ε2

2), 32 : O(ε3
2),

12 : O(ε1ε2), 23 : O(ε2ε3), 13 : O(ε1ε3).
(3.106)

In total, 44 types realizing hierarchical structures in Eq. (3.101) exist.

In these types we investigate phenomenologically favorable models. As benchmark points

of modulus τ , we choose τ = 2.1i and ω+0.051i in the vicinity of i∞ and ω. The values of the

modular forms of weight 8 at the benchmark points are evaluated as

τ = 2.1i : Y
(8)
1 /Y

(8)
1 = 1 → 1, Y

(8)
1′ /Y

(8)
1 = −0.148 → ε, Y

(8)
1′′ /Y

(8)
1 = 0.0218 → ε2,

(3.107)

τ = ω + 0.051i : |Y (8)
1′′ /Y

(8)
1′′ | = 1 → 1, |Y (8)

1′ /Y
(8)
1′′ | = 0.148 → ε, |Y (8)

1 /Y
(8)
1′′ | = 0.0218 → ε2.

(3.108)

We enumerate the models for each choice of the signs ±1 in coupling constants α and β for

44 type. Then we pick up the models realizing the orders of the quark mass ratios and mixing
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angles. Therefore we require the following hierarchical results as phenomenologically favorable

conditions,

1/3 <
(mu/mt)model

(mu/mt)GUT

< 3, 1/3 <
(mc/mt)model

(mc/mt)GUT

< 3,

1/3 <
(md/mb)model

(md/mb)GUT

< 3, 1/3 <
(ms/mb)model

(ms/mb)GUT

< 3,

2/3 <
|V x

CKM|model

|V x
CKM|GUT

< 3/2, (x ∈ {us, cb, ub}).

(3.109)

As a result, we find 1,584 number of models satisfying these conditions at both benchmark

points τ = 2.1i and ω + 0.051i. Table 3.9 shows the results at τ = 2.1i and Table 3.10 shows

ones at τ = ω + 0.051i.

Type Number of models Type Number of models

123-1222-12 64 122-1232-32 64

123-1222-23 64 122-1232-12 32

123-1222-12 96 122-1232-23 32

123-1222-32 96 122-1232-13 64

123-1232-12 32 122-1223-12 16

123-1232-23 16 122-1223-22 48

123-1232-12 32 122-1223-32 48

123-1232-32 32 122-1223-12 32

122-1222-12 32 122-1223-23 16

122-1222-22 64 122-1223-13 48

122-1222-32 64 122-1223-12 16

122-1222-12 32 122-1223-22 32

122-1222-23 32 122-1223-32 32

122-1222-13 64 122-1223-12 16

122-2232-12 32 122-1223-23 16

122-2232-22 32 122-1223-13 32

122-2232-32 32 122-1232-12 0

122-2232-12 0 122-1232-22 16

122-2232-23 32 122-1232-32 16

122-2232-13 32 122-1232-12 16

122-1232-12 32 122-1232-23 0

122-1232-22 64 122-1232-13 16

Table 3.9: Number of models satisfying hierarchy conditions in Eq. (3.109) at the benchmark

point τ = 2.1i. The first and third columns denote the type of M11
u -M22

d -M11
d .
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Type Number of models Type Number of models

123-1222-12 64 122-1232-32 64

123-1222-23 64 122-1232-12 32

123-1222-12 96 122-1232-23 32

123-1222-32 96 122-1232-13 64

123-1232-12 32 122-1223-12 16

123-1232-23 16 122-1223-22 48

123-1232-12 32 122-1223-32 48

123-1232-32 32 122-1223-12 32

122-1222-12 32 122-1223-23 16

122-1222-22 64 122-1223-13 48

122-1222-32 64 122-1223-12 16

122-1222-12 32 122-1223-22 32

122-1222-23 32 122-1223-32 32

122-1222-13 64 122-1223-12 16

122-2232-12 32 122-1223-23 16

122-2232-22 32 122-1223-13 32

122-2232-32 32 122-1232-12 0

122-2232-12 0 122-1232-22 16

122-2232-23 32 122-1232-32 16

122-2232-13 32 122-1232-12 16

122-1232-12 32 122-1232-23 0

122-1232-22 64 122-1232-13 16

Table 3.10: Number of models satisfying hierarchy conditions in Eq. (3.109) at the benchmark

point τ = ω + 0.051i. The first and third columns denote the type of M11
u -M22

d -M11
d .

3.4.2 Numerical example

To illustrate the numerical calculations of quark flavors without fine-tuning, here we show some

examples using the favorable models classified in Tables 3.9 and 3.10.

Type 122-1222-12 at τ = 2.1i ∼ i∞
In type 122-1222-12, the T -charge assignments to quark fields are given by

{Q1, Q2, Q3} : {(a1, a2, a3), (b1, b2, b3), (0, 0, 0)}, (3.110)

{u1R, u2R, u3R} : {(1− a1, 1− a2, 1− a3)mod 3, (1− b1, 2− b2,−b3)mod 3, (0, 0, 0)}, (3.111)

{d1R, d2R, d3R} : {(1− a1, 1− a2,−a3)mod 3, (1− b1,−b2,−b3)mod 3, (0, 0, 0)}, (3.112)
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where ai ∈ {0, 1, 2} and bi ∈ {0, 1, 2} are T -charges of the i-th A4 for Q1 and Q2, respectively.

We find the best-fit choices of ai and bi,

(a1, a2, a3) = (1, 1, 1), (b1, b2, b3) = (2, 2, 0), (3.113)

and signs ±1 in the coupling constants α and β,

α11 α12 α13

α21 α22 α23

α31 α32 α33

 =

1 1 1

1 1 −1

1 −1 −1

 ,

β11 β12 β13

β21 β22 β23

β31 β32 β33

 =

1 1 1

1 −1 −1

1 1 1

 . (3.114)

In these choices, we obtain the quark mass matrices,

Mu = ⟨Hu⟩

Y
(8)
1′′ Y

(8)
1′′ Y

(8)
1′′ Y

(8)
1 Y

(8)
1′′ Y

(8)
1′′ Y

(8)
1′′ Y

(8)
1′′ Y

(8)
1′′

Y
(8)
1′ Y

(8)
1′ Y

(8)
1 Y

(8)
1′′ Y

(8)
1′ Y

(8)
1 −Y (8)

1′ Y
(8)
1′ Y

(8)
1

Y
(8)
1 Y

(8)
1 Y

(8)
1 −Y (8)

1′ Y
(8)
1 Y

(8)
1 −Y (8)

1 Y
(8)
1 Y

(8)
1

 , (3.115)

Md = ⟨Hd⟩

Y
(8)
1′′ Y

(8)
1′′ Y

(8)
1 Y

(8)
1 Y

(8)
1′ Y

(8)
1′′ Y

(8)
1′′ Y

(8)
1′′ Y

(8)
1′′

Y
(8)
1′ Y

(8)
1′ Y

(8)
1′ −Y (8)

1′′ Y
(8)
1 Y

(8)
1 −Y (8)

1′ Y
(8)
1′ Y

(8)
1

Y
(8)
1 Y

(8)
1 Y

(8)
1′ Y

(8)
1′ Y

(8)
1′′ Y

(8)
1 Y

(8)
1 Y

(8)
1 Y

(8)
1

 . (3.116)

At τ = 2.1i, they take the hierarchical structures,

|Mu/M
33
u | =

1.03× 10−5 4.74× 10−4 1.03× 10−5

2.18× 10−2 3.21× 10−3 2.18× 10−2

1.00 1.48× 10−1 1.00

 (3.117)

∼

O(ε6) O(ε4) O(ε6)

O(ε2) O(ε3) O(ε2)

O(1) O(ε) O(1)

 , (3.118)

|Md/M
33
d | =

4.74× 10−4 3.21× 10−3 1.03× 10−5

3.21× 10−3 2.18× 10−2 2.18× 10−2

1.48× 10−1 3.21× 10−3 1.00

 (3.119)

∼

O(ε4) O(ε3) O(ε6)

O(ε3) O(ε2) O(ε2)

O(ε) O(ε3) O(1)

 . (3.120)

From these mass matrices, we can calculate the quark mass ratios and the absolute values of

the CKM matrix elements. The results are shown in Table 3.11.
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mu

mt
× 106 mc

mt
× 103 md

mb
× 104 ms

mb
× 102 |V us

CKM| |V cb
CKM| |V ub

CKM|

obtained values 10.22 4.50 13.22 2.27 0.202 0.0419 0.00318

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

1σ errors ±1.68 ±0.12 ±1.02 ±0.10 ±0.0007 ±0.0008 ±0.00013

Table 3.11: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at the benchmark point τ = 2.1i. GUT scale values at 2× 1016 GeV with tan β = 5 [134, 135]

and 1σ errors are shown.

As same as the analysis of quark flavor models with Γ6 modular symmetry studied in Section

3.3, we have fixed the coupling constants αjk and βjk to ±1. Then more realistic results can

be obtained by varying αjk, βjk = O(1). In the above model, let us choose the following O(1)

size of coupling constants,α11 α12 α13

α21 α22 α23

α31 α32 α33

 =

2.71 1.94 2.67

2.53 1.99 −2.23

2.82 −1.39 −2.44

 ,

β11 β12 β13

β21 β22 β23

β31 β32 β33

 =

1.24 1.96 3.00

2.45 −1.88 −2.26

1.00 1.20 2.35

 .

(3.121)

In these choices, we obtain the quark mass ratios,

(mu,mc,mt)/mt = (5.39× 10−6, 2.80× 10−3, 1), (3.122)

(md,ms,mb)/mb = (9.21× 10−4, 1.82× 10−2, 1), (3.123)

and the absolute values of the CKM matrix elements,

|VCKM| =

 0.974 0.225 0.00353

0.225 0.974 0.0400

0.00556 0.0397 0.999

 . (3.124)

The results are summarized in Table 3.12.

mu

mt
× 106 mc

mt
× 103 md

mb
× 104 ms

mb
× 102 |V us

CKM| |V cb
CKM| |V ub

CKM|

obtained values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

1σ errors ±1.68 ±0.12 ±1.02 ±0.10 ±0.0007 ±0.0008 ±0.00013

Table 3.12: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at the benchmark point τ = 2.1i. GUT scale values at 2× 1016 GeV with tan β = 5 [134, 135]

and 1σ errors are shown.
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Type 123-1222-12 at τ = ω + 0.051i ∼ ω

In type 123-1222-12, the ST -charge assignments to quark fields are given by

{Q1, Q2, Q3} : {(a1, a2, a3), (b1, b2, b3), (0, 0, 0)}, (3.125)

{u1R, u2R, u3R} : {(1− a1, 1− a2, 1− a3)mod 3, (2− b1, 2− b2, 2− b3)mod 3, (0, 0, 0)}, (3.126)

{d1R, d2R, d3R} : {(1− a1, 1− a2,−a3)mod 3, (2− b1, 2− b2,−b3)mod 3, (0, 0, 0)}, (3.127)

where ai ∈ {0, 1, 2} and bi ∈ {0, 1, 2} are ST -charges of the i-th A4 for Q
1 and Q2, respectively.

We find the best-fit choices of ai and bi,

(a1, a2, a3) = (1, 1, 1), (b1, b2, b3) = (2, 0, 2), (3.128)

and signs ±1 in the coupling constants α and β,α11 α12 α13

α21 α22 α23

α31 α32 α33

 =

1 1 1

1 1 −1

1 −1 −1

 ,

β11 β12 β13

β21 β22 β23

β31 β32 β33

 =

1 1 1

1 −1 1

1 −1 −1

 . (3.129)

In these choices, we obtain the quark mass matrices,

Mu = ⟨Hu⟩

Y
(8)
1 Y

(8)
1 Y

(8)
1 Y

(8)
1 Y

(8)
1′′ Y

(8)
1 Y

(8)
1 Y

(8)
1 Y

(8)
1

Y
(8)
1′ Y

(8)
1′′ Y

(8)
1′ Y

(8)
1′ Y

(8)
1′ Y

(8)
1′ −Y (8)

1′ Y
(8)
1′′ Y

(8)
1′

Y
(8)
1′′ Y

(8)
1′′ Y

(8)
1′′ −Y (8)

1′′ Y
(8)
1′ Y

(8)
1′′ −Y (8)

1′′ Y
(8)
1′′ Y

(8)
1′′

 , (3.130)

Md = ⟨Hd⟩

Y
(8)
1 Y

(8)
1 Y

(8)
1′′ Y

(8)
1 Y

(8)
1′′ Y

(8)
1′ Y

(8)
1 Y

(8)
1 Y

(8)
1

Y
(8)
1′ Y

(8)
1′′ Y

(8)
1 −Y (8)

1′ Y
(8)
1′ Y

(8)
1′′ Y

(8)
1′ Y

(8)
1′′ Y

(8)
1′

Y
(8)
1′′ Y

(8)
1′′ Y

(8)
1′ −Y (8)

1′′ Y
(8)
1′ Y

(8)
1 −Y (8)

1′′ Y
(8)
1′′ Y

(8)
1′′

 . (3.131)

At τ = ω + 0.051i, they take the hierarchical structures,

|Mu/M
33
u | =

1.04× 10−5 4.76× 10−4 1.04× 10−5

2.18× 10−2 3.22× 10−3 2.18× 10−2

1.00 1.48× 10−1 1.00

 (3.132)

∼

O(ε6) O(ε4) O(ε6)

O(ε2) O(ε3) O(ε2)

O(1) O(ε) O(1)

 , (3.133)

|Md/M
33
d | =

4.76× 10−4 3.22× 10−3 1.04× 10−5

3.22× 10−3 2.18× 10−2 2.18× 10−2

1.48× 10−1 3.22× 10−3 1.00

 (3.134)

∼

O(ε4) O(ε3) O(ε6)

O(ε3) O(ε2) O(ε2)

O(ε) O(ε3) O(1)

 . (3.135)
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From these mass matrices, we can calculate the quark mass ratios and the absolute values of

the CKM matrix elements. The results are shown in Table 3.13.

mu

mt
× 106 mc

mt
× 103 md

mb
× 104 ms

mb
× 102 |V us

CKM| |V cb
CKM| |V ub

CKM|

obtained values 10.3 4.52 13.29 2.27 0.202 0.0420 0.00319

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

1σ errors ±1.68 ±0.12 ±1.02 ±0.10 ±0.0007 ±0.0008 ±0.00013

Table 3.13: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at the benchmark point τ = ω + 0.051i. GUT scale values at 2 × 1016 GeV with tan β = 5

[134,135] and 1σ errors are shown.

3.4.3 CP violation

So far, we have studied the quark mass ratios and the absolute values of the CKM matrix

elements on the A4 × A4 × A4 modular symmetric flavor models without fine-tuning. Here we

additionally study the possibility of the realization of the CP violation. We assume that the

CP violation is only induced by the VEV of the modulus τ . The independent values of the

modulus τ under the modular transformation (so-called the fundamental region) are shown in

Figure 2.1.

Under the CP transformation, the modulus τ is transformed as [27,146,147]

τ → −τ ∗, (3.136)

i.e.,

Reτ → −Reτ, Imτ → Imτ. (3.137)

The CP invariant points of the modulus are obviously given by following three,

• the imaginary axis, Reτ = 0;

• the boundary, Reτ = ±1/2;

• the unit arc, |τ | = 1.

Note that the imaginary axis Reτ = 0 is CP invariant due to T -symmetry,

τ =
1

2
+ iImτ

CP−−→ −1

2
+ iImτ

T−→ 1

2
+ iImτ = τ, (3.138)

and the unit arc |τ | = 1 is CP invariant due to S-symmetry,

τ = eiArgτ CP−−→ −e−iArgτ S−→ eiArgτ = τ. (3.139)
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Therefore, we cannot obtain non-vanishing CP phase in our numerical examples studied in

Subsection 3.4.2 since we have fixed the modulus at τ = 2.1i (the imaginary axis) or ω+0.051i

(the boundary). In order to find the models leading to non-vanishing CP phase, here we study

the necessary conditions for the CP violation.

In the vicinity of the symmetric points, the mass matrices can be classified to two types. In

one type the CP violation is not induced while in another type it can be occured. To understand

this, first we study the mass matrices in the vicinity of τ = i∞ and A4 modular symmetry

instead of A4 × A4 × A4. As shown in Eq. (3.12), the mass matrix elements as well as the

modular forms with T -charge rT can be expanded by εrTT = e2πiτrT /N = e2πiτrT /3 in the first

order approximation. Thus, the up-sector mass matrix Mu with the following T -charges,

Mu :

2 2 1

1 1 0

1 1 0

 , (3.140)

can be estimated as

Mu ∼

ε2T ε2T εT
εT εT 1

εT εT 1

 . (3.141)

This charge pattern can be realized by T -charge assignments of the fields,

Q : (−1, 0, 0), uR : (−1,−1, 0), Hu : 0. (3.142)

Note that the second order contribution to the first order is O(ε3T ) and it is ignorable in the

vicinity of τ = i∞ where εT ≪ 1. Actually we have assumed εT ∼ 0.15 in Subsection 3.4.1 to

generate large quark mass hierarchies. This mass matrix has the phase factors,

Mu ∼

|εT |2e4πiReτ/3 |εT |2e4πiReτ/3 |εT |e2πiReτ/3

|εT |e2πiReτ/3 |εT |e2πiReτ/3 1

|εT |e2πiReτ/3 |εT |e2πiReτ/3 1

 (3.143)

=

|εT |2e2iα |εT |2e2iα |εT |eiα
|εT |eiα |εT |eiα 1

|εT |eiα |εT |eiα 1

 , (3.144)

where α = 2πReτ/3. For the phase transformations uL and uR,

uL =

eiα 1

1

 , uR =

e−iα e−iα

1

 , (3.145)
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the phase factors in the mass matrix are completely vanished as

Mu → u†LMuuR

∼ u†L

|εT |2e2iα |εT |2e2iα |εT |eiα
|εT |eiα |εT |eiα 1

|εT |eiα |εT |eiα 1

uR (3.146)

=

e−iα 1

1

|εT |2e2iα |εT |2e2iα |εT |eiα
|εT |eiα |εT |eiα 1

|εT |eiα |εT |eiα 1

e−iα e−iα

1

 (3.147)

=

|εT |2 |εT |2 |εT |
|εT | |εT | 1

|εT | |εT | 1

 . (3.148)

This is because the powers of the phase factors in the mass matrix are determined by their

T -charges and the phase transformations uL and uR correspond to them as

u†L =

e−iϕ1α e−iϕ
2α

e−iϕ
3α

 , ϕi = [−(T -charge of Qi)]mod 3, (3.149)

uR =

e−iψ1α

e−iψ
2α

e−iψ
3α

 , ψi = [−(T -charge of uiR)]mod 3. (3.150)

Here we have used the notation [q]mod 3 = r when q = 3n+ r with the maximum integer n such

that r = 0, 1, 2. This is one example of the type where the CP violation is not induced 1.

On the other hand, the mass matrix with the following T -charges,

Mu :

0 2 1

2 1 0

2 1 0

 , (3.151)

has non-vanishing phase factors. This charge pattern can be realized by T -charge assignments

of the fields,

Q : (−1, 0, 0), uR : (−2,−1, 0), Hu : 0. (3.152)

1Similar behaviors at the modular symmetric points were studied in Refs. [115,148].
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This mass matrix can be estimated as

Mu ∼

 1 ε2T εT
ε2T εT 1

ε2T εT 1

 (3.153)

=

 1 |εT |2e4πiReτ/3 |εT |e2πiReτ/3

|εT |2e4πiReτ/3 |εT |e2πiReτ/3 1

|εT |2e4πiReτ/3 |εT |e2πiReτ/3 1

 (3.154)

=

 1 |εT |2e2iα |εT |eiα
|εT |2e2iα |εT |eiα 1

|εT |2e2iα |εT |eiα 1

 , (3.155)

where α = 2πReτ/3. Under the basis transformations in Eqs. (3.149) and (3.150), the phase

factors in this matrix are partially vanished,

Mu → u†LMuuR

∼ u†L

 1 |εT |2e2iα |εT |eiα
|εT |2e2iα |εT |eiα 1

|εT |2e2iα |εT |eiα 1

uR (3.156)

=

e−iα 1

1

 1 |εT |2e2iα |εT |eiα
|εT |2e2iα |εT |eiα 1

|εT |2e2iα |εT |eiα 1

e−2iα

e−iα

1

 (3.157)

=

e−3iα |εT |2 |εT |
|εT |2 |εT | 1

|εT |2 |εT | 1

 . (3.158)

In this case, the phase factor e−3iα in the (1,1) matrix element survives. This is because T -

charge is identified up to N = 3 in mass matrix elements. Notice that if the (1,1) matrix

element in Mu has T -charge 3, it has the phase factor e3iα and the mass matrix in the first

approximation becomes completely real after the phase transformation. Thus the identification

of T -charge in the mass matrix leads to non-vanishing phase factors. This is one example of

the type where the CP violation can be induced.

This mechanism is generallized as follows. The T -charge of the M jk
u element is given by one

of Qj and ukR,

T -charge of M jk
u = [−(T -charge of Qj)− (T -charge of ukR)]mod 3. (3.159)

In the first order approximation, M jk
u element has the phase factor,

exp
[
iα(T -charge of M jk

u )
]
= exp

[
iα[−(T -charge of Qj)− (T -charge of ukR)]mod 3

]
. (3.160)
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On the other hand, the mass matrix element after the phase transformation, [u†LMuuR]
jk, has

the phase factor,

exp
[
iα[−(T -charge of Qj)− (T -charge of ukR)]mod 3

]
× exp

[
−iα([−(T -charge of Qj)]mod 3 + [−(T -charge of ukR)]mod 3)

]
. (3.161)

This is cancelled only if

[−(T -charge of Qj)− (T -charge of ukR)]mod 3

= [−(T -charge of Qj)]mod 3 + [−(T -charge of ukR)]mod 3, (3.162)

is satisfied. Notice that the left-hand side in Eq. (3.162) is less than 3. Thus when

[−(T -charge of Qj)]mod 3 + [−(T -charge of ukR)]mod 3 ≥ 3, (3.163)

is satisfied,M jk
u gets non-vanishing phase factor e−3iα after the basis transformations in Eqs. (3.149)

and (3.150). Similarly, we find the condition for down-sector quarks,

[−(T -charge of Qj)]mod 3 + [−(T -charge of dkR)]mod 3 ≥ 3. (3.164)

Remind that the residual charges determine the hierarchical structures of the mass matrices.

These conditions imply that residual charges further determine the phase factors in mass ma-

trices. Therefore, the CP violation is strongly related to the hierarchical quark mass ratios

through the residual charges. This is also true in other modular symmetric flavor models since

above analysis only depends on the residual charges of the modular group.

When either of the conditions in Eqs. (3.163) and (3.164) are satisfied, the quark mass

matrices can be complex and the CP violation can be induced depending on the value of the

modulus τ . Otherwise, the quark mass matrices are real in the first order approximation and

the sufficient CP violation never occur. Note that again the second order contribution to the

first order is estimated as O(10−3) and it is ignorable. Thus we can regard Eqs. (3.163) and

(3.164) as the necessary conditions for the CP violation.

Next we consider the necessary conditions in the vicinity of τ = ω. Since A4 modular group

satisfies (ST )3 = I, we can regard the same conditions in Eqs. (3.163) and (3.164),

[−(ST -charge of Qj)]mod 3 + [−(ST -charge of ukR)]mod 3 ≥ 3, (3.165)

[−(ST -charge of Qj)]mod 3 + [−(ST -charge of dkR)]mod 3 ≥ 3, (3.166)

as the necessary conditions for the CP violation.

Now we extend the necessary conditions to A4 × A4 × A4 modular symmetry. We have

three necessary conditions for three A4 symmetry. When at least one necessary condition

for A4 symmetry is satisfied, the CP violation can be induced. Consequently we find that

all of favorable models shown in Tables 3.9 and 3.10 satisfy the necessary conditions for the

CP violation. In Appendix F, we classify the phase factors after the basis transformations in
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Eqs. (3.149) and (3.150), and the hierarchical structures of the mass matrices of the favorable

models. Indeed these mass matrix structures contain non-vanishing phase factors. Nevertheless

the numerical analysis shows that all of the favorable models cannot obtain sufficient CP phase

in the vicinity of the symmetric points. To understand this, let us consider the CKM matrix

at the first order approximation of ε. It is calculated from the massmatrix structures in Table

F.1. As a result, we find all of the favorable models have either of the following two structures

of the CKM matrix at the first order approximation,

VCKM =

 1 1.5|ε|p∗ −|ε|3p∗
−1.5|ε|p 1 −2|ε|2
−2|ε|3p 2|ε|2 1

 ,

 1 −1.5|ε|p∗ |ε|3p∗
1.5|ε|p 1 −2|ε|2
2|ε|3p 2|ε|2 1

 , (3.167)

where p is given by ε/|ε|. It follows from this that Jarlskog invariant JCP vanishes at the first

order approximation,

JCP = |Im(V us
CKMV

cb
CKM(V

ub
CKMV

cs
CKM)

∗)| = Im(3p∗p|ε|6) = 0. (3.168)

When we consider the second order contribution to the CKM matrix, we obtain O(ε2) deviation

compared to the first order. Hence, we expect

JCP ≲ 3× |ε|8, (3.169)

at the second order approximation. Since we have assumed |ε| ∼ 0.15 to realize quark mass

hierarchies, we obtain JCP ≲ 7.7× 10−7. On the other hand, this is extremely small compared

with the observed value JCP = 2.8 × 10−5. Thus, the favorable models with A4 × A4 × A4

modular symmetry summarized in Tables 3.9 and 3.10 cannot realize the sufficient CP phase

although realistic values of the quark mass ratios and the mixing angles are obtained in the

vicinity of the symmetric points. In the following, we will confirm this through the numerical

examples using the some of the favorable models.

3.4.4 Numerical example of the CP violation

Here we will try to realize both the CP phase and the quark hierarchical structures in the

vicinity of the symmetric points τ = i∞ or ω using the favorable models. To illustrate the

inconsistency between the CP violation and the quark hierarchical structures, we study the

model in type 122-1232-32 at τ ∼ ω. In type 122-1232-32, the ST -charge assignments to quark

fields are given by

{Q1, Q2, Q3} : {(a1, a2, a3), (b1, b2, b3), (0, 0, 0)}, (3.170)

{u1R, u2R, u3R} : {(2− a1, 2− a2, 2− a3)mod 3, (2− b1, 1− b2,−b3)mod 3, (0, 0, 0)}, (3.171)

{d1R, d2R, d3R} : {(2− a1,−a2, 2− a3)mod 3, (−b1,−b2, 2− b3)mod 3, (0, 0, 0)}, (3.172)
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where ai ∈ {0, 1, 2} and bi ∈ {0, 1, 2} are ST -charges of the i-th A4 for Q
1 and Q2, respectively.

We find the best-fit choices of ai and bi,

(a1, a2, a3) = (1, 1, 1), (b1, b2, b3) = (1, 0, 0), (3.173)

and signs ±1 in the coupling constants α and β,α11 α12 α13

α21 α22 α23

α31 α32 α33

 =

1 1 1

1 −1 −1

1 1 −1

 ,

β11 β12 β13

β21 β22 β23

β31 β32 β33

 =

 1 1 1

−1 1 −1

−1 −1 1

 . (3.174)

In these choices, we obtain the quark mass matrices,

Mu = ⟨Hu⟩

Y
(8)
1 Y

(8)
1 Y

(8)
1 Y

(8)
1 Y

(8)
1′′ Y

(8)
1 Y

(8)
1 Y

(8)
1 Y

(8)
1

Y
(8)
1 Y

(8)
1′′ Y

(8)
1′′ −Y (8)

1 Y
(8)
1′ Y

(8)
1′′ −Y (8)

1 Y
(8)
1′′ Y

(8)
1′′

Y
(8)
1′′ Y

(8)
1′′ Y

(8)
1′′ Y

(8)
1′′ Y

(8)
1′ Y

(8)
1′′ −Y (8)

1′′ Y
(8)
1′′ Y

(8)
1′′

 , (3.175)

Md = ⟨Hd⟩

 Y
(8)
1 Y

(8)
1′′ Y

(8)
1 Y

(8)
1′′ Y

(8)
1 Y

(8)
1′ Y

(8)
1 Y

(8)
1 Y

(8)
1

−Y (8)
1 Y

(8)
1′ Y

(8)
1′′ Y

(8)
1′′ Y

(8)
1′′ Y

(8)
1 −Y (8)

1 Y
(8)
1′′ Y

(8)
1′′

−Y (8)
1′′ Y

(8)
1′ Y

(8)
1′′ −Y (8)

1′ Y
(8)
1′′ Y

(8)
1 Y

(8)
1′′ Y

(8)
1′′ Y

(8)
1′′

 . (3.176)

This is one of the models in Table 3.10 and can satisfy hierarchy conditions in Eq. (3.109) at

the benchmark point τ = ω + 0.051i. To check whether the CP violation can occur or not in

the vicinity of τ = ω, we calculate Jarlskog invariant JCP = Im(V us
CKMV

cb
CKM(V

ub
CKMV

cs
CKM)

∗) in

the τ plane around τ = ω. The results are shown in Figure 3.1.

Figure 3.1: Allowed regions and Jarlskog invariant in the τ plane around τ = ω for the model

in type 122-1232-32. Green shows the region satisfying hierarchy conditions in Eq. (3.109), and

black, red and yellow colors correspond to log10JCP. White shows the region with log10JCP <

−5. Blue square denotes the point τ = ω + (0.0326 + 0.0753i) on numerical example in Table

3.14. Gray is out of fundamental region.
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As a result, we cannot find the region of the modulus where both the sufficient Jarlskog

invariant and realistic quark hierarchical structures can be realized. Suitable value of Jarlskog

invariant JCP > 10−5 can be realized at |τ −ω| > 0.080 (|ε| > 0.23). This is consistent with the

estimation by Eq. (3.169). At |ε| ∼ 0.23, it gives JCP ≲ 2.3 × 10−5 ∼ 10−5 but it is too large

compared with |ε| ∼ 0.15 which is required to realize hierarchical quark mass ratios. Thus, it

is difficult to realize both the CP phase and quark mass ratios simultaneously. As a numerical

example, in Table 3.14, we show the results at τ = ω + (0.0326 + 0.0753i) where JCP > 10−5 is

realized.

mu
mt

×106 mc
mt

×103 md
mb

×104 ms
mb

×102 |V us
CKM| |V cb

CKM| |V ub
CKM| JCP×105

obtained values 162 17.8 76.9 5.93 0.287 0.100 0.0128 1.01

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353 2.80

1σ errors ±1.68 ±0.12 ±1.02 ±0.10 ±0.0007 ±0.0008 ±0.00013 +0.14
−0.12

Table 3.14: The values of the quark mass ratios and the absolute values of the CKM matrix

elements at the benchmark point τ = ω + (0.0326 + 0.0753i). GUT scale values at 2 × 1016

GeV with tan β = 5 [134,135] and 1σ errors are shown.

The results show that the value of the up quark mass ratio is too large compared to observed

value. Hence, large quark mass hierarchies are not realized in this example although JCP > 10−5

is realized. Similar results can be obtained for the favorable models in the vicinity of τ = i∞.

3.4.5 Non-universal moduli

As we have studied in the two previous subsections, the sufficient amount of the CP violation

does not occur in the favorable models with A4 ×A4 ×A4 modular symmetry. This is because

the structures of the CKM matrix in the favorable models are commonly given by Eq. (3.167)

and they lead to vanishing Jarlskog invariant at the first order approximation. Indeed, the

numerical example shows that the CP violation and the quark mass hierarchies are not realized

simultaneously. In this sense, the relation of the trade-off between the CP violation and the

quark mass hierarchies exist.

To improve the relation of the trade-off, let us study the models with non-universal moduli.

So far, we have assumed the moduli stabilization τ1 = τ2 = τ3 ≡ τ . Then the value of the

phase factors in the mass matrices can be controlled by the value of the modulus τ . However,

such phase factors are cancelled in Jarlskog invariant of the favorable models. We expect that

this cancellation is due to the strong restriction of the modulus by the moduli stabilization

τ1 = τ2 = τ3 ≡ τ . When we have the phase factors controlled by multi moduli parameters, τ1,

τ2 and τ3, in mass matrices, they would give non-vanishing contributions to Jarlskog invariant.
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Here we concentrate on non-universal moduli in the vicinity of ω,

τ1 = τ2 ≡ τ ̸= τ3, |τ1 − ω| = |τ2 − ω| = |τ3 − ω| ≪ 1, (3.177)

and study the CP violation and the quark mass hierarchies by a concrete model.

As an example, we consider the model in type 123-1222-12. In type 123-1222-12, the ST -

charge assignments to quark fields are given by

{Q1, Q2, Q3} : {(a1, a2, a3), (b1, b2, b3), (0, 0, 0)}, (3.178)

{u1R, u2R, u3R} : {(1− a1, 1− a2, 1− a3)mod 3, (2− b1, 2− b2, 2− b3)mod 3, (0, 0, 0)}, (3.179)

{d1R, d2R, d3R} : {(1− a1, 1− a2,−a3)mod 3, (1− b1,−b2,−b3)mod 3, (0, 0, 0)}, (3.180)

where ai ∈ {0, 1, 2} and bi ∈ {0, 1, 2} are Z3-charges of the i-th A4 for Q
1 and Q2, respectively.

We find the best-fit choices of ai and bi,

(a1, a2, a3) = (1, 1, 1), (b1, b2, b3) = (2, 2, 0), (3.181)

and signs ±1 in the coupling constants α and β,α11 α12 α13

α21 α22 α23

α31 α32 α33

 =

1 1 1

1 1 −1

1 −1 −1

 ,

β11 β12 β13

β21 β22 β23

β31 β32 β33

 =

 1 1 1

−1 −1 1

1 1 −1

 . (3.182)

In these choices, we obtain the quark mass matrices,

Mu

⟨Hu⟩
=

Y
(8)
1′′ (τ)Y

(8)
1′′ (τ)Y

(8)
1′′ (τ3) Y

(8)
1′′ (τ)Y

(8)
1′′ (τ)Y

(8)
1 (τ3) Y

(8)
1′′ (τ)Y

(8)
1′′ (τ)Y

(8)
1′′ (τ3)

Y
(8)
1′ (τ)Y

(8)
1′ (τ)Y

(8)
1 (τ3) Y

(8)
1′ (τ)Y

(8)
1′ (τ)Y

(8)
1′ (τ3) −Y (8)

1′ (τ)Y
(8)
1′ (τ)Y

(8)
1 (τ3)

Y
(8)
1 (τ)Y

(8)
1 (τ)Y

(8)
1 (τ3) −Y (8)

1 (τ)Y
(8)
1 (τ)Y

(8)
1′ (τ3) −Y (8)

1 (τ)Y
(8)
1 (τ)Y

(8)
1 (τ3)

 ,

(3.183)

Md

⟨Hd⟩
=

 Y
(8)
1′′ (τ)Y

(8)
1′′ (τ)Y

(8)
1 (τ3) Y

(8)
1 (τ)Y

(8)
1′ (τ)Y

(8)
1′′ (τ3) Y

(8)
1′′ (τ)Y

(8)
1′′ (τ)Y

(8)
1′′ (τ3)

−Y (8)
1′ (τ)Y

(8)
1′ (τ)Y

(8)
1′ (τ3) −Y (8)

1′′ (τ)Y
(8)
1 (τ)Y

(8)
1 (τ3) Y

(8)
1′ (τ)Y

(8)
1′ (τ)Y

(8)
1 (τ3)

Y
(8)
1 (τ)Y

(8)
1 (τ)Y

(8)
1′ (τ3) Y

(8)
1′ (τ)Y

(8)
1′′ (τ)Y

(8)
1 (τ3) −Y (8)

1 (τ)Y
(8)
1 (τ)Y

(8)
1 (τ3)

 .

(3.184)

This is one of the models in Table 3.10 and can satisfy hierarchy conditions in Eq. (3.109) at

the benchmark point τ = τ3 = ω+0.051i although the CP violation does not occur there. The

phase factors after the basis transformation in Eqs. (3.149) and (3.150), and the hierarchical

structures of the mass matrices are given by

Mu ∼

|ε|6 |ε|4p−1
3 |ε|6

|ε|2 |ε|3 −|ε|2
1 −|ε| −1

 , Md ∼

|ε|4p−1
3 |ε|3p−2 |ε|6

−|ε|3 −|ε|2p−1 |ε|2
|ε| |ε|3 −1

 , (3.185)
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at the first order approximation. Here we have used p ≡ ε/|ε| for ε = (τ − ω)/(τ − ω2) and

p3 ≡ ε3/|ε3| for ε3 = (τ3 − ω)/(τ3 − ω2). These mass matrices lead to the CKM matrix,

VCKM =

 1 −|ε| (p∗ + 0.5p∗3) |ε|3p∗3
|ε| (p+ 0.5p3) 1 −2|ε|2

2|ε|3p 2|ε|2 1

 , (3.186)

at the first order approximation. Note that when τ3 = τ , that is, p3 = p, this CKM matrix

is equivalent to one shown in Eq. (3.167). This CKM matrix gives non-vanishing Jarlskog

invariant,

JCP = |Im(−2|ε|6 (−p∗ − 0.5p∗3) p3)| = 2|ε|6 · |Im(p∗p3)|. (3.187)

To illustrate the realization of both Jarlskog invariant and quark mass hierarchies, let us choose

τ = ω + 0.055i, τ3 = ω + 0.055e2πi/5, (3.188)

and show the results in Table 3.15.

mu
mt

×106 mc
mt

×103 md
mb

×104 ms
mb

×102 |V us
CKM| |V cb

CKM| |V ub
CKM| JCP×105

obtained values 16.0 5.63 6.16 2.52 0.214 0.0498 0.00411 2.53

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353 2.80

1σ errors ±1.68 ±0.12 ±1.02 ±0.10 ±0.0007 ±0.0008 ±0.00013 +0.14
−0.12

Table 3.15: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at τ = ω + 0.055i and τ3 = ω + 0.055e2πi/5. GUT scale values at 2× 1016 GeV with tan β = 5

[134,135] and 1σ errors are shown.

This results satisfy the hierarchy conditions in Eq. (3.109). Thus, realistic quark mass ratios,

absolute values of CKM matrix elements and Jarlskog invariant are simultaneously realized in

the A4 × A4 × A4 modular symmetric flavor models with the non-universal moduli.
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Chapter 4

Constructing Siegel modular forms

In Chapter 2, we have studied the magnetized T 2 and orbifold models as one of the top-down

approaches to the flavor structures. Then the zero-mode wave functions on magnetized T 2 and

its orbifold behave as the modular forms of Sp(2,Z) ≃ SL(2,Z). Also Yukawa couplings are

written by the modular forms. In Chapter 3, we have studied 4D modular symmetric flavor

models as one of the bottom-up approaches to the flavor structures. Then we have used some

modular forms of finite modular groups to calculate Yukawa couplings. Thus, in these two

approaches, the modular forms are important.

Magnetized T 6 model has several moduli and the modular symmetry Sp(6,Z) as the geo-

metrical symmetry. Then Siegel modular forms for the subgroup of Sp(6,Z) can be derived

from them. Siegel modular forms have several moduli. Therefore the magnetized T 6 models

and the modular symmetric flavor models based on Siegel modular forms have rich possibilities

realizing flavor structures. Indeed, we have seen that the relation of the trade-off between the

CP violation and the quark mass hierarchies in A4×A4×A4 modular symmetric flavor models

can be improved by non-universal moduli. Hence, Siegel modular forms described by multi

moduli parameters are attractive way to explaining the flavor structures. In this chapter, we

will construct some examples of Siegel modular forms from the zero-mode wave functions on

magnetized T 6.

This chapter is along in Ref. [149].
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4.1 Zero-modes on T 6

First we review zero-modes on magnetized T 6 [96,99,100]. 6D torus T 6 is defined by T 6 ≃ C/Λ
where Λ is a 6D lattice spanned by following six basis vectors,

e⃗1 =

1

0

0

 , e⃗4 = Ωe⃗1 =

ω1

ω4

ω6

 , (4.1)

e⃗2 =

0

1

0

 , e⃗5 = Ωe⃗2 =

ω4

ω2

ω5

 , (4.2)

e⃗3 =

0

0

1

 , e⃗6 = Ωe⃗3 =

ω6

ω5

ω3

 . (4.3)

Here Ω is the complex structure moduli defined by

Ω =

ω1 ω4 ω6

ω4 ω2 ω5

ω6 ω5 ω3

 . (4.4)

The complex coordinate on T 6, z⃗, satisfies the identifications on C3,

z⃗ ∼ z⃗ + e⃗i, i = 1, 2, ..., 6. (4.5)

The background magnetic flux on T 6 is written by [100]

F =
1

2
pxixjdx

i ∧ dxj + 1

2
pyiyjdy

i ∧ dyj + pxiyjdx
i ∧ dyj, (4.6)

where x and y are coordinate vectors on T 6 indirectly given by

zi = xi + Ωi
jy
j, z̄i = xi + Ω̄i

jy
j. (4.7)

In terms of z and z̄, the flux F is rewritten as

F =
1

2
pzizjdz

i ∧ dzj + 1

2
pz̄iz̄jdz̄

i ∧ dz̄j + pziz̄j(idz
i ∧ dz̄j), (4.8)

where

pzizj = (Ω̄− Ω)−1(Ω̄pxxΩ̄ + pyy + pTxyΩ̄− Ω̄pxy)(Ω̄− Ω)−1, (4.9)

pz̄iz̄j = (Ω̄− Ω)−1(ΩpxxΩ + pyy + pTxyΩ− Ωpxy)(Ω̄− Ω)−1, (4.10)

pziz̄j = i(Ω̄− Ω)−1(Ω̄pxxΩ + pyy + pTxyΩ− Ω̄pxy)(Ω̄− Ω)−1. (4.11)
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When we require supersymmetry, the flux F must be a (1,1)-form. This is achieved by Fzz =

Fz̄z̄ = 0, which is so-called the F -term condition. To make our analysis simple, we assume

pxx = pyy = 0. Then the F -term condition Fzz = Fz̄z̄ = 0 is rewritten as

pTxyΩ = Ωpxy. (4.12)

In addition, the Dirac quantization condition make pxy/2π integral,

pxy = 2πNT , (4.13)

where N must be a 3 × 3 integer matrix. In this chapter we concentrate on symmetric N

matrix. We note that symmetric N matrix is required by the consistency of S-symmetry as we

will see in the following. Eventually, we obtain the F -term condition,

NΩ = ΩN, (4.14)

and the flux F ,

F = π(N(ImΩ)−1)ij(idz
i ∧ dz̄j). (4.15)

The vector potential A is led from F = dA as

A =πIm
(
N(⃗̄z + ⃗̄ζ)(ImΩ)−1dz⃗

)
=− iπ

2

(
N(⃗̄z + ⃗̄ζ)(ImΩ)−1

)
dzi +

iπ

2

(
N(z⃗ + ζ⃗)(ImΩ)−1

)
dz̄i (4.16)

≡Azidzi + Az̄idz̄
i,

where ζ⃗ is the Wilson line. In what follows we assume the vanishing Wilson line, ζ⃗ = 0, for

simplicity.

Now we are ready to derive the zero-modes on magnetized T 6. We consider fermion massless

modes (zero-modes) of the spinor,

Ψ(z⃗, ⃗̄z) = (ψ(+,+,+), ψ(+,+,−), ψ(+,−,+), ψ(+,−,−), ψ(−,+,+), ψ(−,+,−), ψ(−,−,+), ψ(−,−,−))
T , (4.17)

where (±,±,±) denotes the chiralities for each complex plane on T 6. They obey the massless

Dirac equation,

i D̸Ψ(z⃗, ⃗̄z) =
i

πR



0 Dz3 Dz2 0 Dz1 0 0 0

D̄z̄3 0 0 −Dz2 0 −Dz1 0 0

D̄z̄2 0 0 Dz3 0 0 −Dz1 0

0 −D̄z̄2 D̄z̄3 0 0 0 0 Dz1

D̄z̄1 0 0 0 0 Dz3 Dz2 0

0 −D̄z̄1 0 0 D̄z̄3 0 0 −Dz2

0 0 −D̄z̄1 0 D̄z̄2 0 0 Dz3

0 0 0 D̄z̄1 0 −D̄z̄2 D̄z̄3 0





ψ(+,+,+)

ψ(+,+,−)

ψ(+,−,+)

ψ(+,−,−)

ψ(−,+,+)

ψ(−,+,−)

ψ(−,−,+)

ψ(−,−,−)


= 0,

(4.18)
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where

Dzi = ∂zi − iAzi , D̄z̄i = ∂̄z̄i − iAz̄i . (4.19)

The boundary conditions of Ψ(z⃗, ⃗̄z) are given by

Ψ(z⃗ + e⃗k) = eiξe⃗k (z⃗)Ψ(z⃗), Ψ(z⃗ + Ωe⃗k) = eiξΩe⃗k
(z⃗)Ψ(z⃗), (4.20)

where k = 1, 2, 3 and

ξe⃗k(z⃗) = π(N(ImΩ)−1Imz⃗)k, ξΩe⃗k(z⃗) = πIm(NΩ̄(ImΩ)−1z⃗)k. (4.21)

We focus on the case where only the spinor component with chiralities (+,+,+), ψ(+,+,+), do

not vanish. Then ψ(+,+,+) obeys the masslesss Dirac equation,

D̄z̄iψ(+,+,+) = 0. (4.22)

The solution to this equation is given by [96]

ψj⃗N(z⃗,Ω) = N eiπ(Nz⃗)
T (ImΩ)−1Imz⃗ · ϑ

[⃗
jN−1

0

]
(Nz⃗,NΩ), (4.23)

where ϑ

[⃗
jN−1

0

]
(Nz⃗,NΩ) is the Riemann-theta function with characteristics defined by

ϑ

[
a⃗

b⃗

]
(z⃗,Ω′) =

∑
m⃗∈Z3

eπi(m⃗+a⃗)TΩ′(m⃗+a⃗)e2πi(m⃗+a⃗)T (z⃗+b⃗), Ω′ ∈ H3, a⃗, b⃗ ∈ R3. (4.24)

The independent indices of J⃗ ∈ Z3 label the degeneracy of zero-modes. Since zero-modes have

the periodicity,

ψj⃗+Ne⃗kN = ψj⃗N , k = 1, 2, 3, (4.25)

the independent J⃗ are given by | detN | number of lattice points in ΛN which is spanned by basis

vectors Ne⃗k, k = 1, 2, 3. Note that zero-modes in Eq. (4.23) are well-defined only if Ω′ = NΩ

is an element of the Siegel upper-half plane H3 defined as [150]

H3 = {Ω′ ∈ GL(3,C)|Ω′T = Ω′, ImΩ′ > 0}. (4.26)

Thus three eigenvalues of ImNΩ must be positive and this requirement restrict the consistent

region of the moduli Ω.

4.2 Sp(6,Z) modular symmetry

Next we study Sp(6,Z) modular symmetry on zero-modes on magnetized T 6. We will show

zero-modes on magnetized T 6 behave as the Siegel modular forms for subgroups of Sp(6,Z).
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4.2.1 Modular transformation and Siegel modular forms

We start from the review of the modular symmetry on T 6 and the Siegel modular forms [150–

159]. The modular transformation is the basis transformation of the lattice Λ defining T 6 ≃
C3/Λ. It is given by (

e⃗4
e⃗1

)
→
(
A B

C D

)(
e⃗4
e⃗1

)
, (4.27)(

e⃗5
e⃗2

)
→
(
A B

C D

)(
e⃗5
e⃗2

)
, (4.28)(

e⃗6
e⃗3

)
→
(
A B

C D

)(
e⃗6
e⃗3

)
, (4.29)

where

γ =

(
A B

C D

)
∈ Sp(6,Z), (4.30)

satisfying

γJγT = J, J =

(
03 13

−13 03

)
. (4.31)

Under the modular transformation, the complex structure moduli of T 6, Ω, are transformed as

Ω ≡
(
e⃗4 e⃗5 e⃗6

) (
e⃗1 e⃗2 e⃗3

)−1 → (AΩ +B)Ω−1
(
e⃗4 e⃗5 e⃗6

) (
e⃗1 e⃗2 e⃗3

)−1
(CΩ +D)−1

= (AΩ +B)(CΩ +D)−1. (4.32)

The modular transformation is generated by seven generators, S and Ti (i = 1, 2, ..., 6), defined

by

S =

(
03 13

−13 03

)
, Ti =

(
13 Bi

03 13

)
, i = 1, 2, ..., 6, (4.33)

where

B1 =

1 0 0

0 0 0

0 0 0

 , B2 =

0 0 0

0 1 0

0 0 0

 , B3 =

0 0 0

0 0 0

0 0 1

 , (4.34)

B4 =

0 1 0

1 0 0

0 0 0

 , B5 =

0 0 0

0 0 1

0 1 0

 , B6 =

0 0 1

0 0 0

1 0 0

 . (4.35)

The Siegel modular forms f j(Ω) are holomorphic functions of Ω. Under the modular trans-

formation, they are transformed as

f j(Ω) → f j(γ : Ω) = [det(CΩ +D)]kρ(γ)jkfk(Ω), (4.36)
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where k is the so-called modular weight and ρ is a unitary representation of subgroup of Sp(6,Z).
In particular, the Siegel modular forms obey

f j(Ω)
S−→ f j(S : Ω) = [det(−Ω)]kρ(S)jkfk(Ω), (4.37)

f j(Ω)
T−→ f j(Ti : Ω) = ρ(Ti)

jkfk(Ω), i = 1, 2, ..., 6. (4.38)

Generally ρ fulfills ρ(h) = I for elements h ∈ G ⊂ Sp(6,Z) and forms a finite group.

4.2.2 Modular symmetry in zero-modes

Next we discuss the modular transformation for zero-modes on T 6 1. Since zero-modes on T 6

in Eq. (4.23) are the functions of Ω and z⃗, we need to find the modular transformation for z⃗.

Under the modular transformation, the complex coordinate on T 6, z⃗, is transformed as

z⃗ → (CΩ +D)−1T z⃗. (4.39)

Then we can find the modular transformation for zero-modes and the consistency conditions:

• S-transformation

When the consisteny conditions,

(NΩ)T = NΩ, N = NT , Ω = ΩT , (4.40)

are satisfied, S-transformation for zero-modes are given by

S : ψj⃗N(z⃗,Ω) = ψj⃗N(−Ω−1z⃗,−Ω−1) =
√
det(−Ω)

∑
k⃗∈ΛN

ρ(S)j⃗k⃗ψk⃗N(z⃗,Ω), (4.41)

where

ρ(S)j⃗k⃗ =
e3πi/4√
detN

e2πi⃗j
TN−1k⃗, j⃗, k⃗ ∈ ΛN . (4.42)

Note that the consistency condition for S-transformation is equivalent to the F -term

condition for symmetric N and Ω. Then Ω must commute to N matrix.

• T -transformations

When the consistency conditions,

(NΩ)T = NΩ, (NB)T = NB, (NB)kk ∈ 2Z (k = 1, 2, 3), (4.43)

are satisfied, T -transformations for zero-modes are given by

Ti : ψ
j⃗
N(z⃗,Ω) = ψj⃗N(z⃗,Ω +Bi) =

∑
k⃗∈ΛN

ρ(Ti)
j⃗k⃗ψk⃗N(z⃗,Ω), (4.44)

1Modular symmetry in magnetized T 2g was classified in Ref. [159].
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where

ρ(Ti)
j⃗k⃗ = eπi⃗j

TN−1Bij⃗ δ⃗j,⃗k, j⃗, k⃗ ∈ ΛN . (4.45)

Note that what T -transformation can be defined for zero-modes depend on the existence

of B matrix commuting to N matrix. In other words, some of T -symmetries of Sp(6,Z)
can be violated in zero-modes because of the structure of N matrix.

Notice that these transformations correspond to ones for the Siegel modular forms of weight

1/2. Thus, zero-modes on T 6 behave as the Siegel modular forms of weight 1/2 for subgroup of

Sp(6,Z). Actually, taking z⃗ = 0, zero-modes on T 6 become exactly the Siegel modular forms.

In this chapter, we focus on zero-modes with N matrix possessing three different eigenvalues.

When N matrix has three different eigenvalues, it cannot be expanded by 13 and N−1. This

can be understood as follows. If we can find α, β ∈ R such that N = α13 + βN−1, we obtain

N2 − αN − β13 = 0 →

λ21λ22
λ23

− α

λ1λ2
λ3

− β

1

1

1

 = 0, (4.46)

where λ1, λ2 and λ3 are eigenvalues of N matrix. These quadratic equations for λ1, λ2 and λ3
give two solutions. Therefore at least two of λ1, λ2 and λ3 have same solution and N matrix is

degenerate if N = α13 + βN−1 consists.

Assuming N matrix with three different eigenvalues, we can find the structures of Ω and B

matrix commuting to N matrix. When we writeλ1 λ2
λ3

 = OTNO, OT

ω1 ω4 ω6

ω4 ω2 ω5

ω6 ω5 ω3

O =

ω′
1 ω′

4 ω′
6

ω′
4 ω′

2 ω′
5

ω′
6 ω′

5 ω′
3

 , (4.47)

where O is a orthogonal matrix, NΩ = ΩN leads toλ1 λ2
λ3

ω′
1 ω′

4 ω′
6

ω′
4 ω′

2 ω′
5

ω′
6 ω′

5 ω′
3

 =

ω′
1 ω′

4 ω′
6

ω′
4 ω′

2 ω′
5

ω′
6 ω′

5 ω′
3

λ1 λ2
λ3

→ ω′
4 = ω′

5 = ω′
6 = 0, (4.48)

for three different eigenvalues (λ1, λ2, λ3). Thus there are three independent symmetric matrices

commuting to N matrix. Since N ̸= α13 + βN−1, we can regard 13, N and N−1 as three

independent symmetric matrices commuting to N matrix. This means that Ω satisfying the F

term comdition NΩ = ΩN can be expanded as

Ω = k113 + k2N + k3N
−1, (4.49)

where ki (i = 1, 2, 3) are any complex values. In the same way, B matrix satisfying the

consistency condition NB = BN can be written as

B = n113 + n2
1

lcm(N)
N + n3

detN

lcm(N)2
N−1, (4.50)
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where lcm(N) are the least common multiple of N matrix elements, and ni (i = 1, 2, 3) are

any real values but B must be an integral matrix. Obviously we can find three independent B

matrices, that is, three independent T -transformations which are well-defined in zero-modes.

Therefore S-symmetry and three T -symmetries remain in zero-modes with N matrix possessing

three different eigenvalues.

4.3 Examples of the Siegel modular forms

In this section we show some examples of the Siegel modular forms constructed from zero-modes

on T 6. As mentioned in the previous section, we focus on zero-modes with N matrix possessing

three different eigenvalues. Then S-symmetry and three T -symmetries remain in zero-modes.

Thus taking z⃗ = 0 we can obtain the Siegel modular forms transformed by subgroup of Sp(6,Z)
which are generated by S-transformation and three T -transformations. We will show five Siegel

modular forms at detN = 2, 3, 4, 5 and 6.

• detN = 2

We consider the N matrix,

N =

−2 1 −1

1 −2 1

−1 1 0

 , (4.51)

whose determinant is 2. Hence there are two independent degenerate zero-modes,

ψj⃗N(z⃗,Ω) =

(
ψ

(
0
0
0

)
N , ψ

(−1
0
0

)
N

)
. (4.52)

These zero-modes are even modes under z⃗ → −z⃗ and do not vanish at z⃗ = 0. Therefore

even modes at z⃗ = 0,

ψ̂j2(Ω) =

(
ψ̂0
2(Ω)

ψ̂1
2(Ω)

)
≡

 ψ

(
0
0
0

)
N (0,Ω)

ψ

(−1
0
0

)
N (0,Ω)

 , (4.53)

are the Siegel modular forms of weight 1/2. They are mapped into themselves under

S-transformation and following three T -transformations,

TI =

(
13 BI

03 13

)
, TII =

(
13 BII

03 13

)
, TIII =

(
13 BIII

03 13

)
, (4.54)
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where

BI = 13 =

1 0 0

0 1 0

0 0 1

 , (4.55)

BII = 213 +N =

 0 1 −1

1 0 1

−1 1 2

 , (4.56)

BIII = −13 − 2N−1 =

0 1 1

1 0 −1

1 −1 −4

 . (4.57)

It can be checked that theseB matrices satisfy the consistency conditions for T -transformations

in Eq. (4.43). The unitary representation matrices of S, TI , TII and TIII-transformations,

ρ(S), ρ(TI), ρ(TII) and ρ(TIII), form a group, S̃4 ≃ T ′ ⋊ Z4, whose order is 96 2. Then,

ψ̂j2(Ω) in Eq. (4.53) are a doublet under S̃4.

• detN = 3

We consider the following N matrix,

N =

0 3 4

3 0 −4

4 −4 −11

 , (4.58)

whose determinant is 3. Hence there are three independent degenerate zero-modes,

ψj⃗N(z⃗,Ω) =

(
ψ

(
2
2
0

)
N , ψ

(
1
1
0

)
N , ψ

(
0
0
0

)
N

)
. (4.59)

These zero-modes are decomposed into even and odd modes under z⃗ → −z⃗. At z⃗ = 0,

only even modes do not vanish. Therefore, even modes at z⃗ = 0,

ψ̂j⃗2(Ω) =

(
ψ̂0
2(Ω)

ψ̂1
2(Ω)

)
≡


1√
2

(
ψ

(
2
2
0

)
N (0,Ω) + ψ

(
1
1
0

)
N (0,Ω)

)
ψ

(
0
0
0

)
N (0,Ω)

 , (4.60)

are the Siegel modular forms of weight 1/2. They are mapped into themselves under

S-transformation and following three T -transformations,

TI =

(
13 BI

03 13

)
, TII =

(
13 BII

03 13

)
, TIII =

(
13 BIII

03 13

)
, (4.61)

2The group isomorphism S̃4 ≃ T ′ ⋊ Z4 is pointed out in Refs. [40,160]
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where

BI = 213 =

2 0 0

0 2 0

0 0 2

 , (4.62)

BII =
16

13
13 +

3

13
N +

3

13
N−1 =

0 2 0

2 0 0

0 0 −2

 , (4.63)

BIII =
6

13
13 −

17

104
N +

9

104
N−1 =

 0 0 −1

0 0 1

−1 1 2

 . (4.64)

It can be checked that theseB matrices satisfy the consistency conditions for T -transformations

in Eq. (4.43). The unitary representation matrices of S, TI , TII and TIII-transformations,

ρ(S), ρ(TI), ρ(TII) and ρ(TIII), form a group, (Z8 × Z2) ⋊ Z2 ⋊ Z3, whose order is 96.

Then, ψ̂j⃗2(Ω) in Eq. (4.60) are a doublet of this group.

• detN = 4

We consider the following N matrix,

N =

−1 1 −1

1 −1 −1

−1 −1 2

 , (4.65)

whose determinant is 4. Hence there are four independent degenerate zero-modes,

ψj⃗N(z⃗,Ω) =

(
ψ

(
0
−1
0

)
N , ψ

(
0
0
0

)
N , ψ

(
0
0
−1

)
N , ψ

(−1
0
0

)
N

)
. (4.66)

These zero-modes are decomposed into even and odd modes under z⃗ → −z⃗. At z⃗ = 0,

only even modes do not vanish. Therefore, even modes at z⃗ = 0,

ψ̂j⃗3(Ω) =

ψ̂0
3(Ω)

ψ̂1
3(Ω)

ψ̂2
3(Ω)

 ≡


1√
2
ψ

(
0
−1
0

)
N (0,Ω) + 1√

2
ψ

(−1
0
0

)
N (0,Ω)

ψ

(
0
0
0

)
N (0,Ω)

−ψ

(
0
0
−1

)
N (0,Ω)

 , (4.67)

are the Siegel modular forms of weight 1/2. They are mapped into themselves under

S-transformation and following three T -transformations,

TI =

(
13 BI

03 13

)
, TII =

(
13 BII

03 13

)
, TIII =

(
13 BIII

03 13

)
, (4.68)
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where

BI = −4

3
13 +

2

3
N − 4

3
N−1 =

−1 1 0

1 −1 0

0 0 0

 , (4.69)

BII = −13 +N =

−2 1 −1

1 −2 −1

−1 −1 1

 , (4.70)

BIII = −2

3
13 −

2

3
N +

4

3
N−1 =

−1 −1 0

−1 −1 0

0 0 −2

 . (4.71)

It can be checked that theseB matrices satisfy the consistency conditions for T -transformations

in Eq. (4.43). The unitary representation matrices of S, TI , TII and TIII-transformations,

ρ(S), ρ(TI), ρ(TII) and ρ(TIII), form a group, ∆̃(96) ≃ ∆(48) ⋊ Z8, whose order is 384.

Then, ψ̂j⃗3(Ω) in Eq. (4.67) are a triplet of this group.

• detN = 5

We consider the following N matrix,

N =

−3 −2 2

−2 −3 −2

2 −2 −7

 , (4.72)

whose determinant is 5. Hence there are five independent degenerate zero-modes,

ψj⃗N(z⃗,Ω) =

(
ψ

(
0
0
0

)
N , ψ

(−1
−1
0

)
N , ψ

(−2
−2
0

)
N , ψ

(−3
−3
0

)
N , ψ

(−4
−4
0

)
N

)
. (4.73)

These zero-modes are decomposed into even and odd modes under z⃗ → −z⃗. At z⃗ = 0,

only even modes do not vanish. Therefore, even modes at z⃗ = 0,

ψ̂j⃗3(Ω) =

ψ̂0
3(Ω)

ψ̂1
3(Ω)

ψ̂2
3(Ω)

 ≡


1√
2

(
ψ

(−2
−2
0

)
N (0,Ω) + ψ

(−3
−3
0

)
N (0,Ω)

)
1√
2

(
ψ

(−1
−1
0

)
N (0,Ω) + ψ

(−4
−4
0

)
N (0,Ω)

)
ψ

(
0
0
0

)
N (0,Ω)

 , (4.74)

are the Siegel modular forms of weight 1/2. They are mapped into themselves under

S-transformation and following three T -transformations,

TI =

(
13 BI

03 13

)
, TII =

(
13 BII

03 13

)
, TIII =

(
13 BIII

03 13

)
, (4.75)
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where

BI = 213 =

2 0 0

0 2 0

0 0 2

 , (4.76)

BII = −3

2
13 −

1

2
N =

 0 1 −1

1 0 1

−1 1 2

 , (4.77)

BIII =
19

2
13 +

7

4
N − 5

4
N−1 =

0 1 1

1 0 −1

1 −1 −4

 . (4.78)

It can be checked that theseB matrices satisfy the consistency conditions for T -transformations

in Eq. (4.43). The unitary representation matrices of S, TI , TII and TIII-transformations,

ρ(S), ρ(TI), ρ(TII) and ρ(TIII), form a group, A5 × Z8, whose order is 480. Then, ψ̂j⃗3(Ω)

in Eq. (4.74) are a triplet of this group.

• detN = 6

We consider the following N matrix,

N =

−2 −1 −1

−1 −2 1

−1 1 0

 , (4.79)

whose determinant is 6. Hence there are six independent degenerate zero-modes,

ψj⃗N(z⃗,Ω) =

(
ψ

(
0
0
0

)
N , ψ

(−1
0
0

)
N , ψ

(−1
−1
0

)
N , ψ

(−2
−1
0

)
N , ψ

(−2
−2
0

)
N , ψ

(−3
−2
0

)
N

)
. (4.80)

These zero-modes are decomposed into even and odd modes under z⃗ → −z⃗. At z⃗ = 0,

only even modes do not vanish. Therefore, even modes at z⃗ = 0,

ψ̂j⃗4(Ω) =


ψ̂0
4(Ω)

ψ̂1
4(Ω)

ψ̂2
4(Ω)

ψ̂3
4(Ω)

 ≡



1√
2

(
ψ

(−1
−1
0

)
N (0,Ω) + ψ

(−2
−2
0

)
N (0,Ω)

)
ψ

(−2
−1
0

)
N (0,Ω)

1√
2

(
ψ

(−1
0
0

)
N (0,Ω) + ψ

(−3
−2
0

)
N (0,Ω)

)
ψ

(
0
0
0

)
N (0,Ω)


, (4.81)

are the Siegel modular forms of weight 1/2. They are mapped into themselves under

S-transformation and following three T -transformations,

TI =

(
13 BI

03 13

)
, TII =

(
13 BII

03 13

)
, TIII =

(
13 BIII

03 13

)
, (4.82)
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where

BI = 13 =

1 0 0

0 1 0

0 0 1

 , (4.83)

BII = −313 − 2N + 6N−1 =

 0 1 −1

1 0 1

−1 1 0

 , (4.84)

BIII = −213 −N =

0 1 1

1 0 −1

1 −1 −2

 . (4.85)

It can be checked that theseB matrices satisfy the consistency conditions for T -transformations

in Eq. (4.43). The unitary representation matrices of S, TI , TII and TIII-transformations,

ρ(S), ρ(TI), ρ(TII) and ρ(TIII), form a group, S̃4⋊A4, whose order is 1152. Then, ψ̂
j⃗
4(Ω)

in Eq. (4.81) are a quartet of this group.

Table 4.1, summarizes the results.

N detN BI , BII , BIII Groups( −2 1 −1
1 −2 1
−1 1 0

)
2

(
1 0 0
0 1 0
0 0 1

)
,
(

0 1 −1
1 0 1
−1 1 2

)
,
(

0 1 1
1 0 −1
1 −1 −4

)
S̃4(

0 3 4
3 0 −4
4 −4 −11

)
3

(
2 0 0
0 2 0
0 0 2

)
,
(

0 2 0
2 0 0
0 0 −2

)
,
(

0 0 −1
0 0 1
−1 1 2

)
(Z8 × Z2)⋊ Z2 ⋊ Z3( −1 1 −1

1 −1 −1
−1 −1 2

)
4

( −1 1 0
1 −1 0
0 0 0

)
,
( −2 1 −1

1 −2 −1
−1 −1 1

)
,
( −1 −1 0

−1 −1 0
0 0 −2

)
∆̃(96)( −3 −2 2

−2 −3 −2
2 −2 −7

)
5

(
2 0 0
0 2 0
0 0 2

)
,
(

0 1 −1
1 0 1
−1 1 2

)
,
(

0 1 1
1 0 −1
1 −1 −4

)
A5 × Z8( −2 −1 −1

−1 −2 1
−1 1 0

)
6

(
1 0 0
0 1 0
0 0 1

)
,
(

0 1 −1
1 0 1
−1 1 0

)
,
(

0 1 1
1 0 −1
1 −1 −2

)
S̃4 ⋊ A4

Table 4.1: Examples of the Siegel modular forms of weight 1/2 obtained from the zero-modes

on magnetized T 6.

4.4 The Siegel modular forms for ∆̃(96)

In the previous section, we have constructed some of Siegel modular forms of weight 1/2 from

zero-modes on T 6. In this section, we give a further study of the Siegel modular forms of weight

1/2 for ∆̃(96) in Eq. (4.67). Also we construct the Siegel modular forms of higher weights.
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4.4.1 Weight 1/2

The Siegel modular forms of weight 1/2 for ∆̃(96) are given by Eq. (4.67). For convenience, we

redefine them as

ζ(Ω)η(Ω)

θ(Ω)

 ≡


1√
2
ψ

(
0
−1
0

)
N (0,Ω) + 1√

2
ψ

(−1
0
0

)
N (0,Ω)

ψ

(
0
0
0

)
N (0,Ω)

−ψ

(
0
0
−1

)
N (0,Ω)

 =


√
2ψ

(
0
−1
0

)
N (0,Ω)

ψ

(
0
0
0

)
N (0,Ω)

−ψ

(
0
0
−1

)
N (0,Ω)

 , (4.86)

where the minus sign in the third row is merely the convension. The independent B matrices

satisfying the consistency conditions for T -transformation in Eq. (4.43) are given by Eqs. (4.69),

(4.70) and (4.71). Then the moduli Ω commuting to N matrix is generally written as

Ω = ω1BI + ω2BII + ω3BIII , (4.87)

where (ω1, ω2, ω3) are the moduli parameters. Under T -transformations, (ω1, ω2, ω3) are trans-

formed as

(ω1, ω2, ω3)
TI−→ (ω1 + 1, ω2, ω3),

(ω1, ω2, ω3)
TII−−→ (ω1, ω2 + 1, ω3),

(ω1, ω2, ω3)
TIII−−→ (ω1, ω2, ω3 + 1).

(4.88)

Under S, TI , TII and TIII-transformations, the triplet Siegel modular forms (ζ, η, θ) are

transformed asζη
θ

 S−→
√

det(−Ω)ρ(S)

ζη
θ

 ,

ζη
θ

 TI,II,III−−−−−→ ρ(TI,II,III)

ζη
θ

 , (4.89)

where

ρ(S) = e−7πi/4

 0 1√
2
i 1√

2
i

1√
2
i 1

2
i −1

2
i

1√
2
i −1

2
i 1

2
i

 , ρ(TI) =

i 0 0

0 1 0

0 0 1

 ,

ρ(TII) =

e7πi/4 0 0

0 1 0

0 0 −1

 , ρ(TIII) =

−1 0 0

0 1 0

0 0 1

 .

(4.90)

One can check ρ(TI) = ρ(T 6
II) and ρ(TIII) = ρ(T 4

II). Hence we can regard ρ(S) and ρ(TII) as

generators of unitary representations although TI and TIII cannot be generated by S and TII .

ρ(S) and ρ(TII) form a group ∆̃(96) ≃ ∆(48)⋊ Z8 and satisfy the algebraic relations,

ρ(S)2 = −i13, (ρ(S)ρ(TII))
3 = ρ(TII)

8 = (ρ(S)−1ρ(TII)
−1ρ(S)ρ(TII))

3 = 13,

ρ(S)2ρ(TII) = ρ(TII)ρ(S)
2.

(4.91)
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In Appendix I.1, we summarize the group theory of ∆̃(96). Thus, (ζ, η, θ) are the Siegel modular

forms of weight 1/2 for ∆̃(96).

Introducing qi ≡ eπiωi/4 (i = 1, 2, 3), (ζ, η, θ) can be expanded by the powers of qi. Notice

that

(q1, q2, q3)
TI−→ (e

πi
4 q1, q2, q3),

(q1, q2, q3)
TII−−→ (q1, e

πi
4 q2, q3),

(q1, q2, q3)
TIII−−→ (q1, q2, e

πi
4 q3),

(4.92)

and

(ζ, η, θ)
TI−→ (e

πi
2 ζ, η, θ),

(ζ, η, θ)
TII−−→ (e

7πi
4 ζ, η, eπiθ),

(ζ, η, θ)
TIII−−→ (eπiζ, η, θ).

(4.93)

T -charges of (ζ, η, θ) mean that they are expanded by qi as

ζ = q21q
7
2q

4
3

∑
m⃗∈Z3

c1m1m2m3
q8m1
1 q8m2

2 q8m3
3 , (4.94)

η =
∑
m⃗∈Z3

c2m1m2m3
q8m1
1 q8m2

2 q8m3
3 , (4.95)

θ = q42
∑
m⃗∈Z3

c3m1m2m3
q8m3
1 q8m1

2 q8m2
3 , (4.96)

where c1, c2 and c3 denote constant order 3 tensors. Substituting Ω in Eq. (4.87) to the

definitions of (ζ, η, θ) in Eq. (4.86), we actually obtain following q-expansions,ζη
θ

 =


√
2(2q21q

7
2q

4
3 + 2q21q

7
2q

−4
3 + 2q21q

15
2 q

−12
3 + 2q21q

15
2 q

12
3 + 2q181 q

31
2 q

−4
3 + 2q181 q

31
2 q

4
3 + · · · )

1 + 2q162 + 4q81q
16
2 + 2q162 q

16
3 + 2q162 q

−16
3 + 4q81q

24
2 + · · ·

−(2q42 + 2q122 + 2q81q
12
2 + 4q81q

28
2 + 4q81q

28
2 q

16
3 + 4q81q

28
2 q

−16
3 + · · · )

 .

(4.97)

It is remarkable that only non-negative powers of q1 and q2 appear in (ζ, η, θ) while it is not

true for q3. This is because diag(NBI) ≥ 0 and diag(NBII) ≥ 0 but diag(NBIII) includes a

negative eigenvalue. It follows from these q-expansions that at two cusps ω1 = i∞ and ω2 = i∞
where q1 and q2 vanish respectively, (ζ, η, θ) have the following behaviours,

ω1 = i∞ : ζ = 0, η = 1 + 2q162 + · · · , θ = −2q42 − 2q122 + · · · ,
ω2 = i∞ : ζ = 0, η = 1, θ = 0.

(4.98)

Finally we study the Siegel modular forms of higher weights. Taking tensor products of

(ζ, η, θ), the Siegel modular forms of higher weights are constructed. In Appendix I.2, we show
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the Siegel modular forms up to weight 5. The dimension of the Siegel modular forms of weight

k is 2k+2C2 =
1
2
(2k+2)(2k+1). This can be shown from the behaviours of (ζ, η, θ) at the cusps

in Eq. (4.98). We use a mathematical induction. Here we introduce a vector Yn containing the

products of n number of (ζ, η, θ):

Yn ≡



ζn

ζn−1η
...

ζηθn−2

ζθn−1

ηn

ηn−1θ
...

ηθn−1

θn




Products with one or more ζ


Products without ζ

. (4.99)

Let us assume that Yn−1 spans n+1C2 =
1
2
(n+1)n dimensional spaces. Note that Yn−1 contains

1
2
(n + 1)n number of products. Hence this assumption means all products of n− 1 number of

(ζ, η, θ) are linearly independent each other. This is true for Y1 = (ζ, η, θ). Thus we should

show that Yn spans n+2C2 =
1
2
(n+ 2)(n+ 1) dimensional spaces under this assumption.

First let us consider the products with one or more ζ in Yn. They are given by ζYn−1 and

span 1
2
(n+ 1)n dimensional spaces. This means∑

j=0,1,...,n−1

∑
k=0,1,...,j

cjkζ
n−jηj−kθk = 0 → cjk = 0. (4.100)

Second we consider the products without ζ. As shown in Eq. (4.97), the lowest orders of q2
in η and θ are q02 and q42, respectively. This means

ηn ̸=
∑

j=1,2,...,n

cjη
n−jθj, ∀cj ∈ C, (4.101)

because the lowest order in the left-hand side is q02 while one in the right-hand side is q42.

Similarly, we find

ηn−1θ ̸=
∑

j=2,3,...,n

cjη
n−jθj, ∀cj ∈ C, (4.102)

because the lowest order in the left-hand side is q42 while one in the right-hand side is q82.

Repeating this procedure, we obtain∑
j=0,1,...,n

cjη
n−jθj = 0 → cj = 0. (4.103)
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Third, we consider the equation,∑
j=0,1,...,n−1

∑
k=0,1,...,j

cjkζ
n−jηj−kθk +

∑
j=0,1,...,n

cjη
n−jθj = 0. (4.104)

As shown in Eq. (4.98), the first term vanishes at the cusp ω1 = i∞. This means that this

equation is devided to two equations,∑
j=0,1,...,n−1

∑
k=0,1,...,j

cjkζ
n−jηj−kθk = 0,

∑
j=0,1,...,n

cjη
n−jθj = 0. (4.105)

These two equations consist only if cjk = 0 and cj = 0 as shown in Eqs. (4.100) and (4.103).

Thus we obtain∑
j=0,1,...,n−1

∑
k=0,1,...,j

cjkζ
n−jηj−kθk +

∑
j=0,1,...,n

cjη
n−jθj = 0 → cjk = 0, cj = 0. (4.106)

This means that all products in Yn are linearly independent each other. Therefore we have

proven that Yn spans n+2C2 = 1
2
(n + 2)(n + 1) dimensional spaces when Yn−1 spans n+1C2 =

1
2
(n+ 1)n dimensional spaces.

4.4.2 Residual symmetries

Next we study residual symmetries at the modular symmetric points. S, TI , TII and TIII-

transformations satisfy the following algebraic relations,

S4 = (ST−1
I TII)

12 = (ST−2
I TII)

12 = I. (4.107)

We can find three invariant moduli (modular symmetric points) corresponding to these algebraic

relations. The generators of algebraic relations, S, ST−1
I TII and ST

−2
I TII , act on the moduli Ω

as

S : Ω = −Ω−1, (4.108)

(ST−1
I TII) : Ω = −(Ω−BI +BII)

−1, (4.109)

(ST−2
I TII) : Ω = −(Ω− 2BI +BII)

−1. (4.110)

Solving the equations,

− ΩS = ΩS, (4.111)

− (ΩST−1
I TII

−BI +BII)
−1 = ΩST−1

I TII
, (4.112)

− (ΩST−2
I TII

− 2BI +BII)
−1 = ΩST−2

I TII
, (4.113)

we obtain the invariant moduli ΩS, ΩST−1
I TII

and ΩST−2
I TII

under S, ST−1
I TII and ST−2

I TII-

transformations, respectively. In addition there are three invariant moduli ΩTI , ΩTII and ΩTIII
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under TI , TII and TIII-transformations, respectively. In Table 4.2, we show these invariant

moduli. Note that the structures of the moduli are restricted by NΩ = ΩN . Hence, it is

diagonalized by the orthogonal matrix O which diagonalize N matrix in Eq. (4.65) as

OTNO =


√
3 + 1 0 0

0 −2 0

0 0 −
√
3 + 1

 , (4.114)

where

O =


− 1√

6+2
√
3

1√
2

1√
6−2

√
3

− 1√
6+2

√
3

− 1√
2

1√
6−2

√
3

1+
√
3√

6+2
√
3

0 − 1−
√
3√

6−2
√
3

 . (4.115)

γ γ : Ω Invariant moduli

S −Ω−1 ΩS ≡ O

e±
πi
2 0 0

0 e±
πi
2 0

0 0 e±
πi
2

OT

ST−1
I TII −(Ω−BI +BII)

−1 ΩST−1
I TII

≡ O

e±
πi
6 0 0

0 e±
2πi
3 0

0 0 e±
5πi
6

OT

ST−2
I TII −(Ω− 2BI +BII)

−1 ΩST−2
I TII

≡ O

e±
πi
6 0 0

0 e±
πi
3 0

0 0 e±
5πi
6

OT

TI Ω +BI ΩTI ≡ i∞BI (ω1 = i∞)

TII Ω +BII ΩTII ≡ i∞BII (ω2 = i∞)

TIII Ω +BIII ΩTIII ≡ i∞BIII (ω3 = i∞)

Table 4.2: Invariant moduli corresponding to the algebraic relations in Eq. (4.107) and T -

transformations. ± in the third column means any double sign.

4.5 Numerical example

In this section, we study quark flavor models using the Siegel modular forms for ∆̃(96) which

we have studied in the previous section. To make our analysis simple, we use the Siegel

modular forms belonging to ∆̃(96) singlets. There are eight singlets 1q, q = 0, 1, ..., 7, in ∆̃(96).

When left-handed matter fields L = (L1, L2, L3) belong to singlets (1qL1
,1qL2

,1qL3
) with weights

(−kL1,−kL2,−kL3) and right-handed matter fields R = (R1, R2, R3) belong to (1qR1
,1qR2

,1qR3
)
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with (−kL1,−kL2,−kL3), fermion mass matrices are given by

M ∝ α
(k11)
1q11

C
k11
2 Y

(k11)
1q11

0 0

0 0 0

0 0 0

+ α
(k12)
1q12

0 C
k12
2 Y

(k12)
1q12

0

0 0 0

0 0 0

+ α
(k13)
1q13

0 0 C
k13
2 Y

(k13)
1q13

0 0 0

0 0 0


+ α

(k21)
1q21

 0 0 0

C
k21
2 Y

(k21)
1q21

0 0

0 0 0

+ α
(k22)
1q22

0 0 0

0 C
k22
2 Y

(k22)
1q22

0

0 0 0

+ α
(k23)
1q23

0 0 0

0 0 C
k23
2 Y

(k23)
1q23

0 0 0


+ α

(k31)
1q31

 0 0 0

0 0 0

C
k31
2 Y

(k31)
1q31

0 0

+ α
(k32)
1q32

0 0 0

0 0 0

0 C
k32
2 Y

(k32)
1q32

0

+ α
(k33)
1q33

0 0 0

0 0 0

0 0 C
k33
2 Y

(k33)
1q33

 ,

(4.116)

where α denotes coupling constants and

qjk = (−qLj − qEk) mod 8, kjk = kLj + kRk. (4.117)

Here we denote C = (23 det ImΩ) and its powers are originated from the ratio of Kahler metric.

Note that when all of mass matrix elements have same weights, the powers of C contribute to

the overall factor.

As we have seen throughout Chapter 3, hierarchical values of the modular forms are required

to reproduce large quark mass hierarchies. For this purpose we concentrate on the vicinity of

the cusp,

Ω ∼ ΩTI = i∞BI , (4.118)

where TI symmetry remains. When Ω lies on the vicinity of ΩTI , the Siegel modular forms

f(Ω) with the residual charge r are expanded by powers of q1 = eπiω1/4 as

f(Ω) ∼ qr1 ≪ 1, ω1 ∼ i∞. (4.119)

Actually q-expansions in Eq. (4.97) are written asζη
θ

 ∼


√
2q21(2q

7
2q

4
3 + 2q72q

−4
3 + 2q152 q

12
3 + 2q152 q

−12
3 + · · · )

1 + 2q162 + 2q162 q
16
3 + · · ·

−2q42 − 2q122 + · · ·

 , (4.120)

in the first order approximation of q1. (ζ, η, θ) have TI-charge (2, 0, 0) and this result is consis-

tent. Thus the modular forms become hierarchical as close to ΩTI depending on their TI-charges.

To obtain more realistic mass hierarchies of quarks, we further assume ω2 ∼ i∞ and |ω2| < |ω1|,
where |q1| < |q2| < 1. Then (ζ, η, θ) is evaluated asζη

θ

 ∼

4
√
2q21q

7
2

1

−2q42

 , (4.121)
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in the first order approximation of q1 and q2. We have the hierarchy ζ, θ ≪ η ∼ 1 while the

hierarchy between ζ and θ is controlled by the values of ω1 and ω2.

Next, let us study the behaviors of singlet Siegel modular forms in the assumption ω1, ω2 ∼
i∞, |ω2| < |ω1|. That is, we use the approximation in Eq. (4.121). In Table 4.3, we show TI ,

TII and TIII-charges of eight ∆̃(96) singlets.

10 11 12 13 14 15 16 17

TI-charges 0 6 4 2 0 6 4 2

TII-charges 0 1 2 3 4 5 6 7

TIII-charges 0 4 0 4 0 4 0 4

Table 4.3: TI , TII and TIII-charges of ∆̃(96) singlets.

Up to weight 5, we can find eight modular forms belonging to singlets,

Y
(3/2)
17

, Y
(2)
14
, Y

(3)
16
, Y

(7/2)
13

, Y
(4)
10a
, Y

(4)
10b
, Y

(9/2)
15

, Y
(5)
12
. (4.122)

Note that the Siegel modular forms belonging to the singlet 11 do not appear up to weight 5.

When ζ, θ ≪ η ∼ 1, they are evaluated as

Y
(3/2)
17

≃
√
6

2
ζ ≃ 4

√
3q21q

7
2, Y

(2)
14

≃ 2
√
3

3
θ ≃ −4

√
3

3
q42, Y

(3)
16

≃ 3

2
ζ2 ≃ 48q41q

14
2 ,

Y
(7/2)
13

≃
√
2ζθ ≃ −16q21q

11
2 , Y

(4)
10a

≃ 1

4
√
6
, Y

(4)
10b

≃ 4

3
θ2 ≃ 16

3
q82,

Y
(9/2)
15

≃ − 3

2
√
6
ζ3 ≃ −64

√
3q61q

21
2 , Y

(5)
12

≃ 1√
3
ζ2θ ≃ − 64√

3
q41q

18
2 ,

(4.123)

in the first order approximation of ζ and θ. In what follows we ignore Y
(4)
10b

because it is negligible

comparing with Y
(4)
10a

since θ ≪ 1.

Using these singlet Siegel modular forms, we build the quark flavor model in the vicinity of

ΩTI . Let us study the model with the assignments in Table 4.4.

Q uR dR Hu Hd

Weights (−1/2,−5/2,−3/2) (0,−1/2,−5/2) (−5/2,−1,−5/2) 0 0

Irr. reps. (12,16,10) (11,14,10) (10,17,10) 10 10

Table 4.4: Assignments in our model.
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In this model, up and down-sector quark mass matrices Mu and Md are given by

Mu ∝

 0 0 C−1/2α13Y
(3)
16

0 C−1/2α22Y
(3)
16

C1/2α23Y
(5)
12

C−5/4α31Y
(3/2)
17

C−1α32Y
(2)
14

α33Y
(4)
10a

 (4.124)

≃

 0 0 C−1/2α1348q41q
14
2

0 C−1/2α2248q41q
14
2 −C1/2α23 64√

3
q41q

18
2

C−5/4α314
√
3q21q

7
2 −C−1α32 4

√
3

3
q42 α33 1

4
√
6

 , (4.125)

Md ∝

C−1/2β11Y
(3)
16

C−5/4β12Y
(3/2)
17

C−1/2β13Y
(3)
16

C1/2β21Y
(5)
12

C−1/4β22Y
(7/2)
13

C1/2β23Y
(5)
12

β31Y
(4)
10a

0 β33Y
(4)
10a

 (4.126)

≃

C−1/2β1148q41q
14
2 C−5/4β124

√
3q21q

7
2 C−1/2β1348q41q

14
2

−C1/2β21 64√
3
q41q

18
2 −C−1/4β2216q21q

11
2 −C1/2β23 64√

3
q41q

18
2

β31 1
4
√
6

0 β33 1
4
√
6

 , (4.127)

where αij and βij are the coupling constants. Zero textures in mass matrices are due to the

shortage of the singlet modular forms. We expect that large quark mass hierarchies do not

originate from the values of the coupling constants. Therefore we assume O(1) sizes of αij and

βij. Also we regard values of moduli (ω1, ω2, ω3) as free parameters.

To generate large mass hierarchies, in the vicinity of ω1 ∼ i∞, we choose the moduli,

(ω1, ω2, ω3) = (1.3i, 0.6i+ 0.86, 0), (4.128)

where

(q1, q2, q3) = (0.360, 0.624e0.674i, 1). (4.129)

For CP violation, we have deviated ω2 from the imaginary axis3. Additonally we assume the

following O(1) sizes of αij and βij, - - α13

- α22 α23

α31 α32 α33

 =

 - - 1.16

- 1.72 −3.03

1.00 −1.36 1.00

 ,

β11 β12 β13

β21 β22 β23

β31 - β33

 =

1.46 3.39 1.66

3.44 −1.00 −2.89

2.08 - −1.27

 .

(4.130)

They lead to the quark mass ratios,

(mu,mc,mt)/mt = (8.25× 10−6, 2.70× 10−3, 1), (4.131)

(md,ms,mb)/mb = (1.01× 10−3, 2.02× 10−2, 1), (4.132)

3CP violation does not occur without ReΩ since the CP transformation is given by Ω → −Ω∗ [27, 146,147].
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absolute values of the CKM matrix elements,

|VCKM| =

 0.975 0.224 0.00340

0.224 0.974 0.0392

0.00809 0.0385 0.999

 , (4.133)

and the value of Jarlskog invariant,

JCP = |Im(V us
CKMV

cb
CKM(V

ub
CKMV

cs
CKM)

∗)| = 2.68× 10−5. (4.134)

Results are summarized in Table 4.5.

mu
mt

×106 mc
mt

×103 md
mb

×104 ms
mb

×102 |V us
CKM| |V cb

CKM| |V ub
CKM| JCP×105

obtained values 8.25 2.70 10.1 2.02 0.224 0.0392 0.00340 2.68

GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353 2.80

1σ errors ±1.68 ±0.12 ±1.02 ±0.10 ±0.0007 ±0.0008 ±0.00013 +0.14
−0.12

Table 4.5: The mass ratios of the quarks and the absolute values of the CKM matrix elements

at (ω1, ω2, ω3) = (1.3i, 0.6i+0.86, 0). GUT scale values at 2×1016 GeV with tan β = 5 [134,135]

and 1σ errors are shown.

Thus the quark flavor observables can be realized without fine-tuning of the coupling con-

stants in the vicinity of invariant moduli ΩTI .

Finally, we comment on the CP violation in our model. At ω1 ∼ i∞, ω2 ∼ i∞ and

ω3 = 0, up and down-sector quark mass matricesMu andMd are evaluated by Eqs. (4.125) and

(4.127), respectively. Then phase factors of q1 in mass matrices are comletely vanished under

the following basis transformations,

Mu → U †
QMuUuR , Md → U †

QMdUdR , (4.135)

where

UQ =

e4iArg(q1)

e4iArg(q1)

1

 , (4.136)

UuR =

e−2iArg(q1)

1

1

 , (4.137)

UdR =

1

e2iArg(q1)

1

 . (4.138)
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After the basis transformation, the mass matrices are written as

U †
QMuUuR

≃

 0 0 C−1/2α1348|q1|4q142
0 C−1/2α2248|q1|4q142 −C1/2α23 64√

3
|q1|4q182

C−5/4α314
√
3|q1|2q72 −C−1α32 4

√
3

3
q42 α33 1

4
√
6

 , (4.139)

U †
QMdUdR

≃

C−1/2β1148|q1|4q142 C−5/4β124
√
3|q1|2q72 C−1/2β1348|q1|4q142

−C1/2β21 64√
3
|q1|4q182 −C−1/4β2216|q1|2q112 −C1/2β23 64√

3
|q1|4q182

β31 1
4
√
6

0 β33 1
4
√
6

 , (4.140)

up to the overall factors. The phase factors of q1 in mass matrices are completely canceled
4. Therefore Reω1 cannot contribute to the CP violation in our model. In the same way, we

check the effectiveness of the phase factor of q2 in mass matrices. We consider the further basis

transformations,

U †
QMuUuR → Û †

QU
†
QMuUuRÛuR , U †

QMdUdR → Û †
QU

†
QMdUdRÛdR , (4.141)

where

ÛQ =

e14iArg(q2)

e18iArg(q2)

1

 , (4.142)

ÛuR =

e−7iArg(q2)

e4iArg(q2)

1

 , (4.143)

ÛdR =

1

e7iArg(q2)

1

 . (4.144)

Then mass matrices are written as

Û †
QU

†
QMuUuRÛuR

≃

 0 0 C−1/2α1348|q1|4|q2|14
0 C−1/2α2248|q1|4|q2|14 −C1/2α23 64√

3
|q1|4|q2|18

C−5/4α314
√
3|q1|2|q2|7 −C−1α32 4

√
3

3
|q2|4e8iAng(q2) α33 1

4
√
6

 , (4.145)

Û †
QU

†
QMdUdRÛdR

≃

C−1/2β1148|q1|4|q2|14 C−5/4β124
√
3|q1|2|q2|7 C−1/2β1348|q1|4|q2|14

−C1/2β21 64√
3
|q1|4|q2|18 −C−1/4β2216|q1|2|q2|11 −C1/2β23 64√

3
|q1|4|q2|18

β31 1
4
√
6

0 β33 1
4
√
6

 , (4.146)

4Similar behaviors at the modular symmetric points were studied in Refs. [115,148].
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up to the overall factors. After the basis transformations, the phase factor e8iArg(q2) = e2πiReω2

survives in (3,2) element of Mu. Therefore Reω2 in the region 1/2 > |Reω2| > 0 can contribute

to the CP violation. Actually, sufficient CP violation can be obtained by the deviation of

ω2 from the imaginary axis (CP symmetric points) as we have seen in the above numerical

example. In this sense ω1 works on mass hierarchies while ω2 works on the CP violation in our

model. Thus, the Siegel modular forms which are described by the multi moduli parameters

are the promising way realizing both mass hierarchies and the CP violation without fine-tuning

of the coupling constants.



Chapter 5

Summary

In this paper, we have seen two approaches to the flavor structures. One is the magnetized

orbifold models of the superstring theory; another one is 4D modular symmetric flavor models.

Furthermore, we have constructed some examples of Siegel modular forms from magnetized T 6

model.

5.1 Summary of magnetized orbifold models

In Chapter 2, we have discussed the magnetized orbifold models along in Refs. [22, 23, 25, 114,

116]. The 10D N = 1 U(N) Super Yang-Mills theory is a low-energy effective theory of the

superstring theory. In the theory, the torus compactification of the extra six-dimensions with

magnetic flux leads to the chiral zero-mode solutions of the matter fields. In addition, zero-

modes are degenerated depending on the size of flux. Hence, magnetized torus compactification

model naturally leads to the chiral matter fields with the generation structure. In this sense,

magnetized torus compactification model is an attractive way realizing flavor structures of

fermions. Then the modular symmetry of the torus may describe the origin of the flavor

structures. Also the orbifoldings of torus have further possibilities.

First we have studied zero-modes on magnetized T 2/Z2 twisted orbifold. Zero-modes with

flux M behave as the modular forms of weight 1/2 for Γ̃2M and number of degeneracy (gener-

ation) is determined by their flux, Z2 twist parity and SS phases. Then we have found various

three-generation models as shown in Table 2.7. Using them, we have found 6,460 of quark and

lepton flavor models. On the other hand, all of these flavor models cannot give realistic flavor

observables because of the difficulties on realizing hierarchical structures of quarks and leptons.

To avoid the difficulties, we have found four conditions I, II, III and IV. To realize large up-

sector quark mass hierarchies, the condition I requires the directions of up type Higgs VEVs

hku leading to rank one mass matrix of up-sector quarks. To realize large down-sector quark

mass and charged lepton mass hierarchies, the condition II requires the directions of down type

Higgs VEVs hkd leading to rank one mass matrices of down-sector quarks and charged leptons.

To realize small quark mixings, the condition III requires the equality of uuL and udL which are

143
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unitary matrices diagonalizing rank one mass matrices realized in the conditions I and II. To

realize large lepton mixings, the condition IV requires hku realized in the condition I is also the

direction leading to vanishing neutrino Dirac mass matrix. The flavor models satisfying these

conditions have the possibility realizing large mass hierarchies of up-sector quarks, down-sector

quarks and charged leptons, and small and large mixing angles of quarks and leptons in the

vicinity of hku,d. Therefore we have regarded the flavor models satisfying these conditions as

the phenomenologically favorable models. To find such models, we have conducted the zero

point analysis in Subsection 2.2.5. Then zero point analysis provides the phenomenologically

favorable condition in Eq. (2.191) which corresponds to the conditions I, II, III and IV. That

is, whether the conditions I, II, III and IV to obtain phenomenologically favarable models are

satisfied or not depends on only zero points of the zero-modes appearing the flavor models.

Consequently 408 of flavor models satisfying such condition have been found.

Additionally, we have classified the flavor models where hku,d are along in the modular

symmetric directions when the modulus lies on the modular symmetric points. Actually leading

order Higgs µ term induced by the D-brane instanton effects at τ = i, ω and i∞ gives the Higgs

VEVs along in the modular symmetric directions. We have found that 24 of flavor models

satisfying phenomenologically favorable condition can have hku,d along in S-eigenstates at τ = i.

Thus these flavor models have the possibility realizing flavor structures in the vicinity of S-

eigenstate direction of Higgs VEVs, hku,d. Indeed the numerical example in Subsection 2.2.8

have shown that one of 24 flavor model leads to the realistic flavor observables in the vicinity

of hku,d, that is, the vicinity of S-eigenstate directions.

We note that zero point analysis we have conducted can be applied for other orbifold models

such as T 2/Z3, T
2/Z4 and T

2/Z6. This is because zero point analysis depends on only the zero

points of the zero-modes. Thus it would be intersting to investigate the possibilities realizing

flavor structures through zero point analysis in other orbifold models. Also studying Higgs µ

term is an important issue to identify the direction of Higgs VEVs although we have assumed

the vicinity of hku,d.

In addition, we have studied (T 2
1 × T 2

2 )/Z
(per)
2 and (T 2

1 × T 2
2 )/(Z

(t)
2 ×Z(per)

2 ) orbifold models.

Zero-modes behave as the modular forms of weight 1 for Γ′
2M and number of degeneracy (gen-

eration) is determined by their flux, Z2 twist (permutation) parity and SS phases. We have

classified three-generation models and shown numerical example realizing quark flavors. Thus

these orbifolds also have the possibility realizing flavor structures.

As another way approaching to the flavor structures on the magnetized orbifold models, we

have studied Yukawa textures on T 2/Z2. At the modular symmetric points τ = i and ω, the

structures of Yukawa matrices are restricted by the residual symmetries. We have found two

structures of Yukawa matrices for τ = i and three structures of Yukawa matrices for τ = ω as

shown in Tables 2.24 and 2.26, respectively. Using these structures, we have shown Fritzch-Xing

and Fritzch mass matrices are realized for τ = i and ω, respectively. In numerical studies, we

have obtained realistic results of quark flavors for both cases. Therefore Yukawa textures at

the modular symmetric points are an attractive way realizing the flavor structures.
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5.2 Summary of 4D modular symmetric flavor models

In Chapter 3, we have discussed 4D modular symmetric flavor models along in Refs. [89,90]. In

the theory, the superpotential is modular invariant. Then superfields are transformed by the

finite modular group and have negative weights. Therefore fermion mass matrices as well as

Yukawa couplings are written in terms of the modular forms of the finite modular group. Note

that we have ambiguilties of coupling constants in mass matrices.

In this paper, we have studied the possibilities realizing quark flavor structures without fine-

tuning by coupling constants. In the vicinity of the modular symmetric points, the modular

forms with residual charge r are approximately given by εr, which is the deviation of the

modulus from the modular symmetric points. Since the mass matrices are written by the

modular forms, they are also written by the powers of ε. To obtain large mass hierarchies of

up-sector quarks, we need the residual ZN symmetries with N ≥ 6 which can yield hierarchical

value εN−1. Instead, the products of the residual symmetries such as Z3×Z3×Z3 can reproduce

such hierarchical values.

Firstly we have studied the quark flavor models with Γ6 modular symmetry. Γ6 satisfies

T 6 = I; therefore residual Z6 symmetry remains at T -symmetric point, τ = i∞. To reproduce

hierarchical values of the modular forms, we have assumed the vicinity of τ = i∞ where

hierarchical values up to ε5 appear. To find phenomenologically favorable models, we have

considered four types of quark mass matrices. In four types, diagonal components in mass

matrices have suitable powers of ε to realize quark mass ratios. We have treated the degree of

freedom to choose the powers of ε in nondiagonal components as model depending values. For

simplicity we have used only Γ6 singlets, and restricted the coupling constants to ±1 to avoid

fine-tuning by them. When both up and down-sector Yukawa couplings have weight 14 where

the modular forms of six Γ6 singlets exist, we have obtained favorable models at τ = 3.2i ∼ i∞.

When Yukwa couplings have weight less than 14, some of components of mass matrices vanish

because of the shortage of the modular forms belonging to Γ6 singlets. We have found the

favorable models in the case that up-sector Yukawa couplings have weight 8 and down-sector

Yukawa couplings have weight 10 as well as weight 12 at τ = 3.7i ∼ i∞. These models can

realize the order of the quark mass ratios and the absolute values of the CKM matrix elements

without fine-tuning. Thus, the modular symmetirc flavor models with Γ6 symmetry have the

possibility realizing quark flavor structures without fine-tuning.

Second we have studied the quark flavor models with A4×A4×A4 modular symmetry which

are described by three moduli τ1, τ2 and τ3. To make our analysis simple, we have assumed

the moduli stabilization τ1 = τ2 = τ3 ≡ τ . A4 satisfies (ST )3 = T 3 = I; therefore residual Z3

symmetries remain at ST and T -symmetric points, τ = ω and i∞. To reproduce hierarchical

values of the modular forms, we have assumed the vicinity of τ = ω or i∞ where hierarchical

values up to ε2× ε2× ε2 = ε6 appear. As same as the analysis of the models with Γ6 symmetry,

we have considered the mass matrices whose diagonal components have suitable powers of ε.

Also we have used only A4 singlets, and restricted the coupling constants to ±1 to avoid fine-
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tuning by them. When both up and down-sector Yukawa couplings have weight 8 where the

modular forms of three A4 singlets exist, we have obtained favorable models at τ = 2.1i ∼ i∞
and ω+0.051i ∼ ω as shown in Tables 3.9 and 3.10. These models can realize the order of the

quark mass ratios and the absolute values of the CKM matrix elements without fine-tuning.

However, the first order approximation tells that the structures of the CKM matrix in these

favorable models lead to vanishing CP phase. Numerical example in the vicinity of τ ∼ i∞
actually have shown that the sufficient CP violation needs |ε| ∼ 0.23 while hierarchical quark

mass ratios need |ε| ∼ 0.15. Thus the relation of the trade-off between the CP violation and

the quark mass hierarchies exist.

The relation of the trade-off can be improved by introducing non-universal moduli. So far we

have considered the moduli stabilization τ1 = τ2 = τ3 ≡ τ . Instead we have assumed the non-

universal moduli τ1 = τ2 ≡ τ ̸= τ3, |τ −ω| = |τ3−ω| ≪ 1. Then numerical example have shown

that quark mass ratios, the absolute values of the CKM matrix elements and the CP phase can

be realized simultaneously at non universal moduli τ = ω + 0.055i, τ3 = ω + 0.055e2πi/5. This

result implies that the models with multi moduli parameters are an attractive way explaining

the flavor structures including the CP phase.

5.3 Summary of constructing Siegel modular forms

In Chapter 4, we have studied the construction of Siegel modular forms along in Ref. [149]. As

mentioned in the end of Chapter 3, multi moduli parameters have the possibility realizing the

CP phase and large quark mass hierarchies simultaneously. Siegel modular forms have several

moduli and therefore they are promising approach to the quark flavor structures.

6D torus T 6 has Sp(6,Z) modular symmetry as the geometrical symmetry and zero-modes

on magnetized T 6 behave as the Siegel modular forms of weight 1/2 for the subgroup of Sp(6,Z).
Taking z⃗ = 0, they become exactly the Siegel modular forms. On the other hand, T -symmetries

on zero-modes are partially violated depending on the structure of N matrix. Moreover the

consistency condition for S-transformation requires the moduli commuting to N matrix, NΩ =

ΩN , which is equivalent to the F -term condition for symmetric Ω and N . In this paper we have

focused on N matrix possessing three different eigenvalues, where three T -symmetries denoted

as TI , TII and TIII remain. Then we have shown five examples of the Siegel modular forms of

weight 1/2 in Section 4.3.

As a constructing example, we have studied the Siegel modular forms transformed by

∆̃(96) ≃ ∆(48) ⋊ Z8. From zero-modes on T 6 with N matrix in Eq. (4.65), we have ob-

tained the Siegel modular forms of weight 1/2 transformed by unitary matrices in Eq. (4.90).

These unitary matrices form a group ∆̃(96) ≃ ∆(48) ⋊ Z8. Thus ψ̂j⃗3(Ω) in Eq. (4.67) are a

triplet of this group. Higher weight Siegel modular forms have been constructed by tensor

products of them. The dimension of the Siegel modular forms of weight k is given by 2k+2C2.

Using the Siegel modular forms of ∆̃(96), we have given the numerical studies for quark
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flavor structures. To make our analysis simple, we have used singlet Siegel modular forms. To

reproduce quark mass hierarchies, we have assumed the vicinity of the cusp ΩTI . When the

moduli lie on the vicinity of ΩTI , the mass matrix elements become hierarchical depending on

its TI charges. In the numerical studies, we have chosen (ω1, ω2, ω3) = (1.3i, 0.6i+ 0.86, 0). To

obtain non-vanishing CP phase, we have deviated ω2 from the imaginary axis. In addition we

have deviated the coupling constants by O(1). Then we have obtained realistic quark flavor

observables including sufficient amount of CP phase as shown in Table 4.5.

In the numerical example, one of the moduli parameter, ω1, works on generating large quark

mass hierarchies but cannot contribute to CP violation. This is because the phase factors of

q1 = eπiω1/4 in mass matrices are completely canceled by the basis transformation. Meanwhile

the phase factors of q2 = eπiω2/4 in mass matrices survive after any basis transformation. That

is, ω2 can contribute to the CP violation. In our numerical example, the deviation of ω1 from

the cusp (TI-symmetric point) contribute to the large mass hierarchies while the deviation

of ω2 from the imaginary axis (CP symmetric points) contribute to the CP violation. Thus

the Siegel modular forms with multi moduli parameters have the possibility realizing flavor

structures including CP phases without fine-tuning.

We note that the deviation of the moduli from the modular or CP symmetric points are

important in our model. The moduli stabilization leading to such deviations is a key issue1.

5.4 Discussion

Here we discuss the further possibilities realizing the flavor structures. Let us start from

the comparison of magnetized orbifold models and 4D modular symmetric flavor models. As

mentioned in Section 3.1, 4D modular symmetric flavor models may be derived from the higher

dimensional theories such as the magnetized orbifold models as the low-energy effective theory.

Actually, the modular forms play important and similar roles for both models; Yukawa couplings

are written in terms of the modular forms. Hence, they would be related strongly through the

modular forms. In the following, we show some facts on both models regarding to the modulus,

Higgs fields and the origins of large mass hierarchies and CP violation in numerical examples.

• Magnetized orbifold models (quark and lepton flavor model on T 2/Z2 twisted orbifold in

Subsection 2.2.8)

– The modulus τ is assumed to lie on S-symmetric point.

– There are six pairs of Higgs fields. Higgs VEVs are aligned in the lightest mass

direction but we have used its direction as free parameters.

– Yukawa couplings have no ambiguilties except for the overall factors since they are

calculated by overlap integral of zero-mode wave functions.

1See for moduli stabilization in moduli flavor models Refs. [161–168]. See also Ref. [169]
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– Large mass hierarchies originate from the deviation of Higgs VEVs from S-eigenstate

directions.

– CP violation is expected to be induced from the complex direction of Higgs VEVs

or the deviation of the modulus from CP symmetric points although we have not

studied it in this paper.

– The deviation of Higgs VEVs from S-symmetric point is important in this model.

Higgs µ term leading to such deviation is a key issue. The moduli stabilization is

also an issue.

• 4D modular symmetric flavor models (quark flavor model with A4 × A4 × A4 modular

symmetry in Subsection 3.4.5)

– The moduli τ1, τ2 and τ3 are assumed to be in the vicinity of ST or T -symmetric

points.

– There are a pair of Higgs fields.

– Yukawa couplings have ambiguilties of coupling constants. We have treated them as

O(1) parameters since we expect hierarchical structures do not originate from them.

– Large mass hierarchies originate from the deviation of the moduli from the modular

symmetric points.

– CP violation originates from non-universal moduli on CP violating point.

– The deviation of the moduli from the modular or CP symmetric points are important

in the model. The moduli stabilization leading to such deviations is a key issue. Also

the origin of the values of the coupling constants should be identified.

The results on 4D modular symmetric flavor models imply that large mass hierarchies and

CP phase require multi moduli parameters. As we have seen in Chapter 4, the magnetized

T 6 models lead to zero-modes which behave as the Siegel modular forms. Moreover, it can be

expected that three-generation models with a pair of Higgs fields are obtained on the magnetized

T 6 models. In such models, we do not need to identify the lightest direction of Higgs fields

and only the moduli stabilization is an unsolved issue. Then large mass hierarchies and CP

phase would be obtained by the deviation of the moduli form the (modular or CP) symmetric

points as same as 4D modular symmetric flavor models. Note that ambiguilties of coupling

constants in mass matrices do not exist on the magnetized orbifold models except for the overall

factors. Therefore, the magnetized T 6 models with a pair of Higgs fields have the possibilities

realizing flavor structures by a few moduli parameters without fine-tuning by Higgs VEVs and

coupling constants. Also the magnetized T 6 models with multi Higgs fields are interesting.

They may have the leading order Higgs µ term being able to fix the lightest mass direction

uniquely although the magnetized T 2/Z2 orbifold model does not. Then the direction of Higgs

VEVs depends on the values of the moduli. Hence the moduli are the unique orign of the
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flavor structures. Thus the magnetized T 6 models are attractive and realization of the flavor

structures is challenging issue.
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Appendix A

Wilson lines and Scherk-Schwarz

phases

In this appendix, we show the equivalence of Wilson lines and SS phases on the magnetized

T 2 model [106]. We start from the zero-modes on T 2, ψ(j+α1,α2),M(z, τ), which satisfy the

boundary conditions in Eq. (2.25). First we consider the following gauge transformation for

the zero-modes,

ψ(j+α1,α2),M(z, τ) → ψ̃(j+α1,α2),M(z, τ) = e−iReβ̄zψ(j+α1,α2),M(z, τ), β ∈ C. (A.1)

Then the vector potential A(z) is transformed as

Ã(z) = A(z)− d[Reβ̄z] =
πM

Imτ
Im

((
z̄ − iImτ

πM
β̄

)
dz

)
≡ πM

Imτ
Im
(
(z + ãw)dz

)
. (A.2)

Comparing the vector potential in Eq. (2.9), we can regard ãw as Wilson line. Thus Ã(z) obeys

the boundary conditions,

Ã(z + 1) = Ã(z) + dχ̃1(z), (A.3)

Ã(z + τ) = Ã(z) + dχ̃2(z), (A.4)

with

χ̃1(z) =
πM

Imτ
Im (z + ãw) = χ1(z) + Reβ, (A.5)

χ̃2(z) =
πM

Imτ
Imτ̄ (z + ãw) = χ2(z) + Reτ̄β. (A.6)

In the same way, we obtain the boundary conditions of ψ̃(z, τ) as

ψ̃(j+α1,α2),M(z + 1, τ) = e2πiα1−2iReβeiχ̃1(z)ψ̃(j+α1,α2),M , (A.7)

ψ̃(j+α1,α2),M(z + τ, τ) = e2πiα2−2iReτ̄βeiχ̃2(z)ψ̃(j+α1,α2),M . (A.8)
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Here let us choose

β = −πiα1τ − α2

Imτ
. (A.9)

Then we obtain the gauge transformed zero-modes,

ψ̃(j+α1,α2),M(z, τ) = eπi
Im(α1τ̄−α2)z

Imτ ψ(j+α1,α2),M(z, τ), (A.10)

which satisfy the boundary conditions,

ψ̃(j+α1,α2),M(z + 1, τ) = eiχ̃1(z)ψ̃(j+α1,α2),M , (A.11)

ψ̃(j+α1,α2),M(z + τ, τ) = eiχ̃2(z)ψ̃(j+α1,α2),M , (A.12)

with

χ̃1(z) =
πM

Imτ
Im

(
z +

α1τ − α2

M

)
, χ̃2(z) =

πM

Imτ
Imτ̄

(
z +

α1τ − α2

M

)
. (A.13)

This implies that the gauge transformed zero-modes ψ̃(z, τ) have Wilson line ζ = (α1τ−α2)/M

but vanishing SS phases (α̃1, α̃2) = (0, 0). Thus SS phases can be absorbed into Wilson line

through the gauge transformation.



Appendix B

Flavor models on T 2/Z2

B.1 Favorable models

Here, we show quark and lepton flavor models satisfying the phenomenologically favorable

conditions for quark and lepton flavors in Table B.1.

Table B.1: Quark and lepton flavor models satisfying the phenomenologically favorable condi-

tions for quark and lepton flavors. The first to eighth columns show the flux, Z2 parity (even,

odd = 0, 1) and SS phases (α1, α2) of the zero-modes of the fields. gH denotes number of Higgs

fields and p denotes the fixed points satisfying Eq. (2.191).

BQ BuR BdR BL BνR BeR BHu BHd
gH p

5, 0, 0, 0 6, 0, 1
2
, 0 6, 0, 0, 1

2
6, 0, 1

2
, 1
2

5, 0, 0, 1
2

5, 0, 1
2
, 0 11, 0, 1

2
, 0 11, 0, 0, 1

2
6 τ

2

5, 0, 0, 0 6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

6, 1, 0, 1
2

5, 1, 1
2
, 1
2

5, 0, 1
2
, 0 11, 0, 1

2
, 0 11, 1, 1

2
, 1
2

6 0

5, 0, 0, 0 6, 0, 1
2
, 0 7, 1, 1

2
, 0 6, 0, 1

2
, 1
2

5, 0, 0, 1
2

6, 1, 0, 1
2

11, 0, 1
2
, 0 12, 1, 1

2
, 0 6 τ

2

5, 0, 0, 0 6, 0, 1
2
, 0 7, 1, 1

2
, 0 6, 1, 0, 1

2
5, 1, 1

2
, 1
2

6, 0, 1
2
, 1
2

11, 0, 1
2
, 0 12, 1, 1

2
, 0 6 0

5, 0, 0, 0 6, 0, 0, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

5, 0, 1
2
, 0 5, 0, 0, 1

2
11, 0, 0, 1

2
11, 0, 1

2
, 0 6 1

2

5, 0, 0, 0 6, 0, 0, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 5, 1, 1

2
, 1
2

5, 0, 0, 1
2

11, 0, 0, 1
2

11, 1, 1
2
, 1
2

6 0

5, 0, 0, 0 6, 0, 0, 1
2

7, 1, 0, 1
2

6, 0, 1
2
, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 0 11, 0, 0, 1

2
12, 1, 0, 1

2
6 1

2

5, 0, 0, 0 6, 0, 0, 1
2

7, 1, 0, 1
2

6, 1, 1
2
, 0 5, 1, 1

2
, 1
2

6, 0, 1
2
, 1
2

11, 0, 0, 1
2

12, 1, 0, 1
2

6 0

5, 0, 0, 0 6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
5, 0, 1

2
, 0 5, 1, 1

2
, 1
2

11, 1, 1
2
, 1
2

11, 0, 1
2
, 0 6 1

2

5, 0, 0, 0 6, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 5, 0, 0, 1

2
5, 1, 1

2
, 1
2

11, 1, 1
2
, 1
2

11, 0, 0, 1
2

6 τ
2

5, 0, 0, 0 6, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

6, 1, 1
2
, 0 5, 0, 0, 1

2
6, 1, 0, 1

2
11, 1, 1

2
, 1
2

12, 0, 1
2
, 1
2

6 τ
2

5, 0, 0, 0 6, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

6, 1, 0, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 0 11, 1, 1

2
, 1
2

12, 0, 1
2
, 1
2

6 1
2

5, 0, 0, 0 7, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
5, 0, 0, 1

2
12, 0, 1

2
, 1
2

11, 1, 1
2
, 1
2

6 0

5, 0, 0, 0 7, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 5, 0, 1

2
, 0 12, 0, 1

2
, 1
2

11, 1, 1
2
, 1
2

6 0

5, 0, 0, 0 7, 0, 1
2
, 1
2

7, 1, 1
2
, 0 6, 1, 0, 1

2
6, 1, 1

2
, 0 6, 0, 1

2
, 1
2

12, 0, 1
2
, 1
2

12, 1, 1
2
, 0 6 0
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BQ BuR BdR BL BνR BeR BHu BHd
gH p

5, 0, 0, 0 7, 0, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 0, 0 5, 1, 1

2
, 1
2

5, 0, 1
2
, 0 12, 0, 1

2
, 1
2

12, 1, 1
2
, 0 6 0

5, 0, 0, 0 7, 0, 1
2
, 1
2

7, 1, 0, 1
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 1
2

12, 0, 1
2
, 1
2

12, 1, 0, 1
2

6 0

5, 0, 0, 0 7, 0, 1
2
, 1
2

7, 1, 0, 1
2

7, 1, 0, 0 5, 1, 1
2
, 1
2

5, 0, 0, 1
2

12, 0, 1
2
, 1
2

12, 1, 0, 1
2

6 0

5, 0, 0, 0 7, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 1

2
, 1
2

6, 1, 0, 1
2

5, 0, 0, 1
2

12, 1, 1
2
, 0 11, 0, 1

2
, 0 6 1

2

5, 0, 0, 0 7, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 1
2

5, 1, 1
2
, 1
2

12, 1, 1
2
, 0 11, 0, 1

2
, 0 6 1

2

5, 0, 0, 0 7, 1, 1
2
, 0 7, 0, 1

2
, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 12, 1, 1

2
, 0 12, 0, 1

2
, 1
2

6 1
2

5, 0, 0, 0 7, 1, 1
2
, 0 7, 0, 1

2
, 1
2

7, 1, 0, 0 5, 0, 1
2
, 0 5, 1, 1

2
, 1
2

12, 1, 1
2
, 0 12, 0, 1

2
, 1
2

6 1
2

5, 0, 0, 0 7, 1, 1
2
, 0 7, 1, 0, 1

2
6, 0, 1

2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 12, 1, 1

2
, 0 12, 1, 0, 1

2
6 1

2

5, 0, 0, 0 7, 1, 1
2
, 0 7, 1, 0, 1

2
7, 1, 0, 0 5, 0, 1

2
, 0 5, 0, 0, 1

2
12, 1, 1

2
, 0 12, 1, 0, 1

2
6 1

2

5, 0, 0, 0 7, 1, 0, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 5, 0, 1

2
, 0 12, 1, 0, 1

2
11, 0, 0, 1

2
6 τ

2

5, 0, 0, 0 7, 1, 0, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 1
2

5, 1, 1
2
, 1
2

12, 1, 0, 1
2

11, 0, 0, 1
2

6 τ
2

5, 0, 0, 0 7, 1, 0, 1
2

7, 0, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 0, 1
2

12, 1, 0, 1
2

12, 0, 1
2
, 1
2

6 τ
2

5, 0, 0, 0 7, 1, 0, 1
2

7, 0, 1
2
, 1
2

7, 1, 0, 0 5, 0, 0, 1
2

5, 1, 1
2
, 1
2

12, 1, 0, 1
2

12, 0, 1
2
, 1
2

6 τ
2

5, 0, 0, 0 7, 1, 0, 1
2

7, 1, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
12, 1, 0, 1

2
12, 1, 1

2
, 0 6 τ

2

5, 0, 0, 0 7, 1, 0, 1
2

7, 1, 1
2
, 0 7, 1, 0, 0 5, 0, 0, 1

2
5, 0, 1

2
, 0 12, 1, 0, 1

2
12, 1, 1

2
, 0 6 τ

2

5, 0, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 1

2
, 1
2

6, 0, 0, 1
2

5, 0, 0, 1
2

5, 0, 0, 0 11, 0, 0, 0 11, 0, 0, 1
2

6 τ
2

5, 0, 1
2
, 0 6, 0, 1

2
, 0 6, 1, 0, 1

2
6, 1, 1

2
, 1
2

5, 1, 1
2
, 1
2

5, 0, 0, 0 11, 0, 0, 0 11, 1, 1
2
, 1
2

6 0

5, 0, 1
2
, 0 6, 0, 1

2
, 0 7, 1, 0, 0 6, 0, 0, 1

2
5, 0, 0, 1

2
6, 1, 1

2
, 1
2

11, 0, 0, 0 12, 1, 1
2
, 0 6 τ

2

5, 0, 1
2
, 0 6, 0, 1

2
, 0 7, 1, 0, 0 6, 1, 1

2
, 1
2

5, 1, 1
2
, 1
2

6, 0, 0, 1
2

11, 0, 0, 0 12, 1, 1
2
, 0 6 0

5, 0, 1
2
, 0 6, 0, 1

2
, 1
2

6, 0, 1
2
, 0 6, 0, 0, 1

2
5, 0, 0, 0 5, 0, 0, 1

2
11, 0, 0, 1

2
11, 0, 0, 0 6 1+τ

2

5, 0, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 5, 1, 1

2
, 1
2

5, 0, 0, 1
2

11, 0, 0, 1
2

11, 1, 1
2
, 1
2

6 0

5, 0, 1
2
, 0 6, 0, 1

2
, 1
2

7, 1, 0, 1
2

6, 0, 0, 1
2

5, 0, 0, 0 6, 1, 1
2
, 0 11, 0, 0, 1

2
12, 1, 1

2
, 1
2

6 1+τ
2

5, 0, 1
2
, 0 6, 0, 1

2
, 1
2

7, 1, 0, 1
2

6, 1, 1
2
, 0 5, 1, 1

2
, 1
2

6, 0, 0, 1
2

11, 0, 0, 1
2

12, 1, 1
2
, 1
2

6 0

5, 0, 1
2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 0 6, 1, 1

2
, 1
2

5, 0, 0, 0 5, 1, 1
2
, 1
2

11, 1, 1
2
, 1
2

11, 0, 0, 0 6 1+τ
2

5, 0, 1
2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 1
2

6, 1, 1
2
, 0 5, 0, 0, 1

2
5, 1, 1

2
, 1
2

11, 1, 1
2
, 1
2

11, 0, 0, 1
2

6 τ
2

5, 0, 1
2
, 0 6, 1, 0, 1

2
7, 0, 1

2
, 1
2

6, 1, 1
2
, 0 5, 0, 0, 1

2
6, 1, 1

2
, 1
2

11, 1, 1
2
, 1
2

12, 0, 0, 1
2

6 τ
2

5, 0, 1
2
, 0 6, 1, 0, 1

2
7, 0, 1

2
, 1
2

6, 1, 1
2
, 1
2

5, 0, 0, 0 6, 1, 1
2
, 0 11, 1, 1

2
, 1
2

12, 0, 0, 1
2

6 1+τ
2

5, 0, 1
2
, 0 7, 0, 1

2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 6, 1, 1

2
, 1
2

5, 0, 0, 1
2

12, 0, 0, 1
2

11, 1, 1
2
, 1
2

6 0

5, 0, 1
2
, 0 7, 0, 1

2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 5, 0, 0, 0 12, 0, 0, 1

2
11, 1, 1

2
, 1
2

6 0

5, 0, 1
2
, 0 7, 0, 1

2
, 1
2

7, 1, 0, 1
2

6, 1, 1
2
, 0 6, 1, 1

2
, 1
2

6, 0, 0, 1
2

12, 0, 0, 1
2

12, 1, 1
2
, 1
2

6 0

5, 0, 1
2
, 0 7, 0, 1

2
, 1
2

7, 1, 0, 1
2

7, 1, 1
2
, 0 5, 1, 1

2
, 1
2

5, 0, 0, 1
2

12, 0, 0, 1
2

12, 1, 1
2
, 1
2

6 0

5, 0, 1
2
, 0 7, 0, 1

2
, 1
2

7, 1, 0, 0 6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
12, 0, 0, 1

2
12, 1, 1

2
, 0 6 0

5, 0, 1
2
, 0 7, 0, 1

2
, 1
2

7, 1, 0, 0 7, 1, 1
2
, 0 5, 1, 1

2
, 1
2

5, 0, 0, 0 12, 0, 0, 1
2

12, 1, 1
2
, 0 6 0

5, 0, 1
2
, 0 7, 1, 0, 1

2
6, 0, 1

2
, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 5, 0, 0, 0 12, 1, 1

2
, 1
2

11, 0, 0, 1
2

6 τ
2

5, 0, 1
2
, 0 7, 1, 0, 1

2
6, 0, 1

2
, 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
5, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

11, 0, 0, 1
2

6 τ
2

5, 0, 1
2
, 0 7, 1, 0, 1

2
7, 0, 1

2
, 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

12, 0, 0, 1
2

6 τ
2

5, 0, 1
2
, 0 7, 1, 0, 1

2
7, 0, 1

2
, 1
2

7, 1, 1
2
, 0 5, 0, 0, 1

2
5, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

12, 0, 0, 1
2

6 τ
2
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BQ BuR BdR BL BνR BeR BHu BHd
gH p

5, 0, 1
2
, 0 7, 1, 0, 1

2
7, 1, 0, 0 6, 0, 0, 1

2
6, 1, 1

2
, 0 6, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

12, 1, 1
2
, 0 6 τ

2

5, 0, 1
2
, 0 7, 1, 0, 1

2
7, 1, 0, 0 7, 1, 1

2
, 0 5, 0, 0, 1

2
5, 0, 0, 0 12, 1, 1

2
, 1
2

12, 1, 1
2
, 0 6 τ

2

5, 0, 1
2
, 0 7, 1, 0, 0 6, 0, 1

2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 1
2

5, 0, 0, 1
2

12, 1, 1
2
, 0 11, 0, 0, 0 6 1+τ

2

5, 0, 1
2
, 0 7, 1, 0, 0 6, 0, 1

2
, 0 6, 1, 1

2
, 1
2

6, 0, 0, 1
2

5, 1, 1
2
, 1
2

12, 1, 1
2
, 0 11, 0, 0, 0 6 1+τ

2

5, 0, 1
2
, 0 7, 1, 0, 0 7, 0, 1

2
, 1
2

6, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 12, 1, 1

2
, 0 12, 0, 0, 1

2
6 1+τ

2

5, 0, 1
2
, 0 7, 1, 0, 0 7, 0, 1

2
, 1
2

7, 1, 1
2
, 0 5, 0, 0, 0 5, 1, 1

2
, 1
2

12, 1, 1
2
, 0 12, 0, 0, 1

2
6 1+τ

2

5, 0, 1
2
, 0 7, 1, 0, 0 7, 1, 0, 1

2
6, 0, 0, 1

2
6, 1, 1

2
, 1
2

6, 1, 1
2
, 0 12, 1, 1

2
, 0 12, 1, 1

2
, 1
2

6 1+τ
2

5, 0, 1
2
, 0 7, 1, 0, 0 7, 1, 0, 1

2
7, 1, 1

2
, 0 5, 0, 0, 0 5, 0, 0, 1

2
12, 1, 1

2
, 0 12, 1, 1

2
, 1
2

6 1+τ
2

5, 0, 0, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

6, 0, 1
2
, 0 5, 0, 1

2
, 0 5, 0, 0, 0 11, 0, 0, 0 11, 0, 1

2
, 0 6 1

2

5, 0, 0, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 6, 1, 1

2
, 1
2

5, 1, 1
2
, 1
2

5, 0, 0, 0 11, 0, 0, 0 11, 1, 1
2
, 1
2

6 0

5, 0, 0, 1
2

6, 0, 0, 1
2

7, 1, 0, 0 6, 0, 1
2
, 0 5, 0, 1

2
, 0 6, 1, 1

2
, 1
2

11, 0, 0, 0 12, 1, 0, 1
2

6 1
2

5, 0, 0, 1
2

6, 0, 0, 1
2

7, 1, 0, 0 6, 1, 1
2
, 1
2

5, 1, 1
2
, 1
2

6, 0, 1
2
, 0 11, 0, 0, 0 12, 1, 0, 1

2
6 0

5, 0, 0, 1
2

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 0 5, 0, 0, 0 5, 0, 1

2
, 0 11, 0, 1

2
, 0 11, 0, 0, 0 6 1+τ

2

5, 0, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
5, 1, 1

2
, 1
2

5, 0, 1
2
, 0 11, 0, 1

2
, 0 11, 1, 1

2
, 1
2

6 0

5, 0, 0, 1
2

6, 0, 1
2
, 1
2

7, 1, 1
2
, 0 6, 0, 1

2
, 0 5, 0, 0, 0 6, 1, 0, 1

2
11, 0, 1

2
, 0 12, 1, 1

2
, 1
2

6 1+τ
2

5, 0, 0, 1
2

6, 0, 1
2
, 1
2

7, 1, 1
2
, 0 6, 1, 0, 1

2
5, 1, 1

2
, 1
2

6, 0, 1
2
, 0 11, 0, 1

2
, 0 12, 1, 1

2
, 1
2

6 0

5, 0, 0, 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 1
2

5, 0, 0, 0 5, 1, 1
2
, 1
2

11, 1, 1
2
, 1
2

11, 0, 0, 0 6 1+τ
2

5, 0, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 0, 1
2

5, 0, 1
2
, 0 5, 1, 1

2
, 1
2

11, 1, 1
2
, 1
2

11, 0, 1
2
, 0 6 1

2

5, 0, 0, 1
2

6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

6, 1, 0, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 1
2

11, 1, 1
2
, 1
2

12, 0, 1
2
, 0 6 1

2

5, 0, 0, 1
2

6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

6, 1, 1
2
, 1
2

5, 0, 0, 0 6, 1, 0, 1
2

11, 1, 1
2
, 1
2

12, 0, 1
2
, 0 6 1+τ

2

5, 0, 0, 1
2

7, 0, 1
2
, 1
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
6, 1, 1

2
, 1
2

5, 0, 1
2
, 0 12, 0, 1

2
, 0 11, 1, 1

2
, 1
2

6 0

5, 0, 0, 1
2

7, 0, 1
2
, 1
2

6, 1, 1
2
, 0 6, 1, 1

2
, 1
2

6, 1, 0, 1
2

5, 0, 0, 0 12, 0, 1
2
, 0 11, 1, 1

2
, 1
2

6 0

5, 0, 0, 1
2

7, 0, 1
2
, 1
2

7, 1, 1
2
, 0 6, 1, 0, 1

2
6, 1, 1

2
, 1
2

6, 0, 1
2
, 0 12, 0, 1

2
, 0 12, 1, 1

2
, 1
2

6 0

5, 0, 0, 1
2

7, 0, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 0, 1

2
5, 1, 1

2
, 1
2

5, 0, 1
2
, 0 12, 0, 1

2
, 0 12, 1, 1

2
, 1
2

6 0

5, 0, 0, 1
2

7, 0, 1
2
, 1
2

7, 1, 0, 0 6, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 0 12, 0, 1

2
, 0 12, 1, 0, 1

2
6 0

5, 0, 0, 1
2

7, 0, 1
2
, 1
2

7, 1, 0, 0 7, 1, 0, 1
2

5, 1, 1
2
, 1
2

5, 0, 0, 0 12, 0, 1
2
, 0 12, 1, 0, 1

2
6 0

5, 0, 0, 1
2

7, 1, 1
2
, 0 6, 0, 1

2
, 1
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
5, 0, 0, 0 12, 1, 1

2
, 1
2

11, 0, 1
2
, 0 6 1

2

5, 0, 0, 1
2

7, 1, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 0 5, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

11, 0, 1
2
, 0 6 1

2

5, 0, 0, 1
2

7, 1, 1
2
, 0 7, 0, 1

2
, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

12, 0, 1
2
, 0 6 1

2

5, 0, 0, 1
2

7, 1, 1
2
, 0 7, 0, 1

2
, 1
2

7, 1, 0, 1
2

5, 0, 1
2
, 0 5, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

12, 0, 1
2
, 0 6 1

2

5, 0, 0, 1
2

7, 1, 1
2
, 0 7, 1, 0, 0 6, 0, 1

2
, 0 6, 1, 0, 1

2
6, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

12, 1, 0, 1
2

6 1
2

5, 0, 0, 1
2

7, 1, 1
2
, 0 7, 1, 0, 0 7, 1, 0, 1

2
5, 0, 1

2
, 0 5, 0, 0, 0 12, 1, 1

2
, 1
2

12, 1, 0, 1
2

6 1
2

5, 0, 0, 1
2

7, 1, 0, 0 6, 0, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

5, 0, 1
2
, 0 12, 1, 0, 1

2
11, 0, 0, 0 6 1+τ

2

5, 0, 0, 1
2

7, 1, 0, 0 6, 0, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 5, 1, 1

2
, 1
2

12, 1, 0, 1
2

11, 0, 0, 0 6 1+τ
2

5, 0, 0, 1
2

7, 1, 0, 0 7, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
12, 1, 0, 1

2
12, 0, 1

2
, 0 6 1+τ

2

5, 0, 0, 1
2

7, 1, 0, 0 7, 0, 1
2
, 1
2

7, 1, 0, 1
2

5, 0, 0, 0 5, 1, 1
2
, 1
2

12, 1, 0, 1
2

12, 0, 1
2
, 0 6 1+τ

2

5, 0, 0, 1
2

7, 1, 0, 0 7, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 1, 1

2
, 1
2

6, 1, 0, 1
2

12, 1, 0, 1
2

12, 1, 1
2
, 1
2

6 1+τ
2
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5, 0, 0, 1
2

7, 1, 0, 0 7, 1, 1
2
, 0 7, 1, 0, 1

2
5, 0, 0, 0 5, 0, 1

2
, 0 12, 1, 0, 1

2
12, 1, 1

2
, 1
2

6 1+τ
2

5, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 1
2

5, 0, 1
2
, 0 5, 0, 0, 1

2
11, 0, 0, 1

2
11, 0, 1

2
, 0 6 1

2

5, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 1, 1

2
, 1
2

6, 0, 0, 1
2

5, 0, 0, 0 5, 0, 0, 1
2

11, 0, 0, 1
2

11, 0, 0, 0 6 1+τ
2

5, 1, 1
2
, 1
2

6, 1, 1
2
, 0 7, 1, 0, 1

2
6, 0, 0, 1

2
5, 0, 0, 0 6, 0, 1

2
, 1
2

11, 0, 0, 1
2

12, 0, 1
2
, 0 6 1+τ

2

5, 1, 1
2
, 1
2

6, 1, 1
2
, 0 7, 1, 0, 1

2
6, 0, 1

2
, 1
2

5, 0, 1
2
, 0 6, 0, 0, 1

2
11, 0, 0, 1

2
12, 0, 1

2
, 0 6 1

2

5, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 1
2

5, 0, 0, 1
2

5, 0, 1
2
, 0 11, 0, 1

2
, 0 11, 0, 0, 1

2
6 τ

2

5, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 5, 0, 0, 0 5, 0, 1

2
, 0 11, 0, 1

2
, 0 11, 0, 0, 0 6 1+τ

2

5, 1, 1
2
, 1
2

6, 1, 0, 1
2

7, 1, 1
2
, 0 6, 0, 1

2
, 0 5, 0, 0, 0 6, 0, 1

2
, 1
2

11, 0, 1
2
, 0 12, 0, 0, 1

2
6 1+τ

2

5, 1, 1
2
, 1
2

6, 1, 0, 1
2

7, 1, 1
2
, 0 6, 0, 1

2
, 1
2

5, 0, 0, 1
2

6, 0, 1
2
, 0 11, 0, 1

2
, 0 12, 0, 0, 1

2
6 τ

2

5, 1, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
5, 0, 0, 1

2
5, 0, 0, 0 11, 0, 0, 0 11, 0, 0, 1

2
6 τ

2

5, 1, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 0 5, 0, 1

2
, 0 5, 0, 0, 0 11, 0, 0, 0 11, 0, 1

2
, 0 6 1

2

5, 1, 1
2
, 1
2

6, 1, 1
2
, 1
2

7, 1, 0, 0 6, 0, 1
2
, 0 5, 0, 1

2
, 0 6, 0, 0, 1

2
11, 0, 0, 0 12, 0, 1

2
, 1
2

6 1
2

5, 1, 1
2
, 1
2

6, 1, 1
2
, 1
2

7, 1, 0, 0 6, 0, 0, 1
2

5, 0, 0, 1
2

6, 0, 1
2
, 0 11, 0, 0, 0 12, 0, 1

2
, 1
2

6 τ
2

5, 1, 1
2
, 1
2

7, 1, 1
2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 0 6, 0, 1

2
, 1
2

5, 0, 0, 0 12, 0, 0, 1
2

11, 0, 1
2
, 0 6 1

2

5, 1, 1
2
, 1
2

7, 1, 1
2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 1
2

6, 0, 1
2
, 0 5, 0, 0, 1

2
12, 0, 0, 1

2
11, 0, 1

2
, 0 6 1

2

5, 1, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 0, 1

2
6, 0, 1

2
, 1
2

6, 0, 1
2
, 0 6, 0, 0, 1

2
12, 0, 0, 1

2
12, 0, 1

2
, 0 6 1

2

5, 1, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 0, 1

2
7, 0, 1

2
, 1
2

5, 0, 1
2
, 0 5, 0, 0, 1

2
12, 0, 0, 1

2
12, 0, 1

2
, 0 6 1

2

5, 1, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 0, 0 6, 0, 1

2
, 0 6, 0, 1

2
, 1
2

6, 0, 0, 1
2

12, 0, 0, 1
2

12, 0, 1
2
, 1
2

6 1
2

5, 1, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 0, 0 7, 0, 1

2
, 1
2

5, 0, 1
2
, 0 5, 0, 0, 0 12, 0, 0, 1

2
12, 0, 1

2
, 1
2

6 1
2

5, 1, 1
2
, 1
2

7, 1, 0, 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
6, 0, 1

2
, 1
2

5, 0, 0, 0 12, 0, 1
2
, 0 11, 0, 0, 1

2
6 τ

2

5, 1, 1
2
, 1
2

7, 1, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 1
2

6, 0, 0, 1
2

5, 0, 1
2
, 0 12, 0, 1

2
, 0 11, 0, 0, 1

2
6 τ

2

5, 1, 1
2
, 1
2

7, 1, 0, 1
2

7, 1, 1
2
, 0 6, 0, 1

2
, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 0 12, 0, 1

2
, 0 12, 0, 0, 1

2
6 τ

2

5, 1, 1
2
, 1
2

7, 1, 0, 1
2

7, 1, 1
2
, 0 7, 0, 1

2
, 1
2

5, 0, 0, 1
2

5, 0, 1
2
, 0 12, 0, 1

2
, 0 12, 0, 0, 1

2
6 τ

2

5, 1, 1
2
, 1
2

7, 1, 0, 1
2

7, 1, 0, 0 6, 0, 0, 1
2

6, 0, 1
2
, 1
2

6, 0, 1
2
, 0 12, 0, 1

2
, 0 12, 0, 1

2
, 1
2

6 τ
2

5, 1, 1
2
, 1
2

7, 1, 0, 1
2

7, 1, 0, 0 7, 0, 1
2
, 1
2

5, 0, 0, 1
2

5, 0, 0, 0 12, 0, 1
2
, 0 12, 0, 1

2
, 1
2

6 τ
2

5, 1, 1
2
, 1
2

7, 1, 0, 0 6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 6, 0, 0, 1

2
5, 0, 1

2
, 0 12, 0, 1

2
, 1
2

11, 0, 0, 0 6 1+τ
2

5, 1, 1
2
, 1
2

7, 1, 0, 0 6, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 0 5, 0, 0, 1

2
12, 0, 1

2
, 1
2

11, 0, 0, 0 6 1+τ
2

5, 1, 1
2
, 1
2

7, 1, 0, 0 7, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 0, 1

2
6, 0, 1

2
, 1
2

12, 0, 1
2
, 1
2

12, 0, 0, 1
2

6 1+τ
2

5, 1, 1
2
, 1
2

7, 1, 0, 0 7, 1, 1
2
, 0 7, 0, 1

2
, 1
2

5, 0, 0, 0 5, 0, 1
2
, 0 12, 0, 1

2
, 1
2

12, 0, 0, 1
2

6 1+τ
2

5, 1, 1
2
, 1
2

7, 1, 0, 0 7, 1, 0, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

12, 0, 1
2
, 1
2

12, 0, 1
2
, 0 6 1+τ

2

5, 1, 1
2
, 1
2

7, 1, 0, 0 7, 1, 0, 1
2

7, 0, 1
2
, 1
2

5, 0, 0, 0 5, 0, 0, 1
2

12, 0, 1
2
, 1
2

12, 0, 1
2
, 0 6 1+τ

2

6, 0, 1
2
, 0 5, 0, 0, 0 6, 0, 1

2
, 1
2

6, 0, 1
2
, 1
2

5, 0, 0, 1
2

6, 0, 1
2
, 0 11, 0, 1

2
, 0 12, 0, 0, 1

2
6 τ

2

6, 0, 1
2
, 0 5, 0, 0, 0 6, 1, 0, 1

2
6, 1, 0, 1

2
5, 1, 1

2
, 1
2

6, 0, 1
2
, 0 11, 0, 1

2
, 0 12, 1, 1

2
, 1
2

6 0

6, 0, 1
2
, 0 5, 0, 0, 0 7, 1, 0, 0 6, 0, 1

2
, 1
2

5, 0, 0, 1
2

7, 1, 0, 1
2

11, 0, 1
2
, 0 13, 1, 1

2
, 0 6 τ

2

6, 0, 1
2
, 0 5, 0, 0, 0 7, 1, 0, 0 6, 1, 0, 1

2
5, 1, 1

2
, 1
2

7, 0, 1
2
, 1
2

11, 0, 1
2
, 0 13, 1, 1

2
, 0 6 0

6, 0, 1
2
, 0 5, 0, 1

2
, 0 6, 0, 0, 1

2
6, 0, 0, 1

2
5, 0, 0, 1

2
6, 0, 1

2
, 0 11, 0, 0, 0 12, 0, 1

2
, 1
2

6 τ
2

6, 0, 1
2
, 0 5, 0, 1

2
, 0 6, 1, 1

2
, 1
2

6, 1, 1
2
, 1
2

5, 1, 1
2
, 1
2

6, 0, 1
2
, 0 11, 0, 0, 0 12, 1, 0, 1

2
6 0

6, 0, 1
2
, 0 5, 0, 1

2
, 0 7, 1, 1

2
, 0 6, 0, 0, 1

2
5, 0, 0, 1

2
7, 1, 0, 1

2
11, 0, 0, 0 13, 1, 0, 0 6 τ

2
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6, 0, 1
2
, 0 5, 0, 1

2
, 0 7, 1, 1

2
, 0 6, 1, 1

2
, 1
2

5, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

11, 0, 0, 0 13, 1, 0, 0 6 0

6, 0, 1
2
, 0 6, 0, 0, 1

2
6, 1, 0, 1

2
6, 1, 1

2
, 0 6, 1, 0, 1

2
6, 0, 0, 1

2
12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 0

6, 0, 1
2
, 0 6, 0, 0, 1

2
6, 1, 0, 1

2
6, 1, 0, 1

2
6, 1, 1

2
, 0 6, 0, 1

2
, 0 12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 0

6, 0, 1
2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 1
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 1
2

12, 0, 1
2
, 1
2

12, 1, 0, 1
2

6 0

6, 0, 1
2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 1
2

7, 1, 0, 0 5, 1, 1
2
, 1
2

5, 0, 0, 1
2

12, 0, 1
2
, 1
2

12, 1, 0, 1
2

6 0

6, 0, 1
2
, 0 6, 0, 0, 1

2
7, 1, 0, 0 6, 1, 0, 1

2
6, 1, 1

2
, 0 7, 0, 1

2
, 1
2

12, 0, 1
2
, 1
2

13, 1, 1
2
, 0 6 0

6, 0, 1
2
, 0 6, 0, 0, 1

2
7, 1, 0, 0 7, 1, 0, 0 5, 1, 1

2
, 1
2

6, 0, 1
2
, 0 12, 0, 1

2
, 1
2

13, 1, 1
2
, 0 6 0

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 6, 1, 1

2
, 1
2

6, 0, 0, 1
2

12, 0, 0, 1
2

12, 1, 1
2
, 1
2

6 0

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 0, 1
2

7, 1, 1
2
, 0 5, 1, 1

2
, 1
2

5, 0, 0, 1
2

12, 0, 0, 1
2

12, 1, 1
2
, 1
2

6 0

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 1, 1

2
, 1
2

6, 0, 1
2
, 1
2

12, 0, 0, 1
2

12, 1, 0, 1
2

6 0

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 12, 0, 0, 1

2
12, 1, 0, 1

2
6 0

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

7, 1, 1
2
, 0 6, 1, 1

2
, 1
2

6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

12, 0, 0, 1
2

13, 1, 0, 0 6 0

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

7, 1, 1
2
, 0 7, 1, 1

2
, 0 5, 1, 1

2
, 1
2

6, 0, 1
2
, 0 12, 0, 0, 1

2
13, 1, 0, 0 6 0

6, 0, 1
2
, 0 6, 1, 0, 1

2
6, 0, 0, 1

2
6, 0, 0, 1

2
6, 1, 1

2
, 0 6, 0, 1

2
, 0 12, 1, 1

2
, 1
2

12, 0, 1
2
, 1
2

6 τ
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
6, 0, 0, 1

2
6, 1, 1

2
, 0 6, 0, 0, 1

2
6, 1, 0, 1

2
12, 1, 1

2
, 1
2

12, 0, 1
2
, 1
2

6 τ
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

12, 0, 0, 1
2

6 τ
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 1
2

7, 1, 1
2
, 0 5, 0, 0, 1

2
5, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

12, 0, 0, 1
2

6 τ
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
7, 1, 1

2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 0 7, 1, 0, 1

2
12, 1, 1

2
, 1
2

13, 1, 0, 0 6 τ
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
7, 1, 1

2
, 0 7, 1, 1

2
, 0 5, 0, 0, 1

2
6, 0, 1

2
, 0 12, 1, 1

2
, 1
2

13, 1, 0, 0 6 τ
2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 0, 1
2

12, 1, 0, 1
2

12, 0, 1
2
, 1
2

6 τ
2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 0 5, 0, 0, 1
2

5, 1, 1
2
, 1
2

12, 1, 0, 1
2

12, 0, 1
2
, 1
2

6 τ
2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 12, 1, 0, 1

2
12, 0, 0, 1

2
6 τ

2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 1
2
, 1
2

12, 1, 0, 1
2

12, 0, 0, 1
2

6 τ
2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

7, 1, 0, 0 6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 7, 1, 0, 1

2
12, 1, 0, 1

2
13, 1, 1

2
, 0 6 τ

2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

7, 1, 0, 0 7, 1, 0, 0 5, 0, 0, 1
2

6, 0, 1
2
, 0 12, 1, 0, 1

2
13, 1, 1

2
, 0 6 τ

2

6, 0, 1
2
, 0 7, 0, 1

2
, 1
2

7, 1, 0, 1
2

7, 1, 1
2
, 0 6, 1, 1

2
, 1
2

6, 0, 0, 1
2

13, 0, 0, 1
2

13, 1, 1
2
, 1
2

7 0

6, 0, 1
2
, 0 7, 0, 1

2
, 1
2

7, 1, 0, 1
2

7, 1, 0, 0 6, 1, 0, 1
2

6, 0, 1
2
, 1
2

13, 0, 0, 1
2

13, 1, 1
2
, 1
2

7 0

6, 0, 1
2
, 0 7, 1, 0, 1

2
7, 0, 1

2
, 1
2

7, 1, 1
2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 1
2

13, 1, 1
2
, 1
2

13, 0, 0, 1
2

7 τ
2

6, 0, 1
2
, 0 7, 1, 0, 1

2
7, 0, 1

2
, 1
2

7, 1, 0, 0 6, 0, 1
2
, 1
2

6, 1, 0, 1
2

13, 1, 1
2
, 1
2

13, 0, 0, 1
2

7 τ
2

6, 0, 0, 1
2

5, 0, 0, 0 6, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

5, 0, 1
2
, 0 6, 0, 0, 1

2
11, 0, 0, 1

2
12, 0, 1

2
, 0 6 1

2

6, 0, 0, 1
2

5, 0, 0, 0 6, 1, 1
2
, 0 6, 1, 1

2
, 0 5, 1, 1

2
, 1
2

6, 0, 0, 1
2

11, 0, 0, 1
2

12, 1, 1
2
, 1
2

6 0

6, 0, 0, 1
2

5, 0, 0, 0 7, 1, 0, 0 6, 0, 1
2
, 1
2

5, 0, 1
2
, 0 7, 1, 1

2
, 0 11, 0, 0, 1

2
13, 1, 0, 1

2
6 1

2

6, 0, 0, 1
2

5, 0, 0, 0 7, 1, 0, 0 6, 1, 1
2
, 0 5, 1, 1

2
, 1
2

7, 0, 1
2
, 1
2

11, 0, 0, 1
2

13, 1, 0, 1
2

6 0

6, 0, 0, 1
2

5, 0, 0, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 0 5, 0, 1

2
, 0 6, 0, 0, 1

2
11, 0, 0, 0 12, 0, 1

2
, 1
2

6 1
2

6, 0, 0, 1
2

5, 0, 0, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 1
2

5, 1, 1
2
, 1
2

6, 0, 0, 1
2

11, 0, 0, 0 12, 1, 1
2
, 0 6 0

6, 0, 0, 1
2

5, 0, 0, 1
2

7, 1, 0, 1
2

6, 0, 1
2
, 0 5, 0, 1

2
, 0 7, 1, 1

2
, 0 11, 0, 0, 0 13, 1, 0, 0 6 1

2

6, 0, 0, 1
2

5, 0, 0, 1
2

7, 1, 0, 1
2

6, 1, 1
2
, 1
2

5, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

11, 0, 0, 0 13, 1, 0, 0 6 0
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6, 0, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 0 6, 1, 0, 1

2
6, 0, 0, 1

2
12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 0

6, 0, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 0, 1

2
6, 1, 1

2
, 0 6, 0, 1

2
, 0 12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 0

6, 0, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 1
2

12, 0, 1
2
, 1
2

12, 1, 1
2
, 0 6 0

6, 0, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

7, 1, 0, 0 5, 1, 1
2
, 1
2

5, 0, 1
2
, 0 12, 0, 1

2
, 1
2

12, 1, 1
2
, 0 6 0

6, 0, 0, 1
2

6, 0, 1
2
, 0 7, 1, 0, 0 6, 1, 1

2
, 0 6, 1, 0, 1

2
7, 0, 1

2
, 1
2

12, 0, 1
2
, 1
2

13, 1, 0, 1
2

6 0

6, 0, 0, 1
2

6, 0, 1
2
, 0 7, 1, 0, 0 7, 1, 0, 0 5, 1, 1

2
, 1
2

6, 0, 0, 1
2

12, 0, 1
2
, 1
2

13, 1, 0, 1
2

6 0

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
6, 1, 1

2
, 1
2

6, 0, 1
2
, 0 12, 0, 1

2
, 0 12, 1, 1

2
, 1
2

6 0

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 7, 1, 0, 1

2
5, 1, 1

2
, 1
2

5, 0, 1
2
, 0 12, 0, 1

2
, 0 12, 1, 1

2
, 1
2

6 0

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

12, 0, 1
2
, 0 12, 1, 1

2
, 0 6 0

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 0, 1
2

12, 0, 1
2
, 0 12, 1, 1

2
, 0 6 0

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

7, 1, 0, 1
2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

7, 0, 1
2
, 1
2

12, 0, 1
2
, 0 13, 1, 0, 0 6 0

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

7, 1, 0, 1
2

7, 1, 0, 1
2

5, 1, 1
2
, 1
2

6, 0, 0, 1
2

12, 0, 1
2
, 0 13, 1, 0, 0 6 0

6, 0, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 1

2
, 0 6, 1, 0, 1

2
6, 0, 0, 1

2
12, 1, 1

2
, 1
2

12, 0, 1
2
, 1
2

6 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 0 6, 1, 1

2
, 0 12, 1, 1

2
, 1
2

12, 0, 1
2
, 1
2

6 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

12, 0, 1
2
, 0 6 1

2

6, 0, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 1
2

7, 1, 0, 1
2

5, 0, 1
2
, 0 5, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

12, 0, 1
2
, 0 6 1

2

6, 0, 0, 1
2

6, 1, 1
2
, 0 7, 1, 0, 1

2
6, 0, 1

2
, 0 6, 1, 0, 1

2
7, 1, 1

2
, 0 12, 1, 1

2
, 1
2

13, 1, 0, 0 6 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 7, 1, 0, 1

2
7, 1, 0, 1

2
5, 0, 1

2
, 0 6, 0, 0, 1

2
12, 1, 1

2
, 1
2

13, 1, 0, 0 6 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 1
2

6, 1, 1
2
, 0 12, 1, 1

2
, 0 12, 0, 1

2
, 1
2

6 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 7, 1, 0, 0 5, 0, 1

2
, 0 5, 1, 1

2
, 1
2

12, 1, 1
2
, 0 12, 0, 1

2
, 1
2

6 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 0, 1
2

12, 1, 1
2
, 0 12, 0, 1

2
, 0 6 1

2

6, 0, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

12, 1, 1
2
, 0 12, 0, 1

2
, 0 6 1

2

6, 0, 0, 1
2

6, 1, 1
2
, 1
2

7, 1, 0, 0 6, 0, 1
2
, 1
2

6, 1, 0, 1
2

7, 1, 1
2
, 0 12, 1, 1

2
, 0 13, 1, 0, 1

2
6 1

2

6, 0, 0, 1
2

6, 1, 1
2
, 1
2

7, 1, 0, 0 7, 1, 0, 0 5, 0, 1
2
, 0 6, 0, 0, 1

2
12, 1, 1

2
, 0 13, 1, 0, 1

2
6 1

2

6, 0, 0, 1
2

7, 0, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 0, 1

2
6, 1, 1

2
, 1
2

6, 0, 1
2
, 0 13, 0, 1

2
, 0 13, 1, 1

2
, 1
2

7 0

6, 0, 0, 1
2

7, 0, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 0, 0 6, 1, 1

2
, 0 6, 0, 1

2
, 1
2

13, 0, 1
2
, 0 13, 1, 1

2
, 1
2

7 0

6, 0, 0, 1
2

7, 1, 1
2
, 0 7, 0, 1

2
, 1
2

7, 1, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

13, 1, 1
2
, 1
2

13, 0, 1
2
, 0 7 1

2

6, 0, 0, 1
2

7, 1, 1
2
, 0 7, 0, 1

2
, 1
2

7, 1, 0, 0 6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 13, 1, 1

2
, 1
2

13, 0, 1
2
, 0 7 1

2

6, 0, 1
2
, 1
2

5, 0, 1
2
, 0 6, 0, 0, 1

2
6, 0, 0, 1

2
5, 0, 0, 0 6, 0, 1

2
, 1
2

11, 0, 0, 1
2

12, 0, 1
2
, 0 6 1+τ

2

6, 0, 1
2
, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 0 5, 1, 1

2
, 1
2

6, 0, 1
2
, 1
2

11, 0, 0, 1
2

12, 1, 0, 1
2

6 0

6, 0, 1
2
, 1
2

5, 0, 1
2
, 0 7, 1, 1

2
, 0 6, 0, 0, 1

2
5, 0, 0, 0 7, 1, 0, 0 11, 0, 0, 1

2
13, 1, 0, 1

2
6 1+τ

2

6, 0, 1
2
, 1
2

5, 0, 1
2
, 0 7, 1, 1

2
, 0 6, 1, 1

2
, 0 5, 1, 1

2
, 1
2

7, 0, 1
2
, 1
2

11, 0, 0, 1
2

13, 1, 0, 1
2

6 0

6, 0, 1
2
, 1
2

5, 0, 0, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 0 5, 0, 0, 0 6, 0, 1

2
, 1
2

11, 0, 1
2
, 0 12, 0, 0, 1

2
6 1+τ

2

6, 0, 1
2
, 1
2

5, 0, 0, 1
2

6, 1, 0, 1
2

6, 1, 0, 1
2

5, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

11, 0, 1
2
, 0 12, 1, 1

2
, 0 6 0

6, 0, 1
2
, 1
2

5, 0, 0, 1
2

7, 1, 0, 1
2

6, 0, 1
2
, 0 5, 0, 0, 0 7, 1, 0, 0 11, 0, 1

2
, 0 13, 1, 1

2
, 0 6 1+τ

2

6, 0, 1
2
, 1
2

5, 0, 0, 1
2

7, 1, 0, 1
2

6, 1, 0, 1
2

5, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

11, 0, 1
2
, 0 13, 1, 1

2
, 0 6 0

6, 0, 1
2
, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 1
2

6, 0, 1
2
, 1
2

12, 0, 0, 1
2

12, 1, 0, 1
2

6 0

6, 0, 1
2
, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 12, 0, 0, 1

2
12, 1, 0, 1

2
6 0
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6, 0, 1
2
, 1
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
6, 1, 1

2
, 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
12, 0, 0, 1

2
12, 1, 1

2
, 0 6 0

6, 0, 1
2
, 1
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
7, 1, 1

2
, 0 5, 1, 1

2
, 1
2

5, 0, 0, 0 12, 0, 0, 1
2

12, 1, 1
2
, 0 6 0

6, 0, 1
2
, 1
2

6, 0, 1
2
, 0 7, 1, 1

2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 1
2

7, 0, 1
2
, 1
2

12, 0, 0, 1
2

13, 1, 0, 1
2

6 0

6, 0, 1
2
, 1
2

6, 0, 1
2
, 0 7, 1, 1

2
, 0 7, 1, 1

2
, 0 5, 1, 1

2
, 1
2

6, 0, 1
2
, 1
2

12, 0, 0, 1
2

13, 1, 0, 1
2

6 0

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 6, 1, 1

2
, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 0 12, 0, 1

2
, 0 12, 1, 0, 1

2
6 0

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 7, 1, 0, 1

2
5, 1, 1

2
, 1
2

5, 0, 0, 0 12, 0, 1
2
, 0 12, 1, 0, 1

2
6 0

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 0, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

12, 0, 1
2
, 0 12, 1, 1

2
, 0 6 0

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 0, 1
2

12, 0, 1
2
, 0 12, 1, 1

2
, 0 6 0

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

12, 0, 1
2
, 0 13, 1, 1

2
, 0 6 0

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 1
2

7, 1, 0, 1
2

5, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

12, 0, 1
2
, 0 13, 1, 1

2
, 0 6 0

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 1

2
, 0 6, 1, 1

2
, 1
2

6, 0, 1
2
, 1
2

12, 1, 0, 1
2

12, 0, 0, 1
2

6 1+τ
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 1, 1

2
, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 0 12, 1, 0, 1

2
12, 0, 0, 1

2
6 1+τ

2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 1
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
12, 1, 0, 1

2
12, 0, 1

2
, 0 6 1+τ

2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
7, 1, 0, 1

2
5, 0, 0, 0 5, 1, 1

2
, 1
2

12, 1, 0, 1
2

12, 0, 1
2
, 0 6 1+τ

2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 7, 1, 0, 1

2
6, 0, 1

2
, 0 6, 1, 1

2
, 1
2

7, 1, 0, 0 12, 1, 0, 1
2

13, 1, 1
2
, 0 6 1+τ

2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 7, 1, 0, 1

2
7, 1, 0, 1

2
5, 0, 0, 0 6, 0, 1

2
, 1
2

12, 1, 0, 1
2

13, 1, 1
2
, 0 6 1+τ

2

6, 0, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 12, 1, 1

2
, 0 12, 0, 0, 1

2
6 1+τ

2

6, 0, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 0 7, 1, 1

2
, 0 5, 0, 0, 0 5, 1, 1

2
, 1
2

12, 1, 1
2
, 0 12, 0, 0, 1

2
6 1+τ

2

6, 0, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 0, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

12, 1, 1
2
, 0 12, 0, 1

2
, 0 6 1+τ

2

6, 0, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 0, 1
2

12, 1, 1
2
, 0 12, 0, 1

2
, 0 6 1+τ

2

6, 0, 1
2
, 1
2

6, 1, 0, 1
2

7, 1, 1
2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 1
2

7, 1, 0, 0 12, 1, 1
2
, 0 13, 1, 0, 1

2
6 1+τ

2

6, 0, 1
2
, 1
2

6, 1, 0, 1
2

7, 1, 1
2
, 0 7, 1, 1

2
, 0 5, 0, 0, 0 6, 0, 1

2
, 1
2

12, 1, 1
2
, 0 13, 1, 0, 1

2
6 1+τ

2

6, 0, 1
2
, 1
2

7, 0, 1
2
, 1
2

7, 1, 0, 0 7, 1, 1
2
, 0 6, 1, 1

2
, 0 6, 0, 0, 1

2
13, 0, 0, 0 13, 1, 1

2
, 1
2

7 0

6, 0, 1
2
, 1
2

7, 0, 1
2
, 1
2

7, 1, 0, 0 7, 1, 0, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 0 13, 0, 0, 0 13, 1, 1

2
, 1
2

7 0

6, 0, 1
2
, 1
2

7, 1, 0, 0 7, 0, 1
2
, 1
2

7, 1, 1
2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 0 13, 1, 1

2
, 1
2

13, 0, 0, 0 7 1+τ
2

6, 0, 1
2
, 1
2

7, 1, 0, 0 7, 0, 1
2
, 1
2

7, 1, 0, 1
2

6, 0, 1
2
, 0 6, 1, 0, 1

2
13, 1, 1

2
, 1
2

13, 0, 0, 0 7 1+τ
2

6, 1, 1
2
, 0 5, 0, 0, 1

2
6, 1, 0, 1

2
6, 1, 0, 1

2
5, 0, 1

2
, 0 6, 1, 1

2
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2
, 1
2
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2
, 1
2
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2

6, 1, 1
2
, 0 5, 0, 0, 1

2
6, 1, 1

2
, 1
2

6, 1, 1
2
, 1
2

5, 0, 0, 0 6, 1, 1
2
, 0 11, 1, 1

2
, 1
2

12, 0, 0, 1
2

6 1+τ
2

6, 1, 1
2
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2
7, 1, 0, 1

2
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2
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2
, 1
2
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, 1
2
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2
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, 0 5, 0, 0, 1

2
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2
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2
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2

7, 0, 1
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2
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2
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2

13, 1, 0, 1
2
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2
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2
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2
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2
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2
, 1
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6, 1, 1
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2
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, 1
2
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2
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, 1
2
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2
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6, 1, 1
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, 0 6, 0, 0, 1

2
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2
6, 0, 1
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2
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2
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2
, 1
2

12, 0, 1
2
, 1
2
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2
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2
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2
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2
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2
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6 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
7, 1, 0, 1

2
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2
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2
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2
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2
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2
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2
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, 1
2
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2
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2
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2

6, 1, 1
2
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2
, 1
2
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2

6, 0, 1
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2
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2
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2
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2
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2
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2
, 1
2
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2
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, 1
2
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2
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2
, 1
2
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2
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2
, 1
2
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, 1
2
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, 1
2
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2
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2
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2
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2
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2
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2
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2
, 1
2

7, 0, 1
2
, 1
2
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2
, 1
2
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2
, 0 6, 1, 1

2
, 0 12, 0, 0, 1

2
13, 1, 0, 1

2
6 1

2

6, 1, 1
2
, 0 7, 1, 1

2
, 0 7, 1, 0, 0 7, 0, 1

2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

13, 0, 0, 0 13, 0, 1
2
, 0 7 1

2

6, 1, 1
2
, 0 7, 1, 1

2
, 0 7, 1, 0, 0 7, 1, 0, 1

2
6, 1, 0, 1

2
6, 1, 1

2
, 1
2

13, 0, 0, 0 13, 0, 1
2
, 0 7 1

2

6, 1, 1
2
, 0 7, 1, 0, 0 7, 1, 1

2
, 0 7, 0, 1

2
, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

13, 0, 1
2
, 0 13, 0, 0, 0 7 1+τ

2

6, 1, 1
2
, 0 7, 1, 0, 0 7, 1, 1

2
, 0 7, 1, 0, 1

2
6, 1, 1

2
, 1
2

6, 1, 0, 1
2

13, 0, 1
2
, 0 13, 0, 0, 0 7 1+τ

2

6, 1, 0, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 0 5, 0, 0, 1

2
6, 1, 0, 1

2
11, 1, 1

2
, 1
2

12, 0, 1
2
, 1
2

6 τ
2

6, 1, 0, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 1
2

6, 1, 1
2
, 1
2

5, 0, 0, 0 6, 1, 0, 1
2

11, 1, 1
2
, 1
2

12, 0, 1
2
, 0 6 1+τ

2

6, 1, 0, 1
2

5, 0, 1
2
, 0 7, 1, 1

2
, 0 6, 1, 1

2
, 0 5, 0, 0, 1

2
7, 1, 0, 1

2
11, 1, 1

2
, 1
2

13, 0, 1
2
, 1
2

6 τ
2

6, 1, 0, 1
2

5, 0, 1
2
, 0 7, 1, 1

2
, 0 6, 1, 1

2
, 1
2

5, 0, 0, 0 7, 1, 0, 0 11, 1, 1
2
, 1
2

13, 0, 1
2
, 1
2

6 1+τ
2

6, 1, 0, 1
2

5, 1, 1
2
, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 0 5, 0, 0, 0 6, 1, 0, 1

2
11, 0, 1

2
, 0 12, 1, 1

2
, 1
2

6 1+τ
2

6, 1, 0, 1
2

5, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

5, 0, 0, 1
2

6, 1, 0, 1
2

11, 0, 1
2
, 0 12, 1, 1

2
, 0 6 τ

2

6, 1, 0, 1
2

5, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

6, 0, 1
2
, 0 5, 0, 0, 0 7, 1, 0, 0 11, 0, 1

2
, 0 13, 1, 1

2
, 0 6 1+τ

2

6, 1, 0, 1
2

5, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

5, 0, 0, 1
2

7, 1, 0, 1
2

11, 0, 1
2
, 0 13, 1, 1

2
, 0 6 τ

2

6, 1, 0, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 0 6, 1, 1

2
, 1
2

12, 1, 1
2
, 1
2

12, 1, 1
2
, 0 6 τ

2

6, 1, 0, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

7, 1, 1
2
, 0 5, 0, 0, 1

2
5, 0, 0, 0 12, 1, 1

2
, 1
2

12, 1, 1
2
, 0 6 τ

2

6, 1, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
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2
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2
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2
, 0 12, 1, 1

2
, 1
2
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2
, 1
2

6 τ
2

6, 1, 0, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
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2
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2
6, 1, 0, 1

2
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, 1
2

6 τ
2
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2
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2
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2
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2
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2
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6 τ
2

6, 1, 0, 1
2

6, 0, 1
2
, 0 7, 1, 1

2
, 0 7, 1, 1

2
, 0 5, 0, 0, 1

2
6, 1, 0, 1

2
12, 1, 1

2
, 1
2

13, 0, 1
2
, 1
2

6 τ
2



B.1. FAVORABLE MODELS 161

BQ BuR BdR BL BνR BeR BHu BHd
gH p

6, 1, 0, 1
2

6, 0, 1
2
, 1
2

6, 0, 1
2
, 0 6, 0, 0, 1

2
6, 1, 1

2
, 1
2

6, 1, 1
2
, 0 12, 1, 1

2
, 0 12, 1, 1

2
, 1
2

6 1+τ
2

6, 1, 0, 1
2

6, 0, 1
2
, 1
2

6, 0, 1
2
, 0 7, 1, 1

2
, 0 5, 0, 0, 0 5, 0, 0, 1

2
12, 1, 1

2
, 0 12, 1, 1

2
, 1
2

6 1+τ
2

6, 1, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

12, 1, 1
2
, 0 12, 0, 1

2
, 0 6 1+τ

2

6, 1, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 0, 1
2

12, 1, 1
2
, 0 12, 0, 1

2
, 0 6 1+τ

2

6, 1, 0, 1
2

6, 0, 1
2
, 1
2

7, 1, 1
2
, 0 6, 1, 1

2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 0 12, 1, 1
2
, 0 13, 0, 1

2
, 1
2

6 1+τ
2

6, 1, 0, 1
2

6, 0, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 1

2
, 0 5, 0, 0, 0 6, 1, 0, 1

2
12, 1, 1

2
, 0 13, 0, 1

2
, 1
2

6 1+τ
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 1

2
, 0 6, 0, 0, 1

2
6, 1, 0, 1

2
12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 1+τ
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 0, 1

2
6, 0, 1

2
, 0 6, 1, 1

2
, 0 12, 0, 1

2
, 1
2

12, 1, 1
2
, 1
2

6 1+τ
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 6, 1, 1

2
, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

12, 0, 1
2
, 1
2

12, 0, 1
2
, 0 6 1+τ

2

6, 1, 0, 1
2

6, 1, 1
2
, 0 6, 1, 1

2
, 1
2

7, 0, 1
2
, 1
2

5, 0, 0, 0 5, 0, 0, 1
2

12, 0, 1
2
, 1
2

12, 0, 1
2
, 0 6 1+τ

2

6, 1, 0, 1
2

6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

6, 0, 1
2
, 0 6, 0, 0, 1

2
7, 1, 0, 0 12, 0, 1

2
, 1
2

13, 1, 1
2
, 0 6 1+τ

2

6, 1, 0, 1
2

6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

7, 0, 1
2
, 1
2

5, 0, 0, 0 6, 1, 0, 1
2

12, 0, 1
2
, 1
2

13, 1, 1
2
, 0 6 1+τ

2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

12, 0, 1
2
, 0 12, 1, 1

2
, 0 6 τ

2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 0, 1
2

12, 0, 1
2
, 0 12, 1, 1

2
, 0 6 τ

2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 0, 1

2
6, 0, 1

2
, 1
2

6, 0, 1
2
, 0 12, 0, 1

2
, 0 12, 0, 1

2
, 1
2

6 τ
2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

5, 0, 0, 1
2

5, 0, 0, 0 12, 0, 1
2
, 0 12, 0, 1

2
, 1
2

6 τ
2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 1
2

12, 0, 1
2
, 0 13, 1, 1

2
, 0 6 τ

2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

7, 0, 1
2
, 1
2

5, 0, 0, 1
2

6, 1, 0, 1
2

12, 0, 1
2
, 0 13, 1, 1

2
, 0 6 τ

2

6, 1, 0, 1
2

7, 1, 0, 1
2

7, 1, 0, 0 7, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 1
2
, 0 13, 0, 0, 0 13, 0, 0, 1

2
7 τ

2

6, 1, 0, 1
2

7, 1, 0, 1
2

7, 1, 0, 0 7, 1, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 1
2

13, 0, 0, 0 13, 0, 0, 1
2

7 τ
2

6, 1, 0, 1
2

7, 1, 0, 0 7, 1, 0, 1
2

7, 0, 1
2
, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

13, 0, 0, 1
2

13, 0, 0, 0 7 1+τ
2

6, 1, 0, 1
2

7, 1, 0, 0 7, 1, 0, 1
2

7, 1, 1
2
, 0 6, 1, 1

2
, 1
2

6, 1, 1
2
, 0 13, 0, 0, 1

2
13, 0, 0, 0 7 1+τ

2

6, 1, 1
2
, 1
2

5, 0, 0, 0 6, 1, 1
2
, 0 6, 1, 1

2
, 0 5, 0, 0, 1

2
6, 1, 1

2
, 1
2

11, 1, 1
2
, 1
2

12, 0, 0, 1
2

6 τ
2

6, 1, 1
2
, 1
2

5, 0, 0, 0 6, 1, 0, 1
2

6, 1, 0, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 1
2

11, 1, 1
2
, 1
2

12, 0, 1
2
, 0 6 1

2

6, 1, 1
2
, 1
2

5, 0, 0, 0 7, 1, 0, 0 6, 1, 1
2
, 0 5, 0, 0, 1

2
7, 1, 0, 1

2
11, 1, 1

2
, 1
2

13, 0, 1
2
, 1
2

6 τ
2

6, 1, 1
2
, 1
2

5, 0, 0, 0 7, 1, 0, 0 6, 1, 0, 1
2

5, 0, 1
2
, 0 7, 1, 1

2
, 0 11, 1, 1

2
, 1
2

13, 0, 1
2
, 1
2

6 1
2

6, 1, 1
2
, 1
2

5, 1, 1
2
, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 0 5, 0, 1

2
, 0 6, 1, 1

2
, 1
2

11, 0, 0, 0 12, 1, 0, 1
2

6 1
2

6, 1, 1
2
, 1
2

5, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 0, 0, 1
2

5, 0, 0, 1
2

6, 1, 1
2
, 1
2

11, 0, 0, 0 12, 1, 1
2
, 0 6 τ

2

6, 1, 1
2
, 1
2

5, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

6, 0, 1
2
, 0 5, 0, 1

2
, 0 7, 1, 1

2
, 0 11, 0, 0, 0 13, 1, 0, 0 6 1

2

6, 1, 1
2
, 1
2

5, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

6, 0, 0, 1
2

5, 0, 0, 1
2

7, 1, 0, 1
2

11, 0, 0, 0 13, 1, 0, 0 6 τ
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 6, 0, 0, 1

2
6, 0, 1

2
, 1
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
12, 1, 0, 1

2
12, 1, 1

2
, 0 6 τ

2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 6, 0, 0, 1

2
7, 1, 0, 0 5, 0, 0, 1

2
5, 0, 1

2
, 0 12, 1, 0, 1

2
12, 1, 1

2
, 0 6 τ

2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 0 6, 0, 1

2
, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 12, 1, 0, 1

2
12, 0, 0, 1

2
6 τ

2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 0 6, 0, 1

2
, 1
2

6, 1, 1
2
, 1
2

12, 1, 0, 1
2

12, 0, 0, 1
2

6 τ
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 7, 1, 0, 0 6, 1, 1

2
, 0 6, 0, 1

2
, 1
2

7, 1, 0, 1
2

12, 1, 0, 1
2

13, 0, 1
2
, 1
2

6 τ
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 7, 1, 0, 0 7, 1, 0, 0 5, 0, 0, 1

2
6, 1, 1

2
, 1
2

12, 1, 0, 1
2

13, 0, 1
2
, 1
2

6 τ
2

6, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 12, 1, 1

2
, 0 12, 1, 0, 1

2
6 1

2

6, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 0 7, 1, 0, 0 5, 0, 1

2
, 0 5, 0, 0, 1

2
12, 1, 1

2
, 0 12, 1, 0, 1

2
6 1

2
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BQ BuR BdR BL BνR BeR BHu BHd
gH p

6, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 0, 1
2

12, 1, 1
2
, 0 12, 0, 1

2
, 0 6 1

2

6, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 0, 1
2

6, 1, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

12, 1, 1
2
, 0 12, 0, 1

2
, 0 6 1

2

6, 1, 1
2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 0 6, 1, 0, 1
2

6, 0, 1
2
, 1
2

7, 1, 1
2
, 0 12, 1, 1

2
, 0 13, 0, 1

2
, 1
2

6 1
2

6, 1, 1
2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 0 7, 1, 0, 0 5, 0, 1
2
, 0 6, 1, 1

2
, 1
2

12, 1, 1
2
, 0 13, 0, 1

2
, 1
2

6 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 1

2
, 0 6, 0, 1

2
, 1
2

6, 1, 1
2
, 1
2

12, 0, 0, 1
2

12, 1, 0, 1
2

6 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 1

2
, 1
2

6, 0, 1
2
, 0 6, 1, 1

2
, 0 12, 0, 0, 1

2
12, 1, 0, 1

2
6 1

2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
6, 0, 1

2
, 1
2

6, 0, 1
2
, 0 6, 0, 0, 1

2
12, 0, 0, 1

2
12, 0, 1

2
, 0 6 1

2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 6, 1, 0, 1

2
7, 0, 1

2
, 1
2

5, 0, 1
2
, 0 5, 0, 0, 1

2
12, 0, 0, 1

2
12, 0, 1

2
, 0 6 1

2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 1
2

7, 1, 1
2
, 0 12, 0, 0, 1

2
13, 1, 0, 0 6 1

2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

7, 0, 1
2
, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 1
2

12, 0, 0, 1
2

13, 1, 0, 0 6 1
2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 0, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 1
2

12, 0, 1
2
, 0 12, 1, 1

2
, 0 6 τ

2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

6, 1, 0, 1
2

12, 0, 1
2
, 0 12, 1, 1

2
, 0 6 τ

2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 6, 0, 1

2
, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 0 12, 0, 1

2
, 0 12, 0, 0, 1

2
6 τ

2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

5, 0, 0, 1
2

5, 0, 1
2
, 0 12, 0, 1

2
, 0 12, 0, 0, 1

2
6 τ

2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

7, 0, 1
2
, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

7, 1, 0, 1
2

12, 0, 1
2
, 0 13, 1, 0, 0 6 τ

2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

7, 0, 1
2
, 1
2

7, 0, 1
2
, 1
2

5, 0, 0, 1
2

6, 1, 1
2
, 1
2

12, 0, 1
2
, 0 13, 1, 0, 0 6 τ

2

6, 1, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 0, 1

2
7, 0, 1

2
, 1
2

6, 0, 1
2
, 0 6, 0, 0, 1

2
13, 0, 0, 1

2
13, 0, 1

2
, 0 7 1

2

6, 1, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 0, 1

2
7, 1, 0, 0 6, 1, 0, 1

2
6, 1, 1

2
, 0 13, 0, 0, 1

2
13, 0, 1

2
, 0 7 1

2

6, 1, 1
2
, 1
2

7, 1, 0, 1
2

7, 1, 1
2
, 0 7, 0, 1

2
, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 0 13, 0, 1

2
, 0 13, 0, 0, 1

2
7 τ

2

6, 1, 1
2
, 1
2

7, 1, 0, 1
2

7, 1, 1
2
, 0 7, 1, 0, 0 6, 1, 1

2
, 0 6, 1, 0, 1

2
13, 0, 1

2
, 0 13, 0, 0, 1

2
7 τ

2

7, 0, 1
2
, 1
2

5, 0, 0, 0 6, 1, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 0, 1

2
7, 0, 1

2
, 1
2

12, 0, 1
2
, 1
2

13, 1, 0, 1
2

6 0

7, 0, 1
2
, 1
2

5, 0, 0, 0 6, 1, 1
2
, 0 7, 1, 0, 0 5, 1, 1

2
, 1
2

6, 0, 0, 1
2

12, 0, 1
2
, 1
2

13, 1, 0, 1
2

6 0

7, 0, 1
2
, 1
2

5, 0, 0, 0 6, 1, 0, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

12, 0, 1
2
, 1
2

13, 1, 1
2
, 0 6 0

7, 0, 1
2
, 1
2

5, 0, 0, 0 6, 1, 0, 1
2

7, 1, 0, 0 5, 1, 1
2
, 1
2

6, 0, 1
2
, 0 12, 0, 1

2
, 1
2

13, 1, 1
2
, 0 6 0

7, 0, 1
2
, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 1
2

7, 0, 1
2
, 1
2

12, 0, 0, 1
2

13, 1, 0, 1
2

6 0

7, 0, 1
2
, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 0 7, 1, 1

2
, 0 5, 1, 1

2
, 1
2

6, 0, 1
2
, 1
2

12, 0, 0, 1
2

13, 1, 0, 1
2

6 0

7, 0, 1
2
, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

12, 0, 0, 1
2

13, 1, 0, 0 6 0

7, 0, 1
2
, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 1
2

7, 1, 1
2
, 0 5, 1, 1

2
, 1
2

6, 0, 1
2
, 0 12, 0, 0, 1

2
13, 1, 0, 0 6 0

7, 0, 1
2
, 1
2

5, 0, 0, 1
2

6, 1, 0, 1
2

6, 1, 0, 1
2

6, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

12, 0, 1
2
, 0 13, 1, 1

2
, 0 6 0

7, 0, 1
2
, 1
2

5, 0, 0, 1
2

6, 1, 0, 1
2

7, 1, 0, 1
2

5, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

12, 0, 1
2
, 0 13, 1, 1

2
, 0 6 0

7, 0, 1
2
, 1
2

5, 0, 0, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 1, 0, 1
2

7, 0, 1
2
, 1
2

12, 0, 1
2
, 0 13, 1, 0, 0 6 0

7, 0, 1
2
, 1
2

5, 0, 0, 1
2

6, 1, 1
2
, 1
2

7, 1, 0, 1
2

5, 1, 1
2
, 1
2

6, 0, 0, 1
2

12, 0, 1
2
, 0 13, 1, 0, 0 6 0

7, 0, 1
2
, 1
2

6, 0, 1
2
, 0 7, 1, 1

2
, 0 7, 1, 1

2
, 0 6, 1, 1

2
, 1
2

7, 0, 1
2
, 1
2

13, 0, 0, 1
2

14, 1, 0, 1
2

7 0

7, 0, 1
2
, 1
2

6, 0, 1
2
, 0 7, 1, 0, 0 7, 1, 0, 0 6, 1, 0, 1

2
7, 0, 1

2
, 1
2

13, 0, 0, 1
2

14, 1, 1
2
, 1
2

7 0

7, 0, 1
2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 1
2

7, 1, 0, 1
2

6, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

13, 0, 1
2
, 0 14, 1, 1

2
, 0 7 0

7, 0, 1
2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 0 7, 1, 0, 0 6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

13, 0, 1
2
, 0 14, 1, 1

2
, 1
2

7 0

7, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 1

2
, 0 6, 1, 1

2
, 0 7, 0, 1

2
, 1
2

13, 0, 0, 0 14, 1, 0, 1
2

7 0

7, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

7, 1, 0, 1
2

7, 1, 0, 1
2

6, 1, 0, 1
2

7, 0, 1
2
, 1
2

13, 0, 0, 0 14, 1, 1
2
, 0 7 0
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7, 1, 1
2
, 0 5, 0, 0, 0 6, 0, 1

2
, 1
2

6, 0, 1
2
, 1
2

6, 1, 0, 1
2

7, 1, 1
2
, 0 12, 1, 1

2
, 0 13, 1, 0, 1

2
6 1

2

7, 1, 1
2
, 0 5, 0, 0, 0 6, 0, 1

2
, 1
2

7, 1, 0, 0 5, 0, 1
2
, 0 6, 0, 0, 1

2
12, 1, 1

2
, 0 13, 1, 0, 1

2
6 1

2

7, 1, 1
2
, 0 5, 0, 0, 0 6, 1, 0, 1

2
6, 1, 0, 1

2
6, 0, 1

2
, 1
2

7, 1, 1
2
, 0 12, 1, 1

2
, 0 13, 0, 1

2
, 1
2

6 1
2

7, 1, 1
2
, 0 5, 0, 0, 0 6, 1, 0, 1

2
7, 1, 0, 0 5, 0, 1

2
, 0 6, 1, 1

2
, 1
2

12, 1, 1
2
, 0 13, 0, 1

2
, 1
2

6 1
2

7, 1, 1
2
, 0 5, 0, 0, 1

2
6, 0, 1

2
, 0 6, 0, 1

2
, 0 6, 1, 0, 1

2
7, 1, 1

2
, 0 12, 1, 1

2
, 1
2

13, 1, 0, 0 6 1
2

7, 1, 1
2
, 0 5, 0, 0, 1

2
6, 0, 1

2
, 0 7, 1, 0, 1

2
5, 0, 1

2
, 0 6, 0, 0, 1

2
12, 1, 1

2
, 1
2

13, 1, 0, 0 6 1
2

7, 1, 1
2
, 0 5, 0, 0, 1

2
6, 1, 0, 1

2
6, 1, 0, 1

2
6, 0, 1

2
, 0 7, 1, 1

2
, 0 12, 1, 1

2
, 1
2

13, 0, 1
2
, 1
2

6 1
2

7, 1, 1
2
, 0 5, 0, 0, 1

2
6, 1, 0, 1

2
7, 1, 0, 1

2
5, 0, 1

2
, 0 6, 1, 1

2
, 0 12, 1, 1

2
, 1
2

13, 0, 1
2
, 1
2

6 1
2

7, 1, 1
2
, 0 5, 1, 1

2
, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 1

2
, 1
2

7, 1, 1
2
, 0 12, 0, 0, 1

2
13, 1, 0, 0 6 1

2

7, 1, 1
2
, 0 5, 1, 1

2
, 1
2

6, 0, 1
2
, 0 7, 0, 1

2
, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 1
2

12, 0, 0, 1
2

13, 1, 0, 0 6 1
2

7, 1, 1
2
, 0 5, 1, 1

2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 1
2
, 0 7, 1, 1

2
, 0 12, 0, 0, 1

2
13, 1, 0, 1

2
6 1

2

7, 1, 1
2
, 0 5, 1, 1

2
, 1
2

6, 0, 1
2
, 1
2

7, 0, 1
2
, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 0 12, 0, 0, 1

2
13, 1, 0, 1

2
6 1

2

7, 1, 1
2
, 0 6, 0, 0, 1

2
7, 1, 0, 1

2
7, 1, 0, 1

2
6, 0, 1

2
, 0 7, 1, 1

2
, 0 13, 1, 1

2
, 1
2

14, 0, 1
2
, 1
2

7 1
2

7, 1, 1
2
, 0 6, 0, 0, 1

2
7, 1, 0, 0 7, 1, 0, 0 6, 0, 1

2
, 1
2

7, 1, 1
2
, 0 13, 1, 1

2
, 1
2

14, 0, 1
2
, 0 7 1

2

7, 1, 1
2
, 0 6, 1, 1

2
, 0 7, 0, 1

2
, 1
2

7, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

7, 1, 1
2
, 0 13, 0, 0, 0 14, 1, 0, 1

2
7 1

2

7, 1, 1
2
, 0 6, 1, 1

2
, 0 7, 1, 0, 1

2
7, 1, 0, 1

2
6, 1, 0, 1

2
7, 1, 1

2
, 0 13, 0, 0, 0 14, 0, 1

2
, 1
2

7 1
2

7, 1, 1
2
, 0 6, 1, 1

2
, 1
2

7, 0, 1
2
, 1
2

7, 0, 1
2
, 1
2

6, 0, 1
2
, 0 7, 1, 1

2
, 0 13, 0, 0, 1

2
14, 1, 0, 1

2
7 1

2

7, 1, 1
2
, 0 6, 1, 1

2
, 1
2

7, 1, 0, 0 7, 1, 0, 0 6, 1, 0, 1
2

7, 1, 1
2
, 0 13, 0, 0, 1

2
14, 0, 1

2
, 0 7 1

2

7, 1, 0, 1
2

5, 0, 0, 0 6, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 1, 1
2
, 0 7, 1, 0, 1

2
12, 1, 0, 1

2
13, 1, 1

2
, 0 6 τ

2

7, 1, 0, 1
2

5, 0, 0, 0 6, 0, 1
2
, 1
2

7, 1, 0, 0 5, 0, 0, 1
2

6, 0, 1
2
, 0 12, 1, 0, 1

2
13, 1, 1

2
, 0 6 τ

2

7, 1, 0, 1
2

5, 0, 0, 0 6, 1, 1
2
, 0 6, 1, 1

2
, 0 6, 0, 1

2
, 1
2

7, 1, 0, 1
2

12, 1, 0, 1
2

13, 0, 1
2
, 1
2

6 τ
2

7, 1, 0, 1
2

5, 0, 0, 0 6, 1, 1
2
, 0 7, 1, 0, 0 5, 0, 0, 1

2
6, 1, 1

2
, 1
2

12, 1, 0, 1
2

13, 0, 1
2
, 1
2

6 τ
2

7, 1, 0, 1
2

5, 0, 1
2
, 0 6, 0, 0, 1

2
6, 0, 0, 1

2
6, 1, 1

2
, 0 7, 1, 0, 1

2
12, 1, 1

2
, 1
2

13, 1, 0, 0 6 τ
2

7, 1, 0, 1
2

5, 0, 1
2
, 0 6, 0, 0, 1

2
7, 1, 1

2
, 0 5, 0, 0, 1

2
6, 0, 1

2
, 0 12, 1, 1

2
, 1
2

13, 1, 0, 0 6 τ
2

7, 1, 0, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 0 6, 1, 1

2
, 0 6, 0, 0, 1

2
7, 1, 0, 1

2
12, 1, 1

2
, 1
2

13, 0, 1
2
, 1
2

6 τ
2

7, 1, 0, 1
2

5, 0, 1
2
, 0 6, 1, 1

2
, 0 7, 1, 1

2
, 0 5, 0, 0, 1

2
6, 1, 0, 1

2
12, 1, 1

2
, 1
2

13, 0, 1
2
, 1
2

6 τ
2

7, 1, 0, 1
2

5, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 1
2

7, 1, 0, 1
2

12, 0, 1
2
, 0 13, 1, 0, 0 6 τ

2

7, 1, 0, 1
2

5, 1, 1
2
, 1
2

6, 0, 0, 1
2

7, 0, 1
2
, 1
2

5, 0, 0, 1
2

6, 1, 1
2
, 1
2

12, 0, 1
2
, 0 13, 1, 0, 0 6 τ

2

7, 1, 0, 1
2

5, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 1
2

12, 0, 1
2
, 0 13, 1, 1

2
, 0 6 τ

2

7, 1, 0, 1
2

5, 1, 1
2
, 1
2

6, 0, 1
2
, 1
2

7, 0, 1
2
, 1
2

5, 0, 0, 1
2

6, 1, 0, 1
2

12, 0, 1
2
, 0 13, 1, 1

2
, 0 6 τ

2

7, 1, 0, 1
2

6, 0, 1
2
, 0 7, 1, 1

2
, 0 7, 1, 1

2
, 0 6, 0, 0, 1

2
7, 1, 0, 1

2
13, 1, 1

2
, 1
2

14, 0, 1
2
, 1
2

7 τ
2

7, 1, 0, 1
2

6, 0, 1
2
, 0 7, 1, 0, 0 7, 1, 0, 0 6, 0, 1

2
, 1
2

7, 1, 0, 1
2

13, 1, 1
2
, 1
2

14, 0, 0, 1
2

7 τ
2

7, 1, 0, 1
2

6, 1, 0, 1
2

7, 0, 1
2
, 1
2

7, 0, 1
2
, 1
2

6, 0, 1
2
, 1
2

7, 1, 0, 1
2

13, 0, 0, 0 14, 1, 1
2
, 0 7 τ

2

7, 1, 0, 1
2

6, 1, 0, 1
2

7, 1, 1
2
, 0 7, 1, 1

2
, 0 6, 1, 1

2
, 0 7, 1, 0, 1

2
13, 0, 0, 0 14, 0, 1

2
, 1
2

7 τ
2

7, 1, 0, 1
2

6, 1, 1
2
, 1
2

7, 0, 1
2
, 1
2

7, 0, 1
2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 1
2

13, 0, 1
2
, 0 14, 1, 1

2
, 0 7 τ

2

7, 1, 0, 1
2

6, 1, 1
2
, 1
2

7, 1, 0, 0 7, 1, 0, 0 6, 1, 1
2
, 0 7, 1, 0, 1

2
13, 0, 1

2
, 0 14, 0, 0, 1

2
7 τ

2

7, 1, 0, 0 5, 0, 1
2
, 0 6, 0, 0, 1

2
6, 0, 0, 1

2
6, 1, 1

2
, 1
2

7, 1, 0, 0 12, 1, 1
2
, 0 13, 1, 0, 1

2
6 1+τ

2

7, 1, 0, 0 5, 0, 1
2
, 0 6, 0, 0, 1

2
7, 1, 1

2
, 0 5, 0, 0, 0 6, 0, 1

2
, 1
2

12, 1, 1
2
, 0 13, 1, 0, 1

2
6 1+τ

2

7, 1, 0, 0 5, 0, 1
2
, 0 6, 1, 1

2
, 1
2

6, 1, 1
2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 0 12, 1, 1
2
, 0 13, 0, 1

2
, 1
2

6 1+τ
2
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BQ BuR BdR BL BνR BeR BHu BHd
gH p

7, 1, 0, 0 5, 0, 1
2
, 0 6, 1, 1

2
, 1
2

7, 1, 1
2
, 0 5, 0, 0, 0 6, 1, 0, 1

2
12, 1, 1

2
, 0 13, 0, 1

2
, 1
2

6 1+τ
2

7, 1, 0, 0 5, 0, 0, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 0 6, 1, 1

2
, 1
2

7, 1, 0, 0 12, 1, 0, 1
2

13, 1, 1
2
, 0 6 1+τ

2

7, 1, 0, 0 5, 0, 0, 1
2

6, 0, 1
2
, 0 7, 1, 0, 1

2
5, 0, 0, 0 6, 0, 1

2
, 1
2

12, 1, 0, 1
2

13, 1, 1
2
, 0 6 1+τ

2

7, 1, 0, 0 5, 0, 0, 1
2

6, 1, 1
2
, 1
2

6, 1, 1
2
, 1
2

6, 0, 1
2
, 0 7, 1, 0, 0 12, 1, 0, 1

2
13, 0, 1

2
, 1
2

6 1+τ
2

7, 1, 0, 0 5, 0, 0, 1
2

6, 1, 1
2
, 1
2

7, 1, 0, 1
2

5, 0, 0, 0 6, 1, 1
2
, 0 12, 1, 0, 1

2
13, 0, 1

2
, 1
2

6 1+τ
2

7, 1, 0, 0 5, 1, 1
2
, 1
2

6, 0, 1
2
, 0 6, 0, 1

2
, 0 6, 0, 0, 1

2
7, 1, 0, 0 12, 0, 1

2
, 1
2

13, 1, 1
2
, 0 6 1+τ

2

7, 1, 0, 0 5, 1, 1
2
, 1
2

6, 0, 1
2
, 0 7, 0, 1

2
, 1
2

5, 0, 0, 0 6, 1, 0, 1
2

12, 0, 1
2
, 1
2

13, 1, 1
2
, 0 6 1+τ

2

7, 1, 0, 0 5, 1, 1
2
, 1
2

6, 0, 0, 1
2

6, 0, 0, 1
2

6, 0, 1
2
, 0 7, 1, 0, 0 12, 0, 1

2
, 1
2

13, 1, 0, 1
2

6 1+τ
2

7, 1, 0, 0 5, 1, 1
2
, 1
2

6, 0, 0, 1
2

7, 0, 1
2
, 1
2

5, 0, 0, 0 6, 1, 1
2
, 0 12, 0, 1

2
, 1
2

13, 1, 0, 1
2

6 1+τ
2

7, 1, 0, 0 6, 0, 1
2
, 1
2

7, 1, 1
2
, 0 7, 1, 1

2
, 0 6, 0, 0, 1

2
7, 1, 0, 0 13, 1, 1

2
, 1
2

14, 0, 1
2
, 0 7 1+τ

2

7, 1, 0, 0 6, 0, 1
2
, 1
2

7, 1, 0, 1
2

7, 1, 0, 1
2

6, 0, 1
2
, 0 7, 1, 0, 0 13, 1, 1

2
, 1
2

14, 0, 0, 1
2

7 1+τ
2

7, 1, 0, 0 6, 1, 1
2
, 0 7, 0, 1

2
, 1
2

7, 0, 1
2
, 1
2

6, 0, 0, 1
2

7, 1, 0, 0 13, 0, 1
2
, 0 14, 1, 1

2
, 1
2

7 1+τ
2

7, 1, 0, 0 6, 1, 1
2
, 0 7, 1, 0, 1

2
7, 1, 0, 1

2
6, 1, 1

2
, 1
2

7, 1, 0, 0 13, 0, 1
2
, 0 14, 0, 0, 1

2
7 1+τ

2

7, 1, 0, 0 6, 1, 0, 1
2

7, 0, 1
2
, 1
2

7, 0, 1
2
, 1
2

6, 0, 1
2
, 0 7, 1, 0, 0 13, 0, 0, 1

2
14, 1, 1

2
, 1
2

7 1+τ
2

7, 1, 0, 0 6, 1, 0, 1
2

7, 1, 1
2
, 0 7, 1, 1

2
, 0 6, 1, 1

2
, 1
2

7, 1, 0, 0 13, 0, 0, 1
2

14, 0, 1
2
, 0 7 1+τ

2

B.2 Yukawa couplings on the flavor model in Table 2.14

Here we show Yukawa couplings of up-sector quarks, down-sector quarks, neutrinos and charged

leptons, Y jkℓ
u , Y jkℓ

d , Y jkℓ
ν and Y jkℓ

e on the flavor model in Table 2.14.

Up sector quark: BQ-BuR-BHu = (6, 0, 1
2
, 0)-(6, 0, 0, 1

2
)-(12, 0, 1

2
, 1
2
)

Table B.2 shows the zero-mode assignments for quark doublets Qj, right-handed up-sector

quarks ukR and up type Higgs fields Hℓ
u.

Qj ukR Hℓ
u

0 1√
2
(ψ

(1/2,0),6

T 2 + ψ
(11/2,0),6

T 2 ) ψ
(0,1/2),6

T 2
1√
2
(ψ

(1/2,1/2),12

T 2 − ψ
(23/2,1/2),12

T 2 )

1 1√
2
(ψ

(3/2,0),6

T 2 + ψ
(9/2,0),6

T 2 ) 1√
2
(ψ

(1,1/2),6

T 2 − ψ
(5,1/2),6

T 2 ) 1√
2
(ψ

(3/2,1/2),12

T 2 − ψ
(21/2,1/2),12

T 2 )

2 1√
2
(ψ

(5/2,0),6

T 2 + ψ
(7/2,0),6

T 2 ) 1√
2
(ψ

(2,1/2),6

T 2 − ψ
(4,1/2),6

T 2 ) 1√
2
(ψ

(5/2,1/2),12

T 2 − ψ
(19/2,1/2),12

T 2 )

3 1√
2
(ψ

(7/2,1/2),12

T 2 − ψ
(17/2,1/2),12

T 2 )

4 1√
2
(ψ

(9/2,1/2),12

T 2 − ψ
(15/2,1/2),12

T 2 )

5 1√
2
(ψ

(11/2,1/2),12

T 2 − ψ
(13/2,1/2),12

T 2 )

Table B.2: The zero-modes on T 2/Z2 for up-sector quarks and up type Higgs fields in Table

2.14.
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Yukawa couplings are given by

Y jkℓ
u Hℓ

u = Y jk0
u H0

u + Y jk1
u H1

u + Y jk2
u H2

u + Y jk3
u H3

u + Y jk4
u H4

u + Y jk5
u H5

u, (B.1)

with

Y jk0
u = c(6-6-12)

X0
1√
2
X1 0

0 1√
2
X2

1√
2
X3

0 0 1√
2
X4

 , Y jk1
u = c(6-6-12)

 0 1√
2
X0

1√
2
X2

X1 0 0

0 1√
2
X3

1√
2
X5

 ,

Y jk2
u = c(6-6-12)

 0 0 1√
2
X1

0 1√
2
X0 − 1√

2
X5

X2
1√
2
X4 0

 , Y jk3
u = c(6-6-12)

 0 0 − 1√
2
X4

0 1√
2
X5

1√
2
X0

X3
1√
2
X1 0

 ,

Y jk4
u = c(6-6-12)

 0 − 1√
2
X5 − 1√

2
X3

X4 0 0

0 1√
2
X2

1√
2
X0

 , Y jk5
u = c(6-6-12)

X5 − 1√
2
X4 0

0 1√
2
X3 − 1√

2
X2

0 0 1√
2
X1

 ,

where

XN ≡
5∑

n=0

(−1)nη6(N+1/2)+72n, ηN ≡ ϑ

[
N
432

0

]
(0, 432τ). (B.2)

Down sector quark: BQ-BdR-BHd
= (6, 0, 1

2
, 0)-(6, 1, 0, 1

2
)-(12, 1, 1

2
, 1
2
)

Table B.3 shows the zero-mode assignments for quark doublets Qj, right-handed down-sector

quarks dkR and down type Higgs fields Hℓ
d.

Qj dkR Hℓ
d

0 1√
2
(ψ

(1/2,0),6

T 2 + ψ
(11/2,0),6

T 2 ) 1√
2
(ψ

(1,1/2),6

T 2 + ψ
(5,1/2),6

T 2 ) 1√
2
(ψ

(1/2,1/2),12

T 2 + ψ
(23/2,1/2),12

T 2 )

1 1√
2
(ψ

(3/2,0),6

T 2 + ψ
(9/2,0),6

T 2 ) 1√
2
(ψ

(2,1/2),6

T 2 + ψ
(4,1/2),6

T 2 ) 1√
2
(ψ

(3/2,1/2),12

T 2 + ψ
(21/2,1/2),12

T 2 )

2 1√
2
(ψ

(5/2,0),6

T 2 + ψ
(7/2,0),6

T 2 ) ψ
(3,1/2),6

T 2
1√
2
(ψ

(5/2,1/2),12

T 2 + ψ
(19/2,1/2),12

T 2 )

3 1√
2
(ψ

(7/2,1/2),12

T 2 + ψ
(17/2,1/2),12

T 2 )

4 1√
2
(ψ

(9/2,1/2),12

T 2 + ψ
(15/2,1/2),12

T 2 )

5 1√
2
(ψ

(11/2,1/2),12

T 2 + ψ
(13/2,1/2),12

T 2 )

Table B.3: The zero-modes on T 2/Z2 for down-sector quarks and down type Higgs fields in

Table 2.14.

Yukawa couplings are given by

Y jkℓ
d Hk

d = Y jk0
d H0

d + Y jk1
d H1

d + Y jk2
d H2

d + Y jk3
d H3

d + Y jk4
d H4

d + Y jk5
d H5

d , (B.3)
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with

Y jk0
d = c(6-6-12)


1√
2
X1 0 0

− 1√
2
X2

1√
2
X3 0

0 − 1√
2
X4 X5

 , Y jk1
d = c(6-6-12)


1√
2
X0

1√
2
X2 0

0 0 X4

− 1√
2
X3 − 1√

2
X5 0

 ,

Y jk2
d = c(6-6-12)

 0 1√
2
X1 X3

1√
2
X0

1√
2
X5 0

− 1√
2
X4 0 0

 , Y jk3
d = c(6-6-12)

 0 1√
2
X4 X2

− 1√
2
X5

1√
2
X0 0

1√
2
X1 0 0

 ,

Y jk4
d = c(6-6-12)


1√
2
X5

1√
2
X3 0

0 0 X1
1√
2
X2

1√
2
X0 0

 , Y jk5
d = c(6-6-12)


1√
2
X4 0 0

1√
2
X3

1√
2
X2 0

0 1√
2
X1 X0

 ,

where

XN ≡
5∑

n=0

(−1)nη6(N+1/2)+72n, ηN ≡ ϑ

[
N
432

0

]
(0, 432τ). (B.4)

Neutrino: BL-BνR-BHu = (6, 1, 0, 1
2
)-(6, 1, 1

2
, 0)-(12, 0, 1

2
, 1
2
)

Table B.4 shows the zero-mode assignments for lepton doublets Lj, right-handed neutrinos νkR
and up type Higgs fields Hℓ

u.

Lj νkR Hℓ
u

0 1√
2
(ψ

(1,1/2),6

T 2 + ψ
(5,1/2),6

T 2 ) 1√
2
(ψ

(1/2,0),6

T 2 − ψ
(11/2,0),6

T 2 ) 1√
2
(ψ

(1/2,1/2),12

T 2 − ψ
(23/2,1/2),12

T 2 )

1 1√
2
(ψ

(2,1/2),6

T 2 + ψ
(4,1/2),6

T 2 ) 1√
2
(ψ

(3/2,0),6

T 2 − ψ
(9/2,0),6

T 2 ) 1√
2
(ψ

(3/2,1/2),12

T 2 − ψ
(21/2,1/2),12

T 2 )

2 ψ
(3,1/2),6

T 2
1√
2
(ψ

(5/2,0),6

T 2 − ψ
(7/2,0),6

T 2 ) 1√
2
(ψ

(5/2,1/2),12

T 2 − ψ
(19/2,1/2),12

T 2 )

3 1√
2
(ψ

(7/2,1/2),12

T 2 − ψ
(17/2,1/2),12

T 2 )

4 1√
2
(ψ

(9/2,1/2),12

T 2 − ψ
(15/2,1/2),12

T 2 )

5 1√
2
(ψ

(11/2,1/2),12

T 2 − ψ
(13/2,1/2),12

T 2 )

Table B.4: The zero-modes on T 2/Z2 for neutrinos and up type Higgs fields in Table 2.14.

Yukawa couplings are given by

Y jkℓ
ν Hℓ

u = Y jk0
ν H0

u + Y jk1
ν H1

u + Y jk2
ν H2

u + Y jk3
ν H3

u + Y jk4
ν H4

u + Y jk5
ν H5

u, (B.5)
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with

Y jk0
ν = c(6-6-12)

− 1√
2
X1 − 1√

2
X2 0

0 − 1√
2
X3 − 1√

2
X4

0 0 −X5

 , Y jk1
ν = c(6-6-12)


1√
2
X0 0 − 1√

2
X3

− 1√
2
X2 0 1√

2
X5

0 −X4 0

 ,

Y jk2
ν = c(6-6-12)

 0 1√
2
X0

1√
2
X4

1√
2
X1 − 1√

2
X5 0

−X3 0 0

 , Y jk3
ν = c(6-6-12)

 0 1√
2
X5

1√
2
X1

− 1√
2
X4

1√
2
X0 0

X2 0 0

 ,

Y jk4
ν = c(6-6-12)

− 1√
2
X5 0 − 1√

2
X2

1√
2
X3 0 1√

2
X0

0 X1 0

 , Y jk5
ν = c(6-6-12)


1√
2
X4 − 1√

2
X3 0

0 1√
2
X2 − 1√

2
X1

0 0 X0

 ,

where

XN ≡
5∑

n=0

(−1)nη6(N+1/2)+72n, ηN ≡ ϑ

[
N
432

0

]
(0, 432τ). (B.6)

Charged lepton: BL-BeR-BHd
= (6, 1, 0, 1

2
)-(6, 0, 1

2
, 0)-(12, 1, 1

2
, 1
2
)

Table B.5 shows the zero-mode assignments for lepton doublets Lj, right-handed charged lep-

tons ekR and down type Higgs fields Hℓ
d.

Lj ekR Hℓ
d

0 1√
2
(ψ

(1,1/2),6

T 2 + ψ
(5,1/2),6

T 2 ) 1√
2
(ψ

(1/2,0),6

T 2 + ψ
(11/2,0),6

T 2 ) 1√
2
(ψ

(1/2,1/2),12

T 2 + ψ
(23/2,1/2),12

T 2 )

1 1√
2
(ψ

(2,1/2),6

T 2 + ψ
(4,1/2),6

T 2 ) 1√
2
(ψ

(3/2,0),6

T 2 + ψ
(9/2,0),6

T 2 ) 1√
2
(ψ

(3/2,1/2),12

T 2 + ψ
(21/2,1/2),12

T 2 )

2 ψ
(3,1/2),6

T 2
1√
2
(ψ

(5/2,0),6

T 2 + ψ
(7/2,0),6

T 2 ) 1√
2
(ψ

(5/2,1/2),12

T 2 + ψ
(19/2,1/2),12

T 2 )

3 1√
2
(ψ

(7/2,1/2),12

T 2 + ψ
(17/2,1/2),12

T 2 )

4 1√
2
(ψ

(9/2,1/2),12

T 2 + ψ
(15/2,1/2),12

T 2 )

5 1√
2
(ψ

(11/2,1/2),12

T 2 + ψ
(13/2,1/2),12

T 2 )

Table B.5: The zero-modes on T 2/Z2 for charged leptons and down type Higg fields in Table

2.14.

Yukawa couplings are given by

Y jkℓ
e = Y jkℓ

d . (B.7)
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B.3 Majorana neutrino masses on the flavor model in

Table 2.14

Majorana masses of right-handed neutrinos νR can be induced by D-brane instanton effects

as shown in Appendix C.1. For right-handed neutrinos in Table 2.14, there are two possible

instanton zero-mode configurations, β1, γ1 and β2, γ2,

Bβ1-Bγ1-BνR = (3, 0, 0, 1
2
)-(3, 1, 1

2
, 1
2
)-(6, 1, 1

2
, 0), (B.8)

Bβ2-Bγ2-BνR = (2, 0, 0, 0)-(4, 1, 1
2
, 0)-(6, 1, 1

2
, 0). (B.9)

These two configurations are different; nevertheless they give the same Majorana mass matrix

up to overall factor. Therefore we use only the former configuration, β1, γ1. Table B.6 shows

the zero-mode assignments for instanton zero-modes and right-handed neutrinos.

βj1 γk1 νaR

0 ψ
(0,1/2),3

T 2
1√
2
(ψ

(1/2,1/2),3

T 2 + ψ
(5/2,1/2),3

T 2 ) 1√
2
(ψ

(1/2,0),6

T 2 − ψ
(11/2,0),6

T 2 )

1 1√
2
(ψ

(1,1/2),3

T 2 − ψ
(2,1/2),3

T 2 ) ψ
(3/2,1/2),3

T 2
1√
2
(ψ

(3/2,0),6

T 2 − ψ
(9/2,0),6

T 2 )

2 1√
2
(ψ

(5/2,0),6

T 2 − ψ
(7/2,0),6

T 2 )

Table B.6: The zero-modes for instanton zero-modes and right-handed neutrinos.

The three point couplings djka are given by

djk0 = c(3-3-6)

(
η1.5 + η16.5 + η19.5 0

− 1√
2
(η4.5 + η13.5 + η22.5) η7.5 + η10.5 + η25.5

)
, (B.10)

djk1 = c(3-3-6)

(
0

√
2(η4.5 + η13.5 + η22.5)

1√
2
(η1.5 + η16.5 + η19.5 + η7.5 + η10.5 + η25.5) 0

)
, (B.11)

djk2 = c(3-3-6)

(
η7.5 + η10.5 + η25.5 0

− 1√
2
(η4.5 + η13.5 + η22.5) η1.5 + η16.5 + η19.5

)
, (B.12)

where

ηN ≡ ϑ

[
N
54

0

]
(0, 54τ). (B.13)

Using above djka , Majorana masses of right-handed neutrinos in Eq. (C.4) can be calculated.



Appendix C

D-brane instanton effects

Here we give a brief review of Majorana neutrino mass terms and Higgs µ terms induced by

D-brane instanton effects [118–122].

C.1 Majorana neutrino masses

In order to obtain Majorana mass of right-handed neutrinos νR, let us assume two stacks of

D-branes, DN1 and DN2 , and the D-brane instanton, Dinst, with magnetic fluxes. The D-branes

DN1 , DN2 and Dinst are located to intersect each other. Then right-handed neutrinos νR can

appear as the zero-modes of the open strings between DN1 and DN2 . Similarly, instanton zero-

modes β (γ) appear between DN1 (DN2) and Dinst. We denote their zero-modes as ψaνR(z), ψ
j
β(z)

and ψkγ(z) for right-handed neutrinos νaR, instanton zero-modes βj and γk, respectively. Right-

handed neutrinos and two instanton zero-modes can have non-vanishing three point couplings

djka ,

djka = g(Imτ)1/2
∫
dzdz̄ψjβ(z) · psi

k
γ(z) · (ψaνR(z))

∗, (C.1)

and they give the instanton effects,∫
d2βd2γe−(Imτ)−1/2djka βjγkνaR , (C.2)

where β and γ are Grasmannian. Mass terms do not vanish only if each of β and γ has two-

generation zero-modes. Implementing Grasmannian integral, we obtain Majorana mass terms

of right-handed neutrinos MRR,

Λe−Sinst

∫
d2βd2γe−(Imτ)−1/2djka βjγkνaR = Λe−Sinst(Imτ)−1/2εjkεℓmd

jℓ
a d

km
b νaRν

b
R (C.3)

≡Mab
RRν

a
Rν

b
R, (C.4)
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where Sinst stands for the instanton action and Λ is a typical scale such as the compactification

scale. When we consider magnetized T 2/Z2 twisted orbifold model, the configurations of the

instanton zero-modes leading to non-vanishing three point couplings must satisfy

Mβ ±Mγ = ±MνR ,

mβ +mγ = mνR (mod 2),

α1β + α1γ = α1νR (mod 1),

α2β + α2γ = α2νR (mod 1),

(C.5)

where M , m and (α1, α2) are the flux, Z2 parity and SS phases of β, γ and νR.

C.2 Higgs µ terms

In order to obtain Higgs µ terms, let us assume three stacks of D-branes, DNa , DNb
and DNc ,

and the D-brane instanton Dinst with magnetic fluxes. The D-brane Db is parallel to Dc, and

Da are located to intersect them. Then up (down) type Higgs fields Hu (Hd) can appear as the

zero-modes of the open strings between Da and Db (Dc). Similarly, instanton zero-modes α, β

and γ appear as the zero-modes of the open strings between Da and Dinst, Db and Dinst, and

Dc and Dinst. We denote their zero-modes as ψjHu
(z), ψkHd

(z), ψα(z), ψβ(z) and ψγ(z) for up

type Higgs fields Hj
u, down type Higgs fields Hk

d , instanton zero-modes α, β and γ, respectively.

Higgs fields and three instanton zero-modes can have non-vanishing three point couplings Y j
u

and Y k
d ,

Y j
u = g(Imτ)1/2

∫
dzdz̄ψα(z) · ψβ(z) · (ψjHu

(z))∗, (C.6)

Y k
d = g(Imτ)1/2

∫
dzdz̄ψα(z) · ψγ(z) · (ψkHd

(z))∗, (C.7)

and they give the instanton effects,∫
d2αdβdγe(Imτ)

−1/2(Y j
uα·Hj

uβ+Y
k
d α·H

k
d γ), (C.8)

where α, β and γ are Grasmannian. Mass terms do not vanish only if each of α, β and γ has

a single zero-mode. Implementing Grasmannian integral, we obtain Higgs µ terms,

Λe−Sinst

∫
d2αdβdγe(Imτ)

−1/2(Y j
uα·Hj

uβ+Y
k
d α·H

k
d γ) = Λe−Sinst(Imτ)−1(Y j

u Y
k
d )εnmH

j
umH

k
dn (C.9)

≡ µjkεnmH
j
umH

k
dn, (C.10)

where Sinst stands for the instanton action, Λ is a typical scale such as the compactification scale

and m,n ∈ {0, 1} are components of the SU(2)L doublet. When we consider magnetized T 2/Z2
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twisted orbifold model, the configurations of the instanton zero-modes leading to non-vanishing

three point couplings must satisfy

Mα ±Mβ = ±MHu ,

mα +mβ = mHu (mod 2),

α1α + α1β = α1Hu (mod 1),

α2α + α2β = α2Hu (mod 1),

Mα ±Mγ = ±MHd
,

mα +mγ = mHu (mod 2),

α1α + α1γ = α1Hd
(mod 1),

α2α + α2γ = α2Hd
(mod 1),

(C.11)

where M , m and (α1, α2) are the flux, Z2 parity and SS phases of Hu, Hd, α, β and γ.
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Appendix D

Three-generation models on

(T 2
1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 )

Here we show possible three-generation models with non-vanishing Yukawa couplings on (T 2
1 ×

T 2
2 )/(Z

(t)
2 × Z(per)

2 ) in Table D.1.

Table D.1: Possible three-generation models with non-vanishing Yukawa couplings on (T 2
1 ×

T 2
2 )/(Z

(t)
2 ×Z(per)

2 ). BL, BR and BH denote (flux; Z(t)
2 parity; Z(per)

2 parity; SS phases) of ψL, ψR
and ψH , respectively. gH denotes the number of Higgs fields. We omit three-generation models

which is equivalent to the model shown in this table by flipping left- and right-handed matter

fields.
BL BR BH gH BL BR BH gH

2;0;0;0,0 2;0;0;0,0 4;0;0;0,0 6 2;0;0;0,0 3;0;0;0,0 5;0;0;0,0 6

2;0;0;0,0 6;1;0;0,0 8;1;0;0,0 6 2;0;0;0,0 5;1;0;0,0 7;1;0;0,0 6

2;0;0;0,0 4;0;0;1
2
,0 6;0;0;1

2
,0 6 2;0;0;0,0 3;0;0;1

2
,0 5;0;0;1

2
,0 6

2;0;0;0,0 4;1;0;1
2
,0 6;1;0;1

2
,0 6 2;0;0;0,0 5;1;0;1

2
,0 7;1;0;1

2
,0 6

2;0;0;0,0 4;0;0;0,1
2

6;0;0;0,1
2

6 2;0;0;0,0 3;0;0;0,1
2

5;0;0;0,1
2

6

2;0;0;0,0 4;1;0;0,1
2

6;1;0;0,1
2

6 2;0;0;0,0 5;1;0;0,1
2

7;1;0;0,1
2

6

2;0;0;0,0 4;0;0;1
2
,1
2

6;0;0;1
2
,1
2

6 2;0;0;0,0 5;0;0;1
2
,1
2

7;0;0;1
2
,1
2

6

2;0;0;0,0 4;1;0;1
2
,1
2

6;1;0;1
2
,1
2

6 2;0;0;0,0 3;1;0;1
2
,1
2

5;1;0;1
2
,1
2

6

2;0;0;0,0 4;0;1;0,0 6;0;1;0,0 6 2;0;0;0,0 5;0;1;0,0 7;0;1;0,0 6

2;0;0;0,0 8;1;1;0,0 10;1;1;0,0 6 2;0;0;0,0 7;1;1;0,0 9;1;1;0,0 6

2;0;0;0,0 6;0;1;1
2
,0 8;0;1;1

2
,0 6 2;0;0;0,0 5;0;1;1

2
,0 7;0;1;1

2
,0 6

2;0;0;0,0 6;1;1;1
2
,0 8;1;1;1

2
,0 6 2;0;0;0,0 7;1;1;1

2
,0 9;1;1;1

2
,0 6

2;0;0;0,0 6;0;1;0,1
2

8;0;1;0,1
2

6 2;0;0;0,0 5;0;1;0,1
2

7;0;1;0,1
2

6

2;0;0;0,0 6;1;1;0,1
2

8;1;1;0,1
2

6 2;0;0;0,0 7;1;1;0,1
2

9;1;1;0,1
2

6

2;0;0;0,0 6;0;1;1
2
,1
2

8;0;1;1
2
,1
2

6 2;0;0;0,0 7;0;1;1
2
,1
2

9;0;1;1
2
,1
2

6

2;0;0;0,0 6;1;1;1
2
,1
2

8;1;1;1
2
,1
2

6 2;0;0;0,0 5;1;1;1
2
,1
2

7;1;1;1
2
,1
2

6
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1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 )

BL BR BH gH BL BR BH gH

3;0;0;0,0 3;0;0;0,0 6;0;0;0,0 10 3;0;0;0,0 6;1;0;0,0 9;1;0;0,0 10

3;0;0;0,0 5;1;0;0,0 8;1;0;0,0 6 3;0;0;0,0 4;0;0;1
2
,0 7;0;0;1

2
,0 10

3;0;0;0,0 3;0;0;1
2
,0 6;0;0;1

2
,0 6 3;0;0;0,0 4;1;0;1

2
,0 7;1;0;1

2
,0 6

3;0;0;0,0 5;1;0;1
2
,0 8;1;0;1

2
,0 10 3;0;0;0,0 4;0;0;0,1

2
7;0;0;0,1

2
10

3;0;0;0,0 3;0;0;0,1
2

6;0;0;0,1
2

6 3;0;0;0,0 4;1;0;0,1
2

7;1;0;0,1
2

6

3;0;0;0,0 5;1;0;0,1
2

8;1;0;0,1
2

10 3;0;0;0,0 4;0;0;1
2
,1
2

7;0;0;1
2
,1
2

6

3;0;0;0,0 5;0;0;1
2
,1
2

8;0;0;1
2
,1
2

10 3;0;0;0,0 4;1;0;1
2
,1
2

7;1;0;1
2
,1
2

10

3;0;0;0,0 3;1;0;1
2
,1
2

6;1;0;1
2
,1
2

6 3;0;0;0,0 4;0;1;0,0 7;0;1;0,0 6

3;0;0;0,0 5;0;1;0,0 8;0;1;0,0 10 3;0;0;0,0 8;1;1;0,0 11;1;1;0,0 10

3;0;0;0,0 7;1;1;0,0 10;1;1;0,0 6 3;0;0;0,0 6;0;1;1
2
,0 9;0;1;1

2
,0 10

3;0;0;0,0 5;0;1;1
2
,0 8;0;1;1

2
,0 6 3;0;0;0,0 6;1;1;1

2
,0 9;1;1;1

2
,0 6

3;0;0;0,0 7;1;1;1
2
,0 10;1;1;1

2
,0 10 3;0;0;0,0 6;0;1;0,1

2
9;0;1;0,1

2
10

3;0;0;0,0 5;0;1;0,1
2

8;0;1;0,1
2

6 3;0;0;0,0 6;1;1;0,1
2

9;1;1;0,1
2

6

3;0;0;0,0 7;1;1;0,1
2

10;1;1;0,1
2

10 3;0;0;0,0 6;0;1;1
2
,1
2

9;0;1;1
2
,1
2

6

3;0;0;0,0 7;0;1;1
2
,1
2

10;0;1;1
2
,1
2

10 3;0;0;0,0 6;1;1;1
2
,1
2

9;1;1;1
2
,1
2

10

3;0;0;0,0 5;1;1;1
2
,1
2

8;1;1;1
2
,1
2

6 6;1;0;0,0 6;1;0;0,0 12;0;0;0,0 28

6;1;0;0,0 5;1;0;0,0 11;0;0;0,0 21 6;1;0;0,0 4;0;0;1
2
,0 10;1;0;1

2
,0 15

6;1;0;0,0 3;0;0;1
2
,0 9;1;0;1

2
,0 10 6;1;0;0,0 4;1;0;1

2
,0 10;0;0;1

2
,0 15

6;1;0;0,0 5;1;0;1
2
,0 11;0;0;1

2
,0 21 6;1;0;0,0 4;0;0;0,1

2
10;1;0;0,1

2
15

6;1;0;0,0 3;0;0;0,1
2

9;1;0;0,1
2

10 6;1;0;0,0 4;1;0;0,1
2

10;0;0;0,1
2

15

6;1;0;0,0 5;1;0;0,1
2

11;0;0;0,1
2

21 6;1;0;0,0 4;0;0;1
2
,1
2

10;1;0;1
2
,1
2

15

6;1;0;0,0 5;0;0;1
2
,1
2

11;1;0;1
2
,1
2

21 6;1;0;0,0 4;1;0;1
2
,1
2

10;0;0;1
2
,1
2

15

6;1;0;0,0 3;1;0;1
2
,1
2

9;0;0;1
2
,1
2

10 6;1;0;0,0 4;0;1;0,0 10;1;1;0,0 6

6;1;0;0,0 5;0;1;0,0 11;1;1;0,0 10 6;1;0;0,0 8;1;1;0,0 14;0;1;0,0 28

6;1;0;0,0 7;1;1;0,0 13;0;1;0,0 21 6;1;0;0,0 6;0;1;1
2
,0 12;1;1;1

2
,0 15

6;1;0;0,0 5;0;1;1
2
,0 11;1;1;1

2
,0 10 6;1;0;0,0 6;1;1;1

2
,0 12;0;1;1

2
,0 15

6;1;0;0,0 7;1;1;1
2
,0 13;0;1;1

2
,0 21 6;1;0;0,0 6;0;1;0,1

2
12;1;1;0,1

2
15

6;1;0;0,0 5;0;1;0,1
2

11;1;1;0,1
2

10 6;1;0;0,0 6;1;1;0,1
2

12;0;1;0,1
2

15

6;1;0;0,0 7;1;1;0,1
2

13;0;1;0,1
2

21 6;1;0;0,0 6;0;1;1
2
,1
2

12;1;1;1
2
,1
2

15

6;1;0;0,0 7;0;1;1
2
,1
2

13;1;1;1
2
,1
2

21 6;1;0;0,0 6;1;1;1
2
,1
2

12;0;1;1
2
,1
2

15

6;1;0;0,0 5;1;1;1
2
,1
2

11;0;1;1
2
,1
2

10 5;1;0;0,0 5;1;0;0,0 10;0;0;0,0 21

5;1;0;0,0 4;0;0;1
2
,0 9;1;0;1

2
,0 10 5;1;0;0,0 3;0;0;1

2
,0 8;1;0;1

2
,0 10

5;1;0;0,0 4;1;0;1
2
,0 9;0;0;1

2
,0 15 5;1;0;0,0 5;1;0;1

2
,0 10;0;0;1

2
,0 15

5;1;0;0,0 4;0;0;0,1
2

9;1;0;0,1
2

10 5;1;0;0,0 3;0;0;0,1
2

8;1;0;0,1
2

10

5;1;0;0,0 4;1;0;0,1
2

9;0;0;0,1
2

15 5;1;0;0,0 5;1;0;0,1
2

10;0;0;0,1
2

15

5;1;0;0,0 4;0;0;1
2
,1
2

9;1;0;1
2
,1
2

15 5;1;0;0,0 5;0;0;1
2
,1
2

10;1;0;1
2
,1
2

15

5;1;0;0,0 4;1;0;1
2
,1
2

9;0;0;1
2
,1
2

10 5;1;0;0,0 3;1;0;1
2
,1
2

8;0;0;1
2
,1
2

10

5;1;0;0,0 4;0;1;0,0 9;1;1;0,0 6 5;1;0;0,0 5;0;1;0,0 10;1;1;0,0 6

5;1;0;0,0 8;1;1;0,0 13;0;1;0,0 21 5;1;0;0,0 7;1;1;0,0 12;0;1;0,0 21
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BL BR BH gH BL BR BH gH

5;1;0;0,0 6;0;1;1
2
,0 11;1;1;1

2
,0 10 5;1;0;0,0 5;0;1;1

2
,0 10;1;1;1

2
,0 10

5;1;0;0,0 6;1;1;1
2
,0 11;0;1;1

2
,0 15 5;1;0;0,0 7;1;1;1

2
,0 12;0;1;1

2
,0 15

5;1;0;0,0 6;0;1;0,1
2

11;1;1;0,1
2

10 5;1;0;0,0 5;0;1;0,1
2

10;1;1;0,1
2

10

5;1;0;0,0 6;1;1;0,1
2

11;0;1;0,1
2

15 5;1;0;0,0 7;1;1;0,1
2

12;0;1;0,1
2

15

5;1;0;0,0 6;0;1;1
2
,1
2

11;1;1;1
2
,1
2

15 5;1;0;0,0 7;0;1;1
2
,1
2

12;1;1;1
2
,1
2

15

5;1;0;0,0 6;1;1;1
2
,1
2

11;0;1;1
2
,1
2

10 5;1;0;0,0 5;1;1;1
2
,1
2

10;0;1;1
2
,1
2

10

4;0;0;1
2
,0 4;0;0;1

2
,0 8;0;0;0,0 15 4;0;0;1

2
,0 3;0;0;1

2
,0 7;0;0;0,0 10

4;0;0;1
2
,0 4;1;0;1

2
,0 8;1;0;0,0 6 4;0;0;1

2
,0 5;1;0;1

2
,0 9;1;0;0,0 10

4;0;0;1
2
,0 4;0;0;0,1

2
8;0;0;1

2
,1
2

10 4;0;0;1
2
,0 3;0;0;0,1

2
7;0;0;1

2
,1
2

6

4;0;0;1
2
,0 4;1;0;0,1

2
8;1;0;1

2
,1
2

10 4;0;0;1
2
,0 5;1;0;0,1

2
9;1;0;1

2
,1
2

15

4;0;0;1
2
,0 4;0;0;1

2
,1
2

8;0;0;0,1
2

10 4;0;0;1
2
,0 5;0;0;1

2
,1
2

9;0;0;0,1
2

15

4;0;0;1
2
,0 4;1;0;1

2
,1
2

8;1;0;0,1
2

10 4;0;0;1
2
,0 3;1;0;1

2
,1
2

7;1;0;0,1
2

6

4;0;0;1
2
,0 4;0;1;0,0 8;0;1;1

2
,0 6 4;0;0;1

2
,0 5;0;1;0,0 9;0;1;1

2
,0 10

4;0;0;1
2
,0 8;1;1;0,0 12;1;1;1

2
,0 15 4;0;0;1

2
,0 7;1;1;0,0 11;1;1;1

2
,0 10

4;0;0;1
2
,0 6;0;1;1

2
,0 10;0;1;0,0 15 4;0;0;1

2
,0 5;0;1;1

2
,0 9;0;1;0,0 10

4;0;0;1
2
,0 6;1;1;1

2
,0 10;1;1;0,0 6 4;0;0;1

2
,0 7;1;1;1

2
,0 11;1;1;0,0 10

4;0;0;1
2
,0 6;0;1;0,1

2
10;0;1;1

2
,1
2

10 4;0;0;1
2
,0 5;0;1;0,1

2
9;0;1;1

2
,1
2

6

4;0;0;1
2
,0 6;1;1;0,1

2
10;1;1;1

2
,1
2

10 4;0;0;1
2
,0 7;1;1;0,1

2
11;1;1;1

2
,1
2

15

4;0;0;1
2
,0 6;0;1;1

2
,1
2

10;0;1;0,1
2

10 4;0;0;1
2
,0 7;0;1;1

2
,1
2

11;0;1;0,1
2

15

4;0;0;1
2
,0 6;1;1;1

2
,1
2

10;1;1;0,1
2

10 4;0;0;1
2
,0 5;1;1;1

2
,1
2

9;1;1;0,1
2

6

3;0;0;1
2
,0 3;0;0;1

2
,0 6;0;0;0,0 10 3;0;0;1

2
,0 4;1;0;1

2
,0 7;1;0;0,0 6

3;0;0;1
2
,0 5;1;0;1

2
,0 8;1;0;0,0 6 3;0;0;1

2
,0 4;0;0;0,1

2
7;0;0;1

2
,1
2

6

3;0;0;1
2
,0 3;0;0;0,1

2
6;0;0;1

2
,1
2

6 3;0;0;1
2
,0 4;1;0;0,1

2
7;1;0;1

2
,1
2

10

3;0;0;1
2
,0 5;1;0;0,1

2
8;1;0;1

2
,1
2

10 3;0;0;1
2
,0 4;0;0;1

2
,1
2

7;0;0;0,1
2

10

3;0;0;1
2
,0 5;0;0;1

2
,1
2

8;0;0;0,1
2

10 3;0;0;1
2
,0 4;1;0;1

2
,1
2

7;1;0;0,1
2

6

3;0;0;1
2
,0 3;1;0;1

2
,1
2

6;1;0;0,1
2

6 3;0;0;1
2
,0 4;0;1;0,0 7;0;1;1

2
,0 6

3;0;0;1
2
,0 5;0;1;0,0 8;0;1;1

2
,0 6 3;0;0;1

2
,0 8;1;1;0,0 11;1;1;1

2
,0 10

3;0;0;1
2
,0 7;1;1;0,0 10;1;1;1

2
,0 10 3;0;0;1

2
,0 6;0;1;1

2
,0 9;0;1;0,0 10

3;0;0;1
2
,0 5;0;1;1

2
,0 8;0;1;0,0 10 3;0;0;1

2
,0 6;1;1;1

2
,0 9;1;1;0,0 6

3;0;0;1
2
,0 7;1;1;1

2
,0 10;1;1;0,0 6 3;0;0;1

2
,0 6;0;1;0,1

2
9;0;1;1

2
,1
2

6

3;0;0;1
2
,0 5;0;1;0,1

2
8;0;1;1

2
,1
2

6 3;0;0;1
2
,0 6;1;1;0,1

2
9;1;1;1

2
,1
2

10

3;0;0;1
2
,0 7;1;1;0,1

2
10;1;1;1

2
,1
2

10 3;0;0;1
2
,0 6;0;1;1

2
,1
2

9;0;1;0,1
2

10

3;0;0;1
2
,0 7;0;1;1

2
,1
2

10;0;1;0,1
2

10 3;0;0;1
2
,0 6;1;1;1

2
,1
2

9;1;1;0,1
2

6

3;0;0;1
2
,0 5;1;1;1

2
,1
2

8;1;1;0,1
2

6 4;1;0;1
2
,0 4;1;0;1

2
,0 8;0;0;0,0 15

4;1;0;1
2
,0 5;1;0;1

2
,0 9;0;0;0,0 15 4;1;0;1

2
,0 4;0;0;0,1

2
8;1;0;1

2
,1
2

10

4;1;0;1
2
,0 3;0;0;0,1

2
7;1;0;1

2
,1
2

10 4;1;0;1
2
,0 4;1;0;0,1

2
8;0;0;1

2
,1
2

10

4;1;0;1
2
,0 5;1;0;0,1

2
9;0;0;1

2
,1
2

10 4;1;0;1
2
,0 4;0;0;1

2
,1
2

8;1;0;0,1
2

10

4;1;0;1
2
,0 5;0;0;1

2
,1
2

9;1;0;0,1
2

10 4;1;0;1
2
,0 4;1;0;1

2
,1
2

8;0;0;0,1
2

10

4;1;0;1
2
,0 3;1;0;1

2
,1
2

7;0;0;0,1
2

10 4;1;0;1
2
,0 4;0;1;0,0 8;1;1;1

2
,0 6



176 APPENDIX D. THREE-GENERATION MODELS ON (T 2
1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 )

BL BR BH gH BL BR BH gH

4;1;0;1
2
,0 5;0;1;0,0 9;1;1;1

2
,0 6 4;1;0;1

2
,0 8;1;1;0,0 12;0;1;1

2
,0 15

4;1;0;1
2
,0 7;1;1;0,0 11;0;1;1

2
,0 15 4;1;0;1

2
,0 6;0;1;1

2
,0 10;1;1;0,0 6

4;1;0;1
2
,0 5;0;1;1

2
,0 9;1;1;0,0 6 4;1;0;1

2
,0 6;1;1;1

2
,0 10;0;1;0,0 15

4;1;0;1
2
,0 7;1;1;1

2
,0 11;0;1;0,0 15 4;1;0;1

2
,0 6;0;1;0,1

2
10;1;1;1

2
,1
2

10

4;1;0;1
2
,0 5;0;1;0,1

2
9;1;1;1

2
,1
2

10 4;1;0;1
2
,0 6;1;1;0,1

2
10;0;1;1

2
,1
2

10

4;1;0;1
2
,0 7;1;1;0,1

2
11;0;1;1

2
,1
2

10 4;1;0;1
2
,0 6;0;1;1

2
,1
2

10;1;1;0,1
2

10

4;1;0;1
2
,0 7;0;1;1

2
,1
2

11;1;1;0,1
2

10 4;1;0;1
2
,0 6;1;1;1

2
,1
2

10;0;1;0,1
2

10

4;1;0;1
2
,0 5;1;1;1

2
,1
2

9;0;1;0,1
2

10 5;1;0;1
2
,0 5;1;0;1

2
,0 10;0;0;0,0 21

5;1;0;1
2
,0 4;0;0;0,1

2
9;1;0;1

2
,1
2

15 5;1;0;1
2
,0 3;0;0;0,1

2
8;1;0;1

2
,1
2

10

5;1;0;1
2
,0 4;1;0;0,1

2
9;0;0;1

2
,1
2

10 5;1;0;1
2
,0 5;1;0;0,1

2
10;0;0;1

2
,1
2

15

5;1;0;1
2
,0 4;0;0;1

2
,1
2

9;1;0;0,1
2

10 5;1;0;1
2
,0 5;0;0;1

2
,1
2

10;1;0;0,1
2

15

5;1;0;1
2
,0 4;1;0;1

2
,1
2

9;0;0;0,1
2

15 5;1;0;1
2
,0 3;1;0;1

2
,1
2

8;0;0;0,1
2

10

5;1;0;1
2
,0 4;0;1;0,0 9;1;1;1

2
,0 6 5;1;0;1

2
,0 5;0;1;0,0 10;1;1;1

2
,0 10

5;1;0;1
2
,0 8;1;1;0,0 13;0;1;1

2
,0 21 5;1;0;1

2
,0 7;1;1;0,0 12;0;1;1

2
,0 15

5;1;0;1
2
,0 6;0;1;1

2
,0 11;1;1;0,0 10 5;1;0;1

2
,0 5;0;1;1

2
,0 10;1;1;0,0 6

5;1;0;1
2
,0 6;1;1;1

2
,0 11;0;1;0,0 15 5;1;0;1

2
,0 7;1;1;1

2
,0 12;0;1;0,0 21

5;1;0;1
2
,0 6;0;1;0,1

2
11;1;1;1

2
,1
2

15 5;1;0;1
2
,0 5;0;1;0,1

2
10;1;1;1

2
,1
2

10

5;1;0;1
2
,0 6;1;1;0,1

2
11;0;1;1

2
,1
2

10 5;1;0;1
2
,0 7;1;1;0,1

2
12;0;1;1

2
,1
2

15

5;1;0;1
2
,0 6;0;1;1

2
,1
2

11;1;1;0,1
2

10 5;1;0;1
2
,0 7;0;1;1

2
,1
2

12;1;1;0,1
2

15

5;1;0;1
2
,0 6;1;1;1

2
,1
2

11;0;1;0,1
2

15 5;1;0;1
2
,0 5;1;1;1

2
,1
2

10;0;1;0,1
2

10

4;0;0;0,1
2

4;0;0;0,1
2

8;0;0;0,0 15 4;0;0;0,1
2

3;0;0;0,1
2

7;0;0;0,0 10

4;0;0;0,1
2

4;1;0;0,1
2

8;1;0;0,0 6 4;0;0;0,1
2

5;1;0;0,1
2

9;1;0;0,0 10

4;0;0;0,1
2

4;0;0;1
2
,1
2

8;0;0;1
2
,0 10 4;0;0;0,1

2
5;0;0;1

2
,1
2

9;0;0;1
2
,0 15

4;0;0;0,1
2

4;1;0;1
2
,1
2

8;1;0;1
2
,0 10 4;0;0;0,1

2
3;1;0;1

2
,1
2

7;1;0;1
2
,0 6

4;0;0;0,1
2

4;0;1;0,0 8;0;1;0,1
2

6 4;0;0;0,1
2

5;0;1;0,0 9;0;1;0,1
2

10

4;0;0;0,1
2

8;1;1;0,0 12;1;1;0,1
2

15 4;0;0;0,1
2

7;1;1;0,0 11;1;1;0,1
2

10

4;0;0;0,1
2

6;0;1;1
2
,0 10;0;1;1

2
,1
2

10 4;0;0;0,1
2

5;0;1;1
2
,0 9;0;1;1

2
,1
2

6

4;0;0;0,1
2

6;1;1;1
2
,0 10;1;1;1

2
,1
2

10 4;0;0;0,1
2

7;1;1;1
2
,0 11;1;1;1

2
,1
2

15

4;0;0;0,1
2

6;0;1;0,1
2

10;0;1;0,0 15 4;0;0;0,1
2

5;0;1;0,1
2

9;0;1;0,0 10

4;0;0;0,1
2

6;1;1;0,1
2

10;1;1;0,0 6 4;0;0;0,1
2

7;1;1;0,1
2

11;1;1;0,0 10

4;0;0;0,1
2

6;0;1;1
2
,1
2

10;0;1;1
2
,0 10 4;0;0;0,1

2
7;0;1;1

2
,1
2

11;0;1;1
2
,0 15

4;0;0;0,1
2

6;1;1;1
2
,1
2

10;1;1;1
2
,0 10 4;0;0;0,1

2
5;1;1;1

2
,1
2

9;1;1;1
2
,0 6

3;0;0;0,1
2

3;0;0;0,1
2

6;0;0;0,0 10 3;0;0;0,1
2

4;1;0;0,1
2

7;1;0;0,0 6

3;0;0;0,1
2

5;1;0;0,1
2

8;1;0;0,0 6 3;0;0;0,1
2

4;0;0;1
2
,1
2

7;0;0;1
2
,0 10

3;0;0;0,1
2

5;0;0;1
2
,1
2

8;0;0;1
2
,0 10 3;0;0;0,1

2
4;1;0;1

2
,1
2

7;1;0;1
2
,0 6

3;0;0;0,1
2

3;1;0;1
2
,1
2

6;1;0;1
2
,0 6 3;0;0;0,1

2
4;0;1;0,0 7;0;1;0,1

2
6

3;0;0;0,1
2

5;0;1;0,0 8;0;1;0,1
2

6 3;0;0;0,1
2

8;1;1;0,0 11;1;1;0,1
2

10

3;0;0;0,1
2

7;1;1;0,0 10;1;1;0,1
2

10 3;0;0;0,1
2

6;0;1;1
2
,0 9;0;1;1

2
,1
2

6

3;0;0;0,1
2

5;0;1;1
2
,0 8;0;1;1

2
,1
2

6 3;0;0;0,1
2

6;1;1;1
2
,0 9;1;1;1

2
,1
2

10
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BL BR BH gH BL BR BH gH

3;0;0;0,1
2

7;1;1;1
2
,0 10;1;1;1

2
,1
2

10 3;0;0;0,1
2

6;0;1;0,1
2

9;0;1;0,0 10

3;0;0;0,1
2

5;0;1;0,1
2

8;0;1;0,0 10 3;0;0;0,1
2

6;1;1;0,1
2

9;1;1;0,0 6

3;0;0;0,1
2

7;1;1;0,1
2

10;1;1;0,0 6 3;0;0;0,1
2

6;0;1;1
2
,1
2

9;0;1;1
2
,0 10

3;0;0;0,1
2

7;0;1;1
2
,1
2

10;0;1;1
2
,0 10 3;0;0;0,1

2
6;1;1;1

2
,1
2

9;1;1;1
2
,0 6

3;0;0;0,1
2

5;1;1;1
2
,1
2

8;1;1;1
2
,0 6 4;1;0;0,1

2
4;1;0;0,1

2
8;0;0;0,0 15

4;1;0;0,1
2

5;1;0;0,1
2

9;0;0;0,0 15 4;1;0;0,1
2

4;0;0;1
2
,1
2

8;1;0;1
2
,0 10

4;1;0;0,1
2

5;0;0;1
2
,1
2

9;1;0;1
2
,0 10 4;1;0;0,1

2
4;1;0;1

2
,1
2

8;0;0;1
2
,0 10

4;1;0;0,1
2

3;1;0;1
2
,1
2

7;0;0;1
2
,0 10 4;1;0;0,1

2
4;0;1;0,0 8;1;1;0,1

2
6

4;1;0;0,1
2

5;0;1;0,0 9;1;1;0,1
2

6 4;1;0;0,1
2

8;1;1;0,0 12;0;1;0,1
2

15

4;1;0;0,1
2

7;1;1;0,0 11;0;1;0,1
2

15 4;1;0;0,1
2

6;0;1;1
2
,0 10;1;1;1

2
,1
2

10

4;1;0;0,1
2

5;0;1;1
2
,0 9;1;1;1

2
,1
2

10 4;1;0;0,1
2

6;1;1;1
2
,0 10;0;1;1

2
,1
2

10

4;1;0;0,1
2

7;1;1;1
2
,0 11;0;1;1

2
,1
2

10 4;1;0;0,1
2

6;0;1;0,1
2

10;1;1;0,0 6

4;1;0;0,1
2

5;0;1;0,1
2

9;1;1;0,0 6 4;1;0;0,1
2

6;1;1;0,1
2

10;0;1;0,0 15

4;1;0;0,1
2

7;1;1;0,1
2

11;0;1;0,0 15 4;1;0;0,1
2

6;0;1;1
2
,1
2

10;1;1;1
2
,0 10

4;1;0;0,1
2

7;0;1;1
2
,1
2

11;1;1;1
2
,0 10 4;1;0;0,1

2
6;1;1;1

2
,1
2

10;0;1;1
2
,0 10

4;1;0;0,1
2

5;1;1;1
2
,1
2

9;0;1;1
2
,0 10 5;1;0;0,1

2
5;1;0;0,1

2
10;0;0;0,0 21

5;1;0;0,1
2

4;0;0;1
2
,1
2

9;1;0;1
2
,0 10 5;1;0;0,1

2
5;0;0;1

2
,1
2

10;1;0;1
2
,0 15

5;1;0;0,1
2

4;1;0;1
2
,1
2

9;0;0;1
2
,0 15 5;1;0;0,1

2
3;1;0;1

2
,1
2

8;0;0;1
2
,0 10

5;1;0;0,1
2

4;0;1;0,0 9;1;1;0,1
2

6 5;1;0;0,1
2

5;0;1;0,0 10;1;1;0,1
2

10

5;1;0;0,1
2

8;1;1;0,0 13;0;1;0,1
2

21 5;1;0;0,1
2

7;1;1;0,0 12;0;1;0,1
2

15

5;1;0;0,1
2

6;0;1;1
2
,0 11;1;1;1

2
,1
2

15 5;1;0;0,1
2

5;0;1;1
2
,0 10;1;1;1

2
,1
2

10

5;1;0;0,1
2

6;1;1;1
2
,0 11;0;1;1

2
,1
2

10 5;1;0;0,1
2

7;1;1;1
2
,0 12;0;1;1

2
,1
2

15

5;1;0;0,1
2

6;0;1;0,1
2

11;1;1;0,0 10 5;1;0;0,1
2

5;0;1;0,1
2

10;1;1;0,0 6

5;1;0;0,1
2

6;1;1;0,1
2

11;0;1;0,0 15 5;1;0;0,1
2

7;1;1;0,1
2

12;0;1;0,0 21

5;1;0;0,1
2

6;0;1;1
2
,1
2

11;1;1;1
2
,0 10 5;1;0;0,1

2
7;0;1;1

2
,1
2

12;1;1;1
2
,0 15

5;1;0;0,1
2

6;1;1;1
2
,1
2

11;0;1;1
2
,0 15 5;1;0;0,1

2
5;1;1;1

2
,1
2

10;0;1;1
2
,0 10

4;0;0;1
2
,1
2

4;0;0;1
2
,1
2

8;0;0;0,0 15 4;0;0;1
2
,1
2

5;0;0;1
2
,1
2

9;0;0;0,0 15

4;0;0;1
2
,1
2

4;1;0;1
2
,1
2

8;1;0;0,0 6 4;0;0;1
2
,1
2

3;1;0;1
2
,1
2

7;1;0;0,0 6

4;0;0;1
2
,1
2

4;0;1;0,0 8;0;1;1
2
,1
2

6 4;0;0;1
2
,1
2

5;0;1;0,0 9;0;1;1
2
,1
2

6

4;0;0;1
2
,1
2

8;1;1;0,0 12;1;1;1
2
,1
2

15 4;0;0;1
2
,1
2

7;1;1;0,0 11;1;1;1
2
,1
2

15

4;0;0;1
2
,1
2

6;0;1;1
2
,0 10;0;1;0,1

2
10 4;0;0;1

2
,1
2

5;0;1;1
2
,0 9;0;1;0,1

2
10

4;0;0;1
2
,1
2

6;1;1;1
2
,0 10;1;1;0,1

2
10 4;0;0;1

2
,1
2

7;1;1;1
2
,0 11;1;1;0,1

2
10

4;0;0;1
2
,1
2

6;0;1;0,1
2

10;0;1;1
2
,0 10 4;0;0;1

2
,1
2

5;0;1;0,1
2

9;0;1;1
2
,0 10

4;0;0;1
2
,1
2

6;1;1;0,1
2

10;1;1;1
2
,0 10 4;0;0;1

2
,1
2

7;1;1;0,1
2

11;1;1;1
2
,0 10

4;0;0;1
2
,1
2

6;0;1;1
2
,1
2

10;0;1;0,0 15 4;0;0;1
2
,1
2

7;0;1;1
2
,1
2

11;0;1;0,0 15

4;0;0;1
2
,1
2

6;1;1;1
2
,1
2

10;1;1;0,0 6 4;0;0;1
2
,1
2

5;1;1;1
2
,1
2

9;1;1;0,0 6

5;0;0;1
2
,1
2

5;0;0;1
2
,1
2

10;0;0;0,0 21 5;0;0;1
2
,1
2

4;1;0;1
2
,1
2

9;1;0;0,0 10

5;0;0;1
2
,1
2

3;1;0;1
2
,1
2

8;1;0;0,0 6 5;0;0;1
2
,1
2

4;0;1;0,0 9;0;1;1
2
,1
2

6

5;0;0;1
2
,1
2

5;0;1;0,0 10;0;1;1
2
,1
2

10 5;0;0;1
2
,1
2

8;1;1;0,0 13;1;1;1
2
,1
2

21
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1 × T 2

2 )/(Z
(t)
2 × Z(per)

2 )

BL BR BH gH BL BR BH gH

5;0;0;1
2
,1
2

7;1;1;0,0 12;1;1;1
2
,1
2

15 5;0;0;1
2
,1
2

6;0;1;1
2
,0 11;0;1;0,1

2
15
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2
15 5;0;0;1

2
,1
2
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2
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2

10;0;1;1
2
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2
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2
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2
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2
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2
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2
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2
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2
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2
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2
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2
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2
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2
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2
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2
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2
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2
,0 15
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,0 15
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2
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2

15
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2
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2

15
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10;0;0;1
2
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2

15 4;0;1;0,0 7;0;1;1
2
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2
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2

15
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2
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2
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2
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2

15
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2
,0 11;0;0;1

2
,0 21
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2
,0 10;0;0;1

2
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2
,0 15
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2
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2
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2
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2
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2
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2
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2

15
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2
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2
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2
,1
2

15
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2
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2

21 5;0;1;0,0 6;1;1;1
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5;0;1;0,0 5;1;1;1
2
,1
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2
,0 14;1;0;1

2
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2
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2
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2
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2
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2
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2
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28
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2
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2
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2

21 7;1;1;0,0 5;1;1;1
2
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2

12;0;0;1
2
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2

21

6;0;1;1
2
,0 6;0;1;1

2
,0 12;0;0;0,0 28 6;0;1;1

2
,0 5;0;1;1

2
,0 11;0;0;0,0 21

6;0;1;1
2
,0 6;1;1;1

2
,0 12;1;0;0,0 15 6;0;1;1
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,0 7;1;1;1
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2
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2
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2
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2
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2

28
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2
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2
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,0 5;0;1;0,1

2
11;1;0;1

2
,1
2

21 6;1;1;1
2
,0 6;1;1;0,1

2
12;0;0;1
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2
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2
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2

12;1;0;0,0 15 5;0;1;0,1
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2
,0 21
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13;1;0;0,0 21

7;0;1;1
2
,1
2

5;1;1;1
2
,1
2
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2
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Appendix E

Decompositions of zero-modes with

higher fluxes

Here we study the decompositions of zero-mode wave functions on the magnetized T 2/Z2,

T 2/Z3, T
2/Z4 and T 2/Z6 orbifolds. As we have studied in Section 2.1, zero-modes on mag-

netized T 2 have degenerate solutions. The degeneracy number of zero-modes is given by the

size of flux. Then we find that zero-modes on orbifolds with higher fluxes are decomposed into

the products of ones with lower fluxes. Also such decompositions give a simple way counting

degeneracy number of zero-modes on magnetized orbifolds.

E.1 T 2/Z2

First, let us consider zero-modes on T 2/Z2 with flux M , SS phases (α1, α2) and Z2 parity m,

ψ
(j+α1,α2),M

T 2/Zm
2

(z, τ). On T 2/Z2 orbifold, the complex coordinate, z, is identified as z ∼ −z. The

fixed points for Z2 twist z → −z are:

z = 0,
1

2
,
τ

2
,
1 + τ

2
. (E.1)

Then SS phases are restricted to (α1, α2) = (0, 0) and (1/2, 1/2). To express the zero-modes

with higher fluxes by ones with lower fluxes, we use following four single zero-modes: zero-

mode with flux 1, SS phases (0,0) and Z2 even parity, ψ
(0,0),1

T 2/Z0
2
, zero-mode with flux 1, SS phases

(1/2,0) and Z2 even parity, ψ
(1/2,0),1

T 2/Z0
2

, zero-mode with flux 1, SS phases (0,1/2) and Z2 even

parity, ψ
(0,1/2),1

T 2/Z0
2

, and zero-mode with flux 1, SS phases (1/2,1/2) and Z2 odd parity, ψ
(1/2,1/2),1

T 2/Z1
2

.

We denote them as 000, 010, 001 and 111, respectively. As we have discussed in Subsection 2.2.2,

zero-modes on T 2/Z2 have zero points at fixed points. We show zero points of 000, 010, 001 and

111 in Table E.1.

181



182 APPENDIX E. DECOMPOSITIONS OF ZERO-MODES WITH HIGHER FLUXES

zero-modes flux SS phases Z2 parity number of zero-modes zero points

000 ≡ ψ
(0,0),1

T 2/Z0
2

1 (0,0) even 1 1+τ
2

010 ≡ ψ
(1/2,0),1

T 2/Z0
2

1 (1/2,0) even 1 1
2

001 ≡ ψ
(0,1/2),1

T 2/Z0
2

1 (0,1/2) even 1 τ
2

111 ≡ ψ
(1/2,1/2),1

T 2/Z1
2

1 (1/2,1/2) odd 1 0

Table E.1: Zero points of single generation zero-modes on T 2/Z2.

Using these four zero-modes with flux 1, zero-modes with higher fluxes can be decomposed.

Let us see an example. We introduce

Y
(0,0),2
0 ≡

(
02
00

12
11

)
. (E.2)

Since 111 vanishes at z = 0 while 000 does not vanish, Y
(0,0),2
0 spans 2D spaces. Then, the

products of Y
(0,0),2
0 ,

Y
(0,0),4
0 ≡ Y

(0,0),2
0 ⊗ Y

(0,0),2
0 =

 04
00

02
001

2
11

14
11

 , (E.3)

spans 3D spaces. This is because (02
001

2
11,1

4
11) = 12

11Y
(0,0),2
0 spanning 2D spaces vanish at z = 0

while 04
00 does not vanish. That is, 0

4
00, 0

2
00 and 12

11 are linearly independent. Note that Y
(0,0),4
0

obeys the Dirac equation and the boundary conditions for zero-modes with flux 4 and SS phases

(0,0). In addition it has Z2 even parity. Meanwhile, we find the product,

Y
(0,0),4
1 ≡ 000010001111, (E.4)

which obeys the Dirac equation and the boundary conditions for zero-modes with flux 4 and SS

phases (0,0) but has Z2 odd parity. Notice that sum of degeneracy numbers of Z2 even and odd

modes on T 2/Z2 is equivalent to degeneracy number of zero-modes on T 2. Since zero-modes

on T 2 with flux M have M degenerate solutions, Y
(0,0),4
0 and Y

(0,0),4
1 can be regarded as the

complete basis of even and odd modes with flux 4 and SS phases (0,0), respectively. Thus even

and odd modes with flux 4 and SS phases (0,0), ψ
(j,0),4

T 2/Z0
2
and ψ

(j,0),4

T 2/Z1
2
, can be expanded by Y

(0,0),4
0

and Y
(0,0),4
1 , respectively. This means that ψ

(j,0),4

T 2/Z0
2
and ψ

(0,0),4

T 2/Z1
2
have 3 and 1 degenerate solutions.

This result is consistent with the number of zero-modes on T 2/Z2 shown in Table 2.2.
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This procedure is generalized as follows. We introduce

Y
(0,0),2n
0 ≡ Y

(0,0),2
0 ⊗ Y

(0,0),2
0 ⊗ · · · ⊗ Y

(0,0),2
0︸ ︷︷ ︸

products of n of Y
(0,0),2
0

=



02n
00

02n−2
00 12

11
...

02n−2m
00 12m

11
...

02
001

2n−2
11

12n
11


, m ∈ {0, 1, ..., n}. (E.5)

In this stage it is unknown whether n + 1 components of Y
(0,0),2n
0 are independent each other.

If Y
(0,0),2n
0 spans n+ 1-dimensional spaces,

Y
(0,0),2n+2
0 ≡ Y

(0,0),2
0 ⊗ Y

(0,0),2n
0 =



02n+2
00

02n
001

2
11

...

02n+2−2m
00 12m

11
...

02
001

2n
11

12n+2
11


=

(
02n+2
00

12
11Y

(0,0),2n
0

)
, (E.6)

spans n+2-dimensional spaces because 12
11Y

(0,0),2n
0 spanning n+1-dimensional spaces vanishes

at z = 0 while 02n+2
00 does not vanish. We have already known that Y

(0,0),2
0 spans 2D spaces;

therefore Y
(0,0),2n
0 spans n+ 1-dimensional spaces for n ≥ 1. Note that Y

(0,0),2n
0 has flux 2n, SS

phases (0,0) and Z2 even parity. Then, we can find the products with flux 2n, SS phases (0,0)

and Z2 odd parity,

Y
(0,0),2n
1 ≡ 000010001111Y

(0,0),2n−4
0 , (E.7)

which spans n− 1-dimensional spaces for n ≥ 2. Since zero-modes on T 2 with flux 2n have 2n

degenerate solutions, Y
(0,0),2n
0 and Y

(0,0),2n
1 can be regarded as the complete basis of even modes

and odd modes on T 2/Z2, respectively. Thus even and odd modes with flux 2n and SS phases

(0,0), ψ
(j,0),2n

T 2/Z0
2

and ψ
(j,0),2n

T 2/Z1
2
, can be expanded by Y

(0,0),2n
0 and Y

(0,0),2n
1 , respectively. This means

that ψ
(j,0),2n

T 2/Z0
2

and ψ
(j,0),2n

T 2/Z1
2

span n+ 1 and n− 1-dimensional spaces.

In the similar way, we can find that even and odd modes with flux 2n + 1 and SS phases

(0,0), ψ
(j+0,0),2n+1

T 2/Z0
2

and ψ
(j+0,0),2n+1

T 2/Z1
2

, can be expanded by

Y
(0,0),2n+1
0 ≡ 000Y

(0,0),2n
0 , (E.8)

and

Y
(0,0),2n+1
1 ≡ 010001111Y

(0,0),2n−2
0 , (E.9)
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respectively. This means that ψ
(j+0,0),2n+1

T 2/Z0
2

and ψ
(j+0,0),2n+1

T 2/Z1
2

span n+1 and n-dimensional spaces,

respectively. The sum of degeneracy numbers of each Z2 mode is equivalent to degeneracy

number of zero-modes on T 2. Therefore this result is consistent.

Similar analysis can be applied for zero-modes on T 2/Z2 with non-vanishing SS phases.

We summarize the results in Table E.2. One can check that basis of decompositions in fourth

column has flux, Z2 parity and SS phases shown in first to third columns.

flux Z2 parity SS phases basis of decompositions number of basis

2n
even (0,0) Y

(0,0),2n
0 n+ 1

odd (0,0) 000010001111Y
(0,0),2n−4
0 n− 1

2n
even (1/2,0) 000010Y

(0,0),2n−2
0 n

odd (1/2,0) 001111Y
(0,0),2n−2
0 n

2n
even (0,1/2) 000001Y

(0,0),2n−2
0 n

odd (0,1/2) 010111Y
(0,0),2n−2
0 n

2n
even (1/2,1/2) 010001Y

(0,0),2n−2
0 n

odd (1/2,1/2) 000111Y
(0,0),2n−2
0 n

2n+ 1
even (0,0) 000Y

(0,0),2n
0 n+ 1

odd (0,0) 010001111Y
(0,0),2n−2
0 n

2n+ 1
even (1/2,0) 010Y

(0,0),2n
0 n+ 1

odd (1/2,0) 000001111Y
(0,0),2n−2
0 n

2n+ 1
even (0,1/2) 001Y

(0,0),2n
0 n+ 1

odd (0,1/2) 000010111Y
(0,0),2n−2
0 n

2n+ 1
even (1/2,1/2) 000010001Y

(0,0),2n−2
0 n

odd (1/2,1/2) 111Y
(0,0),2n
0 n+ 1

Table E.2: Basis of decompositions of zero-modes on T 2/Z2 with higher fluxes. Y
(0,0),2n
0 is

defined by Eq. (E.5). In each row, the value of flux is equivalent to the sum of number of basis.

Numbers of basis are consistent with Table 2.2.

E.2 T 2/Z3

Second, let us consider zero-modes on T 2/Z3 with flux M , SS phases (α1, α2) and Z3 parity

m, ψ
(j+α1,α2),M

T 2/Zm
3

(z, τ). On T 2/Z3 orbifold, the complex coordinate, z, is identified as z ∼ ωz,

ω = e2πi/3. Similarly, the complex structure modulus τ is fixed at τ = ω. The fixed points for

Z3 twist z → ωz are:

z = 0,
2 + ω

3
,
1 + 2ω

3
. (E.10)
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Then SS phases are restricted to (α1, α2) = (0, 0), (1/3, 1/3) and (2/3, 2/3) for M ∈ 2Z and

(α1, α2) = (1/6, 1/6), (1/2, 1/2) and (5/6, 5/6) forM ∈ 2Z+1. To express the zero-modes with

higher fluxes by ones with lower fluxes, we use following three single zero-modes: zero-mode

with flux 1, SS phases (1/6,1/6) and Z3 parity 1, ψ
(1/6,1/6),1

T 2/Z0
3

, zero-mode with flux 1, SS phases

(5/6,5/6) and Z3 parity 1, ψ
(5/6,5/6),1

T 2/Z0
3

, and zero-mode with flux 1, SS phases (1/2,1/2) and Z3

parity ω, ψ
(1/2,1/2),1

T 2/Z1
3

. We denote them as 011, 055 and 133, respectively. As same as zero-modes

on T 2/Z2, they have zero points at fixed points. We show zero points of 011, 055 and 133 in

Table E.3.

zero-modes flux SS phases Z3 parity number of zero-modes zero points

011 ≡ ψ
(1/6,1/6),1

T 2/Z0
3

1 (1/6,1/6) 1 1 2+ω
3

055 ≡ ψ
(5/6,5/6),1

T 2/Z0
3

1 (5/6,5/6) 1 1 1+2ω
3

133 ≡ ψ
(1/2,1/2),1

T 2/Z1
3

1 (1/2,1/2) ω 1 0

Table E.3: Zero points of single generation zero-modes on T 2/Z3.

Using these three zero-modes with flux 1, zero-modes with higher fluxes can be decomposed.

Consequently, we obtain the decompositions of zero-modes on T 2/Z3 as shown in Table E.4.

One can check that basis of decompositions in fourth column has flux, Z3 parity and SS phases

shown in first to third columns.

Table E.4: Basis of decompositions of zero-modes on T 2/Z3 with higher fluxes. Y
(0,0),6n
0 and

Y
(1/2,1/2),6n+3
0 are defined by Eqs. (E.13) and (E.14), respectively. In each row, the value of flux

is equivalent to the sum of number of basis. Numbers of basis are consistent with the results

derived before [106,107,132,170].

flux Z3 parity SS phases basis of decompositions number of basis

6n

1 (0,0) Y
(0,0),6n
0 2n+ 1

ω (0,0) 011055133Y
(1/2,1/2),6n−3
0 2n

ω2 (0,0) 02
110

2
551

2
33Y

(0,0),6n−6
0 2n− 1

6n

1 (1/3,1/3) 0110
2
55Y

(1/2,1/2),6n−3
0 2n

ω (1/3,1/3) 02
11133Y

(1/2,1/2),6n−3
0 2n

ω2 (1/3,1/3) 0551
2
33Y

(1/2,1/2),6n−3
0 2n

6n

1 (2/3,2/3) 02
11055Y

(1/2,1/2),6n−3
0 2n

ω (2/3,2/3) 02
55133Y

(1/2,1/2),6n−3
0 2n

ω2 (2/3,2/3) 0111
2
33Y

(1/2,1/2),6n−3
0 2n
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flux Z3 parity SS phases basis of decompositions number of basis

6n+ 1

1 (1/6,1/6) 011Y
(0,0),6n
0 2n+ 1

ω (1/6,1/6) 02
11055133Y

(1/2,1/2),6n−3
0 2n

ω2 (1/6,1/6) 02
551

2
33Y

(1/2,1/2),6n−3
0 2n

6n+ 1

1 (1/2,1/2) 02
110

2
55Y

(1/2,1/2),6n−3
0 2n

ω (1/2,1/2) 133Y
(0,0),6n
0 2n+ 1

ω2 (1/2,1/2) 0110551
2
33Y

(1/2,1/2),6n−3
0 2n

6n+ 1

1 (5/6,5/6) 055Y
(0,0),6n
0 2n+ 1

ω (5/6,5/6) 0110
2
55133Y

(1/2,1/2),6n−3
0 2n

ω2 (5/6,5/6) 02
111

2
33Y

(1/2,1/2),6n−3
0 2n

6n+ 2

1 (0,0) 011055Y
(0,0),6n
0 2n+ 1

ω (0,0) 02
110

2
55133Y

(1/2,1/2),6n−3
0 2n

ω2 (0,0) 12
33Y

(0,0),6n
0 2n+ 1

6n+ 2

1 (1/3,1/3) 02
11Y

(0,0),6n
0 2n+ 1

ω (1/3,1/3) 055133Y
(0,0),6n
0 2n+ 1

ω2 (1/3,1/3) 0110
2
551

2
33Y

(1/2,1/2),6n−3
0 2n

6n+ 2

1 (2/3,2/3) 02
55Y

(0,0),6n
0 2n+ 1

ω (2/3,2/3) 011133Y
(0,0),6n
0 2n+ 1

ω2 (2/3,2/3) 02
110551

2
33Y

(1/2,1/2),6n−3
0 2n

6n+ 3

1 (1/6,1/6) 02
11055Y

(0,0),6n
0 2n+ 1

ω (1/6,1/6) 02
55133Y

(0,0),6n
0 2n+ 1

ω2 (1/6,1/6) 0111
2
33Y

(0,0),6n
0 2n+ 1

6n+ 3

1 (1/2,1/2) Y
(1/2,1/2),6n+3
0 2n+ 2

ω (1/2,1/2) 011055133Y
(0,0),6n
0 2n+ 1

ω2 (1/2,1/2) 02
110

2
551

2
33Y

(1/2,1/2),6n−3
0 2n

6n+ 3

1 (5/6,5/6) 0110
2
55Y

(0,0),6n
0 2n+ 1

ω (5/6,5/6) 02
11133Y

(0,0),6n
0 2n+ 1

ω2 (5/6,5/6) 0551
2
33Y

(0,0),6n
0 2n+ 1

The procedure of proof is same as the case of T 2/Z2. Here we prove only the decompositions

of zero-modes with flux 6n and SS phases (0,0). We introduce

Y
(1/2,1/2),3
0 ≡

(
03
11

13
33

)
. (E.11)

Since 133 vanishes at z = 0 while 011 does not vanish, Y
(1/2,1/2),3
0 spans 2D spaces. Then, the
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products of Y
(1/2,1/2),3
0 ,

Y
(0,0),6
0 ≡ Y

(1/2,1/2),3
0 ⊗ Y

(1/2,1/2),3
0 =

 06
11

03
111

3
33

16
33

 =

(
06
11

13
33Y

(1/2,1/2),3
0

)
, (E.12)

spans 3D spaces. This is because 13
33Y

(1/2,1/2),3
0 vanishes at z = 0 while 06

11 does not vanish.

Also we consider the products of 2n of Y
(1/2,1/2),3
0 ,

Y
(0,0),6n
0 ≡ Y

(1/2,1/2),3
0 ⊗ Y

(1/2,1/2),3
0 ⊗ · · · ⊗ Y

(1/2,1/2),3
0︸ ︷︷ ︸

products of 2n of Y
(1/2,1/2),3
0

=



06n
11

06n−3
11 13

33
...

06n−3m
11 13m

33
...

03
111

6n−3
33

16n
33


, m ∈ {0, 1, ..., 2n}.

(E.13)

In this stage it is unknown whether 2n+1 components of Y
(0,0),6n
0 are independent each other.

If Y
(0,0),6n
0 spans 2n+ 1-dimensional spaces,

Y
(1/2,1/2),6n+3
0 ≡ Y

(1/2,1/2),3
0 ⊗ Y

(0,0),6n
0 =



06n+3
11

06n
111

3
33

...

06n+3−3m
11 13m

33
...

03
111

6n
33

16n+3
33


=

(
06n+3
11

13
33Y

(0,0),6n
0

)
, (E.14)

spans 2n+2-dimensional spaces because 13
33Y

(0,0),6n
0 spanning 2n+1-dimensional spaces vanishes

at z = 0 while 06n+3
11 does not vanish. Moreover, if it is true,

Y
(0,0),6n+6
0 ≡ Y

(1/2,1/2),3
0 ⊗ Y

(1/2,1/2),6n+3
0 =



06n+6
11

06n+3
11 13

33
...

06n+6−3m
11 13m

33
...

03
111

6n+3
33

16n+6
33


=

(
06n+6
11

13
33Y

(1/2,1/2),6n+3
0

)
, (E.15)

spans 2n + 3-dimensional spaces because 13
33Y

(0,0),6n+3
0 spanning 2n + 2-dimensional spaces

vanishes at z = 0 while 06n+6
11 does not vanish. We have already known that Y

(0,0),6
0 spans 3D
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spaces; therefore Y
(0,0),6n
0 spans 2n+1-dimensional spaces for n ≥ 1. In addition it follows from

this that Y
(1/2,1/2),6n+3
0 spans 2n+ 2-dimensional spaces for n ≥ 0. Note that Y

(0,0),6n
0 has flux

6n, SS phases (0,0) and Z3 parity 1; Y
(1/2,1/2),6n+3
0 has flux 6n+ 3, SS phases (1/2,1/2) and Z3

parity 1. Then, we can find the product with flux 6n, SS phases (0,0) and Z3 parity ω,

Y
(0,0),6n
1 ≡ 011055133Y

(1/2,1/2),6n−3
0 , (E.16)

which spans 2n-dimensional spaces for n ≥ 1. Similarly, we can find the product with flux 6n,

SS phases (0,0) and Z3 parity ω2,

Y
(0,0),6n
2 ≡ 02

110
2
551

2
33Y

(1/2,1/2),6n−6
0 , (E.17)

which spans 2n− 1-dimensional spaces for n ≥ 1. The sum of degeneracy numbers of each Z3

mode is equivalent to degeneracy number of zero-modes on T 2. Therefore Y
(0,0),6n
0 , Y

(0,0),6n
1 and

Y
(0,0),6n
2 can be regarded as the complete basis of each Z3 mode with flux 6n and SS phases

(0,0) on T 2/Z3. Thus each Z3 mode with flux 6n and SS phases (0,0), ψ
(j,0),6n

T 2/Z0
2
, ψ

(j,0),6n

T 2/Z1
2

and

ψ
(j,0),6n

T 2/Z2
2
, can be expanded by Y

(0,0),6n
0 , Y

(0,0),6n
1 and Y

(0,0),6n
2 , respectively. This means that

ψ
(j,0),6n

T 2/Z0
2
, ψ

(j,0),6n

T 2/Z1
2

and ψ
(j,0),6n

T 2/Z2
2

span 2n+ 1, 2n and 2n− 1-dimensional spaces, respectively.

E.3 T 2/Z4

Third, let us consider zero-modes on T 2/Z4 with flux M , SS phases (α1, α2) and Z4 parity

m, ψ
(j+α1,α2),M

T 2/Zm
4

(z, τ). On T 2/Z4 orbifold, the complex coordinate, z, is identified as z ∼ iz.

Similarly, the complex structure modulus τ is fixed at τ = i. The fixed points for Z4 twist

z → iz are:

z = 0,
1 + i

2
. (E.18)

Then SS phases are restricted to (α1, α2) = (0, 0) and (1/2, 1/2). To express the zero-modes

with higher fluxes by ones with lower fluxes, we use following three single zero-modes: zero-

mode with flux 1, SS phases (0,0) and Z4 parity 1, ψ
(0,0),1

T 2/Z0
4
, zero-mode with flux 1, SS phases

(1/2,1/2) and Z4 parity i, ψ
(1/2,1/2),1

T 2/Z1
4

, and zero-mode with flux 2, SS phases (1/2,1/2) and Z4

parity 1, ψ
(1/2,1/2),2

T 2/Z0
4

. We denote them as 000, 111 and 0011, respectively. As same as zero-modes

on T 2/Z2, they have zero points at fixed points. We show zero points of 000, 111 and 0011 in

Table E.5.

zero-modes flux SS phases Z4 parity number of zero-modes zero points

000 ≡ ψ
(0,0),1

T 2/Z0
4

1 (0,0) 1 1 1+i
2

111 ≡ ψ
(1/2,1/2),1

T 2/Z1
4

1 (1/2,1/2) i 1 0

0011 ≡ ψ
(1/2,1/2),2

T 2/Z0
4

1 (1/2,1/2) 1 1 None

Table E.5: Zero points of single generation zero-modes on T 2/Z4.
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Using these three zero-modes with flux 1 and 2, zero-modes with higher fluxes can be

decomposed. Consequently, we obtain the decompositions of zero-modes on T 2/Z4 as shown

in Table E.6. One can check that basis of decompositions in fourth column has flux, Z4 parity

and SS phases shown in first to third columns.
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flux Z4 parity SS phases basis of decompositions number of basis

4n

1 (0,0) Y
(0,0),4n
0 n+ 1

i (0,0) 0000011111Y
(0,0),4n−4
0 n

-1 (0,0) 02
001

2
11Y

(0,0),4n−4
0 n

−i (0,0) 03
0000111

3
11Y

(0,0),4n−8
0 n− 1

4n

1 (1/2,1/2) 02
000011Y

(0,0),4n−4
0 n

i (1/2,1/2) 03
00111Y

(0,0),4n−4
0 n

-1 (1/2,1/2) 00111
2
11Y

(0,0),4n−4
0 n

−i (1/2,1/2) 0001
3
11Y

(0,0),4n−4
0 n

4n+ 1

1 (0,0) 000Y
(0,0),4n
0 n+ 1

i (0,0) 02
000011111Y

(0,0),4n−4
0 n

-1 (0,0) 03
001

2
11Y

(0,0),4n−4
0 n

−i (0,0) 00111
3
11Y

(0,0),4n−4
0 n

4n+ 1

1 (1/2,1/2) 03
000011Y

(0,0),4n−4
0 n

i (1/2,1/2) 111Y
(0,0),4n
0 n+ 1

-1 (1/2,1/2) 00000111
2
11Y

(0,0),4n−4
0 n

−i (1/2,1/2) 02
001

3
11Y

(0,0),4n−4
0 n

4n+ 2

1 (0,0) 02
00Y

(0,0),4n
0 n+ 1

i (0,0) 03
000011111Y

(0,0),4n−4
0 n

-1 (0,0) 12
11Y

(0,0),4n
0 n+ 1

−i (0,0) 00000111
3
11Y

(0,0),4n−4
0 n

4n+ 2

1 (1/2,1/2) 0011Y
(0,0),4n
0 n+ 1

i (1/2,1/2) 000111Y
(0,0),4n
0 n+ 1

-1 (1/2,1/2) 02
0000111

2
11Y

(0,0),4n−4
0 n

−i (1/2,1/2) 03
001

3
11Y

(0,0),4n−4
0 n

4n+ 3

1 (0,0) 03
00Y

(0,0),4n
0 n+ 1

i (0,0) 0011111Y
(0,0),4n
0 n+ 1

-1 (0,0) 0001
2
11Y

(0,0),4n
0 n+ 1

−i (0,0) 02
0000111

3
11Y

(0,0),4n−4
0 n

4n+ 3

1 (1/2,1/2) 0000011Y
(0,0),4n
0 n+ 1

i (1/2,1/2) 02
00111Y

(0,0),4n
0 n+ 1

-1 (1/2,1/2) 03
0000111

2
11Y

(0,0),4n−4
0 n

−i (1/2,1/2) 13
11Y

(0,0),4n
0 n+ 1

Table E.6: Basis of decompositions of zero-modes on T 2/Z4 with higher fluxes. Y
(0,0),4n
0 is

defined by Eq. (E.20). In each row, the value of flux is equivalent to the sum of number of

basis. Numbers of basis are consistent with the results derived before [106,107,132,170].
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The procedure of proof is same as the case of T 2/Z2. Here we prove only the decompositions

of zero-modes with flux 4n and SS phases (0,0). We introduce

Y
(0,0),4
0 ≡

(
04
00

14
11

)
. (E.19)

Since 111 vanishes at z = 0 while 000 does not vanish, Y
(0,0),4
0 spans 2D spaces. Also we consider

the products of n of Y
(0,0),4
0 ,

Y
(0,0),4n
0 ≡ Y

(0,0),4
0 ⊗ Y

(0,0),4
0 ⊗ · · · ⊗ Y

(0,0),4
0︸ ︷︷ ︸

products of n of Y
(0,0),4
0

=



04n
00

04n−4
00 14

11
...

04n−4m
00 14m

11
...

04
001

4n−4
11

14n
11


, m ∈ {0, 1, ..., n}. (E.20)

In this stage it is unknown whether n + 1 components of Y
(0,0),4n
0 are independent each other.

If Y
(0,0),4n
0 spans n+ 1-dimensional spaces,

Y
(0,0),4n+4
0 ≡ Y

(0,0),4
0 ⊗ Y

(0,0),4n
0 =



04n+4
00

04n
001

4
11

...

04n+4−4m
00 14m

11
...

04
001

4n
11

14n+4
11


=

(
04n+4
00

14
11Y

(0,0),4n
0

)
, (E.21)

spans n+2-dimensional spaces because 14
11Y

(0,0),4n
0 spanning n+1-dimensional spaces vanishes

at z = 0 while 04n+4
00 does not vanish. We have already known that Y

(0,0),4
0 spans 2D spaces;

therefore Y
(0,0),4
0 spans n + 1-dimensional spaces for n ≥ 0. Note that Y

(0,0),4n
0 has flux 4n, SS

phases (0,0) and Z4 pairty 1. Then, we can find the products with flux 4n, SS phases (0,0) and

Z4 parity i, −1 and −i,

Y
(0,0),4n
1 ≡ 0000011111Y

(0,0),4n−4
0 , (Z4 parity i), (E.22)

Y
(0,0),4n
2 ≡ 02

001
2
11Y

(0,0),4n−4
0 , (Z4 parity − 1), (E.23)

Y
(0,0),4n
3 ≡ 03

0000111
3
11Y

(0,0),4n−8
0 , (Z4 parity − 1). (E.24)

They span n, n and n − 1-dimensional spaces, respectively. The sum of degeneracy numbers

of each Z4 mode in equivalent to degeneracy number of zero-modes on T 2. Therefore Y
(0,0),4n
0 ,

Y
(0,0),4n
1 , Y

(0,0),4n
2 and Y

(0,0),4n
3 can be regarded as the complete basis of each Z4 mode with
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flux 4n and SS phases (0,0) on T 2/Z4. Thus each Z4 mode with flux 4n and SS phases

(0,0), ψ
(j,0),4n

T 2/Z0
2
, ψ

(j,0),4n

T 2/Z1
2
, ψ

(j,0),4n

T 2/Z2
2

and ψ
(j,0),4n

T 2/Z3
2
, can be expanded by Y

(0,0),4n
0 , Y

(0,0),4n
1 , Y

(0,0),4n
2

and Y
(0,0),4n
3 , respectively. This means that ψ

(j,0),4n

T 2/Z0
2
, ψ

(j,0),4n

T 2/Z1
2
, ψ

(j,0),4n

T 2/Z2
2

and ψ
(j,0),4n

T 2/Z3
2

span n + 1,

n, n and n− 1-dimensional spaces, respectively.

E.4 T 2/Z6

Finally, let us consider zero-modes on T 2/Z6 with flux M , SS phases (α1, α2) and Z6 parity

m, ψ
(j+α1,α2),M

T 2/Zm
6

(z, τ). On T 2/Z6 orbifold, the complex coordinate, z, is identified as z ∼ ω1/2z.

Similarly, the complex structure modulus τ is fixed at τ = ω. There is only a single fixed point

for Z6 twist z → ω1/2z, z = 0. Then SS phases are restricted to (α1, α2) = (0, 0) for M ∈ 2Z
and (α1, α2) = (1/2, 1/2) forM ∈ 2Z+1. To express the zero-modes with higher fluxes by ones

with lower fluxes, we use following three single zero-modes: zero-mode with flux 2, SS phases

(0,0) and Z6 parity 1, ψ
(0,0),2

T 2/Z0
6
, zero-mode with flux 1, SS phases (1/2,1/2) and Z6 parity ω1/2,

ψ
(1/2,1/2),1

T 2/Z1
6

, and zero-mode with flux 3, SS phases (1/2,1/2) and Z6 parity 1, ψ
(1/2,1/2),3

T 2/Z0
6

. We

denote them as 0000, 111 and 00011, respectively. As same as zero-modes on T 2/Z2, they have

zero points at fixed points. We show zero points of 0000, 111 and 00011 in Table E.7.

zero-modes flux SS phases Z6 parity number of zero-modes zero points

0000 ≡ ψ
(0,0),2

T 2/Z0
6

2 (0,0) 1 1 None

111 ≡ ψ
(1/2,1/2),1

T 2/Z1
6

1 (1/2,1/2) ω1/2 1 0

00011 ≡ ψ
(1/2,1/2),3

T 2/Z0
6

3 (1/2,1/2) 1 1 None

Table E.7: Zero points of single generation zero-modes on T 2/Z6.

Using these three zero-modes with flux 1, 2 and 3, zero-modes with higher fluxes can be

decomposed. Consequently, we obtain the decompositions of zero-modes on T 2/Z6 as shown

in Table E.8. One can check that basis of decompositions in fourth column has flux, Z6 parity

and SS phases shown in first to third columns.
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Table E.8: Basis of decompositions of zero-modes on T 2/Z6 with higher fluxes. Y
(0,0),6n
0 is

defined by Eq. (E.26). In each row, the value of flux is equivalent to the sum of number of

basis. Numbers of basis are consistent with the results derived before [106,107,132,170].

flux Z6 parity SS phases basis of decompositions number of basis

6n

1 (0,0) Y
(0,0),6n
0 n+ 1

ω1/2 (0,0) 000011100011Y
(0,0),6n−6
0 n

ω (0,0) 002
001

2
11Y

(0,0),6n−6
0 n

ω3/2 (0,0) 13
1100011Y

(0,0),6n−6
0 n

ω2 (0,0) 00001
4
11Y

(0,0),6n−6
0 n

ω5/2 (0,0) 002
001

5
1100011Y

(0,0),6n−12
0 n− 1

6n+ 1

1 (1/2,1/2) 002
0000011Y

(0,0),6n−6
0 n

ω1/2 (1/2,1/2) 111Y
(0,0),6n
0 n+ 1

ω (1/2,1/2) 00001
2
1100011Y

(0,0),6n−6
0 n

ω3/2 (1/2,1/2) 002
001

3
11Y

(0,0),6n−6
0 n

ω2 (1/2,1/2) 14
1100011Y

(0,0),6n−6
0 n

ω5/2 (1/2,1/2) 00001
5
11Y

(0,0),6n−6
0 n

6n+ 2

1 (0,0) 0000Y
(0,0),6n
0 n+ 1

ω1/2 (0,0) 002
0011100011Y

(0,0),6n−6
0 n

ω (0,0) 12
11Y

(0,0),6n
0 n+ 1

ω3/2 (0,0) 00001
3
1100011Y

(0,0),6n−6
0 n

ω2 (0,0) 002
001

4
11Y

(0,0),6n−6
0 n

ω5/2 (0,0) 15
1100011Y

(0,0),6n−6
0 n

6n+ 3

1 (1/2,1/2) 00011Y
(0,0),6n
0 n+ 1

ω1/2 (1/2,1/2) 0000111Y
(0,0),6n
0 n+ 1

ω (1/2,1/2) 002
001

2
1100011Y

(0,0),6n−6
0 n

ω3/2 (1/2,1/2) 13
11Y

(0,0),6n
0 n+ 1

ω2 (1/2,1/2) 00001
4
1100011Y

(0,0),6n−6
0 n

ω5/2 (1/2,1/2) 002
001

5
11Y

(0,0),6n−6
0 n

6n+ 4

1 (0,0) 002
00Y

(0,0),6n
0 n+ 1

ω1/2 (0,0) 11100011Y
(0,0),6n
0 n+ 1

ω (0,0) 00001
2
11Y

(0,0),6n
0 n+ 1

ω3/2 (0,0) 002
001

3
1100011Y

(0,0),6n−6
0 n

ω2 (0,0) 14
11Y

(0,0),6n
0 n+ 1

ω5/2 (0,0) 00001
5
1100011Y

(0,0),6n−6
0 n
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flux Z6 parity SS phases basis of decompositions number of basis

6n+ 5

1 (1/2,1/2) 000000011Y
(0,0),6n
0 n+ 1

ω1/2 (1/2,1/2) 002
00111Y

(0,0),6n
0 n+ 1

ω (1/2,1/2) 12
1100011Y

(0,0),6n
0 n+ 1

ω3/2 (1/2,1/2) 00001
3
11Y

(0,0),6n
0 n+ 1

ω2 (1/2,1/2) 002
001

4
1100011Y

(0,0),6n−6
0 n

ω5/2 (1/2,1/2) 15
11Y

(0,0),6n
0 n+ 1

The procedure of proof is same as the case of T 2/Z2. Here we prove only the decompositions

of zero-modes with flux 6n and SS phases (0,0). We introduce

Y
(0,0),6
0 ≡

(
003

00

16
11

)
. (E.25)

Since 111 vanishes at z = 0 while 0000 does not vanish, Y
(0,0),6
0 spans 2D spaces. Also we

consider the products of n of Y
(0,0),6
0 ,

Y
(0,0),6n
0 ≡ Y

(0,0),6
0 ⊗ Y

(0,0),6
0 ⊗ · · · ⊗ Y

(0,0),6
0︸ ︷︷ ︸

products of n of Y
(0,0),6
0

=



003n
00

003n−3
00 16

11
...

003n−3m
00 16m

11
...

003
001

6n−6
11

16n
11


, m ∈ {0, 1, ..., n}. (E.26)

In this stage it is unknown whether n + 1 components of Y
(0,0),6n
0 are independent each other.

If Y
(0,0),6n
0 spans n+ 1-dimensional spaces,

Y
(0,0),6n+6
0 ≡ Y

(0,0),6
0 ⊗ Y

(0,0),6n
0 =



003n+3
00

003n
001

6
11

...

003n+3−3m
00 16m

11
...

003
001

6n
11

16n+6
11


=

(
03n+3
00

16
11Y

(0,0),6n
0

)
, (E.27)

spans n+2-dimensional spaces because 16
11Y

(0,0),6n
0 spanning n+1-dimensional spaces vanishes

at z = 0 while 03n+3
00 does not vanish. We have already known that Y

(0,0),6
0 spans 2D spaces;

therefore Y
(0,0),6
0 spans n + 1-dimensional spaces for n ≥ 0. Note that Y

(0,0),6n
0 has flux 6n, SS
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phases (0,0) and Z6 pairty 1. Then, we can find the products with flux 6n, SS phases (0,0) and

Z6 parity ω1/2, ω, ω3/2, ω2 and ω5/2,

Y
(0,0),6n
1 ≡ 000011100011Y

(0,0),6n−6
0 , (Z6 parity ω1/2), (E.28)

Y
(0,0),6n
2 ≡ 002

001
2
11Y

(0,0),6n−6
0 , (Z6 parity ω), (E.29)

Y
(0,0),6n
3 ≡ 13

1100011Y
(0,0),6n−6
0 , (Z6 parity ω3/2), (E.30)

Y
(0,0),6n
4 ≡ 00001

4
11Y

(0,0),6n−6
0 , (Z6 parity ω2), (E.31)

Y
(0,0),6n
5 ≡ 002

001
5
1100011Y

(0,0),6n−12
0 , (Z6 parity ω5/2). (E.32)

They span n+ 1, n, n, n, n and n− 1-dimensional spaces, respectively.
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Appendix F

Mass matrix structures of the favorable

models in Tables 3.9 and 3.10

Here we show the phase factors after the basis transformations in Eqs. (3.149) and (3.150), and

the hierarchical structures of the mass matrices of the favorable models in Tables 3.9 and 3.10.

We express the structures of up and down-sector quark mass matrices by the phase factors

p ≡ ε/|ε| and powers of |ε| ∼ 0.15. In Table F.1, we show the results. Note that we show only

different structures which are not related by unitary transformations for the fields. In total we

find 128 number of different structures.

197
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Table F.1: The phase factors after the basis transformations Eqs. (3.149) and (3.150), and the

hierarchical structures of up and down-sector quark mass matrices of the favorable models in

Tables 3.9 and 3.10. First row denotes the structure of up-sector quark mass matrix and other

rows denote ones of down-sector quark, up to ⟨Hu⟩ and ⟨Hd⟩. p is given by ε/|ε| and |ε| ∼ 0.15.

We show only different structures which are not related by unitary transformations for the

fields. In total we find 128 number of different structures.

Mu =

(
|ε|6 |ε|4p−1 |ε|6
|ε|2 −|ε|3 −|ε|2
1 |ε| −1

)
(

|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 |ε|2p−1 |ε|2
|ε| −|ε|3 −1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 |ε|2p−1 |ε|2
|ε| −|ε|3 −1

) (
|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 |ε|2p−1 |ε|2
−|ε| −|ε|3 −1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 |ε|2p−1 |ε|2
−|ε| −|ε|3 −1

)
(

|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 |ε|2p−1 |ε|2
|ε| |ε|3 −1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 |ε|2p−1 |ε|2
|ε| |ε|3 −1

) (
|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 |ε|2p−1 |ε|2
−|ε| |ε|3 −1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 |ε|2p−1 |ε|2
−|ε| |ε|3 −1

)
(

|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 |ε|2p−1 −|ε|2
|ε| −|ε|3 1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 |ε|2p−1 −|ε|2
|ε| −|ε|3 1

) (
|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 |ε|2p−1 −|ε|2
−|ε| −|ε|3 1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 |ε|2p−1 −|ε|2
−|ε| −|ε|3 1

)
(

|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 |ε|2p−1 −|ε|2
|ε| |ε|3 1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 |ε|2p−1 −|ε|2
|ε| |ε|3 1

) (
|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 |ε|2p−1 −|ε|2
−|ε| |ε|3 1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 |ε|2p−1 −|ε|2
−|ε| |ε|3 1

)
(

|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 |ε|2p−2 |ε|2
|ε| |ε|6 −1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 |ε|2p−2 |ε|2
|ε| |ε|6 −1

) (
|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 |ε|2p−2 |ε|2
−|ε| |ε|6 −1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 |ε|2p−2 |ε|2
−|ε| |ε|6 −1

)
(

|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 |ε|2p−2 |ε|2
|ε| −|ε|6 −1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 |ε|2p−2 |ε|2
|ε| −|ε|6 −1

) (
|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 |ε|2p−2 |ε|2
−|ε| −|ε|6 −1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 |ε|2p−2 |ε|2
−|ε| −|ε|6 −1

)
(

|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 |ε|2p−2 −|ε|2
|ε| |ε|6 1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 |ε|2p−2 −|ε|2
|ε| |ε|6 1

) (
|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 |ε|2p−2 −|ε|2
−|ε| |ε|6 1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 |ε|2p−2 −|ε|2
−|ε| |ε|6 1

)
(

|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 |ε|2p−2 −|ε|2
|ε| −|ε|6 1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 |ε|2p−2 −|ε|2
|ε| −|ε|6 1

) (
|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 |ε|2p−2 −|ε|2
−|ε| −|ε|6 1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 |ε|2p−2 −|ε|2
−|ε| −|ε|6 1

)
(

|ε|4p−2 |ε|3p−2 |ε|6
−|ε|3p−1 |ε|2p−1 |ε|2
−|ε|4 −|ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|3p−1 |ε|2p−1 |ε|2

|ε|4 −|ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|3p−1 |ε|2p−1 |ε|2
−|ε|4 |ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|3p−1 |ε|2p−1 |ε|2

|ε|4 |ε|3 −1

)
(

|ε|4p−2 |ε|3p−2 |ε|6
−|ε|3p−1 |ε|2p−1 −|ε|2
−|ε|4 −|ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|3p−1 |ε|2p−1 −|ε|2

|ε|4 −|ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|3p−1 |ε|2p−1 −|ε|2
−|ε|4 |ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|3p−1 |ε|2p−1 −|ε|2

|ε|4 |ε|3 1

)
(

|ε|4p−2 |ε|3p−3 |ε|6
−|ε|3p−1 |ε|2p−2 |ε|2
−|ε|4 |ε|6 −1

) (
|ε|4p−2 |ε|3p−3 |ε|6
−|ε|3p−1 |ε|2p−2 |ε|2

|ε|4 |ε|6 −1

) (
|ε|4p−2 |ε|3p−3 |ε|6
−|ε|3p−1 |ε|2p−2 |ε|2
−|ε|4 −|ε|6 −1

) (
|ε|4p−2 |ε|3p−3 |ε|6
−|ε|3p−1 |ε|2p−2 |ε|2

|ε|4 −|ε|6 −1

)
(

|ε|4p−2 |ε|3p−3 |ε|6
−|ε|3p−1 |ε|2p−2 −|ε|2
−|ε|4 |ε|6 1

) (
|ε|4p−2 |ε|3p−3 |ε|6
−|ε|3p−1 |ε|2p−2 −|ε|2

|ε|4 |ε|6 1

) (
|ε|4p−2 |ε|3p−3 |ε|6
−|ε|3p−1 |ε|2p−2 −|ε|2
−|ε|4 −|ε|6 1

) (
|ε|4p−2 |ε|3p−3 |ε|6
−|ε|3p−1 |ε|2p−2 −|ε|2

|ε|4 −|ε|6 1

)
(

|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 |ε|2p−1 |ε|2
−|ε|4 −|ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 |ε|2p−1 |ε|2
−|ε|4 −|ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 |ε|2p−1 |ε|2
|ε|4 −|ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 |ε|2p−1 |ε|2
|ε|4 −|ε|3 −1

)
(

|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 |ε|2p−1 |ε|2
−|ε|4 |ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 |ε|2p−1 |ε|2
−|ε|4 |ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 |ε|2p−1 |ε|2
|ε|4 |ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 |ε|2p−1 |ε|2
|ε|4 |ε|3 −1

)
(

|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 |ε|2p−1 −|ε|2
−|ε|4 −|ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 |ε|2p−1 −|ε|2
−|ε|4 −|ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 |ε|2p−1 −|ε|2
|ε|4 −|ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 |ε|2p−1 −|ε|2
|ε|4 −|ε|3 1

)
(

|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 |ε|2p−1 −|ε|2
−|ε|4 |ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 |ε|2p−1 −|ε|2
−|ε|4 |ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 |ε|2p−1 −|ε|2
|ε|4 |ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 |ε|2p−1 −|ε|2
|ε|4 |ε|3 1

)
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Mu =

(
|ε|6 |ε|4p−1 |ε|6
|ε|2 |ε|3 −|ε|2
1 −|ε| −1

)
(

|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 −|ε|2p−1 |ε|2
|ε| −|ε|3 −1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 −|ε|2p−1 |ε|2
|ε| −|ε|3 −1

) (
|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 −|ε|2p−1 |ε|2
−|ε| −|ε|3 −1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 −|ε|2p−1 |ε|2
−|ε| −|ε|3 −1

)
(

|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 −|ε|2p−1 |ε|2
|ε| |ε|3 −1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 −|ε|2p−1 |ε|2
|ε| |ε|3 −1

) (
|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 −|ε|2p−1 |ε|2
−|ε| |ε|3 −1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 −|ε|2p−1 |ε|2
−|ε| |ε|3 −1

)
(

|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 −|ε|2p−1 −|ε|2
|ε| −|ε|3 1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 −|ε|2p−1 −|ε|2
|ε| −|ε|3 1

) (
|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 −|ε|2p−1 −|ε|2
−|ε| −|ε|3 1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 −|ε|2p−1 −|ε|2
−|ε| −|ε|3 1

)
(

|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 −|ε|2p−1 −|ε|2
|ε| |ε|3 1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 −|ε|2p−1 −|ε|2
|ε| |ε|3 1

) (
|ε|4p−1 |ε|3p−2 |ε|6
|ε|3 −|ε|2p−1 −|ε|2
−|ε| |ε|3 1

) (
|ε|4p−1 |ε|3p−2 |ε|6
−|ε|3 −|ε|2p−1 −|ε|2
−|ε| |ε|3 1

)
(

|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 −|ε|2p−2 |ε|2
|ε| |ε|6 −1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 −|ε|2p−2 |ε|2
|ε| |ε|6 −1

) (
|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 −|ε|2p−2 |ε|2
−|ε| |ε|6 −1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 −|ε|2p−2 |ε|2
−|ε| |ε|6 −1

)
(

|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 −|ε|2p−2 |ε|2
|ε| −|ε|6 −1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 −|ε|2p−2 |ε|2
|ε| −|ε|6 −1

) (
|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 −|ε|2p−2 |ε|2
−|ε| −|ε|6 −1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 −|ε|2p−2 |ε|2
−|ε| −|ε|6 −1

)
(

|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 −|ε|2p−2 −|ε|2
|ε| |ε|6 1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 −|ε|2p−2 −|ε|2
|ε| |ε|6 1

) (
|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 −|ε|2p−2 −|ε|2
−|ε| |ε|6 1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 −|ε|2p−2 −|ε|2
−|ε| |ε|6 1

)
(

|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 −|ε|2p−2 −|ε|2
|ε| −|ε|6 1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 −|ε|2p−2 −|ε|2
|ε| −|ε|6 1

) (
|ε|4p−1 |ε|3p−3 |ε|6
|ε|3 −|ε|2p−2 −|ε|2
−|ε| −|ε|6 1

) (
|ε|4p−1 |ε|3p−3 |ε|6
−|ε|3 −|ε|2p−2 −|ε|2
−|ε| −|ε|6 1

)
(

|ε|4p−2 |ε|3p−2 |ε|6
|ε|3p−1 −|ε|2p−1 |ε|2
−|ε|4 −|ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|3p−1 −|ε|2p−1 |ε|2
|ε|4 −|ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|3p−1 −|ε|2p−1 |ε|2
−|ε|4 |ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|3p−1 −|ε|2p−1 |ε|2
|ε|4 |ε|3 −1

)
(

|ε|4p−2 |ε|3p−2 |ε|6
|ε|3p−1 −|ε|2p−1 −|ε|2
−|ε|4 −|ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|3p−1 −|ε|2p−1 −|ε|2
|ε|4 −|ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|3p−1 −|ε|2p−1 −|ε|2
−|ε|4 |ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|3p−1 −|ε|2p−1 −|ε|2
|ε|4 |ε|3 1

)
(

|ε|4p−2 |ε|3p−3 |ε|6
|ε|3p−1 −|ε|2p−2 |ε|2
−|ε|4 |ε|6 −1

) (
|ε|4p−2 |ε|3p−3 |ε|6
|ε|3p−1 −|ε|2p−2 |ε|2
|ε|4 |ε|6 −1

) (
|ε|4p−2 |ε|3p−3 |ε|6
|ε|3p−1 −|ε|2p−2 |ε|2
−|ε|4 −|ε|6 −1

) (
|ε|4p−2 |ε|3p−3 |ε|6
|ε|3p−1 −|ε|2p−2 |ε|2
|ε|4 −|ε|6 −1

)
(

|ε|4p−2 |ε|3p−3 |ε|6
|ε|3p−1 −|ε|2p−2 −|ε|2
−|ε|4 |ε|6 1

) (
|ε|4p−2 |ε|3p−3 |ε|6
|ε|3p−1 −|ε|2p−2 −|ε|2
|ε|4 |ε|6 1

) (
|ε|4p−2 |ε|3p−3 |ε|6
|ε|3p−1 −|ε|2p−2 −|ε|2
−|ε|4 −|ε|6 1

) (
|ε|4p−2 |ε|3p−3 |ε|6
|ε|3p−1 −|ε|2p−2 −|ε|2
|ε|4 −|ε|6 1

)
(

|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 −|ε|2p−1 |ε|2
−|ε|4 −|ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 −|ε|2p−1 |ε|2
−|ε|4 −|ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 −|ε|2p−1 |ε|2
|ε|4 −|ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 −|ε|2p−1 |ε|2
|ε|4 −|ε|3 −1

)
(

|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 −|ε|2p−1 |ε|2
−|ε|4 |ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 −|ε|2p−1 |ε|2
−|ε|4 |ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 −|ε|2p−1 |ε|2
|ε|4 |ε|3 −1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 −|ε|2p−1 |ε|2
|ε|4 |ε|3 −1

)
(

|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 −|ε|2p−1 −|ε|2
−|ε|4 −|ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 −|ε|2p−1 −|ε|2
−|ε|4 −|ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 −|ε|2p−1 −|ε|2
|ε|4 −|ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 −|ε|2p−1 −|ε|2
|ε|4 −|ε|3 1

)
(

|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 −|ε|2p−1 −|ε|2
−|ε|4 |ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 −|ε|2p−1 −|ε|2
−|ε|4 |ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
−|ε|6 −|ε|2p−1 −|ε|2
|ε|4 |ε|3 1

) (
|ε|4p−2 |ε|3p−2 |ε|6
|ε|6 −|ε|2p−1 −|ε|2
|ε|4 |ε|3 1

)



200APPENDIX F. MASSMATRIX STRUCTURES OF THE FAVORABLEMODELS IN TABLES 3.9 AND 3.10



Appendix G

Group theory and modular forms of Γ6

G.1 Group theoretical aspects

Here, we review the group theoretical aspects of Γ6. Γ6 group is generated by two generators,

S and T -transformations which satisfy the following algebraic relations:

S2 = (ST )3 = T 6 = ST 2ST 3ST 4ST 3 = I. (G.1)

In Γ6 group, there are 12 irreducible representations, six singlets 10
0, 1

0
1, 1

0
2, 1

1
0, 1

1
1 and 11

2, three

doublets 20, 21 and 22, two triplets 30 and 31 and one 6D representation 6. Each irreducible

representation is given by

1rk : S = (−1)r, T = (−1)rωk,

2k : S =
1

2

(
−1

√
3√

3 1

)
, T = ωk

(
1 0

0 −1

)
,

3r : (−1)ra3, (−1)rb3,

6 :
1

2

(
−a3

√
3a3√

3a3 a3

)
, T =

(
b3 0

0 −b3

)
,

(G.2)

where r = 0, 1, k = 0, 1, 2 and

a3 =
1

3

−1 2 2

2 −1 2

2 2 −1

 , b3 =

1 0 0

0 ω 0

0 0 ω2

 . (G.3)

In this basis, the Kronecker products between irreducible representations are:

1ri ⊗ 1sj = 1tm, 1ri ⊗ 2j = 2m, 1ri ⊗ 3s = 3t, 1ri ⊗ 6 = 6, (G.4)

2i ⊗ 2j = 10
m ⊕ 11

m ⊕ 2m, 2i ⊗ 3r = 6, 2i ⊗ 6 = 30 ⊕ 31 ⊕ 6, (G.5)

3r ⊗ 3s = 1t0 ⊕ 1t1 ⊕ 1t2 ⊕ 3t1 ⊕ 3t2, 3r ⊗ 6 = 20 ⊕ 21 ⊕ 22 ⊕ 6⊕ 6, (G.6)

6⊗ 6 = 10
0 ⊕ 10

1 ⊕ 10
2 ⊕ 11

0 ⊕ 11
1 ⊕ 11

2 ⊕ 20 ⊕ 21 ⊕ 22 ⊕ 30 ⊕ 30 ⊕ 31 ⊕ 31 ⊕ 6⊕ 6, (G.7)

201



202 APPENDIX G. GROUP THEORY AND MODULAR FORMS OF Γ6

where i, j = 0, 1, 2, r, s = 0, 1, m = i + j (mod 3) and t = r + s (mod 2). In the following, we

show the Clebsch-Gordon (CG) coefficients of these products,

(α1)1r
i
⊗
(
β1
β2

)
2j

= α1P
r
2

(
β1
β2

)
2m

, (α1)1r
i
⊗

β1β2
β3


3s

= α1P
i
3

β1β2
β3


3t

,

(α1)1r
i
⊗



β1
β2
β3
β4
β5
β6


6

= α1P6(r, i)



β1
β2
β3
β4
β5
β6


6

,

(
α1

α2

)
2i

⊗
(
β1
β2

)
2j

=
1√
2
(α1β1 + α2β2)10

m
⊕ 1√

2
(α1β2 − α2β1)11

m
⊕ 1√

2

(
α1β1 − α2β2
−α1β2 − α2β1

)
2m

,

(
α1

α2

)
2i

⊗

β1β2
β3


3r

= P6(r, i)



α1β1
α1β2
α1β3
α2β1
α2β2
α2β3


6

,

(
α1

α2

)
2i

⊗



β1
β2
β3
β4
β5
β6


6

=
P i
3√
2

α1β1 + α2β4
α1β2 + α2β5
α1β3 + α2β6


30

⊕ P i
3√
2

α1β4 − α2β1
α1β5 − α2β2
α1β6 − α2β3


31

⊕ P6(0, i)√
2



α1β1 − α2β4
α1β2 − α2β5
α1β3 − α2β6
−α1β4 − α2β1
−α1β5 − α2β2
−α1β6 − α2β3


6

,
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α1

α2

α3


3r

⊗

β1β2
β3


3s

=
1√
3
(α1β1 + α2β3 + α3β2)1t

0
⊕ 1√

3
(α1β2 + α2β1 + α3β3)1t

1

⊕ 1√
3
(α1β3 + α2β2 + α3β1)1t

2
⊕ 1√

3

 2α1β1 − α2β3 − α3β2
−α1β2 − α2β1 + 2α3β3
−α1β3 + 2α2β2 − α3β1


3t
1

⊕ 1√
2

−α2β3 + α3β2
−α1β2 + α2β1
α1β3 − α3β1


3t
2

,

α1

α2

α3


3r

⊗



β1
β2
β3
β4
β5
β6


6

=
P r
2√
3

(
α1β1 + α2β3 + α3β2
α1β4 + α2β6 + α3β5

)
20

⊕ P r
2√
3

(
α1β2 + α2β1 + α3β3
α1β5 + α2β4 + α3β6

)
21

⊕ P r
2√
3

(
α1β3 + α2β2 + α3β1
α1β6 + α2β5 + α3β4

)
22

⊕ P6(r, 0)√
2



α1β1 − α3β2
−α2β1 + α3β3
−α1β3 + α2β2
α1β4 − α3β5
−α2β4 + α3β6
−α1β6 + α2β5


6

⊕ P6(r, 0)√
2



α2β3 − α3β2
α1β2 − α2β1
−α1β3 + α3β1
α2β6 − α3β5
α1β5 − α2β4
−α1β6 + α3β4


6

,
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

α1

α2

α3

α4

α5

α6


6

⊗



β1
β2
β3
β4
β5
β6


6

=

1√
6
(α1β1 + α2β3 + α3β2 + α4β4 + α5β6 + α6β5)10

0

⊕ 1√
6
(α1β2 + α2β1 + α3β3 + α4β5 + α5β4 + α6β6)10

1

⊕ 1√
6
(α1β3 + α2β2 + α3β1 + α4β6 + α5β5 + α6β4)10

2

⊕ 1√
6
(α1β4 + α2β6 + α3β5 − α4β1 − α5β3 − α6β2)11

0

⊕ 1√
6
(α1β5 + α2β4 + α3β6 − α4β2 − α5β1 − α6β3)11

1

⊕ 1√
6
(α1β6 + α2β5 + α3β4 − α4β3 − α5β2 − α6β1)11

2

⊕ 1√
6

(
α1β1 + α2β3 + α3β2 − α4β4 − α5β6 − α6β5

−(α1β4 + α2β6 + α3β5 + α4β1 + α5β3 + α6β2)

)
20

⊕ 1√
6

(
α1β2 + α2β1 + α3β3 − α4β5 − α5β4 − α6β6

−(α1β5 + α2β4 + α3β6 + α4β2 + α5β1 + α6β3)

)
21

⊕ 1√
6

(
α1β3 + α2β2 + α3β1 − α4β6 − α5β5 − α6β4

−(α1β6 + α2β5 + α3β4 + α4β3 + α5β2 + α6β1)

)
22

⊕ 1
2
√
3

2α1β1 − α2β3 − α3β2 + 2α4β4 − α5β6 − α6β5
2α3β3 − α1β2 − α2β1 + 2α6β6 − α4β5 − α5β4
2α2β2 − α1β3 − α3β1 + 2α5β5 − α4β6 − α6β4


30

⊕ 1
2

 α2β3 − α3β2 + α5β6 − α6β5
α1β2 − α2β1 + α4β5 − α5β4
−α1β3 + α3β1 − α4β6 + α6β4


30

⊕ 1
2

 α2β6 − α3β5 − α5β3 + α6β2
α1β5 − α2β4 − α4β2 + α5β1
−α1β6 + α3β4 + α4β3 − α6β1


31

⊕ 1
2
√
3

 2α1β4 − α2β6 − α3β5 − 2α4β1 + α5β3 + α6β2
−α1β5 − α2β4 + 2α3β6 + α4β2 + α5β1 − 2α6β3
−α1β6 + 2α2β5 − α3β4 + α4β3 − 2α5β2 + α6β1


31

⊕ 1
2
√
3



2α1β1 − α2β3 − α3β2 − 2α4β4 + α5β6 + α6β5
−α1β2 − α2β1 + 2α3β3 + α4β5 + α5β4 − 2α6β6
−α1β3 + 2α2β2 − α3β1 + α4β6 − 2α5β5 + α6β4
−2α1β4 + α2β6 + α3β5 − 2α4β1 + α5β3 + α6β2
α1β5 + α2β4 − 2α3β6 + α4β2 + α5β1 − 2α6β3
α1β6 − 2α2β5 + α3β4 + α4β3 − 2α5β2 + α6β1


6

⊕ 1
2



α2β3 − α3β2 − α5β6 + α6β5
α1β2 − α2β1 − α4β5 + α5β4
−α1β3 + α3β1 + α4β6 − α6β4
−α2β6 + α3β5 − α5β3 + α6β2
−α1β5 + α2β4 − α4β2 + α5β1
α1β6 − α3β4 + α4β3 − α6β1


6

,
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where we have used the notations,

P2 =

(
0 1

−1 0

)
, P3 =

0 0 1

1 0 0

0 1 0

 , P6(r, i) =

(
03 13

−13 03

)r (
P3 03

03 P3

)i
. (G.8)

Further details can be found in Ref. [35].

G.2 Modular forms

Here we review the modular forms of Γ6. The modular forms of level 6 of even weights can be

constructed from the products of the Dedekind eta function [35],

η(τ) = q1/24
∞∏
n=1

(1− qn), q = e2πiτ . (G.9)

Using η, we introduce following functions,

Y1(τ) = 3
η3(3τ)

η(τ)
+
η3(τ/3)

η(τ)
, (G.10)

Y2(τ) = 3
√
2
η3(3τ)

η(τ)
, (G.11)

Y3(τ) = 3
√
2
η3(6τ)

η(2τ)
, (G.12)

Y4(τ) = −3
η3(6τ)

η(2τ)
− η3(2τ/3)

η(2τ)
, (G.13)

Y5(τ) =
√
6
η3(6τ)

η(2τ)
−

√
6
η3(3τ/2)

η(τ/2)
, (G.14)

Y6(τ) = −
√
3
η3(6τ)

η(2τ)
+

1√
3

η3(τ/6)

η(τ/2)
− 1√

3

η3(2τ/3)

η(2τ)
+
√
3
η3(3τ/2)

η(τ/2)
. (G.15)

Then we can find four linearly independent modular forms of weight 2:

Y
(2)

30 (τ) =

 −Y 2
1√

2Y1Y2
Y 2
2

 , Y
(2)

11
2
(τ) = Y3Y6 − Y4Y5, Y

(2)
20

(τ) =
1√
2

(
Y1Y4 − Y2Y3
Y1Y6 − Y2Y5

)
, (G.16)

Y
(2)
6 (τ) =

1√
2



Y1Y4 + Y2Y3√
2Y2Y4

−
√
2Y1Y3

Y1Y6 + Y2Y5√
2Y2Y6

−
√
2Y1Y5


, (G.17)
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Taking tensor products of these modular forms, higher weight modular forms can be con-

structed. The modular forms of weight 4 are:

Y
(4)

10
0
(τ) =

(
Y

(2)
20
Y

(2)
20

)
10
0

, Y
(4)

10
1
(τ) =

(
Y

(2)

11
2
Y

(2)

11
2

)
10
1

, Y
(4)
20

(τ) =
(
Y

(2)
20
Y

(2)
20

)
20

, (G.18)

Y
(4)
22

(τ) =
(
Y

(2)

11
2
Y

(2)
20

)
22

, Y
(4)

30 (τ) =
(
Y

(2)
20
Y

(2)
6

)
30
, Y

(4)

31 (τ) =
(
Y

(2)

11
2
Y

(2)

30

)
31
, (G.19)

Y
(4)
6i (τ) =

(
Y

(2)

11
2
Y

(2)
6

)
6
, Y

(4)
6ii (τ) =

(
Y

(2)
20
Y

(2)

30

)
6
, (G.20)

where Y
(4)
6i and Y

(4)
6ii denote two linearly independent 6D modular forms of weight 4. In what

follows we use the same convention for other modular forms. In the same way, we can construct

the modular forms of weight 6 as

Y
(6)

10
0
(τ) =

(
Y

(2)
20
Y

(4)
20

)
10
0

, Y
(6)

11
0
(τ) =

(
Y

(2)

11
2
Y

(4)

10
1

)
11
0

, Y
(6)

11
2
(τ) =

(
Y

(2)

11
2
Y

(4)

10
0

)
11
2

, (G.21)

Y
(6)
20

(τ) =
(
Y

(2)
20
Y

(4)

10
0

)
20

, Y
(6)
21

(τ) =
(
Y

(2)
20
Y

(4)

10
1

)
21

, Y
(6)
22

(τ) =
(
Y

(2)

11
2
Y

(4)
20

)
22

, (G.22)

Y
(6)

30i (τ) =
(
Y

(2)

30 Y
(4)

10
1

)
30
, Y

(6)

30ii(τ) =
(
Y

(2)

30 Y
(4)

10
0

)
30
, Y

(6)

31 (τ) =
(
Y

(2)

11
2
Y

(4)

30

)
31
, (G.23)

Y
(6)
6i (τ) =

(
Y

(2)
20
Y

(4)

31

)
6
, Y

(6)
6ii (τ) =

(
Y

(2)
6 Y

(4)

10
0

)
6
, Y

(6)
6iii(τ) =

(
Y

(2)

30 Y
(4)
20

)
6
. (G.24)

In Table G.1 we summarize the modular forms of level 6 of even weights up to 6.

Weights Modular forms Y
(kY )
r

kY = 2 Y
(2)

11
2
, Y

(2)
20

, Y
(2)

30 , Y
(2)
6

kY = 4 Y
(4)

10
0
, Y

(4)

10
1
, Y

(4)
20

, Y
(4)
22

, Y
(4)

30 , Y
(4)

31 , Y
(4)
6i , Y

(4)
6ii

kY = 6 Y
(6)

10
0
, Y

(6)

11
0
, Y

(6)

11
2
, Y

(6)
20

, Y
(6)
21

, Y
(6)
22

, Y
(6)

30i , Y
(6)

30ii, Y
(6)

31 , Y
(6)
6i , Y

(6)
6ii , Y

(6)
6iii

Table G.1: The modular forms of level 6 of even weights up to 6.

Furthermore we construct the singlet modular forms of weights 8, 10, 12 and 14 which we

have used in Section 3.3. The singlet modular forms of weight 8 are given by

Y
(8)

10
0

=
(
Y

(4)

10
0
Y

(4)

10
0

)
10
0

, Y
(8)

10
1

=
(
Y

(4)

10
0
Y

(4)

10
1

)
10
1

, Y
(8)

10
2

=
(
Y

(4)

10
1
Y

(4)

10
1

)
10
2

, Y
(8)

11
2

=
(
Y

(4)
20
Y

(4)
22

)
11
2

.

(G.25)

The singlet modular forms of weight 10 are given by

Y
(10)

10
0

=
(
Y

(4)

10
0
Y

(6)

10
0

)
10
0

, Y
(10)

10
1

=
(
Y

(4)

10
1
Y

(6)

10
0

)
10
1

, Y
(10)

11
0

=
(
Y

(4)

10
0
Y

(6)

11
0

)
11
0

, (G.26)

Y
(10)

11
1

=
(
Y

(4)

10
1
Y

(6)

11
0

)
11
1

, Y
(10)

11
2

=
(
Y

(4)

10
0
Y

(6)

11
2

)
11
2

. (G.27)
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The singlet modular forms of weight 12 are given by

Y
(12)

10
0i

=
(
Y

(6)

10
0
Y

(6)

10
0

)
10
0

, Y
(12)

10
0ii

=
(
Y

(6)

11
0
Y

(6)

11
0

)
10
0

, Y
(12)

10
1

=
(
Y

(6)

11
2
Y

(6)

11
2

)
10
1

, (G.28)

Y
(12)

10
2

=
(
Y

(6)

11
0
Y

(6)

11
2

)
10
2

, Y
(12)

11
0

=
(
Y

(6)

10
0
Y

(6)

11
0

)
11
0

, Y
(12)

11
2

=
(
Y

(6)

10
0
Y

(6)

11
2

)
11
2

. (G.29)

The singlet modular forms of weight 14 are given by

Y
(14)

10
0

=
(
Y

(6)

10
0
Y

(8)

10
0

)
10
0

, Y
(14)

10
1

=
(
Y

(6)

10
0
Y

(8)

10
1

)
10
1

, Y
(14)

10
2

=
(
Y

(6)

10
0
Y

(8)

10
2

)
10
2

, (G.30)

Y
(14)

11
0

=
(
Y

(6)

11
0
Y

(8)

10
0

)
11
0

, Y
(14)

11
1

=
(
Y

(6)

11
0
Y

(8)

10
1

)
11
1

, Y
(14)

11
2i

=
(
Y

(6)

11
2
Y

(8)

10
0

)
11
2

, (G.31)

Y
(14)

11
2ii

=
(
Y

(6)

11
0
Y

(8)

10
2

)
11
2

. (G.32)

Table G.2 summarizes the singlet modular forms of weights 8, 10, 12 and 14.

Weights Modular forms Y
(kY )
r

kY = 8 Y
(8)

10
0
, Y

(8)

10
1
, Y

(8)

10
2
, Y

(8)

11
2

kY = 10 Y
(10)

10
0

, Y
(10)

10
1

, Y
(10)

11
0

, Y
(10)

11
1

, Y
(10)

11
2

kY = 12 Y
(12)

10
0i

, Y
(12)

10
0ii

, Y
(12)

10
1

, Y
(12)

10
2

, Y
(12)

11
0

, Y
(12)

11
2

kY = 14 Y
(14)

10
0

, Y
(14)

10
1

, Y
(14)

10
2

, Y
(14)

11
0

, Y
(14)

11
1

, Y
(14)

11
2i

, Y
(14)

11
2ii

Table G.2: The singlet modular forms of level 6 of weights 8, 10, 12 and 14.
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Appendix H

Group theory and modular forms of A4

H.1 Group theoretical aspects

Here, we review the group theoretical aspects of A4. A4 group is generated by two generators,

S and T -transformations which satisfy the following algebraic relations:

S2 = (ST )3 = T 3 = I. (H.1)

In A4 group, there are four irreducible representations, three singlets 1, 1′ and 1′′ and one

triplet 3. Each irreducible representation is given by

1 ρ(S) = 1, ρ(T ) = 1, (H.2)

1′ ρ(S) = 1, ρ(T ) = ω, (H.3)

1′′ ρ(S) = 1, ρ(T ) = ω2, (H.4)

3 ρ(S) =
1

3

−1 2 2

2 −1 2

2 2 −1

 , ρ(T ) =

1 0 0

0 ω 0

0 0 ω2

 . (H.5)

The Kronecker products between irreducible representations and the CG coefficients are shown

in Table H.1.
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The Kronecker products the CG coefficients

1′′ ⊗ 1′′ = 1′

a1b11′ ⊗ 1′ = 1′′ (a1b1)

1′′ ⊗ 1′ = 1

1′′ ⊗ 3 = 3 (a1bi)
(
a1b3

a1b1

a1b2

)
1′ ⊗ 3 = 3 (a1bi)

(
a1b2

a1b3

a1b1

)

3⊗ 3 = 1⊕ 1′′ ⊕ 1′ ⊕ 3⊕ 3

(a1b1+a2b3+a3b2)

⊕ (a1b2+a2b1+a3b3)

⊕ (a1b3+a2b2+a3b1)

(aibj) ⊕1
3

(
2a1b1−a2b3−a3b2
−a1b2−a2b1+2a3b3

−a1b3+2a2b2−a3b1

)
⊕1

2

(
a2b3−a3b2
a1b2−a2b1
−a1b3+a3b1

)

Table H.1: The Kronecker products between irreducible representations of A4 and the CG

coefficients.

H.2 Modular forms

Here we review the modular forms of Γ3 ≃ A4. The modular forms of level 3 of even weights

can be constructed from the products of the Dedekind eta function η(τ) and its derivative,

η(τ) = q1/24
∞∏
n=1

(1− qn), q = e2πiτ , (H.6)

η′(τ) ≡ d

dτ
η(τ). (H.7)

Using η and η′, the modular forms of weight 2 belonging to A4 triplet 3 can be obtained as [12]

Y
(2)
3 (τ) =

Y1Y2
Y3

 , (H.8)

where

Y1(τ) =
i

2π

(
η′(τ/3)

η(τ/3)
+
η′((τ + 1)/3)

η((τ + 1)/3)
+
η′((τ + 2)/3)

η((τ + 2)/3)
− 27η′(3τ)

η(3τ)

)
, (H.9)

Y2(τ) =
−i
π

(
η′(τ/3)

η(τ/3)
+ ω2η

′((τ + 1)/3)

η((τ + 1)/3)
+ ω

η′((τ + 2)/3)

η((τ + 2)/3)

)
, (H.10)

Y3(τ) =
−i
π

(
η′(τ/3)

η(τ/3)
+ ω

η′((τ + 1)/3)

η((τ + 1)/3)
+ ω2η

′((τ + 2)/3)

η((τ + 2)/3)

)
. (H.11)
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Taking the products of these modular forms, higher weight modular forms can be constructed.

The modular forms of weight 4 are:

Y
(4)
1 (τ) = Y 2

1 + 2Y2Y3, Y
(4)
1′ (τ) = Y 2

3 + 2Y1Y2,

Y
(4)
3 (τ) =

Y 2
1 − Y2Y3
Y 2
3 − Y1Y2
Y 2
2 − Y1Y3

 . (H.12)

In the same way, we can construct the modular forms of weight 6 as

Y
(6)
1 (τ) = Y 3

1 + Y 3
2 + Y 3

3 − 3Y1Y2Y3,

Y
(6)
3 (τ) = (Y 2

1 + 2Y2Y3)

Y1Y2
Y3

 , Y
(6)
3′ (τ) = (Y 2

3 + 2Y1Y2)

Y3Y1
Y2

 . (H.13)

The modular forms of weight 8 are given by

Y
(8)
1 (τ) = (Y 2

1 + 2Y2Y3)
2, Y

(8)
1′ (τ) = (Y 2

1 + 2Y2Y3)(Y
2
3 + 2Y1Y2), Y

(8)
1′′ (τ) = (Y 2

3 + 2Y1Y2)
2,

Y
(8)
3 (τ) = (Y 2

1 + 2Y2Y3)

Y 2
1 − Y2Y3
Y 2
3 − Y1Y2
Y 2
2 − Y1Y3

 , Y
(8)
3′ (τ) = (Y 2

3 + 2Y1Y2)

Y 2
2 − Y1Y3
Y 2
1 − Y2Y3
Y 2
3 − Y1Y2

 . (H.14)
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Appendix I

Group theory and Siegel modular

forms of ∆̃(96)

I.1 Group theoretical aspects

Here, we review the group theoretical aspects of ∆̃(96). ∆̃(96) group is generated by two

generators, S and T -transformations which satisfy the following algebraic relations:

S2 = −iI, (ST )3 = I, T 8 = (S−1T−1ST )3 = I, S2T = TS2. (I.1)

In Ref. [24], it was shown that these algebraic relations correspond to ∆̃(96). In ∆̃(96) group,

there are 40 irreducible representations as shown in Table I.1.

Dimensions 1 2 3 6 Total

Number of irr. reps. 8 4 24 4 40

Table I.1: Number of irreducible representations of ∆̃(96).

Each irreducible representation is shown in Table I.2.

213



214 APPENDIX I. GROUP THEORY AND SIEGEL MODULAR FORMS OF ∆̃(96)

r ρ(S) ρ(T )

1q
(q = 0, 1, ..., 7)

e−
qπi
4 e

qπi
4

2q
(q = 0, 1, 2, 3)

e−
qπi
4

(
−1

2

√
3
2√

3
2

1
2

)
e

qπi
4

(
1 0

0 −1

)
3q

(q = 0, 1, ..., 7)
e−

qπi
4

 0 1√
2

1√
2

1√
2

−1
2

1
2

1√
2

1
2

−1
2

 e
qπi
4

1 0 0

0 1i 0

0 0 −1i


3′
q

(q = 0, 1, ..., 7)
e−

qπi
4

 0 1√
2
i 1√

2
i

1√
2
i 1

2
i −1

2
i

1√
2
i −1

2
i 1

2
i

 e
qπi
4

1 0 0

0 e
πi
4 0

0 0 e
5πi
4


3̂q

(q = 0, 1, ..., 7)
e−

qπi
4

 0 1√
2
i 1√

2
i

1√
2
i −1

2
i 1

2
i

1√
2
i 1

2
i −1

2
i

 e
qπi
4

1 0 0

0 e
3πi
4 0

0 0 e
7πi
4



6q
(q = 0, 1, 2, 3)

e−
qπi
4



0 1
2

1
2

0 1
2

1
2

1
2

0 −1
2

1
2

0 1
2

1
2

−1
2

0 −1
2

1
2

0

0 1
2

−1
2

0 1
2

−1
2

1
2

0 1
2

1
2

0 −1
2

1
2

1
2

0 −1
2

−1
2

0


e

qπi
4



1 0 0 0 0 0

0 e
πi
4 0 0 0 0

0 0 e
3πi
4 0 0 0

0 0 0 −1 0 0

0 0 0 0 e
5πi
4 0

0 0 0 0 0 e
7πi
4


Table I.2: Irreducible representations of ∆̃(96). Number of irreducible representations is 40.

The Kronecker products between irreducible representations and the CG coefficients are

shown in Table I.3. We have used the following notations,

P2 =

(
0 −1

1 0

)
, P6 =



0 0 0 1 0 0

0 0 0 0 −1 0

0 0 0 0 0 1

1 0 0 0 0 0

0 −1 0 0 0 0

0 0 1 0 0 0


. (I.2)

We also use a notation int(x) to express a integral part of real number x.

Table I.3: The Kronecker products between irreducible rep-

resentations of ∆̃(96) and the CG coefficients.

1p ⊕ 1q = 1r
α1β1
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2p ⊗ 1q = 2r

P
int( r

4
)

2

(
α1β1

α2β1

)
3p ⊗ 1q = 3r
3′p ⊗ 1q = 3′r
3̂p ⊗ 1q = 3̂rα1β1

α2β1

α3β1


6p ⊗ 1q = 6r

P
int( r

4
)

6



α1β1

α2β1

α3β1

α4β1

α5β1

α6β1


2p ⊗ 2q = 1r ⊕ 1r+4 ⊕ 2r

1√
2
(α1β1 + α2β2)⊕ 1√

2
(α1β2 − α2β1)⊕ P

int( r
4
)

2
1√
2

(
α1β1 − α2β2

−α1β2 − α2β1

)
3p ⊗ 2q = 3r ⊕ 3r+4

3̂p ⊗ 2q = 3̂r ⊕ 3̂r+4

3′p ⊗ 2q = 3′r ⊕ 3′r+4 α1β1

−1
2α

2β1 +
√
3
2 α3β2

√
3
2 α2β2 − 1

2α
3β1

⊕

 α1β2

−1
2α

2β2 −
√
3
2 α3β1

−
√
3
2 α2β1 − 1

2α
3β2


6p ⊗ 2q = 6r ⊕ 6r

P
int( r

4
)

6



α1β1

−1
2α

2β1 +
√
3
2 α5β2

−1
2α

3β1 +
√
3
2 α6β2

α4β1
√
3
2 α2β2 − 1

2α
5β1

√
3
2 α3β2 − 1

2α
6β1


⊕ P

int( r
4
)

6



α4β2
√
3
2 α2β1 + 1

2α
5β2

−
√
3
2 α3β1 − 1

2α
6β2

α1β2

1
2α

2β2 +
√
3
2 α5β1

−1
2α

3β2 −
√
3
2 α6β1


3p ⊗ 3q = 1r ⊕ 2r ⊕ 3r ⊕ 3r+4( √

3
3 α1β1 +

√
3
3 α2β3 +

√
3
3 α3β2

)
⊕ P

int( r
4
)

2

( √
6
3 α1β1 −

√
6
6 α2β3 −

√
6
6 α3β2

1√
2
α2β2 + 1√

2
α3β3

)

⊕


1√
2
α2β3 − 1√

2
α3β2

1√
2
α1β2 − 1√

2
α2β1

− 1√
2
α1β3 + 1√

2
α3β1

⊕


1√
2
α2β2 − 1√

2
α3β3

− 1√
2
α1β3 − 1√

2
α3β1

1√
2
α1β2 + 1√

2
α2β1


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3′p ⊗ 3′q = 3r ⊕ 3̂r+2 ⊕ 3̂r+6 α1β1

− 1√
2
α2β2 − 1√

2
α3β3

− 1√
2
α2β3 − 1√

2
α3β2

⊕


1√
2
α2β2 − 1√

2
α3β3

1√
2
α1β3 + 1√

2
α3β1

− 1√
2
α1β2 − 1√

2
α2β1

⊕


1√
2
α2β3 − 1√

2
α3β2

− 1√
2
α1β2 + 1√

2
α2β1

1√
2
α1β3 − 1√

2
α3β1


3̂p ⊗ 3̂q = 3r ⊕ 3′r+2 ⊕ 3′r+6 α1β1

− 1√
2
α2β3 − 1√

2
α3β2

− 1√
2
α2β2 − 1√

2
α3β3

⊕


1√
2
α2β3 − 1√

2
α3β2

− 1√
2
α1β2 + 1√

2
α2β1

1√
2
α1β3 − 1√

2
α3β1

⊕


1√
2
α2β2 − 1√

2
α3β3

1√
2
α1β3 + 1√

2
α3β1

− 1√
2
α1β2 − 1√

2
α2β1


3′p ⊗ 3̂q = 1r ⊕ 2r ⊕ 6r( √

3
3 α1β1 −

√
3
3 α2β3 −

√
3
3 α3β2

)
⊕ P

int( r
4
)

2

( √
6
3 α1β1 +

√
6
6 α2β3 +

√
6
6 α3β2

− 1√
2
α2β2 − 1√

2
α3β3

)

⊕P
int( r

4
)

6



1√
2
α2β3 − 1√

2
α3β2

−α2β1

−α1β2

1√
2
α2β2 − 1√

2
α3β3

α3β1

α1β3


3′p ⊗ 3q = 3̂r ⊕ 6r+2

 α1β1

1√
2
α2β2 + 1√

2
α3β3

1√
2
α2β3 + 1√

2
α3β2

⊕ P
int( r+2

4
)

6



α1β2

1√
2
α2β2 − 1√

2
α3β3

−α3β1

−α1β3

− 1√
2
α2β3 + 1√

2
α3β2

−α2β1


3p ⊗ 3̂q = 3′r ⊕ 6r+2

 α1β1

1√
2
α2β3 + 1√

2
α3β2

1√
2
α2β2 + 1√

2
α3β3

⊕ P
int( r+2

4
)

6



α2β1

−α1β2

1√
2
α2β2 − 1√

2
α3β3

α3β1

−α1β3

1√
2
α2β3 − 1√

2
α3β2


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6p ⊗ 3q = 3′r+2 ⊕ 3′r+6 ⊕ 3̂r+2 ⊕ 3̂r+6 ⊕ 6r
1√
2
α1β2 − 1√

2
α4β3

−1
2α

2β2 + 1√
2
α3β1 + 1

2α
5β3

1√
2
α2β3 − 1

2α
5β2 + 1

2α
6β1

⊕


1√
2
α1β3 − 1√

2
α4β2

1√
2
α2β3 − 1

2α
5β2 − 1

2α
6β1

−1
2α

2β2 − 1√
2
α3β1 + 1

2α
5β3


⊕


1√
2
α1β2 + 1√

2
α4β3

−1
2α

3β2 + 1√
2
α5β1 + 1

2α
6β3

1
2α

2β1 + 1
2α

3β3 − 1√
2
α6β2

⊕


1√
2
α1β3 + 1√

2
α4β2

−1
2α

2β1 + 1
2α

3β3 − 1√
2
α6β2

−1
2α

3β2 − 1√
2
α5β1 + 1

2α
6β3



⊕P
int( r

4
)

6



α1β1

1√
2
α3β3 + 1√

2
α6β2

1√
2
α2β2 + 1√

2
α5β3

−α4β1

1√
2
α3β2 + 1√

2
α6β3

1√
2
α2β3 + 1√

2
α5β2


6p ⊗ 3′q = 3r+2 ⊕ 3r+6 ⊕ 3′r ⊕ 3′r+4 ⊕ 6r+2

1√
2
α2β2 + 1√

2
α5β3

1
2α

3β2 − 1√
2
α4β1 + 1

2α
6β3

−1
2α

1β1 − 1
2α

3β3 − 1√
2
α6β2

⊕


1√
2
α2β3 + 1√

2
α5β2

1
2α

1β1 − 1
2α

3β3 − 1√
2
α6β2

1
2α

3β2 + 1√
2
α4β1 + 1

2α
6β3


⊕


1√
2
α3β3 − 1√

2
α6β2

−1
2α

1β2 − 1√
2
α2β1 − 1

2α
4β3

1√
2
α1β3 + 1

2α
4β2 + 1

2α
5β1

⊕


1√
2
α3β2 − 1√

2
α6β3

1
2α

1β3 + 1
2α

4β2 − 1√
2
α5β1

−1
2α

1β2 + 1√
2
α2β1 − 1

2α
4β3



⊕P
int( r+2

4
)

6



1√
2
α2β2 − 1√

2
α5β3

α3β1

1√
2
α1β3 − 1√

2
α4β2

1√
2
α2β3 − 1√

2
α5β2

−α6β1

− 1√
2
α1β2 + 1√

2
α4β3





218 APPENDIX I. GROUP THEORY AND SIEGEL MODULAR FORMS OF ∆̃(96)

6p ⊗ 3̂q = 3r+2 ⊕ 3r+6 ⊕ 3̂r ⊕ 3̂r+4 ⊕ 6r+2
1√
2
α3β3 + 1√

2
α6β2

1
2α

2β2 + 1√
2
α4β1 + 1

2α
5β3

− 1√
2
α1β1 − 1

2α
2β3 − 1

2α
5β2

⊕


1√
2
α3β2 + 1√

2
α6β3

1√
2
α1β1 − 1

2α
2β3 − 1

2α
5β2

1
2α

2β2 − 1√
2
α4β1 + 1

2α
5β3


⊕


1√
2
α2β3 − 1√

2
α5β2

1
2α

1β2 − 1√
2
α3β1 − 1

2α
4β3

−1
2α

1β3 + 1
2α

4β2 + 1√
2
α6β1

⊕


1√
2
α2β2 − 1√

2
α5β3

−1
2α

1β3 + 1
2α

4β2 − 1√
2
α6β1

1
2α

1β2 + 1√
2
α3β1 − 1

2α
4β3



⊕P
int( r+2

4
)

6



1√
2
α3β3 − 1√

2
α6β2

− 1√
2
α1β2 − 1√

2
α4β3

−α5β1

− 1√
2
α3β2 + 1√

2
α6β3

1√
2
α1β3 + 1√

2
α4β2

α2β1


6p ⊗ 6q = 1r ⊕ 1r+4 ⊕ 2r ⊕ 2r ⊕ 3r ⊕ 3r+4 ⊕ 3′r+2 ⊕ 3′r+6 ⊕ 3̂r+2 ⊕ 3̂r+6 ⊕ 6r ⊕ 6r( √

6
6 α1β1 +

√
6
6 α2β6 +

√
6
6 α3β5 −

√
6
6 α4β4 +

√
6
6 α5β3 +

√
6
6 α6β2

)
⊕
( √

6
6 α1β4 +

√
6
6 α2β3 −

√
6
6 α3β2 −

√
6
6 α4β1 +

√
6
6 α5β6 −

√
6
6 α6β5

)
⊕P

int( r
4
)

2

(
1
2α

2β6 − 1
2α

3β5 + 1
2α

5β3 − 1
2α

6β2

−
√
3
3 α1β4 +

√
3
6 α2β3 −

√
3
6 α3β2 +

√
3
3 α4β1 +

√
3
6 α5β6 −

√
3
6 α6β5

)

⊕P
int( r

4
)

2

( √
3
3 α1β1 −

√
3
6 α2β6 −

√
3
6 α3β5 −

√
3
3 α4β4 −

√
3
6 α5β3 −

√
3
6 α6β2

1
2α

2β3 + 1
2α

3β2 + 1
2α

5β6 + 1
2α

6β5

)

⊕


1√
2
α1β1 + 1√

2
α4β4

1
2α

2β2 + 1
2α

3β6 + 1
2α

5β5 + 1
2α

6β3

1
2α

2β5 + 1
2α

3β3 + 1
2α

5β2 + 1
2α

6β6

⊕


1√
2
α1β4 + 1√

2
α4β1

−1
2α

2β5 + 1
2α

3β3 − 1
2α

5β2 + 1
2α

6β6

−1
2α

2β2 + 1
2α

3β6 − 1
2α

5β5 + 1
2α

6β3


⊕


1√
2
α2β2 − 1√

2
α5β5

−1
2α

1β3 − 1
2α

3β1 + 1
2α

4β6 + 1
2α

6β4

1
2α

1β6 − 1
2α

3β4 − 1
2α

4β3 + 1
2α

6β1

⊕


1√
2
α2β5 − 1√

2
α5β2

1
2α

1β6 + 1
2α

3β4 − 1
2α

4β3 − 1
2α

6β1

−1
2α

1β3 + 1
2α

3β1 + 1
2α

4β6 − 1
2α

6β4


⊕


1√
2
α3β6 − 1√

2
α6β3

−1
2α

1β5 + 1
2α

2β4 − 1
2α

4β2 + 1
2α

5β1

1
2α

1β2 − 1
2α

2β1 + 1
2α

4β5 − 1
2α

5β4

⊕


1√
2
α3β3 − 1√

2
α6β6

1
2α

1β2 + 1
2α

2β1 + 1
2α

4β5 + 1
2α

5β4

−1
2α

1β5 − 1
2α

2β4 − 1
2α

4β2 − 1
2α

5β1



⊕P
int( r

4
)

6



1√
2
α3β5 − 1√

2
α6β2

− 1√
2
α2β1 + 1√

2
α5β4

1√
2
α1β3 + 1√

2
α4β6

1√
2
α3β2 − 1√

2
α6β5

− 1√
2
α2β4 + 1√

2
α5β1

− 1√
2
α1β6 − 1√

2
α4β3


⊕ P

int( r
4
)

6



1√
2
α2β6 − 1√

2
α5β3

1√
2
α1β2 − 1√

2
α4β5

− 1√
2
α3β1 − 1√

2
α6β4

− 1√
2
α2β3 + 1√

2
α5β6

− 1√
2
α1β5 + 1√

2
α4β2

1√
2
α3β4 + 1√

2
α6β1


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I.2 Siegel modular forms

Here we review the Siegel modular forms of ∆̃(96) up to weight 5. The Siegel modular forms

of weight 1/2 are given by

Y
(1/2)

3′
7

=

ζη
θ

 .

Taking the products of this, the Siegel modular forms of higher weights can be constructed.

The Siegel modular forms of weight 1 are:

Y
(1)
36

=
(
Y

(1/2)

3′
7

Y
(1/2)

3′
7

)
36

=

 ζ2

− 1√
2
θ2 − 1√

2
η2

−
√
2ηθ

,

Y
(1)

3̂0
=
(
Y

(1/2)

3′
7

Y
(1/2)

3′
7

)
3̂0

=

− 1√
2
θ2 + 1√

2
η2√

2ζθ

−
√
2ζη

.

In the same way, we can construct the modular forms of weight 3/2 as

Y
(3/2)
17

=
(
Y

(1)

3̂0
Y

(1/2)

3′
7

)
17

=
(
−

√
6
2
ζθ2 +

√
6
2
ζη2
)
,

Y
(3/2)

3̂5
=
(
Y

(1)
36
Y

(1/2)

3′
7

)
3̂5

=

 ζ3

−3
2
ηθ2 − 1

2
η3

−1
2
θ3 − 3

2
η2θ

,

Y
(3/2)
63

=
(
Y

(1)
36
Y

(1/2)

3′
7

)
63

=



−
√
2ζηθ

−1
2
θ3 + 1

2
η2θ

ζ2η
1√
2
ζθ2 + 1√

2
ζη2

1
2
ηθ2 − 1

2
η3

ζ2θ


.

The Siegel modular forms of weight 2 are:

Y
(2)
14

=
(
Y

(1)
36
Y

(1)
36

)
14

=
(

2
√
3

3
ηθ3 + 2

√
3

3
η3θ + 1√

3
ζ4
)
,

Y
(2)
20

=
(
Y

(1)
36
Y

(1)
36

)
20

=

(
1

2
√
2
θ4 + 3

√
2

2
η2θ2 + 1

2
√
2
η4

2√
6
ηθ3 + 2√

6
η3θ − 2√

6
ζ4

)
,

Y
(2)
30

=
(
Y

(1)
36
Y

(1)
36

)
30

=

 1
2
√
2
θ4 − 1√

2
η2θ2 + 1

2
√
2
η4

2ζ2ηθ

−ζ2θ2 − ζ2η2

,



220 APPENDIX I. GROUP THEORY AND SIEGEL MODULAR FORMS OF ∆̃(96)

Y
(2)

3′
6

=
(
Y

(1)
36
Y

(1)

3̂0

)
3′
6

=

− 1√
2
ζ2θ2 + 1√

2
ζ2η2

− 1√
2
ζηθ2 + 1√

2
ζη3

− 1√
2
ζθ3 + 1√

2
ζη2θ

,

Y
(2)
60

=
(
Y

(1)
36
Y

(1)

3̂0

)
60

=



1
2
θ4 − 1

2
η4

−
√
2ζ3θ

− 1√
2
ζθ3 − 3

√
2

2
ζη2θ

ηθ3 − η3θ√
2ζ3η

3
√
2

2
ζηθ2 + 1√

2
ζη3


.

The Siegel modular forms of weight 5/2 are:

Y
(5/2)
35

=
(
Y

(3/2)

3̂5
Y

(1)

3̂0

)
35

=

− 1√
2
ζ3θ2 + 1√

2
ζ3η2

1
2
ζθ4 − 1

2
ζη4

ζηθ3 − ζη3θ

,

Y
(5/2)

3′
3a

=
(
Y

(3/2)

3̂5
Y

(1)

3̂0

)
3′
3

=

 −2ζηθ3 − 2ζη3θ
1
4
θ5 + 1

2
η2θ3 − 3

4
η4θ − ζ4η

−3
4
ηθ4 + 1

2
η3θ2 + 1

4
η5 − ζ4θ

,

Y
(5/2)

3′
3b

=
(
Y

(3/2)

3̂5
Y

(1)
36

)
3′
3

=

 ζ5

1
4
θ5 + 5

2
η2θ3 + 5

4
η4θ

5
4
ηθ4 + 5

2
η3θ2 + 1

4
η5

,

Y
(5/2)

3′
7

=
(
Y

(3/2)

3̂5
Y

(1)

3̂0

)
3′
7

=

 1
2
ζθ4 + 3ζη2θ2 + 1

2
ζη4

3
4
ηθ4 − 1

2
η3θ2 − 1

4
η5 − ζ4θ

−1
4
θ5 − 1

2
η2θ3 + 3

4
η4θ − ζ4η

,

Y
(5/2)

3̂7
=
(
Y

(3/2)
63

Y
(1)

3̂0

)
3̂7

=

−1
2
ζθ4 + ζη2θ2 − 1

2
ζη4

ζ2θ3 − ζ2η2θ

−ζ2ηθ2 + ζ2η3

,

Y
(5/2)
61

=
(
Y

(3/2)
63

Y
(1)
36

)
61

=



−
√
2ζ3ηθ

−1
2
ζ2θ3 − 3

2
ζ2η2θ

1
4
θ5 − 1

2
η2θ3 + 1

4
η4θ

− 1√
2
ζ3θ2 − 1√

2
ζ3η2

−3
2
ζ2ηθ2 − 1

2
ζ2η3

1
4
ηθ4 − 1

2
η3θ2 + 1

4
η5


.

The Siegel modular forms of weight 3 are:

Y
(3)
16

=
(
Y

(3/2)
17

Y
(3/2)
17

)
16

=
(
3
2
ζ2θ4 − 3ζ2η2θ2 + 3

2
ζ2η4

)
,

Y
(3)
32a

=
(
Y

(3/2)

3̂5
Y

(3/2)

3̂5

)
32

=

 ζ6

−3
√
2

4
ηθ5 − 5

√
2

2
η3θ3 − 3

√
2

4
η5θ

− 1
4
√
2
θ6 − 15

√
2

8
η2θ4 − 15

√
2

8
η4θ2 − 1

4
√
2
η6

,
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Y
(3)
32b

=
(
Y

(3/2)
63

Y
(3/2)
63

)
32

=

 −
√
2ζ2ηθ3 −

√
2ζ2η3θ

1
4
ηθ5 − 1

2
η3θ3 + 1

4
η5θ + 1

2
ζ4θ2 + 1

2
ζ4η2

−1
8
θ6 + 1

8
η2θ4 + 1

8
η4θ2 − 1

8
η6 + ζ4ηθ

,

Y
(3)
36

=
(
Y

(3/2)
63

Y
(3/2)
63

)
36

=

 1
2
√
2
ζ2θ4 + 3

√
2

2
ζ2η2θ2 + 1

2
√
2
ζ2η4

1
8
θ6 − 1

8
η2θ4 − 1

8
η4θ2 + 1

8
η6 + ζ4ηθ

−1
4
ηθ5 + 1

2
η3θ3 − 1

4
η5θ + 1

2
ζ4θ2 + 1

2
ζ4η2

,

Y
(3)

3′
0

=
(
Y

(3/2)
63

Y
(3/2)
63

)
3′
0

=


1

4
√
2
θ6 − 3

4
√
2
η2θ4 + 3

4
√
2
η4θ2 − 1

4
√
2
η6

1√
2
ζ3θ3 + 3

√
2

2
ζ3η2θ

−3
√
2

2
ζ3ηθ2 − 1√

2
ζ3η3

,

Y
(3)

3̂0
=
(
Y

(3/2)
63

Y
(3/2)

3̂5

)
3̂0

=


1

4
√
2
θ6 + 5

4
√
2
η2θ4 − 5

4
√
2
η4θ2 − 1

4
√
2
η6

1
4
√
2
ζθ5 + 5

√
2

4
ζη2θ3 + 5

4
√
2
ζη4θ − 1√

2
ζ5η

− 5
4
√
2
ζηθ4 − 5

√
2

4
ζη3θ2 − 1

4
√
2
ζη5 + 1√

2
ζ5θ

,

Y
(3)

3̂4a
=
(
Y

(3/2)
63

Y
(3/2)

3̂5

)
3̂4

=


1√
2
ηθ5 − 1√

2
η5θ

− 5
4
√
2
ζηθ4 − 5

√
2

4
ζη3θ2 − 1

4
√
2
ζη5 − 1√

2
ζ5θ

1
4
√
2
ζθ5 + 5

√
2

4
ζη2θ3 + 5

4
√
2
ζη4θ + 1√

2
ζ5η

,

Y
(3)

3̂4b
=
(
Y

(3/2)
63

Y
(3/2)
63

)
3̂4

=

 − 1√
2
ζ4θ2 + 1√

2
ζ4η2

3
√
2

4
ζηθ4 − 1√

2
ζη3θ2 − 1

2
√
2
ζη5

1
2
√
2
ζθ5 + 1√

2
ζη2θ3 − 3

√
2

4
ζη4θ

,

Y
(3)
62

=
(
Y

(3/2)
63

Y
(3/2)

3̂5

)
62

=



1√
2
ζ2ηθ3 − 1√

2
ζ2η3θ

1
4
ζθ5 − 1

2
ζη2θ3 + 1

4
ζη4θ

−1
2
ζ3ηθ2 + 1

2
ζ3η3

− 1
2
√
2
ζ2θ4 + 1

2
√
2
ζ2η4

−1
4
ζηθ4 + 1

2
ζη3θ2 − 1

4
ζη5

−1
2
ζ3θ3 + 1

2
ζ3η2θ


.

The Siegel modular forms of weight 7/2 are:

Y
(7/2)
13

=
(
Y

(2)
14
Y

(3/2)
17

)
13

=
(
−
√
2ζηθ5 +

√
2ζη5θ − 1√

2
ζ5θ2 + 1√

2
ζ5η2

)
,

Y
(7/2)
23

=
(
Y

(3/2)

3̂5
Y

(2)

3′
6

)
23

=

(
1√
3
ζηθ5 − 1√

3
ζη5θ − 1√

3
ζ5θ2 + 1√

3
ζ5η2

−1
4
ζθ6 − 5

4
ζη2θ4 + 5

4
ζη4θ2 + 1

4
ζη6

)

Y
(7/2)
37

=
(
Y

(2)
60
Y

(3/2)
63

)
37

=

1
4
ζθ6 − 3

4
ζη2θ4 + 3

4
ζη4θ2 − 1

4
ζη6√

2ζ3ηθ3 −
√
2ζ3η3θ

− 1√
2
ζ3θ4 + 1√

2
ζ3η4

,

Y
(7/2)

3′
5

=
(
Y

(3/2)
63

Y
(2)
30

)
3′
5

=

 1
2
ζ3θ4 − ζ3η2θ2 + 1

2
ζ3η4

1
2
ζ2ηθ4 − ζ2η3θ2 + 1

2
ζ2η5

1
2
ζ2θ5 − ζ2η2θ3 + 1

2
ζ2η4θ

,
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Y
(7/2)

3̂1a
=
(
Y

(3/2)

3̂5
Y

(2)
14

)
3̂1

=


2
√
3

3
ζ3ηθ3 + 2

√
3

3
ζ3η3θ + 1√

3
ζ7

−
√
3η2θ5 − 4

√
3

3
η4θ3 − 1√

3
η6θ − 3

2
√
3
ζ4ηθ2 − 1

2
√
3
ζ4η3

− 1√
3
ηθ6 − 4

√
3

3
η3θ4 −

√
3η5θ2 − 1

2
√
3
ζ4θ3 − 3

2
√
3
ζ4η2θ

,

Y
(7/2)

3̂1b
=
(
Y

(2)
60
Y

(3/2)

3̂5

)
3̂1

=

 2ζ3ηθ3 + 2ζ3η3θ
1
8
θ7 − 3

8
η2θ5 + 3

8
η4θ3 − 1

8
η6θ − 3

2
ζ4ηθ2 − 1

2
ζ4η3

−1
8
ηθ6 + 3

8
η3θ4 − 3

8
η5θ2 + 1

8
η7 − 1

2
ζ4θ3 − 3

2
ζ4η2θ

,

Y
(7/2)

3̂5
=
(
Y

(2)
60
Y

(3/2)

3̂5

)
3̂5

=

 1
2
ζ3θ4 + 3ζ3η2θ2 + 1

2
ζ3η4

−1
8
ηθ6 + 3

8
η3θ4 − 3

8
η5θ2 + 1

8
η7 + 1

2
ζ4θ3 + 3

2
ζ4η2θ

1
8
θ7 − 3

8
η2θ5 + 3

8
η4θ3 − 1

8
η6θ + 3

2
ζ4ηθ2 + 1

2
ζ4η3

,

Y
(7/2)
63a

=
(
Y

(3/2)

3̂5
Y

(2)
30

)
63

=



−ζ5θ2 − ζ5η2

− 1
4
√
2
θ7 − 1

4
√
2
η2θ5 + 5

4
√
2
η4θ3 − 3

4
√
2
η6θ

−5
√
2

4
ζ2ηθ4 − 5

√
2

2
ζ2η3θ2 − 1

2
√
2
ζ2η5

2ζ5ηθ

− 3
4
√
2
ηθ6 + 5

4
√
2
η3θ4 − 1

4
√
2
η5θ2 − 1

4
√
2
η7

− 1
2
√
2
ζ2θ5 − 5

√
2

2
ζ2η2θ3 − 5

√
2

4
ζ2η4θ


,

Y
(7/2)
63b

=
(
Y

(3/2)

3̂5
Y

(2)

3′
6

)
63

=



1
2
ζηθ5 − ζη3θ3 + 1

2
ζη5θ

− 1√
2
ζ4ηθ2 + 1√

2
ζ4η3

3
√
2

4
ζ2ηθ4 − 1√

2
ζ2η3θ2 − 1

2
√
2
ζ2η5

1
4
ζθ6 − 1

4
ζη2θ4 − 1

4
ζη4θ2 + 1

4
ζη6

1√
2
ζ4θ3 − 1√

2
ζ4η2θ

− 1
2
√
2
ζ2θ5 − 1√

2
ζ2η2θ3 + 3

√
2

4
ζ2η4θ


,

Y
(7/2)
63c

=
(
Y

(3/2)
63

Y
(2)
14

)
63

=



2√
6
ζηθ5 + 2

√
6

3
ζη3θ3 + 2√

6
ζη5θ + 1√

6
ζ5θ2 + 1√

6
ζ5η2

− 1√
3
η2θ5 + 1√

3
η6θ − 1

2
√
3
ζ4ηθ2 + 1

2
√
3
ζ4η3

2
√
3

3
ζ2ηθ4 + 2

√
3

3
ζ2η3θ2 + 1√

3
ζ6θ

−2
√
6

3
ζη2θ4 − 2

√
6

3
ζη4θ2 − 2√

6
ζ5ηθ

1√
3
ηθ6 − 1√

3
η5θ2 + 1

2
√
3
ζ4θ3 − 1

2
√
3
ζ4η2θ

2
√
3

3
ζ2η2θ3 + 2

√
3

3
ζ2η4θ + 1√

3
ζ6η


.

The Siegel modular forms of weight 4 are:

Y
(4)
10a

=
(
Y

(2)
60
Y

(2)
60

)
10

=
(

1
4
√
6
θ8 − 1√

6
η2θ6 + 3

2
√
6
η4θ4 − 1√

6
η6θ2 + 1

4
√
6
η8 − 4

√
6

3
ζ4ηθ3 − 4

√
6

3
ζ4η3θ

)
,

Y
(4)
10b

=
(
Y

(2)
14
Y

(2)
14

)
10

=
(
4
3
η2θ6 + 8

3
η4θ4 + 4

3
η6θ2 + 4

3
ζ4ηθ3 + 4

3
ζ4η3θ + 1

3
ζ8
)
,

Y
(4)
20a

=
(
Y

(2)
20
Y

(2)
14

)
20

=

(
4

3
√
2
η2θ6 + 4

√
2

3
η4θ4 + 4

3
√
2
η6θ2 − 2

3
√
2
ζ4ηθ3 − 2

3
√
2
ζ4η3θ − 2

3
√
2
ζ8

− 1√
6
ηθ7 − 7√

6
η3θ5 − 7√

6
η5θ3 − 1√

6
η7θ − 1

2
√
6
ζ4θ4 −

√
6
2
ζ4η2θ2 − 1

2
√
6
ζ4η4

)
,

Y
(4)
20b

=
(
Y

(2)
60
Y

(2)
60

)
20

=

(
1

4
√
3
θ8 − 1√

3
η2θ6 + 3

2
√
3
η4θ4 − 1√

3
η6θ2 + 1

4
√
3
η8 + 4

√
3

3
ζ4ηθ3 + 4

√
3

3
ζ4η3θ

ζ4θ4 + 6ζ4η2θ2 + ζ4η4

)
,
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Y
(4)
30

=
(
Y

(2)
60
Y

(2)
60

)
30

=

 1
4
√
2
θ8 + 1√

2
η2θ6 − 5

√
2

4
η4θ4 + 1√

2
η6θ2 + 1

4
√
2
η8

−3
2
ζ2ηθ5 − 5ζ2η3θ3 − 3

2
ζ2η5θ + ζ6θ2 + ζ6η2

1
4
ζ2θ6 + 15

4
ζ2η2θ4 + 15

4
ζ2η4θ2 + 1

4
ζ2η6 − 2ζ6ηθ

,

Y
(4)
34a

=
(
Y

(2)
30
Y

(2)
30

)
34

=

 − 1√
2
ζ4θ4 +

√
2ζ4η2θ2 − 1√

2
ζ4η4

1
2
ζ2θ6 − 1

2
ζ2η2θ4 − 1

2
ζ2η4θ2 + 1

2
ζ2η6

ζ2ηθ5 − 2ζ2η3θ3 + ζ2η5θ

,

Y
(4)
34b

=
(
Y

(2)
60
Y

(2)
60

)
34

=

 1√
2
ηθ7 − 1√

2
η3θ5 − 1√

2
η5θ3 + 1√

2
η7θ

1
4
ζ2θ6 + 15

4
ζ2η2θ4 + 15

4
ζ2η4θ2 + 1

4
ζ2η6 + 2ζ6ηθ

−3
2
ζ2ηθ5 − 5ζ2η3θ3 − 3

2
ζ2η5θ − ζ6θ2 − ζ6η2

,

Y
(4)

3′
2a

=
(
Y

(2)

3′
6
Y

(2)
14

)
3′
2

=

− 2√
6
ζ2ηθ5 + 2√

6
ζ2η5θ − 1√

6
ζ6θ2 + 1√

6
ζ6η2

− 2√
6
ζη2θ5 + 2√

6
ζη6θ − 1√

6
ζ5ηθ2 + 1√

6
ζ5η3

− 2√
6
ζηθ6 + 2√

6
ζη5θ2 − 1√

6
ζ5θ3 + 1√

6
ζ5η2θ

,

Y
(4)

3′
2b

=
(
Y

(2)
60
Y

(2)
60

)
3′
2

=


√
2ζ6θ2 −

√
2ζ6η2

1
2
√
2
ζθ7 + 9

√
2

4
ζη2θ5 − 5

√
2

4
ζη4θ3 − 5

√
2

4
ζη6θ

5
√
2

4
ζηθ6 + 5

√
2

4
ζη3θ4 − 9

√
2

4
ζη5θ2 − 1

2
√
2
ζη7

,

Y
(4)

3′
6

=
(
Y

(2)

3′
6
Y

(2)
20

)
3′
6

=

 −1
4
ζ2θ6 − 5

4
ζ2η2θ4 + 5

4
ζ2η4θ2 + 1

4
ζ2η6

−3
8
ζηθ6 + 5

8
ζη3θ4 − 1

8
ζη5θ2 − 1

8
ζη7 + 1

2
ζ5θ3 − 1

2
ζ5η2θ

1
8
ζθ7 + 1

8
ζη2θ5 − 5

8
ζη4θ3 + 3

8
ζη6θ + 1

2
ζ5ηθ2 − 1

2
ζ5η3

,

Y
(4)

3̂6
=
(
Y

(2)

3′
6
Y

(2)
30

)
3̂6

=

−1
4
ζ2θ6 + 3

4
ζ2η2θ4 − 3

4
ζ2η4θ2 + 1

4
ζ2η6

1
2
ζ3θ5 − ζ3η2θ3 + 1

2
ζ3η4θ

−1
2
ζ3ηθ4 + ζ3η3θ2 − 1

2
ζ3η5

,

Y
(4)
60a

=
(
Y

(2)
60
Y

(2)
20

)
60

=



1
4
√
2
θ8 + 3

√
2

4
η2θ6 − 3

√
2

4
η6θ2 − 1

4
√
2
η8

1
4
ζ3θ5 + 5

2
ζ3η2θ3 + 5

4
ζ3η4θ − ζ7η

1
8
ζθ7 + 21

8
ζη2θ5 + 35

8
ζη4θ3 + 7

8
ζη6θ − 3

2
ζ5ηθ2 − 1

2
ζ5η3

1
2
√
2
ηθ7 + 5

√
2

4
η3θ5 − 5

√
2

4
η5θ3 − 1

2
√
2
η7θ

−5
4
ζ3ηθ4 − 5

2
ζ3η3θ2 − 1

4
ζ3η5 + ζ7θ

−7
8
ζηθ6 − 35

8
ζη3θ4 − 21

8
ζη5θ2 − 1

8
ζη7 + 1

2
ζ5θ3 + 3

2
ζ5η2θ


,

Y
(4)
60b

=
(
Y

(2)
60
Y

(2)
30

)
60

=



1
4
√
2
θ8 − 1

2
√
2
η2θ6 + 1

2
√
2
η6θ2 − 1

4
√
2
η8

1
2
ζ3θ5 + 5ζ3η2θ3 + 5

2
ζ3η4θ

−3ζ5ηθ2 − ζ5η3

− 1
2
√
2
ηθ7 + 3

√
2

4
η3θ5 − 3

√
2

4
η5θ3 + 1

2
√
2
η7θ

−5
2
ζ3ηθ4 − 5ζ3η3θ2 − 1

2
ζ3η5

ζ5θ3 + 3ζ5η2θ


,
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Y
(4)
60c

=
(
Y

(2)
60
Y

(2)
60

)
60

=



−
√
2ζ4ηθ3 +

√
2ζ4η3θ

−1
2
ζ3θ5 − ζ3η2θ3 + 3

2
ζ3η4θ

1
4
ζθ7 − 3

4
ζη2θ5 + 3

4
ζη4θ3 − 1

4
ζη6θ

− 1√
2
ζ4θ4 + 1√

2
ζ4η4

−3
2
ζ3ηθ4 + ζ3η3θ2 + 1

2
ζ3η5

1
4
ζηθ6 − 3

4
ζη3θ4 + 3

4
ζη5θ2 − 1

4
ζη7


.

The Siegel modular forms of weight 9/2 are:

Y
(9/2)
15

=
(
Y

(5/2)

3̂7
Y

(2)

3′
6

)
15

=
(

3
2
√
6
ζ3θ6 − 3

√
6

4
ζ3η2θ4 + 3

√
6

4
ζ3η4θ2 − 3

2
√
6
ζ3η6

)
,

Y
(9/2)
31a

=
(
Y

(5/2)

3′
3b

Y
(2)

3′
6

)
31

=

 − 1√
2
ζ7θ2 + 1√

2
ζ7η2

3
4
ζηθ7 + 7

4
ζη3θ5 − 7

4
ζη5θ3 − 3

4
ζη7θ

1
8
ζθ8 + 7

4
ζη2θ6 − 7

4
ζη6θ2 − 1

8
ζη8

,

Y
(9/2)
31b

=
(
Y

(5/2)

3′
3a

Y
(2)

3′
6

)
31

=


√
2ζ3ηθ5 −

√
2ζ3η5θ

−1
4
ζηθ7 + 3

4
ζη3θ5 − 3

4
ζη5θ3 + 1

4
ζη7θ − 1

2
ζ5θ4 + 1

2
ζ5η4

1
8
ζθ8 − 1

4
ζη2θ6 + 1

4
ζη6θ2 − 1

8
ζη8 − ζ5ηθ3 + ζ5η3θ

,

Y
(9/2)
35

=
(
Y

(2)

3′
6
Y

(5/2)

3′
7

)
35

=

 − 1
2
√
2
ζ3θ6 − 5

√
2

4
ζ3η2θ4 + 5

√
2

4
ζ3η4θ2 + 1

2
√
2
ζ3η6

−1
8
ζθ8 + 1

4
ζη2θ6 − 1

4
ζη6θ2 + 1

8
ζη8 − ζ5ηθ3 + ζ5η3θ

1
4
ζηθ7 − 3

4
ζη3θ5 + 3

4
ζη5θ3 − 1

4
ζη7θ − 1

2
ζ5θ4 + 1

2
ζ5η4

,

Y
(9/2)

3′
3a

=
(
Y

(5/2)

3′
3a

Y
(2)
20

)
3′
3

=

 − 1√
2
ζηθ7 − 7

√
2

2
ζη3θ5 − 7

√
2

2
ζη5θ3 − 1√

2
ζη7θ

− 1
16

√
2
θ9 − 5

4
√
2
η2θ7 − 7

8
√
2
η4θ5 + 7

√
2

8
η6θ3 + 7

16
√
2
η8θ + 1√

2
ζ8θ

7
16

√
2
ηθ8 + 7

√
2

8
η3θ6 − 7

8
√
2
η5θ4 − 5

4
√
2
η7θ2 − 1

16
√
2
η9 + 1√

2
ζ8η

,

Y
(9/2)

3′
3b

=
(
Y

(5/2)
61

Y
(2)
30

)
3′
3

=

 −1
2
ζ5θ4 − 3ζ5η2θ2 − 1

2
ζ5η4

1
16
θ9 − 1

4
η2θ7 + 3

8
η4θ5 − 1

4
η6θ3 + 1

16
η8θ + 5

4
ζ4ηθ4 + 5

2
ζ4η3θ2 + 1

4
ζ4η5

1
16
ηθ8 − 1

4
η3θ6 + 3

8
η5θ4 − 1

4
η7θ2 + 1

16
η9 + 1

4
ζ4θ5 + 5

2
ζ4η2θ3 + 5

4
ζ4η4θ

,

Y
(9/2)

3′
7a

=
(
Y

(5/2)

3′
7

Y
(2)
20

)
3′
7

=


√
2
8
ζθ8 + 3

√
2

2
ζη2θ6 + 19

√
2

4
ζη4θ4 + 3

√
2

2
ζη6θ2 +

√
2
8
ζη8

−7
√
2

32
ηθ8 − 7

√
2

8
η3θ6 + 7

√
2

16
η5θ4 + 5

√
2

8
η7θ2 +

√
2

32
η9 +

√
2
4
ζ4θ5 + 1√

2
ζ4η2θ3 − 3

√
2

4
ζ4η4θ + 1√

2
ζ8η

√
2

32
θ9 + 5

√
2

8
η2θ7 + 7

√
2

16
η4θ5 − 7

√
2

8
η6θ3 − 7

√
2

32
η8θ − 3

√
2

4
ζ4ηθ4 + 1√

2
ζ4η3θ2 + 1

2
√
2
ζ4η5 + 1√

2
ζ8θ

,

Y
(9/2)

3′
7b

=
(
Y

(5/2)
61

Y
(2)

3′
6

)
3′
7

=

−1
8
ζθ8 + 1

2
ζη2θ6 − 3

4
ζη4θ4 + 1

2
ζη6θ2 − 1

8
ζη8

−1
2
ζ4θ5 − ζ4η2θ3 + 3

2
ζ4η4θ

3
2
ζ4ηθ4 − ζ4η3θ2 − 1

2
ζ4η5

,

Y
(9/2)

3′
7c

=
(
Y

(5/2)
61

Y
(2)
60

)
3′
7

=

 −2ζ5ηθ3 − 2ζ5η3θ
1
16
ηθ8 − 1

4
η3θ6 + 3

8
η5θ4 − 1

4
η7θ2 + 1

16
η9 − 1

4
ζ4θ5 − 5

2
ζ4η2θ3 − 5

4
ζ4η4θ

1
16
θ9 − 1

4
η2θ7 + 3

8
η4θ5 − 1

4
η6θ3 + 1

16
η8θ − 5

4
ζ4ηθ4 − 5

2
ζ4η3θ2 − 1

4
ζ4η5

,

Y
(9/2)

3′
7d

=
(
Y

(5/2)

3′
3b

Y
(2)
14

)
3′
7
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=


2
√
3

3
ζ5ηθ3 + 2

√
3

3
ζ5η3θ + 1√

3
ζ9

1
2
√
3
ηθ8 + 11

√
3

6
η3θ6 + 5

√
3

2
η5θ4 + 5

√
3

6
η7θ2 + 1

4
√
3
ζ4θ5 + 5

√
3

6
ζ4η2θ3 + 5

4
√
3
ζ4η4θ

5
√
3

6
η2θ7 + 5

√
3

2
η4θ5 + 11

√
3

6
η6θ3 + 1

2
√
3
η8θ + 5

4
√
3
ζ4ηθ4 + 5

√
3

6
ζ4η3θ2 + 1

4
√
3
ζ4η5

,

Y
(9/2)

3̂3a
=
(
Y

(2)
60
Y

(5/2)

3̂7

)
3̂3

=

 −ζ5θ4 + 2ζ5η2θ2 − ζ5η4

3
2
ζ2ηθ6 − 5

2
ζ2η3θ4 + 1

2
ζ2η5θ2 + 1

2
ζ2η7

1
2
ζ2θ7 + 1

2
ζ2η2θ5 − 5

2
ζ2η4θ3 + 3

2
ζ2η6θ

,

Y
(9/2)

3̂3b
=
(
Y

(5/2)
61

Y
(2)
60

)
3̂3

=

 1
2
ζηθ7 − 1

2
ζη3θ5 − 1

2
ζη5θ3 + 1

2
ζη7θ

−5
8
ζ2ηθ6 − 5

8
ζ2η3θ4 + 9

8
ζ2η5θ2 + 1

8
ζ2η7 − 1

2
ζ6θ3 + 1

2
ζ6η2θ

1
8
ζ2θ7 + 9

8
ζ2η2θ5 − 5

8
ζ2η4θ3 − 5

8
ζ2η6θ + 1

2
ζ6ηθ2 − 1

2
ζ6η3

,

Y
(9/2)

3̂7
=
(
Y

(5/2)
61

Y
(2)
60

)
3̂7

=

 −1
8
ζθ8 − 1

2
ζη2θ6 + 5

4
ζη4θ4 − 1

2
ζη6θ2 − 1

8
ζη8

−1
8
ζ2θ7 − 9

8
ζ2η2θ5 + 5

8
ζ2η4θ3 + 5

8
ζ2η6θ + 1

2
ζ6ηθ2 − 1

2
ζ6η3

5
8
ζ2ηθ6 + 5

8
ζ2η3θ4 − 9

8
ζ2η5θ2 − 1

8
ζ2η7 − 1

2
ζ6θ3 + 1

2
ζ6η2θ

,

Y
(9/2)
61a

=
(
Y

(5/2)

3̂7
Y

(2)
30

)
61

=



−ζ3ηθ5 + 2ζ3η3θ3 − ζ3η5θ

− 1
2
√
2
ζ2θ7 + 3

√
2

4
ζ2η2θ5 − 3

√
2

4
ζ2η4θ3 + 1

2
√
2
ζ2η6θ

1√
2
ζ4ηθ4 −

√
2ζ4η3θ2 + 1√

2
ζ4η5

1
2
ζ3θ6 − 1

2
ζ3η2θ4 − 1

2
ζ3η4θ2 + 1

2
ζ3η6

1
2
√
2
ζ2ηθ6 − 3

√
2

4
ζ2η3θ4 + 3

√
2

4
ζ2η5θ2 − 1

2
√
2
ζ2η7

1√
2
ζ4θ5 −

√
2ζ4η2θ3 + 1√

2
ζ4η4θ


,

Y
(9/2)
61b

=
(
Y

(2)
60
Y

(5/2)

3′
3a

)
61

=



1
2
ζ3ηθ5 − ζ3η3θ3 + 1

2
ζ3η5θ + ζ7θ2 + ζ7η2

−3
√
2ζ2η2θ5 − 4

√
2ζ2η4θ3 −

√
2ζ2η6θ

−
√
2

16
θ9 − 1√

2
η2θ7 + 7

√
2

8
η4θ5 − 5

8
√
2
η8θ −

√
2
4
ζ4ηθ4 + 1√

2
ζ4η3θ2 −

√
2
4
ζ4η5

−1
4
ζ3θ6 + 1

4
ζ3η2θ4 + 1

4
ζ3η4θ2 − 1

4
ζ3η6 + 2ζ7ηθ

−
√
2ζ2ηθ6 − 4

√
2ζ2η3θ4 − 3

√
2ζ2η5θ2

− 5
8
√
2
ηθ8 + 7

√
2

8
η5θ4 − 1√

2
η7θ2 −

√
2

16
η9 −

√
2
4
ζ4θ5 + 1√

2
ζ4η2θ3 −

√
2
4
ζ4η4θ


,

Y
(9/2)
61c

=
(
Y

(5/2)
61

Y
(2)
60

)
61

=



−3
2
ζ3ηθ5 − 5ζ3η3θ3 − 3

2
ζ3η5θ

3
√
2

2
ζ6ηθ2 + 1√

2
ζ6η3

− 1
8
√
2
θ9 + 3

4
√
2
η4θ5 − 1√

2
η6θ3 + 3

8
√
2
η8θ

−1
4
ζ3θ6 − 15

4
ζ3η2θ4 − 15

4
ζ3η4θ2 − 1

4
ζ3η6

1√
2
ζ6θ3 + 3

√
2

2
ζ6η2θ

3
8
√
2
ηθ8 − 1√

2
η3θ6 + 3

4
√
2
η5θ4 − 1

8
√
2
η9


.

The Siegel modular forms of weight 5 are:

Y
(5)
12

=
(
Y

(5/2)
35

Y
(5/2)
35

)
12

=
(

1√
3
ζ2ηθ7 − 1√

3
ζ2η3θ5 − 1√

3
ζ2η5θ3 + 1√

3
ζ2η7θ + 1

2
√
3
ζ6θ4 − 1√

3
ζ6η2θ2 + 1

2
√
3
ζ6η4

)
,

Y
(5)
22

=
(
Y

(5/2)

3̂7
Y

(5/2)

3′
7

)
22
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=

(
1√
2
ζ2ηθ7 − 1√

2
ζ2η3θ5 − 1√

2
ζ2η5θ3 + 1√

2
ζ2η7θ − 1√

2
ζ6θ4 +

√
2ζ6η2θ2 − 1√

2
ζ6η4

− 3
4
√
6
ζ2θ8 −

√
6
2
ζ2η2θ6 + 5

√
6

4
ζ2η4θ4 −

√
6
2
ζ2η6θ2 − 3

4
√
6
ζ2η8

)
,

Y
(5)
32a

=
(
Y

(5/2)

3′
3a

Y
(5/2)

3′
7

)
32

=

 −ζ2ηθ7 − 7ζ2η3θ5 − 7ζ2η5θ3 − ζ2η7θ

− 3
8
√
2
ηθ9 − 1

2
√
2
η3θ7 + 7

√
2

8
η5θ5 − 1

2
√
2
η7θ3 − 3

8
√
2
η9θ −

√
2ζ8ηθ

1
16

√
2
θ10 + 13

16
√
2
η2θ8 − 7

8
√
2
η4θ6 − 7

8
√
2
η6θ4 + 13

16
√
2
η8θ2 + 1

16
√
2
η10 − 1√

2
ζ8θ2 − 1√

2
ζ8η2

,

Y
(5)
32b

=
(
Y

(5/2)
61

Y
(5/2)

3′
3a

)
32

=

 1
2
√
2
ζ6θ4 + 3

√
2

2
ζ6η2θ2 + 1

2
√
2
ζ6η4

1
16
ηθ9 − 1

4
η3θ7 + 3

8
η5θ5 − 1

4
η7θ3 + 1

16
η9θ + 1

8
ζ4θ6 + 15

8
ζ4η2θ4 + 15

8
ζ4η4θ2 + 1

8
ζ4η6

1
32
θ10 − 3

32
η2θ8 + 1

16
η4θ6 + 1

16
η6θ4 − 3

32
η8θ2 + 1

32
η10 + 3

4
ζ4ηθ5 + 5

2
ζ4η3θ3 + 3

4
ζ4η5θ

,

Y
(5)
36a

=
(
Y

(5/2)

3̂7
Y

(5/2)

3̂7

)
36

=

1
4
ζ2θ8 − ζ2η2θ6 + 3

2
ζ2η4θ4 − ζ2η6θ2 + 1

4
ζ2η8√

2ζ4ηθ5 − 2
√
2ζ4η3θ3 +

√
2ζ4η5θ

− 1√
2
ζ4θ6 + 1√

2
ζ4η2θ4 + 1√

2
ζ4η4θ2 − 1√

2
ζ4η6

,

Y
(5)
36b

=
(
Y

(5/2)
61

Y
(5/2)
61

)
36

=


√
2ζ6ηθ3 +

√
2ζ6η3θ

1
32
θ10 − 3

32
η2θ8 + 1

16
η4θ6 + 1

16
η6θ4 − 3

32
η8θ2 + 1

32
η10 − 3

4
ζ4ηθ5 − 5

2
ζ4η3θ3 − 3

4
ζ4η5θ

1
16
ηθ9 − 1

4
η3θ7 + 3

8
η5θ5 − 1

4
η7θ3 + 1

16
η9θ − 1

8
ζ4θ6 − 15

8
ζ4η2θ4 − 15

8
ζ4η4θ2 − 1

8
ζ4η6

,

Y
(5)
36c

=
(
Y

(5/2)

3′
3b

Y
(5/2)

3′
3b

)
36

=

 ζ10

− 1
16

√
2
θ10 − 45

√
2

32
η2θ8 − 105

√
2

16
η4θ6 − 105

√
2

16
η6θ4 − 45

√
2

32
η8θ2 − 1

16
√
2
η10

− 5
8
√
2
ηθ9 − 15

√
2

4
η3θ7 − 63

√
2

8
η5θ5 − 15

√
2

4
η7θ3 − 5

8
√
2
η9θ

,

Y
(5)
36d

=
(
Y

(5/2)
61

Y
(5/2)

3′
3b

)
36

=

 − 1
8
√
2
ζ2θ8 − 7

√
2

4
ζ2η2θ6 − 35

√
2

8
ζ2η4θ4 − 7

√
2

4
ζ2η6θ2 − 1

8
√
2
ζ2η8

1
32
θ10 + 13

32
η2θ8 − 7

16
η4θ6 − 7

16
η6θ4 + 13

32
η8θ2 + 1

32
η10 + 1

2
ζ8θ2 + 1

2
ζ8η2

− 3
16
ηθ9 − 1

4
η3θ7 + 7

8
η5θ5 − 1

4
η7θ3 − 3

16
η9θ + ζ8ηθ

,

Y
(5)

3′
0

=
(
Y

(5/2)
61

Y
(5/2)

3′
7

)
3′
0

=

 − 1
16

√
2
θ10 − 3

16
√
2
η2θ8 + 7

8
√
2
η4θ6 − 7

8
√
2
η6θ4 + 3

16
√
2
η8θ2 + 1

16
√
2
η10

1
8
√
2
ζ3θ7 + 21

√
2

16
ζ3η2θ5 + 35

√
2

16
ζ3η4θ3 + 7

8
√
2
ζ3η6θ − 3

√
2

4
ζ7ηθ2 − 1

2
√
2
ζ7η3

− 7
8
√
2
ζ3ηθ6 − 35

√
2

16
ζ3η3θ4 − 21

√
2

16
ζ3η5θ2 − 1

8
√
2
ζ3η7 + 1

2
√
2
ζ7θ3 + 3

√
2

4
ζ7η2θ

,

Y
(5)

3′
4a

=
(
Y

(5/2)
61

Y
(5/2)
35

)
3′
4

=

 1
4
ζ4θ6 − 3

4
ζ4η2θ4 + 3

4
ζ4η4θ2 − 1

4
ζ4η6

1
4
ζ3ηθ6 − 3

4
ζ3η3θ4 + 3

4
ζ3η5θ2 − 1

4
ζ3η7

1
4
ζ3θ7 − 3

4
ζ3η2θ5 + 3

4
ζ3η4θ3 − 1

4
ζ3η6θ

,

Y
(5)

3′
4b

=
(
Y

(5/2)
61

Y
(5/2)

3′
3b

)
3′
4

=


1

4
√
2
ηθ9 − 1

2
√
2
η3θ7 + 1

2
√
2
η7θ3 − 1

4
√
2
η9θ

7
8
√
2
ζ3ηθ6 + 35

√
2

16
ζ3η3θ4 + 21

√
2

16
ζ3η5θ2 + 1

8
√
2
ζ3η7 + 1

2
√
2
ζ7θ3 + 3

√
2

4
ζ7η2θ

− 1
8
√
2
ζ3θ7 − 21

√
2

16
ζ3η2θ5 − 35

√
2

16
ζ3η4θ3 − 7

8
√
2
ζ3η6θ − 3

√
2

4
ζ7ηθ2 − 1

2
√
2
ζ7η3

,
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Y
(5)

3̂0a
=
(
Y

(5/2)
61

Y
(5/2)
35

)
3̂0

=

 −ζ4ηθ5 + ζ4η5θ

− 1
16
ζθ9 + 1

4
ζη2θ7 − 3

8
ζη4θ5 + 1

4
ζη6θ3 − 1

16
ζη8θ + 3

4
ζ5ηθ4 − 1

2
ζ5η3θ2 − 1

4
ζ5η5

1
16
ζηθ8 − 1

4
ζη3θ6 + 3

8
ζη5θ4 − 1

4
ζη7θ2 + 1

16
ζη9 + 1

4
ζ5θ5 + 1

2
ζ5η2θ3 − 3

4
ζ5η4θ

,

Y
(5)

3̂0b
=
(
Y

(5/2)
61

Y
(5/2)
61

)
3̂0

=


1

16
√
2
θ10 − 5

16
√
2
η2θ8 + 5

8
√
2
η4θ6 − 5

8
√
2
η6θ4 + 5

16
√
2
η8θ2 − 1

16
√
2
η10

5
√
2

4
ζ5ηθ4 + 5

√
2

2
ζ5η3θ2 + 1

2
√
2
ζ5η5

− 1
2
√
2
ζ5θ5 − 5

√
2

2
ζ5η2θ3 − 5

√
2

4
ζ5η4θ

,

Y
(5)

3̂0c
=
(
Y

(5/2)

3′
3b

Y
(5/2)
35

)
3̂0

=

 − 1√
2
ζ8θ2 + 1√

2
ζ8η2

1
8
√
2
ζθ9 + 5

√
2

4
ζη2θ7 + 7

√
2

8
ζη4θ5 − 7

√
2

4
ζη6θ3 − 7

8
√
2
ζη8θ

7
8
√
2
ζηθ8 + 7

√
2

4
ζη3θ6 − 7

√
2

8
ζη5θ4 − 5

√
2

4
ζη7θ2 − 1

8
√
2
ζη9

,

Y
(5)

3̂0d
=
(
Y

(5/2)

3′
3a

Y
(5/2)

3′
3b

)
3̂0

=


1

16
√
2
θ10 + 27

√
2

32
η2θ8 + 21

√
2

16
η4θ6 − 21

√
2

16
η6θ4 − 27

√
2

32
η8θ2 − 1

16
√
2
η10 + 1√

2
ζ4ηθ5 − 1√

2
ζ4η5θ

−5
√
2

4
ζη2θ7 − 15

√
2

4
ζη4θ5 − 11

√
2

4
ζη6θ3 − 1

2
√
2
ζη8θ − 3

4
√
2
ζ5ηθ4 + 1

2
√
2
ζ5η3θ2 + 1

4
√
2
ζ5η5 − 1√

2
ζ9θ

1
2
√
2
ζηθ8 + 11

√
2

4
ζη3θ6 + 15

√
2

4
ζη5θ4 + 5

√
2

4
ζη7θ2 − 1

4
√
2
ζ5θ5 − 1

2
√
2
ζ5η2θ3 + 3

4
√
2
ζ5η4θ + 1√

2
ζ9η

,

Y
(5)

3̂4a
=
(
Y

(5/2)
61

Y
(5/2)
35

)
3̂4

=

 −1
4
ζ4θ6 − 5

4
ζ4η2θ4 + 5

4
ζ4η4θ2 + 1

4
ζ4η6

1
16
ζηθ8 − 1

4
ζη3θ6 + 3

8
ζη5θ4 − 1

4
ζη7θ2 + 1

16
ζη9 − 1

4
ζ5θ5 − 1

2
ζ5η2θ3 + 3

4
ζ5η4θ

− 1
16
ζθ9 + 1

4
ζη2θ7 − 3

8
ζη4θ5 + 1

4
ζη6θ3 − 1

16
ζη8θ − 3

4
ζ5ηθ4 + 1

2
ζ5η3θ2 + 1

4
ζ5η5

,

Y
(5)

3̂4b
=
(
Y

(5/2)

3′
3a

Y
(5/2)

3′
3b

)
3̂4

=


1

2
√
2
ηθ9 + 3

√
2

2
η3θ7 − 3

√
2

2
η7θ3 − 1

2
√
2
η9θ + 1

4
√
2
ζ4θ6 + 5

4
√
2
ζ4η2θ4 − 5

4
√
2
ζ4η4θ2 − 1

4
√
2
ζ4η6

1
2
√
2
ζηθ8 + 11

√
2

4
ζη3θ6 + 15

√
2

4
ζη5θ4 + 5

√
2

4
ζη7θ2 + 1

4
√
2
ζ5θ5 + 1

2
√
2
ζ5η2θ3 − 3

4
√
2
ζ5η4θ − 1√

2
ζ9η

−5
√
2

4
ζη2θ7 − 15

√
2

4
ζη4θ5 − 11

√
2

4
ζη6θ3 − 1

2
√
2
ζη8θ + 3

4
√
2
ζ5ηθ4 − 1

2
√
2
ζ5η3θ2 − 1

4
√
2
ζ5η5 + 1√

2
ζ9θ

,

Y
(5)
62a

=
(
Y

(5/2)

3′
3a

Y
(5/2)
35

)
62

=



−ζ2ηθ7 − ζ2η3θ5 + ζ2η5θ3 + ζ2η7θ
1

8
√
2
ζθ9 + 1√

2
ζη2θ7 − 7

√
2

8
ζη4θ5 + 5

8
√
2
ζη8θ + 1

2
√
2
ζ5ηθ4 − 1√

2
ζ5η3θ2 + 1

2
√
2
ζ5η5

− 3
4
√
2
ζ3ηθ6 + 5

4
√
2
ζ3η3θ4 − 1

4
√
2
ζ3η5θ2 − 1

4
√
2
ζ3η7 − 1√

2
ζ7θ3 + 1√

2
ζ7η2θ

2ζ2η2θ6 − 2ζ2η6θ2

− 5
8
√
2
ζηθ8 + 7

√
2

8
ζη5θ4 − 1√

2
ζη7θ2 − 1

8
√
2
ζη9 − 1

2
√
2
ζ5θ5 + 1√

2
ζ5η2θ3 − 1

2
√
2
ζ5η4θ

1
4
√
2
ζ3θ7 + 1

4
√
2
ζ3η2θ5 − 5

4
√
2
ζ3η4θ3 + 3

4
√
2
ζ3η6θ − 1√

2
ζ7ηθ2 + 1√

2
ζ7η3


,



228 APPENDIX I. GROUP THEORY AND SIEGEL MODULAR FORMS OF ∆̃(96)

Y
(5)
62b

=
(
Y

(5/2)
35

Y
(5/2)

3̂7

)
62

=



−1
2
ζ2ηθ7 + 3

2
ζ2η3θ5 − 3

2
ζ2η5θ3 + 1

2
ζ2η7θ

1√
2
ζ5ηθ4 −

√
2ζ5η3θ2 + 1√

2
ζ5η5

−3
√
2

4
ζ3ηθ6 + 5

√
2

4
ζ3η3θ4 − 1

2
√
2
ζ3η5θ2 − 1

2
√
2
ζ3η7

−1
4
ζ2θ8 + 1

2
ζ2η2θ6 − 1

2
ζ2η6θ2 + 1

4
ζ2η8

− 1√
2
ζ5θ5 +

√
2ζ5η2θ3 − 1√

2
ζ5η4θ

1
2
√
2
ζ3θ7 + 1

2
√
2
ζ3η2θ5 − 5

√
2

4
ζ3η4θ3 + 3

√
2

4
ζ3η6θ


,

Y
(5)
62c

=
(
Y

(5/2)
61

Y
(5/2)
35

)
62

=



1
2
ζ6θ4 − 1

2
ζ6η4

1
8
√
2
ζθ9 − 3

4
√
2
ζη4θ5 + 1√

2
ζη6θ3 − 3

8
√
2
ζη8θ

5
4
√
2
ζ3ηθ6 + 5

4
√
2
ζ3η3θ4 − 9

√
2

8
ζ3η5θ2 − 1

4
√
2
ζ3η7

−ζ6ηθ3 + ζ6η3θ
3

8
√
2
ζηθ8 − 1√

2
ζη3θ6 + 3

4
√
2
ζη5θ4 − 1

8
√
2
ζη9

1
4
√
2
ζ3θ7 + 9

√
2

8
ζ3η2θ5 − 5

4
√
2
ζ3η4θ3 − 5

4
√
2
ζ3η6θ


.

We summarize the Siegel modular forms up to weight 5 in Table I.13.

Weights Dimensions Irreducible representations of the Siegel modular forms

1/2 3 3′
7

1 6 36, 3̂0

3/2 10 17, 3̂5, 63

2 15 14, 20, 30, 3
′
6, 60

5/2 21 35, 3
′
3a, 3

′
3b, 3

′
7, 3̂7, 61

3 28 16, 32a, 32b, 36, 3
′
0, 3̂0, 3̂4a, 3̂4b, 62

7/2 36 13, 23, 37, 3
′
5, 3̂1a, 3̂1b, 3̂5, 63a, 63b, 63c

4 45 10a, 10b, 20a, 20b, 30, 34a, 34b, 3
′
2a, 3

′
2b, 3

′
6, 3̂6, 60a, 60b, 60c

9/2 55 15, 31a, 31b, 35, 3
′
3a, 3

′
3b, 3

′
7a, 3

′
7b, 3

′
7c, 3

′
7d, 3̂3a, 3̂3b, 3̂7, 61a, 61b, 61c

5 66
12,22,32a,32b,36a,36b,36c,36d,3

′
0,3

′
4a,3

′
4b, 3̂0a, 3̂0b, 3̂0c, 3̂0d, 3̂4a, 3̂4b,

62a,62b,62c

Table I.13: The Siegel modular forms of ∆̃(96). The dimensions of the Siegel modular forms

of weight k are 1
2
(2k + 2)(2k + 1).
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