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Abstract

This study aimed to derive a critical height formula that would be uniformly applicable to hollow and solid cylinders, to clarify the effects of
hollow cross-sections on self-buckling characteristics. The models used for our calculations took the cylindrical cantilevers with cavities of
arbitrary radius. The governing equation was obtained from the equilibrium of forces. The eigenvalue problem obtained by applying appropriate
boundary conditions to the general solution of the governing equation led to the derivation of a critical height formula. Furthermore, based on the
derived theoretical formula, we found that the self-weight buckling properties of a hollow cylinder could be represented as a summation of the
self-weight buckling properties of two solid cylinders, which can be derived more easily. The findings of this study have a wide range of
applications, such as the simplification of complex buckling problems and the shape quantification of hollow plants.
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1. Introduction

Because of Earth’s gravitational effect, it is necessary to
understand the mechanical effects of gravity on artificial
structures as accurately as possible and design them so that they
are sufficiently resistant to the effects of gravity. However,
when considering the mechanical behavior of structures, it is
not uncommon to ignore the effect of the object weight (i.e.,
self-weight), a practice that is based on mechanically valid
assumptions. A typical example is the general buckling
problem of columns.

In the general buckling problem of columns, the effect of a
column's own weight is often neglected because the effect of
the compressive force on the top of the column is more
dominant than the effects of self-weight [1,2]. However, in the
case of tall and large columns, the effect of self-weight
becomes too large to be ignored. In recent years, the use of tall
columns in which the effect of self-weight is dominant has been
increasing, particularly in civil engineering [3,4]. Therefore, in
addition to the conventional buckling problems in which only
concentrated loads are considered, the formulation of buckling
problems that consider the effect of self-weight [5-18] is
necessary.

The study of the buckling of a cylinder under its self-weight
was initiated by Greenhill [5], whose theoretical analysis
clarified that the critical height of a cylinder at which buckling
under self-weight starts occurring is determined by the flexural

rigidity and the weight of the cylinder. Moreover, Greenhill
indicated that the theoretical critical height is proportional to
2/3 power of the radius and proposed that this power law might
also apply to natural structures such as trees. The validity of
this hypothesis was verified by McMahon, which confirmed
that the power law is applicable to real trees [19]. Because of
its simplicity, this scaling law has been applied widely in fields
such as forest science and ecology [20-23]. Kanahama et al. [6]
extended their study of the buckling problem from cylinders to
cones, considering the tapered shape of trees, and derived an
expression for the critical height for buckling under self-weight.
In addition to the scaling laws for radius, which agree with
those of Greenhill [5], a new scaling law linking the critical
height with the taper of a cone was determined.

In previous studies of buckling under self-weight, it was
claimed that the most effective ways to increase the critical
height include increasing the bending stiffness and reducing the
self-weight. Therefore, it is necessary for living organisms such
as plants that require height for survival to reduce their self-
weight as much as possible while ensuring high bending
stiffness. However, for a solid cylinder of constant density,
increasing the cross-sectional area to increase the flexural
rigidity will necessarily increase the overall self-weight.
Consequently, if the cross-sectional area is reduced to decrease
the weight, the flexural rigidity will decrease. This conundrum
may be solved at a low cost using a hollow cylindrical structure
rather than a solid cylindrical structure to increase the self-
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Fig.1 Calculation model.

buckling resistance under self-weight while using a constant
amount of material [24].

The cross-sections of many woody plants, such as trees,
which have a large self-weight, are solid instead of hollow [25].
This is because plants that survive must be able to resist not
only the burdens of self-weight but also various external forces
such as wind, snow, and earthquakes in a well-balanced manner,
and a plant with a hollow cross-section is less able to resist
crushing and local buckling than a plant with a solid cross-
section [26]. Nevertheless, plants with hollow cross-sections do
exist, such as bamboo. By arranging the nodes at appropriate
intervals along its height, the aforementioned weaknesses are
ameliorated, and the bamboo can grow taller while composed
of less material [27,28].

Thus, a hollow structure is very effective for achieving a
greater critical height with respect to self-weight buckling,
although it has some mechanical weaknesses. A theoretical
investigation of the physical characteristics of the resistance to
self-weight buckling of hollow structures would provide useful
insights for the economical design of long columns and reveal
mechanisms for mitigating the risk of self-weight buckling.
Furthermore, in analogy with Greenhill's equation which has
been widely applied to trees in the study of forest science, the
derivation of a simple scaling law for bamboo, which is widely
used as a structural material and in everyday commodities [29-
32], will make a valuable contribution to forest science and
ecology, the maintenance of bamboo forests, and the
quantification of bamboo shapes.

This study aimed to derive a simple critical height formula
for self-weight buckling that could be applied uniformly to
solid and hollow cylindrical structures and to provide a
theoretical clarification of the effect of hollow cross-sections
on the self-weight buckling resistance of cylinders. The
governing equation for a cantilever beam with a circular hollow
cross-section was obtained from the equilibrium of forces at an
arbitrary point, and the eigenvalue problem obtained by
applying appropriate boundary conditions to the general

solution was solved to obtain a simple critical height formula
for self-weight buckling of hollow and solid cylindrical
structures. Moreover, because there are more parameters to
consider for a hollow cross-section than for a solid cross-
section, the model for a hollow cross-section is more
computationally complex. Therefore, by deriving various
theoretical formulae linking the self-weight buckling
characteristics of solid and hollow structures, we attempted to
describe the self-weight buckling characteristics of hollow
structures using solid structures, which are easy to formulate.

2. Critical height formula
2.1. Governing equation

The calculation model is the cantilever beam with a circular
hollow cross-section depicted in Fig. 1, where the coordinate is
along the neutral axis, with x = 0 at the free end and x = [, at
the fixed end. We represent the outer radius as 7;, and the inner
radius as 1;, and we define the hollow ratio « as follows:

T

a=- M

To

Therefore, the cross-section is solid when the hollow ratio a =
0 and the volume of the cavity increases as a increases.
Because the calculation model disappears when a = 1, we
define the range of values of the hollow ratiox¢ as 0 < a < 1.
Considering the equilibrium of forces at an arbitrary point x
when this cylinder buckles under its self-weight, the shear force
S(x) is expressed as follows:

S(x) = pgAxsinf = yAxsin 6, 2)

where p is density [kg/m3], g is gravitational acceleration
[m/s?], ¥ is the unit volume weight [N/m?®], A is the cross-



sectional area [m?], and 6 is the deflection angle. The bending
moment M (x) can be obtained from the elastic curve equation:

d?y
M(x) = —El—, 3
() = ~El 75 ®)
where y is the deflection [m], and ET is the flexural rigidity
[N-m?]. If the deflection angle 6 is very small, the shear force
S(x) and the bending moment M (x) can be written as follows:

S(x) = yAx0, @)
do
M(x) ~ —EI - (5)

Using the relationship between the shear force and the bending
moment (S = dM /dx), the governing equation can be obtained
from Eqns. (4) and (5):

d?e yA
W-i-ﬁxﬂ = 0. (6)

2.2. General solution

The governing equation (6) is the same as that in Greenhill
[5], and its general solution is

2 3
0(x) = J1/3 <§ (a)x)i> Vx ¢

2 (7
+J 13 (5 (wx)3/2> Vx ¢y

where [, (x) is the Bessel function of the first kind, and ¢; and
c, are arbitrary constants. Furthermore, w is expressed as
follows:

1/3

w= (g) . ®)

The following boundary conditions are applied to the general
solution:

d6 0 (at 0)

— = at x =

dx ) 9)
6=0 (atx =1,)

From the boundary condition at the free end (x = 0), we obtain
¢, = 0. The boundary condition at the fixed end (x =1.)
dictates that ¢, should not be zero if a non-trivial value of I, is
to be obtained. These choices for the constants allow the
following result to be obtained:

2
J-1/3 (§ ((Ulc)3/2) =0. (10)

We solve the above equation to obtain the critical height I.:

1/3

9 .
lc= (szl/&n) ’ (1

where j_; 3 , is the nth zero point of the Bessel function of the
first kind in Eqn. (10); its minimum value can be obtained using
n = 1. Furthermore, the second moment of area I and the
cross-sectional area A are expressed as follows:

1 - a®)nar}
— 12
4 ’ (12)

A={1-a®)nr?. (13)
From Eqns. (8), (11), (12), and (13), the critical height formula

that is uniformly applicable to hollow and solid cylindrical
columns can be obtained:

E 1/3
L = (1+a®)? (k;rg) , (14)
where k is given by:

3 2

k=(3jmaa) (15)
Because k =~ 2 , the critical height formula can be
approximated as follows:

E 1/3
L~ (1+a®)!? (2;1’02) . (16)

Greenbhill [5] derived the following critical height formula for
solid cylindrical columns:

1/3

E
I, ~ (2;7‘02) . (17)

The critical height formula derived in this study (Eqn. (16))
corresponds to Greenhill’s formula when the cross-section
is solid (@ = 0). The critical height of a hollow cylindrical
structure can be represented as the product of the coefficient
(1 + a?)/3 that expresses the effect of the hollow cross-
section and the critical height of a solid cylinder.

Furthermore, the coefficient (1 + a?)'/? can be rewritten,
using the radius of gyration 7 of the solid cylinder with outer
radius 7, and the radius of gyration 7, of the hollow cylinder
with outer radius 7, and hollow ratio a:

Fn2/3
A+ = (Z) =R, (18)

Ts

where R; is the ratio of the radii of gyration in hollow and solid
cylinders with the same radius 7, (depicted in Fig. 1).
Therefore, Eq. (16) can be written as follows:

1/3

E
I~ (2;R;r02) . (19)
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Consequently, the critical heights of both hollow and solid
cylinders are proportional to the 2/3 power of the outer radii 7,
(as in Greenhill’s formula) and also proportional to the 2/3
power of the radii of gyration ratio R.

3. Summation formulae in the self-buckling problem

In this section we use the aforementioned critical height
formula to derive two important formulae that represent the
relationship between the critical self-buckling characteristics of
hollow and solid cylinders. We indicate that the complex self-
buckling characteristics of a hollow cylinder can be written in
terms of the simple self-buckling characteristics of a solid
cylinder.

3.1. “Sum of cubes” formula in critical height

If we cube and expand both sides of Eqn. (16), we obtain the
following:

3= (257‘2) + (ZE(ar )2>. (20)
C ,y o ,y o

From Eqns. (1) and (17), we obtain the following “sum of cubes”
formula for the critical height:

B=03,+13, (21)
where [ is the critical height of the hollow cylinder, [ ; is the
critical height of the solid cylinder with radius r;, and [, is
the critical height of the solid cylinder with radius 7,. As
graphically illustrated in Fig. 2, Eqn. (21) indicates that the
critical height of the hollow model can be represented as a
summation containing the critical heights of solid cylinders that
have the same elastic modulus E and the same unit volume
weight y.

3.2. “Sum of first power” formula in critical density

By rewriting Eqn. (21) as an expression for the critical
density p, the following formula is obtained:
Pc = Pci T Pcos (22)
where p, is the critical density in the hollow model, p; is the
critical density in the solid model with radius r;, and p,, is the
critical density in the solid model with radius 7,. The critical
density for a cylinder with a hollow cross-section is obtained

by summing the critical densities of the solid cylinders having
radii r, and ;, respectively.

3.3. Comparative verification of theoretical and FEM solutions

This study proceeds with a verification of the theoretical
expressions for the critical height and critical density for a
hollow cylindrical structure (both derived from Eqn. (16)) by
comparing them with a numerical solution based on the finite
element method (FEM), obtained by the method of Dargahi et
al. [33]. We used ANSYS 2021 as analysis software and set the
values of the parameters according to the results of Niklas [25]
and Adam [8], as follows: outer radius 7, = 0.23 [m], modulus
of elasticity E = 1.1 X 10'° [kN/m? ], model density p,, =
526 [kg/m?®], and model height [, = 60.8 [m]. For this model,
based on Dargahi’s method [33], mesh partitioning was
performed using tetrahedral elements of order j = 1 and 2, and
mesh sizes of 100 [mm] and 50 [mm]. Note that we used the
same analysis conditions for all hollow ratios.

To examine the effect of the hollowing of the cross-section
on the critical height for self-weight buckling, we define the
critical height ratio R;(«) as follows:

(23)
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Fig. 3 Effect of the hollow ratio on the self-buckling characteristics.

where «a is the hollow ratio in Eqn. (1). Therefore, Eqn. (23)
expresses the ratio of the critical height for the hollow cylinder
(parametrized by «) to the critical height for the solid cylinder.
Using the relationship between the critical height and the
critical density, the critical density ratio R,(@) is defined as
follows:

pcla)
Rp(a) = m = Rl (CZ)

24

Eqn. (24) expresses the ratio of the critical density of the
hollow cylinder (parametrized by «) to the critical density of
the solid cylinder. From Eqn. (14), the critical density ratio
R,(a) can be written as the third power of the critical height
ratio R;(@).

The results of the theoretical and finite element solutions of
Eqn. (16), based on the aforementioned parameters, are
illustrated in Fig. 3. The calculation results of the critical height
ratio R; are depicted in Fig. 3 (a).

It can be observed that the FEM calculation results for a
tetrahedral linear element and mesh size of 100 [mm] are
significantly different from the theoretical solution. When the
mesh size is reduced to 50 [mm], the obtained solution is in
good agreement with the theoretical solution; however, the
calculation speed decreases. In the case of a tetrahedral
nonlinear element (2nd-order), the solution is in good
agreement with the theoretical solution even with a mesh size
of 100 [mm]. The critical height ratio increases with the hollow
ratio a, reaching a maximum value of approximately 1.25

The calculation results of the critical density ratio R, («) are
depicted in Fig. 3 (b). It can be observed that the relation
between the theoretical solution and FEM calculation is almost
the same as in the case of the critical height ratio. The critical
height ratio increases with the hollow ratio a, reaching a
maximum value of approximately 2.00

3.4. Circular arc of safety factors

By transforming Eqn. (20) such that its left-hand side is
expressed as the sum of the squares of the outer radius 7, and
the inner radius 7;, the following equation is obtained:

% + 15 =B, (25)
where £ has the following meaning:

2 y_lS 26
B = (26)

Equation (25) has the same form as the equation of a circle
and can be illustrated in the plane defined by axes representing
the outer diameter 7, and the inner diameter r;, respectively. A
graphical representation of Eqn. (25) is depicted in Fig. 4, with
the outer diameter 7, on the horizontal axis, and the inner
diameter 7; on the vertical axis.

A simple illustration of Eqn. (25) in the r, — r; plane is
shown in Fig. 4 (a): The defining domains of the outer radius
1, and the inner radius r; are expressed as 0 < r; < 7, so that
the valid value domain of Eqn. (25) is limited to the section
bounded by the 7, axis and the line r; = 7,, (not including the
boundary defined by the line r; = 7, itself).

Equation (25) expresses the combinations of internal and
external diameters (7,,1;) for which self-weight buckling will
occur in solid and hollow cylinders of height | made of
materials with a certain unit volume weight y and a certain
elastic modulus E. The red circular arc shown in Fig. 4 (a)
traces the boundary line between the dangerous and safe
domains with respect to self-buckling; in the domain to the left
of the arc (red area), self-buckling occurs, and in the domain to
the right of the arc (blue area), no self-buckling occurs.

In addition, the angle ® shown in the figure can be
expressed as follows, in terms of the hollow ratio a:

® =tan!a. 27)
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This means that all the points on the circular arc with radius
pB and central angle ® have an equivalent factor of safety
against buckling under self-weight; however, the total volume
of the system decreases as one moves from the 7, axis in the
positive circumferential direction, which means that the
required resistance to self-buckling can be achieved using less
material. It should be noted that the present formulation is valid
for buckling modes of beams, except for thin-walled structures
where (7, 1;) is close to the line 7, = r;. In such a case, local
buckling may occur.

The circular arc with radius £ in Fig. 4 (a) may be enlarged
by a factor of K in the radial direction, as shown in Fig. 4 (b).
Consequently, the safety factor Sg(;y for the critical height [,
and the safety factor Sg(,) for the critical density p. against
self-weight buckling can be written as follows in terms of K:

Seqy = K*3,
— 2 _ ¢3
Sr(p) = K* = Spqy-

(28)
(29)

The outer radius and inner radius corresponding to the safety
factors Sg(;) and Sg(,,y are expressed as

T = S:f(/lz) Tcos = ar, (30)
T = 5;62)) Tcor = ar,. (31)

In other words, the points on the circular arc (K1, Kry;)
shown in blue in Fig. 4 (b), share a constant safety factor with
respect to the points on the circular arc (7;,, ;) shown in red,
which is the boundary of the occurrence of self-weight
buckling. The safety factor Sp against self-weight buckling is
uniformly determined only by the radial distance from the
origin to the arc in the 7, — 1; plane, and all the points on the
arc have an equivalent resistance to self-weight buckling.

Krei(a)

Vi=r

K22+ K22 = K2/>’\2 =)

— 2
r002+rci2_ﬂ\

Vei (0()
Kp
O =tan'a .
Teo (@)  Kreo(@) v,
(b)

3.5. Scaling law of hollow plants

In this section, we consider how accurately the critical
height formula derived in this study represents the scaling law
in hollow plants. We transform the derived expression for the
critical height (Eqn. (16)) to obtain the following equation:

l _<1+Al)1/3 (ZE 2)1/3
N4, vl

where A; is the area of the circle with radius 7;, and 4, is the
area of the circle with radius 7,. In this study, the outer radius
1, and the hollow ratio @ are assumed to be constant in the
vertical direction, for simplicity. However, wild bamboo in
nature has a shape in which the wall thickness varies along the
length of the bamboo [34,35]. Notwithstanding this, Inoue et al.
[36] used real measurement data to show that the following
shape law is valid for wild bamboo:

(32)

4;
—L = const.
4,

(33)

Considering the scaling law of bamboo, the hollow ratio @ can
be assumed to be constant. Considering that the scaling law of
Greenhill [5], which does not consider the taper, has been
applicable to real trees with a taper, the establishment of Eqn.
(33) suggests that the scaling law Eqn. (32) may also be applied
to bamboo.

3.6. Influence of weight distribution in hollow plants

In this section, we consider the effect of the weight
distribution, including branches and the weight ratio of
branches to trunk, on the self-weight buckling resistance in
hollow plants. Based on our previous study [13], we introduce
a density function to the calculation model in Fig. 1 as follows:
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Fig. 5 Influence of weight distribution on self-buckling resistance.

2n
p(x) = (l_x +(1- n)) ps t pr, (34)

where n is the weight distribution parameter, pp is the density
of the branches [kg/m’], and py is the density of the trunk
[kg/m’]. Eqn. (34) changes as shown in Fig. 5 (a) depending
on the weight distribution parameter n.

By the same method in Section 2.1, the governing equations
can be obtained as follows:

o | (n el )W 1) =0 35
oz T\\px A -m) ) We El 0T (33)

where Wy, is weight ratio (= pg/pr). Because it is difficult to
solve Eqn. (35) exactly, Mathematica was used to obtain its
series solution as follows:

0G) = (1= £ (A=~ mWy + D+ )y

1
+ (x BT (1 —n)Wg + 1)n3x* - ) Ca) (36)
where 7 is given by:
_ (_pTgA)1/3 37)
El '

As in Section 2.2, from the boundary conditions (Eqn. (9)), the
critical height equation can be obtained as follows:

(1-g(@—mWa + D+ ) =0, 38)

By numerically solving Eqn. (38), the critical height
considering the weight distribution can be obtained. Based on
our previous study [13], sufficient convergence can be obtained
using 25 expansion terms.

To examine the effect of the weight distribution and weight
balance on the critical height for self-weight buckling in a
hollow cylinder, we define the critical height ratio R;(a, n, W)
as follows:

lc ((Z, n, WR)

Rl(alnl WR) = 1 (0 0 O)
c » Yy

= R3(a,n,Wy), (39)

where [.(0,0,0) is the critical height when there are no
branches or cavities, which can be obtained from Greenhill’s
formula [5]. By substituting Eqn. (39) into Eqn. (38), the
critical height ratio formula can be obtained:

3(A—nm)We +1
(1_ . 8(1? ai) )f31/3,1R13+"'>=0- (40)

We show the relationship between the hollow ratio a and
the weight distribution when R;(a, n, W) = 1 in Fig. 5 (b).

This figure shows that it is possible for a hollow cross-
section with non-uniform weight to achieve the same critical
height as one with uniform weight by adjusting the hollow ratio
a. However, if the weight distribution parameter is negative
and the weight ratio Wy is large, no hollow ratio a satisfying
R;(a,n,Wg) = 1 exists. Nevertheless, in wild bamboo, we can
observe that branches are typically concentrated high on the
trunk. Light branches [37,38] and a hollow cross-section allows
the bamboo may be able to acquire self-buckling resistance and
absorb light at a high position simultaneously.

4. Conclusions

In this study, the effect of a hollow cross-section on self-
weight buckling resistance was clarified by deriving a
theoretical formula for the critical height, which can be applied
uniformly to solid and hollow cylinders. Furthermore, various
relational equations were derived to express the relationship
between the self-weight buckling characteristics of solid and
hollow cylinders. It was shown that the self-weight buckling
characteristics of a hollow cylinder can be represented by the
summation of the self-weight buckling characteristics of two
solid cylinders. The main findings of this study are summarized
below.

(1) The critical height of a cylinder is proportional to the 2/3
power of the radius, independent of the degree of hollowing
of the cross-section, in agreement with Greenhill's scaling
law. The critical height is also proportional to the 2/3 power



of the ratio of the radii of gyration in the solid and hollow
states.

(2) The self-weight buckling characteristics of a hollow
cylinder can be represented by the summation of the self-
weight buckling characteristics of two solid cylinders with

the inner and outer radii of the hollow cylinder, respectively.

The third power of the critical height of a hollow cylinder

is equal to the summation of the cubes of the critical heights

of solid cylinders with the inner and outer radii of the

hollow cylinder, respectively; the critical density of a

hollow cylinder is equal to the summation of the critical

densities of solid cylinders with the inner and outer radii of
the hollow cylinder, respectively.

(3) The self-weight buckling characteristics of a solid cylinder,
or a hollow cylinder, can be illustrated as a circular arc in
the r; — 1, plane, and the safety factor for self-weight
buckling is uniquely determined only by the radius of the
circular arc.

(4) According to the results of the formulation considering the
weight distribution in hollow cylinders, by carefully
distributing the self-weight, the bamboo may be able to
acquire self-buckling resistance and absorb light at a high
position simultaneously.

In the future, we will apply the methodology of this study to
formulate the critical height against buckling under self-weight
in a hollow cone with a specific taper and to verify the scaling
law for bamboo proposed in this study. Furthermore, to better
model real plants, we will formulate the critical height
considering the influence of the base rigidity based on the fact
of the real plants not strictly fixed. We aim to consolidate these
findings into a rational framework for next-generation
structural design with high performance and material-saving
advantages.
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