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Preface

The analysis of count time series has made rapid progress during the last few decades. There has been a

huge literature about the formulations of models. Among them, we focus on nonnegative integer-valued

autoregressive process of the first-order (INAR(1)) and alternative dependent counting nonnegative INAR

process of the first-order (ADCINAR(1)). Both statistical models are semi-parametric in the sense that we

do not impose any distributional assumption about the innovation. The primary contribution of this thesis

is to give the closed-form expressions for higher autocumulant functions and propose the bias-corrections

of the commonly used estimators.

The first part of this thesis is concerned with stationary INAR(1) process under a general innovation.

(i) The third, fourth, fifth, and sixth autocumulant functions of the stationary INAR(1) process are

derived explicitly.

(ii) An analytical bias-correction of a class of estimators is studied.

(iii) Asymptotic theory about the Whittle likelihood estimation is presented. Also, the Wald-type test

about the equidispersion is constructed, on the basis of the estimators for the innovation mean and

variance.

On the other hand, the second part of this thesis is concerned with stationary ADCINAR(1) process

under a general innovation.

(i) The third and fourth autocumulant functions of the stationary ADCINAR(1) process are derived

explicitly, together with the structure about arbitrary higher autocumulant functions.

(ii) The two-step conditional least squares (CLS) estimator for the new parameter in the stationary

ADCINAR(1) process is revisited. Also, a nonparametric (lag window-type) bias-correction and

an analytical bias-correction of the Yule–Walker and CLS estimators are developed.
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Chapter 1

Introduction

Analysis of count time series has been widely applied in various domains of economics, medical statistics,

etc. For instance, to enhance efficiency and improve customer satisfaction, many service companies invest

a lot of money and manpower for research of queuing systems. Park and Oh (1997) showed that, for certain

situations, the queue length process in 𝑀/𝑀/∞ system can be represented as nonnegative integer-valued

autoregressive process of the first-order (INAR(1)). Also, the survival rate of experimental animals over

time is an important metric in drug development. Some examples of time series count data are the number

of patients in a hospital at specific points in time, the failure count of machinery or equipment, and so on.

Over the last four decades, there has been a growing interest in modelling the INAR-types through the

so-called thinning operation, unlike the traditional autoregressive model (see, e.g., Brockwell and Davis

(1987)). Perhaps, the most fundamental operation is the binomial thinning due to Steutel and van Harn

(1979). We refer the readers to the review paper and book by Weiß (2008,2018) for a huge literature

about the formulation of models, their probabilistic aspects, and estimation or hypothesis testing.

Al-Osh and Alzaid (1987) was one of the pioneers who considered the INAR(1) process with the

Poisson marginals, i.e.,𝑌𝑡 = 𝛼◦𝑌𝑡−1 +𝜀𝑡 , where 𝛼◦ is the binomial thinning operator with 𝛼 ∈ [0, 1), and

the innovation {𝜀𝑡 } is a sequence of independent and identically distributed random variables according

to the Poisson distribution Po((1 − 𝛼)𝜇) for 𝜇 > 0. They studied the Yule–Walker (YW), conditional

least squares (CLS), and (conditional or full) maximum likelihood (ML) estimators for the parameter 𝛼.

Park and Oh (1997) additionally established the asymptotic normality of the sample mean and sample

autocovariance as well as the YW and CLS estimators. Bourguignon and Vasconcellos (2015a) considered

the stationary INAR(1) process under the power series innovation, and conducted the simulations for the

YW, CLS, and conditional ML estimators for the parameter 𝛼. Yang et al. (2018) applied the empirical

likelihood method for the stationary mixed INAR(1) process under a general innovation.

Although the above-mentioned results are, of course, fundamental, there are several reasons that

motivate us to study additional asymptotic properties of some estimators in the INAR-type processes.

First, theoretical results in the literature were often discussed for the INAR process with the Poisson
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marginals. It has the mathematical elegance due to the equidispersion property, i.e., the mean is equal

to the variance. However, the mean and variance of other distributions may be not the same, so that, in

practice, the overdispersed (or underdispersed) case is more important.

Second, Schweer and Weiß (2016) derived, for any positve integer 𝑟 , the (𝑟 + 1)th autocumulant

function of the INAR(1) process with the Poisson marginals. The formulas are applicable only for the

Poisson case. Considering the importance of higher cumulant functions in time series analysis, we will

derive the closed-form expressions of the third, fourth, fifth, and sixth autocumulant functions for a

non-Poisson case.

Third, the frequency domain analysis is a standard tool in the stationary processes (see, e.g., Brockwell

and Davis (1987)). Although some simulation results about the Whittle estimation in the INAR(1) process

with the Poisson marginals were given by da Silva and Oliveira (2004) (see also Zhang and Wang (2015)

for random coefficient INAR(1) process), to the best of our knowledge, there is no theoretical results

about the frequency domain analysis for the stationary INAR(1) process.

Fourth, we are interested in an alternative dependent counting nonnegative INAR process of the

first-order (ADCINAR(1)), which was recently proposed by Nastić et al. (2017) (see also Ristić et al.

(2013)), i.e., 𝑌𝑡 = 𝛼⋄𝜗 𝑌𝑡−1 + 𝜀𝑡 , where 𝛼⋄𝜗 is an alternative generalized binomial thinning operator with

0 ≤ 𝛼 ≤ 𝜗 < 1(𝜗 ≠ 0), and {𝜀𝑡 } is an innovation (we do not assume its distributional form). Considering

again that higher autocumulant functions are the basic in the asymptotic theory of time series, we will

explicitly derive the third and fourth autocumulant functions of the stationary ADCINAR(1) process,

together with the structure about arbitrary higher autocumulant functions.

Fifth, Nastić et al. (2017) considered the estimation of the new parameter 𝜗 in the ADCINAR(1)

process under the specific innovation {𝜀𝑡 } (see Theorem 3 in Nastić et al. (2017); the marginal distribution

of {𝑌𝑡 } is then geometric distribution Geo(𝜇/(1 + 𝜇)) for 𝜇 > 0) and gave asymptotic normality when

other parameter (𝛼, 𝜇) is unrealistically known. However, in practice, the distributional assumptions

on the innovation {𝜀𝑡 } can not be specified in advance. Also, the conditional expectation is given by

𝐸 (𝑌𝑡 |𝑌𝑡−1) = 𝛼𝑌𝑡−1 + 𝐸 (𝜀𝑡 ), hence, 𝛼 is an important parameter to be inferenced. Thus, we will revisit

asymptotic properties of an estimator for 𝜗 without assuming that 𝛼 is known.

Finally, it is well know that the estimators are biased in a finite-sample. Some authors constructed an

analytical bias-correction in the stationary INAR(1) process (see Bourguignon and Vasconcellos (2015b)

and Weiß and Schweer (2016)). One of the major results in this thesis is to derive the asymptotic

expansions of the biases of the YW and CLS estimators for the parameter 𝛼 in the stationary INAR(1)

and ADCINAR(1) processes. Not surprisingly, the resulting analytical bias-corrected YW and CLS

estimators are complicated for the ADCINAR(1) case. Therefore, the primary contribution is to develop,

in a nonparametric way, lag window-type bias-corrected YW and CLS estimators, without computing the

closed-form expression for the asymptotic expansions of the biases.

The thesis consists of two parts. The first part is concerned with the INAR(1) process (Chapters 2–4).
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In the second part, the ADCINAR(1) process is considered (Chapters 5 and 6). The rest of this thesis is

organized as follows.

Chapter 2 contains the definition of the INAR(1) process and describe its probabilistic aspects. We

provide the closed-form expressions for the third, fourth, fifth, and sixth autocumulant functions of the

stationary INAR(1) process under a general innovation. The asymptotic normality of sample mean and

sample autocovariance are also established. Chapter 3 discusses a class of estimators for the parameter 𝛼

which includes the YW, Burg, and method of moment estimators as special cases. We establish the strong

consistency and asymptotic normality of such a general estimator in the stationary INAR(1) process.

After deriving, explicitly, the asymptotic expansion for the bias of the general estimator, we construct

an analytical bias-corrected estimator for the parameter 𝛼 and study higher-order comparison among

different estimators, in terms of the mean squared error. Chapter 4 is concerned with asymptotic theory

about the frequency domain analysis in the stationary INAR(1) process. The strong consistency and

asymptotic normality of the Whittle estimators for 𝛼, 𝜇𝜀 , and 𝜎2
𝜀 are established, where 𝜇𝜀 and 𝜎2

𝜀 are

the innovation mean and variance. We propose the Wald-type tests about the equidispersion, on the basis

of the estimators for 𝜇𝜀 and 𝜎2
𝜀 .

On the other hand, Chapter 5 is concerned with the stationary ADCINAR(1) process under a general

innovation. We provide the closed-form expressions for the third and fourth autocumulant functions of

the stationary ADCINAR(1) process, together with the structure about arbitrary higher autocumulant

functions. Chapter 6 revisits two-step CLS (2CLS) estimator for the new parameter 𝜗. Also, the lag

window-type bias-correction and the analytical bias-correction of the commonly used YW and CLS

estimators for the parameter 𝛼 are developed. The merit of the lag window-type bias-correction is that

there is no need for computing the closed-form expression of the biases and then constructing its sample

analogue.

Chapter 7 contains the real data analyses using IP count data and Download count data, available in

Weiß (2018). We demonstrate the usefulness of two stationary INAR(1) and ADCINAR(1) processes.

Especially, we focus on (i) the equidispersion tests developed in Section 4.3, and (ii) the CLS estimation

(Section 6.2) for the stationary ADCINAR(1) process without the specific distributional form of the

innovation.

Finally, Chapter 8 concludes this thesis, together with some future issues.
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Chapter 2

Probabilistic and statistical properties of

INAR(1) process

2.1 Introduction

Our main interest is the statistical analysis of count time series. Due to the limitations of the traditional

autoregressive-type models, Steutel and van Harn (1979) proposed a binomial thinning operator. Since

then, there has been a huge literature about modelling time series count data, during the last four decades.

Al-Osh and Alzaid (1987) mainly considered the nonnegative integer-valued autoregressive process of

the first-order (INAR(1)) with the Poisson marginals, i.e., 𝑌𝑡 = 𝛼 ◦ 𝑌𝑡−1 + 𝜀𝑡 , where 𝛼◦ is the binomial

thinning operator with 𝛼 ∈ [0, 1), and {𝜀𝑡 } is a sequence of independent and identically distributed

(IID) random variables according to the Poisson distribution Po((1 − 𝛼)𝜇) for 𝜇 > 0. It is easy to see

that the autocorrelation function at lag 𝑢(≥ 0) is 𝛼𝑢. Further, da Silva and Oliveira (2004) discussed

Yule–Walker type equation of the third raw automoment (and autocumulant) function. Schweer and Weiß

(2016) derived, for any positve integer 𝑟 , the (𝑟 + 1)th autocumulant function of the INAR(1) process

with the Poisson marginals. However, to the best of our knowledge, there is no paper dealing with higher

autocumulant functions of the stationary INAR(1) process under a non-Poisson innovation. Considering

that higher autocumulant functions are fundamental, we derive them explicity.

The rest of this chapter is organized as follows. Section 2.2 gives the definition and some useful

properties of the binomial thinning operator. After the introduction of the INAR(1) process and its

basic formulas of the moment, variance, and autocorrelation function at lag 𝑢(≥ 0), Section 2.3 derives,

explicitly, the third, fourth, fifth, and sixth autocumulant functions of the stationary INAR(1) process

under a general innovation. Section 2.4 establishes asymptotic normality of the sample mean and sample

autocovariance. The technical proof of Proposition 2.1 is postponed to Section 2.5.
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2.2 Binomial thinning operator

Before describing the INAR(1) process, we introduce the binomial thinning operator due to Steutel and

van Harn (1979). For any 𝛼 ∈ [0, 1] and nonnegative integer-valued random variable 𝑌 , we define the

binomial thinning operation by

𝛼 ◦ 𝑌 =


0, 𝑌 = 0,
𝑌∑︁
𝑗=1

𝐵 𝑗 (𝛼), 𝑌 = 1, 2, . . .,

where {𝐵 𝑗 (𝛼)}, referred to as counting series, is a sequence of IID random variables, independent of 𝑌 ,

such that

𝑃[𝐵 𝑗 (𝛼) = 1] = 1 − 𝑃[𝐵 𝑗 (𝛼) = 0] = 𝛼.

Given 𝑌 = 1, 2, . . ., 𝛼 ◦ 𝑌 has a binomial distribution Bin(𝑌, 𝛼), by definition. Thus, using

𝐸 (𝑢𝛼◦𝑌 |𝑌 ) =


1, 𝑌 = 0,

(1 − 𝛼 + 𝛼𝑢)𝑌 , 𝑌 = 1, 2, . . .,

the probability generating function (pgf) of 𝛼 ◦ 𝑌 is given by

𝐸 (𝑢𝛼◦𝑌 ) = 𝐸 [(1 − 𝛼 + 𝛼𝑢)𝑌 ] .

We list other properties of the thinning operation used repeatedly in this thesis (some of them are

found in da Silva and Oliveira (2004), with slight corrections or extensions):

Lemma 2.1. (i) 0 ◦ 𝑌 = 0 and 1 ◦ 𝑌 = 𝑌 .

(ii) For 𝛽, 𝛾 ∈ [0, 1], 𝛽 ◦ (𝛾 ◦ 𝑌 ) 𝑑= (𝛽𝛾) ◦ 𝑌 𝑑
= 𝛾 ◦ (𝛽 ◦ 𝑌 ), where 𝑑

= stands for equal in distribution.

Proof By definition, (i) is trivial, and (ii) is shown by means of the pgf

𝐸 [𝑢𝛽◦(𝛾◦𝑌 ) ] = 𝐸 [(1 − 𝛽 + 𝛽𝑢)𝛾◦𝑌 ] = 𝐸 [(1 − 𝛾 + 𝛾(1 − 𝛽 + 𝛽𝑢))𝑌 ] = 𝐸 [(1 − 𝛽𝛾 + 𝛽𝛾𝑢)𝑌 ] = 𝐸 [𝑢 (𝛽𝛾)◦𝑌 ] .

□

Lemma 2.2. (i) For a function 𝐺 (e.g., we set 𝐺 (𝑌 ) ≡ 1 or 𝐺 (𝑌 ) = 𝑌 − 𝐸 (𝑌 )),

𝐸 [𝐺 (𝑌 ) (𝛼 ◦ 𝑌 )] = 𝛼𝐸 [𝐺 (𝑌 )𝑌 ],

𝐸 [𝐺 (𝑌 ) (𝛼 ◦ 𝑌 )2] = 𝛼2𝐸 [𝐺 (𝑌 )𝑌2] + 𝛼(1 − 𝛼)𝐸 [𝐺 (𝑌 )𝑌 ],

𝐸 [𝐺 (𝑌 ) (𝛼 ◦ 𝑌 )3] = 𝛼3𝐸 [𝐺 (𝑌 )𝑌3] + 3𝛼2(1 − 𝛼)𝐸 [𝐺 (𝑌 )𝑌2] + 𝛼(1 − 𝛼) (1 − 2𝛼)𝐸 [𝐺 (𝑌 )𝑌 ],
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𝐸 [𝐺 (𝑌 ) (𝛼 ◦ 𝑌 )4] = 𝛼4𝐸 [𝐺 (𝑌 )𝑌4] + 6𝛼3(1 − 𝛼)𝐸 [𝐺 (𝑌 )𝑌3] + 𝛼2(1 − 𝛼) (7 − 11𝛼)𝐸 [𝐺 (𝑌 )𝑌2]

+ 𝛼(1 − 𝛼) (1 − 6𝛼 + 6𝛼2)𝐸 [𝐺 (𝑌 )𝑌 ],

𝐸 [𝐺 (𝑌 ) (𝛼 ◦ 𝑌 )5] = 𝛼5𝐸 [𝐺 (𝑌 )𝑌5] + 10𝛼4(1 − 𝛼)𝐸 [𝐺 (𝑌 )𝑌4] + 5𝛼3(1 − 𝛼) (5 − 7𝛼)𝐸 [𝐺 (𝑌 )𝑌3]

+ 5𝛼2(1 − 𝛼) (3 − 12𝛼 + 10𝛼2)𝐸 [𝐺 (𝑌 )𝑌2]

+ 𝛼(1 − 𝛼) (1 − 14𝛼 + 36𝛼2 − 24𝛼3)𝐸 [𝐺 (𝑌 )𝑌 ],

𝐸 [𝐺 (𝑌 ) (𝛼 ◦ 𝑌 )6] = 𝛼6𝐸 [𝐺 (𝑌 )𝑌6] + 15𝛼5(1 − 𝛼)𝐸 [𝐺 (𝑌 )𝑌5] + 5𝛼4(1 − 𝛼) (13 − 17𝛼)𝐸 [𝐺 (𝑌 )𝑌4]

+ 15𝛼3(1 − 𝛼) (6 − 20𝛼 + 15𝛼2)𝐸 [𝐺 (𝑌 )𝑌3]

+ 𝛼2(1 − 𝛼) (31 − 239𝛼 + 476𝛼2 − 274𝛼3)𝐸 [𝐺 (𝑌 )𝑌2]

+ 𝛼(1 − 𝛼) (1 − 30𝛼 + 150𝛼2 − 240𝛼3 + 120𝛼4)𝐸 [𝐺 (𝑌 )𝑌 ]

(it is implicitly assumed that the expectations in the right-hand side exist).

(ii) Also,

𝐸 [𝐺 (𝑌 ) (𝛼 ◦ 𝑌 − 𝛼𝐸 (𝑌 ))] = 𝛼𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))],

hence,

𝐶𝑜𝑣 [𝐺 (𝑌 ), 𝛼 ◦ 𝑌 ] = 𝛼𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]

(it is implicitly assumed that 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] exists).

(iii) Furthermore,

𝐸 [𝐺 (𝑌 ) (𝛼 ◦ 𝑌 − 𝛼𝐸 (𝑌 ))2] = 𝛼2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 𝛼(1 − 𝛼)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
,

𝐸 [𝐺 (𝑌 ) (𝛼 ◦ 𝑌 − 𝛼𝐸 (𝑌 ))3] = 𝛼3𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3]

+ 3𝛼2(1 − 𝛼)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

}
+ 𝛼(1 − 𝛼) (1 − 2𝛼)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
,

𝐸 [𝐺 (𝑌 ) (𝛼 ◦ 𝑌 − 𝛼𝐸 (𝑌 ))4] = 𝛼4𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))4]

+ 6𝛼3(1 − 𝛼)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )

}
+ 𝛼2(1 − 𝛼) (7 − 11𝛼)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]

+ 2𝛼2(1 − 𝛼) (5 − 7𝛼)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

+ 3𝛼2(1 − 𝛼)2𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]2

+ 𝛼(1 − 𝛼) (1 − 6𝛼 + 6𝛼2)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
,

𝐸 [𝐺 (𝑌 ) (𝛼 ◦ 𝑌 − 𝛼𝐸 (𝑌 ))5] = 𝛼5𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))5]
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+ 10𝛼4(1 − 𝛼)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))4] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3]𝐸 (𝑌 )

}
+ 5𝛼3(1 − 𝛼) (5 − 7𝛼)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3]

+ 10𝛼3(1 − 𝛼) (4 − 5𝛼)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )

+ 15𝛼3(1 − 𝛼)2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] [𝐸 (𝑌 )]2

+ 5𝛼2(1 − 𝛼) (3 − 12𝛼 + 10𝛼2)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]

+ 5𝛼2(1 − 𝛼) (5 − 18𝛼 + 14𝛼2)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

+ 10𝛼2(1 − 𝛼)2(1 − 2𝛼)𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]2

+ 𝛼(1 − 𝛼) (1 − 14𝛼 + 36𝛼2 − 24𝛼3)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
(it is implicitly assumed that the expectations in the right-hand side exist).

Proof (i) Let

𝑀ℓ (𝑥, 𝑝) =
ℓ∑︁
𝑖=1

𝑝𝑖−1𝑆(ℓ𝑖 )
𝑖∑︁
𝑗=1

𝑠(𝑖𝑗)𝑥 𝑗 =
ℓ∑︁
𝑗=1
𝑥 𝑗

ℓ∑︁
𝑖= 𝑗

𝑝𝑖−1𝑆(ℓ𝑖 )𝑠(𝑖𝑗)

be a polynomial of degree ℓ in 𝑥 (without constant term) for any 𝑝 ∈ [0, 1] and positive integer ℓ, where

𝑠(𝑖
𝑗
) and 𝑆(ℓ

𝑖
) are the Stirling numbers of the first and second kind, respectively; for these definitions, see

Olver et al. (2010; Section 26.8). Given 𝑌 , 𝛼 ◦𝑌 is distributed as the binomial distribution Bin(𝑌, 𝛼), so

that, for any positive integer ℓ,

𝐸 [(𝛼 ◦ 𝑌 )ℓ |𝑌 ] = 𝛼𝑀ℓ (𝑌, 𝛼) (e.g., Johnson et al. (2005)).

The result follows from 𝐸 [𝐺 (𝑌 ) (𝛼 ◦ 𝑌 )ℓ] = 𝐸 [𝐺 (𝑌 )𝐸 [(𝛼 ◦ 𝑌 )ℓ |𝑌 ]].

(ii)&(iii) Use (i) and the binomial theorem; (𝐴 + 𝐵)𝑚 =
∑𝑚
𝑖=0 𝑚𝐶𝑖𝐴

𝑚−𝑖𝐵𝑖 , 𝑚 = 1, 2, . . .. □

In addition to the moment of 𝛼 ◦ 𝑌 , the second, third, fourth, fifth, and sixth central moments (or

cumulants) of 𝛼 ◦ 𝑌 are derived as direct consequences of Lemma 2.2(i,iii) with 𝐺 (𝑌 ) ≡ 1.

Corollary 2.1. (i) When 𝐸 (𝑌 ) exists, then,

𝐸 (𝛼 ◦ 𝑌 ) = 𝛼𝐸 (𝑌 ).

(ii) The 𝑗 th central moments of 𝛼 ◦ 𝑌 , 𝑗 = 2, 3, 4, 5, 6 (when 𝐸 (𝑌 𝑗) exists), are given by

𝐸 [(𝛼 ◦ 𝑌 − 𝛼𝐸 (𝑌 ))2] = 𝛼2𝐸 [(𝑌 − 𝐸 (𝑌 ))2] + 𝛼(1 − 𝛼)𝐸 (𝑌 ),

𝐸 [(𝛼 ◦ 𝑌 − 𝛼𝐸 (𝑌 ))3] = 𝛼3𝐸 [(𝑌 − 𝐸 (𝑌 ))3] + 3𝛼2(1 − 𝛼)𝐸 [(𝑌 − 𝐸 (𝑌 ))2] + 𝛼(1 − 𝛼) (1 − 2𝛼)𝐸 (𝑌 ),

𝐸 [(𝛼 ◦ 𝑌 − 𝛼𝐸 (𝑌 ))4] = 𝛼4𝐸 [(𝑌 − 𝐸 (𝑌 ))4] + 6𝛼3(1 − 𝛼){𝐸 [(𝑌 − 𝐸 (𝑌 ))3] + 𝐸 [(𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )}

+ 𝛼2(1 − 𝛼) (7 − 11𝛼)𝐸 [(𝑌 − 𝐸 (𝑌 ))2] + 3𝛼2(1 − 𝛼)2 [𝐸 (𝑌 )]2
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+ 𝛼(1 − 𝛼) (1 − 6𝛼 + 6𝛼2)𝐸 (𝑌 ),

𝐸 [(𝛼 ◦ 𝑌 − 𝛼𝐸 (𝑌 ))5] = 𝛼5𝐸 [(𝑌 − 𝐸 (𝑌 ))5] + 10𝛼4(1 − 𝛼)
{
𝐸 [(𝑌 − 𝐸 (𝑌 ))4] + 𝐸 [(𝑌 − 𝐸 (𝑌 ))3]𝐸 (𝑌 )

}
+ 5𝛼3(1 − 𝛼) (5 − 7𝛼)𝐸 [(𝑌 − 𝐸 (𝑌 ))3]

+ 10𝛼3(1 − 𝛼) (4 − 5𝛼)𝐸 [(𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )

+ 5𝛼2(1 − 𝛼) (3 − 12𝛼 + 10𝛼2)𝐸 [(𝑌 − 𝐸 (𝑌 ))2] + 10𝛼2(1 − 𝛼)2(1 − 2𝛼) [𝐸 (𝑌 )]2

+ 𝛼(1 − 𝛼) (1 − 14𝛼 + 36𝛼2 − 24𝛼3)𝐸 (𝑌 ),

𝐸 [(𝛼 ◦ 𝑌 − 𝛼𝐸 (𝑌 ))6] = 𝛼6𝐸 [(𝑌 − 𝐸 (𝑌 ))6] + 15𝛼5(1 − 𝛼)
{
𝐸 [(𝑌 − 𝐸 (𝑌 ))5] + 𝐸 [(𝑌 − 𝐸 (𝑌 ))4]𝐸 (𝑌 )

}
+ 5𝛼4(1 − 𝛼) (13 − 17𝛼)𝐸 [(𝑌 − 𝐸 (𝑌 ))4]

+ 10𝛼4(1 − 𝛼) (11 − 13𝛼)𝐸 [(𝑌 − 𝐸 (𝑌 ))3]𝐸 (𝑌 )

+ 15𝛼3(1 − 𝛼) (6 − 20𝛼 + 15𝛼2)𝐸 [(𝑌 − 𝐸 (𝑌 ))3]

+ 15𝛼3(1 − 𝛼) (12 − 36𝛼 + 25𝛼2)𝐸 [(𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )

+ 𝛼2(1 − 𝛼) (31 − 249𝛼 + 476𝛼2 − 274𝛼3)𝐸 [(𝑌 − 𝐸 (𝑌 ))2]

+ 5𝛼2(1 − 𝛼) (5 − 31𝛼 + 52𝛼2 − 26𝛼3) [𝐸 (𝑌 )]2

+ 𝛼(1 − 𝛼) (1 − 30𝛼 + 150𝛼2 − 240𝛼3 + 120𝛼4)𝐸 (𝑌 )

+ 45𝛼4(1 − 𝛼)2𝐸 [(𝑌 − 𝐸 (𝑌 ))2] [𝐸 (𝑌 )]2 + 15𝛼3(1 − 𝛼)3 [𝐸 (𝑌 )]3.

Recall that, for a random variable 𝑋 with finite sixth moment,

𝑉 (𝑋) = 𝐸 [(𝑋 − 𝐸 (𝑋))2] (note 𝐶𝑢𝑚2(𝑋) = 𝑉 (𝑋)),

𝐶𝑢𝑚3(𝑋) = 𝐸 [(𝑋 − 𝐸 (𝑋))3],

𝐶𝑢𝑚4(𝑋) = 𝐸 [(𝑋 − 𝐸 (𝑋))4] − 3[𝑉 (𝑋)]2,

𝐶𝑢𝑚5(𝑋) = 𝐸 [(𝑋 − 𝐸 (𝑋))5] − 10𝐶𝑢𝑚3(𝑋)𝑉 (𝑋),

𝐶𝑢𝑚6(𝑋) = 𝐸 [(𝑋 − 𝐸 (𝑋))6] − 15𝐶𝑢𝑚4(𝑋)𝑉 (𝑋) − 10[𝐶𝑢𝑚3(𝑋)]2 − 15[𝑉 (𝑋)]3.

Here, instead of writing 𝐶𝑢𝑚(𝑋, . . . , 𝑋︸    ︷︷    ︸
𝑗 times

), we use the notation 𝐶𝑢𝑚 𝑗 (𝑋) for the 𝑗 th cumulant, where

𝑗 = 2, 3, . . ..

Corollary 2.2. The 𝑗 th cumulants of 𝛼 ◦ 𝑌 , 𝑗 = 2, 3, 4, 5, 6 (when 𝐸 (𝑌 𝑗) exists), are given by

𝑉 (𝛼 ◦ 𝑌 ) = 𝛼2𝑉 (𝑌 ) + 𝛼(1 − 𝛼)𝐸 (𝑌 ),

𝐶𝑢𝑚3(𝛼 ◦ 𝑌 ) = 𝛼3𝐶𝑢𝑚3(𝑌 ) + 3𝛼2(1 − 𝛼)𝑉 (𝑌 ) + 𝛼(1 − 𝛼) (1 − 2𝛼)𝐸 (𝑌 ),

𝐶𝑢𝑚4(𝛼 ◦ 𝑌 ) = 𝛼4𝐶𝑢𝑚4(𝑌 ) + 6𝛼3(1 − 𝛼)𝐶𝑢𝑚3(𝑌 ) + 𝛼2(1 − 𝛼) (7 − 11𝛼)𝑉 (𝑌 )

+ 𝛼(1 − 𝛼) (1 − 6𝛼 + 6𝛼2)𝐸 (𝑌 ),
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𝐶𝑢𝑚5(𝛼 ◦ 𝑌 ) = 𝛼5𝐶𝑢𝑚5(𝑌 ) + 10𝛼4(1 − 𝛼)𝐶𝑢𝑚4(𝑌 ) + 5𝛼3(1 − 𝛼) (5 − 7𝛼)𝐶𝑢𝑚3(𝑌 )

+ 5𝛼2(1 − 𝛼) (3 − 12𝛼 + 10𝛼2)𝑉 (𝑌 ) + 𝛼(1 − 14𝛼 + 36𝛼2 − 24𝛼3)𝐸 (𝑌 ),

𝐶𝑢𝑚6(𝛼 ◦ 𝑌 ) = 𝛼6𝐶𝑢𝑚6(𝑌 ) + 15𝛼5(1 − 𝛼)𝐶𝑢𝑚5(𝑌 ) + 5𝛼4(1 − 𝛼) (13 − 17𝛼)𝐶𝑢𝑚4(𝑌 )

+ 15𝛼3(1 − 𝛼) (6 − 20𝛼 + 15𝛼2)𝐶𝑢𝑚3(𝑌 )

+ 𝛼2(1 − 𝛼) (31 − 239𝛼 + 476𝛼2 − 274𝛼3)𝑉 (𝑌 )

+ 𝛼(1 − 𝛼) (1 − 30𝛼 + 150𝛼2 − 240𝛼3 + 120𝛼4)𝐸 (𝑌 ).

2.3 INAR(1) process and higher autocumulant functions

Using the binomial thinning operator 𝛼◦, the INAR(1) process is defined by

𝑌𝑡 = 𝛼 ◦ 𝑌𝑡−1 + 𝜀𝑡 , 𝑡 = 0,±1, . . . , (2.1)

where {𝜀𝑡 }, referred to as an innovation, is a sequence of IID nonnegative integer-valued random variables,

such that 𝜀𝑡 and 𝑌𝑡−𝑖 are independent for all 𝑖 ≥ 1. Al-Osh and Alzaid (1987) gave this definition, but

mainly focused on the Poisson innovation. Bourguignon and Vasconcellos (2015a) considered the

stationary INAR(1) process under the power series (PS) innovation. In what follows, the mean, variance,

𝑗 th cumulant, and 𝑗 th raw moment of 𝜀𝑡 are denoted by 𝜇𝜀 = 𝐸 (𝜀𝑡 ), 𝜎2
𝜀 = 𝑉 (𝜀𝑡 ), 𝜅 𝑗 , 𝜀 = 𝐶𝑢𝑚 𝑗 (𝜀𝑡 ), and

𝜇′
𝑗 , 𝜀

= 𝐸 (𝜀 𝑗𝑡 ), respectively.

We emphasize that, throughout this thesis, except for some simulation experiments, we do not assume

the distributional form about the innovation {𝜀𝑡 }. In this sense, we treat (2.1) to be semi-parametric.

When 𝛼 ∈ [0, 1), the INAR(1) process {𝑌𝑡 } is then strictly stationary and ergodic (Du and Li (1991)),

whose mean 𝜇𝑌 and variance 𝜎2
𝑌

are, respectively, given by

𝜇𝑌 =
𝜇𝜀

1 − 𝛼 , 𝜎2
𝑌 =

𝛼𝜇𝜀 + 𝜎2
𝜀

1 − 𝛼2 ,

since

𝐸 (𝑌𝑡 ) = 𝐸 (𝛼 ◦ 𝑌𝑡−1) + 𝜇𝜀 = 𝛼𝐸 (𝑌𝑡−1) + 𝜇𝜀

(use Corollary 2.1(i)) and, by independence between 𝑌𝑡−1 and 𝜀𝑡 ,

𝑉 (𝑌𝑡 ) = 𝑉 (𝛼 ◦ 𝑌𝑡−1 + 𝜀𝑡 ) = 𝑉 (𝛼 ◦ 𝑌𝑡−1) + 𝜎2
𝜀 = 𝛼

2𝑉 (𝑌𝑡−1) + 𝛼(1 − 𝛼)𝐸 (𝑌𝑡−1) + 𝜎2
𝜀

(use Corollary 2.2). Here, when 𝜇𝜀 exists, 𝜇𝑌 exists; when 𝜇′2, 𝜀 exists (in this case, 𝜇𝜀 and 𝜎2
𝜀 exist), 𝜎2

𝑌
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exists. The dispersion index is thus given by

𝜎2
𝑌

𝜇𝑌
=
𝛼𝜇𝜀 + 𝜎2

𝜀

(1 + 𝛼)𝜇𝜀
= 1 + 1

1 + 𝛼

(𝜎2
𝜀

𝜇𝜀
− 1

)
,

where the left-hand-side is equal to 1 when 𝜎2
𝜀 = 𝜇𝜀 , as in the Poisson case (with the equidispersion

property). It follows that the stationary INAR(1) process (2.1) is overdispersed (underdispersed) when

𝜎2
𝜀 > 𝜇𝜀 (𝜎2

𝜀 < 𝜇𝜀). This characterization is unique feature of the INAR(1) process, which enables us

to construct a novel equidispersion test of the INAR(1) process; see Chapter 4.

Further, for any positive integer 𝑢,𝑌𝑡 is independent of
∑𝑢−1
𝑖=0 𝛼

𝑖 ◦𝜀𝑡+𝑢−𝑖 , so that, using Lemma 2.2(ii),

𝐶𝑜𝑣(𝑌𝑡 , 𝑌𝑡+𝑢) = 𝐶𝑜𝑣
(
𝑌𝑡 , 𝛼

𝑢 ◦ 𝑌𝑡 +
𝑢−1∑︁
𝑖=0

𝛼𝑖 ◦ 𝜀𝑡+𝑢−𝑖
)
= 𝐶𝑜𝑣(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 ) = 𝛼𝑢𝜎2

𝑌 , (2.2)

hence, the autocorrelation function at lag 𝑢 of the stationary INAR(1) process is given by 𝛼𝑢, as in the

usual stationary autoregressive process of the first-order (e.g., Brockwell and Davis (1987)).

Similarly, it is possible to compute the third, fourth, fifth, and sixth cumulants of𝑌𝑡 (denoted by 𝜅 𝑗 ,𝑌 ),

as follows. Noting that

𝐶𝑢𝑚 𝑗 (𝑌𝑡 ) = 𝐶𝑢𝑚 𝑗 (𝛼 ◦ 𝑌𝑡−1 + 𝜀𝑡 ) = 𝐶𝑢𝑚 𝑗 (𝛼 ◦ 𝑌𝑡−1) + 𝜅 𝑗 , 𝜀

by independence between 𝑌𝑡−1 and 𝜀𝑡 , and using Corollary 2.2, we have

𝐶𝑢𝑚3(𝑌𝑡 ) = 𝛼3𝐶𝑢𝑚3(𝑌𝑡−1) + 3𝛼2(1 − 𝛼)𝑉 (𝑌𝑡−1) + 𝛼(1 − 𝛼) (1 − 2𝛼)𝐸 (𝑌𝑡−1) + 𝜅3, 𝜀 ,

𝐶𝑢𝑚4(𝑌𝑡 ) = 𝛼4𝐶𝑢𝑚4(𝑌𝑡−1) + 6𝛼3(1 − 𝛼)𝐶𝑢𝑚3(𝑌𝑡−1) + 𝛼2(1 − 𝛼) (7 − 11𝛼)𝑉 (𝑌𝑡−1)

+ 𝛼(1 − 𝛼) (1 − 6𝛼 + 6𝛼2)𝐸 (𝑌𝑡−1) + 𝜅4, 𝜀 ,

𝐶𝑢𝑚5(𝑌𝑡 ) = 𝛼5𝐶𝑢𝑚5(𝑌𝑡−1) + 10𝛼4(1 − 𝛼)𝐶𝑢𝑚4(𝑌𝑡−1) + 5𝛼3(1 − 𝛼) (5 − 7𝛼)𝐶𝑢𝑚3(𝑌𝑡−1)

+ 5𝛼2(1 − 𝛼) (3 − 12𝛼 + 10𝛼2)𝑉 (𝑌𝑡−1)

+ 𝛼(1 − 𝛼) (1 − 14𝛼 + 36𝛼2 − 24𝛼3)𝐸 (𝑌𝑡−1) + 𝜅5, 𝜀 ,

𝐶𝑢𝑚6(𝑌𝑡 ) = 𝛼6𝐶𝑢𝑚6(𝑌𝑡−1) + 15𝛼5(1 − 𝛼)𝐶𝑢𝑚5(𝑌𝑡−1) + 5𝛼4(1 − 𝛼) (13 − 17𝛼)𝐶𝑢𝑚4(𝑌𝑡−1)

+ 15𝛼3(1 − 𝛼) (6 − 20𝛼 + 15𝛼2)𝐶𝑢𝑚3(𝑌𝑡−1)

+ 𝛼2(1 − 𝛼) (31 − 239𝛼 + 476𝛼2 − 274𝛼3)𝑉 (𝑌𝑡−1)

+ 𝛼(1 − 𝛼) (1 − 30𝛼 + 150𝛼2 − 240𝛼3 + 120𝛼4)𝐸 (𝑌𝑡−1) + 𝜅6, 𝜀 ,

hence, by strictly stationarity of {𝑌𝑡 },

𝜅3,𝑌 =
1

1 − 𝛼3 {3𝛼
2(1 − 𝛼)𝜎2

𝑌 + 𝛼(1 − 𝛼) (1 − 2𝛼)𝜇𝑌 + 𝜅3, 𝜀},
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𝜅4,𝑌 =
1

1 − 𝛼4 {6𝛼
3(1 − 𝛼)𝜅3,𝑌 + 𝛼2(1 − 𝛼) (7 − 11𝛼)𝜎2

𝑌 + 𝛼(1 − 𝛼) (1 − 6𝛼 + 6𝛼2)𝜇𝑌 + 𝜅4, 𝜀},

𝜅5,𝑌 =
1

1 − 𝛼5 {10𝛼4(1 − 𝛼)𝜅4,𝑌 + 5𝛼3(1 − 𝛼) (5 − 7𝛼)𝜅3,𝑌 + 5𝛼2(1 − 𝛼) (3 − 12𝛼 + 10𝛼2)𝜎2
𝑌

+ 𝛼(1 − 𝛼) (1 − 14𝛼 + 36𝛼2 − 24𝛼3)𝜇𝑌 + 𝜅5, 𝜀},

𝜅6,𝑌 =
1

1 − 𝛼6 {15𝛼5(1 − 𝛼)𝜅5,𝑌 + 5𝛼4(1 − 𝛼) (13 − 17𝛼)𝜅4,𝑌 + 15𝛼3(1 − 𝛼) (6 − 20𝛼 + 15𝛼2)𝜅3,𝑌

+ 𝛼2(1 − 𝛼) (31 − 239𝛼 + 476𝛼2 − 274𝛼3)𝜎2
𝑌

+ 𝛼(1 − 𝛼) (1 − 30𝛼 + 150𝛼2 − 240𝛼3 + 120𝛼4)𝜇𝑌 + 𝜅6, 𝜀}.

Remark 2.1. If 𝜇′
𝐽,𝜀

exists for 𝐽 ≥ 3 (in this case, 𝜇𝜀 , 𝜎2
𝜀 , and 𝜅 𝑗 , 𝜀 , 𝑗 = 3, . . . , 𝐽, exist), then, 𝜅 𝑗 ,𝑌 exists

for 𝑗 = 3, . . . , 𝐽.

Before presenting the higher autocumulant functions of the stationary INAR(1) process {𝑌𝑡 }, we

introduce the following notations:

𝑄2:3,𝑌 = 𝜅3,𝑌 − 𝜎2
𝑌 ,

𝑄2:4,𝑌 = 𝜅4,𝑌 − 3𝜅3,𝑌 + 2𝜎2
𝑌 ,

𝑄2:5,𝑌 = 𝜅5,𝑌 − 6𝜅4,𝑌 + 11𝜅3,𝑌 − 6𝜎2
𝑌 ,

𝑄2:6,𝑌 = 𝜅6,𝑌 − 10𝜅5,𝑌 + 35𝜅4,𝑌 − 50𝜅3,𝑌 + 24𝜎2
𝑌 .

Remark 2.2. The cumulant generating function of a random variable 𝑋 that is distributed according to

a Poisson distribution with a parameter 𝜆 ≥ 0, denoted by Po(𝜆), is given by log 𝐸 [𝑒𝑡𝑋] = 𝜆(𝑒𝑡 − 1),

hence, all cumulants of 𝑋 ∼ Po(𝜆) are equal to 𝜆. Therefore, 𝑄2:3,𝑌 = 𝑄2:4,𝑌 = 𝑄2:5,𝑌 = 𝑄2:6,𝑌 = 0 for

the INAR(1) process {𝑌𝑡 } with the Poisson marginals, i.e., these quantities show the departure from the

Poisson distribution, parallel to the fact that all higher cumulants of the normal distribution vanish.

For the asymptotic theory of the stationary time series, the autocumulant functions, equivalently, the

central automoment functions, are fundamental. Recall that, given a stationary process {𝑋𝑡 } with mean

𝜇𝑋, the (𝑟 + 1)th central automoment function, where 𝑟 is a positive integer, is defined by

𝜇𝑋 (𝑢1, . . . , 𝑢𝑟 ) = 𝐸
[
(𝑋𝑡 − 𝜇𝑋)

𝑟∏
𝑖=1

(𝑋𝑡+𝑢𝑖 − 𝜇𝑋)
]

for nonnegative integers 𝑢𝑟 ≥ · · · ≥ 𝑢1 ≥ 0. The second central automoment function is nothing but the

autocovariance function 𝛾𝑋 (·) and the third central automoment function is equal to the third autocumulant

function 𝛾𝑋 (·, ·), i.e.,

𝛾𝑋 (𝑢1) = 𝜇𝑋 (𝑢1) and 𝛾𝑋 (𝑢1, 𝑢2) = 𝜇𝑋 (𝑢1, 𝑢2).
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Further, the fourth autocumulant function 𝛾𝑋 (·, ·, ·) is given by

𝛾𝑋 (𝑢1, 𝑢2, 𝑢3) = 𝜇𝑋 (𝑢1, 𝑢2, 𝑢3) − 𝛾𝑋 (𝑢1)𝛾𝑋 (𝑢3 − 𝑢2) − 𝛾𝑋 (𝑢2)𝛾𝑋 (𝑢3 − 𝑢1) − 𝛾𝑋 (𝑢3)𝛾𝑋 (𝑢2 − 𝑢1).

Proposition 2.1. In addition to the autocovariance function 𝛾𝑌 (𝑢) = 𝛼𝑢𝜎2
𝑌

(see (2.2)), the third, fourth,

fifth, and sixth autocumulant functions of the stationary INAR(1) process {𝑌𝑡 } are, respectively, given by

𝛾𝑌 (𝑢, 𝑣) = 𝛼𝑣 (𝛼𝑢𝑄2:3,𝑌 + 𝜎2
𝑌 ), (2.3)

𝛾𝑌 (𝑢, 𝑣, 𝑤) = 𝛼𝑤{𝛼𝑣+𝑢𝑄2:4,𝑌 + (𝛼𝑢 + 2𝛼𝑣)𝑄2:3,𝑌 + 𝜎2
𝑌 }, (2.4)

𝛾𝑌 (𝑢, 𝑣, 𝑤, 𝑥) = 𝛼𝑥{𝛼𝑤+𝑣+𝑢𝑄2:5,𝑌 + (𝛼𝑣+𝑢 + 2𝛼𝑤+𝑢 + 3𝛼𝑤+𝑣)𝑄2:4,𝑌

+ (𝛼𝑢 + 2𝛼𝑣 + 4𝛼𝑤)𝑄2:3,𝑌 + 𝜎2
𝑌 }, (2.5)

𝛾𝑌 (𝑢, 𝑣, 𝑤, 𝑥, 𝑦) = 𝛼𝑦{𝛼𝑥+𝑤+𝑣+𝑢𝑄2:6,𝑌 + (𝛼𝑤+𝑣+𝑢 + 2𝛼𝑥+𝑣+𝑢 + 3𝛼𝑥+𝑤+𝑢 + 4𝛼𝑥+𝑤+𝑣)𝑄2:5,𝑌

+ (𝛼𝑣+𝑢 + 2𝛼𝑤+𝑢 + 3𝛼𝑤+𝑣 + 4𝛼𝑥+𝑢 + 6𝛼𝑥+𝑣 + 9𝛼𝑥+𝑤)𝑄2:4,𝑌

+ (𝛼𝑢 + 2𝛼𝑣 + 4𝛼𝑤 + 8𝛼𝑥)𝑄2:3,𝑌 + 𝜎2
𝑌 } (2.6)

for 𝑦 ≥ 𝑥 ≥ 𝑤 ≥ 𝑣 ≥ 𝑢 ≥ 0 (the proof is postponed to Section 2.5).

Remark 2.3. Schweer and Weiß (2016) showed that the (𝑟 + 1)th autocumulant function of the INAR(1)

process with the Poisson marginals is given by𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡+𝑢1 , . . . , 𝑌𝑡+𝑢𝑟 ) = 𝛼𝑢𝑟 𝜇𝑌 for any positive integer

𝑟 and nonnegative integers 𝑢𝑟 ≥ · · · ≥ 𝑢1 ≥ 0.

Remark 2.4. When 𝛼 ∈ [0, 1), the INAR(1) process (2.1) is strictly stationary, having the representation

𝑌𝑡 =
∑∞
𝑖=0 𝛼

𝑖◦𝜀𝑡−𝑖 (see Al-Osh and Alzaid (1987)). Using this, we have another derivation for the mean 𝜇𝑌

and variance 𝜎2
𝑌

, as well as the second, third, and fourth automoment functions, i.e., for 𝑤 ≥ 𝑣 ≥ 𝑢 ≥ 0,

𝜇𝑌 (𝑢) = 𝛼𝑢𝜎2
𝑌 , 𝜇𝑌 (𝑢, 𝑣) = 𝛼𝑣 (𝛼𝑢𝑄2:3,𝑌 + 𝜎2

𝑌 ),

𝜇𝑌 (𝑢, 𝑣, 𝑤) = 𝛼𝑤{𝛼𝑣+𝑢𝑄2:4,𝑌 + (𝛼𝑢 + 2𝛼𝑣)𝑄2:3,𝑌 + 𝜎2
𝑌 } + (𝛼𝑤−𝑣+𝑢 + 2𝛼𝑤+𝑣−𝑢)𝜎4

𝑌 .

2.4 Asymptotic normality of sample mean and sample autocovariance

Suppose that the observation {𝑌1, . . . , 𝑌𝑛} of length 𝑛 is generated by 𝑌𝑡 = 𝛼 ◦ 𝑌𝑡−1 + 𝜀𝑡 , where we

assume that 𝛼 ∈ [0, 1) (in that case, the INAR(1) process is strictly stationary and ergodic; see Du

and Li (1991)) and that 𝐸 (𝜀𝐽𝑡 ) exists for some 𝐽 ≥ 2 (see Remark 2.1). Let 𝑌 = (1/𝑛)∑𝑛
𝑡=1𝑌𝑡 and

�̂�(ℎ) = (1/𝑛)∑𝑛−ℎ
𝑡=1 (𝑌𝑡 − 𝑌 ) (𝑌𝑡+ℎ − 𝑌 ), ℎ = 0, 1, . . . , 𝑛 − 1.

The following asymptotic normality of the sample mean and sample autocovariance is a non-Poisson

extension of Park and Oh (1997). Note that some formulas in their lemmas for the INAR(1) process with

the Poisson marginals were corrected here (the result below is, however, not intended just to make the

correction).
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Proposition 2.2. Suppose that {𝑌𝑡 } is INAR(1) process with 𝛼 ∈ [0, 1) and that 𝐸 (𝜀𝐽𝑡 ) exists for some

integer 𝐽 ≥ 4. The following hold for a fixed positive integer 𝑚.

(i) Let �̃�(ℎ) = (1/𝑛)∑𝑛
𝑡=1(𝑌𝑡 − 𝜇𝑌 ) (𝑌𝑡+ℎ − 𝜇𝑌 ), ℎ = 0, 1, . . . , 𝑚. We have

√
𝑛[𝑌 − 𝜇𝑌 , �̃�(0) − 𝛾𝑌 (0), . . . , �̃�(𝑚) − 𝛾𝑌 (𝑚)]𝑇

𝑑−→ N(0,Ξ),

where

Ξ =
©«
Ξ(𝜇𝜇) Ξ𝑇(𝛾𝜇)

Ξ(𝛾𝜇) Ξ(𝛾𝛾)

ª®¬
is the (𝑚 + 2) × (𝑚 + 2) matrix such that Ξ(𝜇𝜇) = (1 + 𝛼)𝜎2

𝑌
/(1 − 𝛼), Ξ(𝛾𝜇) = (Ξ0,Ξ1, ...,Ξ𝑚)𝑇 is

(𝑚 + 1) × 1 vector, whose 𝐼th element is given by

Ξ𝐼 =
1 + 𝛼 + 𝛼2

1 − 𝛼2 𝛼𝐼𝑄2:3,𝑌 +
( 1 + 𝛼
1 − 𝛼 + 𝐼

)
𝛼𝐼𝜎2

𝑌 ,

and Ξ(𝛾𝛾) is the (𝑚 + 1) × (𝑚 + 1) symmetric matrix (Ξ𝐼 𝐽 ; 𝐼, 𝐽 = 0, 1, . . . , 𝑚), whose (𝐼, 𝐽)th element,

for 𝐼 ≥ 𝐽, is given by

Ξ𝐼 𝐽 =
𝑄2:4,𝑌

1 − 𝛼2 (1 + 𝛼2)𝛼𝐼+𝐽

+
𝑄2:3,𝑌

1 − 𝛼2 {(1 + 𝛼 + 𝛼2)𝛼𝐼 − 𝛼(𝛼2𝐼−𝐽 + 𝛼2𝐼+𝐽 + 𝛼𝐼+2𝐽 ) + 2(1 + 𝛼)2𝛼𝐼+𝐽 }

+
𝜎2
𝑌

1 − 𝛼 {1 + 𝐼 − 𝐽 + 𝛼(1 − 𝐼 + 𝐽)}𝛼𝐼

+
𝜎4
𝑌

1 − 𝛼2 [{1 + 𝐼 − 𝐽 + 𝛼2(1 − 𝐼 + 𝐽)}𝛼𝐼−𝐽 + {1 + 𝐼 + 𝐽 + 𝛼2(1 − 𝐼 − 𝐽)}𝛼𝐼+𝐽 ] .

(ii)
√
𝑛[𝑌 − 𝜇𝑌 , �̂�(0) − 𝛾𝑌 (0), . . . , �̂�(𝑚) − 𝛾𝑌 (𝑚)]𝑇

𝑑−→ N(0,Ξ).

Proof (i) For each integer 𝑀 (> 2𝑚), let

�̃� (𝑀 ) (ℎ) = 1
𝑛

𝑛∑︁
𝑡=1

(𝑌 (𝑀 )
𝑡 − 𝜇𝑌 (𝑀) ) (𝑌 (𝑀 )

𝑡+ℎ − 𝜇𝑌 (𝑀) ), ℎ = 0, 1, . . . , 𝑚, and 𝑌
(𝑀 )

=
1
𝑛

𝑛∑︁
𝑡=1
𝑌
(𝑀 )
𝑡 ,

where 𝑌 (𝑀 )
𝑡 =

∑𝑀
𝑖=0 𝛼

𝑖 ◦ 𝜀𝑡−𝑖 is a truncated version of 𝑌𝑡 =
∑∞
𝑖=0 𝛼

𝑖 ◦ 𝜀𝑡−𝑖 . Here, {𝑌 (𝑀 )
𝑡 } is strictly

stationary, whose mean and autocovariance function at lag 𝑢(≥ 0) are, respectively, given by

𝜇𝑌 (𝑀) =
1 − 𝛼𝑀+1

1 − 𝛼 𝜇𝜀 ,

𝛾𝑌 (𝑀) (𝑢) =


0, 𝑢 > 𝑀,

𝛼𝑢
[1 − 𝛼2(𝑀+1−𝑢)

1 − 𝛼2 𝜎2
𝜀 +

{1 − 𝛼𝑀+1−𝑢

1 − 𝛼 − 1 − 𝛼2(𝑀+1−𝑢)

1 − 𝛼2

}
𝜇𝜀

]
, 0 ≤ 𝑢 ≤ 𝑀 .
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Since {𝑌 (𝑀 )
𝑡 − 𝜇𝑌 (𝑀) , (𝑌 (𝑀 )

𝑡 − 𝜇𝑌 (𝑀) )2 − 𝛾𝑌 (𝑀) (0), ..., (𝑌 (𝑀 )
𝑡 − 𝜇𝑌 (𝑀) ) (𝑌 (𝑀 )

𝑡+𝑚 − 𝜇𝑌 (𝑀) ) − 𝛾𝑌 (𝑀) (𝑚)} is

strictly stationary and (𝑀 + 𝑚)-dependent, we can use a finite-dependent central limit theorem and the

Cramér–Wold device to show that

√
𝑛[𝑌 (𝑀 ) − 𝜇𝑌 (𝑀) , �̃�

(𝑀 ) (0) − 𝛾𝑌 (𝑀) (0), . . . , �̃� (𝑀 ) (𝑚) − 𝛾𝑌 (𝑀) (𝑚)]𝑇 𝑑−→ N(0,Ξ(𝑀 ) ),

where

Ξ(𝑀 ) =
©«
Ξ
(𝑀 )
(𝜇𝜇)

(
Ξ
(𝑀 )
(𝛾𝜇)

)𝑇
Ξ
(𝑀 )
(𝛾𝜇) Ξ

(𝑀 )
(𝛾𝛾)

ª®¬
is the (𝑚 + 1) × (𝑚 + 1) matrix such that

Ξ
(𝑀 )
(𝜇𝜇) = lim

𝑛→∞
𝑛𝑉 (𝑌 (𝑀 ) ),

Ξ
(𝑀 )
(𝛾𝜇) = [ lim

𝑛→∞
𝑛𝐶𝑜𝑣(𝑌 (𝑀 )

, �̃� (𝑀 ) (0)), . . . , lim
𝑛→∞

𝑛𝐶𝑜𝑣(𝑌 (𝑀 )
, �̃� (𝑀 ) (𝑚))]𝑇 ,

and Ξ
(𝑀 )
(𝛾𝛾) is the (𝑚 + 1) × (𝑚 + 1) matrix (Ξ(𝑀 )

𝐼 𝐽
; 𝐼, 𝐽 = 0, 1, ..., 𝑚), whose (𝐼, 𝐽)th element is given by

Ξ
(𝑀 )
𝐼 𝐽

= lim
𝑛→∞

𝑛𝐶𝑜𝑣(�̃� (𝑀 ) (𝐼), �̃� (𝑀 ) (𝐽)).

On the other hand, we introduce Δ
(𝑀 )
𝑡 = (𝑌𝑡 − 𝜇𝑌 ) − (𝑌 (𝑀 )

𝑡 − 𝜇𝑌 (𝑀) ), 𝑡 = 1, . . . , 𝑛, and then rewrite

(𝑌 − 𝜇𝑌 ) − (𝑌 (𝑀 ) − 𝜇𝑌 (𝑀) ) =
1
𝑛

𝑛∑︁
𝑡=1

Δ
(𝑀 )
𝑡

and, for ℎ = 0, 1, . . . , 𝑚,

�̃�(ℎ) − 𝛾𝑌 (ℎ) − {�̃� (𝑀 ) (ℎ) − 𝛾𝑌 (𝑀) (ℎ)}

=
1
𝑛

𝑛∑︁
𝑡=1

[(𝑌𝑡 − 𝜇𝑌 ) (𝑌𝑡+ℎ − 𝜇𝑌 ) − (𝑌 (𝑀 )
𝑡 − 𝜇𝑌 (𝑀) ) (𝑌 (𝑀 )

𝑡+ℎ − 𝜇𝑌 (𝑀) )] − {𝛾𝑌 (ℎ) − 𝛾𝑌 (𝑀) (ℎ)}

= 𝑋
(𝑀 )
𝑛,ℎ

+ 𝑌 (𝑀 )
𝑛,ℎ

+ 𝑍 (𝑀 )
𝑛,ℎ

− {𝛾𝑌 (ℎ) − 𝛾𝑌 (𝑀) (ℎ)}, (2.7)

where

𝑋
(𝑀 )
𝑛,ℎ

=
1
𝑛

𝑛∑︁
𝑡=1

(𝑌 (𝑀 )
𝑡 − 𝜇𝑌 (𝑀) )Δ(𝑀 )

𝑡+ℎ , 𝑌
(𝑀 )
𝑛,ℎ

=
1
𝑛

𝑛∑︁
𝑡=1

Δ
(𝑀 )
𝑡 (𝑌 (𝑀 )

𝑡+ℎ − 𝜇𝑌 (𝑀) ), and 𝑍
(𝑀 )
𝑛,ℎ

=
1
𝑛

𝑛∑︁
𝑡=1

Δ
(𝑀 )
𝑡 Δ

(𝑀 )
𝑡+ℎ .

It is easy to see that

𝑉 [
√
𝑛(𝑌 − 𝑌 (𝑀 ) )] = 1

𝑛
𝑉

( 𝑛∑︁
𝑡=1

Δ
(𝑀 )
𝑡

)
→ 0 (uniformly in 𝑛) as 𝑀 → ∞.
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To verify the uniform asymptotical negligibility of (2.7) after multiplication by
√
𝑛, we have only to show

that, for ℎ = 0, 1, . . . , 𝑚,

𝑉 [
√
𝑛{�̃�(ℎ) − �̃� (𝑀 ) (ℎ)}]

= 𝑛𝑉 [𝑋 (𝑀 )
𝑛,ℎ

+ 𝑌 (𝑀 )
𝑛,ℎ

+ 𝑍 (𝑀 )
𝑛,ℎ

]

= 𝑛|𝑉 [𝑋 (𝑀 )
𝑛,ℎ

] +𝑉 [𝑌 (𝑀 )
𝑛,ℎ

] +𝑉 [𝑍 (𝑀 )
𝑛,ℎ

] + 2𝐶𝑜𝑣 [𝑋 (𝑀 )
𝑛,ℎ

, 𝑌
(𝑀 )
𝑛,ℎ

] + 2𝐶𝑜𝑣 [𝑌 (𝑀 )
𝑛,ℎ

, 𝑍
(𝑀 )
𝑛,ℎ

] + 2𝐶𝑜𝑣 [𝑋 (𝑀 )
𝑛,ℎ

, 𝑍
(𝑀 )
𝑛,ℎ

] |

≤ 𝑛
{√︃
𝑉 [𝑋 (𝑀 )

𝑛,ℎ
] +

√︃
𝑉 [𝑌 (𝑀 )

𝑛,ℎ
] +

√︃
𝑉 [𝑍 (𝑀 )

𝑛,ℎ
]
}2

≤ 3𝑛{𝑉 [𝑋 (𝑀 )
𝑛,ℎ

] +𝑉 [𝑌 (𝑀 )
𝑛,ℎ

] +𝑉 [𝑍 (𝑀 )
𝑛,ℎ

]} → 0 (uniformly in 𝑛) as 𝑀 → ∞.

Thus, we can see (e.g., Brockwell and Davis (1987)) that

√
𝑛[𝑌 − 𝜇𝑌 , �̃�(0) − 𝛾𝑌 (0), . . . , �̃�(𝑚) − 𝛾𝑌 (𝑚)]𝑇

𝑑−→ N(0,Ξ),

where Ξ = lim𝑀→∞ Ξ(𝑀 ) .

(ii) We have, for ℎ = 0, 1, . . . , 𝑚,

√
𝑛[�̃�(ℎ) − �̂�(ℎ)]

=
1
√
𝑛

[ 𝑛∑︁
𝑡=1

(𝑌𝑡 − 𝜇𝑌 ) (𝑌𝑡+ℎ − 𝜇𝑌 ) −
𝑛−ℎ∑︁
𝑡=1

(𝑌𝑡 − 𝑌 ) (𝑌𝑡+ℎ − 𝑌 )
]

=
1
√
𝑛

[ 𝑛−ℎ∑︁
𝑡=1

(𝑌𝑡 − 𝜇𝑌 ) (𝑌𝑡+ℎ − 𝜇𝑌 ) −
𝑛−ℎ∑︁
𝑡=1

(𝑌𝑡 − 𝑌 ) (𝑌𝑡+ℎ − 𝑌 )
]
+ 1
√
𝑛

𝑛∑︁
𝑡=𝑛−ℎ+1

(𝑌𝑡 − 𝜇𝑌 ) (𝑌𝑡+ℎ − 𝜇𝑌 )

=
1
√
𝑛

[ 𝑛−ℎ∑︁
𝑡=1

{(𝑌𝑡 − 𝜇𝑌 ) + (𝑌𝑡+ℎ − 𝜇𝑌 ) − (𝑌 − 𝜇𝑌 )}
]
(𝑌 − 𝜇𝑌 ) +

1
√
𝑛

𝑛∑︁
𝑡=𝑛−ℎ+1

(𝑌𝑡 − 𝜇𝑌 ) (𝑌𝑡+ℎ − 𝜇𝑌 )

= 𝑂 𝑝 (1/
√
𝑛)

= 𝑜𝑝 (1).

Then, the result follows from Slutsky’s theorem and (i). □

Poisson INAR(1) process

The stationary marginal distribution of {𝑌𝑡 }, if it exists, is determined by the equation of the pgf;

𝐸 [𝑢𝑌𝑡 ] = 𝐸 [𝑢𝛼◦𝑌𝑡 ]𝐸 [𝑢𝜀𝑡 ] .

(I) Suppose that the INAR(1) process (2.1), with 𝛼 ∈ [0, 1), has the marginal Poisson distribution
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Po(𝜆), where 𝜆 > 0. The pgfs of 𝑌𝑡 and 𝛼 ◦ 𝑌𝑡 are, respectively, given by

𝐸 [𝑢𝑌𝑡 ] =
∞∑︁
𝑦=0

𝜆𝑦

𝑦!
𝑒−𝜆𝑢𝑦 = 𝑒𝜆(𝑢−1) ,

𝐸 [𝑢𝛼◦𝑌𝑡 ] = 𝐸 [(1 − 𝛼 + 𝛼𝑢)𝑌𝑡 ] =
∞∑︁
𝑦=0

𝜆𝑦

𝑦!
𝑒−𝜆(1 − 𝛼 + 𝛼𝑢)𝑦 = 𝑒𝛼𝜆(𝑢−1) ,

so that

𝐸 [𝑢𝜀𝑡 ] = 𝐸 [𝑢𝑌𝑡 ]
𝐸 [𝑢𝛼◦𝑌𝑡 ] = 𝑒 (1−𝛼)𝜆(𝑢−1) ,

i.e., 𝜀𝑡 must be distributed according to the Poisson distribution Po((1 − 𝛼)𝜆).

(II) Conversely, if 𝜀𝑡 is distributed according to the Poisson distribution Po((1−𝛼)𝜆), where 𝛼 ∈ [0, 1)

and 𝜆 > 0, the pgf of 𝑌𝑡 =
∑∞
𝑗=0 𝛼

𝑗 ◦ 𝜀𝑡− 𝑗 , 𝑌𝑡 is then given by

𝐸 [𝑢𝑌𝑡 ] =
∞∏
𝑗=0

𝐸 [𝑢𝛼 𝑗◦𝜀𝑡− 𝑗 ] =
∞∏
𝑗=0

𝑒𝛼
𝑗 (1−𝛼)𝜆(𝑢−1) = 𝑒𝜆(𝑢−1) ,

i.e., the marginal distribution of the stationary INAR(1) process is the Poisson distribution Po(𝜆).

PS distribution

Let 𝑆 ⊂ {0, 1, . . .}. We say (Noack (1950)) that a random variable 𝑋 is distributed according to the PS

distribution with one parameter 𝜃 (> 0), if its probability mass function is given by

𝑃(𝑋 = 𝑥) = 𝑎(𝑥)𝜃𝑥
𝐶 (𝜃) , 𝑥 ∈ 𝑆,

where 𝑎(𝑥) ≥ 0 depends only on 𝑥, and 𝐶 (𝜃) = ∑
𝑥∈𝑆 𝑎(𝑥)𝜃𝑥 . Then, we have

𝐸 [𝑋] = 𝜃

𝐶 (𝜃)
𝑑𝐶 (𝜃)
𝑑𝜃

= 𝜃
𝑑 log𝐶 (𝜃)

𝑑𝜃
,

𝑉 [𝑋] = 𝜃2

𝐶 (𝜃)
𝑑2𝐶 (𝜃)
𝑑𝜃2 + 𝜃

𝐶 (𝜃)
𝑑𝐶 (𝜃)
𝑑𝜃

−
[ 𝜃

𝐶 (𝜃)
𝑑𝐶 (𝜃)
𝑑𝜃

]2
= 𝜃2 𝑑

2 log𝐶 (𝜃)
𝑑𝜃2 + 𝜃 𝑑 log𝐶 (𝜃)

𝑑𝜃
.

Also, its pgf is obviously given by

𝐸 [𝑢𝑋] = 𝐶 (𝜃𝑢)
𝐶 (𝜃) .

The PS distribution, with 𝑆 = {0, 1, . . .}, contains the Poisson or negative binomial (NB) distributon,

as follows.

• Let 𝜃 > 0. The Poisson distribution, denoted by Po(𝜃), corresponds to the case 𝑎(𝑥) = (𝑥!)−1,
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where 𝐶 (𝜃) = 𝑒𝜃 . For 𝑋 ∼ Po(𝜃), it is well known that 𝐸 [𝑋] = 𝑉 [𝑋] = 𝜃 (equidispersion);

besides, all cumulants of 𝑋 are equal to 𝜃, since the cumulant generating function is given by

log 𝐸 [𝑒𝑡𝑋] = 𝜃 (𝑒𝑡 − 1).

• Let 0 < 𝜃 < 1. Given a positive integer 𝑟 , the NB distribution, denoted by NB(𝑟, 𝜃), corresponds

to the case 𝑎(𝑥) = Γ(𝑟 + 𝑥)/[𝑥!Γ(𝑟)], where 𝐶 (𝜃) = (1 − 𝜃)−𝑟 . It is not difficult to see that, for

𝑋 ∼ NB(𝑟, 𝜃), 𝐸 [𝑋] = 𝜃𝑟 (1 − 𝜃)−1 and 𝑉 [𝑋] = 𝜃𝑟 (1 − 𝜃)−2 (overdispersion), since

𝜃𝑟 (1 − 𝜃)−2

𝜃𝑟 (1 − 𝜃)−1 =
1

1 − 𝜃 = 1 + 𝜃

1 − 𝜃 > 1.

Moreover,

𝐶𝑢𝑚3(𝑋) =
𝑟𝜃 (1 + 𝜃)
(1 − 𝜃)3 , 𝐶𝑢𝑚4(𝑋) =

𝑟𝜃 (1 + 4𝜃 + 𝜃2)
(1 − 𝜃)4 .

2.5 Proof of Proposition 2.1

Note that, for any positive integer ℎ > 0, we have 𝑌𝑡+ℎ = 𝛼ℎ ◦𝑌𝑡 +
∑ℎ−1
𝑗=0 𝛼

𝑗 ◦ 𝜀𝑡+ℎ− 𝑗 , which implies that,

for 𝑢 > 0 and 𝑣 ≥ 0, 𝛼𝑣 ◦ 𝑌𝑡 is independent of
∑𝑢−1
𝑗=0 𝛼

𝑗 ◦ 𝜀𝑡+𝑢− 𝑗 . For the derivation of the (𝑟 + 1)th

autocumulant function of the stationary INAR(1) process {𝑌𝑡 }, where 𝑟 = 2, 3, 4, 5, it suffices to compute

𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡+𝑢1 , . . . , 𝑌𝑡+𝑢𝑟 ) = 𝐶𝑢𝑚(𝑌𝑡 , 𝛼𝑢1 ◦ 𝑌𝑡 , . . . , 𝛼𝑢𝑟 ◦ 𝑌𝑡 ), 0 ≤ 𝑢1 ≤ · · · ≤ 𝑢𝑟 ,

by utilizing the formulas of the cumulants in terms of the central moments (e.g., McCullagh (2018)).

Namely, this step is done through the computation of the central moment

𝐸

[
(𝑌𝑡 − 𝜇𝑌 )

𝑟∏
𝑖=1

(𝛼𝑢𝑖 ◦ 𝑌𝑡 − 𝛼𝑢𝑖 𝜇𝑌 )
]
.

The following four lemmas (it is implicitly assumed that the expectations in the right-hand side exist),

which are extensions of Lemma 2.2(ii,iii), are prepared (the proof will be given at the end of this section).

Lemma 2.3. For 𝛽, 𝛾 ∈ [0, 1],

𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 )) (𝛾 ◦ (𝛽 ◦ 𝑌 ) − 𝛾𝛽𝐸 (𝑌 ))]

= 𝛾𝛽2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 𝛾𝛽(1 − 𝛽)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
.

Lemma 2.4. For 𝛽, 𝛾, 𝛿 ∈ [0, 1],

𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 )) (𝛾 ◦ (𝛽 ◦ 𝑌 ) − 𝛾𝛽𝐸 (𝑌 )) (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 )) − 𝛿𝛾𝛽𝐸 (𝑌 ))]

= 𝛿𝛾2𝛽3𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3]
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+ 𝛿𝛾𝛽2(1 + 2𝛾 − 3𝛾𝛽)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

}
+ 𝛿𝛾𝛽(1 − 𝛽) (1 − 2𝛾𝛽)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
.

Lemma 2.5. For 𝛽, 𝛾, 𝛿, 𝜂 ∈ [0, 1],

𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 )) (𝛾 ◦ (𝛽 ◦ 𝑌 ) − 𝛾𝛽𝐸 (𝑌 )) (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 )) − 𝛿𝛾𝛽𝐸 (𝑌 ))

× (𝜂 ◦ (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 ))) − 𝜂𝛿𝛾𝛽𝐸 (𝑌 ))]

= 𝜂𝛿2𝛾3𝛽4𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))4]

+ 𝜂𝛿𝛾2𝛽3(1 + 2𝛿 + 3𝛿𝛾 − 6𝛿𝛾𝛽)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )

}
+ 𝜂𝛿𝛾𝛽(𝛽 + 2𝛾𝛽 + 4𝛿𝛾𝛽 − 3𝛾𝛽2 − 6𝛿𝛾𝛽2 − 9𝛿𝛾2𝛽2 + 11𝛿𝛾2𝛽3)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]

+ 𝜂𝛿𝛾𝛽(𝛽 + 3𝛾𝛽 + 6𝛿𝛾𝛽 − 4𝛾𝛽2 − 8𝛿𝛾𝛽2 − 12𝛿𝛾2𝛽2 + 14𝛿𝛾2𝛽3)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

+ 𝜂𝛿𝛾𝛽(𝛾𝛽 + 2𝛿𝛾𝛽 − 𝛾𝛽2 − 2𝛿𝛾𝛽2 − 3𝛿𝛾2𝛽2 + 3𝛿𝛾2𝛽3)𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]2

+ 𝜂𝛿𝛾𝛽(1 − 𝛽 − 2𝛾𝛽 − 4𝛿𝛾𝛽 + 2𝛾𝛽2 + 4𝛿𝛾𝛽2 + 6𝛿𝛾2𝛽2 − 6𝛿𝛾2𝛽3)

×
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
.

Lemma 2.6. For 𝛽, 𝛾, 𝛿, 𝜂, 𝜄 ∈ [0, 1],

𝐸 [(𝑌 − 𝐸 (𝑌 )) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 )) (𝛾 ◦ (𝛽 ◦ 𝑌 ) − 𝛾𝛽𝐸 (𝑌 )) (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 )) − 𝛿𝛾𝛽𝐸 (𝑌 ))

× (𝜂 ◦ (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 ))) − 𝜂𝛿𝛾𝛽𝐸 (𝑌 )) (𝜄 ◦ (𝜂 ◦ (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 )))) − 𝜄𝜂𝛿𝛾𝛽𝐸 (𝑌 ))]

= 𝜄𝜂2𝛿3𝛾4𝛽5𝐸 [(𝑌 − 𝐸 (𝑌 ))6]

+ 𝜄𝜂𝛿2𝛾3𝛽4(1 + 2𝜂 + 3𝜂𝛿 + 4𝜂𝛿𝛾 − 10𝜂𝛿𝛾𝛽)
{
𝐸 [(𝑌 − 𝐸 (𝑌 ))5] + 𝐸 [(𝑌 − 𝐸 (𝑌 ))4]𝐸 (𝑌 )

}
+ 𝜄𝜂𝛿𝛾𝛽(𝛾𝛽2 + 2𝛿𝛾𝛽2 + 3𝛿𝛾2𝛽2 + 4𝜂𝛿𝛾𝛽2 + 6𝜂𝛿𝛾2𝛽2 + 9𝜂𝛿2𝛾2𝛽2 − 6𝛿𝛾2𝛽3 − 12𝜂𝛿𝛾2𝛽3

− 18𝜂𝛿2𝛾2𝛽3 − 24𝜂𝛿2𝛾3𝛽3 + 35𝜂𝛿2𝛾3𝛽4)𝐸 [(𝑌 − 𝐸 (𝑌 ))4]

+ 𝜄𝜂𝛿𝛾𝛽(𝛾𝛽2 + 3𝛿𝛾𝛽2 + 5𝛿𝛾2𝛽2 + 6𝜂𝛿𝛾𝛽2 + 10𝜂𝛿𝛾2𝛽2 + 15𝜂𝛿2𝛾2𝛽2 − 9𝛿𝛾2𝛽3 − 18𝜂𝛿𝛾2𝛽3

− 27𝜂𝛿2𝛾2𝛽3 − 36𝜂𝛿2𝛾3𝛽3 + 50𝜂𝛿2𝛾3𝛽4)𝐸 [(𝑌 − 𝐸 (𝑌 ))3]𝐸 (𝑌 )

+ 𝜄𝜂𝛿𝛾𝛽(𝛽 + 2𝛾𝛽 + 4𝛿𝛾𝛽 + 8𝜂𝛿𝛾𝛽 − 3𝛾𝛽2 − 6𝛿𝛾𝛽2 − 9𝛿𝛾2𝛽2 − 12𝜂𝛿𝛾𝛽2 − 18𝜂𝛿𝛾2𝛽2 − 27𝜂𝛿2𝛾2𝛽2

+ 11𝛿𝛾2𝛽3 + 22𝜂𝛿𝛾2𝛽3 + 33𝜂𝛿2𝛾2𝛽3 + 44𝜂𝛿2𝛾3𝛽3 − 50𝜂𝛿2𝛾3𝛽4)𝐸 [(𝑌 − 𝐸 (𝑌 ))3]

+ 𝜄𝜂𝛿𝛾𝛽(𝛽 + 3𝛾𝛽 + 7𝛿𝛾𝛽 + 14𝜂𝛿𝛾𝛽 − 4𝛾𝛽2 − 9𝛿𝛾𝛽2 − 14𝛿𝛾2𝛽2 − 18𝜂𝛿𝛾𝛽2 − 28𝜂𝛿𝛾2𝛽2 − 42𝜂𝛿2𝛾2𝛽2

+ 16𝛿𝛾2𝛽3 + 32𝜂𝛿𝛾2𝛽3 + 48𝜂𝛿2𝛾2𝛽3 + 64𝜂𝛿2𝛾3𝛽3 − 70𝜂𝛿2𝛾3𝛽4)𝑉 (𝑌 )𝐸 (𝑌 )

+ 𝜄𝜂𝛿𝛾𝛽(𝛿𝛾𝛽2 + 2𝛿𝛾2𝛽2 + 2𝜂𝛿𝛾𝛽2 + 4𝜂𝛿𝛾2𝛽2 + 6𝜂𝛿2𝛾2𝛽2 − 3𝛿𝛾2𝛽3 − 6𝜂𝛿𝛾2𝛽3 − 9𝜂𝛿2𝛾2𝛽3

− 12𝜂𝛿2𝛾3𝛽3 + 15𝜂𝛿2𝛾3𝛽4)𝑉 (𝑌 ) [𝐸 (𝑌 )]2

+ 𝜄𝜂𝛿𝛾𝛽(1 − 𝛽 − 2𝛾𝛽 − 4𝛿𝛾𝛽 − 8𝜂𝛿𝛾𝛽 + 2𝛾𝛽2 + 4𝛿𝛾𝛽2 + 6𝛿𝛾2𝛽2 + 8𝜂𝛿𝛾𝛽2 + 12𝜂𝛿𝛾2𝛽2 + 18𝜂𝛿2𝛾2𝛽2

− 6𝛿𝛾2𝛽3 − 12𝜂𝛿𝛾2𝛽3 − 18𝜂𝛿2𝛾2𝛽3 − 24𝜂𝛿2𝛾3𝛽3 + 24𝜂𝛿2𝛾3𝛽4)𝑉 (𝑌 ).
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We are ready to prove Proposition 2.1. Hereafter, ⟨𝑁⟩ means that there are similar 𝑁 terms obtained

under index permutations

Third autocumulant function

We have, for 𝑣 ≥ 𝑢 ≥ 0,

𝐶𝑢𝑚(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 , 𝛼𝑣 ◦ 𝑌𝑡 ) = 𝐸 [(𝑌𝑡 − 𝜇𝑌 ) (𝛼𝑢 ◦ 𝑌𝑡 − 𝛼𝑢𝜇𝑌 ) (𝛼𝑣 ◦ 𝑌𝑡 − 𝛼𝑣𝜇𝑌 )]

= 𝛼𝑣+𝑢𝜅3,𝑌 + 𝛼𝑣 (1 − 𝛼𝑢)𝜎2
𝑌 (by Lemma 2.3)

= 𝛼𝑣+𝑢 (𝜅3,𝑌 − 𝜎2
𝑌 ) + 𝛼𝑣𝜎2

𝑌 .

Fourth autocumulant function

Using

𝐶𝑜𝑣(𝛽 ◦ 𝑌, 𝛾 ◦ 𝛽 ◦ 𝑌 ) = 𝛾𝑉 (𝛽 ◦ 𝑌 ) = 𝛾𝛽2𝑉 (𝑌 ) + 𝛾𝛽(1 − 𝛽)𝐸 (𝑌 ) (by Corollaries 2.1 and 2.2),

we have, for 𝑤 ≥ 𝑣 ≥ 𝑢 ≥ 0,

𝐶𝑢𝑚(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 , 𝛼𝑣 ◦ 𝑌𝑡 , 𝛼𝑤 ◦ 𝑌𝑡 )

= 𝐸 [(𝑌𝑡 − 𝜇𝑌 ) (𝛼𝑢 ◦ 𝑌𝑡 − 𝛼𝑢𝜇𝑌 ) (𝛼𝑣 ◦ 𝑌𝑡 − 𝛼𝑣𝜇𝑌 ) (𝛼𝑤 ◦ 𝑌𝑡 − 𝛼𝑤𝜇𝑌 )]

−
[
𝐶𝑜𝑣(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 )𝐶𝑜𝑣(𝛼𝑣 ◦ 𝑌𝑡 , 𝛼𝑤 ◦ 𝑌𝑡 )⟨3⟩

]
= 𝛼𝑤+𝑣+𝑢𝐸 [(𝑌𝑡 − 𝜇𝑌 )4] + (𝛼𝑤+𝑢 + 2𝛼𝑤+𝑣 − 3𝛼𝑤+𝑣+𝑢) (𝜅3,𝑌 + 𝜎2

𝑌 𝜇𝑌 )

+ (𝛼𝑤 − 𝛼𝑤+𝑢 − 2𝛼𝑤+𝑣 + 2𝛼𝑤+𝑣+𝑢)𝜎2
𝑌

−
[
𝛼𝑢𝜎2

𝑌 {𝛼𝑤+𝑣𝜎2
𝑌 + 𝛼𝑤 (1 − 𝛼𝑣)𝜇𝑌 }⟨3⟩

]
(by Lemma 2.4)

= 𝛼𝑤+𝑣+𝑢 (𝜅4,𝑌 − 3𝜅3,𝑌 + 2𝜎2
𝑌 ) + (𝛼𝑤+𝑢 + 2𝛼𝑤+𝑣) (𝜅3,𝑌 − 𝜎2

𝑌 ) + 𝛼𝑤𝜎2
𝑌 .

Fifth autocumulant function

Using

𝐶𝑢𝑚(𝛽 ◦ 𝑌, 𝛾 ◦ 𝛽 ◦ 𝑌, 𝛿 ◦ 𝛾 ◦ 𝛽 ◦ 𝑌 )

= 𝛿𝛾2𝐶𝑢𝑚3(𝛽 ◦ 𝑌 ) + 𝛿𝛾(1 − 𝛾)𝑉 (𝛽 ◦ 𝑌 ) (by Lemmas 2.1(ii) and 2.3)

= 𝛿𝛾2𝛽3𝐶𝑢𝑚3(𝑌 ) + 3𝛿𝛾2𝛽2(1 − 𝛽)𝑉 (𝑌 ) + 𝛿𝛾2𝛽(1 − 𝛽) (1 − 2𝛽)𝐸 (𝑌 )

+ 𝛿𝛾(1 − 𝛾)𝛽2𝑉 (𝑌 ) + 𝛿𝛾(1 − 𝛾)𝛽(1 − 𝛽)𝐸 (𝑌 ) (by Corollary 2.2)

= 𝛿𝛾2𝛽3𝐶𝑢𝑚3(𝑌 ) + (𝛿𝛾𝛽2 + 2𝛿𝛾2𝛽2 − 3𝛿𝛾2𝛽3)𝑉 (𝑌 ) + (𝛿𝛾𝛽 − 𝛿𝛾𝛽2 − 2𝛿𝛾2𝛽2 + 2𝛿𝛾2𝛽3)𝐸 (𝑌 ),
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we have, for 𝑥 ≥ 𝑤 ≥ 𝑣 ≥ 𝑢 ≥ 0,

[
𝐶𝑢𝑚(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 , 𝛼𝑣 ◦ 𝑌𝑡 )𝐶𝑜𝑣(𝛼𝑤 ◦ 𝑌𝑡 , 𝛼𝑥 ◦ 𝑌𝑡 )⟨6⟩

]
+
[
𝐶𝑢𝑚(𝛼𝑢 ◦ 𝑌𝑡 , 𝛼𝑣 ◦ 𝑌𝑡 , 𝛼𝑤 ◦ 𝑌𝑡 )𝐶𝑜𝑣(𝑌𝑡 , 𝛼𝑥 ◦ 𝑌𝑡 )⟨4⟩

]
=

[
{𝛼𝑣+𝑢𝜅3,𝑌 + 𝛼𝑣 (1 − 𝛼𝑢)𝜎2

𝑌 }{𝛼𝑥+𝑤𝜎2
𝑌 + 𝛼𝑥 (1 − 𝛼𝑤)𝜇𝑌 }⟨6⟩

]
+
[
{𝛼𝑥+𝑤+𝑣𝜅3,𝑌 + (𝛼𝑥+𝑣 + 2𝛼𝑥+𝑤 − 3𝛼𝑥+𝑤+𝑣)𝜎2

𝑌 + (𝛼𝑥 − 𝛼𝑥+𝑣 − 2𝛼𝑥+𝑤 + 2𝛼𝑥+𝑤+𝑣)𝜇𝑌 }𝛼𝑢𝜎2
𝑌 ⟨4⟩

]
= 10𝛼𝑥+𝑤+𝑣+𝑢𝜅3,𝑌𝜎

2
𝑌

+ (𝛼𝑥+𝑣+𝑢 + 2𝛼𝑥+𝑤+𝑢 + 3𝛼𝑥+𝑤+𝑣 − 6𝛼𝑥+𝑤+𝑣+𝑢)𝜅3,𝑌 𝜇𝑌

+ 3(𝛼𝑥+𝑣+𝑢 + 2𝛼𝑥+𝑤+𝑢 + 3𝛼𝑥+𝑤+𝑣 − 6𝛼𝑥+𝑤+𝑣+𝑢)𝜎4
𝑌

+ (𝛼𝑥+𝑢 + 3𝛼𝑥+𝑣 + 6𝛼𝑥+𝑤 − 4𝛼𝑥+𝑣+𝑢 − 8𝛼𝑥+𝑤+𝑢 − 12𝛼𝑥+𝑤+𝑣 + 14𝛼𝑥+𝑤+𝑣+𝑢)𝜎2
𝑌 𝜇𝑌 ,

hence,

𝐶𝑢𝑚(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 , 𝛼𝑣 ◦ 𝑌𝑡 , 𝛼𝑤 ◦ 𝑌𝑡 , 𝛼𝑥 ◦ 𝑌𝑡 )

= 𝐸 [(𝑌𝑡 − 𝜇𝑌 ) (𝛼𝑢 ◦ 𝑌𝑡 − 𝛼𝑢𝜇𝑌 ) (𝛼𝑣 ◦ 𝑌𝑡 − 𝛼𝑣𝜇𝑌 ) (𝛼𝑤 ◦ 𝑌𝑡 − 𝛼𝑤𝜇𝑌 ) (𝛼𝑥 ◦ 𝑌𝑡 − 𝛼𝑥𝜇𝑌 )]

−
[
𝐶𝑢𝑚(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 , 𝛼𝑣 ◦ 𝑌𝑡 )𝐶𝑜𝑣(𝛼𝑤 ◦ 𝑌𝑡 , 𝛼𝑥 ◦ 𝑌𝑡 )⟨6⟩

]
−
[
𝐶𝑢𝑚(𝛼𝑣 ◦ 𝑌𝑡 , 𝛼𝑤 ◦ 𝑌𝑡 , 𝛼𝑥 ◦ 𝑌𝑡 )𝐶𝑜𝑣(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 )⟨4⟩

]
= 𝛼𝑥+𝑤+𝑣+𝑢𝐸 [(𝑌𝑡 − 𝜇𝑌 )5]

+ (𝛼𝑥+𝑣+𝑢 + 2𝛼𝑥+𝑤+𝑢 + 3𝛼𝑥+𝑤+𝑣 − 6𝛼𝑥+𝑤+𝑣+𝑢)
{
𝐸 [(𝑌𝑡 − 𝜇𝑌 )4] + 𝜅3,𝑌 𝜇𝑌

}
+ (𝛼𝑥+𝑢 + 2𝛼𝑥+𝑣 + 4𝛼𝑥+𝑤 − 3𝛼𝑥+𝑣+𝑢 − 6𝛼𝑥+𝑤+𝑢 − 9𝛼𝑥+𝑤+𝑣 + 11𝛼𝑥+𝑤+𝑣+𝑢)𝜅3,𝑌

+ (𝛼𝑥+𝑢 + 3𝛼𝑥+𝑣 + 6𝛼𝑥+𝑤 − 4𝛼𝑥+𝑣+𝑢 − 8𝛼𝑥+𝑤+𝑢 − 12𝛼𝑥+𝑤+𝑣 + 14𝛼𝑥+𝑤+𝑣+𝑢)𝜎2
𝑌 𝜇𝑌

+ (𝛼𝑥 − 𝛼𝑥+𝑢 − 2𝛼𝑥+𝑣 − 4𝛼𝑥+𝑤 + 2𝛼𝑥+𝑣+𝑢 + 4𝛼𝑥+𝑤+𝑢 + 6𝛼𝑥+𝑤+𝑣 − 6𝛼𝑥+𝑤+𝑣+𝑢)𝜎2
𝑌

− 10𝛼𝑥+𝑤+𝑣+𝑢𝜅3,𝑌𝜎
2
𝑌

− (𝛼𝑥+𝑣+𝑢 + 2𝛼𝑥+𝑤+𝑢 + 3𝛼𝑥+𝑤+𝑣 − 6𝛼𝑥+𝑤+𝑣+𝑢)𝜅3,𝑌 𝜇𝑌

− (𝛼𝑥+𝑢 + 3𝛼𝑥+𝑣 + 6𝛼𝑥+𝑤 − 4𝛼𝑥+𝑣+𝑢 − 8𝛼𝑥+𝑤+𝑢 − 12𝛼𝑥+𝑤+𝑣 + 14𝛼𝑥+𝑤+𝑣+𝑢)𝜎2
𝑌 𝜇𝑌

− 3(𝛼𝑥+𝑣+𝑢 + 2𝛼𝑥+𝑤+𝑢 + 3𝛼𝑥+𝑤+𝑣 − 6𝛼𝑥+𝑤+𝑣+𝑢)𝜎4
𝑌 (by Lemma 2.5)

= 𝛼𝑥+𝑤+𝑣+𝑢𝜅5,𝑌

+ (𝛼𝑥+𝑣+𝑢 + 2𝛼𝑥+𝑤+𝑢 + 3𝛼𝑥+𝑤+𝑣 − 6𝛼𝑥+𝑤+𝑣+𝑢)𝜅4,𝑌

+ (𝛼𝑥+𝑢 + 2𝛼𝑥+𝑣 + 4𝛼𝑥+𝑤 − 3𝛼𝑥+𝑣+𝑢 − 6𝛼𝑥+𝑤+𝑢 − 9𝛼𝑥+𝑤+𝑣 + 11𝛼𝑥+𝑤+𝑣+𝑢)𝜅3,𝑌

+ (𝛼𝑥 − 𝛼𝑥+𝑢 − 2𝛼𝑥+𝑣 − 4𝛼𝑥+𝑤 + 2𝛼𝑥+𝑣+𝑢 + 4𝛼𝑥+𝑤+𝑢 + 6𝛼𝑥+𝑤+𝑣 − 6𝛼𝑥+𝑤+𝑣+𝑢)𝜎2
𝑌

= 𝛼𝑥+𝑤+𝑣+𝑢 (𝜅5,𝑌 − 6𝜅4,𝑌 + 11𝜅3,𝑌 − 6𝜎2
𝑌 )

+ (𝛼𝑥+𝑣+𝑢 + 2𝛼𝑥+𝑤+𝑢 + 3𝛼𝑥+𝑤+𝑣) (𝜅4,𝑌 − 3𝜅3,𝑌 + 2𝜎2
𝑌 )
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+ (𝛼𝑥+𝑢 + 2𝛼𝑥+𝑣 + 4𝛼𝑥+𝑤) (𝜅3,𝑌 − 𝜎2
𝑌 )

+ 𝛼𝑥𝜎2
𝑌 .

Sixth autocumulant function

We have, for 𝑦 ≥ 𝑥 ≥ 𝑤 ≥ 𝑣 ≥ 𝑢 ≥ 0,

[
𝐶𝑜𝑣(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 )𝐶𝑜𝑣(𝛼𝑣 ◦ 𝑌𝑡 , 𝛼𝑤 ◦ 𝑌𝑡 )𝐶𝑜𝑣(𝛼𝑥 ◦ 𝑌𝑡 , 𝛼𝑦 ◦ 𝑌𝑡 )⟨15⟩

]
=

[
𝛼𝑢𝜎2

𝑌 {𝛼𝑥+𝑣 (𝜎2
𝑌 − 𝜇𝑌 ) + 𝛼𝑥𝜇𝑌 }{𝛼𝑦+𝑤 (𝜎2

𝑌 − 𝜇𝑌 ) + 𝛼𝑦𝜇𝑌 }⟨15⟩
]

= 15𝛼𝑦+𝑥+𝑤+𝑣+𝑢 (𝜎2
𝑌 − 𝜇𝑌 )2𝜎2

𝑌

+ 3(𝛼𝑦+𝑤+𝑣+𝑢 + 2𝛼𝑦+𝑥+𝑣+𝑢 + 3𝛼𝑦+𝑥+𝑤+𝑢 + 4𝛼𝑦+𝑥+𝑤+𝑣) (𝜎2
𝑌 − 𝜇𝑌 )𝜇𝑌𝜎2

𝑌

+ (𝛼𝑦+𝑤+𝑢 + 2𝛼𝑦+𝑤+𝑣 + 2𝛼𝑦+𝑥+𝑢 + 4𝛼𝑦+𝑥+𝑣 + 6𝛼𝑦+𝑥+𝑤)𝜎2
𝑌 𝜇

2
𝑌

= 15𝛼𝑦+𝑥+𝑤+𝑣+𝑢𝜎6
𝑌

+ 3(𝛼𝑦+𝑤+𝑣+𝑢 + 2𝛼𝑦+𝑥+𝑣+𝑢 + 3𝛼𝑦+𝑥+𝑤+𝑢 + 4𝛼𝑦+𝑥+𝑤+𝑣 − 10𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜎4
𝑌 𝜇𝑌

+ (𝛼𝑦+𝑤+𝑢 + 2𝛼𝑦+𝑤+𝑣 + 2𝛼𝑦+𝑥+𝑢 + 4𝛼𝑦+𝑥+𝑣 + 6𝛼𝑦+𝑥+𝑤 − 3𝛼𝑦+𝑤+𝑣+𝑢 − 6𝛼𝑦+𝑥+𝑣+𝑢

− 9𝛼𝑦+𝑥+𝑤+𝑢 − 12𝛼𝑦+𝑥+𝑤+𝑣 + 15𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜎2
𝑌 𝜇

2
𝑌 ,[

𝐶𝑢𝑚(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 , 𝛼𝑣 ◦ 𝑌𝑡 )𝐶𝑢𝑚(𝛼𝑤 ◦ 𝑌𝑡 , 𝛼𝑥 ◦ 𝑌𝑡 , 𝛼𝑦 ◦ 𝑌𝑡 )⟨10⟩
]

=

[
{𝛼𝑣+𝑢𝜅3,𝑌 + 𝛼𝑣 (1 − 𝛼𝑢)𝜎2

𝑌 }

× {𝛼𝑦+𝑥+𝑤𝜅3,𝑌 + (𝛼𝑦+𝑤 + 2𝛼𝑦+𝑥 − 3𝛼𝑦+𝑥+𝑤)𝜎2
𝑌 + (𝛼𝑦 − 𝛼𝑦+𝑤 − 2𝛼𝑦+𝑥 + 2𝛼𝑦+𝑥+𝑤)𝜇𝑌 }⟨10⟩

]
= 10𝛼𝑦+𝑥+𝑤+𝑣+𝑢𝜅2

3,𝑌

+ (4𝛼𝑦+𝑤+𝑣+𝑢 + 8𝛼𝑦+𝑥+𝑣+𝑢 + 12𝛼𝑦+𝑥+𝑤+𝑢 + 16𝛼𝑦+𝑥+𝑤+𝑣 − 40𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜅3,𝑌𝜎
2
𝑌

+ (2𝛼𝑦+𝑤+𝑢 + 4𝛼𝑦+𝑤+𝑣 + 4𝛼𝑦+𝑥+𝑢 + 8𝛼𝑦+𝑥+𝑣 + 12𝛼𝑦+𝑥+𝑤

− 6𝛼𝑦+𝑤+𝑣+𝑢 − 12𝛼𝑦+𝑥+𝑣+𝑢 − 18𝛼𝑦+𝑥+𝑤+𝑢 − 24𝛼𝑦+𝑥+𝑤+𝑣 + 30𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜎4
𝑌

+ (𝛼𝑦+𝑣+𝑢 + 𝛼𝑦+𝑤+𝑢 + 𝛼𝑦+𝑤+𝑣 + 2𝛼𝑦+𝑥+𝑢 + 2𝛼𝑦+𝑥+𝑣 + 3𝛼𝑦+𝑥+𝑤

− 3𝛼𝑦+𝑤+𝑣+𝑢 − 6𝛼𝑦+𝑥+𝑣+𝑢 − 9𝛼𝑦+𝑥+𝑤+𝑢 − 12𝛼𝑦+𝑥+𝑤+𝑣 + 20𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜅3,𝑌 𝜇𝑌

+ (𝛼𝑦+𝑣 + 3𝛼𝑦+𝑤 + 6𝛼𝑦+𝑥 − 𝛼𝑦+𝑣+𝑢 − 3𝛼𝑦+𝑤+𝑢 − 5𝛼𝑦+𝑤+𝑣 − 6𝛼𝑦+𝑥+𝑢 − 10𝛼𝑦+𝑥+𝑣 − 15𝛼𝑦+𝑥+𝑤

+ 5𝛼𝑦+𝑤+𝑣+𝑢 + 10𝛼𝑦+𝑥+𝑣+𝑢 + 15𝛼𝑦+𝑥+𝑤+𝑢 + 20𝛼𝑦+𝑥+𝑤+𝑣 − 20𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜎2
𝑌 𝜇𝑌 ,[

𝐶𝑢𝑚(𝑌𝑡 , 𝛼𝑤 ◦ 𝑌𝑡 , 𝛼𝑥 ◦ 𝑌𝑡 , 𝛼𝑦 ◦ 𝑌𝑡 )𝐶𝑜𝑣(𝛼𝑢 ◦ 𝑌𝑡 , 𝛼𝑣 ◦ 𝑌𝑡 )⟨10⟩
]

=

[
{𝛼𝑦+𝑥+𝑤𝜅4,𝑌 + (𝛼𝑦+𝑤 + 2𝛼𝑦+𝑥 − 3𝛼𝑦+𝑥+𝑤)𝜅3,𝑌 + (𝛼𝑦 − 𝛼𝑦+𝑤 − 2𝛼𝑦+𝑥 + 2𝛼𝑦+𝑥+𝑤)𝜎2

𝑌 }

× {𝛼𝑣+𝑢𝜎2
𝑌 + 𝛼𝑣 (1 − 𝛼𝑢)𝜇𝑌 }⟨10⟩

]
= 10𝛼𝑦+𝑥+𝑤+𝑣+𝑢𝜅4,𝑌 (𝜎2

𝑌 − 𝜇𝑌 )

+ (𝛼𝑦+𝑤+𝑣+𝑢 + 2𝛼𝑦+𝑥+𝑣+𝑢 + 3𝛼𝑦+𝑥+𝑤+𝑢 + 4𝛼𝑦+𝑥+𝑤+𝑣)𝜅4,𝑌 𝜇𝑌
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+ (3𝛼𝑦+𝑤+𝑣+𝑢 + 6𝛼𝑦+𝑥+𝑣+𝑢 + 9𝛼𝑦+𝑥+𝑤+𝑢 + 12𝛼𝑦+𝑥+𝑤+𝑣 − 30𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜅3,𝑌 (𝜎2
𝑌 − 𝜇𝑌 )

+ (2𝛼𝑦+𝑤+𝑢 + 4𝛼𝑦+𝑤+𝑣 + 4𝛼𝑦+𝑥+𝑢 + 8𝛼𝑦+𝑥+𝑣 + 12𝛼𝑦+𝑥+𝑤 − 3𝛼𝑦+𝑤+𝑣+𝑢 − 6𝛼𝑦+𝑥+𝑣+𝑢 − 9𝛼𝑦+𝑥+𝑤+𝑢

− 12𝛼𝑦+𝑥+𝑤+𝑣)𝜅3,𝑌 𝜇𝑌

+ (𝛼𝑦+𝑣+𝑢 + 𝛼𝑦+𝑤+𝑢 + 𝛼𝑦+𝑤+𝑣 + 2𝛼𝑦+𝑥+𝑢 + 2𝛼𝑦+𝑥+𝑣 + 3𝛼𝑦+𝑥+𝑤 − 3𝛼𝑦+𝑤+𝑣+𝑢 − 6𝛼𝑦+𝑥+𝑣+𝑢

− 9𝛼𝑦+𝑥+𝑤+𝑢 − 12𝛼𝑦+𝑥+𝑤+𝑣 + 20𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜎2
𝑌 (𝜎2

𝑌 − 𝜇𝑌 )

+ (𝛼𝑦+𝑣 + 3𝛼𝑦+𝑤 + 6𝛼𝑦+𝑥 − 2𝛼𝑦+𝑤+𝑢 − 4𝛼𝑦+𝑤+𝑣 − 4𝛼𝑦+𝑥+𝑢 − 8𝛼𝑦+𝑥+𝑣 − 12𝛼𝑦+𝑥+𝑤

+ 2𝛼𝑦+𝑤+𝑣+𝑢 + 4𝛼𝑦+𝑥+𝑣+𝑢 + 6𝛼𝑦+𝑥+𝑤+𝑢 + 8𝛼𝑦+𝑥+𝑤+𝑣)𝜎2
𝑌 𝜇𝑌

= 10𝛼𝑦+𝑥+𝑤+𝑣+𝑢𝜅4,𝑌𝜎
2
𝑌

+ (𝛼𝑦+𝑤+𝑣+𝑢 + 2𝛼𝑦+𝑥+𝑣+𝑢 + 3𝛼𝑦+𝑥+𝑤+𝑢 + 4𝛼𝑦+𝑥+𝑤+𝑣 − 10𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜅4,𝑌 𝜇𝑌

+ (3𝛼𝑦+𝑤+𝑣+𝑢 + 6𝛼𝑦+𝑥+𝑣+𝑢 + 9𝛼𝑦+𝑥+𝑤+𝑢 + 12𝛼𝑦+𝑥+𝑤+𝑣 − 30𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜅3,𝑌𝜎
2
𝑌

+ (2𝛼𝑦+𝑤+𝑢 + 4𝛼𝑦+𝑤+𝑣 + 4𝛼𝑦+𝑥+𝑢 + 8𝛼𝑦+𝑥+𝑣 + 12𝛼𝑦+𝑥+𝑤 − 6𝛼𝑦+𝑤+𝑣+𝑢 − 12𝛼𝑦+𝑥+𝑣+𝑢 − 18𝛼𝑦+𝑥+𝑤+𝑢

− 24𝛼𝑦+𝑥+𝑤+𝑣 + 30𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜅3,𝑌 𝜇𝑌

+ (𝛼𝑦+𝑣+𝑢 + 𝛼𝑦+𝑤+𝑢 + 𝛼𝑦+𝑤+𝑣 + 2𝛼𝑦+𝑥+𝑢 + 2𝛼𝑦+𝑥+𝑣 + 3𝛼𝑦+𝑥+𝑤 − 3𝛼𝑦+𝑤+𝑣+𝑢 − 6𝛼𝑦+𝑥+𝑣+𝑢

− 9𝛼𝑦+𝑥+𝑤+𝑢 − 12𝛼𝑦+𝑥+𝑤+𝑣 + 20𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜎4
𝑌

+ (𝛼𝑦+𝑣 + 3𝛼𝑦+𝑤 + 6𝛼𝑦+𝑥 − 𝛼𝑦+𝑣+𝑢 − 3𝛼𝑦+𝑤+𝑢 − 5𝛼𝑦+𝑤+𝑣 − 6𝛼𝑦+𝑥+𝑢 − 10𝛼𝑦+𝑥+𝑣 − 15𝛼𝑦+𝑥+𝑤

+ 5𝛼𝑦+𝑤+𝑣+𝑢 + 10𝛼𝑦+𝑥+𝑣+𝑢 + 15𝛼𝑦+𝑥+𝑤+𝑢 + 20𝛼𝑦+𝑥+𝑤+𝑣 − 20𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜎2
𝑌 𝜇𝑌 .

Further, using

𝐶𝑢𝑚 [𝛽 ◦ 𝑌, 𝛾 ◦ (𝛽 ◦ 𝑌 ), 𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 )), 𝜂 ◦ (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 )))]

= 𝜂𝛿2𝛾3𝐶𝑢𝑚4(𝛽 ◦ 𝑌 ) + 𝜂𝛿𝛾2(1 + 2𝛿 − 3𝛿𝛾)𝐶𝑢𝑚3(𝛽 ◦ 𝑌 ) + 𝜂𝛿𝛾(1 − 𝛾) (1 − 2𝛿𝛾)𝑉 (𝛽 ◦ 𝑌 )

(by Lemma 2.1(ii) and (B))

= 𝜂𝛿2𝛾3{𝛽4𝐶𝑢𝑚4(𝑌 ) + 6𝛽3(1 − 𝛽)𝐶𝑢𝑚3(𝑌 ) + 𝛽2(1 − 𝛽) (7 − 11𝛽)𝑉 (𝑌 ) + 𝛽(1 − 𝛽) (1 − 6𝛽 + 6𝛽2)𝐸 (𝑌 )}

+ 𝜂𝛿𝛾2(1 + 2𝛿 − 3𝛿𝛾){𝛽3𝐶𝑢𝑚3(𝑌 ) + 3𝛽2(1 − 𝛽)𝑉 (𝑌 ) + 𝛽(1 − 𝛽) (1 − 2𝛽)𝐸 (𝑌 )}

+ 𝜂𝛿𝛾(1 − 𝛾) (1 − 2𝛿𝛾){𝛽2𝑉 (𝑌 ) + 𝛽(1 − 𝛽)𝐸 (𝑌 )} (by Corollary 2.2)

= 𝜂𝛿2𝛾3𝛽4𝐶𝑢𝑚4(𝑌 )

+ (𝜂𝛿𝛾2𝛽3 + 2𝜂𝛿2𝛾2𝛽3 + 3𝜂𝛿2𝛾3𝛽3 − 6𝜂𝛿2𝛾3𝛽4)𝐶𝑢𝑚3(𝑌 )

+ (𝜂𝛿𝛾𝛽2 + 2𝜂𝛿𝛾2𝛽2 + 4𝜂𝛿2𝛾2𝛽2 − 3𝜄𝜂𝛿2𝛾3 − 6𝜂𝛿2𝛾2𝛽3 − 9𝜂𝛿2𝛾3𝛽3 + 11𝜂𝛿3𝛾3𝛽4)𝑉 (𝑌 )

+ (𝜂𝛿𝛾𝛽 − 𝜂𝛿𝛾𝛽2 − 2𝜂𝛿𝛾2𝛽2 − 4𝜂𝛿2𝛾2𝛽2 + 2𝜂𝛿𝛾2𝛽3 + 4𝜂𝛿2𝛾2𝛽3 + 6𝜂𝛿2𝛾2𝛽3 − 6𝜂𝛿2𝛾3𝛽4)𝐸 (𝑌 ),

we have

[
𝐶𝑜𝑣(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 )𝐶𝑢𝑚(𝛼𝑣 ◦ 𝑌𝑡 , 𝛼𝑤 ◦ 𝑌𝑡 , 𝛼𝑥 ◦ 𝑌𝑡 , 𝛼𝑦 ◦ 𝑌𝑡 )⟨5⟩

]
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=

[
𝛼𝑢𝜎2

𝑌 {𝛼𝑦+𝑥+𝑤+𝑣𝜅4,𝑌 + (𝛼𝑦+𝑤+𝑣 + 2𝛼𝑦+𝑥+𝑣 + 3𝛼𝑦+𝑥+𝑤 − 6𝛼𝑦+𝑥+𝑤+𝑣)𝜅3,𝑌

+ (𝛼𝑦+𝑣 + 2𝛼𝑦+𝑤 − 3𝛼𝑦+𝑤+𝑣 + 4𝛼𝑦+𝑥 − 6𝛼𝑦+𝑥+𝑣 − 9𝛼𝑦+𝑥+𝑤 + 11𝛼𝑦+𝑥+𝑤+𝑣)𝜎2
𝑌

+ (𝛼𝑦 − 𝛼𝑦+𝑣 − 2𝛼𝑦+𝑤 + 2𝛼𝑦+𝑤+𝑣 − 4𝛼𝑦+𝑥 + 4𝛼𝑦+𝑥+𝑣 + 6𝛼𝑦+𝑥+𝑤 − 6𝛼𝑦+𝑥+𝑤+𝑣)𝜇𝑌 }⟨5⟩
]

= 5𝛼𝑦+𝑥+𝑤+𝑣+𝑢𝜅4,𝑌𝜎
2
𝑌

+ (3𝛼𝑦+𝑤+𝑣+𝑢 + 6𝛼𝑦+𝑥+𝑣+𝑢 + 9𝛼𝑦+𝑥+𝑤+𝑢 + 12𝛼𝑦+𝑥+𝑤+𝑣 − 30𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜅3,𝑌𝜎
2
𝑌

+ (2𝛼𝑦+𝑣+𝑢 + 3𝛼𝑦+𝑤+𝑢 + 4𝛼𝑦+𝑤+𝑣 + 6𝛼𝑦+𝑥+𝑢 + 8𝛼𝑦+𝑥+𝑣 + 12𝛼𝑦+𝑥+𝑤

− 9𝛼𝑦+𝑤+𝑣+𝑢 − 18𝛼𝑦+𝑥+𝑣+𝑢 − 27𝛼𝑦+𝑥+𝑤+𝑢 − 36𝛼𝑦+𝑥+𝑤+𝑣 + 55𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜎4
𝑌

+ (𝛼𝑦+𝑢 + 𝛼𝑦+𝑣 + 𝛼𝑦+𝑤 + 2𝛼𝑦+𝑥 − 2𝛼𝑦+𝑣+𝑢 − 3𝛼𝑦+𝑤+𝑢 − 4𝛼𝑦+𝑤+𝑣 − 6𝛼𝑦+𝑥+𝑢 − 8𝛼𝑦+𝑥+𝑣 − 12𝛼𝑦+𝑥+𝑤

+ 6𝛼𝑦+𝑤+𝑣+𝑢 + 12𝛼𝑦+𝑥+𝑣+𝑢 + 18𝛼𝑦+𝑥+𝑤+𝑢 + 24𝛼𝑦+𝑥+𝑤+𝑣 − 30𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜎2
𝑌 𝜇𝑌 .

Then, we have, for 𝑦 ≥ 𝑥 ≥ 𝑤 ≥ 𝑣 ≥ 𝑢 ≥ 0,

𝐶𝑢𝑚(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 , 𝛼𝑣 ◦ 𝑌𝑡 , 𝛼𝑤 ◦ 𝑌𝑡 , 𝛼𝑥 ◦ 𝑌𝑡 , 𝛼𝑦 ◦ 𝑌𝑡 )

= 𝐸 [(𝑌𝑡 − 𝜇𝑌 ) (𝛼𝑢 ◦ 𝑌𝑡 − 𝛼𝑢𝜇𝑌 ) (𝛼𝑣 ◦ 𝑌𝑡 − 𝛼𝑣𝜇𝑌 ) (𝛼𝑤 ◦ 𝑌𝑡 − 𝛼𝑤𝜇𝑌 ) (𝛼𝑥 ◦ 𝑌𝑡 − 𝛼𝑥𝜇𝑌 )]

−
[
𝐶𝑜𝑣(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 )𝐶𝑜𝑣(𝛼𝑣 ◦ 𝑌𝑡 , 𝛼𝑤 ◦ 𝑌𝑡 )𝐶𝑜𝑣(𝛼𝑥 ◦ 𝑌𝑡 , 𝛼𝑦 ◦ 𝑌𝑡 )⟨15⟩

]
−
[
𝐶𝑢𝑚(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 , 𝛼𝑣 ◦ 𝑌𝑡 )𝐶𝑢𝑚(𝛼𝑤 ◦ 𝑌𝑡 , 𝛼𝑥 ◦ 𝑌𝑡 , 𝛼𝑦 ◦ 𝑌𝑡 )⟨10⟩

]
−
[
𝐶𝑢𝑚(𝑌𝑡 , 𝛼𝑤 ◦ 𝑌𝑡 , 𝛼𝑥 ◦ 𝑌𝑡 , 𝛼𝑦 ◦ 𝑌𝑡 )𝐶𝑜𝑣(𝛼𝑢 ◦ 𝑌𝑡 , 𝛼𝑣 ◦ 𝑌𝑡 )⟨10⟩

]
−
[
𝐶𝑜𝑣(𝑌𝑡 , 𝛼𝑢 ◦ 𝑌𝑡 )𝐶𝑢𝑚(𝛼𝑣 ◦ 𝑌𝑡 , 𝛼𝑤 ◦ 𝑌𝑡 , 𝛼𝑥 ◦ 𝑌𝑡 , 𝛼𝑦 ◦ 𝑌𝑡 )⟨5⟩

]
= 𝛼𝑦+𝑥+𝑤+𝑣+𝑢{𝐸 [(𝑌𝑡 − 𝜇𝑌 )6] − 15𝜅4,𝑌𝜎

2
𝑌 − 10𝜅2

3,𝑌 − 15𝜎6
𝑌 }

+ (𝛼𝑦+𝑤+𝑣+𝑢 + 2𝛼𝑦+𝑥+𝑣+𝑢 + 3𝛼𝑦+𝑥+𝑤+𝑢 + 4𝛼𝑦+𝑥+𝑤+𝑣 − 10𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜅5,𝑌

+ (𝛼𝑦+𝑣+𝑢 + 2𝛼𝑦+𝑤+𝑢 + 3𝛼𝑦+𝑤+𝑣 + 4𝛼𝑦+𝑥+𝑢 + 6𝛼𝑦+𝑥+𝑣 + 9𝛼𝑦+𝑥+𝑤 − 6𝛼𝑦+𝑤+𝑣+𝑢 − 12𝛼𝑦+𝑥+𝑣+𝑢

− 18𝛼𝑦+𝑥+𝑤+𝑢 − 24𝛼𝑦+𝑥+𝑤+𝑣 + 35𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜅4,𝑌

+ (𝛼𝑦+𝑢 + 2𝛼𝑦+𝑣 + 4𝛼𝑦+𝑤 + 8𝛼𝑦+𝑥 − 3𝛼𝑦+𝑣+𝑢 − 6𝛼𝑦+𝑤+𝑢 − 9𝛼𝑦+𝑤+𝑣 − 12𝛼𝑦+𝑥+𝑢 − 18𝛼𝑦+𝑥+𝑣

− 27𝛼𝑦+𝑥+𝑤 + 11𝛼𝑦+𝑤+𝑣+𝑢 + 22𝛼𝑦+𝑥+𝑣+𝑢 + 33𝛼𝑦+𝑥+𝑤+𝑢 + 44𝛼𝑦+𝑥+𝑤+𝑣 − 50𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜅3,𝑌

+ (𝛼𝑦 − 𝛼𝑦+𝑢 − 2𝛼𝑦+𝑣 − 4𝛼𝑦+𝑤 − 8𝛼𝑦+𝑥 + 2𝛼𝑦+𝑣+𝑢 + 4𝛼𝑦+𝑤+𝑢 + 6𝛼𝑦+𝑤+𝑣 + 8𝛼𝑦+𝑥+𝑢 + 12𝛼𝑦+𝑥+𝑣

+ 18𝛼𝑦+𝑥+𝑤 − 6𝛼𝑦+𝑤+𝑣+𝑢 − 12𝛼𝑦+𝑥+𝑣+𝑢 − 18𝛼𝑦+𝑥+𝑤+𝑢 − 24𝛼𝑦+𝑥+𝑤+𝑣 + 24𝛼𝑦+𝑥+𝑤+𝑣+𝑢)𝜎2
𝑌

(by Lemma 2.6)

= 𝛼𝑦+𝑥+𝑤+𝑣+𝑢 (𝜅6,𝑌 − 10𝜅5,𝑌 + 35𝜅4,𝑌 − 50𝜅3,𝑌 + 24𝜎2
𝑌 )

+ (𝛼𝑦+𝑤+𝑣+𝑢 + 2𝛼𝑦+𝑥+𝑣+𝑢 + 3𝛼𝑦+𝑥+𝑤+𝑢 + 4𝛼𝑦+𝑥+𝑤+𝑣) (𝜅5,𝑌 − 6𝜅4,𝑌 + 11𝜅3,𝑌 − 6𝜎2
𝑌 )

+ (𝛼𝑦+𝑣+𝑢 + 2𝛼𝑦+𝑤+𝑢 + 3𝛼𝑦+𝑤+𝑣 + 4𝛼𝑦+𝑥+𝑢 + 6𝛼𝑦+𝑥+𝑣 + 9𝛼𝑦+𝑥+𝑤) (𝜅4,𝑌 − 3𝜅3,𝑌 + 2𝜎2
𝑌 )

+ (𝛼𝑦+𝑢 + 2𝛼𝑦+𝑣 + 4𝛼𝑦+𝑤 + 8𝛼𝑦+𝑥) (𝜅3,𝑌 − 𝜎2
𝑌 )
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+ 𝛼𝑦𝜎2
𝑌 .

Proof of Lemmas 2.3–2.6

After some tedious algebra, we obtain

𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 )) (𝛾 ◦ (𝛽 ◦ 𝑌 ) − 𝛾𝛽𝐸 (𝑌 ))]

= 𝛾𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))2] (use the conditional expectation)

= 𝛾

[
𝛽2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 𝛽(1 − 𝛽)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}]
(by Lemma 2.2(iii)),

𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 )) (𝛾 ◦ (𝛽 ◦ 𝑌 ) − 𝛾𝛽𝐸 (𝑌 )) (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 )) − 𝛿𝛾𝛽𝐸 (𝑌 ))]

= 𝛿

[
𝛾2𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))3]

+ 𝛾(1 − 𝛾)
{
𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))2] + 𝛽𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))]𝐸 (𝑌 )

}]
(use the conditional expectation in relation to Lemma 2.3)

= 𝛿𝛾2
[
𝛽3𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3] + 3𝛽2(1 − 𝛽)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

}
+ 𝛽(1 − 𝛽) (1 − 2𝛽)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}]
+ 𝛿𝛾(1 − 𝛾)

[
𝛽2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 𝛽(1 − 𝛽)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
+ 𝛽2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

]
(by Lemma 2.2(ii,iii))

= 𝛿𝛾2𝛽3𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3]

+ 𝛿𝛾𝛽2(1 + 2𝛾 − 3𝛾𝛽)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

}
+ 𝛿𝛾𝛽(1 − 𝛽) (1 − 2𝛾𝛽)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
,

𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 )) (𝛾 ◦ (𝛽 ◦ 𝑌 ) − 𝛾𝛽𝐸 (𝑌 )) (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 )) − 𝛿𝛾𝛽𝐸 (𝑌 ))

× (𝜂 ◦ (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 ))) − 𝜂𝛿𝛾𝛽𝐸 (𝑌 ))]

= 𝜂𝛿2𝛾3𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))4]

+ 𝜂𝛿𝛾2(1 + 2𝛿 − 3𝛿𝛾)
{
𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))3] + 𝛽𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))2]𝐸 (𝑌 )

}
+ 𝜂𝛿𝛾2(1 − 𝛾) (1 − 2𝛿𝛾)

{
𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))2] + 𝛽𝐸 [𝐺 (𝑌 ) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))]𝐸 (𝑌 )

}
(use the conditional expectation in relation to Lemma 2.4)

= 𝜂𝛿2𝛾3
[
𝛽4𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))4] + 6𝛽3(1 − 𝛽)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )

}
+ 𝛽2(1 − 𝛽) (7 − 11𝛽)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 2𝛽2(1 − 𝛽) (5 − 7𝛽)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

+ 3𝛽2(1 − 𝛽)2𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]2
]

+ 𝜂𝛿𝛾2(1 + 2𝛿 − 3𝛿𝛾)
{
𝛽3𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3]

+ 3𝛽2(1 − 𝛽)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

}
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+ 𝛽
[
𝛽2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]

+ 𝛽(1 − 𝛽)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}]
𝐸 (𝑌 )

}
+ 𝜂𝛿𝛾2(1 − 𝛾) (1 − 2𝛿𝛾)

[
𝛽2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 𝛽(1 − 𝛽)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
+ 𝛽2𝐸 [𝐺 (𝑌 ) (𝛽𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

]
(by Lemma 2.2(ii,iii))

= 𝜂𝛿2𝛾3𝛽4𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))4]

+ 𝜂𝛿𝛾𝛽(𝛾𝛽2 + 2𝛿𝛾𝛽2 + 3𝛿𝛾2𝛽2 − 6𝛿𝛾2𝛽3)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )

}
+ 𝜂𝛿𝛾𝛽(𝛽 + 2𝛾𝛽 + 4𝛿𝛾𝛽 − 3𝛾𝛽2 − 6𝛿𝛾𝛽2 − 9𝛿𝛾2𝛽2 + 11𝛿𝛾2𝛽3)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]

+ 𝜂𝛿𝛾𝛽(𝛽 + 3𝛾𝛽 + 6𝛿𝛾𝛽 − 4𝛾𝛽2 − 8𝛿𝛾𝛽2 − 12𝛿𝛾2𝛽2 + 14𝛿𝛾2𝛽3)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

+ 𝜂𝛿𝛾𝛽(𝛾𝛽 + 2𝛿𝛾𝛽 − 𝛾𝛽2 − 2𝛿𝛾𝛽2 − 3𝛿𝛾2𝛽2 + 3𝛿𝛾2𝛽3)𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]2

+ 𝜂𝛿𝛾𝛽(1 − 𝛽 − 2𝛾𝛽 − 4𝛿𝛾𝛽 + 2𝛾𝛽2 + 4𝛿𝛾𝛽2 + 6𝛿𝛾2𝛽2 − 6𝛿𝛾2𝛽3)

×
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
,

𝐸 [(𝑌 − 𝐸 (𝑌 )) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 )) (𝛾 ◦ (𝛽 ◦ 𝑌 ) − 𝛾𝛽𝐸 (𝑌 )) (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 )) − 𝛿𝛾𝛽𝐸 (𝑌 ))

× (𝜂 ◦ (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 ))) − 𝜂𝛿𝛾𝛽𝐸 (𝑌 )) (𝜄 ◦ (𝜂 ◦ (𝛿 ◦ (𝛾 ◦ (𝛽 ◦ 𝑌 )))) − 𝜄𝜂𝛿𝛾𝛽𝐸 (𝑌 ))]

= 𝜄𝜂2𝛿3𝛾4𝐸 [(𝑌 − 𝐸 (𝑌 )) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))5]

+ 𝜄𝜂𝛿𝛾(𝛿𝛾2 + 2𝜂𝛿𝛾2 + 3𝜂𝛿2𝛾2 − 6𝜂𝛿2𝛾3)

×
{
𝐸 [(𝑌 − 𝐸 (𝑌 )) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))4] + 𝐸 [(𝑌 − 𝐸 (𝑌 )) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))3]𝛽𝐸 (𝑌 )

}
+ 𝜄𝜂𝛿𝛾(𝛾 + 2𝛿𝛾 + 4𝜂𝛿𝛾 − 3𝛿𝛾2 − 6𝜂𝛿𝛾2 − 9𝜂𝛿2𝛾2 + 11𝜂𝛿2𝛾3)𝐸 [(𝑌 − 𝐸 (𝑌 )) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))3]

+ 𝜄𝜂𝛿𝛾(𝛾 + 3𝛿𝛾 + 6𝜂𝛿𝛾 − 4𝛿𝛾2 − 8𝜂𝛿𝛾2 − 12𝜂𝛿2𝛾2 + 14𝜂𝛿2𝛾3)𝛽𝐸 [(𝑌 − 𝐸 (𝑌 )) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))2]𝐸 (𝑌 )

+ 𝜄𝜂𝛿𝛾(𝛿𝛾 + 2𝜂𝛿𝛾 − 𝛿𝛾2 − 2𝜂𝛿𝛾2 − 3𝜂𝛿2𝛾2 + 3𝜂𝛿2𝛾3)𝛽2𝐸 [(𝑌 − 𝐸 (𝑌 )) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))] [𝐸 (𝑌 )]2

+ 𝜄𝜂𝛿𝛾(1 − 𝛾 − 2𝛿𝛾 − 4𝜂𝛿𝛾 + 2𝛿𝛾2 + 4𝜂𝛿𝛾2 + 6𝜂𝛿2𝛾2 − 6𝜂𝛿2𝛾3)

×
{
𝐸 [(𝑌 − 𝐸 (𝑌 )) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))2] + 𝛽𝐸 [(𝑌 − 𝐸 (𝑌 )) (𝛽 ◦ 𝑌 − 𝛽𝐸 (𝑌 ))]𝐸 (𝑌 )

}
(use the conditional expectation in relation to Lemma 2.5)

= 𝜄𝜂2𝛿3𝛾4
[
𝛽5𝐸 [(𝑌 − 𝐸 (𝑌 ))6] + 10(𝛽4 − 𝛽5)

{
𝐸 [(𝑌 − 𝐸 (𝑌 ))5] + 𝐸 [(𝑌 − 𝐸 (𝑌 ))4]𝐸 (𝑌 )

}
+ 5(5𝛽3 − 12𝛽4 + 7𝛽5)𝐸 [(𝑌 − 𝐸 (𝑌 ))4] + 10(4𝛽3 − 9𝛽4 + 5𝛽5)𝐸 [(𝑌 − 𝐸 (𝑌 ))3]𝐸 (𝑌 )

+ 5(3𝛽2 − 15𝛽3 + 22𝛽4 − 10𝛽5)𝐸 [(𝑌 − 𝐸 (𝑌 ))3] + 15(𝛽3 − 2𝛽4 + 𝛽5)𝑉 (𝑌 ) [𝐸 (𝑌 )]2

+ 5(5𝛽2 − 23𝛽3 + 32𝛽4 − 14𝛽5)𝑉 (𝑌 )𝐸 (𝑌 ) + 𝜄𝜂2𝛿3𝛾4(𝛽 − 15𝛽2 + 50𝛽3 − 60𝛽4 + 24𝛽5)𝑉 (𝑌 )
]

+ 𝜄𝜂𝛿𝛾(𝛿𝛾2 + 2𝜂𝛿𝛾2 + 3𝜂𝛿2𝛾2 − 6𝜂𝛿2𝛾3)

×
[
𝛽4𝐸 [(𝑌 − 𝐸 (𝑌 ))5] + 6(𝛽3 − 𝛽4)

{
𝐸 [(𝑌 − 𝐸 (𝑌 ))4] + 𝐸 [(𝑌 − 𝐸 (𝑌 ))3]𝐸 (𝑌 )

}
+ (7𝛽2 − 18𝛽3 + 11𝛽4)𝐸 [(𝑌 − 𝐸 (𝑌 ))3]

+ 2(5𝛽2 − 12𝛽3 + 7𝛽4)𝑉 (𝑌 )𝐸 (𝑌 ) + (𝛽 − 7𝛽2 + 12𝛽3 − 6𝛽4)𝑉 (𝑌 )
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+
{
𝛽3𝐸 [(𝑌 − 𝐸 (𝑌 ))4] + 3𝛽2(1 − 𝛽){𝐸 [(𝑌 − 𝐸 (𝑌 ))3] +𝑉 (𝑌 )𝐸 (𝑌 )}

+ 𝛽(1 − 𝛽) (1 − 2𝛽)𝑉 (𝑌 )
}
𝛽𝐸 (𝑌 )

]
+ 𝜄𝜂𝛿𝛾(𝛾 + 2𝛿𝛾 + 4𝜂𝛿𝛾 − 3𝛿𝛾2 − 6𝜂𝛿𝛾2 − 9𝜂𝛿2𝛾2 + 11𝜂𝛿2𝛾3)

×
{
𝛽3𝐸 [(𝑌 − 𝐸 (𝑌 ))4] + 3𝛽2(1 − 𝛽){𝐸 [(𝑌 − 𝐸 (𝑌 ))3] +𝑉 (𝑌 )𝐸 (𝑌 )} + 𝛽(1 − 𝛽) (1 − 2𝛽)𝑉 (𝑌 )

}
+ 𝜄𝜂𝛿𝛾(𝛾 + 3𝛿𝛾 + 6𝜂𝛿𝛾 − 4𝛿𝛾2 − 8𝜂𝛿𝛾2 − 12𝜂𝛿2𝛾2 + 14𝜂𝛿2𝛾3)𝛽

×
{
𝛽2𝐸 [(𝑌 − 𝐸 (𝑌 ))3] + 𝛽(1 − 𝛽)𝑉 (𝑌 )

}
𝐸 (𝑌 )

+ 𝜄𝜂𝛿𝛾(𝛿𝛾 + 2𝜂𝛿𝛾 − 𝛿𝛾2 − 2𝜂𝛿𝛾2 − 3𝜂𝛿2𝛾2 + 3𝜂𝛿2𝛾3)𝛽3𝑉 (𝑌 ) [𝐸 (𝑌 )]2

+ 𝜄𝜂𝛿𝛾(1 − 𝛾 − 2𝛿𝛾 − 4𝜂𝛿𝛾 + 2𝛿𝛾2 + 4𝜂𝛿𝛾2 + 6𝜂𝛿2𝛾2 − 6𝜂𝛿2𝛾3)

×
{
𝛽2𝐸 [(𝑌 − 𝐸 (𝑌 ))3] + 𝛽(1 − 𝛽)𝑉 (𝑌 ) + 𝛽2𝑉 (𝑌 )𝐸 (𝑌 )

}
(by Lemma 2.2(ii,iii))

= 𝜄𝜂2𝛿3𝛾4𝛽5𝐸 [(𝑌 − 𝐸 (𝑌 ))6]

+ 𝜄𝜂𝛿2𝛾3𝛽4(1 + 2𝜂 + 3𝜂𝛿 + 4𝜂𝛿𝛾 − 10𝜂𝛿𝛾𝛽)
{
𝐸 [(𝑌 − 𝐸 (𝑌 ))5] + 𝐸 [(𝑌 − 𝐸 (𝑌 ))4]𝐸 (𝑌 )

}
+ 𝜄𝜂𝛿𝛾𝛽(𝛾𝛽2 + 2𝛿𝛾𝛽2 + 3𝛿𝛾2𝛽2 + 4𝜂𝛿𝛾𝛽2 + 6𝜂𝛿𝛾2𝛽2 + 9𝜂𝛿2𝛾2𝛽2 − 6𝛿𝛾2𝛽3 − 12𝜂𝛿𝛾2𝛽3

− 18𝜂𝛿2𝛾2𝛽3 − 24𝜂𝛿2𝛾3𝛽3 + 35𝜂𝛿2𝛾3𝛽4)𝐸 [(𝑌 − 𝐸 (𝑌 ))4]

+ 𝜄𝜂𝛿𝛾𝛽(𝛾𝛽2 + 3𝛿𝛾𝛽2 + 5𝛿𝛾2𝛽2 + 6𝜂𝛿𝛾𝛽2 + 10𝜂𝛿𝛾2𝛽2 + 15𝜂𝛿2𝛾2𝛽2 − 9𝛿𝛾2𝛽3 − 18𝜂𝛿𝛾2𝛽3

− 27𝜂𝛿2𝛾2𝛽3 − 36𝜂𝛿2𝛾3𝛽3 + 50𝜂𝛿2𝛾3𝛽4)𝐸 [(𝑌 − 𝐸 (𝑌 ))3]𝐸 (𝑌 )

+ 𝜄𝜂𝛿𝛾𝛽(𝛽 + 2𝛾𝛽 + 4𝛿𝛾𝛽 + 8𝜂𝛿𝛾𝛽 − 3𝛾𝛽2 − 6𝛿𝛾𝛽2 − 9𝛿𝛾2𝛽2 − 12𝜂𝛿𝛾𝛽2 − 18𝜂𝛿𝛾2𝛽2 − 27𝜂𝛿2𝛾2𝛽2

+ 11𝛿𝛾2𝛽3 + 22𝜂𝛿𝛾2𝛽3 + 33𝜂𝛿2𝛾2𝛽3 + 44𝜂𝛿2𝛾3𝛽3 − 50𝜂𝛿2𝛾3𝛽4)𝐸 [(𝑌 − 𝐸 (𝑌 ))3]

+ 𝜄𝜂𝛿𝛾𝛽(𝛽 + 3𝛾𝛽 + 7𝛿𝛾𝛽 + 14𝜂𝛿𝛾𝛽 − 4𝛾𝛽2 − 9𝛿𝛾𝛽2 − 14𝛿𝛾2𝛽2 − 18𝜂𝛿𝛾𝛽2 − 28𝜂𝛿𝛾2𝛽2 − 42𝜂𝛿2𝛾2𝛽2

+ 16𝛿𝛾2𝛽3 + 32𝜂𝛿𝛾2𝛽3 + 48𝜂𝛿2𝛾2𝛽3 + 64𝜂𝛿2𝛾3𝛽3 − 70𝜂𝛿2𝛾3𝛽4)𝑉 (𝑌 )𝐸 (𝑌 )

+ 𝜄𝜂𝛿𝛾𝛽(𝛿𝛾𝛽2 + 2𝛿𝛾2𝛽2 + 2𝜂𝛿𝛾𝛽2 + 4𝜂𝛿𝛾2𝛽2 + 6𝜂𝛿2𝛾2𝛽2 − 3𝛿𝛾2𝛽3 − 6𝜂𝛿𝛾2𝛽3 − 9𝜂𝛿2𝛾2𝛽3

− 12𝜂𝛿2𝛾3𝛽3 + 15𝜂𝛿2𝛾3𝛽4)𝑉 (𝑌 ) [𝐸 (𝑌 )]2

+ 𝜄𝜂𝛿𝛾𝛽(1 − 𝛽 − 2𝛾𝛽 − 4𝛿𝛾𝛽 − 8𝜂𝛿𝛾𝛽 + 2𝛾𝛽2 + 4𝛿𝛾𝛽2 + 6𝛿𝛾2𝛽2 + 8𝜂𝛿𝛾𝛽2 + 12𝜂𝛿𝛾2𝛽2 + 18𝜂𝛿2𝛾2𝛽2

− 6𝛿𝛾2𝛽3 − 12𝜂𝛿𝛾2𝛽3 − 18𝜂𝛿2𝛾2𝛽3 − 24𝜂𝛿2𝛾3𝛽3 + 24𝜂𝛿2𝛾3𝛽4)𝑉 (𝑌 ).
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Chapter 3

Some estimators in INAR(1) process

3.1 Introduction

Al-Osh and Alzaid (1987) mainly considered the nonnegative integer-valued autoregressive process of

the first-order (INAR(1)) with the Poisson marginals, i.e., 𝑌𝑡 = 𝛼 ◦ 𝑌𝑡−1 + 𝜀𝑡 , where 𝛼◦ is the thinning

operator with 𝛼 ∈ [0, 1), and {𝜀𝑡 } is a sequence of independent and identically distributed random

variables according to the Poisson distribution Po((1 − 𝛼)𝜇) for 𝜇 > 0. They studied the Yule–Walker

(YW), conditional least squares (CLS), and (conditional or full) maximum likelihood (ML) estimators for

the parameter 𝛼. Park and Oh (1997) additionally established the asymptotic normality of the YW and

CLS estimators, and Freeland and McCabe (2005) pointed out that Park and Oh’s asymptotic variance

of the CLS estimator is incorrect and then showed that the CLS estimator is asymptotically equivalent to

the YW estimator. Bourguignon and Vasconcellos (2015a) considered the stationary INAR(1) process

under the power series innovation, and conducted the simulations for the YW, CLS, and conditional ML

estimators for the parameter 𝛼.

On the other hand, these estimators are biased in a finite-sample. Some authors thus studied the

bias-correction in the stationary INAR(1) process, whose autocorrelation at lag 1 is the same as the

usual stationary autoregressive process of the first-order (AR(1)). Unlike Fujikoshi and Ochi (1984)

and Kakizawa (1996), the higher-order comparison of the mean squared errors (MSEs) in the stationary

INAR(1) process is, however, not fully discussed. Indeed, Bourguignon and Vasconcellos (2015b) and

Weiß and Schweer (2016) studied the INAR(1) with the Poisson marginals only. Jung et al. (2006) did

not derive the variance and MSE after the bias-correction. This chapter attempts to fill these gaps.

The rest of this chapter is organized as follows. In Section 3.2, we consider a class of estimators

for the parameter 𝛼 in the stationary INAR(1) process under a general innovation. In Section 3.3, we

derive, explicitly, the asymptotic expansion for the bias of such a general estimator. We construct an

analytical bias-corrected estimator for the parameter 𝛼 and examine the MSE after the bias-correction.

In Section 3.4, we conduct the simulation experiments to demonstrate the finite-sample performances of

the estimators in the stationary INAR(1) process under the Poisson or negative binomial (NB) innovation.
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Section 3.5 concludes this chapter. The technical proofs are postponed to Sections 3.6 and 3.7.

3.2 A class of estimators for the parameter 𝛼

Suppose that the observation {𝑌1, . . . , 𝑌𝑛} of length 𝑛 is generated by𝑌𝑡 = 𝛼 ◦𝑌𝑡−1 +𝜀𝑡 , where we assume

that 𝛼 ∈ [0, 1) (i.e., the INAR(1) process is strictly stationary and ergodic; see Du and Li (1991)) and that

𝐸 (𝜀𝐽𝑡 ) exists for some 𝐽 ≥ 2 (see Remark 2.1). Let 𝑌 = (1/𝑛)∑𝑛
𝑡=1𝑌𝑡 . Also, 𝐼𝑆 stands for the indicator

of the set 𝑆.

Perhaps, the YW estimator

�̂�𝑌𝑊 =

𝑛∑︁
𝑡=2

(𝑌𝑡 − 𝑌 ) (𝑌𝑡−1 − 𝑌 )

𝑛∑︁
𝑡=1

(𝑌𝑡 − 𝑌 )2
(3.1)

is the simplest estimator for the parameter 𝛼, since the autocorrelation of the stationary INAR(1) process

is equal to 𝛼, as in the usual stationary AR(1) process (e.g., Brockwell and Davis (1987)). On the other

hand, the CLS method due to Klimko and Nelson (1978) is quite standard, based on the criterion

𝐽 (𝛼, 𝜇𝜀) =
𝑛∑︁
𝑡=2

(𝑌𝑡 − 𝐸 [𝑌𝑡 |𝑌𝑡−1])2 =

𝑛∑︁
𝑡=2

(𝑌𝑡 − 𝛼𝑌𝑡−1 − 𝜇𝜀)2, (3.2)

hence, the CLS estimator for the parameter 𝛼 is given by

�̂�𝐶𝐿𝑆 =

𝑛∑︁
𝑡=2
𝑌𝑡𝑌𝑡−1 − (𝑛 − 1)−1

𝑛∑︁
𝑡=2
𝑌𝑡

𝑛∑︁
𝑡=2
𝑌𝑡−1

𝑛∑︁
𝑡=2
𝑌2
𝑡−1 − (𝑛 − 1)−1

( 𝑛∑︁
𝑡=2
𝑌𝑡−1

)2
. (3.3)

The method of moment (MM) estimator from the estimating equation

𝑛∑︁
𝑡=2

[(𝑌𝑡 − 𝑌 ) (𝑌𝑡−1 − 𝑌 ) − 𝛼(𝑌𝑡−1 − 𝑌 )2] = 0

is given by

�̂�𝑀𝑀 =

𝑛∑︁
𝑡=2

(𝑌𝑡 − 𝑌 ) (𝑌𝑡−1 − 𝑌 )

𝑛∑︁
𝑡=2

(𝑌𝑡−1 − 𝑌 )2
. (3.4)

We define a more general estimator �̂�𝑐1,𝑐2 for the parameter 𝛼 in the stationary INAR(1) process,
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given by

�̂�𝑐1,𝑐2 =

𝑛∑︁
𝑡=2

(𝑌𝑡 − 𝑌 ) (𝑌𝑡−1 − 𝑌 )

𝑐1(𝑌1 − 𝑌 )2 +
𝑛−1∑︁
𝑡=2

(𝑌𝑡 − 𝑌 )2 + 𝑐2(𝑌𝑛 − 𝑌 )2

, 𝑐1, 𝑐2 ≥ 0. (3.5)

Note that, in addition to the YW estimator �̂�𝑌𝑊 = �̂�1,1 and the MM estimator �̂�𝑀𝑀 = �̂�1,0, the Burg

estimator �̂�𝐵𝑢𝑟𝑔 = �̂�1/2,1/2 is widely used in the usual stationary AR(1) process. We consider an

analytical bias-correction of such a general estimator (3.5) and study the higher-order MSE comparison

in the stationary INAR(1) process. It should be remarked that

𝑛∑︁
𝑡=2

(𝑌𝑡 − 𝑌 ) (𝑌𝑡−1 − 𝑌 ) −
[ 𝑛∑︁
𝑡=2
𝑌𝑡𝑌𝑡−1 −

1
𝑛 − 1

𝑛∑︁
𝑡=2
𝑌𝑡

𝑛∑︁
𝑡=2
𝑌𝑡−1

]
=

(𝑌 − 𝑌1) (𝑌 − 𝑌𝑛)
𝑛 − 1

= 𝑂 𝑝 (𝑛−1),

𝑛∑︁
𝑡=2

(𝑌𝑡−1 − 𝑌 )2 −
[ 𝑛∑︁
𝑡=2
𝑌2
𝑡−1 −

1
𝑛 − 1

( 𝑛∑︁
𝑡=2
𝑌𝑡−1

)2]
=

(𝑌 − 𝑌1)2

𝑛 − 1
= 𝑂 𝑝 (𝑛−1),

hence, all results of �̂�𝑀𝑀 described below remain valid for �̂�𝐶𝐿𝑆 , if (𝑐1, 𝑐2) = (1, 0).

Remark 3.1. The conditional ML method is available, when the distribution of the innovation {𝜀𝑡 } is

known. However, we here do not assume the parametric family of the distribution of the innovation,

except for some simulation experiments. We emphasize that, in this sense, the study of this chapter can

be regarded as to be semi-parametric inference.

3.3 Analytical bias-correction

First of all, we prove the strong consistency and asymptotic normality of the general estimator �̂�𝑐1,𝑐2 , and

derive the asymptotic expansion for the bias 𝐸 (�̂�𝑐1,𝑐2 − 𝛼).

Proposition 3.1. (i) �̂�𝑐1,𝑐2
𝑎.𝑠.−−−→ 𝛼.

(ii)
√
𝑛(�̂�𝑐1,𝑐2 − 𝛼)

𝑑−→ N(0, 𝑣/𝜎4
𝑌
), where

𝑣 = (1 − 𝛼){𝛼𝑄2:3,𝑌 + 𝛼𝜎2
𝑌 + (1 + 𝛼)𝜎4

𝑌 }.

Therefore, the general estimator �̂�𝑐1,𝑐2 is asymptotically equivalent, regardless of the choice of (𝑐1, 𝑐2).

Proposition 3.2. The 𝑛−1 bias of �̂�𝑐1,𝑐2 is given by

𝐸 (�̂�𝑐1,𝑐2 − 𝛼) = −1
𝑛

{
1 + (2 + 𝑐)𝛼 +

2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

}
+ 𝑜(𝑛−1),

where 𝑐 = 𝑐1 + 𝑐2.
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Secondly, we construct an analytical bias-corrected estimator

�̃�𝑐1,𝑐2 = �̂�𝑐1,𝑐2 +
1
𝑛

{
1 + (2 + 𝑐)�̂�𝑐1,𝑐2 +

2�̂�2
𝑐1,𝑐2𝑄2:3,𝑌

(1 + �̂�𝑐1,𝑐2)�̂�4
𝑌

+
�̂�𝑐1,𝑐2

�̂�2
𝑌

}
(3.6)

(it is also consistent and asymptotically normal, as in Proposition 3.1; the detail is omitted here), where

�̂�2
𝑌 =

1
𝑛

𝑛∑︁
𝑡=1

(𝑌𝑡 − 𝑌 )2, 𝑄2:3,𝑌 =
1
𝑛

𝑛∑︁
𝑡=1

(𝑌𝑡 − 𝑌 )3 − 1
𝑛

𝑛∑︁
𝑡=1

(𝑌𝑡 − 𝑌 )2

converge to 𝜎2
𝑌

and 𝑄2:3,𝑌 a.s., respectively, by strictly stationarity and ergodicity of {𝑌𝑡 }.

Our interest here is to examine the effect of the parameter (𝑐1, 𝑐2) in terms of the MSE.

Proposition 3.3. (i) The 𝑛−1 bias of �̂�𝑐1,𝑐2 is removed, i.e., 𝐸 (�̃�𝑐1,𝑐2 − 𝛼) = 𝑜(𝑛−1).

(ii) Also,

𝑉 (�̃�𝑐1,𝑐2) −𝑉 (�̃�0,0) =
𝐴𝑐1,𝑐2

𝑛2 + 𝑜(𝑛−2),

𝑀𝑆𝐸 (�̃�𝑐1,𝑐2) − 𝑀𝑆𝐸 (�̃�0,0) =
𝐴𝑐1,𝑐2

𝑛2 + 𝑜(𝑛−2),

where

𝐴𝑐1,𝑐2 = 𝛼
2
[
(𝑐2

1 − 2𝑐1 + 𝑐2
2)
𝑄2:4,𝑌

𝜎4
𝑌

+ {3(𝑐2
1 − 2𝑐1 + 𝑐2

2) + (3𝑐2
1 − 2𝑐1 + 3𝑐2

2)𝛼}
𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ (𝑐2
1 + 𝑐

2
2)
( 1
𝜎2
𝑌

+ 2
)]
.

For the INAR(1) process {𝑌𝑡 }with the Poisson marginals (𝑄2:4,𝑌 = 𝑄2:3,𝑌 = 0), the choice (𝑐1, 𝑐2) = (0, 0)

is optimal, as in the usual stationary Gaussian AR(1) process (unfortunately, such a result, independent

of 𝛼, does not hold for a general innovation).

The following two propositions reveal that, even under the Poisson marginals, there is no uniform

results on the choice (𝑐1, 𝑐2) of the estimator (without bias-correction) and the MSE comparison between

�̂�𝑐1,𝑐2 and �̃�𝑐1,𝑐2 .

Proposition 3.4. We have

𝑉 (�̂�𝑐1,𝑐2) −𝑉 (�̂�1,0)

=
1
𝑛2

[
{(𝑐1 − 1)2 + 𝑐2

2}𝛼
2𝑄2:4,𝑌

𝜎4
𝑌

+ 𝐴1, (𝑐1,𝑐2 )
𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝐴2, (𝑐1,𝑐2 )
1
𝜎2
𝑌

+ 𝐴3, (𝑐1,𝑐2 )
]
+ 𝑜(𝑛−2),

𝑀𝑆𝐸 (�̂�𝑐1,𝑐2) − 𝑀𝑆𝐸 (�̂�1,0)

=
1
𝑛2

[
{(𝑐1 − 1)2 + 𝑐2

2}𝛼
2𝑄2:4,𝑌

𝜎4
𝑌

+ {𝐴1, (𝑐1,𝑐2 ) + 4(𝑐1 + 𝑐2 − 1)𝛼3}
𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ {𝐴2, (𝑐1,𝑐2 ) + 2(𝑐1 + 𝑐2 − 1)𝛼2} 1
𝜎2
𝑌
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+ 𝐴3, (𝑐1,𝑐2 ) + 2(𝑐1 + 𝑐2 − 1)𝛼 + (𝑐1 + 𝑐2 − 1) (𝑐1 + 𝑐2 + 5)𝛼2
]
+ 𝑜(𝑛−2),

where

𝐴1, (𝑐1,𝑐2 ) = 𝛼[2(1 − 𝑐1 − 𝑐2) + 3{(𝑐1 − 1)2 + 𝑐2
2}𝛼 + {3(𝑐1 − 1)2 + 6(𝑐1 − 1) + 3𝑐2

2 + 2𝑐2}𝛼2],

𝐴2, (𝑐1,𝑐2 ) = 𝛼[2(1 − 𝑐1 − 𝑐2) + {(𝑐1 − 1)2 + 4(𝑐1 − 1) + 𝑐2
2 + 2𝑐2}𝛼],

𝐴3, (𝑐1,𝑐2 ) = 2(1 − 𝑐1 − 𝑐2) + 2{(𝑐1 − 1)2 + 3(𝑐1 − 1) + 𝑐2
2 + 𝑐2}𝛼2.

Proposition 3.5. We have

𝑉 (�̂�𝑐1,𝑐2) −𝑉 (�̃�𝑐1,𝑐2) =
1
𝑛2

[
2𝑐(𝛼 − 1)

(
1 + 𝛼 +

𝛼𝑄2:3,𝑌

𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

)
+ 𝐴

]
+ 𝑜(𝑛−2),

𝑀𝑆𝐸 (�̂�𝑐1,𝑐2) − 𝑀𝑆𝐸 (�̃�𝑐1,𝑐2) =
1
𝑛2

[
𝑐2𝛼2 + 2𝑐

{
3𝛼2 + 𝛼 − 1 +

(3𝛼3 − 𝛼)𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 2𝛼2 − 𝛼
𝜎2
𝑌

}
+
{
1 + 2𝛼 +

2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

}2
+ 𝐴

]
+ 𝑜(𝑛−2),

where

𝐴 = 2
[
−
{ (4𝛼 + 2𝛼2)𝑄2:3,𝑌

(1 + 𝛼)2𝜎4
𝑌

+ 1
𝜎2
𝑌

+ 2
}
(1 − 𝛼)

(𝛼𝑄2:3,𝑌

𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 1 + 𝛼
)

+
{ 4𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼 + 3𝛼2

(1 + 𝛼)𝜎2
𝑌

}{ 2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 2𝛼
}

− 6𝛼2

(1 + 𝛼)𝜎2
𝑌

{ 𝛼3𝑄2:4,𝑌

(1 + 𝛼 + 𝛼2)𝜎4
𝑌

+ 𝛼2
( 2
1 + 𝛼 + 1 + 𝛼

1 + 𝛼 + 𝛼2 + 1
)𝑄2:3,𝑌

𝜎4
𝑌

+ 2𝛼
𝜎2
𝑌

+ 𝛼
}]
.

3.4 Simulation results

We conduct the simulations (𝛼 = 0.2, 0.5, 0.8 and 𝑛 = 100, 200, 300, with 2000 replications) about the

estimators �̂�𝑐1,𝑐2 and �̃�𝑐1,𝑐2 (see (3.5) and (3.6) with (𝑐1, 𝑐2) = (0, 0), (1/2, 1/2), (1, 0), (1, 1)), under the

set-up that the innovation {𝜀𝑡 } follows the Poisson distribution Po((1 − 𝛼)𝜇) or negative binomial (NB)

distribution NB(𝑟, 𝑟/{𝑟 + (1 − 𝛼)𝜇}) (we set 𝜇 = 10 and 𝑟 = 10).

We observe from Tables 3.1 and 3.2 that the biases, variances, and MSEs of all estimators decrease

as the sample size 𝑛 increases (the estimators have the downward biases) and that, as expected from

Proposition 3.3(i), the proposed analytical bias-correction works well. Under the Poisson innovation, the

bias-corrected estimator �̃�0,0 has, overall, the smallest variance and MSE (see Table 3.1), which is in

agreement with Proposition 3.3(ii).

It may be true that �̃�𝑐1,𝑐2 suffers from the inflation of the variance, because of the trade-off between

the bias and the variance. But, Proposition 3.5 tells us that the uniform inferiority of MSE(�̃�𝑐1,𝑐2) over

MSE(�̂�𝑐1,𝑐2), with respect to 𝛼, is not asserted, at least asymptotically. Indeed, comparing the upper and
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lower panels in Tables 3.1 and 3.2, it is revealed that, if 𝛼 = 0.8 (𝛼 = 0.2) is large, then, the bias-corrected

estimator �̃�𝑐1,𝑐2 is likely to outperform (underperform) the bias-uncorrected estimator �̂�𝑐1,𝑐2 in terms of

the MSE.

3.5 Concluding remark

After deriving the asymptotic expansion for the bias of the general estimator �̂�𝑐1,𝑐2 , we have constructed

an analytical bias-corrected estimator �̃�𝑐1,𝑐2 and examined the effect of the parameter (𝑐1, 𝑐2) in terms of

the MSE. It turns out that, for the INAR(1) process with the Poisson marginals, the choice (𝑐1, 𝑐2) = (0, 0)

is optimal, as in the usual stationary Gaussian AR(1) process.

In Fujikoshi and Ochi (1984), Kakizawa (1996), and references therein, the so-called Edgeworth

expansion yields a refinement of normal approximation for the distributions of some estimators in the

usual stationary AR(1) process. Unfortunately, it can not be directly applied in the stationary INAR(1)

process, since the INAR(1) process is discrete.

3.6 Proof of Proposition 3.1

Before proving Proposition 3.1, we prepare two lemmas (Lemmas 3.1 and 3.2).

Lemma 3.1. Suppose that 𝛼 ∈ [0, 1) and that 𝐸 (𝜀2
𝑡 ) exists. The following hold.

(i)
√
𝑛(𝑌 − 𝜇𝑌 ) = 𝑂 𝑝 (1).

(ii) 𝑌 𝑎.𝑠.−−−→ 𝜇𝑌 . Moreover, for 𝑘 = 0, 1, {1/(𝑛 − 1)}∑𝑛
𝑡=2(𝑌𝑡−𝑘 − 𝑌 ) (𝑌𝑡−1 − 𝑌 )

𝑎.𝑠.−−−→ 𝛼1−𝑘𝜎2
𝑌
.

Proof (i) Noting that

𝑛𝑉 (𝑌 ) = 1
𝑛

{ 𝑛∑︁
𝑡=1
𝑉 (𝑌𝑡 ) + 2

𝑛∑︁
𝑠,𝑡=1

𝐼{𝑠<𝑡 }𝐶𝑜𝑣(𝑌𝑠, 𝑌𝑡 )
}

= 𝜎2
𝑌 + 2

𝑛

𝑛∑︁
𝑠,𝑡=1

𝐼{𝑠<𝑡 }𝛼
𝑡−𝑠𝜎2

𝑌

= 𝜎2
𝑌 + 2𝜎2

𝑌

{ 𝛼

1 − 𝛼 − 𝛼(1 − 𝛼𝑛)
𝑛(1 − 𝛼)2

}
→ 1 + 𝛼

1 − 𝛼𝜎
2
𝑌 ,

the result follows by Brockwell and Davies (1987).

(ii) For 𝑘 = 0, 1, {1/(𝑛 − 1)}∑𝑛
𝑡=2𝑌𝑡−𝑘𝑌𝑡−1

𝑎.𝑠.−−−→ 𝐸 (𝑌1−𝑘𝑌0) and {1/(𝑛 − 1)}∑𝑛
𝑡=2, 𝑌𝑡−𝑘

𝑎.𝑠.−−−→ 𝜇𝑌 , as

well as 𝑌 𝑎.𝑠.−−−→ 𝜇𝑌 , by strictly stationarity and ergodicity of {𝑌𝑡 }, hence,

1
𝑛 − 1

𝑛∑︁
𝑡=2

(𝑌𝑡−𝑘 − 𝑌 ) (𝑌𝑡−1 − 𝑌 ) =
1

𝑛 − 1

𝑛∑︁
𝑡=2
𝑌𝑡−𝑘𝑌𝑡−1 −

1
𝑛 − 1

𝑛∑︁
𝑡=2

(𝑌𝑡−𝑘 + 𝑌𝑡−1)𝑌 + 𝑌2

𝑎.𝑠.−−−→ 𝐸 (𝑌1−𝑘𝑌0) − 𝜇2
𝑌 = 𝛾𝑌 (1 − 𝑘). □
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Table 3.1: Biases, variances, MSEs of the estimators �̂�𝑐1,𝑐2 (without the bias-correction) and �̃�𝑐1,𝑐2 (with
the bias-correction) in the stationary INAR(1) process unde the Poisson innovation.

Biases (×10) Variances (×100) MSEs (×100)
𝛼 𝑛 �̂�0,0 �̂�1/2,1/2 �̂�1,0 �̂�1,1 �̂�0,0 �̂�1/2,1/2 �̂�1,0 �̂�1,1 �̂�0,0 �̂�1/2,1/2 �̂�1,0 �̂�1,1

0.2 100 -0.164 -0.183 -0.183 -0.200 1.002 0.984 0.984 0.968 1.029 1.017 1.018 1.045
200 -0.053 -0.063 -0.063 -0.072 0.481 0.477 0.476 0.472 0.484 0.481 0.480 0.492
300 -0.047 -0.054 -0.054 -0.061 0.319 0.317 0.317 0.315 0.321 0.320 0.320 0.323

0.5 100 -0.227 -0.277 -0.275 -0.325 0.811 0.793 0.795 0.781 0.862 0.870 0.871 0.845
200 -0.094 -0.119 -0.119 -0.143 0.413 0.408 0.408 0.405 0.422 0.422 0.422 0.422
300 -0.069 -0.087 -0.087 -0.104 0.271 0.269 0.270 0.269 0.275 0.277 0.278 0.274

0.8 100 -0.280 -0.368 -0.369 -0.452 0.508 0.500 0.506 0.507 0.587 0.635 0.642 0.530
200 -0.133 -0.175 -0.173 -0.217 0.202 0.202 0.203 0.206 0.220 0.233 0.233 0.207
300 -0.088 -0.115 -0.115 -0.142 0.129 0.128 0.129 0.129 0.136 0.141 0.142 0.130

𝛼 𝑛 �̃�0,0 �̃�1/2,1/2 �̃�1,0 �̃�1,1 �̃�0,0 �̃�1/2,1/2 �̃�1,0 �̃�1,1 �̃�0,0 �̃�1/2,1/2 �̃�1,0 �̃�1,1

0.2 100 -0.025 -0.026 -0.027 -0.027 1.044 1.046 1.046 1.049 1.045 1.047 1.047 1.050
200 0.017 0.017 0.017 0.018 0.492 0.491 0.491 0.492 0.492 0.492 0.491 0.492
300 -0.0004 -0.001 -0.001 -0.001 0.323 0.324 0.324 0.324 0.323 0.324 0.324 0.324

0.5 100 -0.027 -0.031 -0.029 -0.033 0.845 0.843 0.845 0.847 0.845 0.843 0.846 0.848
200 0.007 0.007 0.006 0.006 0.422 0.421 0.421 0.422 0.422 0.421 0.421 0.422
300 -0.001 -0.002 -0.003 -0.004 0.274 0.275 0.276 0.276 0.274 0.275 0.276 0.276

0.8 100 -0.019 -0.033 -0.033 -0.044 0.530 0.531 0.537 0.549 0.530 0.532 0.539 0.551
200 -0.001 -0.004 -0.002 -0.008 0.207 0.209 0.210 0.214 0.207 0.209 0.210 0.214
300 0.001 -0.0003 -0.001 -0.001 0.130 0.131 0.131 0.132 0.130 0.131 0.131 0.132

Table 3.2: Biases, variances, MSEs of the estimators �̂�𝑐1,𝑐2 (without the bias-correction) and �̃�𝑐1,𝑐2 (with
the bias-correction) in the stationary INAR(1) process unde the NB innovation.

Biases (×10) Variances (×100) MSEs (×100)
𝛼 𝑛 �̂�0,0 �̂�1/2,1/2 �̂�1,0 �̂�1,1 �̂�0,0 �̂�1/2,1/2 �̂�1,0 �̂�1,1 �̂�0,0 �̂�1/2,1/2 �̂�1,0 �̂�1,1

0.2 100 -0.160 -0.179 -0.178 -0.197 0.999 0.979 0.979 0.960 1.025 1.011 1.011 1.042
200 -0.077 -0.086 -0.086 -0.096 0.494 0.490 0.490 0.486 0.500 0.497 0.497 0.505
300 -0.017 -0.023 -0.023 -0.029 0.333 0.331 0.331 0.329 0.333 0.331 0.331 0.339

0.5 100 -0.194 -0.250 -0.254 -0.303 0.849 0.830 0.830 0.818 0.887 0.892 0.894 0.886
200 -0.096 -0.123 -0.124 -0.149 0.388 0.384 0.383 0.381 0.397 0.399 0.399 0.397
300 -0.064 -0.083 -0.083 -0.101 0.261 0.259 0.260 0.258 0.265 0.266 0.267 0.265

0.8 100 -0.229 -0.335 -0.353 -0.435 0.497 0.480 0.483 0.485 0.549 0.592 0.608 0.519
200 -0.102 -0.155 -0.163 -0.206 0.199 0.195 0.196 0.197 0.209 0.219 0.223 0.204
300 -0.071 -0.105 -0.111 -0.138 0.133 0.132 0.132 0.133 0.138 0.143 0.144 0.136

𝛼 𝑛 �̃�0,0 �̃�1/2,1/2 �̃�1,0 �̃�1,1 �̃�0,0 �̃�1/2,1/2 �̃�1,0 �̃�1,1 �̃�0,0 �̃�1/2,1/2 �̃�1,0 �̃�1,1

0.2 100 -0.021 -0.022 -0.022 -0.023 1.041 1.040 1.041 1.041 1.042 1.041 1.041 1.041
200 -0.006 -0.007 -0.007 -0.007 0.505 0.505 0.505 0.506 0.505 0.505 0.505 0.506
300 0.030 0.031 0.031 0.031 0.338 0.338 0.338 0.338 0.339 0.339 0.339 0.339

0.5 100 0.007 -0.003 -0.006 -0.011 0.886 0.882 0.882 0.887 0.886 0.882 0.882 0.887
200 0.006 0.003 0.002 0.001 0.397 0.396 0.396 0.397 0.397 0.396 0.396 0.397
300 0.004 0.002 0.001 -0.0002 0.265 0.265 0.266 0.265 0.265 0.265 0.266 0.265

0.8 100 0.034 0.002 -0.017 -0.025 0.518 0.510 0.513 0.525 0.519 0.510 0.513 0.526
200 0.031 0.017 0.008 0.004 0.203 0.201 0.202 0.205 0.204 0.201 0.202 0.205
300 0.018 0.010 0.004 0.003 0.135 0.135 0.135 0.137 0.136 0.135 0.135 0.137
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Let

𝑀𝑡 = {𝑌𝑡 − 𝛼𝑌𝑡−1 − (1 − 𝛼)𝜇𝑌 }(𝑌𝑡−1 − 𝜇𝑌 ), 𝑡 = 2, . . . , 𝑛.

Lemma 3.2. Suppose that 𝛼 ∈ [0, 1) and that 𝐸 (𝜀4
𝑡 ) exists. The following hold.

(𝑖) 1
√
𝑛

𝑛∑︁
𝑡=2

𝑀𝑡
𝑑−→ N(0, 𝑣), where 𝑣 = (1 − 𝛼) [𝛼𝑄2:3,𝑌 + 𝛼𝜎2

𝑌
+ (1 + 𝛼)𝜎4

𝑌
] .

(𝑖𝑖) 1
√
𝑛

𝑛∑︁
𝑡=2

[(𝑌𝑡 − 𝑌 ) (𝑌𝑡−1 − 𝑌 ) − 𝛼(𝑌𝑡−1 − 𝑌 )2] 𝑑−→ N(0, 𝑣).

Proof (i) Let F𝑡 = 𝜎{𝑌1, . . . , 𝑌𝑡 } be a sigma-field, and let 𝑛 ≥ 2. Note that {𝑛−1/2𝑀𝑡 , 𝑡 = 2, . . . , 𝑛} is a

martingale difference array, since, for 𝑡 = 2, . . . , 𝑛,

𝐸 (𝑌𝑡 |F𝑡−1) = 𝐸 (𝛼 ◦ 𝑌𝑡−1 + 𝜀𝑡 |F𝑡−1) = 𝛼𝑌𝑡−1 + (1 − 𝛼)𝜇𝑌 , i.e., 𝐸 (𝑛−1/2𝑀𝑡 |F𝑡−1) = 0.

Now, we know that 𝐸 (𝑀2
𝑡 ) = 𝐸 (𝑀2

2 ) (< ∞), by strictly stationarity of {𝑌𝑡 }. Then, for any 𝜀 > 0, we

have

𝑃

(
max
𝑡=2,...,𝑛

|𝑛−1/2𝑀𝑡 | > 𝜀
)
≤

𝑛∑︁
𝑡=2

𝑃( |𝑀𝑡 | >
√
𝑛𝜀)

= (𝑛 − 1)𝑃( |𝑀2 | >
√
𝑛𝜀) (by strictly stationarity of {𝑌𝑡})

≤ 1
𝜀2𝐸 [𝐼{ |𝑀2 |>

√
𝑛𝜀}𝑀

2
2 ]

→ 0 (by Lebesgue’s dominated convergence theorem),

hence,

max
𝑡=2,...,𝑛

|𝑛−1/2𝑀𝑡 | = 𝑜𝑝 (1). (3.7)

Also, we have

1
𝑛
𝐸

[
max
𝑡=2,...,𝑛

𝑀2
𝑡

]
≤ 1
𝑛

𝑛∑︁
𝑡=2

𝐸 (𝑀2
𝑡 ) ≤ 𝐸 (𝑀2

2 ), (3.8)

1
𝑛

𝑛∑︁
𝑡=2

𝑀2
𝑡

𝑎.𝑠.−−−→ 𝐸 (𝑀2
2 ) (by strictly stationarity and ergodicity of {𝑌𝑡}). (3.9)

The result is shown by martingale central limit theorem (see McLeish (1974)) and (3.7)–(3.9).

(ii) Noting that

1
√
𝑛

𝑛∑︁
𝑡=2

[(𝑌𝑡 − 𝑌 ) (𝑌𝑡−1 − 𝑌 ) − 𝛼(𝑌𝑡−1 − 𝑌 )2] − 1
√
𝑛

𝑛∑︁
𝑡=2

[(𝑌𝑡 − 𝜇𝑌 ) (𝑌𝑡−1 − 𝜇𝑌 ) − 𝛼(𝑌𝑡−1 − 𝜇𝑌 )2]
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=
1
√
𝑛

𝑛∑︁
𝑡=2

[−{(𝑌𝑡 − 𝜇𝑌 ) + (𝑌𝑡−1 − 𝜇𝑌 )}(𝑌 − 𝜇𝑌 ) + (𝑌 − 𝜇𝑌 )2 − 𝛼{−2(𝑌𝑡−1 − 𝜇𝑌 ) (𝑌 − 𝜇𝑌 ) + (𝑌 − 𝜇𝑌 )2}]

= 𝑂 𝑝 (1/
√
𝑛) (by Lemma 3.1(i), together with

∑𝑛
𝑡=2(𝑌𝑡− 𝑗 − 𝜇𝑌 ) = 𝑛(𝑌 − 𝜇𝑌 ) +𝑂 𝑝 (1) for 𝑗 = 0, 1)

= 𝑜𝑝 (1),

the result is shown by Slutsky’s theorem and (i). □

We are ready to prove Proposition 3.1.

Proof of Proposition 3.1. The strong consistency is shown by Lemma 3.1(ii) and 𝑛−1(𝑌# − 𝑌 )2 𝑎.𝑠.−−−→ 0

for # = 0, 1. Also, it is easy to show that

√
𝑛(�̂�𝑐1,𝑐2 − 𝛼) =

1
√
𝑛

𝑛∑︁
𝑡=2

{(𝑌𝑡 − 𝑌 ) (𝑌𝑡−1 − 𝑌 ) − 𝛼(𝑌𝑡−1 − 𝑌 )2} − 𝛼
√
𝑛
{(𝑐1 − 1) (𝑌1 − 𝑌 )2 + 𝑐2(𝑌𝑛 − 𝑌 )2}

1
𝑛

{ 𝑛∑︁
𝑡=2

(𝑌𝑡−1 − 𝑌 )2 + (𝑐1 − 1) (𝑌1 − 𝑌 )2 + 𝑐2(𝑌𝑛 − 𝑌 )2
}

𝑑−→ N(0, 𝑣/𝜎4
𝑌 ) (use Lemmas 3.1(ii) and 3.2(ii) and Slutsky’s theorem). □

3.7 Proofs of Propositions 3.2–3.5

Let 𝑋 = (1/𝑛)∑𝑛
𝑡=1 𝑋𝑡 , where 𝑋𝑡 = (𝑌𝑡 − 𝜇𝑌 )/𝜎𝑌 . One can rewrite𝑈1 = (𝑛𝜎2

𝑌
)−1 ∑𝑛

𝑡=2(𝑌𝑡 −𝑌 ) (𝑌𝑡−1−𝑌 )

and𝑈𝑐1,𝑐2
2 = (𝑛𝜎2

𝑌
)−1 [𝑐1(𝑌1 − 𝑌 )2 +∑𝑛−1

𝑡=2 (𝑌𝑡 − 𝑌 )2 + 𝑐2(𝑌𝑛 − 𝑌 )2] as

𝑈1 =
1
𝑛

𝑛∑︁
𝑡=2

𝑋𝑡𝑋𝑡−1 −
(
1 + 1

𝑛

)
𝑋

2 + 1
𝑛
(𝑋1𝑋 + 𝑋𝑛𝑋),

𝑈
𝑐1,𝑐2
2 =

1
𝑛

[
𝑐1𝑋

2
1 +

𝑛−1∑︁
𝑡=2

𝑋2
𝑡 + 𝑐2𝑋

2
𝑛 + 2(1 − 𝑐1)𝑋1𝑋 + 2(1 − 𝑐2)𝑋𝑛𝑋 + (𝑐1 + 𝑐2 − 𝑛 − 2)𝑋2]

=
1
𝑛

𝑛∑︁
𝑡=2

𝑋2
𝑡−1 +

(
− 1 + 𝑐1 + 𝑐2 − 2

𝑛

)
𝑋

2 + 1
𝑛
[(𝑐1 − 1)𝑋2

1 + 𝑐2𝑋
2
𝑛 − 2(𝑐1 − 1)𝑋1𝑋 − 2(𝑐2 − 1)𝑋𝑛𝑋],

respectively, hence,

𝑈1 − 𝛼𝑈𝑐1,𝑐2
2 =

1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1 −
[
1 − 𝛼 + 1

𝑛
{1 + (𝑐1 + 𝑐2 − 2)𝛼}

]
𝑋

2

+ 1
𝑛
[𝛼{−(𝑐1 − 1)𝑋2

1 − 𝑐2𝑋
2
𝑛} + {1 + 2(𝑐1 − 1)𝛼}𝑋1𝑋 + {1 + 2(𝑐2 − 1)𝛼}𝑋𝑛𝑋] .

Before proving Propositions 3.2–3.5, we prepare the stochastic expansions of �̂�𝑐1,𝑐2 and �̃�𝑐1,𝑐2 . Using

𝐸 (𝑋𝑡𝑋𝑡−1) = 𝛼, 𝐸 (𝑋2
𝑡 ) = 1 (note that 𝐸 [(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1] = 0),

𝐸 (𝑋1𝑋) =
1
𝑛

𝑛∑︁
𝑡=1

𝐸 (𝑋1𝑋𝑡 ) =
1
𝑛

𝑛∑︁
𝑡=1

𝛼𝑡−1 =
1 − 𝛼𝑛
𝑛(1 − 𝛼) ,
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𝐸 (𝑋𝑛𝑋) =
1
𝑛

𝑛∑︁
𝑡=1

𝐸 (𝑋𝑡𝑋𝑛) =
1
𝑛

𝑛∑︁
𝑡=1

𝛼𝑛−𝑡 =
1 − 𝛼𝑛
𝑛(1 − 𝛼) ,

𝐸 (𝑋2) = 1
𝑛2

𝑛∑︁
𝑡=1

𝐸 (𝑋2
𝑡 ) +

2
𝑛2

𝑛∑︁
𝑠,𝑡=1

𝐼{𝑠<𝑡 }𝐸 (𝑋𝑠𝑋𝑡 ) =
1
𝑛
+ 2
𝑛2

𝑛∑︁
𝑠,𝑡=1

𝐼{𝑠<𝑡 }𝛼
𝑡−𝑠 =

1 + 𝛼
𝑛(1 − 𝛼) −

2𝛼(1 − 𝛼𝑛)
𝑛2(1 − 𝛼)2 ,

where

𝑛∑︁
𝑠,𝑡=1

𝐼{𝑠<𝑡 }𝛼
𝑡−𝑠 =

𝛼

1 − 𝛼

𝑛−1∑︁
𝑠=1

(1 − 𝛼𝑛−𝑠) = 𝛼

1 − 𝛼

(
𝑛 − 1 − 𝛼𝑛

1 − 𝛼

)
,

we have

𝐸 (𝑈𝑐1,𝑐2
2 ) = 1

𝑛
(𝑛 + 𝑐1 + 𝑐2 − 2) − 𝐸 (𝑋2) +𝑂 (𝑛−2)

= 1 + 1
𝑛

(
− 1 + 𝛼

1 − 𝛼 + 𝑐1 + 𝑐2 − 2
)
+𝑂 (𝑛−2)

= 1 + 1
𝑛
𝛿𝑐1,𝑐2 +𝑂 (𝑛−2) (say),

𝐸 (𝑈1 − 𝛼𝑈𝑐1,𝑐2
2 ) = −(1 − 𝛼)𝐸 (𝑋2) +𝑂 (𝑛−2)

+ 1
𝑛
[−(𝑐1 + 𝑐2 − 1)𝛼 + {1 + 2(𝑐1 − 1)𝛼}𝐸 (𝑋1𝑋) + {1 + 2(𝑐2 − 1)𝛼}𝐸 (𝑋𝑛𝑋)]

= −1
𝑛
{1 + (𝑐1 + 𝑐2)𝛼} +𝑂 (𝑛−2)

=
1
𝑛
Δ𝑐1,𝑐2 +𝑂 (𝑛−2) (say).

On the other hand, for # = 1, 𝑛,

𝑉

(1
𝑛
𝑋#𝑋

)
=

1
𝑛2𝐶𝑢𝑚(𝑋, 𝑋, 𝑋#, 𝑋#) +

1
𝑛2𝑉 (𝑋#)𝑉 (𝑋) +

1
𝑛2 [𝐶𝑜𝑣(𝑋#, 𝑋)]2

=
1
𝑛4

𝑛∑︁
𝑡=1

𝐶𝑢𝑚(𝑋𝑡 , 𝑋𝑡 , 𝑋#, 𝑋#) +
2
𝑛4

𝑛∑︁
𝑠,𝑡=1

𝐼{𝑠<𝑡 }𝐶𝑢𝑚(𝑋𝑠, 𝑋𝑡 , 𝑋#, 𝑋#)

+ 1
𝑛2𝑉 (𝑋) +

1
𝑛4

[ 𝑛∑︁
𝑡=1

𝐶𝑜𝑣(𝑋#, 𝑋𝑡 )
]2

= 𝑂 (𝑛−3),

since there exists a constant 𝐶 > 0 (independent of 𝑡1, 𝑡2 ∈ {1, . . . , 𝑛}) such that

|𝐶𝑢𝑚(𝑋𝑡1 , 𝑋𝑡2 , 𝑋1, 𝑋1) | ≤ 𝐶𝛼max(𝑡1,𝑡2 )−1,

|𝐶𝑢𝑚(𝑋𝑡1 , 𝑋𝑡2 , 𝑋𝑛, 𝑋𝑛) | ≤ 𝐶𝛼𝑛−min(𝑡1,𝑡2 ) .

Also,

𝑉 (𝑋2) = 𝐶𝑢𝑚(𝑋, 𝑋, 𝑋, 𝑋) + 2[𝑉 (𝑋)]2
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=
1
𝑛4

𝑛∑︁
𝑡=1

𝐶𝑢𝑚(𝑋𝑡 , 𝑋𝑡 , 𝑋𝑡 , 𝑋𝑡 ) +
4
𝑛4

𝑛∑︁
𝑠,𝑡=1

𝐼{𝑠<𝑡 } [𝐶𝑢𝑚(𝑋𝑠, 𝑋𝑠, 𝑋𝑠, 𝑋𝑡 ) + 𝐶𝑢𝑚(𝑋𝑠, 𝑋𝑡 , 𝑋𝑡 , 𝑋𝑡 )]

+ 6
𝑛4

𝑛∑︁
𝑠,𝑡=1

𝐼{𝑠<𝑡 }𝐶𝑢𝑚(𝑋𝑠, 𝑋𝑠, 𝑋𝑡 , 𝑋𝑡 )

+ 12
𝑛4

𝑛∑︁
𝑠,𝑡 ,𝑢=1

𝐼{𝑠<𝑡<𝑢} [𝐶𝑢𝑚(𝑋𝑠, 𝑋𝑡 , 𝑋𝑢, 𝑋𝑢) + 𝐶𝑢𝑚(𝑋𝑠, 𝑋𝑡 , 𝑋𝑡 , 𝑋𝑢) + 𝐶𝑢𝑚(𝑋𝑠, 𝑋𝑠, 𝑋𝑡 , 𝑋𝑢)]

+ 24
𝑛4

𝑛∑︁
𝑠,𝑡 ,𝑢,𝑣=1

𝐼{𝑠<𝑡<𝑢<𝑣}𝐶𝑢𝑚(𝑋𝑠, 𝑋𝑡 , 𝑋𝑢, 𝑋𝑣)

+ 2[𝑉 (𝑋)]2

=
2(1 + 𝛼)2

𝑛2(1 − 𝛼)2 +𝑂 (𝑛−3),

since there exists a constant 𝐶 > 0 (independent of 𝑡1, 𝑡2, 𝑡3, 𝑡4 ∈ {1, . . . , 𝑛}) such that

|𝐶𝑢𝑚(𝑋𝑡1 , 𝑋𝑡2 , 𝑋𝑡3 , 𝑋𝑡4) | ≤ 𝐶𝛼max(𝑡1,𝑡2,𝑡3,𝑡4 )−min(𝑡1,𝑡2,𝑡3,𝑡4 ) .

It is shown that

1
𝑛
𝑋#𝑋 =

1
𝑛
𝐸 (𝑋#𝑋) +𝑂 𝑝 (𝑛−3/2) = 𝑂 𝑝 (𝑛−3/2), # = 1, 𝑛,

1
𝑛
𝑋

2
=

1
𝑛
[𝐸 (𝑋2) +𝑂 𝑝 (𝑛−1)] = 𝑂 𝑝 (𝑛−2).

Then,

𝑈
𝑐1,𝑐2
2 − 𝐸 (𝑈𝑐1,𝑐2

2 )

=
1
𝑛

𝑛∑︁
𝑡=2

(𝑋2
𝑡−1 − 1) +

[
− {𝑋2 − 𝐸 (𝑋2)} + 1

𝑛
{(𝑐1 − 1) (𝑋2

1 − 1) + 𝑐2(𝑋2
𝑛 − 1)}

]
+ 𝑜𝑝 (𝑛−1)

= 𝐷−1/2 + 𝐷𝑐1,𝑐2
−1 + 𝑜𝑝 (𝑛−1)

and

𝑈1 − 𝛼𝑈𝑐1,𝑐2
2 − 𝐸 (𝑈1 − 𝛼𝑈𝑐1,𝑐2

2 )

=
1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1 −
[
(1 − 𝛼){𝑋2 − 𝐸 (𝑋2)} + 𝛼

𝑛
{(𝑐1 − 1) (𝑋2

1 − 1) + 𝑐2(𝑋2
𝑛 − 1)}

]
+ 1
𝑛

[
{1 + 2(𝑐1 − 1)𝛼}{𝑋1𝑋 − 𝐸 (𝑋1𝑋)} + {1 + 2(𝑐2 − 1)𝛼}{𝑋𝑛𝑋 − 𝐸 (𝑋𝑛𝑋)}

]
+ 𝑜𝑝 (𝑛−3/2)

= Ψ−1/2 + Ψ
𝑐1,𝑐2
−1 + Ψ

𝑐1,𝑐2
−3/2 + 𝑜𝑝 (𝑛−3/2),
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where

𝐷−1/2 =
1
𝑛

𝑛∑︁
𝑡=2

(𝑋2
𝑡−1 − 1),

𝐷
𝑐1,𝑐2
−1 = −{𝑋2 − 𝐸 (𝑋2)} + 1

𝑛
{(𝑐1 − 1) (𝑋2

1 − 1) + 𝑐2(𝑋2
𝑛 − 1)},

Ψ−1/2 =
1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,

Ψ
𝑐1,𝑐2
−1 = −(1 − 𝛼){𝑋2 − 𝐸 (𝑋2)} − 𝛼

𝑛
{(𝑐1 − 1) (𝑋2

1 − 1) + 𝑐2(𝑋2
𝑛 − 1)},

Ψ
𝑐1,𝑐2
−3/2 =

1
𝑛

[
{1 + 2(𝑐1 − 1)𝛼}{𝑋1𝑋 − 𝐸 (𝑋1𝑋)} + {1 + 2(𝑐2 − 1)𝛼}{𝑋𝑛𝑋 − 𝐸 (𝑋𝑛𝑋)}

]
.

In this way, we obtain the stochastic expansions

�̂�𝑐1,𝑐2 − 𝛼 =
𝐸 (𝑈1 − 𝛼𝑈𝑐1,𝑐2

2 ) + {𝑈1 − 𝛼𝑈𝑐1,𝑐2
2 − 𝐸 (𝑈1 − 𝛼𝑈𝑐1,𝑐2

2 )}
𝐸 (𝑈𝑐1,𝑐2

2 ) + {𝑈𝑐1,𝑐2
2 − 𝐸 (𝑈𝑐1,𝑐2

2 )}

=
Ψ−1/2 + (𝑛−1Δ𝑐1,𝑐2 + Ψ

𝑐1,𝑐2
−1 ) + Ψ

𝑐1,𝑐2
−3/2 + 𝑜𝑝 (𝑛−3/2)

1 + 𝐷−1/2 + (𝑛−1𝛿𝑐1,𝑐2 + 𝐷𝑐1,𝑐2
−1 ) + 𝑜𝑝 (𝑛−1)

= Ψ−1/2 + (𝑛−1Δ𝑐1,𝑐2 + Ψ
𝑐1,𝑐2
−1 ) + Ψ

𝑐1,𝑐2
−3/2 − {Ψ−1/2 + (𝑛−1Δ𝑐1,𝑐2 + Ψ

𝑐1,𝑐2
−1 )}𝐷−1/2

− Ψ−1/2(𝑛−1𝛿𝑐1,𝑐2 + 𝐷𝑐1,𝑐2
−1 ) + Ψ−1/2𝐷

2
−1/2 + 𝑜𝑝 (𝑛

−3/2)

= Ψ−1/2 + (𝑛−1Δ𝑐1,𝑐2 + 𝑆𝑐1,𝑐2
−1 ) + 𝑆𝑐1,𝑐2

−3/2 + 𝑜𝑝 (𝑛−3/2),

�̃�𝑐1,𝑐2 − 𝛼 = Ψ−1/2 + (𝑛−1 ¤Δ𝑐1,𝑐2 + 𝑆𝑐1,𝑐2
−1 ) + ¤𝑆𝑐1,𝑐2

−3/2 + 𝑜𝑝 (𝑛−3/2),

where

𝑆
𝑐1,𝑐2
−1 = Ψ

𝑐1,𝑐2
−1 − Ψ−1/2𝐷−1/2,

𝑆
𝑐1,𝑐2
−3/2 = Ψ

𝑐1,𝑐2
−3/2 − (𝑛−1Δ𝑐1,𝑐2 + Ψ

𝑐1,𝑐2
−1 )𝐷−1/2 − Ψ−1/2(𝑛−1𝛿𝑐1,𝑐2 + 𝐷𝑐1,𝑐2

−1 ) + Ψ−1/2𝐷
2
−1/2,

¤Δ𝑐1,𝑐2 = Δ𝑐1,𝑐2 + 1 + (2 + 𝑐1 + 𝑐2)𝛼 +
2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

=
2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 2𝛼,

¤𝑆𝑐1,𝑐2
−3/2 = 𝑆

𝑐1,𝑐2
−3/2 + 1

𝑛

{
2 + 𝑐1 + 𝑐2 +

(4𝛼 + 2𝛼2)𝑄2:3,𝑌

(1 + 𝛼)2𝜎4
𝑌

+ 1
𝜎2
𝑌

}
Ψ−1/2

+ 2𝛼2

𝑛(1 + 𝛼)𝜎2
𝑌

[𝜎𝑌
𝑛

𝑛∑︁
𝑡=2

{𝑋3
𝑡−1 − 𝐸 (𝑋

3
𝑡−1)} − 𝐷−1/2

]
− 1
𝑛

{ 4𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

}
𝐷−1/2.

Proof of Propositions 3.2 and 3.3(i). It is easy to see that

𝐶𝑜𝑣

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛

𝑛∑︁
𝑡=2

𝑋2
𝑡−1

]
=

1
𝑛2

𝑛∑︁
𝑠,𝑡=2

𝐼{𝑠<𝑡 }𝐶𝑜𝑣 [(𝑋𝑠 − 𝛼𝑋𝑠−1)𝑋𝑠−1, 𝑋
2
𝑡−1]

=
1
𝑛2

𝑛∑︁
𝑠,𝑡=2

𝐼{𝑠<𝑡 }
[
2𝛼2(𝑡−𝑠)𝑄2:3,𝑌

𝜎4
𝑌

+ 𝛼
𝑡−𝑠

𝜎2
𝑌

+ 2𝛼2(𝑡−𝑠)−1 − 𝛼
{
2𝛼2(𝑡−𝑠)𝑄2:3,𝑌

𝜎4
𝑌

+ 𝛼
𝑡−𝑠

𝜎2
𝑌

+ 2𝛼2(𝑡−𝑠)
}]
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=
1
𝑛

{
2𝛼 +

2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

}
+𝑂 (𝑛−2).

Then, we have

𝐸 (�̂�𝑐1,𝑐2 − 𝛼) = 𝑛−1Δ𝑐1,𝑐2 + 𝐸 (𝑆𝑐1,𝑐2
−1 ) + 𝑜(𝑛−1)

= −1
𝑛
{1 + (𝑐1 + 𝑐2)𝛼} − 𝐶𝑜𝑣

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛

𝑛∑︁
𝑡=2

𝑋2
𝑡−1

]
+ 𝑜(𝑛−1)

= −1
𝑛

{
1 + (2 + 𝑐1 + 𝑐2)𝛼 +

2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

}
+ 𝑜(𝑛−1),

𝐸 (�̃�𝑐1,𝑐2 − 𝛼) = 𝑛−1 ¤Δ𝑐1,𝑐2 + 𝐸 (𝑆𝑐1,𝑐2
−1 ) + 𝑜(𝑛−1)

=
1
𝑛

{ 2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 2𝛼
}
− 𝐶𝑜𝑣

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛

𝑛∑︁
𝑡=2

𝑋2
𝑡−1

]
+ 𝑜(𝑛−1)

= 𝑜(𝑛−1). □

Proof of Propositions 3.3(ii), 3.4, and 3.5. We notice that

𝑉 (�̂�𝑐1,𝑐2) = 𝑉 (Ψ−1/2) + 2𝐶𝑜𝑣(Ψ−1/2, 𝑆
𝑐1,𝑐2
−1 ) +𝑉 (𝑆𝑐1,𝑐2

−1 ) + 2𝐶𝑜𝑣(Ψ−1/2, 𝑆
𝑐1,𝑐2
−3/2 ) + 𝑜(𝑛

−2),

𝑉 (�̃�𝑐1,𝑐2) = 𝑉 (Ψ−1/2) + 2𝐶𝑜𝑣(Ψ−1/2, 𝑆
𝑐1,𝑐2
−1 ) +𝑉 (𝑆𝑐1,𝑐2

−1 ) + 2𝐶𝑜𝑣(Ψ−1/2, ¤𝑆𝑐1,𝑐2
−3/2 ) + 𝑜(𝑛

−2).

Now, it is not difficult to see that, for # = 1, 𝑛,

𝐶𝑢𝑚

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 3𝑋𝑡−1)𝑋𝑡−1,
1
𝑛
𝑋2

#

]
=

1
𝑛3

𝑛∑︁
𝑠,𝑡=2

𝐼{𝑠≤𝑡 }𝐶𝑢𝑚{𝑋𝑠−1(𝑋𝑠 − 𝛼𝑋𝑠−1), 𝑋𝑡−1(𝑋𝑡 − 3𝑋𝑡−1), 𝑋2
# }

+ 1
𝑛3

𝑛∑︁
𝑠,𝑡=2

𝐼{𝑠<𝑡 }𝐶𝑢𝑚{𝑋𝑠−1(𝑋𝑠 − 3𝑋𝑠−1), 𝑋𝑡−1(𝑋𝑡 − 𝛼𝑋𝑡−1), 𝑋2
# }

= 𝑂 (𝑛−3),

since there exists a constant 𝐶 > 0 (independent of 𝑡1, 𝑡2, 𝑡3, 𝑡4 ∈ {1, . . . , 𝑛}) such that

|𝐶𝑢𝑚(𝑋𝑡1𝑋𝑡2 , 𝑋𝑡3𝑋𝑡4 , 𝑋2
1 ) | ≤ 𝐶𝛼

max(𝑡1,𝑡2,𝑡3,𝑡4 )−1,

|𝐶𝑢𝑚(𝑋𝑡1𝑋𝑡2 , 𝑋𝑡3𝑋𝑡4 , 𝑋2
𝑛) | ≤ 𝐶𝛼𝑛−min(𝑡1,𝑡2,𝑡3,𝑡4 ) .

Similarly,

𝐶𝑜𝑣(𝑋2
1 , 𝑋

2
𝑛) = 𝑂 (𝛼𝑛−1),
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and, for # = 0, 1,

𝐶𝑜𝑣

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛
𝑋#𝑋

]
=

1
𝑛3

𝑛∑︁
𝑠=1

𝑛∑︁
𝑡=2

𝐼{𝑠≤𝑡 }𝐶𝑜𝑣{(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1, 𝑋𝑠𝑋#}

+ 1
𝑛3

𝑛∑︁
𝑠,𝑡=2

𝐼{𝑠<𝑡 }𝐶𝑜𝑣{(𝑋𝑠 − 𝛼𝑋𝑠−1)𝑋𝑠−1, 𝑋𝑡𝑋#}

= 𝑂 (𝑛−3),

𝐶𝑜𝑣

(
𝑋

2
,

1
𝑛
𝑋2

#

)
=

1
𝑛3

𝑛∑︁
𝑠,𝑡=1

𝐼{𝑠≤𝑡 }𝐶𝑜𝑣(𝑋𝑡𝑋𝑠, 𝑋2
# ) +

1
𝑛3

𝑛∑︁
𝑠,𝑡=1

𝐼{𝑠<𝑡 }𝐶𝑢𝑚(𝑋𝑠𝑋𝑡 , 𝑋2
# )

= 𝑂 (𝑛−3),

since there exists a constant 𝐶 > 0 (independent of 𝑡1, 𝑡2, 𝑡3 ∈ {1, . . . , 𝑛}) such that

|𝐶𝑜𝑣(𝑋𝑡1𝑋𝑡2 , 𝑋𝑡3𝑋1) | ≤ 𝐶𝛼max(𝑡1,𝑡2,𝑡3 )−1,

|𝐶𝑜𝑣(𝑋𝑡1𝑋𝑡2 , 𝑋𝑡3𝑋𝑛) | ≤ 𝐶𝛼𝑛−min(𝑡1,𝑡2,𝑡3 ) .

Furthermore, we have

𝑉

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1

]
=

1
𝑛2

𝑛∑︁
𝑡=2
𝑉 [(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1] =

(1
𝑛
− 1
𝑛2

) 𝑣
𝜎4
𝑌

,

𝑉 (𝑋2
# ) =

𝑄2:4,𝑌

𝜎4
𝑌

+
3𝑄2:3,𝑌

𝜎4
𝑌

+ 1
𝜎2
𝑌

+ 2, # = 1, 𝑛,

𝐶𝑜𝑣

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛
𝑋2

1

]
= 0,

𝐶𝑜𝑣

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛
𝑋2
𝑛

]
=

1
𝑛2

{ 2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 2𝛼
}
+𝑂 (𝑛−3).

It follows that

𝑉 (�̂�𝑐1,𝑐2) −𝑉 (�̂�1,0)

= 2𝐶𝑜𝑣(Ψ−1/2,Ψ
𝑐1,𝑐2
−1 − Ψ

1,0
−1 ) +𝑉 (Ψ

𝑐1,𝑐2
−1 ) −𝑉 (Ψ1,0

−1 )

− 2𝐶𝑜𝑣(Ψ−1/2𝐷−1/2,Ψ
𝑐1,𝑐2
−1 − Ψ

1,0
−1 ) + 2𝐶𝑜𝑣(Ψ−1/2,Ψ

𝑐1,𝑐2
−3/2 − Ψ

1,0
−3/2)

− 2
𝑛
(Δ𝑐1,𝑐2 − Δ1,0)𝐶𝑜𝑣(Ψ−1/2, 𝐷−1/2) − 2𝐶𝑜𝑣{Ψ−1/2, (Ψ𝑐1,𝑐2

−1 − Ψ
1,0
−1 )𝐷−1/2}

− 2
𝑛
(𝛿𝑐1,𝑐2 − 𝛿1,0)𝑉 (Ψ−1/2) − 2𝐶𝑜𝑣{Ψ−1/2,Ψ−1/2(𝐷𝑐1,𝑐2

−1 − 𝐷1,0
−1 )} + 𝑜(𝑛

−2)

= 2𝐶𝑜𝑣
[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,−
𝛼

𝑛
{(𝑐1 − 1)𝑋2

1 + 𝑐2𝑋
2
𝑛}
]

+𝑉
[𝛼
𝑛
{(𝑐1 − 1)𝑋2

1 + 𝑐2𝑋
2
𝑛}
]
+ 2𝐶𝑜𝑣

[
(1 − 𝛼)𝑋2

,
𝛼

𝑛
{(𝑐1 − 1)𝑋2

1 + 𝑐2𝑋
2
𝑛}
]

+ 2𝐶𝑜𝑣
[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
2𝛼
𝑛
{(𝑐1 − 1)𝑋1𝑋 + 𝑐2𝑋𝑛𝑋}

]
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+ 2
𝑛
(𝑐1 + 𝑐2 − 1)𝛼𝐶𝑜𝑣

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛

𝑛∑︁
𝑡=2

𝑋2
𝑡−1

]
− 2
𝑛
(𝑐1 + 𝑐2 − 1)𝑉

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1

]
− 2𝐶𝑢𝑚

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 3𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛
{(𝑐1 − 1)𝑋2

1 + 𝑐2𝑋
2
𝑛}
]
+ 𝑜(𝑛−2)

= −2𝑐2𝛼

𝑛2

{ 2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 2𝛼
}
+ {(𝑐1 − 1)2 + 𝑐2

2}
𝛼2

𝑛2

(𝑄2:4,𝑌

𝜎4
𝑌

+
3𝑄2:3,𝑌

𝜎4
𝑌

+ 1
𝜎2
𝑌

+ 2
)

+ 2
𝑛2 (𝑐1 + 𝑐2 − 1)𝛼

{ 2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 2𝛼
}
− 2
𝑛2 (𝑐1 + 𝑐2 − 1) (1 − 𝛼)

(𝛼𝑄2:3,𝑌

𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 1 + 𝛼
)
+ 𝑜(𝑛−2)

=
1
𝑛2

[
{(𝑐1 − 1)2 + 𝑐2

2}𝛼
2𝑄2:4,𝑌

𝜎4
𝑌

+ [2(1 − 𝑐1 − 𝑐2)𝛼 + 3{(𝑐1 − 1)2 + 𝑐2
2}𝛼

2 + {3(𝑐1 − 1)2 + 6(𝑐1 − 1) + 3𝑐2
2 + 2𝑐2}𝛼3]

𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ [2(1 − 𝑐1 − 𝑐2)𝛼 + {(𝑐1 − 1)2 + 4(𝑐1 − 1) + 𝑐2
2 + 2𝑐2}𝛼2] 1

𝜎2
𝑌

+ 2(1 − 𝑐1 − 𝑐2) + 2{(𝑐1 − 1)2 + 3(𝑐1 − 1) + 𝑐2
2 + 𝑐2}𝛼2

]
+ 𝑜(𝑛−2).

Further,

[𝐸 (�̂�𝑐1,𝑐2 − 𝛼)]2 − [𝐸 (�̂�1,0 − 𝛼)]2 =
1
𝑛2 (𝑐1 + 𝑐2 − 1)𝛼

{
2 + (5 + 𝑐1 + 𝑐2)𝛼 +

4𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 2𝛼
𝜎2
𝑌

}
+ 𝑜(𝑛−2).

Similarly, we have

𝑉 (�̃�𝑐1,𝑐2) −𝑉 (�̃�0,0)

= 2𝐶𝑜𝑣(Ψ−1/2,Ψ
𝑐1,𝑐2
−1 − Ψ

0,0
−1 ) +𝑉 (Ψ

𝑐1,𝑐2
−1 ) −𝑉 (Ψ0,0

−1 ) − 2𝐶𝑜𝑣(Ψ−1/2𝐷−1/2,Ψ
𝑐1,𝑐2
−1 − Ψ

0,0
−1 )

+ 2𝐶𝑜𝑣(Ψ−1/2,Ψ
𝑐1,𝑐2
−3/2 − Ψ

0,0
−3/2) +

2
𝑛
(𝑐1 + 𝑐2)𝑉 (Ψ−1/2)

− 2
𝑛
(Δ𝑐1,𝑐2 − Δ0,0)𝐶𝑜𝑣(Ψ−1/2, 𝐷−1/2) − 2𝐶𝑜𝑣{Ψ−1/2, (Ψ𝑐1,𝑐2

−1 − Ψ
0,0
−1 )𝐷−1/2}

− 2
𝑛
(𝛿𝑐1,𝑐2 − 𝛿0,0)𝑉 (Ψ−1/2) − 2𝐶𝑜𝑣{Ψ−1/2,Ψ−1/2(𝐷𝑐1,𝑐2

−1 − 𝐷0,0
−1 )} + 𝑜(𝑛

−2)

= 2𝐶𝑜𝑣
[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,−
𝛼

𝑛
(𝑐1𝑋

2
1 + 𝑐2𝑋

2
𝑛)
]

+𝑉
[𝛼
𝑛
{(𝑐1 − 1)𝑋2

1 + 𝑐2𝑋
2
𝑛}
]
−𝑉

(𝛼
𝑛
𝑋2

1

)
+ 2𝐶𝑜𝑣

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
2𝛼
𝑛
(𝑐1𝑋1𝑋 + 𝑐2𝑋𝑛𝑋)

]
+ 2
𝑛
(𝑐1 + 𝑐2)𝛼𝐶𝑜𝑣

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛

𝑛∑︁
𝑡=2

𝑋2
𝑡−1

]
− 2𝐶𝑢𝑚

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 3𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛
(𝑐1𝑋

2
1 + 𝑐2𝑋

2
𝑛)
]
+ 𝑜(𝑛−2)
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= −2𝑐2𝛼

𝑛2

{ 2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 2𝛼
}
+ {(𝑐1 − 1)2 + 𝑐2

2 − 1}𝛼
2

𝑛2

(𝑄2:4,𝑌

𝜎4
𝑌

+
3𝑄2:3,𝑌

𝜎4
𝑌

+ 1
𝜎2
𝑌

+ 2
)

+ 2
𝑛2 (𝑐1 + 𝑐2)𝛼

{ 2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 2𝛼
}
+ 𝑜(𝑛−2)

=
𝛼2

𝑛2

[
(𝑐2

1 − 2𝑐1 + 𝑐2
2)
𝑄2:4,𝑌

𝜎4
𝑌

+ {3(𝑐2
1 − 2𝑐1 + 𝑐2

2) + (3𝑐2
1 − 2𝑐1 + 3𝑐2

2)𝛼}
𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ (𝑐2
1 + 𝑐

2
2)
( 1
𝜎2
𝑌

+ 2
)]

+ 𝑜(𝑛−2).

On the other hand, we additionally obtain

𝐶𝑜𝑣

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛

𝑛∑︁
𝑡=2

𝑋3
𝑡−1

]
=

1
𝑛2

𝑛∑︁
𝑠,𝑡=2

𝐼{𝑠<𝑡 }𝐶𝑜𝑣 [(𝑋𝑠 − 𝛼𝑋𝑠−1)𝑋𝑠−1, 𝑋
3
𝑡−1]

=
1
𝑛2

𝑛∑︁
𝑠,𝑡=2

𝐼{𝑠<𝑡 }
[
𝐶𝑢𝑚(𝑋𝑠−1, 𝑋𝑠 − 𝛼𝑋𝑠−1, 𝑋𝑡−1, 𝑋𝑡−1, 𝑋𝑡−1)

+ 3𝐶𝑢𝑚(𝑋𝑠−1, 𝑋𝑠 − 𝛼𝑋𝑠−1, 𝑋𝑡−1)𝑉 (𝑋𝑡−1)

+ 3𝐶𝑢𝑚(𝑋𝑠 − 𝛼𝑋𝑠−1, 𝑋𝑡−1, 𝑋𝑡−1)𝐶𝑜𝑣(𝑋𝑡−1, 𝑋𝑠−1)

+ 3𝐶𝑢𝑚(𝑋𝑠−1, 𝑋𝑡−1, 𝑋𝑡−1)𝐶𝑜𝑣(𝑋𝑠 − 𝛼𝑋𝑠−1, 𝑋𝑡−1)
]

=
1

𝑛2𝜎𝑌

𝑛∑︁
𝑠,𝑡=2

𝐼{𝑠<𝑡 }
[
(1 − 𝛼)

{
3𝛼3(𝑡−𝑠)𝑄2:4,𝑌

𝜎4
𝑌

+ 6𝛼2(𝑡−𝑠)𝑄2:3,𝑌

𝜎4
𝑌

+ 𝛼
𝑡−𝑠

𝜎2
𝑌

}
+ 3(1 − 𝛼)𝛼𝑡−𝑠

+ 3
{
(1 − 𝛼3)𝛼2(𝑡−𝑠−1)𝑄2:3,𝑌

𝜎4
𝑌

+ (1 − 𝛼2)𝛼
𝑡−𝑠−1

𝜎2
𝑌

}
𝛼𝑡−𝑠

+ 3
{
𝛼2(𝑡−𝑠)𝑄2:3,𝑌

𝜎4
𝑌

+ 𝛼
𝑡−𝑠

𝜎2
𝑌

}
(1 − 𝛼2)𝛼𝑡−𝑠−1

]
=

3
𝑛𝜎𝑌

{ 𝛼3𝑄2:4,𝑌

(1 + 𝛼 + 𝛼2)𝜎4
𝑌

+ 𝛼2
( 2
1 + 𝛼 + 1 + 𝛼

1 + 𝛼 + 𝛼2 + 1
)𝑄2:3,𝑌

𝜎4
𝑌

+ 2𝛼
𝜎2
𝑌

+ 𝛼
}
+𝑂 (𝑛−2),

where

𝑛∑︁
𝑠,𝑡=2

𝐼{𝑠<𝑡 }𝛼
𝑗 (𝑡−𝑠) =

𝛼 𝑗

1 − 𝛼 𝑗
𝑛−1∑︁
𝑠=2

(1 − 𝛼 𝑗 (𝑛−𝑠) ) = 𝛼 𝑗

1 − 𝛼 𝑗
(
𝑛 − 1 − 1 − 𝛼 𝑗 (𝑛−1)

1 − 𝛼 𝑗
)
, 𝑗 = 1, 2, 3.

It follows that

𝑉 (�̂�𝑐1,𝑐2) −𝑉 (�̃�𝑐1,𝑐2)

= 2𝐶𝑜𝑣(Ψ−1/2, 𝑆
𝑐1,𝑐2
−3/2 − ¤𝑆𝑐1,𝑐2

−3/2 ) + 𝑜(𝑛
−2)

= −2
𝑛

{ (4𝛼 + 2𝛼2)𝑄2:3,𝑌

(1 + 𝛼)2𝜎4
𝑌

+ 1
𝜎2
𝑌

+ 2 + 𝑐
}
𝑉 (Ψ−1/2)

+ 2
𝑛

{ 4𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼 + 3𝛼2

(1 + 𝛼)𝜎2
𝑌

}
𝐶𝑜𝑣(Ψ−1/2, 𝐷−1/2) −

4𝛼2

𝑛(1 + 𝛼)𝜎𝑌
𝐶𝑜𝑣

[
Ψ−1/2,

1
𝑛

𝑛∑︁
𝑡=2

𝑋3
𝑡−1

]
+ 𝑜(𝑛−2)
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=
2
𝑛2

[
𝑐(𝛼 − 1)

(𝛼𝑄2:3,𝑌

𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 1 + 𝛼
)
−
{ (4𝛼 + 2𝛼2)𝑄2:3,𝑌

(1 + 𝛼)2𝜎4
𝑌

+ 1
𝜎2
𝑌

+ 2
}
(1 − 𝛼)

(𝛼𝑄2:3,𝑌

𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 1 + 𝛼
)

+
{ 4𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼 + 3𝛼2

(1 + 𝛼)𝜎2
𝑌

}{ 2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

+ 2𝛼
}

− 6𝛼2

(1 + 𝛼)𝜎2
𝑌

{ 𝛼3𝑄2:4,𝑌

(1 + 𝛼 + 𝛼2)𝜎4
𝑌

+ 𝛼2
( 2
1 + 𝛼 + 1 + 𝛼

1 + 𝛼 + 𝛼2 + 1
)𝑄2:3,𝑌

𝜎4
𝑌

+ 2𝛼
𝜎2
𝑌

+ 𝛼
}]

+ 𝑜(𝑛−2).

Further,

[𝐸 (�̂�𝑐1,𝑐2 − 𝛼)]2 − [𝐸 (�̃�𝑐1,𝑐2 − 𝛼)]2 =
1
𝑛2

{
1 + (2 + 𝑐)𝛼 +

2𝛼2𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 𝛼

𝜎2
𝑌

}2
+ 𝑜(𝑛−2). □
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Chapter 4

Whittle estimation in INAR(1) process and

test of equidispersion

4.1 Introduction

Recall that a nonnegative integer-valued autoregressive process of the first-order (INAR(1)) is defined

by 𝑌𝑡 = 𝛼 ◦ 𝑌𝑡−1 + 𝜀𝑡 . Al-Osh and Alzaid (1987) and Park and Oh (1997) studied the Yule–Walker

(YW), conditional least squares (CLS), and (conditional or full) maximum likelihood (ML) estimators

for the parameter 𝛼 in the INAR(1) process with the Poisson marginals. Freeland and McCabe (2005)

pointed out that Park and Oh’s asymptotic variance of the CLS estimator is incorrect and showed that the

CLS estimator is asymptotically equivalent to the YW estimator. Weiß (2012) also proposed a squared

difference estimator for the innovation mean.

Without assuming the Poisson innovation, Drost et al. (2009) developed a semi-parametrically

efficient estimation in the stationary INAR(𝑝) process. Zeng and Kakizawa (2022) recently considered

a class of estimators for the parameter 𝛼 in the stationary INAR(1) process under a general innovation,

which includes the YW, Burg, and method of moment estimators as special cases. See Chapter 3.

There are some reasons to apply the Whittle likelihood method. Nowadays, the frequency domain

analysis is a standard tool in the stationary processes (see, e.g., Brockwell and Davis (1987)). Some

simulation results about the Whittle estimation in the INAR(1) process with the Poisson marginals were

given by da Silva and Oliveira (2004) (see also Zhang and Wang (2015) for random coefficient INAR(1)

process). However, to the best of our knowledge, there is no theoretical results about the frequency

domain analysis for the stationary INAR(1) process. A contribution of this chapter is to study the large

sample theory of the Whittle estimation in the stationary INAR(1) process under a general innovation.

Although the Poisson distribution is fundamental for the count data analysis and yields a mathematical

elegance due to its equidispersion property (i.e., the mean is equal to the variance), the mean and variance

of other distributions may be not the same, so that, in practice, the overdispersed (or underdispersed)
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case is more important. Schweer and Weiß (2014,2016) studied some tests for the INAR(1) process with

the Poisson marginals. Another contribution of this chapter is to propose the Wald-type test about the

equidispersion, which is a competitor of the test considered by Schweer and Weiß (2014).

The rest of this chapter is organized as follows. In Section 4.2, after a brief introduction of the

stationary INAR(1) process, the Whittle likelihood is given and the strong consistency and asymptotic

normality of the Whittle estimator for the parameter 𝛼 and the innovation mean and variance (denoted

by 𝜇𝜀 and 𝜎2
𝜀) in the stationary INAR(1) process. The Wald-type tests about the equidispersion are

also considered in Section 4.3, on the basis of the estimators for 𝜇𝜀 and 𝜎2
𝜀 . Section 4.4 assesses the

finite-sample performances of (i) the Whittle, YW, and CLS estimators and (ii) the empirical sizes (i.e.,

type I errors) and powers of the proposed equidispersion tests, through the simulations. Section 4.5

concludes this chapter. The proofs of Propositions 4.1 and 4.2 are postponed to Section 4.6.

4.2 Whittle estimator for the parameter 𝛼 and the innovation mean and

variance

We consider the INAR(1) process (Al-Osh and Alzaid (1987)), defined by

𝑌𝑡 = 𝛼 ◦ 𝑌𝑡−1 + 𝜀𝑡 , 𝑡 = 0,±1, . . . , (4.1)

where 𝛼◦ is the binomial thinning operator with 𝛼 ∈ [0, 1), and {𝜀𝑡 }, referred to as an innovation, is a

sequence of independent and identically distributed nonnegative integer-valued random variables, such

that 𝜀𝑡 and 𝑌𝑡−𝑖 are independent for all 𝑖 ≥ 1. Let 𝜅 𝑗 , 𝜀 = 𝐶𝑢𝑚 𝑗 (𝜀𝑡 ) be the 𝑗 th cumulant of 𝜀𝑡 , where

𝑗 = 3, 4, . . ..

We emphasize that, throughout this thesis, except for some simulation experiments, we do not assume

any distributional form about the innovation {𝜀𝑡 }. In this sense, we treat (4.1) to be semi-parametric.

When 𝛼 ∈ [0, 1), the process (4.1) is strictly stationary and ergodic (Du and Li (1991)), whose mean

𝜇𝑌 , variance 𝜎2
𝑌

, and autocovariance function at lag 𝑢 ≥ 0 are given by

𝜇𝑌 =
𝜇𝜀

1 − 𝛼 , 𝜎2
𝑌 =

𝛼𝜇𝜀 + 𝜎2
𝜀

1 − 𝛼2 , and 𝐶𝑜𝑣(𝑌𝑡 , 𝑌𝑡+𝑢) = 𝛼𝑢𝜎2
𝑌 = 𝛾𝑌 (𝑢) (say), (4.2)

respectively (see, e.g., Al-Osh and Alzaid (1987)). We derived, in Chapter 2, explicit expressions of the

third and fourth cumulant of 𝑌𝑡 ;

𝜅3,𝑌 =
1

1 − 𝛼3 {𝜅3, 𝜀 + 3𝛼2(1 − 𝛼)𝜎2
𝑌 + 𝛼(1 − 𝛼) (1 − 2𝛼)𝜇𝑌 },

𝜅4,𝑌 =
1

1 − 𝛼4 {𝜅4, 𝜀 + 6𝛼3(1 − 𝛼)𝜅3,𝑌 + 𝛼2(1 − 𝛼) (7 − 11𝛼)𝜎2
𝑌 + 𝛼(1 − 𝛼) (1 − 6𝛼 + 6𝛼2)𝜇𝑌 },
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respectively. Let

𝑄2:3,𝑌 = 𝜅3,𝑌 − 𝜎2
𝑌 and 𝑄2:4,𝑌 = 𝜅4,𝑌 − 3𝜅3,𝑌 + 2𝜎2

𝑌 .

Noting that all cumulants of a Poisson distribution Po(𝜆) are equal to 𝜆, we see that 𝑄2:3,𝑌 = 𝑄2:4,𝑌 = 0

for the INAR(1) process {𝑌𝑡 } with the Poisson marginals (it is a particular case where the innovation {𝜀𝑡 }

follows the Poisson distribution Po((1−𝛼)𝜇) or an alternative parameterization Po(𝜂), where 𝜇(> 0) and

𝜂(> 0) are independent of 𝛼).

Using (4.2), the spectral density of the stationary INAR(1) process {𝑌𝑡 } is given by

𝑓𝑌 (𝜆) =
1

2𝜋

∞∑︁
ℎ=−∞

𝛾𝑌 ( |ℎ|)𝑒−𝑖ℎ𝜆 =
𝜎2
𝑌

2𝜋

[
1 +

∞∑︁
ℎ=1

𝛼ℎ (𝑒−𝑖𝜆ℎ + 𝑒𝑖𝜆ℎ)
]
=

𝛼𝜇𝜀 + 𝜎2
𝜀

2𝜋[1 − 𝛼(𝑒−𝑖𝜆 + 𝑒𝑖𝜆) + 𝛼2]
,

as in the usual stationary autoregressive process of the first-order (see, e.g., Brockwell and Davis (1987)).

From now on, suppose that the observation {𝑌1, . . . , 𝑌𝑛} of length 𝑛 is generated by (4.1). On the

basis of the frequency domain approach, we consider simultaneous estimation of (𝛼, 𝜇𝜀 , 𝜎2
𝜀)𝑇 = 𝜃 (say).

Let 𝑌 = (1/𝑛)∑𝑛
𝑡=1𝑌𝑡 . We define the periodogram for the demeaned data by

�̃�𝑌 (𝜆) =
1

2𝜋𝑛

��� 𝑛∑︁
𝑡=1

(𝑌𝑡 − 𝑌 )𝑒−𝑖𝑡𝜆
���2 =

1
2𝜋

[
�̂�(0) +

𝑛−1∑︁
ℎ=1

�̂�(ℎ) (𝑒−𝑖ℎ𝜆 + 𝑒𝑖ℎ𝜆)
]
,

where �̂�(ℎ) = (1/𝑛)∑𝑛−ℎ
𝑡=1 (𝑌𝑡 − 𝑌 ) (𝑌𝑡+ℎ − 𝑌 ), ℎ = 0, 1, . . . , 𝑛 − 1 (note that �̂�2

𝑌
= �̂�(0)).

It is easy to see that

∫ 𝜋

−𝜋

�̃�𝑌 (𝜆)
𝑓𝑌 (𝜆)

𝑑𝜆 =

∫ 𝜋

−𝜋

[
�̂�(0) +

𝑛−1∑︁
ℎ=1

�̂�(ℎ) (𝑒−𝑖ℎ𝜆 + 𝑒𝑖ℎ𝜆)
] 1 − 𝛼(𝑒−𝑖𝜆 + 𝑒𝑖𝜆) + 𝛼2

𝛼𝜇𝜀 + 𝜎2
𝜀

𝑑𝜆

=
2𝜋[(1 + 𝛼2)�̂�(0) − 2𝛼�̂�(1)]

𝛼𝜇𝜀 + 𝜎2
𝜀

.

Also, ∫ 𝜋

−𝜋
log 𝑓𝑌 (𝜆)𝑑𝜆 =

∫ 𝜋

−𝜋
[log(𝛼𝜇𝜀 + 𝜎2

𝜀) − log 2𝜋 − log{1 − 𝛼(𝑒−𝑖𝜆 + 𝑒𝑖𝜆) + 𝛼2}]𝑑𝜆

= 2𝜋[log(𝛼𝜇𝜀 + 𝜎2
𝜀) − log 2𝜋] .

The Whittle (W) likelihood for the demeaned data is defined by

�̃�𝑊 (𝜃) = − 1
4𝜋

∫ 𝜋

−𝜋

[
log 𝑓𝑌 (𝜆) +

�̃�𝑌 (𝜆)
𝑓𝑌 (𝜆)

]
𝑑𝜆

= −1
2

[
log(𝛼𝜇𝜀 + 𝜎2

𝜀) − log 2𝜋 + (1 + 𝛼2)�̂�(0) − 2𝛼�̂�(1)
𝛼𝜇𝜀 + 𝜎2

𝜀

]
(4.3)

≤ −1
2
[log{(1 + 𝛼2)�̂�(0) − 2𝛼�̂�(1)} − log 2𝜋 + 1]
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(the equality holds iff 𝜎2
𝜀 +𝛼𝜇𝜀 = (1+𝛼2)�̂�(0) −2𝛼�̂�(1)), so that the Whittle estimator for the parameter

𝛼, which corresponds to the minimizer of (1 + 𝛼2)�̂�(0) − 2𝛼�̂�(1), is given by �̂�(1)/�̂�(0) = �̂�𝑌𝑊 (the

YW estimator). Although the criterion (4.3) is not identifiable with respect to (𝜇𝜀 , 𝜎2
𝜀), the formula (4.2)

enables us to see that the innovation mean 𝜇𝜀 = (1−𝛼)𝜇𝑌 can be naturally estimated as 𝜇𝜀 = (1− �̂�𝑌𝑊 )𝑌 ,

and then the estimator for the innovation variance 𝜎2
𝜀 is given by

𝜎2
𝜀 = (1 + �̂�2

𝑌𝑊 )�̂�(0) − 2�̂�𝑌𝑊 �̂�(1) − �̂�𝑌𝑊𝜇𝜀 = (1 − �̂�2
𝑌𝑊 )�̂�(0) − �̂�𝑌𝑊𝜇𝜀 .

Due to the non-identifiability of (4.3) using the demeaned periodogram, we consider

𝐼•𝑌 (𝜆) =
1

2𝜋𝑛

��� 𝑛∑︁
𝑡=1

(𝑌𝑡 − 𝜇𝑌 )𝑒−𝑖𝑡𝜆
���2 =

1
2𝜋

[
�̂�•(0) +

𝑛−1∑︁
ℎ=1

�̂�•(ℎ) (𝑒−𝑖ℎ𝜆 + 𝑒𝑖ℎ𝜆)
]
,

where �̂�•(ℎ) = (1/𝑛)∑𝑛−ℎ
𝑡=1 (𝑌𝑡 − 𝜇𝑌 ) (𝑌𝑡+ℎ − 𝜇𝑌 ), ℎ = 0, 1, . . . , 𝑛 − 1, and∫ 𝜋

−𝜋

𝐼•
𝑌
(𝜆)

𝑓𝑌 (𝜆)
𝑑𝜆 =

2𝜋
𝛼𝜇𝜀 + 𝜎2

𝜀

[(1 + 𝛼2)�̂�•(0) − 2𝛼�̂�•(1)] .

We emphasize that the Whittle likelihood, defined by

𝐿•𝑊 (𝜃) = − 1
4𝜋

∫ 𝜋

−𝜋

[
log 𝑓𝑌 (𝜆) +

𝐼•
𝑌
(𝜆)

𝑓𝑌 (𝜆)

]
𝑑𝜆

= −1
2

[
log(𝛼𝜇𝜀 + 𝜎2

𝜀) − log 2𝜋 + (1 + 𝛼2)�̂�•(0) − 2𝛼�̂�•(1)
𝛼𝜇𝜀 + 𝜎2

𝜀

]
(4.4)

≤ −1
2
[log{(1 + 𝛼2)�̂�•(0) − 2𝛼�̂�•(1)} − log 2𝜋 + 1]

(the equality holds iff 𝜎2
𝜀 = (1 + 𝛼2)�̂�•(0) − 2𝛼�̂�•(1) − 𝛼𝜇𝜀), turns out to be identifiable, unlike (4.3).

That is, the Whittle estimator for 𝛼 and 𝜇𝜀 , denoted by �̂�𝑊 and 𝜇𝜀;𝑊 , is defined as the minimizer of

(1 + 𝛼2)�̂�•(0) − 2𝛼�̂�•(1) = J𝑌 (𝛼, 𝜇𝜀) (say), and the Whittle estimator for 𝜎2
𝜀 is given by

𝜎2
𝜀 ;𝑊 = (1 + �̂�2

𝑊 )
[
�̂�(0) +

(
𝑌 − 𝜇𝜀;𝑊

1 − �̂�𝑊

)2]
− 2�̂�𝑊

[
�̂�(1) + 𝑛 − 1

𝑛

(
𝑌 − 𝜇𝜀;𝑊

1 − �̂�𝑊

)2
+ 1
𝑛

(
𝑌 − 𝜇𝜀;𝑊

1 − �̂�𝑊

)
{(𝑌 − 𝑌𝑛) + (𝑌 − 𝑌1)}

]
− �̂�𝑊𝜇𝜀;𝑊

= (1 + �̂�2
𝑊 )�̂�(0) − 2�̂�𝑊 �̂�(1) − �̂�𝑊𝜇𝜀;𝑊 +

{
(1 − �̂�𝑊 )2 + 2�̂�𝑊

𝑛

} (
𝑌 − 𝜇𝜀;𝑊

1 − �̂�𝑊

)2

− 2�̂�𝑊
𝑛

(
𝑌 − 𝜇𝜀;𝑊

1 − �̂�𝑊

)
{(𝑌 − 𝑌𝑛) + (𝑌 − 𝑌1)}.

To establish the strong consistency and asymptotic normality of �̂�𝑊 = (�̂�𝑊 , 𝜇𝜀;𝑊 , 𝜎
2
𝜀 ;𝑊 )𝑇 , we make

the following assumptions:

(A1) {𝑌𝑡 } is INAR(1) process with 𝛼 ∈ [0, 1).

(A2) 𝐸 (𝑌 𝐽𝑡 ) exists for some integer 𝐽 ≥ 4.
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(A3) The true parameter 𝜃′0 = (𝛼0, 𝜇𝜀,0)𝑇 is an interior point of the parameter space Θ′. Also,

𝜎2
𝜀,0(> 0) is the true innovation variance.

(A4) Θ′ = [𝛼𝐿 , 𝛼𝑈] × [𝜇𝐿 , 𝜇𝑈], where 0 ≤ 𝛼𝐿 < 𝛼𝑈 < 1 and 0 ≤ 𝜇𝐿 < 𝜇𝑈 < ∞.

The first assumption is our statistical setting, without any distributional form of the innovation {𝜀𝑡 },

which ensures that the INAR(1) process {𝑌𝑡 } is strictly stationary and ergodic (Du and Li (1991)). The

second assumption is implied by the existence of 𝐸 (𝜀𝐽𝑡 ). The third and fourth assumptions are standard

for the asymptotic theory.

In what follows, the true parameter of 𝜃 is denoted by 𝜃0 = (𝛼0, 𝜇𝜀,0, 𝜎
2
𝜀,0)

𝑇 . Let

𝜇𝑌,0 =
𝜇𝜀,0

1 − 𝛼0
, 𝜎2

𝑌,0 =
𝛼0𝜇𝜀,0 + 𝜎2

𝜀,0

1 − 𝛼2
0

(> 0),

𝑄2:3,𝑌 ,0 = 𝜅3,𝑌 ,0 − 𝜎2
𝑌,0, and 𝑄2:4,𝑌 ,0 = 𝜅4,𝑌 ,0 − 3𝜅3,𝑌 ,0 + 2𝜎2

𝑌,0,

where

𝜅3,𝑌 ,0 =
1

1 − 𝛼3
0
{𝜅3, 𝜀,0 + 3𝛼2

0 (1 − 𝛼0)𝜎2
𝑌,0 + 𝛼0(1 − 𝛼0) (1 − 2𝛼0)𝜇𝑌,0},

𝜅4,𝑌 ,0 =
1

1 − 𝛼4
0
{𝜅4, 𝜀,0 + 6𝛼3

0 (1 − 𝛼0)𝜅3,𝑌 ,0 + 𝛼2
0 (1 − 𝛼0) (7 − 11𝛼0)𝜎2

𝑌,0

+ 𝛼0(1 − 𝛼0) (1 − 6𝛼0 + 6𝛼2
0)𝜇𝑌,0}

(𝜅3, 𝜀,0 and 𝜅4, 𝜀,0 are the true third and fourth cumulants of 𝜀𝑡 , respectively).

We state the strong consistency and asymptotic normality of the Whittle estimator �̂�𝑊 .

Proposition 4.1. Suppose that (A1)–(A4) hold. The following hold.

(i) �̂�𝑊
𝑎.𝑠.−−−→ 𝜃0.

(ii)
√
𝑛(�̂�𝑊 − 𝜃0)

𝑑−→ N(0, 𝑉0), where

𝑉0 = (1 − 𝛼0)
©«
𝜔𝛼𝛼,0 𝜔𝛼𝜇𝜀 ,0 𝜔𝛼𝜎2

𝜀 ,0

𝜔𝜇𝜀𝛼,0 𝜔𝜇𝜀𝜇𝜀 ,0 𝜔𝜇𝜀𝜎2
𝜀 ,0

𝜔𝜎2
𝜀𝛼,0 𝜔𝜎2

𝜀𝜇𝜀 ,0 𝜔𝜎2
𝜀𝜎

2
𝜀 ,0

ª®®®®¬
is 3 × 3 symmetric matrix, with

𝜔𝛼𝛼,0 =

(𝛼0𝑄2:3,𝑌 ,0

𝜎4
𝑌,0

+ 𝛼0

𝜎2
𝑌,0

+ 1 + 𝛼0

)
,

𝜔𝜇𝜀𝛼,0 = 𝛼0 −
(𝛼0𝑄2:3,𝑌 ,0

𝜎4
𝑌,0

+ 𝛼0

𝜎2
𝑌,0

+ 1 + 𝛼0

)
𝜇𝑌,0,

𝜔𝜎2
𝜀𝛼,0 = (1 − 2𝛼0)

[
𝛼0 −

(𝛼0𝑄2:3,𝑌 ,0

𝜎4
𝑌,0

+ 𝛼0

𝜎2
𝑌,0

+ 1 + 𝛼0

)
𝜇𝑌,0

]
,

48



𝜔𝜇𝜀𝜇𝜀 ,0 =

(𝛼0𝑄2:3,𝑌 ,0

𝜎4
𝑌,0

+ 𝛼0

𝜎2
𝑌,0

+ 1 + 𝛼0

)
𝜇2
𝑌,0 + (1 + 𝛼0)𝜎2

𝑌,0 − 2𝛼0𝜇𝑌,0,

𝜔𝜎2
𝜀𝜇𝜀 ,0 = (1 + 𝛼0 + 𝛼2

0)𝑄2:3,𝑌 ,0 + (1 − 2𝛼0)
(𝛼0𝑄2:3,𝑌 ,0

𝜎4
𝑌,0

+ 𝛼0

𝜎2
𝑌,0

+ 1 + 𝛼0

)
𝜇2
𝑌,0

+ (1 + 𝛼0 − 2𝛼2
0)𝜎

2
𝑌,0 − 2𝛼0(1 − 2𝛼0)𝜇𝑌,0,

𝜔𝜎2
𝜀𝜎

2
𝜀 ,0 = (1 + 𝛼0) (1 − 𝛼2

0) (𝑄2:4,𝑌 ,0 + 2𝜎4
𝑌,0) + 3(1 + 𝛼0 + 𝛼2

0 − 𝛼
3
0)𝑄2:3,𝑌 ,0

+ (1 − 2𝛼0)2
(𝛼0𝑄2:3,𝑌 ,0

𝜎4
𝑌,0

+ 𝛼0

𝜎2
𝑌,0

+ 1 + 𝛼0

)
𝜇2
𝑌,0

+ (1 + 𝛼0 − 4𝛼2
0 + 4𝛼3

0)𝜎
2
𝑌,0 − 2𝛼0(1 − 2𝛼0)2𝜇𝑌,0.

The CLS method is widely used in the INAR-type processes. Minimizing the criterion

𝐽 (𝛼, 𝜇𝜀) =
𝑛∑︁
𝑡=2

(𝑌𝑡 − 𝐸 [𝑌𝑡 |𝑌𝑡−1])2 =

𝑛∑︁
𝑡=2

(𝑌𝑡 − 𝛼𝑌𝑡−1 − 𝜇𝜀)2, (4.5)

the CLS estimator for 𝛼 and 𝜇𝜀 is defined by

�̂�𝐶𝐿𝑆 =

𝑛∑︁
𝑡=2
𝑌𝑡𝑌𝑡−1 −

1
𝑛 − 1

𝑛∑︁
𝑡=2
𝑌𝑡

𝑛∑︁
𝑡=2
𝑌𝑡−1

𝑛∑︁
𝑡=2
𝑌2
𝑡−1 −

1
𝑛 − 1

( 𝑛∑︁
𝑡=2
𝑌𝑡−1

)2
and 𝜇𝜀;𝐶𝐿𝑆 =

1
𝑛 − 1

( 𝑛∑︁
𝑡=2
𝑌𝑡 − �̂�𝐶𝐿𝑆

𝑛∑︁
𝑡=2
𝑌𝑡−1

)

(see also Klimko and Nelson (1978) and Al-Osh and Alzaid (1987)). Using (4.2), the innovation variance

𝜎2
𝜀 = (1 − 𝛼2)𝜎2

𝑌
− 𝛼𝜇𝜀 can be estimated as

𝜎2
𝜀 ;𝐶𝐿𝑆 = (1 − �̂�2

𝐶𝐿𝑆)�̂�(0) − �̂�𝐶𝐿𝑆𝜇𝜀;𝐶𝐿𝑆 .

On the other hand, Zeng and Kakizawa (2022) studied a class of estimators for the parameter 𝛼 in the

statioinary INAR(1) process under a general innovation, given by

�̂�(𝑐1,𝑐2 ) =

𝑛∑︁
𝑡=2

(𝑌𝑡 − 𝑌 ) (𝑌𝑡−1 − 𝑌 )

𝑐1(𝑌1 − 𝑌 )2 +
𝑛−1∑︁
𝑡=2

(𝑌𝑡 − 𝑌 )2 + 𝑐2(𝑌𝑛 − 𝑌 )2

, 𝑐1, 𝑐2 ≥ 0

(the YW estimator �̂�𝑌𝑊 is a special case of 𝑐1 = 𝑐2 = 1). Then, using (4.2), the innovation mean 𝜇𝜀 and

variance 𝜎2
𝜀 can be estimated as

𝜇𝜀;(𝑐1,𝑐2 ) = (1 − �̂�(𝑐1,𝑐2 ) )𝑌 and 𝜎2
𝜀 ;(𝑐1,𝑐2 ) = (1 − �̂�2

(𝑐1,𝑐2 ) )�̂�(0) − �̂�(𝑐1,𝑐2 )𝜇𝜀;(𝑐1,𝑐2 ) ,

respectively.

49



The strong consistency and asymptotic normality of the estimators �̂�𝐶𝐿𝑆 = (�̂�𝐶𝐿𝑆 , 𝜇𝜀;𝐶𝐿𝑆 , 𝜎
2
𝜀 ;𝐶𝐿𝑆)𝑇

and �̂� (𝑐1,𝑐2 ) = (�̂�(𝑐1,𝑐2 ) , 𝜇𝜀;(𝑐1,𝑐2 ) , 𝜎
2
𝜀 ;(𝑐1,𝑐2 ) )

𝑇 can be established similarly.

Proposition 4.2. Suppose that (A1) and (A2) hold. The following hold.

(i) �̂�𝐶𝐿𝑆
𝑎.𝑠.−−−→ 𝜃0 and �̂� (𝑐1,𝑐2 )

𝑎.𝑠.−−−→ 𝜃0.

(ii)
√
𝑛(�̂�𝐶𝐿𝑆 − 𝜃0)

𝑑−→ N(0, 𝑉0) and
√
𝑛(�̂� (𝑐1,𝑐2 ) − 𝜃0)

𝑑−→ N(0, 𝑉0), i.e., the estimators �̂�𝐶𝐿𝑆 and

�̂� (𝑐1,𝑐2 ) are asymptotically equivalent to the Whittle estimator �̂�𝑊 .

As usual, we define �̂�3,𝑌 = (1/𝑛)∑𝑛
𝑡=1(𝑌𝑡 − 𝑌 )3 and �̂�4,𝑌 = (1/𝑛)∑𝑛

𝑡=1(𝑌𝑡 − 𝑌 )4 − 3�̂�4
𝑌

(we set

𝑄2:3,𝑌 = �̂�3,𝑌 − �̂�2
𝑌

and 𝑄2:4,𝑌 = �̂�4,𝑌 − 3�̂�3,𝑌 + 2�̂�2
𝑌

). With the replacement of 𝛼, 𝜇𝑌 , 𝜎2
𝑌
, and 𝑄2: 𝑗 ,𝑌 by

�̂�𝑊 (or �̂�𝐶𝐿𝑆 , �̂�(𝑐1,𝑐2 ) ), 𝑌 , �̂�2
𝑌

, and 𝑄2: 𝑗 ,𝑌 , where 𝑗 = 3, 4, we naturally have a consistent estimator for

𝑉0, denoted by 𝑉0;𝑊 (or 𝑉0;𝐶𝐿𝑆 , 𝑉0;(𝑐1,𝑐2 ) ). The standard errors (SEs) of the estimators are given by, e.g.,

SE =
√︁
(1 − �̂�𝑊 )𝜔𝛼𝛼,0;𝑊/𝑛 for �̂�𝑊 .

4.3 Test of equidispersion

It is easy to see that the dispersion index of the process {𝑌𝑡 } is given by

𝜎2
𝑌,0

𝜇𝑌,0
=
𝛼0𝜇𝜀,0 + 𝜎2

𝜀,0

(1 + 𝛼0)𝜇𝜀,0
= 1 + 1

1 + 𝛼0

(𝜎2
𝜀,0

𝜇𝜀,0
− 1

)
,

where the left-hand-side is equal to 1 when 𝜎2
𝜀,0 = 𝜇𝜀,0 (the equidispersion property of the innovation

{𝜀𝑡 }). That is, the INAR(1) process (4.1) is shown to be overdispersed (underdispersed) when𝜎2
𝜀,0 > 𝜇𝜀,0

(𝜎2
𝜀,0 < 𝜇𝜀,0), so that the testing problem about the equidispersion of the stationary INAR(1) process

can be formulated, as follows.

• Two-sided testing problem is given by

(I) H0: 𝜎2
𝜀,0 − 𝜇𝜀,0 = 0 against H1: 𝜎2

𝜀,0 − 𝜇𝜀,0 ≠ 0.

• One-sided testing problem for the overdispersed (or underdispersed) alternative is given by

(II) H0: 𝜎2
𝜀,0 − 𝜇𝜀,0 = 0 against H1: 𝜎2

𝜀,0 − 𝜇𝜀,0 > 0,

(III) H0: 𝜎2
𝜀,0 − 𝜇𝜀,0 = 0 against H1: 𝜎2

𝜀,0 − 𝜇𝜀,0 < 0.

On the basis of the asymptotic normality of the estimators for 𝜇𝜀 and 𝜎2
𝜀 , we can construct the Wald-type

test for the linear constraint H0.

By Propositions 4.1 and 4.2, we state the following corollaries (without proof).
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Corollary 4.1. Suppose that (A1)–(A4) hold. Then,

√
𝑛

√
𝑣0

[(𝜎2
𝜀 ;𝑊 − 𝜇𝜀;𝑊 ) − (𝜎2

𝜀,0 − 𝜇𝜀,0)]
𝑑−→ N(0, 1),

where

𝑣0 = (1 − 𝛼0) (𝜔𝜎2
𝜀𝜎

2
𝜀 ,0 − 2𝜔𝜎2

𝜀𝜇𝜀 ,0 + 𝜔𝜇𝜀𝜇𝜀 ,0)

= (1 − 𝛼0)
[
(1 + 𝛼0) (1 − 𝛼2

0) (𝑄2:4,𝑌 ,0 + 2𝜎4
𝑌,0) + (1 + 𝛼0 + 𝛼2

0 − 3𝛼3
0)𝑄2:3,𝑌 ,0

+ 4𝛼2
0

{(𝛼0𝑄2:3,𝑌 ,0

𝜎4
𝑌,0

+ 𝛼0

𝜎2
𝑌,0

+ 1 + 𝛼0

)
𝜇2
𝑌,0 + 𝛼0𝜎

2
𝑌,0 − 2𝛼0𝜇𝑌,0

}]
.

Under (A1) and (A2), the same results hold for 𝜎2
𝜀 ;𝐶𝐿𝑆 − 𝜇𝜀;𝐶𝐿𝑆 and 𝜎2

𝜀 ;(𝑐1,𝑐2 ) − 𝜇𝜀;(𝑐1,𝑐2 ) .

With the replacement of 𝛼, 𝜇𝑌 , 𝜎2
𝑌
, and 𝑄2: 𝑗 ,𝑌 by �̂�𝑊 (or �̂�𝐶𝐿𝑆 , �̂�(𝑐1,𝑐2 ) ), 𝑌 , �̂�2

𝑌
, and 𝑄2: 𝑗 ,𝑌 , where

𝑗 = 3, 4, we naturally have a consistent estimator for 𝑣0, denoted by �̂�0;𝑊 (or �̂�0;𝐶𝐿𝑆 , �̂�0;(𝑐1,𝑐2 ) ). By

Corollary 4.1 and Slutsky’s theorem, we immediately have the following corollary, which is the key result

for the above-mentioned test of the equidispersion.

Corollary 4.2. Suppose that (A1)–(A4) hold. Then,

√
𝑛√︁
�̂�0;𝑊

[(𝜎2
𝜀 ;𝑊 − 𝜇𝜀;𝑊 ) − (𝜎2

𝜀,0 − 𝜇𝜀,0)]
𝑑−→ N(0, 1).

Under (A1) and (A2), the same results hold for 𝜎2
𝜀 ;𝐶𝐿𝑆 − 𝜇𝜀;𝐶𝐿𝑆 and 𝜎2

𝜀 ;(𝑐1,𝑐2 ) − 𝜇𝜀;(𝑐1,𝑐2 ) , if �̂�0;𝑊 is

replaced by �̂�0;𝐶𝐿𝑆 and �̂�0;(𝑐1,𝑐2 ) , respectively.

The Wald-type statistics for testing the hypothesis H0 : 𝜎2
𝜀,0 − 𝜇𝜀,0 = 0 are defined by

𝑍𝑊 =

√
𝑛(𝜎2

𝜀 ;𝑊 − 𝜇𝜀;𝑊 )√︁
�̂�0;𝑊

,

𝑍𝐶𝐿𝑆 =

√
𝑛(𝜎2

𝜀 ;𝐶𝐿𝑆 − 𝜇𝜀;𝐶𝐿𝑆)√︁
�̂�0;𝐶𝐿𝑆

,

𝑍 (𝑐1,𝑐2 ) =

√
𝑛(𝜎2

𝜀 ;(𝑐1,𝑐2 ) − 𝜇𝜀;(𝑐1,𝑐2 ) )√︁
�̂�0;(𝑐1,𝑐2 )

(especially, let 𝑍𝑌𝑊 = 𝑍 (1,0) ). For a given significance level 𝑎, the notation 𝑧(𝑎) stands for the upper

𝑎 percentile of the standard normal distribution N(0,1). After computing the 𝑧-value 𝑧𝑊 (say), the null

hypothesis H0 is rejected if |𝑧𝑊 | > 𝑧(𝑎/2) for the two-sided problem (I). Similarly, reject H0 if 𝑧𝑊 > 𝑧(𝑎)

for the one-sided problem (II) (reject H0 if 𝑧𝑊 < −𝑧(𝑎) for the one-sided problem (III)).
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Remark 4.1. For the INAR(1) process with the Poisson marginals, Schweer and Weiß (2014) proved that

{𝑛(1 − 𝛼2)
2(1 + 𝛼2)

}1/2 ( �̂�2
𝑌

𝑌
− 1

)
𝑑−→ N(0, 1).

Thus, other statistics

𝑍𝑆𝑊,# =

{𝑛(1 − �̂�2
#)

2(1 + �̂�2
#)

}1/2 ( �̂�2
𝑌

𝑌
− 1

)
, # = 𝑊,𝐶𝐿𝑆,𝑌𝑊 , (4.6)

are available to test the equidispersion hypothesis 𝜎2
Y/𝜇Y = 1.

4.4 Simulation results

Performances of the estimators for 𝛼, 𝜇𝜀, and 𝜎2
𝜀

We first report the simulation results (𝑛 = 100, 200, 300, with 2000 replications) about the Whittle (W),

YW, and CLS estimators for 𝛼, 𝜇𝜀 , and 𝜎2
𝜀 , under the set-up that the innovation {𝜀𝑡 } follows the Poisson

distribution Po((1 − 𝛼)𝜇) or negative binomial (NB) distribution NB(𝑟, 𝑟/{𝑟 + (1 − 𝛼)𝜇}), where the

second parameter 𝑟/{𝑟 + (1 − 𝛼)𝜇} is the success probability in each trial (we set 𝑟 = 10). In the

simulations, we fix (1−𝛼)𝜇 = 5. The parameter 𝛼 to be estimated is 𝛼 = 0.2, 0.5, 0.8, and the innovation

mean and variance to be estimated are given, as follows.

• For the Poisson case, 𝜇𝜀 = 𝜎2
𝜀 = 5.

• For the NB case, 𝜇𝜀 = 5 and 𝜎2
𝜀 = 5(1 + 5/𝑟).

In view of Tables 4.1 and 4.2, the biases, variances, and mean squared errors (MSEs) of the respective

estimators decrease as the sample size 𝑛 increases. The biases of �̂�𝐶𝐿𝑆 and 𝜇𝜀;𝐶𝐿𝑆 are overall smallest,

whereas the bias of 𝜎2
𝜀 ;𝑊 is smallest when 𝛼 = 0.8. On the other hand, if 𝛼 is small, the variance and

MSE of �̂�𝑊 are smallest. In summary, �̂�𝑊 outperforms �̂�𝑌𝑊 and �̂�𝐶𝐿𝑆 in terms of the variance and MSE

when 𝛼 = 0.2 and 𝑛 = 100, whereas the performances of �̂�𝑊 , �̂�𝑌𝑊 , and �̂�𝐶𝐿𝑆 are almost the same when

𝑛 = 200, 300 (this finding is in agreement with Proposition 4.2).

Performances of the equidispersion tests

We next report the empirical type I errors and powers about two-sided tests of the equidispersion having

the rejection regions |𝑧# | > 𝑧(𝑎/2) (thick lines) or |𝑧𝑆𝑊,# | > 𝑧(𝑎/2) (thin lines) for # = 𝑊,𝑌𝑊,𝐶𝐿𝑆,

with the significance level 𝑎 = 0.1, 0.05, 0.01 (10000 replications).

For the type I error (𝑛 = 100, 200, 300, 400), we generate the innovation {𝜀𝑡 } according to the Poisson

distribution Po((1 − 𝛼)𝜇), under the set-up that (1 − 𝛼)𝜇 = 5 and 𝛼 = 0.2, 0.5, 0.8. Figure 4.1 indicates
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that, as the sample size 𝑛 increases, the empirical type I errors of the tests proposed tend to the significance

level (these tests are liberal), except that the Whittle-based test is oversized when 𝛼 = 0.8. The tests using

(4.6) are conservative (liberal) when 𝛼 = 0.2 (𝛼 = 0.8).

For the power (we consider 𝑛 = 300 only), we generate the innovation {𝜀𝑡 } according to the NB

distribution NB(𝑟, 𝑟/{𝑟 + (1 − 𝛼)𝜇}, where (1 − 𝛼)𝜇 = 5, 𝛼 = 0.2, 0.5, 0.8 and 𝑟 = 2 𝑗 , for 𝑗 = 1, . . . , 7.

Figure 4.2 indicates that smaller 𝑟 becomes (this case is far away from the null hypothesis of equidispersion,

since 𝜎2
𝜀 − 𝜇𝜀 = 25/𝑟), higher the power of the test is. The proposed tests are reasonable. The simulation

reveals, however, that the tests using (4.6) are likely to be more powerful.

4.5 Concluding remarks

We have mainly considered asymptotic theory about the frequency domain analysis in the stationary

INAR(1) process. We have pointed out that the Whittle likelihood from the demeaned data (see (4.3)) is

not identifiable with respect to (𝜇𝜀 , 𝜎2
𝜀), whereas a variant of the Whittle likelihood (4.4) is identifiable.

We have shown that the Whittle estimator �̂�𝑊 maximizing the criterion (4.4) is strongly consistent

and asymptotically normal, together with asymptotic equivalence among the estimators �̂�𝑊 , �̂�𝐶𝐿𝑆 , and

�̂� (𝑐1,𝑐2 ) . Furthermore, we have proposed the Wald-type tests about the equidispersion, on the basis of the

estimators (𝜇𝜀;𝑊 , 𝜎
2
𝜀 ;𝑊 )𝑇 , (𝜇𝜀;𝐶𝐿𝑆 , 𝜎

2
𝜀 ;𝐶𝐿𝑆)𝑇 , and (𝜇𝜀;(𝑐1,𝑐2 ) , 𝜎

2
𝜀 ;(𝑐1,𝑐2 ) )

𝑇 .

Although the CLS method is fundamental and widely used in the time series analysis, the criterion

(4.5) is free of the innovation variance 𝜎2
𝜀 so that additional estimation tool is needed (e.g., Karlsen and

Tjøstheim (1988)). The YW estimator �̂�𝑌𝑊 (more generally, a class of estimators �̂�(𝑐1,𝑐2 ) ) is a kind of

the method of moment estimator but the construction of the estimator (𝜇𝜀;(𝑐1,𝑐2 ) , 𝜎
2
𝜀 ;(𝑐1,𝑐2 ) )

𝑇 , being the

sample analogues of (4.2), is ad-hoc. In conclusion, the use of the identifiable Whittle likelihood (4.4)

makes simultaneous inference of (𝛼, 𝜇𝜀 , 𝜎2
𝜀) possible; besides, this approach is applicable even if any

parametric assumption about the innovation {𝜀𝑡 } is not assumed, unlike the ML method.

4.6 Proofs of Propositions 4.1 and 4.2

Before proving Proposition 4.1, we prepare the following lemma.

Lemma 4.1. Suppose that (A1)–(A4) hold. Then,

sup
𝜃 ′∈Θ′

|J𝑌 (𝛼, 𝜇𝜀) − 𝑞(𝛼, 𝜇𝜀) |
𝑎.𝑠.−−−→ 0,

where

𝑞(𝛼, 𝜇𝜀) = (1 − 2𝛼𝛼0 + 𝛼2)𝜎2
𝑌,0 + (1 − 𝛼)2(𝜇𝑌,0 − 𝜇𝑌 )2.
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Table 4.1: Biases, variances, and MSEs (2000 replications) of �̂�#, 𝜇𝜀;#, and 𝜎2
𝜀 ;#, # = 𝑊,𝑌𝑊,𝐶𝐿𝑆, in

the stationary INAR(1) process under the Poisson innovation.

Biases Variances MSEs

𝑛 �̂�𝑊 �̂�𝑌𝑊 �̂�𝐶𝐿𝑆 �̂�𝑊 �̂�𝑌𝑊 �̂�𝐶𝐿𝑆 �̂�𝑊 �̂�𝑌𝑊 �̂�𝐶𝐿𝑆

𝛼 = 0.2 100 -0.0191 -0.0205 -0.0187 0.0089 0.0095 0.0097 0.0093 0.0099 0.0100

200 -0.0095 -0.0096 -0.0088 0.0049 0.0050 0.0050 0.0050 0.0051 0.0051

300 -0.0071 -0.0071 -0.0065 0.0032 0.0032 0.0032 0.0033 0.0033 0.0033

0.5 100 -0.0318 -0.0325 -0.0274 0.0079 0.0078 0.0080 0.0089 0.0089 0.0087

200 -0.0149 -0.0151 -0.0127 0.0040 0.0040 0.0040 0.0042 0.0042 0.0042

300 -0.0122 -0.0123 -0.0105 0.0027 0.0027 0.0027 0.0028 0.0028 0.0028

0.8 100 -0.0328 -0.0451 -0.0365 0.0061 0.0049 0.0050 0.0072 0.0070 0.0063

200 -0.0165 -0.0203 -0.0162 0.0022 0.0020 0.0020 0.0024 0.0024 0.0022

300 -0.0126 -0.0143 -0.0116 0.0015 0.0014 0.0014 0.0016 0.0016 0.0015

(𝜇𝜀 = 5) 𝑛 𝜇𝜀;𝑊 𝜇𝜀;𝑌𝑊 𝜇𝜀;𝐶𝐿𝑆 𝜇𝜀;𝑊 𝜇𝜀;𝑌𝑊 𝜇𝜀;𝐶𝐿𝑆 𝜇𝜀;𝑊 𝜇𝜀;𝑌𝑊 𝜇𝜀;𝐶𝐿𝑆

𝛼 = 0.2 100 0.1167 0.1260 0.1157 0.3970 0.4177 0.4238 0.4107 0.4336 0.4371

200 0.0587 0.0592 0.0537 0.2153 0.2166 0.2188 0.2188 0.2201 0.2217

300 0.0417 0.0419 0.0381 0.1416 0.1417 0.1422 0.1433 0.1435 0.1436

0.5 100 0.3187 0.3237 0.2730 0.8084 0.8045 0.8177 0.9100 0.9093 0.8922

200 0.1533 0.1552 0.1315 0.4092 0.4075 0.4094 0.4327 0.4316 0.4267

300 0.1270 0.1283 0.1110 0.2719 0.2717 0.2732 0.2880 0.2881 0.2855

0.8 100 0.7934 1.1086 0.8959 3.8760 3.0621 3.0918 4.5055 4.2911 3.8944

200 0.4019 0.5010 0.3981 1.3664 1.2299 1.2247 1.5279 1.4809 1.3832

300 0.3129 0.3540 0.2869 0.9033 0.8651 0.8626 1.0012 0.9904 0.9449

(𝜎2
𝜀 = 5) 𝑛 𝜎2

𝜀 ;𝑊 𝜎2
𝜀 ;𝑌𝑊 𝜎2

𝜀 ;𝐶𝐿𝑆 𝜎2
𝜀 ;𝑊 𝜎2

𝜀 ;𝑌𝑊 𝜎2
𝜀 ;𝐶𝐿𝑆 𝜎2

𝜀 ;𝑊 𝜎2
𝜀 ;𝑌𝑊 𝜎2

𝜀 ;𝐶𝐿𝑆

𝛼 = 0.2 100 0.0299 0.0384 0.0268 0.8506 0.8640 0.8683 0.8514 0.8655 0.8690

200 0.0147 0.0153 0.0098 0.4429 0.4436 0.4441 0.4431 0.4439 0.4442

300 0.0113 0.0114 0.0073 0.2914 0.2915 0.2914 0.2915 0.2916 0.2915

0.5 100 0.0039 0.0065 -0.0440 1.1600 1.1618 1.1523 1.1600 1.1618 1.1543

200 -0.0049 -0.0045 -0.0287 0.5528 0.5532 0.5507 0.5528 0.5532 0.5515

300 0.0217 0.0217 0.0040 0.3993 0.3994 0.3970 0.3997 0.3999 0.3970

0.8 100 -0.2711 -0.4098 -0.6075 3.1594 2.7902 2.5255 3.2329 2.9582 2.8946

200 -0.1624 -0.2078 -0.3059 1.3262 1.2575 1.2005 1.3526 1.3007 1.2941

300 -0.1199 -0.1373 -0.2036 0.9184 0.9020 0.8707 0.9328 0.9209 0.9122
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Table 4.2: Biases, variances, and MSEs (2000 replications) of �̂�#, 𝜇𝜀;#, and 𝜎2
𝜀 ;#, # = 𝑊,𝑌𝑊,𝐶𝐿𝑆, in

the stationary INAR(1) process under the NB innovation.

Biases Variances MSEs

𝑛 �̂�𝑊 �̂�𝑌𝑊 �̂�𝐶𝐿𝑆 �̂�𝑊 �̂�𝑌𝑊 �̂�𝐶𝐿𝑆 �̂�𝑊 �̂�𝑌𝑊 �̂�𝐶𝐿𝑆

𝛼 = 0.2 100 -0.0197 -0.0216 -0.0199 0.0086 0.0094 0.0096 0.0090 0.0098 0.0099

200 -0.0112 -0.0113 -0.0104 0.0045 0.0045 0.0046 0.0046 0.0046 0.0047

300 -0.0062 -0.0062 -0.0055 0.0032 0.0032 0.0033 0.0033 0.0033 0.0033

0.5 100 -0.0287 -0.0308 -0.0260 0.0077 0.0074 0.0076 0.0085 0.0084 0.0083

200 -0.0146 -0.0152 -0.0127 0.0039 0.0039 0.0039 0.0041 0.0041 0.0041

300 -0.0095 -0.0098 -0.0081 0.0025 0.0025 0.0025 0.0026 0.0026 0.0026

0.8 100 -0.0356 -0.0440 -0.0352 0.0055 0.0047 0.0048 0.0067 0.0067 0.0060

200 -0.0200 -0.0224 -0.0183 0.0022 0.0020 0.0020 0.0026 0.0025 0.0024

300 -0.0126 -0.0137 -0.0111 0.0013 0.0013 0.0013 0.0015 0.0015 0.0014

(𝜇𝜀 = 5) 𝑛 𝜇𝜀;𝑊 𝜇𝜀;𝑌𝑊 𝜇𝜀;𝐶𝐿𝑆 𝜇𝜀;𝑊 𝜇𝜀;𝑌𝑊 𝜇𝜀;𝐶𝐿𝑆 𝜇𝜀;𝑊 𝜇𝜀;𝑌𝑊 𝜇𝜀;𝐶𝐿𝑆

𝛼 = 0.2 100 0.1688 0.1723 0.1237 0.4137 0.4506 0.4578 0.4422 0.4803 0.4731

200 0.0903 0.0866 0.0617 0.2107 0.2132 0.2154 0.2189 0.2207 0.2192

300 0.0516 0.0487 0.0322 0.1492 0.1502 0.1509 0.1519 0.1525 0.1520

0.5 100 0.4335 0.3891 0.2657 0.8330 0.8523 0.8675 1.0210 1.0036 0.9381

200 0.2232 0.1940 0.1313 0.4217 0.4287 0.4320 0.4715 0.4664 0.4492

300 0.1411 0.1199 0.0790 0.2679 0.2715 0.2730 0.2878 0.2859 0.2792

0.8 100 0.8792 1.0908 0.8693 3.4608 3.0198 3.0392 4.2339 4.2095 3.7949

200 0.4993 0.5624 0.4590 1.3533 1.2841 1.2897 1.6027 1.6005 1.5003

300 0.3163 0.3458 0.2803 0.8380 0.8148 0.8110 0.9381 0.9344 0.8895

(𝜎2
𝜀 = 7.5) 𝑛 𝜎2

𝜀 ;𝑊 𝜎2
𝜀 ;𝑌𝑊 𝜎2

𝜀 ;𝐶𝐿𝑆 𝜎2
𝜀 ;𝑊 𝜎2

𝜀 ;𝑌𝑊 𝜎2
𝜀 ;𝐶𝐿𝑆 𝜎2

𝜀 ;𝑊 𝜎2
𝜀 ;𝑌𝑊 𝜎2

𝜀 ;𝐶𝐿𝑆

𝛼 = 0.2 100 0.1157 0.1294 0.1234 2.0510 2.0647 2.0686 2.0643 2.0814 2.0838

200 0.0780 0.0797 0.0764 0.9940 0.9946 0.9951 1.0001 1.0010 1.0010

300 0.0440 0.0448 0.0423 0.6413 0.6414 0.6422 0.6433 0.6434 0.6440

0.5 100 0.4884 0.5285 0.4958 2.6552 2.6770 2.6656 2.8938 2.9564 2.9113

200 0.2443 0.2637 0.2490 1.2515 1.2560 1.2549 1.3112 1.3255 1.3169

300 0.1725 0.1852 0.1756 0.8432 0.8450 0.8457 0.8729 0.8793 0.8766

0.8 100 -0.4097 -0.4857 -0.7736 4.4315 4.2408 3.7012 4.5993 4.4767 4.2998

200 -0.2158 -0.2412 -0.3813 2.0397 2.0043 1.8866 2.0863 2.0624 2.0320

300 -0.1401 -0.1519 -0.2418 1.2644 1.2539 1.2075 1.2840 1.2769 1.2660
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Figure 4.1: Empirical type I errors (10000 replications) of equidispersion tests having the rejection regions
|𝑧# | > 𝑧(𝑎/2) (thick lines) or |𝑧𝑆𝑊,# | > 𝑧(𝑎/2) (thin lines), with the significant level 𝑎 = 0.1, 0.05, 0.01,
where # = 𝑊 (solid), 𝑌𝑊 (dashed), 𝐶𝐿𝑆(dotted). The upper, middle, and lower three panels correspond
to 𝛼 = 0.2, 0.5, 0.8, respectively.
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Figure 4.2: Empirical powers (10000 replications) of equidispersion tests having the rejection regions
|𝑧# | > 𝑧(𝑎/2) (thick lines) or |𝑧𝑆𝑊,# | > 𝑧(𝑎/2) (thin lines), with the significant level 𝑎 = 0.1, 0.05, 0.01,
where # = 𝑊 (solid), 𝑌𝑊 (dashed), 𝐶𝐿𝑆(dotted). The upper, middle, and lower three panels correspond
to 𝛼 = 0.2, 0.5, 0.8, respectively.
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Note that 𝑞(𝛼, 𝜇𝜀) ≥ 𝑞(𝛼0, 𝜇𝜀,0) = (1 − 𝛼2
0)𝜎

2
𝑌,0 (the equality holds iff (𝛼, 𝜇𝜀) = (𝛼0, 𝜇𝜀,0)).

Proof. For ℎ = 0, 1, we have

sup
𝜃 ′∈Θ′

|�̂�•𝑌 (ℎ) − 𝛼ℎ0𝜎
2
𝑌,0 − (𝜇𝑌,0 − 𝜇𝑌 )2 |

≤
���1
𝑛

𝑛∑︁
𝑡=1+ℎ

(𝑌𝑡 − 𝜇𝑌,0) (𝑌𝑡−ℎ − 𝜇𝑌,0) − 𝛼ℎ0𝜎
2
𝑌,0

���
+
(

sup
𝜃 ′∈Θ′

|𝜇𝑌,0 − 𝜇𝑌 |
)���1
𝑛

𝑛∑︁
𝑡=1+ℎ

(𝑌𝑡 − 𝜇𝑌,0 + 𝑌𝑡−ℎ − 𝜇𝑌,0)
���

+
(

sup
𝜃 ′∈Θ′

(𝜇𝑌,0 − 𝜇𝑌 )2
) ℎ
𝑛

𝑎.𝑠.−−−→ 0 (by the strictly stationarity and ergodicity of {𝑌𝑡 }).

It follows that

sup
𝜃 ′∈Θ′

|J𝑌 (𝛼, 𝜇𝜀) − 𝑞(𝛼, 𝜇𝜀) |

= sup
𝜃 ′∈Θ′

���(1 + 𝛼2) [�̂�•𝑌 (0) − {𝜎2
𝑌,0 + (𝜇𝑌,0 − 𝜇𝑌 )2}] − 2𝛼[�̂�•𝑌 (1) − {𝛼0𝜎

2
𝑌,0 + (𝜇𝑌,0 − 𝜇𝑌 )}2}]

���
≤ sup
𝜃 ′∈Θ′

���(1 + 𝛼2){�̂�•𝑌 (0) − 𝜎2
𝑌,0 − (𝜇𝑌,0 − 𝜇𝑌 )2}

��� + sup
𝜃 ′∈Θ′

���2𝛼{�̂�•𝑌 (1) − 𝛼0𝜎
2
𝑌,0 − (𝜇𝑌,0 − 𝜇𝑌 )2}

���
𝑎.𝑠.−−−→ 0. □

Proof of Proposition 4.1. (i) By Lemma 4.1, we know (e.g., van der Vaart (1998)) that the Whittle

estimator for 𝜃′ is strongly consistent, i.e., (�̂�𝑊 , 𝜇𝜀;𝑊 )𝑇 𝑎.𝑠.−−−→ 𝜃′0. Then,

𝜎2
𝜀 ;𝑊

𝑎.𝑠.−−−→ (1 − 𝛼2
0)𝜎

2
𝑌,0 − 𝛼0𝜇𝜀,0 = 𝜎2

𝜀,0.

(ii) The first-order conditions for �̂�𝑊 and 𝜇𝜀;𝑊 are given by

0 =
𝜕J𝑌 (�̂�𝑊 , 𝜇𝜀;𝑊 )

𝜕𝛼

=
2�̂�𝑊
𝑛

𝑛∑︁
𝑡=1

(
𝑌𝑡 −

𝜇𝜀;𝑊

1 − �̂�𝑊

)2
− 2
𝑛

𝑛−1∑︁
𝑡=1

(
𝑌𝑡 −

𝜇𝜀;𝑊

1 − �̂�𝑊

) (
𝑌𝑡+1 −

𝜇𝜀;𝑊

1 − �̂�𝑊

)
− 2𝜇𝜀;𝑊

(1 − �̂�𝑊 )2𝑛

[
(1 + �̂�2

𝑊 )
𝑛∑︁
𝑡=1

(
𝑌𝑡 −

𝜇𝜀;𝑊

1 − �̂�𝑊

)
− 2�̂�𝑊

𝑛∑︁
𝑡=1

(
𝑌𝑡 +

𝜇𝜀;𝑊

1 − �̂�𝑊

)
+ �̂�𝑊

(
𝑌1 + 𝑌𝑛 −

2𝜇𝜀;𝑊

1 − �̂�𝑊

)]
,

0 =
𝜕J𝑌 (�̂�𝑊 , 𝜇𝜀;𝑊 )

𝜕𝜇𝜀

= − 2
(1 − �̂�𝑊 )𝑛

[
(1 + �̂�2

𝑊 )
𝑛∑︁
𝑡=1

(
𝑌𝑡 −

𝜇𝜀;𝑊

1 − �̂�𝑊

)
− 2�̂�𝑊

𝑛∑︁
𝑡=1

(
𝑌𝑡 −

𝜇𝜀;𝑊

1 − �̂�𝑊

)
+ �̂�𝑊

(
𝑌1 + 𝑌𝑛 −

2𝜇𝜀;𝑊

1 − �̂�𝑊

)]
,

58



respectively. Then, we have

0 =
�̂�𝑊

𝑛

𝑛∑︁
𝑡=1

(
𝑌𝑡 −

𝜇𝜀;𝑊

1 − �̂�𝑊

)2
− 1
𝑛

𝑛−1∑︁
𝑡=1

(
𝑌𝑡 −

𝜇𝜀;𝑊

1 − �̂�𝑊

) (
𝑌𝑡+1 −

𝜇𝜀;𝑊

1 − �̂�𝑊

)
=
�̂�𝑊

𝑛

𝑛∑︁
𝑡=1

(𝑌𝑡 − 𝑌 )2 − 1
𝑛

𝑛−1∑︁
𝑡=1

(𝑌𝑡 − 𝑌 ) (𝑌𝑡+1 − 𝑌 ) +
(
�̂�𝑊 − 1 + 1

𝑛

) (
𝑌 − 𝜇𝜀;𝑊

1 − �̂�𝑊

)2

+ 1
𝑛
(𝑌1 + 𝑌𝑛 − 2𝑌 )

(
𝑌 − 𝜇𝜀;𝑊

1 − �̂�𝑊

)
,

0 = 𝑌 − 𝜇𝜀;𝑊

1 − �̂�𝑊
+ �̂�𝑊

(1 − �̂�𝑊 )2𝑛

(
𝑌1 + 𝑌𝑛 −

2𝜇𝜀;𝑊

1 − �̂�𝑊

)
.

Using

𝜇𝜀;𝑊

1 − �̂�𝑊
=

𝑌 + �̂�𝑊 (𝑌1 + 𝑌𝑛)
(1 − �̂�𝑊 )2𝑛

1 + 2�̂�𝑊
(1 − �̂�𝑊 )2𝑛

, i.e., 𝑌 − 𝜇𝜀;𝑊

1 − �̂�𝑊
=

�̂�𝑊 (2𝑌 − 𝑌1 − 𝑌𝑛)
(1 − �̂�𝑊 )2𝑛

1 + 2�̂�𝑊
(1 − �̂�𝑊 )2𝑛

= 𝑂 𝑝 (𝑛−1),

we get

0 =
�̂�𝑊

𝑛

𝑛∑︁
𝑡=1

(𝑌𝑡 − 𝑌 )2 − 1
𝑛

𝑛−1∑︁
𝑡=1

(𝑌𝑡 − 𝑌 ) (𝑌𝑡+1 − 𝑌 ) +𝑂 𝑝 (𝑛−2),

which yields �̂�𝑊 = �̂�𝑌𝑊 +𝑂 𝑝 (𝑛−2).

Now, by Proposition 2.2(ii), we have

√
𝑛[𝑌 − 𝜇𝑌,0, �̂�(0) − 𝜎2

𝑌,0, �̂�(1) − 𝛼0𝜎
2
𝑌,0]

𝑇 𝑑−→ N(0,Ξ0), (4.7)

where Ξ0 is the true 3 × 3 matrix corresponding to Ξ (here, we set 𝑚 = 1). Noting that

�̂�𝑊 =
�̂�(1)
�̂�(0) +𝑂 𝑝 (𝑛−2)

= 𝛼0 −
𝛼0

𝜎2
𝑌,0

{�̂�(0) − 𝜎2
𝑌,0} +

1
𝜎2
𝑌,0

{�̂�(1) − 𝛼0𝜎
2
𝑌,0} +𝑂 𝑝 (𝑛−1),

𝜇𝜀;𝑊 = (1 − �̂�𝑊 )𝑌 +𝑂 𝑝 (𝑛−1)

= 𝜇𝜀,0 + (1 − 𝛼0) (𝑌 − 𝜇𝑌,0) − 𝜇𝑌,0(�̂�𝑊 − 𝛼0) +𝑂 𝑝 (𝑛−1)

= 𝜇𝜀,0 + (1 − 𝛼0) (𝑌 − 𝜇𝑌,0) +
𝛼0𝜇𝑌,0

𝜎2
𝑌,0

{�̂�(0) − 𝜎2
𝑌,0} −

𝜇𝑌,0

𝜎2
𝑌,0

{�̂�(1) − 𝛼0𝜎
2
𝑌,0} +𝑂 𝑝 (𝑛−1),

𝜎2
𝜀 ;𝑊 = (1 − �̂�2

𝑊 )�̂�(0) − �̂�𝑊𝜇𝜀;𝑊 +𝑂 𝑝 (𝑛−2)

= 𝜎2
𝜀,0 − (2𝛼0𝜎

2
𝑌,0 + 𝜇𝜀,0) (�̂�𝑊 − 𝛼0) + (1 − 𝛼2

0){�̂�(0) − 𝜎
2
𝑌,0} − 𝛼0(𝜇𝜀;𝑊 − 𝜇𝜀,0) +𝑂 𝑝 (𝑛−1)

= 𝜎2
𝜀,0 − 𝛼0(1 − 𝛼0) (𝑌 − 𝜇𝑌,0) +

{
1 + 𝛼2

0 +
𝛼0(1 − 2𝛼0)

𝜎2
𝑌,0

𝜇𝑌,0

}
{�̂�(0) − 𝜎2

𝑌,0}

−
(
2𝛼0 +

1 − 2𝛼0

𝜎2
𝑌,0

𝜇𝑌,0

)
{�̂�(1) − 𝛼0𝜎

2
𝑌,0} +𝑂 𝑝 (𝑛−1),
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we have

√
𝑛(�̂�𝑊 − 𝜃0) =

√
𝑛

𝜎2
𝑌,0

𝐴0 [𝑌 − 𝜇𝑌,0, �̂�(0) − 𝜎2
𝑌,0, �̂�(1) − 𝛼0𝜎

2
𝑌,0]

𝑇 +𝑂 𝑝 (𝑛−1/2),

where

𝐴0 =

©«
0 −𝛼0 1

(1 − 𝛼0)𝜎2
𝑌,0 𝛼0𝜇𝑌,0 −𝜇𝑌,0

−𝛼0(1 − 𝛼0)𝜎2
𝑌,0 (1 + 𝛼2

0)𝜎
2
𝑌,0 + 𝛼0(1 − 2𝛼0)𝜇𝑌,0 −{2𝛼0𝜎

2
𝑌,0 + (1 − 2𝛼0)𝜇𝑌,0}

ª®®®®¬
.

This, together with (4.7), enables us to establish the asymptotic normality of �̂�𝑊 , with the asymptotic

covariance matrix 𝐴0Ξ0𝐴0
𝑇/𝜎4

𝑌,0. □

Proof of Proposition 4.2. By �̂�(𝑐1,𝑐2 )
𝑎.𝑠.−−−→ 𝛼0 (see Proposition 3.1(i)), we have

𝜇𝜀;(𝑐1,𝑐2 )
𝑎.𝑠.−−−→ (1 − 𝛼0)𝜇𝑌,0 = 𝜇𝜀,0, 𝜎

2
𝜀 ;(𝑐1,𝑐2 )

𝑎.𝑠.−−−→ and (1 − 𝛼2
0)𝜎

2
𝑌,0 − 𝛼0𝜇𝜀,0 = 𝜎2

𝜀,0.

Since

�̂�(𝑐1,𝑐2 ) =
𝑛−1 ∑𝑛−1

𝑡=1 (𝑌𝑡 − 𝑌 ) (𝑌𝑡+1 − 𝑌 )
𝑛−1 ∑𝑛

𝑡=1(𝑌𝑡 − 𝑌 )2 + 𝑛−1(𝑐1 − 1) (𝑌1 − 𝑌 )2 + 𝑛−1(𝑐2 − 1) (𝑌𝑛 − 𝑌 )2

= �̂�𝑌𝑊 +𝑂 𝑝 (𝑛−1),

𝜇𝜀;(𝑐1,𝑐2 ) = (1 − �̂�𝑌𝑊 )𝑌 +𝑂 𝑝 (𝑛−1),

𝜎2
𝜀 ;(𝑐1,𝑐2 ) = (1 − �̂�2

𝑌𝑊 )�̂�(0) − �̂�𝑌𝑊 (1 − �̂�𝑌𝑊 )𝑌 +𝑂 𝑝 (𝑛−1),

the asymptotic normality of �̂� (𝑐1,𝑐2 ) is the same as that of �̂�𝑊 ; see the proof of Proposition 4.1(ii).

Similarly, by the strictly stationarity and ergodicity of {𝑌𝑡 }, we can show that

�̂�𝐶𝐿𝑆
𝑎.𝑠.−−−→

𝐸 (𝑌1𝑌2) − 𝜇2
𝑌,0

𝐸 (𝑌2
1 ) − 𝜇

2
𝑌,0

= 𝛼0 and 𝜇𝜀;𝐶𝐿𝑆
𝑎.𝑠.−−−→ 𝜇𝑌,0 − 𝛼0𝜇𝑌,0 = 𝜇𝜀,0,

hence,

𝜎2
𝜀 ;𝐶𝐿𝑆

𝑎.𝑠.−−−→ (1 − 𝛼2
0)𝜎

2
𝑌,0 − 𝛼0𝜇𝜀,0 = 𝜎2

𝜀,0.

Also, we know that

�̂�𝐶𝐿𝑆 = �̂�(1,0) +𝑂 𝑝 (𝑛−2),

𝜇𝜀;𝐶𝐿𝑆 =
𝑛𝑌 − 𝑌1
𝑛 − 1

− {�̂�(1,0) +𝑂 𝑝 (𝑛−2)}𝑛𝑌 − 𝑌𝑛
𝑛 − 1

= (1 − �̂�(1,0) )𝑌 +𝑂 𝑝 (𝑛−1),
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𝜎2
𝜀 ;𝐶𝐿𝑆 = (1 − �̂�2

(1,0) )�̂�(0) − �̂�(1,0) (1 − �̂�(1,0) )𝑌 +𝑂 𝑝 (𝑛−1).

The asymptotic normality of �̂�𝐶𝐿𝑆 is the same as that of �̂� (1,0) . □
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Chapter 5

Probabilistic and statistical properties of

ADCINAR(1) process

5.1 Introduction

A nonnegative integer-valued autoregressive process of the first-order (INAR(1)) was proposed by Al-Osh

and Alzaid (1987), based on the binomial thinning operator due to Steutel and van Harn (1979). Since

then, there has been huge basic and interesting works for statistical inference of time series count data

(see Weiß (2008,2018)).

On the other hand, considering that such a binomial thinning operator was defined through the

independent counting series, Nastić et al. (2017) (see also Ristić et al. (2013)) recently attempted

to change it into a dependent counting series and then introduced an alternative generalized binomial

thinning operator. In this way, they defined an alternative dependent counting nonnegative INAR process

of the first-order (ADCINAR(1)). However, to the best of our knowledge, higher autocumulant functions,

except for the autocovariance function, have not been discussed so far, for such an ADCINAR(1) process.

As an extension of Chapter 2, we derive, explicitly, the third and fourth autocumulant functions of the

stationary ADCINAR(1) process under a general innovation, together with the structure about arbitrary

higher autocumulant functions.

The rest of this chapter is organized as follows. Section 5.2 gives the definition and some useful

properties of the generalized binomial thinning operator. After the introduction of the ADCINAR(1)

process and its basic formulas of the moment, variance, and autocorrelation function at lag 𝑢(≥ 0),

Section 5.3 discusses higher autocumulant functions of the stationary ADCINAR(1) process. The

technical proofs of Propositions 5.1 and 5.2 are postponed to Section 5.4.
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5.2 Generalized binomial thinning operator

In Chapter 2, we introduced the binomial thinning operator 𝛼◦, which consists of independent counting

series. Although such a counting series is fundamental, an alternative dependent formulation will be

important for modelling the time series count data.

Given 0 ≤ 𝛼 ≤ 𝜗 ≤ 1(𝜗 ≠ 0), we construct a sequence of random variables {𝑆 𝑗 (𝛼, 𝜗)} such that

𝑆 𝑗 (𝛼, 𝜗) = 𝐵 𝑗 (𝜗)𝐵(𝛼/𝜗),

where {𝐵 𝑗 (𝜗)} is a sequence of independent and identically distributed (IID) Bernoulli random variables,

which is independent of 𝐵(𝛼/𝜗). An alternative generalized binomial thinning operator was recently

introduced by Nastić et al. (2017), as follows. Given a nonnegative integer-valued random variable 𝑌 , let

𝛼 ⋄𝜗 𝑌 =


0, 𝑌 = 0,
𝑌∑︁
𝑗=1
𝑆 𝑗 (𝛼, 𝜗), 𝑌 = 1, 2, . . .,

where {𝐵 𝑗 (𝜗)} and 𝐵(𝛼/𝜗) are independent of 𝑌 . Using

𝐵 𝑗 (𝜗)𝐵(𝛼/𝜗) =


0, with probability 1 − 𝛼

𝜗
,

𝐵 𝑗 (𝜗), with probability
𝛼

𝜗
,

the probability generating function (pgf) of 𝑆 𝑗 (𝛼, 𝜗) is given by

𝐸 [𝑢𝐵 𝑗 (𝜗)𝐵(𝛼/𝜗) ] = 1 − 𝛼

𝜗
+ 𝛼
𝜗
𝐸 [𝑢𝐵 𝑗 (𝜗) ] = 1 − 𝛼

𝜗
+ 𝛼
𝜗
(1 − 𝜗 + 𝜗𝑢) = 1 − 𝛼 + 𝛼𝑢,

so that 𝑆 𝑗 (𝛼, 𝜗) is distributed as the Bernoulli distribution Bin(1, 𝛼), whereas {𝑆 𝑗 (𝛼, 𝜗)} is, in general,

a dependent sequence, i.e., for 𝑖 ≠ 𝑗 ,

𝐸 [𝑆𝑖 (𝛼, 𝜗)𝑆 𝑗 (𝛼, 𝜗)] = 𝐸 [𝐵𝑖 (𝜗)]𝐸 [𝐵 𝑗 (𝜗)]𝐸 [𝐵2(𝛼/𝜗)] = 𝛼𝜗,

hence,

𝐶𝑜𝑣 [𝑆𝑖 (𝛼, 𝜗), 𝑆 𝑗 (𝛼, 𝜗)] = 𝛼(𝜗 − 𝛼).

The following basic results (Lemmas 5.1 and 5.2) of the generalized binomial thinning operation are

repeatedly used (Lemma 5.1 was shown by Nastić et al. (2017)).

Lemma 5.1. (i) For 0 < 𝛾 ≤ 1, 0 ⋄𝛾 𝑌 = 0 and 1 ⋄1 𝑌 = 𝑌 .
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(ii) The pgf of 𝛼 ⋄𝜗 𝑌 is given by

𝐸 [𝑢𝛼⋄𝜗𝑌 ] = 1 − 𝛼

𝜗
+ 𝛼
𝜗
𝐸 [(1 − 𝜗 + 𝜗𝑢)𝑌 ] .

(iii) For 0 ≤ 𝛽 ≤ 𝛾 ≤ 1(𝛾 ≠ 0) and 0 ≤ 𝛿 ≤ 𝜂 ≤ 1(𝜂 ≠ 0),

𝛿 ⋄𝜂 (𝛽 ⋄𝛾 𝑌 )
𝑑
= (𝛽𝛿) ⋄(𝛾𝜂) 𝑌

𝑑
= 𝛽 ⋄𝛾 (𝛿 ⋄𝜂 𝑌 ),

where 𝑑
= stands for equal in distribution (it is implicitly assumed that the operations 𝛽⋄𝛾 and 𝛿⋄𝜂 are

performed independently, which are independent of 𝑌 ).

Proof By definition, (i) is trivial. On the other hand, noting that

𝛼 ⋄𝜗 𝑌 =


0, with probability 1 − 𝛼

𝜗
,

𝜗 ◦ 𝑌, with probability
𝛼

𝜗
,

and that, given 𝑌, 𝜗 ◦ 𝑌 (= ∑𝑌
𝑗=1 𝐵 𝑗 (𝜗)) is distributed as the binomial distribution Bin(𝑌, 𝜗), (ii) follows

from

𝐸 [𝑢𝛼⋄𝜗𝑌 ] = 1 − 𝛼

𝜗
+ 𝛼
𝜗
𝐸 [𝑢𝜗◦𝑌 ] = 1 − 𝛼

𝜗
+ 𝛼
𝜗
𝐸 [(1 − 𝜗 + 𝜗𝑢)𝑌 ]

(use the law of total expectation). Then, (iii) is verified by means of the pgf

𝐸 [𝑢𝛿⋄𝜂 (𝛽⋄𝛾𝑌 ) ] = 1 − 𝛿

𝜂
+ 𝛿
𝜂
𝐸 [(1 − 𝜂 + 𝜂𝑢)𝛽⋄𝛾𝑌 ]

= 1 − 𝛿

𝜂
+ 𝛿
𝜂

[
1 − 𝛽

𝛾
+ 𝛽
𝛾
𝐸 [{1 − 𝛾 + 𝛾(1 − 𝜂 + 𝜂𝑢)}𝑌 ]

]
= 1 − 𝛿𝛽

𝜂𝛾
+ 𝛿𝛽
𝜂𝛾
𝐸 [(1 − 𝜂𝛾 + 𝜂𝛾𝑢)𝑌 ]

= 𝐸 [𝑢 (𝛿𝛽)⋄(𝜂𝛾)𝑌 ] . □

Let

𝑀ℓ (𝑥, 𝑝) =
ℓ∑︁
𝑖=1

𝑝𝑖−1𝑆(ℓ𝑖 )
𝑖∑︁
𝑗=1

𝑠(𝑖𝑗)𝑥 𝑗 =
ℓ∑︁
𝑗=1
𝑥 𝑗

ℓ∑︁
𝑖= 𝑗

𝑝𝑖−1𝑆(ℓ𝑖 )𝑠(𝑖𝑗)

be a polynomial of degree ℓ in 𝑥 (without constant term) for any 𝑝 ∈ [0, 1] and positive integer ℓ, where

𝑠(𝑖
𝑗
) and 𝑆(ℓ

𝑖
) are the Stirling numbers of the first and second kind, respectively; for these definitions,

see Olver et al. (2010; Section 26.8). Given 𝑌 ,
∑𝑌
𝑗=1 𝐵 𝑗 (𝜗) is distributed as the binomial distribution
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Bin(𝑌, 𝜗), so that, for any positive integer ℓ,

𝐸

[{ 𝑌∑︁
𝑗=1

𝐵 𝑗 (𝜗)
}ℓ
|𝑌
]
= 𝜗𝑀ℓ (𝑌, 𝜗) (e.g., Johnson et al. (2005)). (5.1)

Lemma 5.2. (i) For a function 𝐺 (e.g., we set 𝐺 (𝑌 ) ≡ 1 or 𝐺 (𝑌 ) = 𝑌 − 𝐸 (𝑌 )),

𝐸 [𝐺 (𝑌 ) (𝛼 ⋄𝜗 𝑌 )] = 𝛼𝐸 [𝐺 (𝑌 )𝑌 ],

𝐸 [𝐺 (𝑌 ) (𝛼 ⋄𝜗 𝑌 )2] = 𝛼
{
𝜗𝐸 [𝐺 (𝑌 )𝑌2] + (1 − 𝜗)𝐸 [𝐺 (𝑌 )𝑌 ]

}
,

𝐸 [𝐺 (𝑌 ) (𝛼 ⋄𝜗 𝑌 )3] = 𝛼
{
𝜗2𝐸 [𝐺 (𝑌 )𝑌3] + 3𝜗(1 − 𝜗)𝐸 [𝐺 (𝑌 )𝑌2] + (1 − 𝜗) (1 − 2𝜗)𝐸 [𝐺 (𝑌 )𝑌 ]

}
,

𝐸 [𝐺 (𝑌 ) (𝛼 ⋄𝜗 𝑌 )4] = 𝛼
{
𝜗3𝐸 [𝐺 (𝑌 )𝑌4] + 6𝜗2(1 − 𝜗)𝐸 [𝐺 (𝑌 )𝑌3]

+ 𝜗(1 − 𝜗) (7 − 11𝜗)𝐸 [𝐺 (𝑌 )𝑌2] + (1 − 𝜗) (1 − 6𝜗 + 6𝜗2)𝐸 [𝐺 (𝑌 )𝑌 ]
}

(it is implicitly assumed that the expectations in the right-hand side exist).

(ii) Also,

𝐸 [𝐺 (𝑌 ) (𝛼 ⋄𝜗 𝑌 − 𝛼𝐸 (𝑌 ))] = 𝛼𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))],

hence,

𝐶𝑜𝑣 [𝐺 (𝑌 ), 𝛼 ⋄𝜗 𝑌 ] = 𝛼𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]

(it is implicitly assumed that 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] exists).

(iii) Furthermore,

𝐸 [𝐺 (𝑌 ) (𝛼 ⋄𝜗 𝑌 − 𝛼𝐸 (𝑌 ))2]

= 𝛼𝜗𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 𝛼(1 − 𝜗)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
+ 𝛼(𝜗 − 𝛼)

{
2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 ) + 𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]2

}
,

𝐸 [𝐺 (𝑌 ) (𝛼 ⋄𝜗 𝑌 − 𝛼𝐸 (𝑌 ))3]

= 𝛼𝜗2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3] + 3𝛼𝜗(1 − 𝜗)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

}
+ 𝛼(1 − 𝜗) (1 − 2𝜗)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
+ 𝛼(𝜗 − 𝛼)

[
3𝜗𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 ) + 3(𝜗 − 𝛼)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] [𝐸 (𝑌 )]2

+ (𝜗 − 2𝛼)𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]3 + 3(1 − 𝜗)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]2

}]
,

𝐸 [𝐺 (𝑌 ) (𝛼 ⋄𝜗 𝑌 − 𝛼𝐸 (𝑌 ))4]

= 𝛼𝜗3𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))4] + 6𝛼𝜗2(1 − 𝜗)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )

}
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+ 𝛼𝜗(1 − 𝜗) (7 − 11𝜗)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + 2𝛼𝜗(1 − 𝜗) (5 − 7𝜗)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

+ 𝛼(1 − 𝜗) (1 − 6𝜗 + 6𝜗2)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
+ 3𝛼𝜗(1 − 𝜗)2𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]2

+ 𝛼(𝜗 − 𝛼)
{
4𝜗2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3]𝐸 (𝑌 ) + 12𝜗(1 − 𝜗)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )

+ 6𝜗(𝜗 − 𝛼)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] [𝐸 (𝑌 )]2 + 4𝜗(1 − 𝜗) (1 − 2𝜗)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

+ 6(1 − 𝜗) (3𝜗 − 𝛼)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] [𝐸 (𝑌 )]2 + 4(𝜗 − 𝛼)2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] [𝐸 (𝑌 )]3

+ 4(1 − 𝜗) (1 − 2𝜗)𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]2 + 6(1 − 𝜗) (𝜗 − 𝛼)𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]3

+ (𝜗2 − 3𝛼𝜗 + 3𝛼2)𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]4
}

(it is implicitly assumed that the expectations in the right-hand side exist).

Proof (i) For any positive integer ℓ,

𝐸

[{ 𝑌∑︁
𝑗=1
𝑆 𝑗 (𝛼, 𝜗)

}ℓ
|𝑌
]
= 𝐸 [𝐵ℓ (𝛼/𝜗)]𝐸

[{ 𝑌∑︁
𝑗=1

𝐵 𝑗 (𝜗)
}ℓ
|𝑌
]
= 𝛼𝑀ℓ (𝑌, 𝜗) (by (5.1)).

The result follows from 𝐸 [𝐺 (𝑌 ) (𝛼 ⋄𝜗 𝑌 )ℓ] = 𝐸 [𝐺 (𝑌 )𝐸 [(𝛼 ⋄𝜗 𝑌 )ℓ |𝑌 ]].

(ii)&(iii) Use (i) and the binomial theorem; (𝐴 + 𝐵)𝑚 =
∑𝑚
𝑖=0 𝑚𝐶𝑖𝐴

𝑚−𝑖𝐵𝑖 , 𝑚 = 1, 2, . . .. □

In addition to the moment of 𝛼 ⋄𝜗 𝑌 , the second, third, and fourth central moments (or cumulants) of

𝛼 ⋄𝜗 𝑌 are derived as direct consequences of Lemma 5.2(i,iii) with 𝐺 (𝑌 ) ≡ 1.

Corollary 5.1. (i) When 𝐸 (𝑌 ) exists, then,

𝐸 (𝛼 ⋄𝜗 𝑌 ) = 𝛼𝐸 (𝑌 ).

(ii) The 𝑗 th central moments of 𝛼 ⋄𝜗 𝑌 , 𝑗 = 2, 3, 4 (when 𝐸 (𝑌 𝑗) exists), are given by

𝐸 [(𝛼 ⋄𝜗 𝑌 − 𝛼𝐸 (𝑌 ))2] = 𝛼𝜗𝐸 [(𝑌 − 𝐸 (𝑌 ))2] + 𝛼(1 − 𝜗)𝐸 (𝑌 ) + 𝛼(𝜗 − 𝛼) [𝐸 (𝑌 )]2,

𝐸 [(𝛼 ⋄𝜗 𝑌 − 𝛼𝐸 (𝑌 ))3] = 𝛼𝜗2𝐸 [(𝑌 − 𝐸 (𝑌 ))3] + 3𝛼𝜗(1 − 𝜗)𝐸 [(𝑌 − 𝐸 (𝑌 ))2] + 𝛼(1 − 𝜗) (1 − 2𝜗)𝐸 (𝑌 )

+ 𝛼(𝜗 − 𝛼)
{
3𝜗𝐸 [(𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 ) + 3(1 − 𝜗) [𝐸 (𝑌 )]2 + (𝜗 − 2𝛼) [𝐸 (𝑌 )]3

}
,

𝐸 [(𝛼 ⋄𝜗 𝑌 − 𝛼𝐸 (𝑌 ))4] = 𝛼𝜗3𝐸 [(𝑌 − 𝐸 (𝑌 ))4] + 6𝛼𝜗2(1 − 𝜗)
{
𝐸 [(𝑌 − 𝐸 (𝑌 ))3] + 𝐸 [(𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )

}
+ 𝛼𝜗(1 − 𝜗) (7 − 11𝜗)𝐸 [(𝑌 − 𝐸 (𝑌 ))2] + 3𝛼𝜗(1 − 𝜗)2 [𝐸 (𝑌 )]2

+ 𝛼(1 − 𝜗) (1 − 6𝜗 + 6𝜗2)𝐸 (𝑌 )

+ 𝛼(𝜗 − 𝛼)
{
4𝜗2𝐸 [(𝑌 − 𝐸 (𝑌 ))3]𝐸 (𝑌 ) + 12𝜗(1 − 𝜗)𝐸 [(𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )

+ 6𝜗(𝜗 − 𝛼)𝐸 [(𝑌 − 𝐸 (𝑌 ))2] [𝐸 (𝑌 )]2 + 4(1 − 𝜗) (1 − 2𝜗) [𝐸 (𝑌 )]2

+ 6(1 − 𝜗) (𝜗 − 𝛼) [𝐸 (𝑌 )]3 + (𝜗2 − 3𝛼𝜗 + 3𝛼2) [𝐸 (𝑌 )]4
}
.
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Recall that, for a random variable 𝑋 with finite fourth moment,

𝑉 (𝑋) = 𝐸 [(𝑋 − 𝐸 (𝑋))2] (note that 𝐶𝑢𝑚2(𝑋) = 𝑉 (𝑋)),

𝐶𝑢𝑚3(𝑋) = 𝐸 [(𝑋 − 𝐸 (𝑋))3],

𝐶𝑢𝑚4(𝑋) = 𝐸 [(𝑋 − 𝐸 (𝑋))4] − 3[𝑉 (𝑋)]2.

Here, instead of writing 𝐶𝑢𝑚(𝑋, . . . , 𝑋︸    ︷︷    ︸
𝑗 times

), we use the notation 𝐶𝑢𝑚 𝑗 (𝑋) for the 𝑗 th cumulant, where

𝑗 = 2, 3, . . ..

Corollary 5.2. The 𝑗 th cumulants of 𝛼 ⋄𝜗 𝑌 , 𝑗 = 2, 3, 4 (when 𝐸 (𝑌 𝑗) exists), are given by

𝑉 (𝛼 ⋄𝜗 𝑌 ) = 𝛼𝜗𝑉 (𝑌 ) + 𝛼(1 − 𝜗)𝐸 (𝑌 ) + 𝛼(𝜗 − 𝛼) [𝐸 (𝑌 )]2,

𝐶𝑢𝑚3(𝛼 ⋄𝜗 𝑌 ) = 𝛼𝜗2𝐶𝑢𝑚3(𝑌 ) + 3𝛼𝜗(1 − 𝜗)𝑉 (𝑌 ) + 𝛼(1 − 𝜗) (1 − 2𝜗)𝐸 (𝑌 )

+ 𝛼(𝜗 − 𝛼)
{
3𝜗𝑉 (𝑌 )𝐸 (𝑌 ) + 3(1 − 𝜗) [𝐸 (𝑌 )]2 + (𝜗 − 2𝛼) [𝐸 (𝑌 )]3

}
,

𝐶𝑢𝑚4(𝛼 ⋄𝜗 𝑌 ) = 𝛼𝜗3𝐶𝑢𝑚4(𝑌 ) + 6𝛼𝜗2(1 − 𝜗)𝐶𝑢𝑚3(𝑌 ) + 𝛼𝜗(1 − 𝜗) (7 − 11𝜗)𝑉 (𝑌 )

+ 𝛼(1 − 𝜗) (1 − 6𝜗 + 6𝜗2)𝐸 (𝑌 )

+ 𝛼(𝜗 − 𝛼)
{
4𝜗2𝐶𝑢𝑚3(𝑌 )𝐸 (𝑌 ) + 3𝜗2 [𝑉 (𝑌 )]2 + 18𝜗(1 − 𝜗)𝑉 (𝑌 )𝐸 (𝑌 )

+ 6𝜗(𝜗 − 2𝛼)𝑉 (𝑌 ) [𝐸 (𝑌 )]2 + (1 − 𝜗) (7 − 11𝜗) [𝐸 (𝑌 )]2

+ 6(1 − 𝜗) (𝜗 − 2𝛼) [𝐸 (𝑌 )]3 + (𝜗2 − 6𝛼𝜗 + 6𝛼2) [𝐸 (𝑌 )]4
}
.

We further prepare the following lemmas.

Lemma 5.3. For 0 ≤ 𝛽 ≤ 𝛾 ≤ 1(𝛾 ≠ 0), 0 ≤ 𝛿 ≤ 𝜂 ≤ 1(𝜂 ≠ 0), and 0 ≤ 𝜄 ≤ 𝜅 ≤ 1(𝜅 ≠ 0),

𝐸 [𝐺 (𝑌 ) (𝛽 ⋄𝛾 𝑌 − 𝛽𝐸 (𝑌 )) (𝛿 ⋄𝜂 (𝛽 ⋄𝛾 𝑌 ) − 𝛿𝛽𝐸 (𝑌 ))]

= 𝛿𝛽

[
𝛾𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2] + (1 − 𝛾)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] + 𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )

}
+ (𝛾 − 𝛽)

{
2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 ) + 𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]2

}]
, (5.2)

𝐸 [𝐺 (𝑌 ) (𝛽 ⋄𝛾 𝑌 − 𝛽𝐸 (𝑌 )) (𝛿 ⋄𝜂 (𝛽 ⋄𝛾 𝑌 ) − 𝛿𝛽𝐸 (𝑌 )) (𝜄 ⋄𝜅 (𝛿 ⋄𝜂 (𝛽 ⋄𝛾 𝑌 )) − 𝜄𝛿𝛽𝐸 (𝑌 ))]

= 𝜄𝛿𝛽

{
𝜂𝛾2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))3] + 𝛾(1 + 2𝜂 − 3𝜂𝛾)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]

+ 𝛾(3𝜂𝛾 − 𝜂𝛽 − 2𝛿𝛽)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))2]𝐸 (𝑌 )

+ (1 + 𝜂𝛾 − 3𝜂𝛽 − 𝛾 − 𝜂𝛾2 + 3𝜂𝛽𝛾)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]

+ (2𝛾 − 𝛽 + 3𝜂𝛽 − 2𝛿𝛽 + 𝜂𝛾 + 2𝛿𝛾𝛽 − 2𝜂𝛾𝛽 − 3𝜂𝛾2)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))]𝐸 (𝑌 )

+ (3𝜂𝛾2 − 4𝛿𝛾𝛽 − 2𝜂𝛽𝛾 + 3𝛿𝛽2)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝐸 (𝑌 ))] [𝐸 (𝑌 )]2

+ (1 − 𝛾 − 2𝜂𝛾 + 2𝜂𝛾2)𝐸 [𝐺 (𝑌 )]𝐸 (𝑌 )
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+ (𝛾 − 𝛽 + 2𝜂𝛾 − 2𝛿𝛽 + 𝜂𝛾𝛽 + 2𝛿𝛾𝛽 − 3𝜂𝛾2)𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]2

+ (𝜂𝛾2 − 𝜂𝛾𝛽 + 2𝛿𝛽2 − 2𝛿𝛽𝛾)𝐸 [𝐺 (𝑌 )] [𝐸 (𝑌 )]3
}

(5.3)

(it is implicitly assumed that the operations 𝛽⋄𝛾 , 𝛿⋄𝜂 , and 𝜄⋄𝜅 are performed mutually independently,

which are independent of 𝑌 , and that the expectations in the right-hand side exist).

Proof In this proof, let 𝜇 = 𝐸 (𝑌 ). We can easily prove (5.2) via the conditional expectation (given 𝑌 and

all operations from 𝛽⋄𝛾), i.e.,

𝐸 [𝐺 (𝑌 ) (𝛽 ⋄𝛾 𝑌 − 𝛽𝜇) (𝛿 ⋄𝜂 (𝛽 ⋄𝛾 𝑌 ) − 𝛿𝛽𝜇)]

= 𝛿𝐸 [𝐺 (𝑌 ) (𝛽 ⋄𝛾 𝑌 − 𝛽𝜇)2]

= 𝛿

[
𝛽𝛾𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)2] + 𝛽(1 − 𝛾)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)] + 𝐸 [𝐺 (𝑌 )]𝜇

}
+ 𝛽(𝛾 − 𝛽)

{
2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)]𝜇 + 𝐸 [𝐺 (𝑌 )]𝜇2

}]
(by Lemma 5.2(iii)).

Similarly, to prove (5.3), we use the law of total expectation after taking the conditional expectation (given

𝑌 and all operations from 𝛽⋄𝛾; note that 𝐸 (𝛽 ⋄𝛾 𝑌 ) = 𝛽𝜇), in relation to (5.2) with (𝛽, 𝛾, 𝛿, 𝜂) replaced

by (𝛿, 𝜂, 𝜄, 𝜅). In this way, we obtain, after some tedious algebra,

𝐸 [𝐺 (𝑌 ) (𝛽 ⋄𝛾 𝑌 − 𝛽𝜇) (𝛿 ⋄𝜂 (𝛽 ⋄𝛾 𝑌 ) − 𝛿𝛽𝜇) (𝜄 ⋄𝜅 (𝛿 ⋄𝜂 (𝛽 ⋄𝛾 𝑌 )) − 𝜄𝛿𝛽𝜇)]

= 𝜄𝛿

[
𝜂𝐸 [𝐺 (𝑌 ) (𝛽 ⋄𝛾 𝑌 − 𝛽𝜇)3] + (1 − 𝜂)

{
𝐸 [𝐺 (𝑌 ) (𝛽 ⋄𝛾 𝑌 − 𝛽𝜇)2] + 𝐸 [𝐺 (𝑌 ) (𝛽 ⋄𝛾 𝑌 − 𝛽𝜇)] (𝛽𝜇)

}
+ (𝜂 − 𝛿)

{
2𝐸 [𝐺 (𝑌 ) (𝛽 ⋄𝛾 𝑌 − 𝛽𝜇)2] (𝛽𝜇) + 𝐸 [𝐺 (𝑌 ) (𝛽 ⋄𝛾 𝑌 − 𝛽𝜇)] (𝛽𝜇)2

}]
= 𝜄𝛿𝜂

[
𝛽𝛾2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)3] + 3𝛽𝛾(1 − 𝛾)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)2] + 𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)]𝜇

}
+ 𝛽(1 − 𝛾) (1 − 2𝛾)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)] + 𝐸 [𝐺 (𝑌 )]𝜇

}
+ 3𝛽𝛾(𝛾 − 𝛽)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)2]𝜇 + 3𝛽(𝛾 − 𝛽)2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)]𝜇2

+ 𝛽(𝛾 − 𝛽) (𝛾 − 2𝛽)𝐸 [𝐺 (𝑌 )]𝜇3 + 3𝛽(1 − 𝛾) (𝛾 − 𝛽)
{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)] + 𝐸 [𝐺 (𝑌 )]𝜇2

}]
+ 𝜄𝛿(1 − 𝜂)

[
𝛽𝛾𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)2] + 𝛽(1 − 𝛾)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)] + 𝐸 [𝐺 (𝑌 )]𝜇

}
+ 𝛽(𝛾 − 𝛽)

{
2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)]𝜇 + 𝐸 [𝐺 (𝑌 )]𝜇2

}]
+ 𝜄𝛿𝛽2(1 − 𝜂)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)]𝜇

+ 2𝜄𝛿𝛽(𝜂 − 𝛿)
[
𝛽𝛾𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)2] + 𝛽(1 − 𝛾)

{
𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)] + 𝐸 [𝐺 (𝑌 )]𝜇

}
+ 𝛽(𝛾 − 𝛽)

{
2𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)]𝜇 + 𝐸 [𝐺 (𝑌 )]𝜇2

}]
𝜇

+ 𝜄𝛿𝛽3(𝜂 − 𝛿)𝐸 [𝐺 (𝑌 ) (𝑌 − 𝜇)]𝜇2 (by Lemma 5.2(ii,iii)). □

We use the notation ′(𝑠) in such way that ′(0) stands for “without prime”, ′(1) stands for prime, ′(2)

stands for double prime, and so on. By definition, given 0 ≤ 𝛽 ≤ 𝛾 ≤ 1(𝛾 ≠ 0), for any positive integer
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𝑚 and nonnegative integer-valued random variables 𝑋, 𝑋 ′(1) , . . . , 𝑋 ′(𝑚) , it should be indicated explicitly

that

𝛽 ⋄𝛾
(
𝑋 +

𝑚∑︁
𝑖=1

𝑋 ′(𝑖)
)
=

𝑋∑︁
𝑗=1

𝐵 𝑗 (𝛾)𝐵(𝛽/𝛾) +
𝑚∑︁
𝑖=1

𝑋′(𝑖)∑︁
𝑗=1

𝐵
′(𝑖)
𝑗

(𝛾)𝐵(𝛽/𝛾)

= 𝛽 ⋄𝛾 𝑋 +
𝑚∑︁
𝑖=1

𝛽 ⋄′(𝑖)𝛾 𝑋 ′(𝑖) (say),

where 𝐵′(𝑖)
𝑗

(𝛾)’s are independent copies of 𝐵1(𝛾). Similarly to (5.1), it is easy to see that, for any positive

integers ℓ′(0) , . . . , ℓ′(𝑚) (here, 𝑚 = 0 is allowed),

𝐸

[ 𝑚∏
𝑗=0

(𝛽 ⋄′( 𝑗 )𝛾 𝑋 ′( 𝑗 ) )ℓ′( 𝑗) |𝑋 ′(0) , . . . , 𝑋 ′(𝑚)
]
= 𝛽𝛾𝑚

𝑚∏
𝑗=0

𝑀ℓ′( 𝑗) (𝑋 ′( 𝑗 ) , 𝛾). (5.4)

Lemma 5.4. Suppose that nonnegative integer-valued random variables 𝑋 , 𝑋 ′, and 𝑋 ′′ are not necessarily

independent. For 0 ≤ 𝛽 ≤ 𝛾 ≤ 1(𝛾 ≠ 0), assume that the operations 𝛽⋄𝛾 , 𝛽⋄′𝛾 , and 𝛽⋄′′𝛾 are independent

of (𝑋, 𝑋 ′, 𝑋 ′′), in which the same Bernoulli random variable 𝐵(𝛽/𝛾) is used for 𝛽⋄𝛾 , 𝛽⋄′𝛾 , and 𝛽⋄′′𝛾 ,

whereas an IID Bernoulli sequence {𝐵𝑖 (𝛾)} for 𝛽⋄𝛾 , an IID Bernoulli sequence {𝐵′
𝑖
(𝛾)} for 𝛽⋄′𝛾 , and an

IID Bernoulli sequence {𝐵′′
𝑖
(𝛾)} for 𝛽⋄′′𝛾 are mutually independent. Then, in addition to

𝐸 (𝛽 ⋄𝛾 𝑋 |𝑋) = 𝛽𝑋, (5.5)

𝐸 [(𝛽 ⋄𝛾 𝑋) (𝛽 ⋄′𝛾 𝑌 ) |𝑋,𝑌 ] = 𝛽𝛾𝑋𝑌, (5.6)

𝐸 [(𝛽 ⋄𝛾 𝑋) (𝛽 ⋄′𝛾 𝑌 ) (𝛽 ⋄′′𝛾 𝑍) |𝑋,𝑌, 𝑍] = 𝛽𝛾2𝑋𝑌𝑍, (5.7)

the following hold.

(𝑖) 𝐶𝑜𝑣(𝛽 ⋄𝛾 𝑋, 𝛽 ⋄′𝛾 𝑌 |𝑋,𝑌 ) = 𝛽(𝛾 − 𝛽)𝑋𝑌.

(𝑖𝑖) 𝑉 (𝛽 ⋄𝛾 𝑋 |𝑋) = 𝛽{(𝛾 − 𝛽)𝑋2 + (1 − 𝛾)𝑋}.

(𝑖𝑖𝑖) 𝐶𝑢𝑚(𝛽 ⋄𝛾 𝑋, 𝛽 ⋄𝛾 𝑋, 𝛽 ⋄′𝛾 𝑌 |𝑋,𝑌 ) = 𝛽(𝛾 − 𝛽){(𝛾 − 2𝛽)𝑋2𝑌 + (1 − 𝛾)𝑋𝑌 }.

(𝑖𝑣) 𝐶𝑢𝑚(𝛽 ⋄𝛾 𝑋, 𝛽 ⋄′𝛾 𝑌, 𝛽 ⋄′′𝛾 𝑍 |𝑋,𝑌, 𝑍) = 𝛽(𝛾 − 𝛽) (𝛾 − 2𝛽)𝑋𝑌𝑍.

(𝑣) 𝐶𝑜𝑣 [(𝛽 ⋄𝛾 𝑋)2, 𝛽 ⋄′𝛾 𝑌 |𝑋,𝑌 ] = 𝛽(𝛾 − 𝛽){𝛾𝑋2𝑌 + (1 − 𝛾)𝑋𝑌 }.

(𝑣𝑖) 𝐶𝑜𝑣 [(𝛽 ⋄𝛾 𝑋) (𝛽 ⋄′𝛾 𝑌 ), 𝛽 ⋄𝛾 𝑋 |𝑋,𝑌 ] = 𝛽𝛾{(𝛾 − 𝛽)𝑋2𝑌 + (1 − 𝛾)𝑋𝑌 }.

(𝑣𝑖𝑖) 𝐶𝑜𝑣 [(𝛽 ⋄𝛾 𝑋) (𝛽 ⋄′𝛾 𝑌 ), 𝛽 ⋄′′𝛾 𝑍 |𝑋,𝑌, 𝑍] = 𝛽𝛾(𝛾 − 𝛽)𝑋𝑌𝑍.

Proof Using (5.4), (i)–(iv) follow from

𝐶𝑜𝑣(𝐻1, 𝐻2 |∗) = 𝐸 (𝐻1𝐻2 |∗) − 𝐸 (𝐻1 |∗)𝐸 (𝐻2 |∗),

69



𝐶𝑢𝑚(𝐻1, 𝐻2, 𝐻3 |∗) = 𝐸
( 3∏
𝑖=1

𝐻𝑖 | ∗
)
− 𝐸 (𝐻1𝐻2 |∗)𝐸 (𝐻3 |∗)⟨3⟩ + 2

3∏
𝑖=1

𝐸 (𝐻𝑖 |∗)

(hereafter, ⟨𝑁⟩ means that there are similar 𝑁 terms obtained under index permutation).

On the other hand, (v)–(vii) are direct consequences of (i)–(vi), since

𝐶𝑜𝑣 [(𝛽 ⋄𝛾 𝑋)2, 𝛽 ⋄′𝛾 𝑌 |𝑋,𝑌 ] = 𝐶𝑢𝑚(𝛽 ⋄𝛾 𝑋, 𝛽 ⋄𝛾 𝑋, 𝛽 ⋄′𝛾 𝑌 |𝑋,𝑌 )

+ 2𝐶𝑜𝑣(𝛽 ⋄𝛾 𝑋, 𝛽 ⋄′𝛾 𝑌 |𝑋,𝑌 )𝐸 (𝛽 ⋄𝛾 𝑋 |𝑋,𝑌 ),

𝐶𝑜𝑣 [(𝛽 ⋄𝛾 𝑋) (𝛽 ⋄′𝛾 𝑌 ), 𝛽 ⋄𝛾 𝑋 |𝑋,𝑌 ] = 𝐶𝑢𝑚(𝛽 ⋄𝛾 𝑋, 𝛽 ⋄𝛾 𝑋, 𝛽 ⋄′𝛾 𝑌 |𝑋,𝑌 )

+𝑉 (𝛽 ⋄𝛾 𝑋 |𝑋,𝑌 )𝐸 (𝛽 ⋄′𝛾 𝑌 |𝑋,𝑌 )

+ 𝐶𝑜𝑣(𝛽 ⋄𝛾 𝑋, 𝛽 ⋄′𝛾 𝑌 |𝑋,𝑌 )𝐸 (𝛽 ⋄𝛾 𝑋 |𝑋,𝑌 ),

𝐶𝑜𝑣 [(𝛽 ⋄𝛾 𝑋) (𝛽 ⋄′𝛾 𝑌 ), 𝛽 ⋄′′𝛾 𝑍 |𝑋,𝑌, 𝑍] = 𝐶𝑢𝑚(𝛽 ⋄𝛾 𝑋, 𝛽 ⋄′𝛾 𝑌, 𝛽 ⋄′′𝛾 𝑍 |𝑋,𝑌, 𝑍)

+ 𝐶𝑜𝑣(𝛽 ⋄𝛾 𝑋, 𝛽 ⋄′′𝛾 𝑍 |𝑋,𝑌, 𝑍)𝐸 (𝛽 ⋄′𝛾 𝑌 |𝑋,𝑌, 𝑍)

+ 𝐶𝑜𝑣(𝛽 ⋄′𝛾 𝑌, 𝛽 ⋄′′𝛾 𝑍 |𝑋,𝑌, 𝑍)𝐸 (𝛽 ⋄𝛾 𝑋 |𝑋,𝑌, 𝑍). □

5.3 ADCINAR(1) process and higher autocumulant functions

Nastić et al. (2017) defined the ADCINAR(1) process, as follows:

𝑌𝑡 = 𝛼 ⋄𝜗 𝑌𝑡−1 + 𝜀𝑡 , 𝑡 = 0,±1, . . . , (5.8)

where 𝛼⋄𝜗 is an alternative generalized binomial thinning operator with 0 ≤ 𝛼 ≤ 𝜗 < 1(𝜗 ≠ 1), and

{𝜀𝑡 }, referred to as an innovation, is a sequence of IID nonnegative integer-valued random variables, such

that 𝜀𝑡 and 𝑌𝑡−𝑖 are independent for all integer 𝑡 and positive integer 𝑖 (it is implicitly assumed that the

operations 𝛼⋄𝜗 at different times are performed mutually independently, which are also independent of

{𝑌𝑡 } and {𝜀𝑡 }). Given a recursive definition (5.8), Lemma 5.1(iii) enables us to see that, for any positive

integer ℎ,

𝑌𝑡+ℎ
𝑑
= 𝛼ℎ ⋄𝜗ℎ 𝑌𝑡 +

ℎ−1∑︁
𝑖=0

𝛼𝑖 ⋄𝜗𝑖 𝜀𝑡+ℎ−𝑖 , (5.9)

where 𝑌𝑡 is independent of
∑ℎ−1
𝑖=0 𝛼

𝑖 ⋄𝜗𝑖 𝜀𝑡+ℎ−𝑖 . In what follows, the mean, variance, 𝑗 th cumulant, and

𝑗 th raw moment of 𝜀𝑡 are denoted by 𝜇𝜀 = 𝐸 (𝜀𝑡 ), 𝜎2
𝜀 = 𝑉 (𝜀𝑡 ), 𝜅 𝑗 , 𝜀 = 𝐶𝑢𝑚 𝑗 (𝜀𝑡 ), and 𝜇′

𝑗 , 𝜀
= 𝐸 (𝜀 𝑗𝑡 ),

respectively. Also, 𝐼𝑆 stands for the indicator of the set 𝑆.

We emphasize that, throughout this thesis, except for some simulation experiments, we do not assume

the distributional form about the innovation {𝜀𝑡 }. In this sense, we treat (5.8) to be semi-parametric.

As mentioned in Nastić et al. (2017), the ADCINAR(1) process {𝑌𝑡 } is strictly stationary and ergodic
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when 0 ≤ 𝛼 ≤ 𝜗 < 1(𝜗 ≠ 0), whose mean 𝜇𝑌 and variance 𝜎2
𝑌

are given by

𝜇𝑌 =
𝜇𝜀

1 − 𝛼 and 𝜎2
𝑌 =

𝜎2
𝜀 + 𝛼𝜇𝜀 + 𝛼(𝜗 − 𝛼)Δ(𝛼, 𝜇𝜀)

1 − 𝛼𝜗 , (5.10)

respectively, where

Δ(𝛼, 𝜇𝜀) = − 𝜇𝜀

1 − 𝛼 +
( 𝜇𝜀

1 − 𝛼

)2
,

since

𝐸 (𝑌𝑡 ) = 𝐸 (𝛼 ⋄𝜗 𝑌𝑡−1) + 𝐸 (𝜀𝑡 ) = 𝛼𝐸 (𝑌𝑡−1) + 𝜇𝜀

(use Corollary 5.1(i)) and, by independence between 𝛼 ⋄𝜗 𝑌𝑡−1 and 𝜀𝑡 ,

𝑉 (𝑌𝑡 ) = 𝑉 (𝛼 ⋄𝜗 𝑌𝑡−1) +𝑉 (𝜀𝑡 )

= 𝛼𝜗𝑉 (𝑌𝑡−1) + 𝛼(1 − 𝜗)𝐸 (𝑌𝑡−1) + 𝛼(𝜗 − 𝛼) [𝐸 (𝑌𝑡−1)]2 + 𝜎2
𝜀

(use Corollary 5.2). Here, when 𝜇𝜀 exists, 𝜇𝑌 exists; when 𝜇′2, 𝜀 exists (in this case, 𝜇𝜀 and 𝜎2
𝜀 exist), 𝜎2

𝑌

exists. Further, using (5.9) and Lemma 5.2(ii), the autocovariance function at lag 𝑢 ≥ 0 of the stationary

ADCINAR(1) process {𝑌𝑡 } is given by

𝐶𝑜𝑣(𝑌𝑡 , 𝑌𝑡+𝑢) = 𝐶𝑜𝑣
(
𝑌𝑡 , 𝛼

𝑢 ⋄𝜗𝑢 𝑌𝑡 + 𝐼{𝑢>0}

𝑢−1∑︁
𝑖=0

𝛼𝑖 ⋄𝜗𝑖 𝜀𝑡+𝑢−𝑖
)

= 𝐶𝑜𝑣(𝑌𝑡 , 𝛼𝑢 ⋄𝜗𝑢 𝑌𝑡 ) = 𝛼𝑢𝜎2
𝑌 , (5.11)

hence, the autocorrelation function at lag 𝑢(≥ 0) of the stationary ADCINAR(1) process {𝑌𝑡 } is given by

𝛼𝑢, as in the usual stationary autoregressive process of the first-order (e.g., Brockwell and Davis (1987)).

Similarly, it is possible to compute the third and fourth cumulants of 𝑌𝑡 (denoted by 𝜅 𝑗 ,𝑌 ), as follows.

Noting that

𝐶𝑢𝑚 𝑗 (𝑌𝑡 ) = 𝐶𝑢𝑚 𝑗 (𝛼 ⋄𝜗 𝑌𝑡−1) + 𝐶𝑢𝑚 𝑗 (𝜀𝑡 )

by independence between 𝛼 ⋄𝜗 𝑌𝑡−1 and 𝜀𝑡 , and using Corollary 5.2, together with strictly stationarity of

{𝑌𝑡 }, we obtain

𝜅3,𝑌 =
1

1 − 𝛼𝜗2

[
𝜅3, 𝜀 + 3𝛼𝜗(1 − 𝜗)𝜎2

𝑌 + 𝛼(1 − 𝜗) (1 − 2𝜗)𝜇𝑌

+ 𝛼(𝜗 − 𝛼)
{
3𝜗𝜇𝑌𝜎2

𝑌 + 3(1 − 𝜗)𝜇2
𝑌 + (𝜗 − 2𝛼)𝜇3

𝑌

}]
, (5.12)

𝜅4,𝑌 =
1

1 − 𝛼𝜗3

[
𝜅4, 𝜀 + 6𝛼𝜗2(1 − 𝜗)𝜅3,𝑌 + 𝛼𝜗(1 − 𝜗) (7 − 11𝜗)𝜎2

𝑌
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+ 𝛼(1 − 𝜗) (1 − 6𝜗 + 6𝜗2)𝜇𝑌

+ 𝛼(𝜗 − 𝛼)
{
4𝜗2𝜇𝑌 𝜅3,𝑌 + 3𝜗2𝜎4

𝑌 + 18𝜗(1 − 𝜗)𝜇𝑌𝜎2
𝑌

+ 6𝜗(𝜗 − 2𝛼)𝜇2
𝑌𝜎

2
𝑌 + (1 − 𝜗) (7 − 11𝜗)𝜇2

𝑌

+ 6(1 − 𝜗) (𝜗 − 2𝛼)𝜇3
𝑌 + (𝜗2 − 6𝛼𝜗 + 6𝛼2)𝜇4

𝑌

}]
. (5.13)

It is worth noting that, if 𝜇′
𝐽,𝜀

exists for 𝐽 ≥ 3 (in this case, 𝜇𝜀 , 𝜎2
𝜀 , and 𝜅 𝑗 , 𝜀 , 𝑗 = 3, . . . , 𝐽, exist), then,

𝜅 𝑗 ,𝑌 exists for 𝑗 = 3, . . . , 𝐽.

Remark 5.1. (i) By similar computations of the (unconditional) expectations given in Section 5.2, we

see that

𝐸 (𝛼 ⋄𝜗 𝑌 |𝑌 ) = 𝛼𝑌 and 𝐸 [(𝛼 ⋄𝜗 𝑌 )2 |𝑌 ] = 𝛼{𝜗𝑌2 + (1 − 𝜗)𝑌 },

hence,

𝐸 [(𝛼 ⋄𝜗 𝑌 − 𝛼𝑌 )2 |𝑌 ] = 𝛼{(𝜗 − 𝛼)𝑌2 + (1 − 𝜗)𝑌 }.

For the stationary ADCINAR(1) process {𝑌𝑡 } (see (5.8)), we have

𝐸 (𝑌𝑡 |𝑌𝑡−1) = 𝛼𝑌𝑡−1 + 𝜇𝜀 ,

𝐸 [(𝑌𝑡 − 𝛼𝑌𝑡−1 − 𝜇𝜀)2 |𝑌𝑡−1] = 𝐸 [(𝛼 ⋄𝜗 𝑌𝑡−1 − 𝛼𝑌𝑡−1)2 |𝑌𝑡−1] + 𝐸 [(𝜀𝑡 − 𝜇𝜀)2 |𝑌𝑡−1]

= 𝛼(𝜗 − 𝛼)𝑌2
𝑡−1 + 𝛼(1 − 𝜗)𝑌𝑡−1 + 𝜎2

𝜀 .

(ii) If 𝜗 = 𝛼(∈ (0, 1]), the operator 𝛼⋄𝜗 under consideration reduces to the binomial thinning

operator 𝛼 ◦𝑌, which means that the INAR(1) process given by 𝑌𝑡 = 𝛼 ◦𝑌𝑡−1 + 𝜀𝑡 is a special case of the

ADCINAR(1) process. The expressions of 𝜇𝑌 , 𝜎2
𝑌

, and 𝜅 𝑗 ,𝑌 , 𝑗 = 3, 4 (see (5.10), (5.12), and (5.13)) are

extensions of those in Chapter 2.

For asymptotic theory of the stationary time series, the autocumulant functions (equivalently, the

central automoment functions) are fundamental. Recall that, given a stationary process {𝑋𝑡 } with mean

𝜇𝑋, the (𝑟 + 1)th central automoment function (if it exists), where 𝑟 is a positive integer, is defined by

𝜇𝑋 (𝑢1, . . . , 𝑢𝑟 ) = 𝐸
[
(𝑋𝑡 − 𝜇𝑋)

𝑟∏
𝑖=1

(𝑋𝑡+𝑢𝑖 − 𝜇𝑋)
]

for nonnegative integers 𝑢𝑟 ≥ · · · ≥ 𝑢1 ≥ 0. The second central automoment function is nothing

but the autocovariance function 𝛾𝑋 (·) and the third central automoment function is equal to the third
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autocumulant function 𝛾𝑋 (·, ·), i.e.,

𝛾𝑋 (𝑢1) = 𝜇𝑋 (𝑢1) and 𝛾𝑋 (𝑢1, 𝑢2) = 𝜇𝑋 (𝑢1, 𝑢2).

Further, the fourth autocumulant function 𝛾𝑋 (·, ·, ·) is given by

𝛾𝑋 (𝑢1, 𝑢2, 𝑢3) = 𝜇𝑋 (𝑢1, 𝑢2, 𝑢3) − 𝛾𝑋 (𝑢1)𝛾𝑋 (𝑢3 − 𝑢2) − 𝛾𝑋 (𝑢2)𝛾𝑋 (𝑢3 − 𝑢1) − 𝛾𝑋 (𝑢3)𝛾𝑋 (𝑢2 − 𝑢1).

The following result is an extension of Proposition 2.1 to the ADCINAR(1) case.

Proposition 5.1. In addition to the autocovariance function 𝛾𝑌 (𝑢) = 𝛼𝑢𝜎2
𝑌

(see (5.11)), the third and

fourth autocumulant functions of the stationary ADCINAR(1) process {𝑌𝑡 } are, respectively, given by, for

nonnegative integers 𝑤 ≥ 𝑣 ≥ 𝑢 ≥ 0,

𝛾𝑌 (𝑢, 𝑣) = 𝛼𝑣𝜗𝑢𝑄2:3,𝑌 + 𝛼𝑣𝜎2
𝑌 + 2𝛼𝑣

[
𝜗𝑢 − 𝛼𝑢 + (1 − 𝛼)

(𝜗 − 𝜗𝑢
1 − 𝜗 − 𝛼 − 𝛼𝑢

1 − 𝛼

)]
𝜎2
𝑌 𝜇𝑌 , (5.14)

𝛾𝑌 (𝑢, 𝑣, 𝑤) = 𝛼𝑤𝜗𝑢+𝑣𝑄2:4,𝑌 + 𝛼𝑤 (𝜗𝑢 + 2𝜗𝑣)𝑄2:3,𝑌 + 𝛼𝑤𝜎2
𝑌

+ 𝛼𝑤
[{
(𝜗𝑢 − 𝛼𝑢)𝜗𝑣 + 2𝜗𝑢 (𝜗𝑣 − 𝛼𝑣)

}
(𝑄2:3,𝑌 𝜇𝑌 + 𝜎4

𝑌 )

+
{
(𝜗𝑢 − 𝛼𝑢) (2 + 𝜗𝑣−𝑢) + 2𝛼𝑢 (2 − 𝜗𝑢) (𝜗𝑣−𝑢 − 𝛼𝑣−𝑢)

}
𝜎2
𝑌 𝜇𝑌

+ 3(𝜗𝑢 − 𝛼𝑢)
{
(𝜗𝑣 − 2𝛼𝑣)𝜎2

𝑌 𝜇
2
𝑌 + (𝜗𝑣 − 𝜗𝑣−𝑢)𝜎2

𝑌

}
+ 𝛿𝑌 (𝑢, 𝑣)

]
, (5.15)

where𝑄2:3,𝑌 = 𝜅3,𝑌 −𝜎2
𝑌

and𝑄2:4,𝑌 = 𝜅4,𝑌 − 3𝜅3,𝑌 + 2𝜎2
𝑌

(when 𝜗 = 𝛼(∈ (0, 1)), the terms of the square

brackets in 𝛾𝑌 (𝑢, 𝑣) and 𝛾𝑌 (𝑢, 𝑣, 𝑤) vanish).

Complicated formula 𝛿𝑌 (𝑢, 𝑣), depending on 𝛼, 𝜗, 𝜇𝑌 , 𝜎2
𝑌
, 𝜅3,𝑌 , and 𝜅4,𝑌 , is given, as follows:

𝛿𝑌 (𝑢, 𝑣) = 𝛿1(𝑢, 𝑣) + 2𝛿2(𝑢, 𝑣) + 2𝛿3(𝑢, 𝑣) + 𝛿4(𝑢, 𝑣), (5.16)

where

𝛿1(𝑢, 𝑣) = 2(1 − 𝛼)2
(
𝜗

1 − 𝜗𝑣−𝑢
1 − 𝜗 − 𝛼1 − 𝛼𝑣−𝑢

1 − 𝛼

) (𝜗 − 𝜗𝑢
1 − 𝜗 − 𝛼 − 𝛼𝑢

1 − 𝛼

)
𝜎2
𝑌 𝜇

2
𝑌

+ (1 − 𝛼)2
[(
𝜗
𝜗𝑣−𝑢

1 − 𝜗 − 𝛼 𝛼
𝑣−𝑢

1 − 𝛼

) (𝜗2 − 𝜗𝑢
1 − 𝜗 − 𝛼2 − 𝛼𝑢

1 − 𝛼

)
+ 𝜗𝑣−𝑢

1 − 𝜗

(𝛼2𝜗2 − 𝛼𝑢𝜗𝑢
1 − 𝛼𝜗 − 𝜗4 − 𝜗2𝑢

1 − 𝜗2

)
+ 𝛼𝑣−𝑢

1 − 𝛼

(𝛼2𝜗2 − 𝛼𝑢𝜗𝑢
1 − 𝛼𝜗 − 𝛼4 − 𝛼2𝑢

1 − 𝛼2

)
+ 𝛼𝑣−𝑢

{𝛼2 − 𝛼𝑢
1 − 𝛼

( 𝛼

1 − 𝛼 − 𝜗

1 − 𝜗

)
+ 1

1 − 𝜗
𝛼2𝜗2 − 𝛼𝑢𝜗𝑢

1 − 𝛼𝜗 − 1
1 − 𝛼

𝛼4 − 𝛼2𝑢

1 − 𝛼2

}]
𝜎2
𝑌 𝜇

2
𝑌

+ 𝜗𝑣−𝑢
(𝜗2 − 𝜗2𝑢

1 − 𝜗2 − 𝛼𝜗 − 𝛼𝑢𝜗𝑢
1 − 𝛼𝜗

)
{(1 − 𝛼𝜗)𝜎4

𝑌 − 𝛼(1 − 𝜗)𝜎2
𝑌 𝜇𝑌 − 𝛼(𝜗 − 𝛼)𝜎2

𝑌 𝜇
2
𝑌 }

+ (1 − 𝛼)
{𝜗 − 𝜗𝑢

1 − 𝜗 − 𝛼 − 𝛼𝑢
1 − 𝛼 + 𝜗𝑣−𝑢

(𝛼𝜗 − 𝛼𝑢𝜗𝑢
1 − 𝛼𝜗 − 𝜗2 − 𝜗2𝑢

1 − 𝜗2

)}
𝜎2
𝑌 𝜇𝑌
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+ (1 − 𝛼)2
{
𝜗𝑣−𝑢

(𝜗2 − 𝜗2𝑢

1 − 𝜗2 − 𝛼𝜗 − 𝛼𝑢𝜗𝑢
1 − 𝛼𝜗

)
+ 2𝛼𝑣−𝑢

(𝛼2 − 𝛼2𝑢

1 − 𝛼2 − 𝛼𝜗 − 𝛼𝑢𝜗𝑢
1 − 𝛼𝜗

)}
𝜎2
𝑌 𝜇

2
𝑌

+ (1 − 𝛼)2
{(
𝜗𝑣−𝑢

𝜗 − 𝜗𝑢−1

1 − 𝜗 − 𝛼𝑣−𝑢𝛼 − 𝛼𝑢−1

1 − 𝛼

) ( 𝛼𝑢

1 − 𝛼 − 𝜗𝑢

1 − 𝜗

)
+ 𝛼𝑣

1 − 𝛼

(𝜗 − 𝜗𝑢−1

1 − 𝜗 − 𝛼 − 𝛼𝑢−1

1 − 𝛼

)
+ 𝜗

1 − 𝜗

(
𝜗𝑣−𝑢

𝜗2 − 𝜗2(𝑢−1)

1 − 𝜗2 − 𝛼𝑣−𝑢𝛼𝜗 − 𝛼𝑢−1𝜗𝑢−1

1 − 𝛼𝜗

)
+ 𝛼

1 − 𝛼

(
𝛼𝑣−𝑢

𝛼2 − 𝛼2(𝑢−1)

1 − 𝛼2 − 𝜗𝑣−𝑢𝛼𝜗 − 𝛼𝑢−1𝜗𝑢−1

1 − 𝛼𝜗

)
+ 𝛼

𝑣−𝑢+1

1 − 𝛼

(𝛼2 − 𝛼2(𝑢−1)

1 − 𝛼2 − 𝛼𝜗 − 𝛼𝑢−1𝜗𝑢−1

1 − 𝛼𝜗

)}
𝜎2
𝑌 𝜇

2
𝑌 ,

𝛿2(𝑢, 𝑣) = (𝜗𝑣−𝑢 − 𝛼𝑣−𝑢){(1 − 𝛼𝜗)𝜎4
𝑌 − 𝛼(1 − 𝜗)𝜎2

𝑌 𝜇𝑌 − 𝛼(𝜗 − 𝛼)𝜎2
𝑌 𝜇

2
𝑌 }

+ (1 − 𝛼)2
(
𝜗

1 − 𝜗𝑣−𝑢
1 − 𝜗 − 𝛼1 − 𝛼𝑣−𝑢

1 − 𝛼

) (𝜗 − 𝜗𝑢
1 − 𝜗 − 𝛼 − 𝛼𝑢

1 − 𝛼

)
𝜎2
𝑌 𝜇

2
𝑌

+ (1 − 𝛼)2
[(
𝜗
𝜗𝑣−𝑢

1 − 𝜗 − 𝛼 𝛼
𝑣−𝑢

1 − 𝛼

) (𝜗2 − 𝜗𝑢
1 − 𝜗 − 𝛼2 − 𝛼𝑢

1 − 𝛼

)
+ 𝜗𝑣−𝑢

1 − 𝜗

(𝛼2𝜗2 − 𝛼𝑢𝜗𝑢
1 − 𝛼𝜗 − 𝜗4 − 𝜗2𝑢

1 − 𝜗2

)
+ 𝛼𝑣−𝑢

1 − 𝛼

(𝛼2𝜗2 − 𝛼𝑢𝜗𝑢
1 − 𝛼𝜗 − 𝛼4 − 𝛼2𝑢

1 − 𝛼2

)
+ 𝛼𝑣−𝑢

{𝛼2 − 𝛼𝑢
1 − 𝛼

( 𝛼

1 − 𝛼 − 𝜗

1 − 𝜗

)
+ 1

1 − 𝜗
𝛼2𝜗2 − 𝛼𝑢𝜗𝑢

1 − 𝛼𝜗 − 1
1 − 𝛼

𝛼4 − 𝛼2𝑢

1 − 𝛼2

}]
𝜎2
𝑌 𝜇

2
𝑌

+
(
𝜗𝑣−𝑢

𝜗2 − 𝜗2𝑢

1 − 𝜗2 − 𝛼𝑣−𝑢𝛼𝜗 − 𝛼𝑢𝜗𝑢
1 − 𝛼𝜗

)
{(1 − 𝛼𝜗)𝜎4

𝑌 − 𝛼(1 − 𝜗)𝜎2
𝑌 𝜇𝑌 − 𝛼(𝜗 − 𝛼)𝜎2

𝑌 𝜇
2
𝑌 }

+ (1 − 𝛼)
{
𝜗𝑣−𝑢

(𝜗 − 𝜗𝑢
1 − 𝜗 − 𝜗2 − 𝜗2𝑢

1 − 𝜗2

)
+ 𝛼𝑣−𝑢

(𝛼𝜗 − 𝛼𝑢𝜗𝑢
1 − 𝛼𝜗 − 𝛼 − 𝛼𝑢

1 − 𝛼

)}
𝜎2
𝑌 𝜇𝑌

+ (1 − 𝛼)2
{
𝜗𝑣−𝑢

(𝜗2 − 𝜗2𝑢

1 − 𝜗2 − 𝛼𝜗 − 𝛼𝑢𝜗𝑢
1 − 𝛼𝜗

)
+ 2𝛼𝑣−𝑢

(𝛼2 − 𝛼2𝑢

1 − 𝛼2 − 𝛼𝜗 − 𝛼𝑢𝜗𝑢
1 − 𝛼𝜗

)}
𝜎2
𝑌 𝜇

2
𝑌

+ (1 − 𝛼)2
{𝜗𝑣−𝑢+1

1 − 𝜗

(𝜗2 − 𝜗2(𝑢−1)

1 − 𝜗2 − 𝛼𝜗 − 𝛼𝑢−1𝜗𝑢−1

1 − 𝛼𝜗

)
+ 2𝛼𝑣−𝑢+1

1 − 𝛼

(𝛼2 − 𝛼2(𝑢−1)

1 − 𝛼2 − 𝛼𝜗 − 𝛼𝑢−1𝜗𝑢−1

1 − 𝛼𝜗

)
+
( 2𝛼𝑣

1 − 𝛼 − 𝜗𝑣

1 − 𝜗

) (𝜗 − 𝜗𝑢−1

1 − 𝜗 − 𝛼 − 𝛼𝑢−1

1 − 𝛼

)}
𝜎2
𝑌 𝜇

2
𝑌 ,

𝛿3(𝑢, 𝑣) = (1 − 𝛼)
[(𝜗 − 𝜗𝑣

1 − 𝜗 − 𝛼 − 𝛼𝑣
1 − 𝛼

)
{𝜗𝑢𝑄2:3,𝑌 + 𝜎2

𝑌 + 2(𝜗𝑢 − 𝛼𝑢)𝜎2
𝑌 𝜇𝑌 }𝜇𝑌

+ 2𝛼𝑣
(𝛼 − 𝛼𝑢

1 − 𝛼 − 𝜗 − 𝜗𝑢
1 − 𝜗

)
𝜎2
𝑌 𝜇

2
𝑌

]
,

𝛿4(𝑢, 𝑣) = (1 − 𝛼)
(𝜗 − 𝜗𝑢

1 − 𝜗 − 𝛼 − 𝛼𝑢
1 − 𝛼

)
{𝜗𝑣𝑄2:3,𝑌 + 𝜎2

𝑌 + 2(𝜗𝑣 − 2𝛼𝑣)𝜎2
𝑌 𝜇𝑌 }𝜇𝑌 .

Remark 5.2. Note that 𝛿 𝑗 (𝑢, 𝑣) = 𝑐1 𝑗 (𝑢, 𝑣)𝜎4
𝑌
+ 𝑐2 𝑗 (𝑢, 𝑣)𝜎2

𝑌
𝜇𝑌 + 𝑐3 𝑗 (𝑢, 𝑣)𝜎2

𝑌
𝜇2
𝑌

, 𝑗 = 1, 2, where

𝑐𝑖 𝑗 (𝑢, 𝑣)’s heavily depend on 𝛼 and 𝜗. However, the re-arrangement of (5.16) is not made here, since it

would not be practically important.

Remark 5.3. (i) Especially, we have, for 𝑤 ≥ 𝑣 ≥ 1,

𝛾𝑌 (0, 𝑣, 𝑤) = 𝛼𝑤
[
𝜗𝑣𝑄2:4,𝑌 + (1 + 2𝜗𝑣)𝑄2:3,𝑌 + 𝜎2

𝑌

+ 2(𝜗𝑣 − 𝛼𝑣) (𝑄2:3,𝑌 𝜇𝑌 + 𝜎2
𝑌 𝜇𝑌 + 𝜎4

𝑌 )

+ 2(1 − 𝛼)
(𝜗 − 𝜗𝑣

1 − 𝜗 − 𝛼 − 𝛼𝑣
1 − 𝛼

)
(𝑄2:3,𝑌 𝜇𝑌 + 𝜎2

𝑌 𝜇𝑌 )
]
,
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𝛾𝑌 (1, 𝑣, 𝑤) = 𝛼𝑤
[
𝜗𝑣+1𝑄2:4,𝑌 + (𝜗 + 2𝜗𝑣)𝑄2:3,𝑌 + 𝜎2

𝑌

+ {(𝜗 − 𝛼)𝜗𝑣 + 2𝜗(𝜗𝑣 − 𝛼𝑣)}(𝑄2:3,𝑌 𝜇𝑌 + 𝜎4
𝑌 )

+ {(𝜗 − 𝛼) (2 + 𝜗𝑣−1) + 2𝛼(2 − 𝜗) (𝜗𝑣−1 − 𝛼𝑣−1)}𝜎2
𝑌 𝜇𝑌

+ 3(𝜗 − 𝛼){(𝜗𝑣 − 2𝛼𝑣)𝜎2
𝑌 𝜇

2
𝑌 − 𝜗𝑣−1(1 − 𝜗)𝜎2

𝑌 }

+ 2(𝜗𝑣−1 − 𝛼𝑣−1){(1 − 𝛼𝜗)𝜎4
𝑌 − 𝛼(1 − 𝜗)𝜎2

𝑌 𝜇𝑌 − 𝛼(𝜗 − 𝛼)𝜎2
𝑌 𝜇

2
𝑌 }

+ 2(1 − 𝛼)
(𝜗 − 𝜗𝑣

1 − 𝜗 − 𝛼 − 𝛼𝑣
1 − 𝛼

)
{𝜗𝑄2:3,𝑌 𝜇𝑌 + 𝜎2

𝑌 𝜇𝑌 + 2(𝜗 − 𝛼)𝜎2
𝑌 𝜇

2
𝑌 }

]
.

(ii) Subsection 6.3.2 below needs

𝜇𝑌 (1, 𝑘, 𝑘) − 𝛼𝜇𝑌 (0, 𝑘, 𝑘) = 𝛼𝑘
[
2(1 − 𝛼)𝛼𝑘𝑄2:3,𝑌 + (1 − 𝛼)𝜎2

𝑌 + 2(1 − 𝛼2)𝛼𝑘−1𝜎4
𝑌

+ (𝜗 − 𝛼)𝜗𝑘𝑄2:4,𝑌 + {𝜗 − 𝛼 + 2(1 − 𝛼) (𝜗𝑘 − 𝛼𝑘)}𝑄2:3,𝑌

+ 𝜗 − 𝛼
1 − 𝜗 {(1 + 2𝛼 − 3𝜗)𝜗𝑘 + 2(𝜗 − 𝛼)}𝑄2:3,𝑌 𝜇𝑌

+ 𝜗 − 𝛼
1 − 𝜗 {(2𝛼𝜗 − 1 − 𝜗)𝜗𝑘−1 + 2(2 − 𝛼 − 𝜗)}𝜎2

𝑌 𝜇𝑌

+ 𝜗 − 𝛼
1 − 𝜗 {(6𝛼𝜗 − 2𝛼 − 𝜗 − 3𝜗2)𝜗𝑘−1 + 4(𝜗 − 𝛼)}𝜎2

𝑌 𝜇
2
𝑌

+ 3(𝜗 − 𝛼) (𝜗 − 1)𝜗𝑘−1𝜎2
𝑌

+ {(𝜗 − 𝛼) (3𝜗 − 2𝛼)𝜗𝑘−1 + 2(1 − 𝛼2) (𝜗𝑘−1 − 𝛼𝑘−1)}𝜎4
𝑌

]
,

where 𝑘 = 1, 2, . . ..

By Proposition 5.1, it is easy to understand that, for 𝑟 = 1, 2, 3, the (𝑟 + 1)th autocumulant function of

the stationary ADCINAR(1) process is proportional to 𝛼𝑢𝑟 when 𝑢𝑟 ≥ · · · ≥ 𝑢1 ≥ 0. Note that this fact

is correct up to 𝑟 = 5, for the stationary INAR(1) process under a general innovation (see Chapter 2). The

following result proves this structure about higher autocumulant functions of the stationary ADCINAR(1)

process (the proof is postponed to Section 5.4).

Proposition 5.2. Given a positive integer 𝑟 , suppose that 𝜀𝑡 has the (𝑟 + 1)th moment. Consider the

stationary ADCINAR(1) process {𝑌𝑡 }, given by (5.8). Then, for any integer 𝑡 and nonnegative integers

𝑢𝑟 ≥ · · · ≥ 𝑢1 ≥ 0, there exists a constant 𝐶𝑟 > 0 (independent of 𝑡 and 𝑢1, . . . , 𝑢𝑟 ) such that

|𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡+𝑢1 , . . . , 𝑌𝑡+𝑢𝑟 ) | ≤ 𝐶𝑟𝛼𝑢𝑟 .

Remark 5.4. For 𝑟 = 4, 5, . . ., the closed-form expression of the (𝑟 + 1)th autocumulant function would

be unrealistically not available for the stationary ADCINAR(1) process.

Suppose that the observation {𝑌1, . . . , 𝑌𝑛} of length 𝑛 is generated by (5.8). Define the sample mean,

variance, and cumulants by 𝑌 = (1/𝑛)∑𝑛
𝑡=1𝑌𝑡 , �̂�

2
𝑌
= (1/𝑛)∑𝑛

𝑡=1(𝑌𝑡 − 𝑌 )2 , �̂�3,𝑌 = (1/𝑛)∑𝑛
𝑡=1(𝑌𝑡 − 𝑌 )3,

and �̂�4,𝑌 = (1/𝑛)∑𝑛
𝑡=1(𝑌𝑡 − 𝑌 )4 − 3�̂�4

𝑌
, respectively
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We prepare two lemmas, which will be used in the next chapter.

Lemma 5.5. Suppose that 0 ≤ 𝛼 ≤ 𝜗 < 1(𝜗 ≠ 0). The following hold.

(i) If 𝐸 (𝜀4
𝑡 ) exists, then, 𝑌 𝑎.𝑠.−−−→ 𝜇𝑌 , �̂�2

𝑌

𝑎.𝑠.−−−→ 𝜎2
𝑌

, and �̂� 𝑗 ,𝑌
𝑎.𝑠.−−−→ 𝜅 𝑗 ,𝑌 , 𝑗 = 3, 4.

(ii) Let 𝐽 be a positive integer. If 𝐸 (𝜀𝐽+1
𝑡 ) exists, then,

1
𝑛

𝑛−𝑢ℓ∑︁
𝑡=1

(𝑌𝑡 − 𝑌 )
ℓ∏
𝑗=1

(𝑌𝑡+𝑢 𝑗 − 𝑌 )
𝑎.𝑠.−−−→ 𝜇𝑌 (𝑢1, . . . , 𝑢ℓ)

for fixed nonnegative integers 0 ≤ 𝑢1 ≤ · · · ≤ 𝑢ℓ(ℓ = 1, 2, . . . , 𝐽).

Proof For 𝑖 = 1, 2, 3, 4, (1/𝑛)∑𝑛
𝑡=1𝑌

𝑖
𝑡

𝑎.𝑠.−−−→ 𝐸 (𝑌 𝑖1) by strictly stationarity and ergodicity of {𝑌𝑡 }. Similarly,

for ℓ = 1, 2, . . . , 𝐽, (1/𝑛)∑𝑛−𝑢ℓ
𝑡=1 𝑌𝑡

∏ℓ
𝑗=1𝑌𝑡+𝑢 𝑗

𝑎.𝑠.−−−→ 𝐸 (𝑌1
∏ℓ
𝑗=1𝑌1+𝑢 𝑗 ). We thus have (i) and (ii). □

Lemma 5.6. Let 𝑍𝑡 = 𝑌𝑡 − 𝜇𝑌 . Suppose that 0 ≤ 𝛼 ≤ 𝜗 < 1(𝜗 ≠ 0) and that 𝐸 (𝜀8
𝑡 ) exists. Then,

1
√
𝑛

𝑛∑︁
𝑡=2

[𝑍 𝑖𝑡−1𝑍
𝑗
𝑡 − 𝐸 (𝑍 𝑖𝑡−1𝑍

𝑗
𝑡 )] = 𝑂 𝑝 (1), 0 ≤ 𝑖 + 𝑗 ≤ 4, 𝑗 = 0, 1((𝑖, 𝑗) ≠ (0, 0)).

Proof According to Proposition 5.2, we see that |𝐶𝑜𝑣(𝑍 𝑖
𝑠−1𝑍

𝑗
𝑠 , 𝑍

𝑖
𝑡−1𝑍

𝑗
𝑡 ) | ≤ 𝐶𝑖 𝑗𝛼

|𝑡−𝑠 | for some constant

𝐶𝑖 𝑗 > 0, independent of 𝑠 and 𝑡, if 0 ≤ 𝑖 + 𝑗 ≤ 4, 𝑗 = 0, 1((𝑖, 𝑗) ≠ (0, 0)), using McCullagh’s (2018)

table of complementary set partitions (𝜏 = 1|2, 𝜏 = 12|34, 𝜏 = 123|456, and 𝜏 = 1234|5678). The result

follows from

𝑉

( 1
√
𝑛

𝑛∑︁
𝑡=2

𝑍 𝑖𝑡−1𝑍
𝑗
𝑡

)
≤ 1
𝑛

{ 𝑛∑︁
𝑡=2
𝑉 (𝑍 𝑖𝑡−1𝑍

𝑗
𝑡 ) + 2

𝑛∑︁
𝑠,𝑡=2

𝐼{𝑠<𝑡 } |𝐶𝑜𝑣(𝑍 𝑖𝑠−1𝑍
𝑗
𝑠 , 𝑍

𝑖
𝑡−1𝑍

𝑗
𝑡 ) |

}
= 𝑂 (1). □

5.4 Proofs of Propositions 5.1 and 5.2

We emphasize that, for the proofs of Propositions 5.1 and 5.2, the time at which the operation is performed

should be indicated, in such a way that 𝑌𝑡 = 𝛼 ⋄(𝑡 )
𝜗
𝑌𝑡−1 + 𝜀𝑡 , 𝑡 = 0,±1, . . . , where

𝛼 ⋄(𝑡 )
𝜗
𝑌𝑡−1 =


0, 𝑌𝑡−1 = 0,
𝑌𝑡−1∑︁
𝑗=1

𝑆
(𝑡 )
𝑗
(𝛼, 𝜗), 𝑌𝑡−1 = 1, 2, . . .,

with 𝑆 (𝑡 )
𝑗
(𝛼, 𝜗) = 𝐵 (𝑡 )

𝑗
(𝜗)𝐵 (𝑡 ) (𝛼/𝜗). Here, {𝐵 (𝑡 )

𝑗
(𝜗)} is a sequence of IID Bernoulli random variables at

time 𝑡, which is independent of Bernoulli random variable 𝐵 (𝑡 ) (𝛼/𝜗) at time 𝑡 (these generating random

variables at different times are mutually independent); besides, {𝐵 (𝑡 )
𝑗
(𝜗)} and {𝐵 (𝑡 ) (𝛼/𝜗)} are mutually

independent of {𝑌𝑡 } and {𝜀𝑡 }.

Additionally, we must give a more precise expression for 𝑌𝑡+ℎ (rather than (5.9)) involving the

operations 𝛼⋄(𝑡 )
𝜗

at different times. For this purpose, it is natural to introduce the ℓ-times repeated
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operation, as follows. For any integers 𝑖 and 𝑗 , let ( 𝑗
𝑖
) = {𝑖, . . . , 𝑗} if 𝑖 ≤ 𝑗 , and ( 𝑗

𝑖
) = ∅ if 𝑖 > 𝑗 . If we

consider all operations at times from 𝑡 + 1 to 𝑡 + ℓ, given by (𝑡+ℓ
𝑡+1 ) (ℓ is a positive integer), where 𝑡 is an

arbitrary integer, we define

𝛼(𝑡+ℓ𝑡+1 ) ⋄𝜗 𝑌𝑡 = (𝛼 ⋄(𝑡+ℓ )
𝜗

· · · 𝛼 ⋄(𝑡+2)
𝜗

𝛼 ⋄(𝑡+1)
𝜗︸                              ︷︷                              ︸

ℓ times

)𝑌𝑡 =


0, 𝑌𝑡 = 0,
𝑌𝑡∑︁
𝑗=1

𝑡+ℓ∏
𝜈=𝑡+1

𝑆
(𝑣)
𝑗

(𝛼, 𝜗), 𝑌𝑡 = 1, 2, . . .,
(5.17)

for which we can use the fact 𝛼(𝑡+ℓ
𝑡+1 ) ⋄𝜗𝑌𝑡

𝑑
= 𝛼ℓ ⋄𝜗ℓ 𝑌𝑡 ; See Lemma 5.1(iii), where | (𝑡+ℓ

𝑡+1 ) | = ℓ corresponds

to the length of times from 𝑡 + 1 to 𝑡 + ℓ. It is convenient for us to use the conventional notation

𝛼(∅)⋄𝜗 = 1⋄1 (in this case, let |∅| = 0).

Remark 5.5. The meaning of the repeated operation (5.17) is clear from the birth-and-death interpretation.

That is, suppose that there are 𝑌𝑡 objects (parents) at time 𝑡, and that every descendant of the 𝑗 th object

produces 𝑆 (𝜈)
𝑗

(𝛼, 𝜗) objects randomly for any time 𝜈(> 𝑡). Then, the number of the descendant at time

𝑡 + ℓ, starting at time 𝑡, is given by (5.17).

We can prove inductively that, for any positive integer ℎ,

𝑌𝑡+ℎ = 𝛼(𝑡+ℎ𝑡+1 ) ⋄𝜗 𝑌𝑡 +
ℎ−1∑︁
𝑖=0

𝛼ℎ−𝑖 (𝑡+ℎ𝑡+ℎ−𝑖+1) ⋄𝜗 𝜀𝑡+ℎ−𝑖 , 𝑡 = 0,±1, . . . (5.18)

(with 𝛼ℎ (𝑡+ℎ𝑡+ℎ+1)⋄𝜗 = 1⋄1), once we define, for 𝑖 = 1, . . . , ℎ − 1 (when ℎ > 1),

𝛼ℎ−𝑖 (𝑡+ℎ𝑡+ℎ−𝑖+1) ⋄𝜗 𝜀𝑡+ℎ−𝑖 =


0, 𝜀𝑡+ℎ−𝑖 = 0,
𝜀𝑡+ℎ−𝑖∑︁
𝑗=1

𝑡+ℎ∏
𝜈=𝑡+ℎ−𝑖+1

𝑆
(𝜈)
𝑗 ,ℎ−𝑖 (𝛼, 𝜗), 𝜀𝑡+ℎ−𝑖 = 1, 2, . . .,

(5.19)

where

𝑆
(𝜈)
𝑗 ,ℎ−𝑖 (𝛼, 𝜗) = 𝐵

(𝜈)
𝑗 ,ℎ−𝑖 (𝜗)𝐵

(𝜈) (𝛼/𝜗),

with 𝐵 (𝜈)
𝑗 ,ℎ−𝑖 (𝜗)’s being independent copies of 𝐵1(𝜗). Such a notation is rather cumbersome, but there will

be no confusion, since the time at which the operation is performed and the independence of the Bernoulli

random variables 𝐵 (𝜈)
𝑗 ,ℎ−𝑖 (𝜗)’s (over 𝑌𝑡 and 𝜀𝑡+ℎ−𝑖’s) are indicated by superscript of parenthesized index

and subscript “ℎ − 𝑖”, respectively.

Remark 5.6. In order to make the expression (5.18) clear, we regard the ADCINAR(1) process as a

birth-and-death process with immigration, in which the innovation {𝜀𝑠} is a sequence of the numbers of

the immigration (at time 𝑠). In this setting, if the counting is started at time 𝑡 where there are 𝑌𝑡 objects

(parents), and furthermore, if, at each time 𝜈(> 𝑡), there are possibly immigrations which can produce
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the objects randomly, then, (5.18) denotes the number of the descendant at time 𝑡 + ℎ. Note that (5.19)

denotes the number of the descendant at time 𝑡 + ℎ, produced from the immigration at time 𝑡 + ℎ − 𝑖.

Remark 5.7. We mention some useful properties of the repeated operation 𝛼(𝑠+ℎ
𝑠+1 )⋄𝜗 , as follows (similar

properties hold for 𝛼ℎ−𝑖 (𝑡+ℎ𝑡+ℎ−𝑖+1)⋄𝜗). By definition,

𝛼(𝑠+ℎ𝑠+1 ) ⋄𝜗 𝑌𝑠 = (𝛼(𝑠+ℎ𝑠+ℎ𝑚−1+1) ⋄𝜗 · · · 𝛼(𝑠+ℎ2
𝑠+ℎ1+1) ⋄𝜗 𝛼(

𝑠+ℎ1
𝑠+1 ) ⋄𝜗︸                                                   ︷︷                                                   ︸

𝑚 times

)𝑌𝑠

for a given decomposition (𝑚-disjoint sets of times); (𝑠+ℎ
𝑠+1 ) = (𝑠+ℎ

𝑠+ℎ𝑚−1+1)∪· · ·∪ (𝑠+ℎ2
𝑠+ℎ1+1)∪ (𝑠+ℎ1

𝑠+1 ),where the

repeated operations at disjoint sets of times are performed independently, which are mutually independent

of {𝑌𝑡 } and {𝜀𝑡 }. Also, commutative and associative properties hold. For instance,

𝛼(𝑠+3
𝑠+1) ⋄𝜗 𝑌𝑠 = (𝛼(𝑠+3

𝑠+3) ⋄𝜗 𝛼(
𝑠+2
𝑠+1) ⋄𝜗)𝑌𝑠 = (𝛼(𝑠+2

𝑠+1) ⋄𝜗 𝛼(
𝑠+3
𝑠+3) ⋄𝜗)𝑌𝑠

and

𝛼(𝑠+3
𝑠+1) ⋄𝜗 𝑌𝑠 = ((𝛼(𝑠+3

𝑠+3) ⋄𝜗 𝛼(
𝑠+2
𝑠+2)⋄𝜗)𝛼(

𝑠+1
𝑠+1) ⋄𝜗)𝑌𝑠 = (𝛼(𝑠+3

𝑠+3) ⋄𝜗 (𝛼(𝑠+2
𝑠+2) ⋄𝜗 𝛼(

𝑠+1
𝑠+1) ⋄𝜗))𝑌𝑠 .

Outline1 of the proof of Proposition 5.1. By Lemma 5.3, we can derive

𝐶𝑢𝑚(𝑌𝑡 , 𝛼𝑢1 ⋄𝜗𝑢1 𝑌𝑡 , . . . , 𝛼
𝑢ℓ ⋄𝜗𝑢ℓ 𝑌𝑡 ) = 𝐶𝑌,1(𝑢1, . . . , 𝑢ℓ) (say), independent of 𝑡,

where ℓ = 2, 3. It suffices to compute

𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡+𝑢, 𝑌𝑡+𝑣) − 𝐶𝑌,1(𝑢, 𝑣) = Δ𝑌 (𝑢, 𝑣; 𝑡) (say),

𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡+𝑢, 𝑌𝑡+𝑣 , 𝑌𝑡+𝑤) − 𝐶𝑌,1(𝑢, 𝑣, 𝑤) = Δ𝑌 (𝑢, 𝑣, 𝑤; 𝑡) (say).

Note that they obviously vanish for the INAR(1) process. Below, 𝑤 ≥ 𝑣 ≥ 𝑢 ≥ 1 is assumed.

Using the expression (5.18), we start with

Δ𝑌 (𝑢, 𝑣; 𝑡) = 𝐶𝑢𝑚
(
𝑌𝑡 ,

𝑢−1∑︁
𝑖=0

𝛼𝑖 ⋄𝜗𝑖 𝜀𝑡+𝑢−𝑖 ,
𝑣−1∑︁
𝑗=0
𝛼 𝑗 ⋄𝜗 𝑗 𝜀𝑡+𝑣− 𝑗

)
+ 𝐶𝑢𝑚

{
𝑌𝑡 , 𝛼(𝑡+𝑢𝑡+1 ) ⋄𝜗 𝑌𝑡 , 𝐼{𝑣>1}

𝑣−1∑︁
𝑗=1
𝛼𝑣− 𝑗 (𝑡+𝑣𝑡+𝑣− 𝑗+1) ⋄𝜗 𝜀𝑡+𝑣− 𝑗 + 𝜀𝑡+𝑣

}
+ 𝐶𝑢𝑚

{
𝑌𝑡 , 𝐼{𝑢>1}

𝑢−1∑︁
𝑖=1

𝛼𝑢−𝑖 (𝑡+𝑢𝑡+𝑢−𝑖+1) ⋄𝜗 𝜀𝑡+𝑢−𝑖 + 𝜀𝑡+𝑢, 𝛼(
𝑡+𝑣
𝑡+1 ) ⋄𝜗 𝑌𝑡

}
= 𝐶𝑌,2(𝑢, 𝑣; 𝑡) + 𝐶𝑌,3(𝑢, 𝑣; 𝑡) + 𝐶𝑌,4(𝑢, 𝑣; 𝑡) (say).

1The complete proof, being lengthy and technical, is available: Zeng, X. and Kakizawa, Y. (2022). Higher autocumulant
functions for ADCINAR(1) process and bias-correction of some estimators. Discussion Paper (Series A): No.367.
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By independence between 𝑌𝑡 and 𝜀𝑡+𝑖 (𝑖 > 0), it is obvious that 𝐶𝑌,2(𝑢, 𝑣; 𝑡) ≡ 0 and that some terms of

𝐶𝑌,3(𝑢, 𝑣; 𝑡) and 𝐶𝑌,4(𝑢, 𝑣; 𝑡) are zero, i.e.,

𝐶𝑌,3(𝑢, 𝑣; 𝑡) = 𝐼{𝑣>1} 𝐼{𝑢>1}

𝑣−1∑︁
𝑗=𝑣−𝑢+1

𝐶𝑢𝑚{𝑌𝑡 , 𝛼(𝑡+𝑢𝑡+1 ) ⋄𝜗 𝑌𝑡 , 𝛼𝑣− 𝑗 (
𝑡+𝑣
𝑡+𝑣− 𝑗+1) ⋄𝜗 𝜀𝑡+𝑣− 𝑗}, (5.20)

𝐶𝑌,4(𝑢, 𝑣; 𝑡) = 𝐼{𝑢>1}

𝑢−1∑︁
𝑖=1

𝐶𝑢𝑚{𝑌𝑡 , 𝛼𝑢−𝑖 (𝑡+𝑢𝑡+𝑢−𝑖+1) ⋄𝜗 𝜀𝑡+𝑢−𝑖 , 𝛼(
𝑡+𝑣
𝑡+1 ) ⋄𝜗 𝑌𝑡 }. (5.21)

Now, the repeated operations can be treated, in the following way:

• with regard to (5.20) when 𝑢, 𝑣 > 1, for each 𝑗 = 𝑣 − 𝑢 + 1, . . . , 𝑣 − 1,

𝛼(𝑡+𝑢𝑡+1 ) ⋄𝜗 𝑌𝑡 = 𝛼[(
𝑡+𝑣− 𝑗
𝑡+1 ) ∪ (𝑡+𝑢𝑡+𝑣− 𝑗+1)] ⋄𝜗 𝑌𝑡 ,

𝛼𝑣− 𝑗 (𝑡+𝑣𝑡+𝑣− 𝑗+1) ⋄𝜗 𝜀𝑡+𝑣− 𝑗 = 𝛼𝑣− 𝑗 [(
𝑡+𝑢
𝑡+𝑣− 𝑗+1) ∪ (𝑡+𝑣𝑡+𝑢+1)] ⋄𝜗 𝜀𝑡+𝑣− 𝑗 ;

• with regard to (5.21) when 𝑢 > 1, for each 𝑖 = 1, . . . , 𝑢 − 1,

𝛼(𝑡+𝑣𝑡+1 ) ⋄𝜗 𝑌𝑡 = 𝛼[(
𝑡+𝑢−𝑖
𝑡+1 ) ∪ (𝑡+𝑢𝑡+𝑢−𝑖+1) ∪ (𝑡+𝑣𝑡+𝑢+1)] ⋄𝜗 𝑌𝑡 ,

𝛼𝑢−𝑖 (𝑡+𝑢𝑡+𝑢−𝑖+1) ⋄𝜗 𝜀𝑡+𝑢−𝑖 = 𝛼𝑢−𝑖 (
𝑡+𝑢
𝑡+𝑢−𝑖+1) ⋄𝜗 𝜀𝑡+𝑢−𝑖 .

Applying the law of total cumulant (e.g., McCullagh (2018)) and Lemma 5.4(i), it is shown that

𝐶𝑌,3(𝑢, 𝑣; 𝑡) = 𝐶𝑌,4(𝑢, 𝑣; 𝑡) = 𝛼𝑣
(𝜗 − 𝜗𝑢

1 − 𝜗 − 𝛼 − 𝛼𝑢
1 − 𝛼

)
𝜎2
𝑌 𝜇𝜀 ,

hence,

Δ𝑌 (𝑢, 𝑣; 𝑡) = 2𝛼𝑣 (1 − 𝛼)
(𝜗 − 𝜗𝑢

1 − 𝜗 − 𝛼 − 𝛼𝑢
1 − 𝛼

)
𝜎2
𝑌 𝜇𝑌 , independent of 𝑡.

Similarly, applying the law of total cumulant and Lemma 5.4, a heavy algebra shows that

Δ𝑌 (𝑢, 𝑣, 𝑤; 𝑡) = 𝛼𝑤𝛿𝑌 (𝑢, 𝑣), independent of 𝑡. □

Proof of Proposition 5.2 In what follows, given a nonnegative integer ℎ, we introduce𝑌𝑡 ,ℎ = 𝛼(𝑡+ℎ𝑡+1 )⋄𝜗𝑌𝑡
and 𝜀𝑡 ,ℎ = 𝐼{ℎ>0}

∑ℎ−1
𝑖=0 𝜀𝑡 ,ℎ,𝑖 , where 𝜀𝑡 ,ℎ,𝑖 = 𝛼ℎ−𝑖 (𝑡+ℎ𝑡+ℎ−𝑖+1) ⋄𝜗 𝜀𝑡+ℎ−𝑖; see (5.18). Also, let T𝑡 ,ℎ = (𝑡+ℎ

𝑡+1 )

(or T𝑡 ,ℎ,𝑖 = (𝑡+ℎ
𝑡+ℎ−𝑖+1)) be a set of times at which the repeated operation 𝛼(𝑡+ℎ

𝑡+1 )⋄𝜗 (or 𝛼ℎ−𝑖 (𝑡+ℎ𝑡+ℎ−𝑖+1)⋄𝜗) is

performed. Throughout this proof, 𝐶 [ · ]
# ’s are positive constants, independent of 𝑡 and 𝑢1, . . . , 𝑢𝑟 .

To make the proof clearer, we first deal with 𝑟 = 2, 3. Below, we assume that 𝑢𝑟 ≥ · · · ≥ 𝑢1 ≥ 1.
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Now, for the case 𝑟 = 2,

𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡+𝑢1 , 𝑌𝑡+𝑢2) = 𝐶𝑢𝑚(𝑌𝑡 , 𝜀𝑡 ,𝑢1 , 𝜀𝑡 ,𝑢2) + 𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡 ,𝑢1 , 𝜀𝑡 ,𝑢2) + 𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡 ,𝑢1 + 𝜀𝑡 ,𝑢1 , 𝑌𝑡 ,𝑢2)

= 𝐷
[2]
0 + 𝐷 [2]

1 + 𝐷 [2]
2 (say), with 𝐷 [2]

0 ≡ 0.

To deal with the terms 𝐷 [2]
2 and 𝐷 [2]

1 in turn, we apply

𝐶𝑢𝑚(𝑋0, 𝑋1, 𝑋2) = 𝐸 (𝑋0𝑋1𝑋2) − 𝐸 (𝑋0𝑋1)𝐸 (𝑋2)⟨3⟩ + 2𝐸 (𝑋0)𝐸 (𝑋1)𝐸 (𝑋2).

The repeated use of the conditioning argument, in relation to (5.4), shows that, given 𝐼, 𝐼1, 𝐼2, whose

values are 0 or 1, with 𝐼 + 𝐼1 + 𝐼2 ≥ 1, |𝐸 [𝑌 𝐼𝑡 (𝑌𝑡 ,𝑢1 + 𝜀𝑡 ,𝑢1)𝐼1𝑌
𝐼2
𝑡 ,𝑢2

] | ≤ 𝐶 [2]
2 𝛼𝐼2𝑢2 , which yields

|𝐷 [2]
2 | ≤ [𝐶 [2]

2 + 3(𝐶 [2]
2 )2 + 2(𝐶 [2]

2 )3]𝛼𝑢2 .

On the other hand, we notice that

𝐷
[2]
1 =

𝑢2−1∑︁
𝑖2=𝑢2−𝑢1+1

𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡 ,𝑢1 , 𝜀𝑡 ,𝑢2,𝑖2).

As long as 𝑢2 − 𝑢1 + 1 ≤ 𝑖2 (≤ 𝑢2 − 1), |𝐸 (𝑌 𝐼𝑡 𝑌
𝐼1
𝑡 ,𝑢1
𝜀
𝐼2
𝑡 ,𝑢2,𝑖2

) | ≤ 𝐶
[2]
1 𝛼𝐼1𝑢1+𝐼2 (𝑢2−𝑢1 )𝜗𝐼2 (𝑖2+𝑢1−𝑢2 ) , which

enables us to see that

|𝐷 [2]
1 | ≤ [𝐶 [2]

1 + 3(𝐶 [2]
1 )2 + 2(𝐶 [2]

1 )3]
𝑢2−1∑︁

𝑖2=𝑢2−𝑢1+1
𝛼𝑢2𝜗𝑖2+𝑢1−𝑢2 ≤ [𝐶 [2]

1 + 3(𝐶 [2]
1 )2 + 2(𝐶 [2]

1 )3] 𝛼
𝑢2

1 − 𝜗 .

This completes the proof for the case 𝑟 = 2.

When 𝑟 = 3, it is easy to see that

𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡+𝑢1 , 𝑌𝑡+𝑢2 , 𝑌𝑡+𝑢3)

= 𝐶𝑢𝑚(𝑌𝑡 , 𝜀𝑡 ,𝑢1 , 𝜀𝑡 ,𝑢2 , 𝜀𝑡 ,𝑢3) + 𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡 ,𝑢1 , 𝜀𝑡 ,𝑢2 , 𝜀𝑡 ,𝑢3)

+ 𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡 ,𝑢1 + 𝜀𝑡 ,𝑢1 , 𝑌𝑡 ,𝑢2 , 𝜀𝑡 ,𝑢3) + 𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡 ,𝑢1 + 𝜀𝑡 ,𝑢1 , 𝑌𝑡 ,𝑢2 + 𝜀𝑡 ,𝑢2 , 𝑌𝑡 ,𝑢3)

= 𝐷
[3]
0 + 𝐷 [3]

1 + 𝐷 [3]
2 + 𝐷 [3]

3 (say), with 𝐷 [3]
0 ≡ 0.

To deal with the terms 𝐷 [3]
3 , 𝐷 [3]

2 , and 𝐷 [3]
1 in turn, we apply

𝐶𝑢𝑚(𝑋0, 𝑋1, 𝑋2, 𝑋3) = 𝐸 (𝑋0𝑋1𝑋2𝑋3) − 𝐸 (𝑋0𝑋1𝑋2)𝐸 (𝑋3)⟨4⟩ − 𝐸 (𝑋0𝑋1)𝐸 (𝑋2𝑋3)⟨3⟩

+ 2𝐸 (𝑋0𝑋1)𝐸 (𝑋2)𝐸 (𝑋3)⟨6⟩ − 6𝐸 (𝑋0)𝐸 (𝑋1)𝐸 (𝑋2)𝐸 (𝑋3).

Step 1. The repeated use of the conditioning argument, in relation to (5.4), shows that, given 𝐼, 𝐼1, 𝐼2, 𝐼3,
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whose values are 0 or 1, with 𝐼 +∑3
𝑗=1 𝐼 𝑗 ≥ 1,

���𝐸 [𝑌 𝐼𝑡 { 2∏
𝑗=1

(𝑌𝑡 ,𝑢 𝑗 + 𝜀𝑡 ,𝑢 𝑗 )𝐼 𝑗
}
𝑌
𝐼3
𝑡 ,𝑢3

] ��� ≤ 𝐶 [3]
3 𝛼𝐼3𝑢3 ,

which yields

|𝐷 [3]
3 | ≤ [𝐶 [3]

3 + 7(𝐶 [3]
3 )2 + 12(𝐶 [3]

3 )3 + 6(𝐶 [3]
3 )4]𝛼𝑢3 ≤ 6𝐵4 [1 + (𝐶 [3]

3 )4]𝛼𝑢3

(𝐵𝑟 stands for the Bell number; note 𝐵4 = 1 + 7 + 6 + 1 = 15).

Step 2. We notice that

𝐷
[3]
2 =

𝑢3−1∑︁
𝑖3=𝑢3−𝑢2+1

𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡 ,𝑢1 + 𝜀𝑡 ,𝑢1 , 𝑌𝑡 ,𝑢2 , 𝜀𝑡 ,𝑢3,𝑖3),

𝐷
[3]
1 =

𝑢3−1∑︁
𝑖3=𝑢3−𝑢1+1

𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡 ,𝑢1 , 𝜀𝑡 ,𝑢2 , 𝜀𝑡 ,𝑢3,𝑖3)

+
𝑢2−1∑︁

𝑖2=𝑢2−𝑢1+1

𝑢3−𝑢1∑︁
𝑖3=𝑢3−𝑢2+1

𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡 ,𝑢1 , 𝜀𝑡 ,𝑢2,𝑖2 , 𝜀𝑡 ,𝑢3,𝑖3)

= 𝐷
[3]
1,1 + 𝐷 [3]

1,2 (say).

Similarly to Step 1, we deal with three terms 𝐷 [3]
2 , 𝐷 [3]

1,1 , and 𝐷 [3]
1,2 in the following way:

𝐷
[3]
2 . As long as 𝑢3 − 𝑢2 + 1 ≤ 𝑖3(≤ 𝑢3 − 1),

|𝐸 [𝑌 𝐼𝑡 (𝑌𝑡 ,𝑢1 + 𝜀𝑡 ,𝑢1)𝐼1𝑌
𝐼2
𝑡 ,𝑢2
𝜀
𝐼3
𝑡 ,𝑢3,𝑖3

] | ≤ 𝐶 [3]
2,1𝛼

𝐼2𝑢2+𝐼3 (𝑢3−𝑢2 )𝜗𝐼3 (𝑖3+𝑢2−𝑢3 ) ,

which enables us to see that

|𝐷 [3]
2 | ≤ [𝐶 [3]

2,1 + 7(𝐶 [3]
2,1 )

2 + 12(𝐶 [3]
2,1 )

3 + 6(𝐶 [3]
2,1 )

4]𝛼𝑢3

𝑢3−1∑︁
𝑖3=𝑢3−𝑢2+1

𝜗𝑖3+𝑢2−𝑢3 ≤ 6𝐵4 [1 + (𝐶 [3]
2,1 )

4] 𝛼
𝑢3

1 − 𝜗 .

𝐷
[3]
1,1 . As long as 𝑢3 − 𝑢1 + 1 ≤ 𝑖3(≤ 𝑢3 − 1),

|𝐸 (𝑌 𝐼𝑡 𝑌
𝐼1
𝑡 ,𝑢1
𝜀
𝐼2
𝑡 ,𝑢2
𝜀
𝐼3
𝑡 ,𝑢3,𝑖3

) | ≤ 𝐶 [3]
1,1𝛼

𝐼1𝑢1+𝐼3 (𝑢3−𝑢1 )𝜗𝐼3 (𝑖3+𝑢1−𝑢3 ) ,

which enables us to see that

|𝐷 [3]
1,1 | ≤ [𝐶 [3]

1,1 + 7(𝐶 [3]
1,1 )

2 + 12(𝐶 [3]
1,1 )

3 + 6(𝐶 [3]
1,1 )

4]𝛼𝑢3

𝑢3−1∑︁
𝑖3=𝑢3−𝑢1+1

𝜗𝑖3+𝑢1−𝑢3 ≤ 6𝐵4 [1 + (𝐶 [3]
1,1 )

4] 𝛼
𝑢3

1 − 𝜗 .

𝐷
[3]
1,2 . As long as 𝑢3 − 𝑢2 + 1 ≤ 𝑖3 ≤ 𝑢3 − 𝑢1 and 𝑢2 − 𝑢1 + 1 ≤ 𝑖2(≤ 𝑢2 − 1) (in this case, T𝑡 ,𝑢3,𝑖3
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intersects with T𝑡 ,𝑢2,𝑖2),

|𝐸 (𝑌 𝐼𝑡 𝑌
𝐼1
𝑡 ,𝑢1
𝜀
𝐼2
𝑡 ,𝑢2,𝑖2

𝜀
𝐼3
𝑡 ,𝑢3,𝑖3

) | ≤ 𝐶 [3]
1,2𝛼

𝐼1𝑢1+
∑3
𝑗=2 𝐼 𝑗 (𝑢 𝑗−𝑢 𝑗−1 )𝜗

∑3
𝑗=2 𝐼 𝑗 (𝑖 𝑗+𝑢 𝑗−1−𝑢 𝑗 ) ,

which enables us to see that

|𝐷 [3]
1,2 | ≤ [𝐶 [3]

1,2 + 7(𝐶 [3]
1,2 )

2 + 12(𝐶 [3]
1,2 )

3 + 6(𝐶 [3]
1,2 )

4]𝛼𝑢3

𝑢2−1∑︁
𝑖2=𝑢2−𝑢1+1

𝑢3−𝑢1∑︁
𝑖3=𝑢3−𝑢2+1

𝜗
∑3
𝑗=2 (𝑖 𝑗+𝑢 𝑗−𝑢 𝑗−1 )

≤ 6𝐵4 [1 + (𝐶 [3]
1,2 )

4] 𝛼𝑢3

(1 − 𝜗)2 .

This completes the proof of 𝑟 = 3.

Even for the general case 𝑟 = 4, 5, . . ., we obviously have 𝐶𝑢𝑚(𝑌𝑡 , 𝜀𝑡 ,𝑢1 , . . . , 𝜀𝑡 ,𝑢𝑟 ) ≡ 0, hence,

𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡+𝑢1 , . . . , 𝑌𝑡+𝑢𝑟 ) =
𝑟∑︁
𝐽=1

𝐷
[𝑟 ]
𝐽
,

where

𝐷
[𝑟 ]
𝐽

=


𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡 ,𝑢1 + 𝜀𝑡 ,𝑢1 , . . . , 𝑌𝑡 ,𝑢𝑟−1 + 𝜀𝑡 ,𝑢𝑟−1 , 𝑌𝑡 ,𝑢𝑟 ), 𝐽 = 𝑟,

𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡 ,𝑢1 + 𝜀𝑡 ,𝑢1 , . . . , 𝑌𝑡 ,𝑢𝐽−1 + 𝜀𝑡 ,𝑢𝐽−1 , 𝑌𝑡 ,𝑢𝐽 , 𝜀𝑡 ,𝑢𝐽+1 , . . . , 𝜀𝑡 ,𝑢𝑟 ), 𝐽 = 1, . . . , 𝑟 − 1.

The basic tool for dealing with the terms 𝐷 [𝑟 ]
𝐽

’s is the cumulant-moment relation, given by

𝐶𝑢𝑚(𝑋0, . . . , 𝑋𝑟 ) = 𝐸
( 𝑟∏
𝑖=0

𝑋𝑖

)
− 𝐸

( 𝑟−1∏
𝑖=0

𝑋𝑖

)
𝐸 (𝑋𝑟 )⟨𝑟 + 1⟩ + · · · + (−1)𝑟𝑟!

𝑟∏
𝑖=0

𝐸 (𝑋𝑖)

(e.g., McCullagh (2018)). We adopt the conventional notation of the empty sum/product, i.e.,
∑
𝑗∈∅ 𝑎 𝑗 = 0

and
∏
𝑗∈∅ 𝑎 𝑗 = 1.

In the same manner as the term 𝐷
[3]
3 , we can deal with the last term 𝐷

[𝑟 ]
𝑟 . That is, the repeated use

of the conditioning argument, in relation to (5.4), shows that, given 𝐼, 𝐼1, . . . , 𝐼𝑟 , whose values are 0 or 1,

with 𝐼 +∑𝑟
𝑗=1 𝐼 𝑗 ≥ 1,

���𝐸 [𝑌 𝐼𝑡 { 𝑟−1∏
𝑗=1

(𝑌𝑡 ,𝑢 𝑗 + 𝜀𝑡 ,𝑢 𝑗 )𝐼 𝑗
}
𝑌
𝐼𝑟
𝑡 ,𝑢𝑟

] ��� ≤ 𝐶 [𝑟 ]
𝑟 𝛼𝐼𝑟𝑢𝑟 ,

which enables us to see that

|𝐷 [𝑟 ]
𝑟 | ≤

{ 𝑟+1∑︁
𝑖=1

(𝑖 − 1)!𝑆(𝑟+1
𝑖 ) (𝐶

[𝑟 ]
𝑟 )𝑖

}
𝛼𝑢𝑟 ≤ 𝑟!𝐵𝑟+1 [1 + (𝐶 [𝑟 ]

𝑟 )𝑟+1]𝛼𝑢𝑟 .

To complete the proof, we need to consider other terms 𝐷 [𝑟 ]
𝐽
, 𝐽 = 1, . . . , 𝑟 − 1.

For every case of 𝐽 ∈ {1, . . . , 𝑟 − 1}, we denote by 𝐾𝐽 the rightmost position of 𝑘 ∈ {𝐽 + 1, . . . , 𝑟}
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such that T𝑡 ,𝑢𝐽 ∩ T𝑡 ,𝑢𝑘 ,𝑖𝑘 ≠ ∅, i.e., by definition,

(i) 𝑢𝐾𝐽 − 𝑢𝐽 + 1 ≤ 𝑖𝐾𝐽 (≤ 𝑢𝐾𝐽 − 1) and (ii) when 𝐾𝐽 ≠ 𝑟 , 0 ≤ 𝑖ℓ ≤ 𝑢ℓ − 𝑢𝐽 for ℓ = 𝐾𝐽 + 1, . . . , 𝑟 .

On the basis of this proof strategy, let

𝐶
[𝑟 ]
𝑖𝐾𝐽 ,...,𝑖𝑟

= 𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡 ,𝑢1 + 𝜀𝑡 ,𝑢1 , . . . , 𝑌𝑡 ,𝑢𝐽−1 + 𝜀𝑡 ,𝑢𝐽−1 , 𝑌𝑡 ,𝑢𝐽 , 𝜀𝑡 ,𝑢𝐽+1 , . . . , 𝜀𝑡 ,𝑢𝐾𝐽 −1 , 𝜀𝑡 ,𝑢𝐾𝐽 ,𝑖𝐾𝐽 , . . . , 𝜀𝑡 ,𝑢𝑟 ,𝑖𝑟 ).

Besides, when𝐾𝐽 ≠ 𝑟, (𝑖𝐾𝐽+1, . . . , 𝑖𝑟 ) must be restricted to the condition that 𝑢ℓ−𝑢ℓ−1+1 ≤ 𝑖ℓ (≤ 𝑢ℓ−𝑢𝐽 )

for ℓ = 𝐾𝐽 + 1, . . . , 𝑟 . That is, for every 𝐽 ∈ {1, . . . , 𝑟 − 1},

𝐷
[𝑟 ]
𝐽

=

𝑟∑︁
𝐾𝐽=𝐽+1

𝐷
[𝑟 ]
𝐽,𝑟−𝐾𝐽+1,

where

𝐷
[𝑟 ]
𝐽,𝑟−𝐾𝐽+1 =

𝑢𝐾𝐽 −1∑︁
𝑖𝐾𝐽 =𝑢𝐾𝐽 −𝑢𝐽+1

𝑢𝐾𝐽+1−𝑢𝐽∑︁
𝑖𝐾𝐽+1=𝑢𝐾𝐽+1−𝑢𝐾𝐽 +1

· · ·
𝑢𝑟−𝑢𝐽∑︁

𝑖𝑟=𝑢𝑟−𝑢𝑟−1+1
𝐶

[𝑟 ]
𝑖𝐾𝐽 ,...,𝑖𝑟

=
∑︁

(𝑖𝐾𝐽 ,...,𝑖𝑟 ) ∈I
[𝑟 ]
𝐽

𝐶
[𝑟 ]
𝑖𝐾𝐽 ,...,𝑖𝑟

(say),

noting that 𝐶 [𝑟 ]
𝑖𝐾𝐽 ,...,𝑖𝑟

≡ 0 when (𝑖𝐾𝐽 , . . . , 𝑖𝑟 ) ∈ [0, 𝑢𝐾𝐽 − 1] × · · · × [0, 𝑢𝑟 − 1]\I [𝑟 ]
𝐽

. For every

𝐽 ∈ {1, . . . , 𝑟 − 1}, given 𝐼, 𝐼1, . . . , 𝐼𝑟 , whose values are 0 or 1, with 𝐼 + ∑𝑟
𝑗=1 𝐼 𝑗 ≥ 1, as long as

(𝑖𝐾𝐽 , . . . , 𝑖𝑟 ) ∈ I [𝑟 ]
𝐽

,

���𝐸 [𝑌 𝐼𝑡 { 𝐽−1∏
𝑗=1

(𝑌𝑡 ,𝑢 𝑗 + 𝜀𝑡 ,𝑢 𝑗 )𝐼 𝑗
}
𝑌
𝐼𝐽
𝑡 ,𝑢𝐽

{ 𝐾𝐽−1∏
𝑗=𝐽+1

𝜀
𝐼 𝑗
𝑡 ,𝑢 𝑗

}{ 𝑟∏
𝑗=𝐾𝐽

𝜀
𝐼 𝑗

𝑡 ,𝑢 𝑗 ,𝑖 𝑗

}]���
≤ 𝐶 [𝑟 ]

𝐽,𝑟−𝐾𝐽+1𝛼
𝐼𝐽𝑢𝐽+𝐼𝐾𝐽 (𝑢𝐾𝐽 −𝑢𝐽 )+

∑𝑟
𝑗=𝐾𝐽+1 𝐼 𝑗 (𝑢 𝑗−𝑢 𝑗−1 )𝜗

𝐼𝐾𝐽 (𝑖𝐾𝐽 +𝑢𝐽−𝑢𝐾𝐽 )+
∑𝑟
𝑗=𝐾𝐽+1 𝐼 𝑗 (𝑖 𝑗+𝑢 𝑗−1−𝑢 𝑗 ) ,

which enables us to see that

|𝐷 [𝑟 ]
𝐽,𝑟−𝐾𝐽+1 | ≤

{ 𝑟+1∑︁
𝑖=1

(𝑖 − 1)!𝑆(𝑟+1
𝑖 )

}
𝛼𝑢𝑟

∑︁
(𝑖𝐽𝐾 ,...,𝑖𝑟 ) ∈I

[𝑟 ]
𝐽

𝜗
𝑖𝐾𝐽 +𝑢𝐽−𝑢𝐾𝐽 +

∑𝑟
𝑗=𝐾𝐽+1 (𝑖 𝑗+𝑢 𝑗−1−𝑢 𝑗 )

≤ 𝑟!𝐵𝑟+1{1 + (𝐶 [𝑟 ]
𝐽,𝑟−𝐾𝐽+1)

𝑟+1} 𝛼𝑢𝑟

(1 − 𝜗)𝑟−𝐾𝐽+1

≤ 𝑟!𝐵𝑟+1
1 + (𝐶 [𝑟 ]

𝐽,𝑟−𝐾𝐽+1)
𝑟+1

(1 − 𝜗)𝑟−𝐽 𝛼𝑢𝑟 .

Summing over 𝐾𝐽 = 𝐽 + 1, . . . , 𝑟 , it follows that

|𝐷 [𝑟 ]
𝐽

| ≤ 𝑟!𝐵𝑟+1

∑𝑟−𝐽
𝑖=1 {1 + (𝐶 [𝑟 ]

𝐽, 𝑗
)𝑟+1}

(1 − 𝜗)𝑟−𝐽 𝛼𝑢𝑟 , 𝐽 = 1, . . . , 𝑟 − 1.
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In this way, we can prove that

𝐶𝑢𝑚(𝑌𝑡 , 𝑌𝑡+𝑢1 , . . . , 𝑌𝑡+𝑢𝑟 ) ≤ 𝑟!𝐵𝑟+1

[
1 + (𝐶 [𝑟 ]

𝑟 )𝑟+1 +
𝑟−1∑︁
𝐽=1

∑𝑟−𝐽
𝑖=1 {1 + (𝐶 [𝑟 ]

𝐽, 𝑗
)𝑟+1}

(1 − 𝜗)𝑟−𝐽
]
𝛼𝑢𝑟 . □
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Chapter 6

Some estimators in ADCINAR(1) process

6.1 Introduction

Nastić et al. (2017) considered the stationary alternative dependent counting nonnegative integer-valued

autoregressive process of the first-order (ADCINAR(1)), defined by𝑌𝑡 = 𝛼⋄𝜗𝑌𝑡−1 +𝜀𝑡 under the specific

innovation {𝜀𝑡 } (see Theorem 3 in Nastić et al. (2017); the marginal distribution of {𝑌𝑡 } is then geometric

distribution Geo(𝜇/(1+𝜇)) for 𝜇 > 0), where 𝛼⋄𝜗 is an alternative generalized binomial thinning operator

with 0 ≤ 𝛼 ≤ 𝜗 < 1(𝜗 ≠ 0). They gave asymptotic normality of the estimator for the new parameter 𝜗

when other parameter (𝛼, 𝜇) is unrealistically known.

However, in practice, the distributional assumption on the innovation can not be specified in advance.

Also, the conditional expectation is given by 𝐸 (𝑌𝑡 |𝑌𝑡−1) = 𝛼𝑌𝑡−1 + 𝐸 (𝜀𝑡 ), hence, 𝛼 is an important

parameter to be inferenced. This motivates us to revisit asymptotic properties of an estimator for 𝜗

without assuming that 𝛼 is known.

One of the contributions (here, we are interested in a general innovation, not the one considered

by Nastić et al. (2017)) is Proposition 6.3 in Section 6.2, which elucidates that plugging a certain

𝑛1/2-consistent estimator for 𝛼 affects the resulting asymptotic variance, whereas plugging the sample

mean and variance for 𝐸 (𝑌1) and 𝑉 (𝑌1) has no effect. The phenomenon can not be grasped from two

examples discussed in Karlsen and Tjøstheim (1988). Since two-step procedure is one of the commonly

used techniques in time series analysis, this finding gives a warning of the use of Karlsen and Tjøstheim’s

(1988) theory in the recent literature of the stationary nonnegative integer-valued process.

In the statistical analysis of time series count data, the conditional least squares (CLS) method due to

Klimko and Nelson (1978) has been widely used. See, e.g., Al-Osh and Alzaid (1987) and Park and Oh

(1997) for the stationary nonnegative integer-valued autoregressive process of the first-order (INAR(1))

defined by 𝑌𝑡 = 𝛼 ◦𝑌𝑡−1 + 𝜀𝑡 , and Nastić et al. (2017) for the stationary ADCINAR(1) process defined by

𝑌𝑡 = 𝛼 ⋄𝜗 𝑌𝑡−1 + 𝜀𝑡 . Here, we do not assume the specific distributional form about the innovation {𝜀𝑡 }.

The Yule–Walker (YW) estimator for the parameter 𝛼 can be applied easily, since the autocorrelation

structures of various nonnegative integer-valued time series models are the same as the usual stationary

85



autoregressive process of the first-order. A general estimator for the parameter 𝛼 (see Chapter 3) can be

also applied even for the ADCINAR(1) process.

It is well known that these estimators are strong consistent and asymptotic normal under moment

conditions on a general innovation, but are biased in a finite-sample. Some authors derived asymptotic

expansions of the biases in order to perform an analytical bias-correction for the stationary INAR(1)

process (see Bourguignon and Vasconcellos (2015), Weiß and Schweer (2016), and Zeng and Kakizawa

(2022)). As an extension of Chapter 3, we also provide the asymptotic expansions of the biases of the YW

and CLS estimators for the parameter 𝛼 even in the stationary ADCINAR(1) process. Not surprisingly,

the resulting analytical bias-corrected estimators are complicated, involving the estimator for the new

parameter 𝜗. Therefore, the major contribution of this chapter is to develop, in a nonparametric way, other

bias-corrected estimators, without computing the closed-form expression for the asymptotic expansions

of the biases.

The rest of this chapter is organized as follows. Section 6.2 shows consistency and asymptotic

normality of two-step CLS (2CLS) estimator for the new parameter 𝜗 in the stationary ADCINAR(1)

process. Section 6.3 develops the bias-corrected YW and CLS estimators for the parameter 𝛼, together

with their theoretical justifications. Simulation experiments are conducted in Section 6.4, to assess the

finite-sample performances of the estimators (without/with bias-correction). Section 6.5 concludes this

chapter. The proof of Proposition 6.3(i) is postponed to Section 6.6.

6.2 Estimation for the parameters 𝛼 and 𝜗

Suppose that the observation {𝑌1, . . . , 𝑌𝑛} of length 𝑛 is generated by 𝑌𝑡 = 𝛼 ⋄𝜗 𝑌𝑡−1 + 𝜀𝑡 . Here, we

assume that 0 ≤ 𝛼 ≤ 𝜗 < 1(𝜗 ≠ 0), i.e., the ADCINAR(1) process is strictly stationary and ergodic; see

Nastić et al. (2017). As usual, we define the sample mean, variance, and cumulants by𝑌 = (1/𝑛)∑𝑛
𝑡=1𝑌𝑡 ,

�̂�2
𝑌
= (1/𝑛)∑𝑛

𝑡=1(𝑌𝑡−𝑌 )2, �̂�3,𝑌 = (1/𝑛)∑𝑛
𝑡=1(𝑌𝑡−𝑌 )3, and �̂�4,𝑌 = (1/𝑛)∑𝑛

𝑡=1(𝑌𝑡−𝑌 )4−3�̂�4
𝑌

, respectively.

Note that 𝑌 𝑎.𝑠.−−−→ 𝜇𝑌 , �̂�
2
𝑌

𝑎.𝑠.−−−→ 𝜎2
𝑌

, and �̂� 𝑗 ,𝑌
𝑎.𝑠.−−−→ 𝜅 𝑗 ,𝑌 , 𝑗 = 3, 4. See Lemma 5.5(i). Also, 𝐼𝑆 stands for

the indicator of the set 𝑆.

Estimation for the parameter 𝛼

The CLS method is widely used for estimating the parameter 𝛼 in the INAR-type processes. That is,

minimizing the criterion

𝐽 (𝛼, 𝜇𝜀) =
𝑛∑︁
𝑡=2

(𝑌𝑡 − 𝐸 [𝑌𝑡 |𝑌𝑡−1])2 =

𝑛∑︁
𝑡=2

(𝑌𝑡 − 𝛼𝑌𝑡−1 − 𝜇𝜀)2, (6.1)
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the CLS estimator for 𝛼 and 𝜇𝜀 is defined by

�̂�𝐶𝐿𝑆 =

𝑛∑︁
𝑡=2
𝑌𝑡𝑌𝑡−1 −

1
𝑛 − 1

𝑛∑︁
𝑡=2
𝑌𝑡

𝑛∑︁
𝑡=2
𝑌𝑡−1

𝑛∑︁
𝑡=2
𝑌2
𝑡−1 −

1
𝑛 − 1

( 𝑛∑︁
𝑡=2
𝑌𝑡−1

)2
and 𝜇𝜀;𝐶𝐿𝑆 =

1
𝑛 − 1

( 𝑛∑︁
𝑡=2
𝑌𝑡 − �̂�𝐶𝐿𝑆

𝑛∑︁
𝑡=2
𝑌𝑡−1

)

(see also Klimko and Nelson (1978) and Al-Osh and Alzaid (1987)). Also, since 𝛼 is the autocorrelation

at lag 1 for the ADCINAR(1) process, a general estimator for the parameter 𝛼 is defined by

�̂�𝑐1,𝑐2 =

𝑛∑︁
𝑡=2

(𝑌𝑡 − 𝑌 ) (𝑌𝑡−1 − 𝑌 )

𝑐1(𝑌1 − 𝑌 )2 +
𝑛−1∑︁
𝑡=2

(𝑌𝑡 − 𝑌 )2 + 𝑐2(𝑌𝑛 − 𝑌 )2

, 𝑐1, 𝑐2 ≥ 0

(note that �̂�𝑐1,𝑐2 includes the YW (𝑐1 = 𝑐2 = 1) and Burg (𝑐1 = 𝑐2 = 1/2) estimators as special cases; see

Chapter 3).

We state (without proof) that the estimators �̂�𝑐1,𝑐2 and �̂�𝐶𝐿𝑆 have the desirable asymptotic properties

(asymptotic normality of �̂�𝑐1,𝑐2 and �̂�𝐶𝐿𝑆 will be given latter).

Proposition 6.1. Suppose that 0 ≤ 𝛼 ≤ 𝜗 < 1(𝜗 ≠ 0). The following hold.

(i) If 𝐸 (𝜀2
𝑡 ) exists, �̂�𝑐1,𝑐2

𝑎.𝑠.−−−→ 𝛼 and �̂�𝐶𝐿𝑆
𝑎.𝑠.−−−→ 𝛼.

(ii) If𝐸 (𝜀4
𝑡 ) exists, the general estimator �̂�𝑐1,𝑐2 and CLS estimator �̂�𝐶𝐿𝑆 admit the stochastic expansion

in the form

√
𝑛(�̂� − 𝛼) = 1

𝜎2
𝑌

√
𝑛

𝑛∑︁
𝑡=2

{𝑌𝑡 − 𝜇𝑌 − 𝛼(𝑌𝑡−1 − 𝜇𝑌 )}(𝑌𝑡−1 − 𝜇𝑌 ) + 𝑜𝑝 (1).

Also, �̂�𝐶𝐿𝑆 = �̂�1,0 +𝑂 𝑝 (𝑛−2).

Estimation for the new parameter 𝜗

On the other hand, the criterion (6.1) is free of the parameter 𝜗. Another tool is needed to estimate 𝜗.

According to Karlsen and Tjøstheim (1988) (see also Nastić et al. (2017)), we apply the 2CLS method.

It is the CLS criterion as if the observations 𝑌𝑡 ’s were the squared residuals {𝑌𝑡 − 𝐸 (𝑌𝑡 |𝑌𝑡−1)}2’s.

Note that, after some algebra, by Remark 5.1(i) and (5.10), in the stationary ADCINAR(1) process

{𝑌𝑡 }, we have:

Claim 6.1. For 𝑡 = 2, . . . , 𝑛 and arbitrary function 𝐺,

𝐸 [𝑌𝑡𝐺 (𝑌𝑡−1) |𝑌𝑡−1] = {𝛼𝑌𝑡−1 + (1 − 𝛼)𝜇𝑌 }𝐺 (𝑌𝑡−1),

𝐸 [𝑔𝑡 (𝛼, 𝜇𝑌 )𝐺 (𝑌𝑡−1) |𝑌𝑡−1] = { 𝑓1,𝑡−1(𝛼, 𝜇𝑌 , 𝜎2
𝑌 ) + 𝜗𝛼 𝑓2,𝑡−1(𝜇𝑌 , 𝜎2

𝑌 )}𝐺 (𝑌𝑡−1),
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where

𝑔𝑡 (𝛼, 𝜇𝑌 ) = {𝑌𝑡 − 𝜇𝑌 − 𝛼(𝑌𝑡−1 − 𝜇𝑌 )}2,

𝑓1,𝑡−1(𝛼, 𝜇𝑌 , 𝜎2
𝑌 ) = −𝛼2(𝑌𝑡−1 − 𝜇𝑌 )2 + 𝛼(1 − 2𝛼𝜇𝑌 ) (𝑌𝑡−1 − 𝜇𝑌 ) + 𝜎2

𝑌 ,

𝑓2,𝑡−1(𝜇𝑌 , 𝜎2
𝑌 ) = (𝑌𝑡−1 − 𝜇𝑌 )2 − (1 − 2𝜇𝑌 ) (𝑌𝑡−1 − 𝜇𝑌 ) − 𝜎2

𝑌 .

Now, we define

𝐽 (𝛼, 𝜇𝑌 , 𝜎2
𝑌 , 𝜗) =

𝑛∑︁
𝑡=2

[{𝑌𝑡 − 𝐸 (𝑌𝑡 |𝑌𝑡−1)}2 − 𝐸{(𝑌𝑡 − 𝐸 (𝑌𝑡 |𝑌𝑡−1))2 |𝑌𝑡−1}]2

=

𝑛∑︁
𝑡=2

{𝑔𝑡 (𝛼, 𝜇𝑌 ) − 𝑓1,𝑡−1(𝛼, 𝜇𝑌 , 𝜎2
𝑌 ) − 𝜗𝛼 𝑓2,𝑡−1(𝜇𝑌 , 𝜎2

𝑌 )}2.

Suppose that an estimator �̂� for 𝛼(> 0) is available. Minimizing 𝐽 (�̂�, 𝑌 , �̂�2
𝑌
, 𝜗) with respect to 𝜗 (here,

the restriction 𝛼 ≤ 𝜗 < 1 is ignored), the 2CLS estimator for 𝜗 can be constructed in closed-form

𝜗2𝐶𝐿𝑆 =

𝑛∑︁
𝑡=2

{𝑔𝑡 (�̂�, 𝑌 ) − 𝑓1,𝑡−1(�̂�, 𝑌 , �̂�2
𝑌 )} 𝑓2,𝑡−1(𝑌, �̂�2

𝑌 )

�̂�

𝑛∑︁
𝑡=2

𝑓 2
2,𝑡−1(𝑌, �̂�

2
𝑌 )

= 𝜗(�̂�, 𝑌 , �̂�2
𝑌 ) (say).

Proposition 6.2. Suppose that 0 < 𝛼 ≤ 𝜗 < 1 and that 𝐸 (𝜀4
𝑡 ) exists. The following hold.

(i) (1/𝑛)∑𝑛
𝑡=2 𝑓

2
2,𝑡−1(𝑌, �̂�

2
𝑌
) = 𝐵 (say) converges to 𝐸 [ 𝑓 2

2,1(𝜇𝑌 , 𝜎
2
𝑌
)] = 𝐵 (say) a.s.

(ii) Assume that 𝐵 > 0. If �̂� 𝑎.𝑠.−−−→ 𝛼 (�̂�
𝑝
−→ 𝛼), then, the 2CLS estimator 𝜗2𝐶𝐿𝑆 is strongly (weakly)

consistent, i.e., 𝜗2𝐶𝐿𝑆
𝑎.𝑠.−−−→ 𝜗 (𝜗2𝐶𝐿𝑆

𝑝
−→ 𝜗).

Proof (i) The result can be shown easily by Lemma 5.5.

(ii) We start with

𝜗2𝐶𝐿𝑆 − 𝜗 =

1
𝑛

𝑛∑︁
𝑡=2

{𝑔𝑡 (�̂�, 𝑌 ) − 𝑓1,𝑡−1(�̂�, 𝑌 , �̂�2
𝑌 ) − 𝜗�̂� 𝑓2,𝑡−1(𝑌, �̂�2

𝑌 )} 𝑓2,𝑡−1(𝑌, �̂�2
𝑌 )

�̂�

𝑛

𝑛∑︁
𝑡=2

𝑓 2
2,𝑡−1(𝑌, �̂�

2
𝑌 )

, (6.2)

where (1/𝑛)∑𝑛
𝑡=2 𝑓

2
2,𝑡−1(𝑌, �̂�

2
𝑌
) 𝑎.𝑠.−−−→ 𝐵. By Lemma 5.5(ii) and Claim 6.1, we see that, if �̂� 𝑎.𝑠.−−−→ 𝛼,

1
𝑛

𝑛∑︁
𝑡=2

{𝑔𝑡 (�̂�, 𝑌 ) − 𝑓1,𝑡−1(�̂�, 𝑌 , �̂�2
𝑌 ) − 𝜗�̂� 𝑓2,𝑡−1(𝑌, �̂�2

𝑌 )} 𝑓2,𝑡−1(𝑌, �̂�2
𝑌 )

𝑎.𝑠.−−−→ 𝐸 [{𝑔2(𝛼, 𝜇𝑌 ) − 𝑓1,1(𝛼, 𝜇𝑌 , 𝜎2
𝑌 ) − 𝜗𝛼 𝑓2,1(𝜇𝑌 , 𝜎2

𝑌 )} 𝑓2,1(𝜇𝑌 , 𝜎2
𝑌 )] = 0

(it converges in probability to zero, if �̂�
𝑝
−→ 𝛼), which completes the proof. □
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Before presenting the next result (Proposition 6.3), we define

𝐴 = (2𝛼 − 𝜗)
𝜅4,𝑌 + 2𝜎4

𝑌

𝜎2
𝑌

+ {2𝜗(1 − 2𝜇𝑌 ) − 1 − 2𝛼 + 8𝛼𝜇𝑌 }
𝜅3,𝑌

𝜎2
𝑌

+ (1 − 2𝜇𝑌 ){1 − 4𝛼𝜇𝑌 − 𝜗(1 − 2𝜇𝑌 )},

and, for 𝑡 = 2, . . . , 𝑛,

𝑀𝛼,𝑡 = {𝑌𝑡 − 𝜇𝑌 − 𝛼(𝑌𝑡−1 − 𝜇𝑌 )}(𝑌𝑡−1 − 𝜇𝑌 ),

𝑀𝜗,𝑡 = {𝑔𝑡 (𝛼, 𝜇𝑌 ) − 𝑓1,𝑡−1(𝛼, 𝜇𝑌 , 𝜎2
𝑌 ) − 𝜗𝛼 𝑓2,𝑡−1(𝜇𝑌 , 𝜎2

𝑌 )} 𝑓2,𝑡−1(𝜇𝑌 , 𝜎2
𝑌 ).

By Claim 6.1, the expectations 𝜔11 = 𝐸 (𝑀2
𝛼,2), 𝜔12 = 𝐸 (𝑀𝛼,2𝑀𝜗,2), and 𝜔22 = 𝐸 (𝑀2

𝜗,2) are,

respectively, given by

𝜔11 = 𝐸 [(𝑌1 − 𝜇𝑌 ) (𝑌2 − 𝜇𝑌 )𝑀𝛼,2]

= 𝐸 [{𝑌2 − 𝜇𝑌 − 𝛼(𝑌1 − 𝜇𝑌 )}(𝑌2 − 𝜇𝑌 ) (𝑌1 − 𝜇𝑌 )2], (6.3)

𝜔12 = 𝐸 [𝑔2(𝛼, 𝜇𝑌 ) 𝑓2,1(𝜇𝑌 , 𝜎2
𝑌 )𝑀𝛼,2]

= 𝐸 [{𝑌2 − 𝜇𝑌 − 𝛼(𝑌1 − 𝜇𝑌 )}3(𝑌1 − 𝜇𝑌 ) 𝑓2,1(𝜇𝑌 , 𝜎2
𝑌 )], (6.4)

𝜔22 = 𝐸 [𝑔2(𝛼, 𝜇𝑌 ) 𝑓2,1(𝜇𝑌 , 𝜎2
𝑌 )𝑀𝜗,2]

= 𝐸 [{𝑌2 − 𝜇𝑌 − 𝛼(𝑌1 − 𝜇𝑌 )}2 𝑓2,1(𝜇𝑌 , 𝜎2
𝑌 )𝑀𝜗,2] . (6.5)

Proposition 6.3. Suppose that 0 < 𝛼 ≤ 𝜗 < 1 and that 𝐸 (𝜀8
𝑡 ) exists. Assume that 𝐵 > 0. If

√
𝑛(�̂� − 𝛼) = 1

𝜎2
𝑌

√
𝑛

𝑛∑︁
𝑡=2

𝑀𝛼,𝑡 + 𝑜𝑝 (1) (6.6)

(the estimators �̂�𝑌𝑊 and �̂�𝐶𝐿𝑆 satisfy this condition; see Proposition 6.1(ii)), then, the following hold.

(𝑖)
√
𝑛(𝜗2𝐶𝐿𝑆 − 𝜗) =

1
𝛼𝐵

√
𝑛

𝑛∑︁
𝑡=2

(𝐴𝑀𝛼,𝑡 + 𝑀𝜗,𝑡 ) + 𝑜𝑝 (1).

(𝑖𝑖)
√
𝑛(�̂� − 𝛼, 𝜗2𝐶𝐿𝑆 − 𝜗)𝑇

𝑑−→ N(0,Ψ),

with

Ψ =
©«
𝜓11 𝜓12

𝜓12 𝜓22

ª®¬ ,
where 𝜓11 = 𝜔11/𝜎4

𝑌
, 𝜓12 = (𝐴𝜔11 + 𝜔12)/(𝛼𝐵𝜎2

𝑌
), and 𝜓22 = (𝐴2𝜔11 + 2𝐴𝜔12 + 𝜔22)/(𝛼𝐵)2.

Proof The proof of the stochastic expansion (i) is postponed to Section 6.6. The asymptotic normality
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(ii) is readily established by Slutsky’s theorem, once the following is shown:

1
√
𝑛

𝑛∑︁
𝑡=2

(𝑀𝛼,𝑡 , 𝑀𝜗,𝑡 )𝑇
𝑑−→ N(0,Ω), (6.7)

with

Ω =
©«
𝜔11 𝜔12

𝜔12 𝜔22

ª®¬ .
Thus, we have only to prove (6.7), as follows.

Let F𝑡 = 𝜎{𝑌1, . . . , 𝑌𝑡 } be a sigma-field, and let 𝑛 ≥ 2. Note that {𝑛−1/2𝑀#,𝑡 , 𝑡 = 2, . . . , 𝑛}, # = 𝛼, 𝜗,

are martingale difference arrays, i.e., 𝐸 (𝑛−1/2𝑀#,𝑡 |F𝑡−1) = 0. See Claim 6.1.

Now, for # = 𝛼, 𝜗, we have 𝐸 (𝑀2
#,𝑡 ) = 𝐸 (𝑀

2
#,2) (< ∞), by strictly stationarity of {𝑌𝑡 }. Then, for any

𝜀 > 0,

𝑃

(
max
𝑡=2,...,𝑛

|𝑛−1/2𝑀#,𝑡 | > 𝜀
)
≤

𝑛∑︁
𝑡=2

𝑃( |𝑀#,𝑡 | >
√
𝑛𝜀)

= (𝑛 − 1)𝑃( |𝑀#,2 | >
√
𝑛𝜀) (by strictly stationarity of {𝑌𝑡})

≤ 1
𝜀2𝐸 [𝐼{ |𝑀#,2 |>

√
𝑛𝜀}𝑀

2
#,2]

→ 0 (by Lebesgue’s dominated convergence theorem),

which yields

max
𝑡=2,...,𝑛

|𝑛−1/2𝑀#,𝑡 | = 𝑜𝑝 (1), # = 𝛼, 𝜗. (6.8)

Also, for # = 𝛼, 𝜗, we see that

1
𝑛
𝐸

(
max
𝑡=2,...,𝑛

𝑀2
#,𝑡

)
≤ 1
𝑛

𝑛∑︁
𝑡=2

𝐸 (𝑀2
#,𝑡 ) ≤ 𝐸 (𝑀2

#,2), (6.9)

and that, by strictly stationarity and ergodicity of {𝑌𝑡 },

1
𝑛

𝑛∑︁
𝑡=2

𝑀2
#,𝑡

𝑎.𝑠.−−−→ 𝐸 (𝑀2
#,2) and

1
𝑛

𝑛∑︁
𝑡=2

𝑀𝛼,𝑡𝑀𝜗,𝑡

𝑎.𝑠.−−−→ 𝐸 (𝑀𝛼,2𝑀𝜗,2). (6.10)

By means of the Cramér–Wold device, the asymptotic normality (6.7) is shown by martingale central

limit theorem (see McLeish (1974)) and (6.8)–(6.10). □

Remark 6.1. Although it is unrealistic, suppose that (𝛼, 𝜇𝑌 , 𝜎2
𝑌
) is known in advance. As in the
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above-mentioned proof of Proposition 6.3, we can prove that

√
𝑛[𝜗(𝛼, 𝜇𝑌 , 𝜎2

𝑌 ) − 𝜗]
𝑑−→ N(0, 𝜔22/(𝛼𝐵)2).

If (𝐴2𝜔11 + 2𝐴𝜔12)/(𝛼𝐵)2 = D (say) is negative, the infeasible estimator 𝜗(𝛼, 𝜇𝑌 , 𝜎2
𝑌
) underperforms

the feasible estimator 𝜗2𝐶𝐿𝑆 asymptotically.

By Lemma 5.5(i) and Proposition 6.2(ii), it is easy to see that, if �̂� 𝑎.𝑠.−−−→ 𝛼(> 0),

𝐴 = (2�̂� − 𝜗2𝐶𝐿𝑆)
�̂�4,𝑌 + 2(�̂�2

𝑌
)2

�̂�2
𝑌

+ {2𝜗2𝐶𝐿𝑆 (1 − 2𝑌 ) − 1 − 2�̂� + 8�̂�𝑌 }
�̂�3,𝑌

�̂�2
𝑌

+ (1 − 2𝑌 ){1 − 4�̂�𝑌 − 𝜗2𝐶𝐿𝑆 (1 − 2𝑌 )}
𝑎.𝑠.−−−→ 𝐴 (if �̂�

𝑝
−→ 𝛼(> 0), then, 𝐴

𝑝
−→ 𝐴).

This, together with Lemma 5.5 and Proposition 6.2, implies that estimators for 𝜓𝑖 𝑗’s (see also (6.3)–(6.5))

can be constructed as

𝜓11 =
𝜔11

�̂�4
𝑌

, 𝜓12 =
𝐴𝜔11 + 𝜔12

�̂�𝐵�̂�2
𝑌

, and 𝜓22 =
𝐴2𝜔11 + 2𝐴𝜔12 + 𝜔22

(�̂�𝐵)2
,

respectively, where

𝜔11 =
1
𝑛

𝑛∑︁
𝑡=2

{𝑌𝑡 − 𝑌 − �̂�(𝑌𝑡−1 − 𝑌 )}(𝑌𝑡 − 𝑌 ) (𝑌𝑡−1 − 𝑌 )2,

𝜔12 =
1
𝑛

𝑛∑︁
𝑡=2

{𝑌𝑡 − 𝑌 − �̂�(𝑌𝑡−1 − 𝑌 )}3(𝑌𝑡−1 − 𝑌 ) 𝑓2,𝑡−1(𝑌, �̂�2
𝑌 ),

𝜔22 =
1
𝑛

𝑛∑︁
𝑡=2

{𝑌𝑡 − 𝑌 − �̂�(𝑌𝑡−1 − 𝑌 )}2{𝑔𝑡 (�̂�, 𝑌 ) − 𝑓1,𝑡−1(�̂�, 𝑌 , �̂�2
𝑌 ) − 𝜗2𝐶𝐿𝑆�̂� 𝑓2,𝑡−1(𝑌, �̂�2

𝑌 )} 𝑓 2
2,𝑡−1(𝑌, �̂�

2
𝑌 ).

The standard errors (SEs) of the estimators �̂� and 𝜗2𝐶𝐿𝑆 are then given by
√︃
𝜓11/𝑛 and

√︃
𝜓22/𝑛,

respectively.

6.3 Bias-corrections of YW and CLS estimators for the parameter 𝛼

It is well known that the estimators for the parameter 𝛼 are biased in a finite-sample. We focus on the

bias-correction of the two commonly used estimators; one is the YW estimator �̂�𝑌𝑊 = �̂�1,1, and the other

is the CLS estimator �̂�𝐶𝐿𝑆 . From now on, let # = 𝑌𝑊,𝐶𝐿𝑆, unless otherwise stated.

Let 𝑋𝑡 = (𝑌𝑡 − 𝜇𝑌 )/𝜎𝑌 , 𝑡 = 1, . . . , 𝑛. In the same way as in Chapter 3, it is shown that, even for the
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stationary ADCINAR(1) process,

𝐸 (�̂�𝑐1,𝑐2 − 𝛼) = −1 + (𝑐1 + 𝑐2)𝛼
𝑛

− 𝐶𝑜𝑣
[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛

𝑛∑︁
𝑡=2

𝑋2
𝑡−1

]
+ 𝑜(𝑛−1), (6.11)

where

𝐶𝑜𝑣

[1
𝑛

𝑛∑︁
𝑡=2

(𝑋𝑡 − 𝛼𝑋𝑡−1)𝑋𝑡−1,
1
𝑛

𝑛∑︁
𝑡=2

𝑋2
𝑡−1

]
=

1
𝑛2

𝑛∑︁
𝑠,𝑡=2

𝐼{𝑠<𝑡 }𝐶𝑜𝑣 [(𝑋𝑠 − 𝛼𝑋𝑠−1)𝑋𝑠−1, 𝑋
2
𝑡−1]

=
1

𝑛2𝜎4
𝑌

𝑛∑︁
𝑠,𝑡=2

𝐼{𝑠<𝑡 } [𝜇𝑌 (1, 𝑡 − 𝑠, 𝑡 − 𝑠) − 𝛼𝜇𝑌 (0, 𝑡 − 𝑠, 𝑡 − 𝑠)]

=
1
𝑛𝜎4

𝑌

𝑛−2∑︁
ℓ=1

(
1 − ℓ + 1

𝑛

)
[𝜇𝑌 (1, ℓ, ℓ) − 𝛼𝜇𝑌 (0, ℓ, ℓ)]

=
1
𝑛𝜎4

𝑌

{𝑀 (1) − 𝛼𝑀 (0)} +𝑂 (𝑛−2), (6.12)

with

𝑀 (𝑢) =
∞∑︁
ℓ=1

𝜇𝑌 (𝑢, ℓ, ℓ), 𝑢 = 0, 1.

Below, we will estimate 𝑀 (1) − 𝛼𝑀 (0), in two different ways.

6.3.1 Lag window-type bias-correction

Define

𝜇𝑌 (𝑢, ℓ, ℓ) =
1
𝑛

𝑛−ℓ∑︁
𝑡=1

(𝑌𝑡 − 𝑌 ) (𝑌𝑡+𝑢 − 𝑌 ) (𝑌𝑡+ℓ − 𝑌 )2, 𝑢 = 0, 1 and ℓ = 1, . . . , 𝑛 − 1.

The estimation of 𝑀 (1) − 𝛼𝑀 (0) (see (6.12)) is proceeded in a nonparametric way, referring to the issue

of the spectral density estimation (e.g., Anderson (1971)) and the robust standard error estimation in the

regression model with heteroscedastic and autocorrelated disturbances. Theoretical justification will be

given later.

Now, �̂�𝑌𝑊 = �̂�1,1 and �̂�𝐶𝐿𝑆 = �̂�1,0 +𝑂 𝑝 (𝑛−2), as mentioned in Proposition 6.1(ii). We can construct

the bias-corrected YW and CLS estimators, in the form of

�̃�𝑌𝑊 = �̂�𝑌𝑊 + 1
𝑛

[
1 + 2�̂�𝑌𝑊 + 1

�̂�4
𝑌

{𝑀 (1) − �̂�𝑌𝑊𝑀 (0)}
]
, (6.13)

�̃�𝐶𝐿𝑆 = �̂�𝐶𝐿𝑆 +
1
𝑛

[
1 + �̂�𝐶𝐿𝑆 +

1
�̂�4
𝑌

{𝑀 (1) − �̂�𝐶𝐿𝑆𝑀 (0)}
]
, (6.14)
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where

𝑀 (𝑢) =
𝐿𝑛∑︁
ℓ=1

𝑘 (ℓ/𝐿𝑛)𝜇𝑌 (𝑢, ℓ, ℓ), 𝑢 = 0, 1,

for given weight function 𝑘 and positive integer 𝐿𝑛 (< 𝑛), referred to as lag window function and truncation

parameter, respectively (assume that 𝐿𝑛 → ∞ as 𝑛→ ∞, with a suitable rate; see Proposition 6.4 below).

Justifications of (6.13) and (6.14)

It remains to justify 𝑀 (1) − �̂�#𝑀 (0), where # = 𝑌𝑊,𝐶𝐿𝑆.

For notational simplicity, with 𝑍𝑡 = 𝑌𝑡 − 𝜇𝑌 , 𝑡 = 1, . . . , 𝑛, let

𝜇𝑌 (𝑢, ℓ, ℓ) = (1/𝑛)
𝑛−ℓ∑︁
𝑡=1

𝑍𝑡𝑍𝑡+𝑢𝑍
2
𝑡+ℓ and 𝑀 (𝑢) =

𝐿𝑛∑︁
ℓ=1

𝑘 (ℓ/𝐿𝑛)𝜇𝑌 (𝑢, ℓ, ℓ), 𝑢 = 0, 1.

We here restrict ourselves to the form of 𝑘 (𝑥) = 1 − |𝑥 |𝑞 for some 𝑞 > 0, which is famous as a class of

Parzen’s (1957) lag window functions, with sup0≤𝑥≤1 |𝑘 (𝑥) | ≤ 1 (other lag window functons are available

in, e.g., Anderson (1971)).

Lemma 6.1. Suppose that 0 ≤ 𝛼 ≤ 𝜗 < 1(𝜗 ≠ 0) and that 𝐸 (𝜀8
𝑡 ) exists. The following hold.

(i) If 1/𝐿𝑛 + 𝐿𝑞𝑛/𝑛 = 𝑜(1), then,

𝐸 [𝑀 (1) − 𝛼𝑀 (0) − {𝑀 (1) − 𝛼𝑀 (0)}] = −𝐿−𝑞
𝑛

∞∑︁
ℓ=1

ℓ𝑞{𝜇𝑌 (1, ℓ, ℓ) − 𝛼𝜇𝑌 (0, ℓ, ℓ)} + 𝑜(𝐿−𝑞
𝑛 ).

(ii) If 𝐿𝑛 → ∞, then,

𝑉 [𝑀 (1) − 𝛼𝑀 (0)] = 𝑂 (𝐿2
𝑛/𝑛).

(iii) If 1/𝐿𝑛 + 𝐿min(𝑞,2)
𝑛 /𝑛 = 𝑜(1), then,

𝑀 (1) − 𝛼𝑀 (0) = 𝑀 (1) − 𝛼𝑀 (0) + 𝑜𝑝 (1).

(iv) If 𝐿𝑛 = 𝑂 (𝑛1/(2+2𝑞) ), then,

𝑀𝑆𝐸 [𝑀 (1) − 𝛼𝑀 (0)] = 𝑂 (𝑛−𝑞/(1+𝑞) ).

Proof It is easy to see that

𝐸 [𝑀 (1) − 𝛼𝑀 (0) − {𝑀 (1) − 𝛼𝑀 (0)}]
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=

𝐿𝑛∑︁
ℓ=1

{𝑘 (ℓ/𝐿𝑛) − 1}{𝜇𝑌 (1, ℓ, ℓ) − 𝛼𝜇𝑌 (0, ℓ, ℓ)}

−
𝐿𝑛∑︁
ℓ=1

𝑘 (ℓ/𝐿𝑛)
ℓ

𝑛
{𝜇𝑌 (1, ℓ, ℓ) − 𝛼𝜇𝑌 (0, ℓ, ℓ)} −

∞∑︁
ℓ=𝐿𝑛+1

{𝜇𝑌 (1, ℓ, ℓ) − 𝛼𝜇𝑌 (0, ℓ, ℓ)}.

Then, (i) is a direct consequence of an exponential decay of |𝜇𝑌 (1, ℓ, ℓ) − 𝛼𝜇𝑌 (0, ℓ, ℓ) | ≤ 𝐶𝛼ℓ (see

Remark 5.3(ii)) for some constant 𝐶 > 0, independent of ℓ.

To prove (ii), we notice that

𝑉 [𝑀 (1) − 𝛼𝑀 (0)] ≤ 2{𝑉 [𝑀 (1)] +𝑉 [𝑀 (0)]},

where

𝑉 [𝑀 (𝑢)] = 1
𝑛2

𝐿𝑛∑︁
ℓ=1

𝐿𝑛∑︁
ℓ′=1

𝑘 (ℓ/𝐿𝑛)𝑘 (ℓ′/𝐿𝑛)
𝑛−ℓ∑︁
𝑠=1

𝑛−ℓ′∑︁
𝑡=1

𝐶𝑜𝑣(𝑍𝑠𝑍𝑠+𝑢𝑍2
𝑠+ℓ , 𝑍𝑡𝑍𝑡+𝑢𝑍

2
𝑡+ℓ), 𝑢 = 0, 1.

By McCullagh (2018), 𝐶𝑜𝑣(𝑍𝑠𝑍𝑠+𝑢𝑍2
𝑠+ℓ , 𝑍𝑡𝑍𝑡+𝑢𝑍

2
𝑡+ℓ) can be expressed in terms of cumulants (we used

his table of complementary set partitions for the case 𝜏 = 1234|5678). Then, Proposition 5.2 enables us

to show that

𝑉 [𝑀 (𝑢)] = 𝑉1 +𝑂 (𝐿𝑛/𝑛),

where

𝑉1 =
1
𝑛2

𝐿𝑛∑︁
ℓ=1

𝐿𝑛∑︁
ℓ′=1

𝑘 (ℓ/𝐿𝑛)𝑘 (ℓ′/𝐿𝑛)
𝑛−ℓ∑︁
𝑠=1

𝑛−ℓ′∑︁
𝑡=1

{𝐶𝑢𝑚(𝑍𝑠, 𝑍𝑠+𝑢, 𝑍𝑡 , 𝑍𝑡+𝑢)𝑉 (𝑍𝑠+ℓ)𝑉 (𝑍𝑡+ℓ′)

+ 𝐶𝑜𝑣(𝑍𝑠, 𝑍𝑡 )𝐶𝑜𝑣(𝑍𝑠+𝑢, 𝑍𝑡+𝑢)𝑉 (𝑍𝑠+ℓ)𝑉 (𝑍𝑡+ℓ′)

+ 𝐶𝑜𝑣(𝑍𝑠, 𝑍𝑡+𝑢)𝐶𝑜𝑣(𝑍𝑠+𝑢, 𝑍𝑡 )𝑉 (𝑍𝑠+ℓ)𝑉 (𝑍𝑡+ℓ′)}

= 𝑂 (𝐿2
𝑛/𝑛).

By (i) and (ii),

𝑀 (1) − 𝛼𝑀 (0) − {𝑀 (1) − 𝛼𝑀 (0)} = 𝑂 (𝐿−𝑞
𝑛 ) +𝑂 𝑝 (𝐿𝑛/

√
𝑛),

which proves (iii). On the other hand, by (i) and (ii) again,

𝑀𝑆𝐸 [𝑀 (1) − 𝛼𝑀 (0)] = 𝑂 (𝐿−2𝑞
𝑛 + 𝐿2

𝑛/𝑛),

so that (iv) corresponds to the optimal order when 𝐿𝑛 = 𝑂 (𝑛1/(2+2𝑞) ). □
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We are ready to justify the estimator 𝑀 (1) − �̂�#𝑀 (0). Note that �̂�# − 𝛼 is of the ratio form, i.e.,

�̂�# − 𝛼 =
𝑂 𝑝 (1/

√
𝑛)

𝜎2
𝑌
+𝑂 𝑝 (1/

√
𝑛)

= 𝑂 𝑝 (1/
√
𝑛).

Proposition 6.4. Suppose that 0 ≤ 𝛼 ≤ 𝜗 < 1(𝜗 ≠ 0) and that 𝐸 (𝜀8
𝑡 ) exists. If �̂� − 𝛼 = 𝑂 𝑝 (1/

√
𝑛),

then,

𝑀 (1) − �̂�𝑀 (0) = 𝑀 (1) − 𝛼𝑀 (0) + 𝑜𝑝 (1),

provided that 1/𝐿𝑛 + 𝐿min(𝑞,2)
𝑛 /𝑛 = 𝑜(1).

Proof As usual, we decompose

𝑀 (1) − �̂�𝑀 (0) − {𝑀 (1) − 𝛼𝑀 (0)} = {𝑀 (1) − 𝑀 (1)} − �̂�{𝑀 (0) − 𝑀 (0)} − (�̂� − 𝛼)𝑀 (0)

+ [𝑀 (1) − 𝛼𝑀 (0) − {𝑀 (1) − 𝛼𝑀 (0)}] . (6.15)

It is easy to see that

𝐸 [|𝑀 (0) |] ≤
𝐿𝑛∑︁
ℓ=1

𝐸 (𝑍1
2𝑍2

1+ℓ) ≤ 𝐿𝑛𝜇4,𝑌

by the fourth-order stationarity of {𝑌𝑡 } and Cauchy–Schwarz’s inequality, which yields 𝑀 (0) = 𝑂 𝑝 (𝐿𝑛),

hence,

(�̂� − 𝛼)𝑀 (0) = 𝑂 𝑝 (𝐿𝑛/
√
𝑛). (6.16)

On the other hand, for 𝑢 = 0, 1, 𝑀 (𝑢) − 𝑀 (𝑢) can be written as

𝑀 (𝑢) − 𝑀 (𝑢) =
𝐿𝑛∑︁
ℓ=1

𝑘 (ℓ/𝐿𝑛){𝜇𝑌 (𝑢, ℓ, ℓ) − 𝜇𝑌 (𝑢, ℓ, ℓ)}

=
1
𝑛

𝐿𝑛∑︁
ℓ=1

𝑘 (ℓ/𝐿𝑛)
𝑛−ℓ∑︁
𝑡=1

{−𝑍 (2𝑍𝑡𝑍𝑡+𝑢𝑍𝑡+ℓ + 𝑍𝑡𝑍2
𝑡+ℓ + 𝑍𝑡+𝑢𝑍

2
𝑡+ℓ)

+ 𝑍2(𝑍𝑡𝑍𝑡+𝑢 + 2𝑍𝑡𝑍𝑡+ℓ + 2𝑍𝑡+𝑢𝑍𝑡+ℓ + 2𝑍2
𝑡+ℓ)

− 𝑍3(𝑍𝑡 + 𝑍𝑡+𝑢 + 2𝑍𝑡+ℓ) + 𝑍
4}

=

3∑︁
𝑗=1
𝑊

[𝑢]
𝑛, 𝑗
𝑍
𝑗 +

𝐿𝑛∑︁
ℓ=1

𝑘 (ℓ/𝐿𝑛)
(
1 − ℓ

𝑛

)
𝑍

4 (say).
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By the strictly stationarity of {𝑌𝑡 },𝑊 [𝑢]
𝑛, 𝑗

= 𝑂 𝑝 (𝐿𝑛), 𝑗 = 1, 2, 3, are verified, since

𝐸 ( |𝑊 [𝑢]
𝑛,1 |) ≤

𝐿𝑛∑︁
ℓ=1

{2𝐸 ( |𝑍1𝑍1+𝑢 | |𝑍1+ℓ |) + 𝐸 ( |𝑍1 |𝑍2
1+ℓ) + 𝐸 ( |𝑍1+𝑢 |𝑍2

1+ℓ)} ≤ 4𝐿𝑛𝜎𝑌
√
𝜇4,𝑌 ,

𝐸 ( |𝑊 [𝑢]
𝑛,2 |) ≤

𝐿𝑛∑︁
ℓ=1

{𝐸 ( |𝑍1 | |𝑍1+𝑢 |) + 2𝐸 ( |𝑍1 | |𝑍1+ℓ |) + 2𝐸 ( |𝑍1+𝑢 | |𝑍1+ℓ |) + 2𝐸 (𝑍2
1+ℓ)} ≤ 7𝐿𝑛𝜎2

𝑌 ,

𝐸 ( |𝑊 [𝑢]
𝑛,3 |) ≤

𝐿𝑛∑︁
ℓ=1

{𝐸 ( |𝑍1 |) + 𝐸 ( |𝑍1+𝑢 |) + 2𝐸 ( |𝑍1+ℓ |)} ≤ 4𝐿𝑛𝜎𝑌

(we used Cauchy–Schwarz’s inequality). Then,

𝑀 (𝑢) − 𝑀 (𝑢) = 𝑂 𝑝 (𝐿𝑛/
√
𝑛), 𝑢 = 0, 1, and �̂�{𝑀 (0) − 𝑀 (0)} = 𝑂 𝑝 (𝐿𝑛/

√
𝑛). (6.17)

The result follows from (6.15)–(6.17) and Lemma 6.1(iii). □

Remark 6.2. As is well-known, the choice of the truncation parameter 𝐿𝑛 is crucial for this approach.

In Section 6.4, some simulation studies will be given by letting 𝐿𝑛 = ⌊𝑛1/(2+2𝑞)⌋ for the lag window

𝑘 (𝑥) = 1− |𝑥 |𝑞, 𝑞 = 1, 2, on the basis of Lemma 6.1(iv). We leave a suitable data-driven choice of 𝐿𝑛 for

future.

Remark 6.3. After completing the paper (Zeng and Kakizawa (2023)), we know the recent work about a

novel interesting thinning operation (and model) based on a generalized Neyman type distribution theory

(see Amiri et al. (2022)). Since such a model is strictly stationary and ergodic, whose autocorrelation

structures are the same as the ADCINAR(1) process, the bias-corrected YW and CLS estimators (6.13)

and (6.14) are expected to be applicable even for their model.

6.3.2 Analytical bias-correction

A tedious computation of (6.12) gives the following asymptotic expansion for the bias of �̂�𝑐1,𝑐2 , which is

the extension of Proposition 3.2 to the ADCINAR(1) case.

Proposition 6.5. Suppose that 0 ≤ 𝛼 ≤ 𝜗 < 1(𝜗 ≠ 0) and that 𝐸 (𝜀8
𝑡 ) exists. The bias of �̂�𝑐1,𝑐2 is given

by

𝐸 (�̂�𝑐1,𝑐2 − 𝛼) = −1
𝑛

(
1 + 𝐵𝑐1,𝑐2 +

𝜗 − 𝛼
1 − 𝛼𝜗𝐷

)
+ 𝑜(𝑛−1),

where

𝐵𝑐1,𝑐2 = 𝛼

{ 2𝛼𝑄2:3,𝑌

(1 + 𝛼)𝜎4
𝑌

+ 1
𝜎2
𝑌

+ 2 + 𝑐1 + 𝑐2

}
,

𝐷 = 𝛼

[𝜗𝑄2:4,𝑌

𝜎4
𝑌

+
{3 − 𝛼 − 𝛼(1 + 𝛼)𝜗}𝑄2:3,𝑌

(1 − 𝛼2)𝜎4
𝑌

+
{(3 − 𝛼)𝜗 − 2𝛼}𝑄2:3,𝑌 𝜇𝑌

(1 − 𝛼)𝜎4
𝑌
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+ (3 − 𝛼 − 2𝛼𝜗)𝜇𝑌
(1 − 𝛼)𝜎2

𝑌

+
{(3 + 𝛼)𝜗 − 2𝛼(3 − 𝛼)}𝜇2

𝑌

(1 − 𝛼)𝜎2
𝑌

+ 3(𝜗 − 1)
𝜎2
𝑌

+ 3𝜗
]
.

Proof After some straightforward but tedious algebra, we obtain

𝑀 (1) − 𝛼𝑀 (0) =
2𝛼2𝑄2:3,𝑌

1 + 𝛼 + 𝛼𝜎2
𝑌 + 2𝛼𝜎4

𝑌 + 𝜗 − 𝛼
1 − 𝛼𝜗𝐷 (by Remark 5.3(ii)).

This, together with (6.11) and (6.12), completes the proof. □

In order to estimate 𝑄2: 𝑗 ,𝑌 , 𝑗 = 3, 4, we define 𝑄2:3,𝑌 = �̂�3,𝑌 − �̂�2
𝑌

and 𝑄2:4,𝑌 = �̂�4,𝑌 − 3�̂�3,𝑌 + 2�̂�2
𝑌

.

Then, with the replacement of 𝛼, 𝜎2
𝑌
, and 𝑄2:3,𝑌 by �̂�#, �̂�

2
𝑌

, and 𝑄2:3,𝑌 , we can naturally estimate 𝐵𝑐1,𝑐2

as 𝐵𝑐1,𝑐2 (�̂�#).

On the other hand, in order to estimate the additional bias term (𝜗 − 𝛼)𝐷/(1 − 𝛼𝜗), we further need

an estimator for 𝜗. Following Nastić et al. (2017), we here take an estimator of 𝜗, given by

𝜗(�̂�#) =
𝐶𝑌 − �̂�#{1 + 2(1 − �̂�#)𝑌 }�̂�2

𝑌

�̂�#(𝑄2:3,𝑌 + 2�̂�2
𝑌
𝑌 )

,

where

𝐶𝑌 =
1

𝑛 − 1

𝑛∑︁
𝑡=2
𝑌2
𝑡 𝑌𝑡−1 −

1
𝑛 − 1

𝑛∑︁
𝑡=2
𝑌2
𝑡

1
𝑛 − 1

𝑛∑︁
𝑡=2
𝑌𝑡−1.

Similarly, with the replacement of 𝛼, 𝜗, 𝜇𝑌 , 𝜎2
𝑌
, and 𝑄2: 𝑗 ,𝑌 with �̂�#, 𝜗(�̂�#), 𝑌 , �̂�2

𝑌
, and 𝑄2: 𝑗 ,𝑌 , 𝑗 = 3, 4,

we can naturally estimate 𝐷 as 𝐷#.

Lemma 6.2. Suppose that 0 < 𝛼 ≤ 𝜗 < 1 and that 𝐸 (𝜀4
𝑡 ) exists. Then,

𝐵𝑐1,𝑐2 (�̂�#)
𝑎.𝑠.−−−→ 𝐵𝑐1,𝑐2 , 𝜗(�̂�#)

𝑎.𝑠.−−−→ 𝜗,

and

{�̂�# − 𝜗(�̂�#)}𝐷#

1 − �̂�#𝜗(�̂�#)
𝑎.𝑠.−−−→ (𝛼 − 𝜗)𝐷

1 − 𝛼𝜗 .

Proof We have only to the strong consistency 𝜗#
𝑎.𝑠.−−−→ 𝜗.

By Lemma 5.5(i) and Proposition 6.1(i), we have 𝑌 𝑎.𝑠.−−−→ 𝜇𝑌 , �̂�2
𝑌

𝑎.𝑠.−−−→ 𝜎2
𝑌

, �̂� 𝑗 ,𝑌
𝑎.𝑠.−−−→ 𝜅 𝑗 ,𝑌 , 𝑗 = 3, 4,

and �̂�#
𝑎.𝑠.−−−→ 𝛼. By strictly stationarity and ergodicity of {𝑌𝑡 }, one can show that

𝐶𝑌
𝑎.𝑠.−−−→ 𝐶𝑜𝑣(𝑌2

2 , 𝑌1) = 𝛾𝑌 (1, 1) + 2𝛾𝑌 (1)𝜇𝑌 = 𝛼[𝜗(𝑄2:3,𝑌 + 2𝜎2
𝑌 𝜇𝑌 ) + {1 + 2(1 − 𝛼)𝜇𝑌 }𝜎2

𝑌 ] .
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Hence,

𝜗(�̂�#)
𝑎.𝑠.−−−→

𝐶𝑜𝑣(𝑌2
2 , 𝑌1) − 𝛼{1 + 2(1 − 𝛼)𝜇𝑌 }𝜎2

𝑌

𝛼(𝑄2:3,𝑌 + 2𝜎2
𝑌
𝜇𝑌 )

= 𝜗. □

In this way, analytical bias-corrected YW and CLS estimators for the parameter 𝛼 in the stationary

ADCINAR(1) process are defined by

�̃�Ana
𝑌𝑊 = �̂�𝑌𝑊 + 1

𝑛

{
1 + 𝐵1,1(�̂�𝑌𝑊 ) + 𝜗(�̂�𝑌𝑊 ) − �̂�𝑌𝑊

1 − 𝜗(�̂�𝑌𝑊 )�̂�𝑌𝑊
𝐷𝑌𝑊

}
, (6.18)

�̃�Ana
𝐶𝐿𝑆 = �̂�𝐶𝐿𝑆 +

1
𝑛

{
1 + 𝐵1,0(�̂�𝐶𝐿𝑆) +

𝜗(�̂�𝐶𝐿𝑆) − �̂�𝐶𝐿𝑆
1 − 𝜗(�̂�𝐶𝐿𝑆)�̂�𝐶𝐿𝑆

𝐷𝐶𝐿𝑆

}
. (6.19)

Remark 6.4. (i) For the stationary INAR(1) process under a general innovation, analytical bias-corrected

YW and CLS estimators were suggested in Chapter 3, as follows:

�̃�′Ana
𝑌𝑊 = �̂�𝑌𝑊 + 1

𝑛
{1 + 𝐵1,1(�̂�𝑌𝑊 )},

�̃�′Ana
𝐶𝐿𝑆 = �̂�𝐶𝐿𝑆 +

1
𝑛
{1 + 𝐵1,0(�̂�𝐶𝐿𝑆)}.

Under the Poisson innovation (in this case, 𝑄2:3,𝑌 = 0), one can use

�̃�′′Ana
𝑌𝑊 = �̂�𝑌𝑊 + 1

𝑛

(
1 + �̂�𝑌𝑊

�̂�2
𝑌

+ 4�̂�𝑌𝑊
)
,

�̃�′′Ana
𝐶𝐿𝑆 = �̂�𝐶𝐿𝑆 +

1
𝑛

(
1 + �̂�𝐶𝐿𝑆

�̂�2
𝑌

+ 3�̂�𝐶𝐿𝑆
)
.

(ii) Unlike the lag window-type bias-corrections (6.13) and (6.14), the analytical bias-corrections

in this subsection suffer from model misspecification problems (i.e., the under-fitting or over-fitting),

depending on the situation without/with the constraint 𝜗 = 𝛼, 𝑄2:3,𝑌 = 0, or 𝑄2:4,𝑌 = 0.

6.4 Simulation results

Simulation studies of 2CLS estimator for the new parameter 𝜗

We conduct simulation experiments (𝛼0 = 0.3, 0.4, 0.5, 0.6, 0.7, 𝜗0 = 0.9, and 𝑛 = 100, 200, 300, 1000)

about the infeasible/feasible estimators for 𝜗, under the set-up that {𝜀𝑡 } follows the Poisson distribution

Po((1−𝛼)𝜇) or negative binomial (NB) distribution NB(𝑟, 𝑟/{𝑟 + (1−𝛼)𝜇}) (we set 𝜇 = 10 and 𝑟 = 10).

We consider 𝜗0 = 𝜗(𝛼0, 𝜇𝑌,0, 𝜎
2
𝑌,0) as if the parameter (𝛼, 𝜇𝑌 , 𝜎2

𝑌
) = (𝛼0, 𝜇𝑌,0, 𝜎

2
𝑌,0) were known,

together with the feasible estimator 𝜗2𝐶𝐿𝑆 = 𝜗(�̂�𝐶𝐿𝑆 , 𝑌 , �̂�2
𝑌
). To keep the inequality constraint, we also
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compute

𝜗
†
0 =


𝛼0, 𝜗(𝛼0, 𝜇𝑌,0, 𝜎

2
𝑌,0) ≤ 𝛼0,

𝜗(𝛼0, 𝜇𝑌,0, 𝜎
2
𝑌,0), 𝛼0 < 𝜗(𝛼0, 𝜇𝑌,0, 𝜎

2
𝑌,0) < 1,

1, 1 ≤ 𝜗(𝛼0, 𝜇𝑌,0, 𝜎
2
𝑌,0),

𝜗
†
2𝐶𝐿𝑆 =


�̂�†, 𝜗(�̂�†, 𝑌 , �̂�2

𝑌
) ≤ �̂�†,

𝜗(�̂�†, 𝑌 , �̂�2
𝑌
), �̂�† < 𝜗(�̂�†, 𝑌 , �̂�2

𝑌
) < 1,

1, 1 ≤ 𝜗(�̂�†, 𝑌 , �̂�2
𝑌
),

where �̂�† = max{0,min(1, �̂�CLS)} is the positive part of the truncated CLS estimator for 𝛼. Note that the

former 𝜗†0 is infeasible, whereas the latter 𝜗†2𝐶𝐿𝑆 is feasible.

We discuss the simulation results (2000 replications) for the Poisson innovation. The similar findings

shown for the NB innovation, as well as the estimators with �̂�𝐶𝐿𝑆 replaced by �̂�𝑌𝑊 , are omitted to save

space. It is obvious from Table 6.1 that the biases, variances, and mean standard errors (MSEs) of all

estimators decrease as 𝑛 increases. More details are as follows.

(A) In our experiance, it seems that, the more 𝛼0 approches to zero, the less numerically stable the

estimators for 𝜗 are. The bad performance of 𝜗2𝐶𝐿𝑆 when 𝛼0 is small, compared to 𝜗0 (the mark #

means that the variance and MSE of 𝜗2𝐶𝐿𝑆 are too large) is caused by the fact that, for small sample

size 𝑛, (i) the CLS (or YW) estimator for 𝛼 can be negative value or greater than 1, and (ii) the

resulting 2CLS estimator for 𝜗 can be smaller than the estimator for 𝛼 (of course, the consistency

tells us that these phenomena do not occur in the large sample). We conclude that the estimator

𝜗2𝐶𝐿𝑆 is dangerous to use in practice, unless the sample size 𝑛 is moderately large.

(B) We thus compare 𝜗†0 with 𝜗†2𝐶𝐿𝑆 . We find that, unless the sample size 𝑛 is large, the information

(𝛼, 𝜇𝑌 , 𝜎2
𝑌
) = (𝛼0, 𝜇𝑌,0, 𝜎

2
𝑌,0) does not always yield good estimator, depending on the values of

𝛼0, i.e., when 𝛼0 is small and 𝑛 is small, the variance of 𝜗†0 is smaller than that of 𝜗†2𝐶𝐿𝑆 . On the

other hand, the simulation results when 𝑛 = 1000 reveal that feasible estimator 𝜗†2𝐶𝐿𝑆 is superior

to infeasible estimator 𝜗†0 .

(C) To illusrate the finding of (B) theoretically, recall Remark 6.1, i.e., the key quantity is D, for which

the explicit but tedius formulas of 𝐴, 𝐵, and 𝜔11 are available (we can apply Proposition 5.1),

whereas the expectation𝜔12 (see (6.4)) contains 𝐸 [(𝑌1−𝜇𝑌 )𝑖 (𝑌0−𝜇𝑌 ) 𝑗], 𝑖+ 𝑗 = 5, 6(𝑖 = 0, 1, 2, 3);

they are difficult to evaluate. After estimating D via the simulation experiment, it turns out that D

is almost negative, at least for the Poisson and NB innovations. This is the reason why the plug-in

case seems to be superior to the known case, for large sample size 𝑛 = 1000 (say); in that case,

there will be no worry about (A).
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Table 6.1: Biases, variances, and MSEs of infeasible estimators (𝜗0 and𝜗†0) and feasible estimators (𝜗2𝐶𝐿𝑆

and 𝜗†2𝐶𝐿𝑆) in the stationary ADCINAR(1) process (𝜗0 = 0.9) under the Poisson and NB innovations.
The mark # means that the variance and MSE of 𝜗2𝐶𝐿𝑆 are too large for small sample size 𝑛. The
bold-faced values show that 𝜗†0 is superior to 𝜗†2𝐶𝐿𝑆 .

Poisson case Biases (×10) Variances (×100) MSEs (×100)
𝛼0 𝑛 𝜗0 𝜗2𝐶𝐿𝑆 𝜗

†
0 𝜗

†
2𝐶𝐿𝑆 𝜗0 𝜗2𝐶𝐿𝑆 𝜗

†
0 𝜗

†
2𝐶𝐿𝑆 𝜗0 𝜗2𝐶𝐿𝑆 𝜗

†
0 𝜗

†
2𝐶𝐿𝑆

0.3 100 -0.796 0.563 -0.880 -0.482 1.809 # 1.367 1.886 2.443 # 2.142 2.118
200 -0.531 -0.090 -0.601 -0.341 1.301 # 0.991 0.919 1.582 # 1.352 1.036
300 -0.423 -0.197 -0.484 -0.282 1.082 1.137 0.830 0.635 1.261 1.176 1.064 0.714

1000 -0.172 -0.131 -0.198 -0.138 0.499 0.234 0.416 0.210 0.529 0.251 0.455 0.229
0.4 100 -0.279 0.118 -0.296 -0.242 0.567 # 0.513 0.869 0.645 # 0.601 0.927

200 -0.160 -0.049 -0.166 -0.131 0.324 # 0.308 0.393 0.350 # 0.335 0.410
300 -0.146 -0.112 -0.151 -0.124 0.258 0.321 0.245 0.282 0.279 0.334 0.268 0.298

1000 -0.051 -0.050 -0.051 -0.050 0.097 0.087 0.096 0.087 0.100 0.089 0.099 0.089
0.5 100 0.063 0.013 0.044 -0.074 0.393 # 0.346 0.471 0.397 # 0.348 0.477

200 0.060 -0.017 0.054 -0.024 0.230 0.244 0.215 0.227 0.234 0.245 0.218 0.227
300 0.029 -0.030 0.027 -0.031 0.172 0.168 0.168 0.166 0.173 0.168 0.169 0.167

1000 0.011 -0.012 0.011 -0.012 0.055 0.047 0.055 0.047 0.055 0.048 0.055 0.048
0.6 100 0.290 0.067 0.228 0.046 0.525 0.393 0.393 0.328 0.609 0.397 0.445 0.330

200 0.152 0.030 0.130 0.026 0.358 0.185 0.310 0.176 0.381 0.185 0.327 0.177
300 0.121 0.026 0.115 0.026 0.234 0.116 0.221 0.115 0.249 0.117 0.234 0.116

1000 0.040 0.013 0.040 0.013 0.090 0.037 0.090 0.037 0.092 0.037 0.092 0.037
0.7 100 0.307 0.059 0.226 0.046 0.603 0.286 0.425 0.255 0.697 0.289 0.476 0.257

200 0.181 0.052 0.151 0.049 0.392 0.143 0.327 0.138 0.425 0.146 0.350 0.141
300 0.134 0.043 0.121 0.042 0.293 0.107 0.266 0.106 0.311 0.108 0.280 0.108

1000 0.063 0.018 0.063 0.018 0.096 0.032 0.096 0.032 0.100 0.033 0.100 0.033

NB case
0.3 100 -0.826 -0.377 -0.934 -0.689 2.228 # 1.646 2.447 2.911 # 2.518 2.922

200 -0.524 -0.390 -0.623 -0.408 1.619 # 1.160 1.097 1.894 # 1.548 1.264
300 -0.437 -0.215 -0.512 -0.335 1.225 1.610 0.914 0.802 1.416 1.656 1.176 0.914

1000 -0.174 -0.131 -0.210 -0.140 0.583 0.321 0.460 0.298 0.613 0.339 0.504 0.317
0.4 100 -0.336 -0.040 -0.358 -0.366 0.740 # 0.664 1.082 0.853 # 0.792 1.215

200 -0.209 -0.170 -0.218 -0.214 0.430 0.784 0.404 0.526 0.474 0.813 0.451 0.572
300 -0.149 -0.146 -0.157 -0.161 0.345 0.415 0.323 0.363 0.367 0.436 0.348 0.389

1000 -0.071 -0.076 -0.072 -0.077 0.126 0.112 0.125 0.112 0.131 0.118 0.130 0.118
0.5 100 0.038 -0.016 -0.0001 -0.127 0.536 # 0.437 0.588 0.537 # 0.437 0.604

200 0.038 -0.051 0.028 -0.064 0.289 0.338 0.265 0.302 0.291 0.341 0.266 0.306
300 0.022 -0.051 0.019 -0.054 0.204 0.210 0.197 0.203 0.205 0.213 0.197 0.206

1000 0.008 -0.018 0.008 -0.018 0.072 0.065 0.072 0.065 0.072 0.065 0.072 0.065
0.6 100 0.231 0.003 0.162 -0.022 0.595 0.461 0.436 0.394 0.649 0.461 0.462 0.394

200 0.178 0.030 0.149 0.024 0.389 0.226 0.323 0.211 0.420 0.227 0.345 0.212
300 0.111 0.028 0.095 0.026 0.296 0.159 0.260 0.154 0.308 0.160 0.269 0.155

1000 0.045 0.014 0.045 0.014 0.106 0.052 0.106 0.052 0.108 0.052 0.108 0.052
0.7 100 0.275 0.044 0.187 0.026 0.653 0.339 0.450 0.293 0.728 0.341 0.484 0.293

200 0.207 0.057 0.174 0.055 0.399 0.170 0.328 0.164 0.442 0.174 0.358 0.167
300 0.155 0.037 0.141 0.036 0.293 0.117 0.263 0.115 0.317 0.119 0.283 0.116

1000 0.060 0.024 0.060 0.024 0.111 0.038 0.110 0.038 0.115 0.039 0.114 0.039
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Simulation studies of bias-corrected estimators for the parameter 𝛼

We here conduct some simulations about the YW and CLS estimators (without/with bias-correction)

for the parameter 𝛼 in the stationary INAR(1) and ADCINAR(1) processes (we set 𝜗 = 0.9 for the

ADCINAR(1) case), under the set-up that the innovation {𝜀𝑡 } follows the Poisson distribution Po((1−𝛼)𝜇)

or NB distribution NB(𝑟, 𝑟/{𝑟 + (1 − 𝛼)𝜇}) (we set 𝜇 = 10 and 𝑟 = 10). We consider 𝛼 = 0.2, 0.5, 0.8

and 𝑛 = 100, 200, 300, with 2000 replications. Note that the INAR(1) process is a special case of the

ADCINAR(1) process when 𝛼 = 𝜗 (see Remark 5.1(ii)). We use the lag windows 𝑘 (𝑥) = 1 − |𝑥 |𝑞

for 𝑞 = 1, 2. The resulting bias-corrected estimator, with 𝐿𝑛 = ⌊𝑛1/(2+2𝑞)⌋, is denoted by �̃� (𝑞)
# , where

# = 𝑌𝑊,𝐶𝐿𝑆 and 𝑞 = 1, 2. By way of comparison, we also compute the analytical bias-corrected

estimators �̃�Ana
# , �̃�†Ana

# , and �̃�′Ana
# . Here,

�̃�
†Ana
𝑌𝑊

= �̂�
†
𝑌𝑊

+ 1
𝑛

{
1 + 𝐵1,1(�̂�†𝑌𝑊 ) +

𝜗†(�̂�†
𝑌𝑊

) − �̂�†
𝑌𝑊

1 − 𝜗†(�̂�†
𝑌𝑊

)�̂�†
𝑌𝑊

𝐷
†
𝑌𝑊

}
, (6.20)

�̃�
†Ana
𝐶𝐿𝑆

= �̂�
†
𝐶𝐿𝑆

+ 1
𝑛

{
1 + 𝐵1,0(�̂�†𝐶𝐿𝑆) +

𝜗†(�̂�†
𝐶𝐿𝑆

) − �̂�†
𝐶𝐿𝑆

1 − 𝜗†(�̂�†
𝐶𝐿𝑆

)�̂�†
𝐶𝐿𝑆

𝐷
†
𝐶𝐿𝑆

}
, (6.21)

where �̂�†# = max{0,min(1, �̂�#)} is the positive part of the truncated estimator �̂�#,

𝜗†(�̂�†#) =


�̂�
†
#, 𝜗(�̂�†#) ≤ �̂�

†
#,

𝜗(�̂�†#), �̂�
†
# < 𝜗(�̂�

†
#) < 1,

1, 1 ≤ 𝜗(�̂�†#),

and 𝐷†
# is an estimator of 𝐷, replacing 𝛼, 𝜗, 𝜇𝑌 , 𝜎2

𝑌
, and𝑄2: 𝑗 ,𝑌 by �̂�†#, 𝜗

†(�̂�†#), 𝑌 , �̂�
2
𝑌

, and𝑄2: 𝑗 ,𝑌 , 𝑗 = 3, 4,

respectively.

The biases, variances, and MSEs of the estimators �̂�#, �̃� (𝑞)
# , 𝑞 = 1, 2, �̃�Ana

# , �̃�†Ana
# , and �̃�′Ana

# are

shown in Tables 6.2–6.5. It is obvious that the biases, variances, and MSEs of all estimators decrease as

𝑛 increases (overall, the estimators have the downward biases). More details are as follows.

• Remarkably, the bias-corrections effectively reduce the bias of the estimator �̂�#, except that, as pointed

out in Remark 6.4(ii), careful attention must be paid to misspecification problems. As a serious matter,

we see that �̃�′Ana
# for the under-fitted case (Tables 6.4 and 6.5) is still biased when 𝛼 is small, due to

the (incorrect) analytical bias-correction. On the other hand, the bias of �̃�′Ana
# for the over-fitted case

(Tables 6.2 and 6.3) seems to be almost removed similar to other bias-corrections, whereas �̃�′Ana
# in this

case underperforms �̃� (𝑞)
# in terms of the variance and MSE.

• The analytical bias-corrected estimator �̃�Ana
# ((6.18) or (6.19)) is extremely dangerous to use when

𝛼 = 0.2 and 𝑛 is small (see Zeng and Kakizawa (2023)), since, as we saw before, estimating 𝜗 is
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unstable unless 𝑛 is moderately large. This is the reason why (6.20) and (6.21) are employed here (note

that (6.20) and (6.21) are improved but still dangerous to use when 𝛼 is small; see Tables 6.4 and 6.5).

• In terms of the variance and MSE, the analytical bias-corrected estimator �̃�†Ana
# outperforms the lag

window-type bias-corrected estimator �̃� (𝑞)
# when 𝑛 is small for the INAR(1) process (Tables 6.2 and

6.3), whereas �̃� (𝑞)
# is superior to �̃�†Ana

# for the ADCINAR(1) process (Tables 6.4 and 6.5).

• If 𝛼 is large, then, the bias-corrected estimator �̃� (𝑞)
# outperforms the (bias-uncorrected) estimator �̂�# in

terms of the MSE.

• Although the variance of �̃� (2)
# is overall smaller than that of �̃� (1)

# , their performances are comparable.

6.5 Concluding remarks

We have revisited the 2CLS estimator for the new parameter 𝜗 in the stationary ADCINAR(1) process

under a general innovation. It turns out that plugging a certain 𝑛1/2-consistent estimator �̂� for 𝛼 (see

(6.6)) yields the additional term 𝑛−1/2 ∑𝑛
𝑡=2 𝐴𝑀𝛼,𝑡/(𝛼𝐵) to the leading term of the stochastic expansion

given in Proposition 6.3(i), whereas plugging (𝑌, �̂�2
𝑌
) for (𝜇𝑌 , 𝜎2

𝑌
) has no effect. The finding about the

2CLS approach seemed to be new in the recent literature of the stationary INAR-type process, to the best

of our knowledge.

We have developed two kinds of the bias-corrections of the YW and CLS estimators. One is the lag

window-type bias-correction ((6.13) and (6.14)) and the other is the analytical bias-correction ((6.18) and

(6.19)). Although the data-driven choice of the truncation parameter 𝐿𝑛 remains to be explored (in the

simulations, we have used 𝐿𝑛 = ⌊𝑛1/(2+2𝑞)⌋, 𝑞 = 1, 2, as a first step), the merit of the lag window-type

bias-correction is that there is no need for the computation of the closed-form expression of the biases

of �̂�𝑌𝑊 and �̂�𝐶𝐿𝑆 . On the other hand, the analytical bias-corrected YW and CLS estimators, involving

the estimation for the parameter 𝜗, are more complicated than expected; besides, the resulting estimators

have, of course, the model misspecification problems.

6.6 Proof of Proposition 6.3(i)

We notice that

√
𝑛(𝜗2𝐶𝐿𝑆 − 𝜗) =

1
√
𝑛

𝑛∑︁
𝑡=2

{𝑔𝑡 (�̂�, 𝑌 ) − 𝑓1,𝑡−1(�̂�, 𝑌 , �̂�2
𝑌 ) − 𝜗�̂� 𝑓2,𝑡−1(𝑌, �̂�2

𝑌 )} 𝑓2,𝑡−1(𝑌, �̂�2
𝑌 )

�̂�{𝐵 + 𝑜𝑝 (1)}
(6.22)

(see (6.2)). Below, we will deal with the numerator of (6.22).
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Table 6.2: Biases, variances, and MSEs of the estimators �̂�𝑌𝑊 (without bias-correction), �̃� (𝑞)
𝑌𝑊

, 𝑞 = 1, 2,
�̃�Ana
𝑌𝑊

, �̃�†Ana
𝑌𝑊

, and �̃�′Ana
𝑌𝑊

in the stationary INAR(1) process under the Poisson and NB innovations (note
that �̃�′Ana

𝑌𝑊
is used in a over-fitted case).

Poisson Case Biases (×10) Variances (×100) MSEs (×100)

𝛼(= 𝜗) 𝑛 �̂�𝑌𝑊 �̃�
(1)
𝑌𝑊

�̃�
(2)
𝑌𝑊

�̂�𝑌𝑊 �̃�
(1)
𝑌𝑊

�̃�
(2)
𝑌𝑊

�̂�𝑌𝑊 �̃�
(1)
𝑌𝑊

�̃�
(2)
𝑌𝑊

0.2 100 -0.200 -0.042 -0.039 0.968 1.032 1.035 1.008 1.034 1.036
200 -0.091 -0.009 -0.008 0.475 0.491 0.492 0.483 0.491 0.492
300 -0.068 -0.013 -0.013 0.319 0.326 0.326 0.323 0.326 0.326

0.5 100 -0.325 -0.081 -0.080 0.781 0.826 0.822 0.887 0.832 0.829
200 -0.151 -0.026 -0.025 0.397 0.408 0.407 0.420 0.409 0.408
300 -0.123 -0.035 -0.038 0.268 0.274 0.273 0.283 0.275 0.274

0.8 100 -0.452 -0.152 -0.158 0.507 0.520 0.518 0.711 0.543 0.543
200 -0.195 -0.042 -0.045 0.206 0.208 0.207 0.244 0.210 0.209
300 -0.138 -0.030 -0.038 0.138 0.139 0.139 0.157 0.140 0.140

�̃�Ana
𝑌𝑊

�̃�
†Ana
𝑌𝑊

�̃�′Ana
𝑌𝑊

�̃�Ana
𝑌𝑊

�̃�
†Ana
𝑌𝑊

�̃�′Ana
𝑌𝑊

�̃�Ana
𝑌𝑊

�̃�
†Ana
𝑌𝑊

�̃�′Ana
𝑌𝑊

0.2 100 -0.016 0.001 -0.027 1.053 0.967 1.049 1.054 0.967 1.050
200 0.002 0.002 -0.001 0.494 0.491 0.495 0.494 0.491 0.495
300 -0.007 -0.007 -0.009 0.327 0.327 0.327 0.327 0.327 0.327

0.5 100 -0.025 -0.025 -0.033 0.840 0.840 0.847 0.841 0.841 0.848
200 0.0003 0.0003 -0.002 0.412 0.412 0.414 0.412 0.412 0.414
300 -0.022 -0.022 -0.023 0.275 0.275 0.276 0.275 0.275 0.276

0.8 100 -0.032 -0.032 -0.044 0.533 0.533 0.549 0.534 0.534 0.551
200 0.019 0.019 0.015 0.210 0.210 0.214 0.210 0.210 0.214
300 0.005 0.005 0.002 0.140 0.140 0.142 0.140 0.140 0.142

NB Case
𝛼(= 𝜗) 𝑛 �̂�𝑌𝑊 �̃�

(1)
𝑌𝑊

�̃�
(2)
𝑌𝑊

�̂�𝑌𝑊 �̃�
(1)
𝑌𝑊

�̃�
(2)
𝑌𝑊

�̂�𝑌𝑊 �̃�
(1)
𝑌𝑊

�̃�
(2)
𝑌𝑊

0.2 100 -0.197 -0.039 -0.036 0.960 1.028 1.032 0.999 1.030 1.033
200 -0.078 0.003 0.004 0.474 0.492 0.493 0.481 0.492 0.493
300 -0.065 -0.010 -0.010 0.315 0.324 0.323 0.319 0.324 0.323

0.5 100 -0.303 -0.059 -0.058 0.818 0.868 0.865 0.911 0.872 0.868
200 -0.126 -0.0005 -0.0003 0.377 0.388 0.387 0.393 0.388 0.387
300 -0.108 -0.021 -0.024 0.265 0.272 0.271 0.277 0.272 0.271

0.8 100 -0.435 -0.135 -0.141 0.485 0.497 0.496 0.674 0.516 0.516
200 -0.212 -0.059 -0.063 0.212 0.214 0.214 0.257 0.218 0.218
300 -0.136 -0.028 -0.036 0.137 0.138 0.138 0.155 0.139 0.139

�̃�Ana
𝑌𝑊

�̃�
†Ana
𝑌𝑊

�̃�′Ana
𝑌𝑊

�̃�Ana
𝑌𝑊

�̃�
†Ana
𝑌𝑊

�̃�′Ana
𝑌𝑊

�̃�Ana
𝑌𝑊

�̃�
†Ana
𝑌𝑊

�̃�′Ana
𝑌𝑊

0.2 100 -0.006 0.001 -0.023 1.041 0.976 1.041 1.041 0.976 1.041
200 0.015 0.014 0.011 0.491 0.493 0.494 0.491 0.493 0.494
300 -0.004 -0.004 -0.006 0.324 0.324 0.324 0.324 0.324 0.324

0.5 100 0.0005 0.0004 -0.011 0.881 0.882 0.887 0.881 0.882 0.887
200 0.027 0.027 0.024 0.390 0.390 0.392 0.391 0.391 0.393
300 -0.006 -0.006 -0.008 0.272 0.272 0.273 0.272 0.272 0.273

0.8 100 -0.013 -0.013 -0.025 0.513 0.513 0.525 0.514 0.514 0.526
200 0.005 0.005 -0.003 0.215 0.215 0.221 0.215 0.215 0.221
300 0.008 0.008 0.005 0.138 0.138 0.140 0.138 0.138 0.140
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Table 6.3: Biases, variances, and MSEs of the estimators �̂�𝐶𝐿𝑆 (without bias-correction), �̃� (𝑞)
𝐶𝐿𝑆

, 𝑞 = 1, 2,
�̃�Ana
𝐶𝐿𝑆

, �̃�†Ana
𝐶𝐿𝑆

, and �̃�′Ana
𝐶𝐿𝑆

in the stationary INAR(1) process under the Poisson and NB innovations (note
that �̃�′Ana

𝑌𝑊
is used in a over-fitted case).

Poission case Biases (×10) Variances (×100) MSEs (×100)

𝛼(= 𝜗) 𝑛 �̂�𝐶𝐿𝑆 �̃�
(1)
𝐶𝐿𝑆

�̃�
(2)
𝐶𝐿𝑆

�̂�𝐶𝐿𝑆 �̃�
(1)
𝐶𝐿𝑆

�̃�
(2)
𝐶𝐿𝑆

�̂�𝐶𝐿𝑆 �̃�
(1)
𝐶𝐿𝑆

�̃�
(2)
𝐶𝐿𝑆

0.2 100 -0.183 -0.042 -0.040 0.985 1.030 1.032 1.018 1.031 1.033
200 -0.081 -0.009 -0.008 0.480 0.491 0.492 0.486 0.491 0.492
300 -0.062 -0.013 -0.013 0.321 0.326 0.326 0.325 0.326 0.326

0.5 100 -0.274 -0.077 -0.076 0.796 0.824 0.821 0.871 0.830 0.826
200 -0.127 -0.026 -0.026 0.399 0.406 0.405 0.415 0.407 0.406
300 -0.105 -0.034 -0.037 0.270 0.274 0.273 0.281 0.275 0.274

0.8 100 -0.368 -0.144 -0.149 0.506 0.508 0.507 0.641 0.529 0.529
200 -0.155 -0.041 -0.044 0.206 0.206 0.206 0.230 0.208 0.208
300 -0.110 -0.029 -0.036 0.138 0.138 0.138 0.150 0.139 0.139

�̃�Ana
𝐶𝐿𝑆

�̃�
†Ana
𝐶𝐿𝑆

�̃�′Ana
𝐶𝐿𝑆

�̃�Ana
𝐶𝐿𝑆

�̃�
†Ana
𝐶𝐿𝑆

�̃�′Ana
𝐶𝐿𝑆

�̃�Ana
𝐶𝐿𝑆

�̃�
†Ana
𝐶𝐿𝑆

�̃�′Ana
𝐶𝐿𝑆

0.2 100 -0.015 0.001 -0.026 1.052 0.966 1.047 1.052 0.966 1.047
200 0.002 0.003 -0.001 0.494 0.491 0.495 0.494 0.491 0.495
300 -0.007 -0.008 -0.009 0.327 0.327 0.327 0.327 0.327 0.328

0.5 100 -0.012 -0.012 -0.028 0.844 0.844 0.845 0.844 0.844 0.846
200 0.002 0.002 -0.002 0.410 0.410 0.412 0.410 0.410 0.412
300 -0.019 -0.019 -0.021 0.274 0.274 0.275 0.275 0.275 0.276

0.8 100 0.033 0.033 -0.032 0.548 0.548 0.538 0.549 0.549 0.539
200 0.032 0.032 0.017 0.210 0.210 0.213 0.211 0.211 0.213
300 0.012 0.012 0.004 0.139 0.139 0.141 0.139 0.139 0.141

NB case
𝛼(= 𝜗) 𝑛 �̂�𝐶𝐿𝑆 �̃�

(1)
𝐶𝐿𝑆

�̃�
(2)
𝐶𝐿𝑆

�̂�𝐶𝐿𝑆 �̃�
(1)
𝐶𝐿𝑆

�̃�
(2)
𝐶𝐿𝑆

�̂�𝐶𝐿𝑆 �̃�
(1)
𝐶𝐿𝑆

�̃�
(2)
𝐶𝐿𝑆

0.2 100 -0.178 -0.038 -0.035 0.979 1.028 1.031 1.011 1.029 1.032
200 -0.069 0.003 0.004 0.479 0.491 0.492 0.483 0.491 0.492
300 -0.059 -0.010 -0.010 0.317 0.323 0.323 0.320 0.323 0.323

0.5 100 -0.253 -0.056 -0.055 0.830 0.863 0.860 0.894 0.866 0.863
200 -0.101 0.0001 0.0004 0.379 0.387 0.386 0.389 0.387 0.386
300 -0.091 -0.020 -0.023 0.267 0.271 0.270 0.275 0.272 0.271

0.8 100 -0.352 -0.129 -0.134 0.483 0.486 0.485 0.607 0.503 0.503
200 -0.172 -0.058 -0.061 0.211 0.211 0.211 0.240 0.215 0.215
300 -0.109 -0.027 -0.035 0.135 0.136 0.135 0.147 0.136 0.137

�̃�Ana
𝐶𝐿𝑆

�̃�
†Ana
𝐶𝐿𝑆

�̃�′Ana
𝐶𝐿𝑆

�̃�Ana
𝐶𝐿𝑆

�̃�
†Ana
𝐶𝐿𝑆

�̃�′Ana
𝐶𝐿𝑆

�̃�Ana
𝐶𝐿𝑆

�̃�
†Ana
𝐶𝐿𝑆

�̃�′Ana
𝐶𝐿𝑆

0.2 100 -0.004 0.003 -0.021 1.041 0.977 1.041 1.041 0.977 1.041
200 0.016 0.014 0.011 0.490 0.492 0.493 0.490 0.492 0.494
300 -0.004 -0.004 -0.006 0.323 0.324 0.323 0.323 0.324 0.324

0.5 100 0.011 0.011 -0.006 0.879 0.879 0.883 0.879 0.879 0.883
200 0.029 0.029 0.025 0.389 0.389 0.391 0.390 0.390 0.392
300 -0.005 -0.005 -0.007 0.271 0.271 0.272 0.271 0.271 0.272

0.8 100 0.042 0.042 -0.016 0.530 0.530 0.513 0.532 0.532 0.513
200 0.017 0.017 -0.0004 0.213 0.213 0.217 0.213 0.213 0.217
300 0.014 0.014 0.006 0.136 0.136 0.138 0.136 0.136 0.138

104



Table 6.4: Biases, variances, and MSEs of the estimators �̂�𝑌𝑊 (without bias-correction), �̃� (𝑞)
𝑌𝑊

, 𝑞 = 1, 2,
�̃�Ana
𝑌𝑊

, �̃�†Ana
𝑌𝑊

, and �̃�′Ana
𝑌𝑊

in the stationary ADCINAR(1) process (𝜗 = 0.9) under the Poisson and NB
innovations (note that �̃�′Ana

𝑌𝑊
is used in a under-fitted case).

Poission case Biases (×10) Variances (×100) MSEs (×100)

𝛼 𝑛 �̂�𝑌𝑊 �̃�
(1)
𝑌𝑊

�̃�
(2)
𝑌𝑊

�̂�𝑌𝑊 �̃�
(1)
𝑌𝑊

�̃�
(2)
𝑌𝑊

�̂�𝑌𝑊 �̃�
(1)
𝑌𝑊

�̃�
(2)
𝑌𝑊

0.2 100 -0.418 -0.155 -0.151 1.672 1.929 1.909 1.847 1.953 1.932
200 -0.232 -0.083 -0.082 0.975 1.069 1.059 1.029 1.075 1.066
300 -0.203 -0.089 -0.099 0.644 0.701 0.685 0.686 0.708 0.695

0.5 100 -0.585 -0.276 -0.292 1.591 1.693 1.675 1.933 1.769 1.760
200 -0.385 -0.219 -0.229 0.929 0.963 0.956 1.077 1.011 1.008
300 -0.240 -0.109 -0.132 0.681 0.705 0.695 0.739 0.717 0.712

0.8 100 -0.475 -0.202 -0.208 0.593 0.609 0.611 0.818 0.650 0.655
200 -0.237 -0.097 -0.100 0.313 0.317 0.317 0.369 0.326 0.327
300 -0.176 -0.078 -0.084 0.212 0.213 0.214 0.243 0.219 0.221

�̃�Ana
𝑌𝑊

�̃�
†Ana
𝑌𝑊

�̃�′Ana
𝑌𝑊

�̃�Ana
𝑌𝑊

�̃�
†Ana
𝑌𝑊

�̃�′Ana
𝑌𝑊

�̃�Ana
𝑌𝑊

�̃�
†Ana
𝑌𝑊

�̃�′Ana
𝑌𝑊

0.2 100 0.024 0.037 -0.253 6.356 2.017 1.814 6.357 2.018 1.878
200 0.013 0.005 -0.146 1.269 1.142 1.016 1.269 1.142 1.037
300 -0.027 -0.041 -0.145 0.719 0.727 0.663 0.720 0.729 0.684

0.5 100 0.020 0.013 -0.303 1.973 1.983 1.726 1.974 1.983 1.818
200 -0.060 -0.061 -0.240 1.076 1.072 0.968 1.079 1.075 1.026
300 -0.012 -0.012 -0.141 0.763 0.760 0.700 0.763 0.761 0.720

0.8 100 -0.014 -0.014 -0.071 0.645 0.645 0.640 0.645 0.645 0.646
200 0.005 0.005 -0.030 0.332 0.332 0.325 0.332 0.332 0.326
300 -0.013 -0.013 -0.037 0.221 0.221 0.217 0.221 0.221 0.219

NB case
𝛼 𝑛 �̂�𝑌𝑊 �̃�

(1)
𝑌𝑊

�̃�
(2)
𝑌𝑊

�̂�𝑌𝑊 �̃�
(1)
𝑌𝑊

�̃�
(2)
𝑌𝑊

�̂�𝑌𝑊 �̃�
(1)
𝑌𝑊

�̃�
(2)
𝑌𝑊

0.2 100 -0.411 -0.170 -0.166 1.572 1.800 1.786 1.741 1.828 1.814
200 -0.248 -0.113 -0.112 0.891 0.965 0.958 0.953 0.978 0.971
300 -0.126 -0.019 -0.029 0.689 0.747 0.731 0.705 0.748 0.731

0.5 100 -0.582 -0.277 -0.290 1.657 1.765 1.746 1.996 1.842 1.830
200 -0.367 -0.203 -0.212 0.953 0.989 0.981 1.088 1.030 1.026
300 -0.245 -0.116 -0.138 0.674 0.698 0.688 0.734 0.712 0.707

0.8 100 -0.469 -0.194 -0.200 0.611 0.627 0.629 0.831 0.665 0.669
200 -0.256 -0.115 -0.118 0.320 0.324 0.324 0.385 0.337 0.338
300 -0.174 -0.075 -0.081 0.206 0.207 0.208 0.236 0.213 0.214

�̃�Ana
𝑌𝑊

�̃�
†Ana
𝑌𝑊

�̃�′Ana
𝑌𝑊

�̃�Ana
𝑌𝑊

�̃�
†Ana
𝑌𝑊

�̃�′Ana
𝑌𝑊

�̃�Ana
𝑌𝑊

�̃�
†Ana
𝑌𝑊

�̃�′Ana
𝑌𝑊

0.2 100 0.043 -0.004 -0.246 4.755 1.827 1.705 4.756 1.827 1.766
200 -0.021 -0.039 -0.162 1.036 1.013 0.929 1.036 1.014 0.955
300 0.036 0.022 -0.067 0.776 0.780 0.708 0.777 0.781 0.713

0.5 100 0.014 0.005 -0.300 2.073 2.089 1.797 2.073 2.089 1.888
200 -0.047 -0.050 -0.222 1.123 1.111 0.993 1.125 1.114 1.042
300 -0.023 -0.024 -0.147 0.760 0.756 0.693 0.760 0.756 0.714

0.8 100 0.002 0.002 -0.064 0.672 0.672 0.661 0.672 0.672 0.665
200 -0.012 -0.012 -0.049 0.338 0.338 0.333 0.339 0.339 0.335
300 -0.009 -0.009 -0.034 0.215 0.215 0.211 0.215 0.215 0.212
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Table 6.5: Biases, variances, and MSEs of the estimators �̂�𝐶𝐿𝑆 (without bias-correction), �̃� (𝑞)
𝐶𝐿𝑆

, 𝑞 = 1, 2,
�̃�Ana
𝐶𝐿𝑆

, �̃�†Ana
𝐶𝐿𝑆

, and �̃�′Ana
𝐶𝐿𝑆

in the stationary ADCINAR(1) process (𝜗 = 0.9) under the Poisson and NB
innovations (note that �̃�′Ana

𝑌𝑊
is used in a over-fitted case).

Poission case Biases (×10) Variances (×100) MSEs (×100)

𝛼 𝑛 �̂�𝐶𝐿𝑆 �̃�
(1)
𝐶𝐿𝑆

�̃�
(2)
𝐶𝐿𝑆

�̂�𝐶𝐿𝑆 �̃�
(1)
𝐶𝐿𝑆

�̃�
(2)
𝐶𝐿𝑆

�̂�𝐶𝐿𝑆 �̃�
(1)
𝐶𝐿𝑆

�̃�
(2)
𝐶𝐿𝑆

0.2 100 -0.399 -0.152 -0.148 1.720 1.943 1.923 1.880 1.966 1.945
200 -0.223 -0.083 -0.082 0.984 1.068 1.058 1.034 1.075 1.065
300 -0.197 -0.089 -0.099 0.649 0.701 0.685 0.688 0.709 0.695

0.5 100 -0.532 -0.268 -0.283 1.630 1.699 1.681 1.913 1.770 1.761
200 -0.361 -0.218 -0.228 0.943 0.967 0.961 1.073 1.015 1.013
300 -0.224 -0.109 -0.132 0.686 0.706 0.696 0.736 0.718 0.713

0.8 100 -0.388 -0.191 -0.196 0.610 0.614 0.616 0.760 0.651 0.655
200 -0.195 -0.094 -0.097 0.314 0.315 0.315 0.352 0.324 0.325
300 -0.147 -0.075 -0.081 0.212 0.211 0.212 0.233 0.217 0.219

�̃�Ana
𝐶𝐿𝑆

�̃�
†Ana
𝐶𝐿𝑆

�̃�′Ana
𝐶𝐿𝑆

�̃�Ana
𝐶𝐿𝑆

�̃�
†Ana
𝐶𝐿𝑆

�̃�′Ana
𝐶𝐿𝑆

�̃�Ana
𝐶𝐿𝑆

�̃�
†Ana
𝐶𝐿𝑆

�̃�′Ana
𝐶𝐿𝑆

0.2 100 0.027 0.034 -0.249 5.271 2.010 1.831 5.272 2.011 1.893
200 0.009 0.004 -0.145 1.277 1.138 1.016 1.277 1.138 1.037
300 -0.028 -0.042 -0.145 0.719 0.727 0.663 0.720 0.729 0.684

0.5 100 0.012 0.007 -0.292 1.958 1.967 1.735 1.958 1.967 1.820
200 -0.063 -0.064 -0.239 1.076 1.072 0.973 1.080 1.076 1.030
300 -0.013 -0.014 -0.141 0.762 0.760 0.701 0.762 0.760 0.721

0.8 100 -0.010 -0.010 -0.057 0.643 0.643 0.646 0.644 0.643 0.649
200 0.005 0.005 -0.025 0.328 0.328 0.323 0.328 0.328 0.324
300 -0.012 -0.012 -0.033 0.219 0.219 0.216 0.219 0.219 0.217

NB case
𝛼 𝑛 �̂�𝐶𝐿𝑆 �̃�

(1)
𝐶𝐿𝑆

�̃�
(2)
𝐶𝐿𝑆

�̂�𝐶𝐿𝑆 �̃�
(1)
𝐶𝐿𝑆

�̃�
(2)
𝐶𝐿𝑆

�̂�𝐶𝐿𝑆 �̃�
(1)
𝐶𝐿𝑆

�̃�
(2)
𝐶𝐿𝑆

0.2 100 -0.394 -0.168 -0.165 1.602 1.797 1.783 1.757 1.825 1.811
200 -0.239 -0.113 -0.112 0.900 0.965 0.958 0.957 0.978 0.971
300 -0.120 -0.019 -0.029 0.693 0.747 0.730 0.707 0.747 0.731

0.5 100 -0.531 -0.270 -0.284 1.705 1.779 1.760 1.987 1.852 1.841
200 -0.343 -0.202 -0.211 0.962 0.988 0.981 1.080 1.029 1.025
300 -0.229 -0.116 -0.138 0.680 0.699 0.689 0.732 0.713 0.708

0.8 100 -0.383 -0.184 -0.190 0.630 0.634 0.636 0.777 0.668 0.672
100 -0.215 -0.113 -0.116 0.323 0.324 0.324 0.369 0.336 0.338
300 -0.145 -0.072 -0.078 0.207 0.207 0.208 0.228 0.212 0.214

�̃�Ana
𝐶𝐿𝑆

�̃�
†Ana
𝐶𝐿𝑆

�̃�′Ana
𝐶𝐿𝑆

�̃�Ana
𝐶𝐿𝑆

�̃�
†Ana
𝐶𝐿𝑆

�̃�′Ana
𝐶𝐿𝑆

�̃�Ana
𝐶𝐿𝑆

�̃�
†Ana
𝐶𝐿𝑆

�̃�′Ana
𝐶𝐿𝑆

0.2 100 0.007 -0.007 -0.244 2.433 1.815 1.704 2.433 1.815 1.764
200 -0.022 -0.040 -0.162 1.034 1.011 0.929 1.035 1.012 0.955
300 0.035 0.021 -0.067 0.774 0.779 0.708 0.776 0.780 0.712

0.5 100 0.006 -0.003 -0.292 2.063 2.079 1.815 2.063 2.079 1.900
200 -0.050 -0.052 -0.220 1.118 1.107 0.993 1.121 1.110 1.042
300 -0.024 -0.025 -0.146 0.759 0.756 0.694 0.760 0.756 0.716

0.8 100 0.003 0.003 -0.051 0.671 0.671 0.668 0.671 0.671 0.671
200 -0.013 -0.013 -0.046 0.337 0.337 0.333 0.337 0.337 0.335
300 -0.008 -0.008 -0.031 0.214 0.214 0.211 0.215 0.215 0.212
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Let 𝛿 = (𝛿1, 𝛿2, 𝛿3)𝑇 = (�̂� − 𝛼,𝑌 − 𝜇𝑌 , �̂�2
𝑌
− 𝜎2

𝑌
)𝑇 = 𝑂 𝑝 (1/

√
𝑛). It is straightforward to see that

𝑔𝑡 (�̂�, 𝑌 ) = 𝑔𝑡 (𝛼, 𝜇𝑌 ) − 2(𝑍𝑡 − 𝛼𝑍𝑡−1){𝑍𝑡−1𝛿1 + (1 − 𝛼)𝛿2} + 𝑅1(𝛿1, 𝛿2, 𝑍𝑡 , 𝑍𝑡−1),

𝑓1,𝑡−1(�̂�, 𝑌 , �̂�2
𝑌 ) = 𝑓1,𝑡−1(𝛼, 𝜇𝑌 , 𝜎2

𝑌 ) + {−2𝛼𝑍2
𝑡−1 + (1 − 4𝛼𝜇𝑌 )𝑍𝑡−1}𝛿1 − 𝛼(1 − 2𝛼𝜇𝑌 )𝛿2 + 𝛿3

+ 𝑅2(𝛿1, 𝛿2, 𝑍𝑡−1),

𝑓2,𝑡−1(𝑌, �̂�2
𝑌 ) = 𝑓2,𝑡−1(𝜇𝑌 , 𝜎2

𝑌 ) + (1 − 2𝜇𝑌 )𝛿2 − 𝛿3 − 𝛿2
2,

where the random variables 𝑅1(𝛿1, 𝛿2, 𝑍𝑡 , 𝑍𝑡−1) and 𝑅2(𝛿1, 𝛿2, 𝑍𝑡−1) are monomials in (𝛿1, 𝛿2) of degrees

2, 3, and 4, involving 𝑍 𝑖
𝑡−1𝑍

𝑗
𝑡 for 0 ≤ 𝑖 + 𝑗 ≤ 2( 𝑗 = 0, 1), hence,

𝑔𝑡 (�̂�, 𝑌 ) − 𝑓1,𝑡−1(�̂�, 𝑌 , �̂�2
𝑌 ) − 𝜗�̂� 𝑓2,𝑡−1(𝑌, �̂�2

𝑌 ) − {𝑔𝑡 (𝛼, 𝜇𝑌 ) − 𝑓1,𝑡−1(𝛼, 𝜇𝑌 , 𝜎2
𝑌 ) − 𝜗𝛼 𝑓2,𝑡−1(𝜇𝑌 , 𝜎2

𝑌 )}

= [−2(𝑍𝑡 − 𝛼𝑍𝑡−1)𝑍𝑡−1 + (2𝛼 − 𝜗)𝑍2
𝑡−1 − {(1 − 4𝛼𝜇𝑌 ) − 𝜗(1 − 2𝜇𝑌 )}𝑍𝑡−1 + 𝜗𝜎2

𝑌 ]𝛿1

− {2(1 − 𝛼) (𝑍𝑡 − 𝛼𝑍𝑡−1) − 𝛼(1 − 2𝛼𝜇𝑌 ) + 𝜗𝛼(1 − 2𝜇𝑌 )}𝛿2 − (1 − 𝜗𝛼)𝛿3 + 𝑅3(𝛿, 𝑍𝑡 , 𝑍𝑡−1),

where the random variable 𝑅3(𝛿, 𝑍𝑡 , 𝑍𝑡−1) is a monomial in 𝛿 of degrees 2, 3, and 4, involving 𝑍 𝑖
𝑡−1𝑍

𝑗
𝑡

for 0 ≤ 𝑖 + 𝑗 ≤ 2( 𝑗 = 0, 1).

Now, we define, for 𝑡 = 2, . . . , 𝑛,

𝑊1,𝑡 = [−2(𝑍𝑡 − 𝛼𝑍𝑡−1)𝑍𝑡−1 + (2𝛼 − 𝜗)𝑍2
𝑡−1 − {(1 − 4𝛼𝜇𝑌 ) − 𝜗(1 − 2𝜇𝑌 )}𝑍𝑡−1 + 𝜗𝜎2

𝑌 ] 𝑓2,𝑡−1(𝜇𝑌 , 𝜎2
𝑌 ),

𝑊2,𝑡 = [{𝑔𝑡 (𝛼, 𝜇𝑌 ) − 𝑓1,𝑡−1(𝛼, 𝜇𝑌 , 𝜎2
𝑌 ) − 𝜗𝛼 𝑓2,𝑡−1(𝜇𝑌 , 𝜎2

𝑌 )}(1 − 2𝜇𝑌 )

− {2(1 − 𝛼) (𝑍𝑡 − 𝛼𝑍𝑡−1) − 𝛼(1 − 2𝛼𝜇𝑌 ) + 𝜗𝛼(1 − 2𝜇𝑌 )} 𝑓2,𝑡−1(𝜇𝑌 , 𝜎2
𝑌 )],

𝑊3,𝑡 = −[{𝑔𝑡 (𝛼, 𝜇𝑌 ) − 𝑓1,𝑡−1(𝛼, 𝜇𝑌 , 𝜎2
𝑌 ) − 𝜗𝛼 𝑓2,𝑡−1(𝜇𝑌 , 𝜎2

𝑌 )} + (1 − 𝜗𝛼) 𝑓2,𝑡−1(𝜇𝑌 , 𝜎2
𝑌 )] .

It is not difficult to see that 𝐸 (𝑊𝑖,𝑡 ) = 𝐸 (𝑊𝑖,2), 𝑖 = 1, 2, 3, by strictly stationarity of {𝑌𝑡 }, where

𝐸 (𝑊1,2) = 𝐴𝜎2
𝑌 and 𝐸 (𝑊2,2) = 𝐸 (𝑊3,2) = 0. (6.23)

After some algebra, we have

{𝑔𝑡 (�̂�, 𝑌 ) − 𝑓1,𝑡−1(�̂�, 𝑌 , �̂�2
𝑌 ) − 𝜗�̂� 𝑓2,𝑡−1(𝑌, �̂�2

𝑌 )} 𝑓2,𝑡−1(𝑌, �̂�2
𝑌 ) = 𝑀𝜗,𝑡 +

3∑︁
𝑖=1

𝛿𝑖𝑊𝑖,𝑡 + 𝑅(𝛿, 𝑍𝑡 , 𝑍𝑡−1),

where the random variable 𝑅(𝛿, 𝑍𝑡 , 𝑍𝑡−1) is a monomial in 𝛿 of degrees 2, 3, 4, 5, 6, involving 𝑍 𝑖
𝑡−1𝑍

𝑗
𝑡 for

0 ≤ 𝑖 + 𝑗 ≤ 4( 𝑗 = 0, 1). This, together with Lemma 5.6, yields

1
√
𝑛

𝑛∑︁
𝑡=2

{𝑔𝑡 (�̂�, 𝑌 ) − 𝑓1,𝑡−1(�̂�, 𝑌 , �̂�2
𝑌 ) − 𝜗�̂� 𝑓2,𝑡−1(𝑌, �̂�2

𝑌 )} 𝑓2,𝑡−1(𝑌, �̂�2
𝑌 )
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=
1
√
𝑛

𝑛∑︁
𝑡=2

𝑀𝜗,𝑡 +
√
𝑛

3∑︁
𝑖=1

𝛿𝑖𝐸 (𝑊𝑖,2) + 𝑜𝑝 (1). (6.24)

Substituting (6.24) for the numerator of (6.22), together with (6.6) and (6.23), we have the stochastic

expansion of 𝜗2𝐶𝐿𝑆 (we also used �̂� = 𝛼 +𝑂 𝑝 (𝑛−1/2) = 𝛼 + 𝑜𝑝 (1), which is implied by (6.6) and (6.7)).
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Chapter 7

Data analyses

We analyze two real datasets; IP count data and Download count data, available in Weiß (2018), and

demonstrate the usefulness of two models of nonnegative integer-valued autoregressive process of the

first-order (INAR(1)) and alternative dependent counting nonnegative INAR process of the first-order

(ADCINAR(1)). Especially, Section 7.1 focuses on the equidispersion tests developed in Section 4.3.

Also, Section 7.2 illustrates the CLS estimation (Section 6.2) for the stationary ADCINAR(1) process

without the specific distributional form of the innovation.

7.1 IP count data

We first analyze the IP count data of length 𝑛 = 241, available in Weiß (2018), whose count represents

how many different IPs have registered in a 2-minute period. In view of Figure 7.1, the IP count data

exhibit the first-order autoregressive (AR(1))-like autocorrelation structure (the autocorrelation at lag

1 is 0.219). According to Chapter 4, the equidispersion tests are performed by fitting the INAR(1)

process in three different ways, i.e., the Whittle, Yule–Walker (YW), and conditional least squares (CLS)

estimators for the parameter 𝛼 and the innovation mean and variance. It is revealed that the IP count

data is equidispersed since the 𝑧-values are given by 𝑧𝑊 = 0.396, 𝑧𝑌𝑊 = 0.375, and 𝑧𝐶𝐿𝑆 = 0.336.

Our estimates for 𝛼, 𝜇𝜀 , and 𝜎2
𝜀 , together with the standard errors (SEs), are given in Table 7.1(i). Note

that, assuming the Poisson marginals, Weiß (2018) obtained the maximum likelihood (ML) estimates

�̂�𝑀𝐿 = 0.243 (SE = 0.062) and 𝜇𝜀;𝑀𝐿 = 0.997 (SE = 0.099) for 𝛼 and 𝜇𝜀 , respectively

On the other hand, according to Weiß (2018; page 175), the IP count data may contain an outlier𝑌224;

we now set 𝑌224 = 1. The 𝑧-values for the outlier-corrected IP count data are given by 𝑧𝑊 = −0.707,

𝑧𝑌𝑊 = −0.762, and 𝑧𝐶𝐿𝑆 = −0.835, which also reveals the equidispersion. The SEs of all estimates in

Table 7.1(ii) for the outlier-corrected data are smaller than those in Table 7.1(i) for the original data.
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Figure 7.1: The time series plot, ACF, and PACF of the IP count data.

Table 7.1: Estimates (SEs) for 𝛼, 𝜇𝜀 , and 𝜎2
𝜀 .

(i) The IP count data.

Whittle YW CLS

𝛼 0.219 (0.069) 0.219 (0.069) 0.221 (0.069)

𝜇𝜀 1.024 (0.108) 1.027 (0.108) 1.031 (0.108)

𝜎2
𝜀 1.095 (0.207) 1.094 (0.207) 1.091 (0.207)

(ii) The outlier-corrected data.

Whittle YW CLS

0.293 (0.066) 0.292 (0.066) 0.294 (0.066)

0.906 (0.098) 0.910 (0.098) 0.914 (0.098)

0.833 (0.105) 0.831 (0.105) 0.828 (0.104)
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7.2 Download count data

We next analyze the Download count data of length 𝑛 = 267, available in Weiß (2018), whose count

represents the daily number of downloads of a TeX editor for the period from June 2006 to February

2007. In view of Figure 7.2, the Download count data exhibit an AR(1)-like autocorrelation structure

(the autocorrelation at lag 1 is 0.245). Weiß (2018) fitted the data to the stationary INAR(1) model under

the negative binomial (NB) innovation, random coefficient INAR(1) model under the NB innovation, and

so on. Here, using the stationary ADCINAR(1) model without the specific distributional assumption on

the innovation, we obtain �̂�𝐶𝐿𝑆 = 0.247 (SE = 0.065) and 𝜗†2𝐶𝐿𝑆 = 0.472 (SE = 0.084), respectively.

It is important to test whether the data are generated by the stationary INAR(1) process or the

stationary ADCINAR(1) process. By Proposition 6.3(ii), one may compute the Wald-type test statistic

𝑍 =

√
𝑛(𝜗2𝐶𝐿𝑆 − �̂�𝐶𝐿𝑆)√︃
𝜓11 − 2𝜓12 + 𝜓22

for testing H: 𝜗 = 𝛼 against A: 𝜗 > 𝛼. The ADCINAR(1) model might be suitable (the 𝑧-value is 2.097).

However, since the null hypothesis H: 𝜗 = 𝛼 is on the boundary of the parameter space of (𝛼, 𝜗), the

detailed study of this testing problem is left for the future.
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Figure 7.2: The time series plot, ACF, and PACF of the Download count data.
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Chapter 8

Conclusions and future issues

Summary

We have mainly clarified the following points.

1 For the stationary nonnegative integer-valued autoregressive process of the first-order (INAR(1))

and alternative dependent counting nonnegative INAR process of the first-order (ADCINAR(1)),

the third and fourth autocumulant functions have been derived explicitly, together with the structure

about arbitrary higher autocumulant functions.

2 A nonparametric (lag window-type) bias-correction and an analytical bias-correction have been

developed for the widely used Yule–Walker (YW) and conditional least squares (CLS) estimators

in the stationary INAR(1) and ADCINAR(1) processes. The lag window-type bias-correction,

which is available without computing the closed-form expression for asymptotic expansions of

the biases, is practically useful since the analytical bias formula is complicated for the stationary

ADCINAR(1) process.

3 The asymptotic theory about the frequency domain analysis of the stationary INAR(1) process has

been presented. The Wald-type test about the equidispersion has been constructed, on the basis of

the estimators for the innovation mean and variance.

Future works

The following issues would be interesting and challenging.

• We are considering an efficient and practically feasible estimation for the new parameter 𝜗 in the

stationary ADCINAR(1) process. Note that the null hypothesis H: 𝜗 = 𝛼, which we mentioned in

Section 7.2, is on the boundary of the parameter space of (𝛼, 𝜗) in the stationary ADCINAR(1)

process; the detailed study of this testing problem is left for the future.
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• The choice of the truncation parameter 𝐿𝑛 is crucial for the lag window-type bias-correction

developed in Section 6.3, although the optimal order 𝐿𝑛 = 𝑂 (𝑛1/(2+2𝑞) ) for Parzen’s lag window

𝑘 (𝑥) = 1 − |𝑥 |𝑞, where 𝑞 = 1, 2, was justified there. We leave a suitable data-driven choice of 𝐿𝑛

for future.

• We know the recent work about a novel interesting thinning operation (and model) based on a

generalized Neyman type distribution theory (see Amiri et al. (2022)). Since such a model is

strictly stationary and ergodic, whose autocorrelation structures are the same as the ADCINAR(1)

process, the bias-corrected YW and CLS estimators (Section 6.3) are expected to be applicable

even for their model.

• Bootstrap and jackknife procedures are important techniques in Statistics. Jentsch and Weiß (2019)

proved the validity of bootstrapping for the stationary INAR(𝑝) process, so that the extension of

their result to the stationary ADCINAR(1) process is left for future.
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