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Table S1. Compositions and 𝜆𝜆𝑠𝑠 of DN-x-𝜆𝜆𝑠𝑠 gels. Monomer concentration (1 M) and 
initiator concentration (1 mol%) of the first network were kept the same, and the first network 
crosslinker density x (mol%) was varied. For the second network, monomer concentration (C2nd) 
was varied and the crosslinker density (0.01 mol%) and initiator density (0.01 mol%) were kept 
constant. The mol% is relative to the monomer. For the abbreviations “stent-y” and “PEG-
z” of the methods used, y represents molecular stent concentration and z represents PEG 
weight fraction, respectively.  

DN-x-𝜆𝜆𝑠𝑠 
x 

(mol%) 

C2nd 

(M) 

Stent-y / 

PEG-z 
λs, 1 λs, 3 λs 

DN-3-2.70 

3.0 2.0 

water 

2.50 

1.08 2.70  

DN-3-2.36 PEG-10wt% 0.94 2.36  

DN-3-2.04 PEG-20wt% 0.82 2.04  

DN-3-3.32 stent-0.6 M 1.33 3.32  

DN-3-3.75 stent-1.2 M 1.50 3.75  

DN-3-4.98 stent-2.5 M 1.99 4.98  

DN-4.5-2.12 

4.5 3.0 

water 

2.03 

1.04 2.12  

DN-4.5-2.02 PEG-10wt% 0.99 2.02  

DN-4.5-1.66 PEG-20wt% 0.82 1.66  

DN-4.5-2.20 stent-0.6 M 1.08 2.20  

DN-4.5-2.63 stent-1.2M 1.30 2.63  

DN-4.5-3.31 stent-2.5 M 1.63 3.31  

DN-4-2.23 4 2.0 water 2.12 1.05 2.23 

DN-6-1.82 6 2.0 water 1.78 1.02 1.82 

 
  



 
Table S2. Compositions and 𝜆𝜆𝑠𝑠 of TN-x-𝜆𝜆𝑠𝑠 gels.  

TN-x-𝜆𝜆𝑠𝑠 

x 

(mol%) 

C2nd(M) /C3rd 

(M)* 

Stent-y / 

PEG-z 
λs, 1 λs, 2 λs, 3 λs 

TN-4.5-2.64 

4.5 3.0/3.0 

water 

2.03 1.04 

1.25 2.64 

TN-4.5-2.39 PEG-10wt% 1.13 2.39 

TN-4.5-2.12 PEG-20wt% 1.0 2.12 

TN-4.5-3.11 stent-1.2 M 1.47 3.11 

TN-4.5-3.67 stent-2.5 M 1.73 3.67 

*The crosslinker density (0.01 mol%) and initiator density (0.01 mol%) for the second and third 

networks were kept constant. 

 

Table S3. Young’s modulus E0 and the density of the elastically effective strands ve, 0 of 
the as-prepared PAMPS SN-x and TPEG SN. The data for TPEG was from ref.[21]. 

SN-x  E0 (MPa) ve, 0 (m-3) 

SN-3 0.0209 3.38×1024 
SN-4 0.024 3.88×1024 

SN-4.5 0.0292 4.73×1024 
SN-6 0.0405 6.56×1024 

TPEG SN in ref. 
[21] 

0.0439 7.11×1024 

 
  



 
Table S4. Theoretical stretching limit of first network strands 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚,0 and elastic energy 

per Kuhn segment of strands 𝐹𝐹𝑒𝑒𝑒𝑒
0

𝑁𝑁𝑥𝑥𝑘𝑘𝐵𝐵𝑇𝑇
= 2𝐸𝐸𝜆𝜆𝑠𝑠

3

3𝑘𝑘𝐵𝐵𝑇𝑇𝑇𝑇0
 for various gels. 

  λs λmax,o λs/λmax,o  2𝐸𝐸𝜆𝜆𝑠𝑠
3

3𝑘𝑘𝐵𝐵𝑇𝑇𝑇𝑇0
 

DN-3-λs 

2.04 9.44 0.216 0.237 

2.36 9.44 0.250 0.479 

2.70 9.44 0.286 1.499 

3.32 9.44 0.351 3.815 

3.75 9.44 0.397 4.974 

4.98 9.44 0.528 7.574 

DN-4.5-λs 

1.66 7.98 0.209 0.346 

2.02 7.98 0.254 1.309 

2.12 7.98 0.265 2.097 

2.20 7.98 0.275 2.385 

2.63 7.98 0.329 5.399 

3.31 7.98 0.415 7.235 

TN-4.5-λs 

2.12 7.98 0.265 1.678 

2.39 7.98 0.300 4.180 

2.64 7.98 0.331 7.141 

3.11 7.98 0.390 8.599 

3.67 7.98 0.461 10.113 

TPEG DN from 
ref [21] 

1.0 7.6 0.131 0.028 

2.1 7.6 0.271 0.174 

2.3 7.6 0.303 0.232 

3.0 7.6 0.382 0.478 

3.3 7.6 0.440 0.744 

3.9 7.6 0.511 1.132 

 
  



 
Table S5. A list of fracture energy Γ, yielding zone area S, yielding zone deformation 
ratio λyz, yielding zone size hy, and yielding true stress σT,y for various DN-3-𝜆𝜆𝑠𝑠 gels, DN-
4.5-𝜆𝜆𝑠𝑠 and TN-4.5-𝜆𝜆𝑠𝑠 gels. 

Sample code Γ (J/m2)  S (mm2) λyz  hy (mm)  σT,y (MPa) 
DN-3-2.70 3342 ± 655 10.68 ± 2.33 11.0  0.30 ± 0.03 1.70 ± 0.09 
DN-3-2.36 3569 ± 74 7.91 ± 1.34 12.6  0.22 ± 0.02 2.46 ± 0.08 
DN-3-2.04 7572 ± 3033 16.29 ± 4.09 15.0  0.27 ± 0.03 4.18 ± 0.34 
DN-3-3.32 1802 ± 468 6.80 ± 0.96 9.0  0.29 ± 0.02 0.92 ± 0.05 
DN-3-3.75 1428 ± 398 17.62 ± 5.33 7.0  0.60 ± 0.09 0.46 ± 0.03 
DN-3-4.98 320 ± 3 N.M. N.M. N.M. 0.13 ± 0.01 

DN-4.5-2.12 2326 ± 326 1.44 ± 0.22 8.5  0.14 ± 0.01 3.08 ± 0.15 
DN-4.5-2.02 2586 ± 384 1.87 ± 0.19 9.0  0.15 ± 0.01 3.67 ± 0.08 
DN-4.5-1.66 3015 ± 1476 1.88 ± 0.60 11.0  0.12 ± 0.02 6.05 ± 0.43 
DN-4.5-2.20 2137 ± 218 1.79 ± 0.58 8.2  0.16 ± 0.03 2.53 ± 0.06 
DN-4.5-2.63 1423 ± 212 1.63 ± 0.24 7.5  0.17 ± 0.01 1.69 ± 0.04 
DN-4.5-3.31 955 ± 45 0.33 ± 0.02 5.0  0.11 ± 0.00 0.83 ± 0.04 
TN-4.5-2.64 1794 ± 368 0.89 ± 0.27 6.0  0.16 ± 0.02 2.40 ± 0.08 
TN-4.5-2.39 2463 ± 462 1.17 ± 0.37 6.5  0.17 ± 0.03 2.48 ± 0.03 
TN-4.5-2.12 1827 ± 487 1.04 ± 0.07 7.0  0.15 ± 0.01 3.26 ± 0.22 
TN-4.5-3.11 894 ± 130 0.84 ± 0.04 4.5  0.20 ± 0.01 1.11 ± 0.09 
TN-4.5-3.67 606 ± 132 0.88 ± 0.57 4.0  0.23 ± 0.08 0.55 ± 0.02 

N.M. means “not measured”. 
 
  



 

 
Figure S1. Rescaled tensile behaviors in various series of DN and TN gels. (A-C) 
Rescaled tensile stress 𝜎𝜎𝜆𝜆𝑠𝑠

2 -stretch ratio 𝜆𝜆𝜆𝜆𝑠𝑠  curves for (A) DN-3-𝜆𝜆𝑠𝑠  gels, (B) DN-
4.5-𝜆𝜆𝑠𝑠 gels and (C) TN-4.5-𝜆𝜆𝑠𝑠 gels. 
 
 
 

 
Figure S2. Determination of the parameters λy, σy, λhard, σplateau from stress curve (DN-3-
2.04 as an example). The yielding stretch ratio and yielding stress at the onset of necking, 
λy and σy, were determined as the nominal stretch ratio and stress at the zero-slope point 
of the nominal stress σ- stretch ratio λ curves, respectively. The plateau stress after 
yielding, 𝜎𝜎𝑝𝑝𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑚𝑚𝑝𝑝, was determined as the average stress in the plateau stress region; the 
stretch ratio at the onset of strain-hardening, 𝜆𝜆ℎ𝑚𝑚𝑎𝑎𝑎𝑎 , was determined as the crossover 
point where the linear stress extrapolation curves in the strain-hardening region meet the 
plateau stress curve. 
 



 
Figure S3. Typical stress curves of the notched and un-notched samples for the pure shear 
fracture tests. (A-F) Typical stress curves for DN-3-2.04 (A), DN-3-2.36 (B), DN-3-2.70 
(C), DN-3-3.32 (D), DN-3-3.75 (E) and DN-3-4.98 (F) gels. 
  



Calculation of elastic energy per Kuhn segment of strands 𝑭𝑭𝒆𝒆𝒆𝒆
𝟎𝟎

𝑵𝑵𝒙𝒙𝒌𝒌𝑩𝑩𝑻𝑻
= 𝑬𝑬𝝀𝝀𝒔𝒔

𝟑𝟑

𝑵𝑵𝒙𝒙𝑬𝑬𝟎𝟎
= 𝟐𝟐𝑬𝑬𝝀𝝀𝒔𝒔

𝟑𝟑

𝟑𝟑𝒌𝒌𝑩𝑩𝑻𝑻𝑻𝑻𝟎𝟎
 

In the main text, we derived 𝐹𝐹𝑒𝑒𝑒𝑒
0

𝑁𝑁𝑥𝑥𝑘𝑘𝐵𝐵𝑇𝑇
= 𝐸𝐸𝜆𝜆𝑠𝑠

3

𝑁𝑁𝑥𝑥𝐸𝐸0
   (Eqn.(9)). If we assume all the first 

network monomers are incorporated in the elastically effective strands of the first network, 

we have 𝑁𝑁𝑚𝑚 = 𝑇𝑇0
𝑣𝑣𝑒𝑒,0

 , where 𝐶𝐶0  is the total Kuhn monomer number per volume of the 

elastically effective strands and 𝑣𝑣𝑝𝑝,0 is the number density of first network strands. In 
the current study, because all the first networks were prepared at the fixed monomer 
concentration when varying the crosslinker density, so the Kuhn monomer concentration 

𝐶𝐶0  is a constant. Because for the as-prepared SN hydrogel, we have 𝐸𝐸0 = 3
2
𝑣𝑣𝑝𝑝,0𝑘𝑘𝐵𝐵𝑇𝑇 , 

finally we derive the equation for elastic energy per Kuhn segment of strands  𝐹𝐹𝑒𝑒𝑒𝑒
0

𝑁𝑁𝑥𝑥𝑘𝑘𝐵𝐵𝑇𝑇
=

2𝐸𝐸𝜆𝜆𝑠𝑠
3

3𝑘𝑘𝐵𝐵𝑇𝑇𝑇𝑇0
 . Here the Kuhn monomer concentration 𝐶𝐶0  can be related to the monomer 

concentration in feed at the first network preparation 𝐶𝐶𝑚𝑚  by this equation of 𝐶𝐶𝑚𝑚  =
𝐶𝐶0 × 𝑏𝑏/𝑎𝑎, where a is the characteristic length of monomer (0.25 nm, ref [S1,S2]) and b 
is the Kuhn length (0.5 nm, ref [S3]) for PAMPS polymer.  

For Tetra-PEG gel referenced from ref [21] in the main text, elastic energy per Kuhn 

segment of strands was calculated based on 𝐹𝐹𝑒𝑒𝑒𝑒
0

𝑁𝑁𝑥𝑥𝑘𝑘𝐵𝐵𝑇𝑇
= 𝐸𝐸𝜆𝜆𝑠𝑠

3

𝑁𝑁𝑥𝑥𝐸𝐸0
 . Since 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚,0 = 𝑅𝑅𝑚𝑚𝑚𝑚𝑥𝑥

𝑅𝑅0
=

𝑏𝑏 𝑁𝑁𝑥𝑥
𝑏𝑏𝑁𝑁𝑥𝑥𝜈𝜈

= 𝑁𝑁𝑚𝑚1−𝜈𝜈, assuming Gaussian strands in the as prepared reference state, 𝑣𝑣 =0.5 (ref 

[S4]), thus, 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚,0 = 𝑁𝑁𝑚𝑚0.5. For TPEG gel, 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚,0 =7.6, as noted in the reference paper 
(ref [S5]). So, we obtained 𝑁𝑁𝑚𝑚 =57.6. 
 
Calculation of the theoretical stretching limit of first network strands in relative to 
their as prepared reference state 𝝀𝝀𝒎𝒎𝒎𝒎𝒙𝒙,𝟎𝟎  

   In the main text, we derived the equation of 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚,0 = 𝑅𝑅𝑚𝑚𝑚𝑚𝑥𝑥
𝑅𝑅0

= 𝑏𝑏 𝑁𝑁𝑥𝑥
𝑏𝑏𝑁𝑁𝑥𝑥𝜈𝜈

= 𝑁𝑁𝑚𝑚1−𝜈𝜈 =

� 𝑇𝑇0
𝑣𝑣𝑒𝑒,0
�
1−𝜈𝜈

. Assuming Gaussian strands in the as prepared reference state, 𝑣𝑣 =0.5 (ref [S4]). 

Thus, 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚,0 = � 𝑇𝑇0
𝑣𝑣𝑒𝑒,0
�
0.5

= �𝑇𝑇m𝑚𝑚
𝑏𝑏𝑣𝑣𝑒𝑒,0

�
0.5

. Taking SN-3 gel as an example, 𝑣𝑣𝑝𝑝,0 =3.38×1024 

m-3, 𝐶𝐶m = 1 × 1000 × 6.02 × 1023 𝑚𝑚−3 = 6.02×1026 m-3, 𝑎𝑎 = 0.25 nm, and 𝑏𝑏 = 0.5 



nm, thus, we have 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚,0 = 9.44. All the 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚,0 for various SN gels are summarized in 
Table. S4.  

For TPEG gel, 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚,0 =7.6, as noted in the reference paper (ref [S5]). 
 
 
How strain hardening characteristics affect the numerical constant 𝜸𝜸  

The crack tip stress field for the generalized neo-Hookean (GNH) soft elastic solids 
subjected to large deformation under Mode I plane stress conditions has been well 
established by the asymptotic near tip stress field analysis.1 The true stress component 
𝜏𝜏22 has the following form 

𝜏𝜏22 = 𝜇𝜇
𝑎𝑎
𝑏𝑏𝑛𝑛−1

𝑛𝑛𝑛𝑛
𝑎𝑎2𝑛𝑛(1 − 1

2𝑛𝑛
)2𝑛𝑛𝑛𝑛1−𝑛𝑛(𝜔𝜔(𝜃𝜃, 𝑛𝑛) + 𝜅𝜅cos 𝜃𝜃)−1     (S1) 

Here 𝜇𝜇 is the small strain shear modulus and n is the hardening coefficient. For a 
neo-Hookean solid, n = 1. Higher n means more strain hardening. Also, 𝜔𝜔(𝜃𝜃,𝑛𝑛) and 𝑘𝑘 
are defined in ref [S6] as: 

      𝜅𝜅 = 1 − 1
𝑛𝑛
                                        (S2a) 

 𝜔𝜔(𝜃𝜃, 𝑛𝑛) = √1 − 𝜅𝜅2sin 2 𝜃𝜃                     (S2b) 
The energy release rate J derived for the generalized neo-Hookean (GNH) soft 

elastic solids subjected to large deformation under Mode I plane stress conditions is also 
given by (97b) in ref [S6].  It is 

 𝐽𝐽 = 𝜇𝜇𝜇𝜇
2

(𝑏𝑏
𝑛𝑛

)𝑛𝑛−1(1− 1
2𝑛𝑛

)2𝑛𝑛−1𝑛𝑛1−𝑛𝑛𝑎𝑎2𝑛𝑛              (S3) 

If we substitute (S3) into (S1), we have 

 𝜏𝜏22 = 2
𝑛𝑛𝜇𝜇

(1 − 1
2𝑛𝑛

) 𝐽𝐽
𝑎𝑎

(𝜔𝜔(𝜃𝜃,𝑛𝑛) + 𝜅𝜅cos 𝜃𝜃)−1              (S4) 

At fracture initiation, 𝐽𝐽 = 𝛤𝛤,  (S4) becomes: 

( )( ) 1
22

2 11 , cos
2

n
n n r

γ

τ ω θ κ θ
π

− Γ = − + 
 



        (S5) 
The bracket quantity in (S5) is our 𝛾𝛾 as defined in (10) in the main text, i.e., 

𝛾𝛾 = 2
𝑛𝑛𝜇𝜇

(1 − 1
2𝑛𝑛

)(𝜔𝜔(𝜃𝜃,𝑛𝑛) + 𝜅𝜅cos 𝜃𝜃)−1              (S6) 

Note for neo-Hookean solid where n = 1, 𝜔𝜔(𝜃𝜃,𝑛𝑛 = 1) = 1 (independent of angle) 
and 𝜅𝜅 = 0, so 



𝛾𝛾 = 1
𝜇𝜇
                                

Hence for n = 1, we derived the equation of 𝜏𝜏22 = 𝛤𝛤
𝜇𝜇𝑎𝑎

 in the main text.  

Imagine as n increases (strain hardening), the factor 2
𝑛𝑛𝜇𝜇

(1 − 1
2𝑛𝑛

) in 𝛾𝛾 in (S6) will 

decrease (here we assume the term (𝜔𝜔(𝜃𝜃,𝑛𝑛) + 𝜅𝜅cos 𝜃𝜃)−1 ≈ 1, this is approximately true 
for a wide range of angles).  For example, if 𝜃𝜃 = 0 , then 𝜔𝜔(𝜃𝜃 = 0,𝑛𝑛) = 1  and 

𝜅𝜅 cos(𝜃𝜃 = 0) = 1 − 1
𝑛𝑛
 , so (𝜔𝜔(𝜃𝜃 = 0,𝑛𝑛) + 𝜅𝜅)−1 = �2 − 1

𝑛𝑛
�
−1

= 𝑛𝑛
2𝑛𝑛−1

 . 

For 𝜃𝜃 = 𝜋𝜋/2, this factor equals �√1 − 𝜅𝜅2�
−1

= � 𝑛𝑛
2𝑛𝑛−1

.   

So in general, this term also decrease with angle.    

If we take this term to be 1, then n = 3 will give 𝛾𝛾 = 2
𝑛𝑛𝜇𝜇

(1 − 1
2𝑛𝑛

), so n = 3 gives 



3

2 1 51 0.177
2 9nn n

γ
π π=

 = − = ≈ 
   , which is reasonably close to our observation for DN 

hydrogels (~ 0.192).   
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