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ABSTRACT
Observations of a high spin selectivity in various helical structures, which is called the chirality-induced spin selectivity, suggest a common
mechanism originating from the helical geometry. In this paper, we consider a helical chain of atomic p± orbitals having the tangential angular
momentum l = ±1. We show in this model that the coupling of l and the spin gives rise to spin-velocity locking, i.e., directions of spin and
group velocity are parallel or antiparallel depending on the chirality of the helix, and consequently, an almost perfect spin selectivity in a
specific energy region in a wide range of the curvature and the torsion of the helix. We find that the present spin-velocity locking originates
from the helical symmetry in which the Hamiltonian is invariant with respect to a combined operation of the rotation around the helix axis
and the translation along the helix axis. Therefore, we expect that spin-velocity locking occurs in a wide variety of helical structures.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0152103

I. INTRODUCTION

Spin polarization, which is used in spintronics, is generated in
nonmagnetic materials by the spin–orbit interaction (SOI) in the
spin Hall effect and the current-induced spin polarization. To effi-
ciently generate spin polarization, materials with heavy elements
having large SOI have been employed. Recently, however, in vari-
ous helical organic molecules1–10 consisting of light elements with
small SOI at room temperature, the chirality-induced spin selectiv-
ity (CISS) (see, for a review, Ref. 11) has been observed in which
electrons conduct much more easily when orientations (along the
helix axis) of spin and transport are the same or opposite depending
on the chirality of the structure. The CISS has also been observed in
chiral inorganic crystals.12

To understand the mechanism for the high spin selectivity
despite small SOI, many theoretical attempts have been made.
Among others, spin-velocity locking, in which orientations (along
the helix axis) of spin and group velocity are the same or oppo-
site depending on the chirality of the helix, has been proposed
for the mechanism of CISS by Michaeli and Naaman.13 It is
derived in a helical tube continuum model and occurs in a specific
energy range. To obtain a high spin selectivity through spin-velocity
locking, the temperature must be low enough that the electron

transport takes place within the locking energy range of the order of
the SOI. Nevertheless, spin-velocity locking in a nonmagnetic one-
dimensional system is an attractive feature, and its observation in
a real helical system is desired. In a step toward real systems is a
tight-binding model of a helical atomic chain with atomic p orbitals
and the intra-atomic SOI.14–17 Utsumi et al.15 have shown in this
model that spin-velocity locking occurs in a particular structure with
no torsion.

In this paper, as a next step toward the observation in real sys-
tems, we explore the occurrence of spin-velocity locking in a helical
atomic chain in the full parameter space of the curvature κ and the
torsion τ both of which define the helix. We calculate the energy and
the spin expectation value of eigenstates in a tight-binding model
with the intra-atomic SOI.14–17 We take into account atomic p±
orbitals with the tangential angular momentum l = ±1 and neglect
p0 orbital with l = 0 because spin-velocity locking in both the tube
model13 and the atomic model15 has been found in energy bands
that are formed from orbitals with l = ±1. In this paper, we take into
account the helical symmetry of the atomic chain, which reduces the
number of eigenstates to four at each value of Θ, the dimensionless
quantity conserved in the helical symmetry.

We find that the present helical atomic chains exhibit spin-
velocity locking in two separate regions of the structure parameter
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space, a torsion-dominant region (τ > κ) and a curvature-dominant
region (κ > τ), where we identify different types of the locking,
which we call type I and type II locking, respectively. In both types,
the locking occurs because the SOI opens an energy gap at the inter-
section between opposite-spin and opposite-velocity channels. The
difference between type I and type II is in the orbital character
of these channels. In the torsion-dominant type I region, the two
channels have the same orbital character, whereas, in the curvature-
dominant type II region, they have different orbital characters. We
show that in both types, the velocity change simultaneously occur-
ring with the SOI-induced spin flip is ensured by the conservation of
Θ in the helical symmetry.

II. MODEL AND HAMILTONIAN
We consider an atomic chain that is placed along a helix with

equal distances (d) between neighboring atoms (Fig. 1). By choos-
ing the z axis along the helix axis, coordinates of the nth atom
(n = . . . , 0, 1, 2, . . .) are

(xn, yn, zn) = (a cos nφ, a sin nφ, bnφ), (1)

in which a(>0) is the radius, and 2π∣b∣ is the pitch of the helix.
The increment of the angle around the z axis is φ(>0). We con-
sider general helical atomic chains in which the number of atoms
per pitch, 2π/φ, is not restricted to be an integer. The sign of b deter-
mines the chirality. In the following, we only consider the chirality
of b > 0.

In the presence of the helical symmetry of the chain, the Hamil-
tonian Ĥ is invariant with respect to the operation Ŝ = T̂R̂ where R̂
is the rotation by φ around the z axis, and T̂ is the translation by
bφ along the z axis. Owing to this invariance, i.e., ŜĤŜ−1

= Ĥ, each
eigenvector of Ĥ, which we denote by ∣ψ⟩, can be chosen to satisfy
Ŝ∣ψ⟩ = exp (−iΘ)∣ψ⟩. Here, hΘ consists of the z component of the
angular momentum (including spin and orbital components) mul-
tiplied by the angle φ and the z component of the linear momentum
multiplied by the translation bφ.

In each atom, we take into account pn̂ and pb̂ orbitals in the
normal and binormal directions, respectively, of the helix (Fig. 1),
which are related to ∣pl⟩ = (∣pn̂⟩ + il∣pb̂⟩)/

√
2 having the angular

momentum l = ±1 in the tangential direction. We neglect the p t̂
orbital in the tangential direction by separating it from pn̂ and pb̂
in energy with a crystal field.15,16 Then, basis vectors satisfying Ŝ∣ψ⟩
= exp (−iΘ)∣ψ⟩ are expressed by18

∣pασΘ⟩ =
1
√

N
∑

n
exp (iΘn)Ŝ n

∣pασ⟩. (2)

Here, N is the number of atoms in the chain, ∣pασ⟩ = ∣pα⟩∣σ⟩, ∣pα⟩
expresses pα orbitals (α = n̂, b̂) of the n = 0 atom, and σ̂z ∣σ⟩ = σ∣σ⟩
in which σ̂ = (σ̂x, σ̂y, σ̂z) is the Pauli spin operator and σ = ±1. We
have, for the spin,

Ŝ∣σ⟩ = R̂∣σ⟩ = exp (−iφσ/2)∣σ⟩. (3)

Our Hamiltonian consists of two terms,

Ĥ = Ĥhop + Ĥso. (4)

FIG. 1. An atomic chain along the helix with radius a and pitch 2πb. The interatomic
distance is d, and the angle around the helix axis (the z axis) between neighboring
atoms is φ. This paper considers general helical atomic chains in which the number
of atoms per pitch is not restricted to be an integer. The z component of the spin
sz = σ/2 (σ = ±1), and the tangential components of the atomic orbital angular
momentum l t̂ = l (l = ±1) are used to define basis vectors. Also indicated are the
tangential, normal, and binormal directions, which are denoted by t̂, n̂, and b̂. Unit
vectors e t̂ and ez are in the t̂ and z directions, respectively.

The first term Ĥhop describes the hopping between the nearest
neighbor atoms,

Ĥhop = ∑

α′ ,α=n̂,b̂
∑

n
tα
′α

n+1,n∣pα′n + 1⟩⟨pαn∣ + h.c., (5)

where ∣pαn⟩ = Ŝ n
∣pα⟩ and h.c. denote the Hermitian conjugate of

the preceding term. The hopping matrix element tα
′α

n+1,n = ⟨pα′n
+ 1∣Ĥhop∣pαn⟩ is evaluated by using the formula19 that expresses the
hopping matrix element between p orbitals of arbitrary directions
belonging to two atoms at any positions with the use of Slater-Koster
parameters,20 Vppπ and Vppσ , which we simply denote by Vπ and Vσ .
The second term Ĥso expresses the intra-atomic SOI and is given, in
the present model, with pn̂ and pb̂, by

Ĥso =∑
n
λsoL̂ t̂nσ̂ t̂n/2, (6)

where L̂ t̂n = L̂n ⋅ e t̂n, with h̵L̂n the orbital angular momentum oper-
ator with respect to (xn, yn, zn) and e t̂n the unit vector in the
tangential direction at (xn, yn, zn), and σ̂ t̂n = σ̂ ⋅ e t̂n. In the matrix
elements ⟨pb̂n′∣L̂ t̂n∣pn̂n′′⟩, we only consider those with n′ = n = n′′.

We derive eigenstates of the Hamiltonian, Ĥ, in Eq. (4) by
expressing each eigenvector in a linear combination of basis vectors
in Eq. (2). We describe procedures to calculate the energy, the group
velocity, and the spin expectation value of eigenstates in Appendix.
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III. SPIN-VELOCITY LOCKING
A. Eigenstates: Energy and spin expectation value

Figure 2 presents the energy and the spin expectation value of
each eigenstate as a function of Θ in the vicinity of the energy band
bottom in a helical carbon chain with κd = 0.1 and τd = 0.1, where κ
and τ are the curvature and the torsion defined by

κ =
a

a2
+ b2 , τ =

b
a2
+ b2 . (7)

In the calculation, we have used values of the Slater-Koster para-
meters Vπ = −2.97 eV and Vσ = 7.43 eV (calculated using the for-
mula in Ref. 21 into which we have substituted Sij = 0 and Rij
= 1.266 Å the value in the first-principles calculation22 of the inter-
atomic distance in a straight linear carbon chain) and that of the
atomic SOI parameter λso = 0.006 eV (from Ref. 23).

In the highlighted energy region of Fig. 2 (upper panel),
avoided-crossings occur aroundΘ = ±0.1 due to the SOI [solid (dot-
ted) lines indicate energy bands in the presence (absence) of the
SOI], and four transport channels (dotted lines), which existed in
the absence of the SOI, are eliminated. The remaining channels with
spin orienting in the positive z direction (σ =↑) at Θ = 0.05 and 0.25
have the group velocity in the positive z direction since ∂E/∂Θ > 0,
whereas those with σ =↓ at Θ = −0.05 and −0.25 have ∂E/∂Θ < 0.
Therefore, spin-velocity locking occurs in the highlighted energy

FIG. 2. Type I locking at κd = 0.1 and τd = 0.1. Here, κ = a/(a2 + b2) and
τ = b/(a2 + b2) are the curvature and the torsion, respectively, of the helix. The
upper panel plots the energy E of each eigenstate in the vicinity of the band bottom
(two eigenstates out of four appear in the plot) as a function of the dimensionless
quantity conserved in the helical symmetry Θ. The lower panel plots the expec-
tation value of σ̂z with respect to each eigenstate. Each band is characterized by
the value of σ(=↑, ↓) except in the neighborhood of anti-crossing points. In the
highlighted energy region, spin-velocity locking is realized (see text). Dotted lines
show the energy in the absence of the SOI.

FIG. 3. Conductance in the Landauer formula of spin σ component in the absence
of scatterings at absolute zero is plotted as a function of energy. In the highlighted
energy region of the spin-velocity locking, (G↑ − G↓)/(G↑ + G↓) ≈ 0.998.

region. To evaluate the spin selectivity, we calculate the conductance
of each spin component in the absence of scatterings at absolute zero
by employing the Landauer formula

Gσ =
e2

h ∑
νΘ(v>0)

⟨νΘ∣σ⟩⟨σ∣νΘ⟩, (8)

where the summation is taken over eigenstates ∣νΘ⟩ (ν: band index)
with positive velocity at energy E. Figure 3 shows that in the energy
region of the spin-velocity locking, (G↑ −G↓)/(G↑ +G↓) ≈ 0.998.
Therefore, the spin selectivity is almost perfect.

We find in Fig. 2 that spin-velocity locking occurs because an
energy gap opens at the intersection between opposite-spin chan-
nels due to the SOI that mixes σ =↑ and σ =↓ states. The magnitude
of the SOI-induced gap is proportional to ∣⟨↑∣σ̂ t̂n∣↓⟩∣ and, therefore,
vanishes at κ→ 0 (a→ 0).

Figure 4 presents another helical structure (κd = 0.2 and τd
= 0.01) that exhibits the spin-velocity locking. The major difference
between spin-velocity locking in Figs. 2 and 4 is clearly seen in the
energy band in the absence of the SOI (dotted line). In Fig. 2, the
SOI-induced gap opens between same-orbital channels (we call this
type I), whereas in Fig. 4, it opens between different-orbital channels
(type II).

Every spin-velocity locking in our model is classified into type
I and type II. Type I and type II regions in the κ-τ plane are shown
in Fig. 5 at Vσ/Vπ = −2.50 (of carbon) and −4.15 (of iodine in which
values of Vπ = −0.55 eV and Vσ = 2.28 eV were obtained in Ref.
24 by fitting tight-binding energy bands of a straight linear iodine
chain to those in the first-principles calculation). In evaluating type
I and type II regions in Fig. 5, we have assumed the infinitesimal SOI
(λso → 0) for simplicity.
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FIG. 4. Type II locking at κd = 0.2 and τd = 0.01.

FIG. 5. Region of type I and type II spin-velocity locking (evaluated at the infinites-
imal SOI, for simplicity) in the space of the curvature κ and the torsion τ multiplied
by the interatomic distance d. Light and dark shades indicate spin-velocity lock-
ing at Vσ/Vπ = −2.50 and Vσ/Vπ = −4.15 corresponding to carbon and iodine,
respectively (Vσ/Vπ = −2.50 region includes the Vσ/Vπ = −4.15 region). Energy
and spin expectation values at Vσ/Vπ = −2.50 of the structure indicated by ⋆ and
⊙ are presented in Figs. 2 and 4, respectively.

B. Approximate eigenstates in the absence
of the SOI at φ≪ 1

In order to approach the origin of the spin-velocity locking, we
derive analytical expressions of eigenvectors and eigenenergies that
are approximately correct when φ≪ 1 (large helix with

√

a2
+ b2

≫ d) in the absence of the SOI. When the SOI is absent, the Hamil-
tonian Ĥ in Eq. (4) reduces to Ĥhop in Eq. (5), which is given by

Ĥhop =∑
Θ
∑
σ=±1
[2 cos(Θ −

σ
2
φ)(tn̂n̂∣pn̂σΘ⟩

× ⟨pn̂σΘ∣ + tb̂b̂∣pb̂σΘ⟩⟨pb̂σΘ∣)

− 2tn̂b̂ sin(Θ −
σ
2
φ)(i∣pn̂σΘ⟩⟨pb̂σΘ∣ + h.c.)]. (9)

When φ≪ 1, the hopping matrix elements are given, up to the
second order of φ, by

tn̂n̂ ≡ tn̂n̂
n+1,n = [1 −

(τd)2

2
]Vπ −

(κd)2

4
(Vπ + Vσ),

tb̂b̂ ≡ tb̂b̂
n+1,n = [1 −

(τd)2

2
]Vπ ,

tn̂b̂ ≡ tn̂b̂
n+1,n = τd Vπ = −tb̂n̂

n+1,n.

(10)

1. At κ≪ τ,φ≪ 1 in type I region

Within the region of small φ (φ ≈
√

(κd)2
+ (τd)2 atφ≪ 1),

we separately investigate the region with κ≪ τ (a≪ b) and that
with τ ≪ κ (b≪ a). First, we assume that κ≪ τ in addition to
φ≪ 1. Then, we obtain, from Eqs. (9) and (10), approximate
eigenvectors and eigenenergies at Θ ∼ φ

∣plσΘ⟩ =
1
√

2
(∣pn̂σΘ⟩ + il∣pb̂σΘ⟩), (11)

Elσ(Θ) = 2Vπ cos(Θ − lzφ −
σ
2
φ), (12)

with

lz = l e t̂0 ⋅ ez = l cos θ (l = ±1), (13)

where θ is the angle between the tangential and z directions, and
lz is the z component of the atomic orbital angular momentum.
Equation (12) describes four bands shifted in the Θ direction by
(lz + σ/2)φ, which depends on l and σ. The energy depends on
Θ − (lz + σ/2)φ that represents the momentum of the hopping
motion. As illustrated in Fig. 6(a) (upper panel), σ = 1 and σ = −1
bands are separated by ΔΘS = φ, whereas l = 1 and l = −1 bands are
separated by ΔΘL = 2φ cos θ.

The four bands with σ = ±1 and l = ±1 have four intersections
between opposite-spin bands in the vicinity of Θ ∼ φ≪ 1 as seen
in Fig. 6(a) (upper panel). In particular, two intersections (⇕ in
the figure) appear at nonzero Θ between same-l bands. Since Θ is
nonzero at these intersections, spin splitting can occur with the time-
reversal symmetry. The SOI-induced spin splitting is proportional to
∣⟨↑∣σ̂ t̂n∣↓⟩∣ = sin θ, which is nonzero except at κ = 0.

2. At τ ≪ κ,φ≪ 1 in type II region
When we assume τ ≪ κ in addition to φ≪ 1, approximate

solutions at Θ ∼ φ are

∣pn̂σΘ⟩, En̂σ(Θ) = 2[Vπ −
(κd)2

4
(Vπ + Vσ)] cos(Θ −

σ
2
φ), (14)
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FIG. 6. Energy in the absence of the SOI is schematically shown in the upper panels as a function of Θ in the vicinity of Θ ∼ φ≪ 1. The spin splitting in the Θ direction,
ΔΘS = φ, appears between σ =↑ (solid line) and σ =↓ (dashed line). (a) At κ≪ τ and φ≪ 1 (a typical type I region studied in Sec. III B 1), p± bands for each spin
are relatively shifted by ΔΘL = 2φ cos θ with θ the angle between the tangential and z directions. The SOI opens an energy gap at ⇕ between same-orbital opposite-spin
channels and gives rise to the spin-velocity locking. (b) At τ ≪ κ and φ≪ 1 (a typical type II region studied in Sec. III B 2), p± bands are hybridized to pn̂ and pb̂ bands
with energy splitting ΔE at the band bottom. The SOI opens a gap at ⇕ between different-orbital opposite-spin channels. Also plotted in the lower panels are the energy as a
function of the orbital component Φ = Θ − σφ/2 obtained by subtracting the spin component σφ/2.

∣pb̂σΘ⟩, Eb̂σ(Θ) = 2Vπ cos(Θ −
σ
2
φ). (15)

As illustrated in Fig. 6(b) (upper panel), σ = 1 and σ = −1 bands are
separated by ΔΘS = φ, whereas pn̂ and pb̂ bands are separated in the
energy direction by ΔE = (κd)2

(Vπ + Vσ)/2 at the band bottom.
Again, two intersections (⇕ in the figure) appear at nonzero

Θ between opposite-spin bands. In this case, the intersections at
nonzero Θ are between different-orbital bands. For a gap to open
at these intersections by the infinitesimal SOI, velocity directions of
crossing channels must be opposite. This condition is satisfied when
Eb̂↑(φ/2) < En̂↓(φ/2), which leads to the inequality with Vσ/Vπ ,
κd, and τd. In particular, at τ = 0, the inequality becomes (κd)2

> 2(3Vπ + Vσ)/(Vπ + Vσ). In carbon chains with Vσ/Vπ = −2.50,
this inequality shows that the type-II locking occurs at κ > 0 when
τ = 0. On the other hand, in iodine chains with Vσ/Vπ = −4.15, the
inequality leads to κd > 0.86 as a requirement for the type-II locking
to occur at τ = 0. Although the approximation for φ≪ 1 is not appli-
cable to the value of κd = 0.86, the type-II locking region of iodine
shown in Fig. 5 appears above almost the same threshold of κd at
τ = 0.

C. Origin of the spin-velocity locking
In Sec. III B, we have shown in the case of a large helix

with φ≪ 1 that both the type-I locking at κ≪ τ and the type-II
locking at τ ≪ κ occur in the presence of the separation between

opposite-spin bands ΔΘS. We show in this section that ΔΘS is the
origin of spin-velocity locking in our model.

In the presence of the helical symmetry, a linear combination
of the spin σ/2 and the orbital component Φ, Θ = σφ/2 +Φ, is con-
served. Using Θ, the energy band with band index ν is described
by Eν(Θ). In the absence of the SOI, the energy depends only on
Φ and is expressed as f (Φ). Therefore, the energy as a function of
Θ is given by Eν(Θ) = f (Φ) = f (Θ − σφ/2) and opposite-σ bands
are separated by ΔΘS = φ. This separation ΔΘS generally creates
intersections between opposite-σ channels. The opposite-σ states at
the intersecting point Θ(=σφ/2 +Φ) have different Φ and, in most
cases, have different velocities. When these velocities are opposite,
the SOI opens an energy gap at the intersection, which can lead to
the spin-velocity locking. Since spin-velocity locking derived in this
paper originates from ΔΘS in the presence of helical symmetry, we
expect that the present spin-velocity locking occurs in a wide variety
of helical structures.

The gap opening described above is analogous to the bandgap
formation at the Brillouin zone boundary. To show this, we express
the SOI [Eq. (6)] as

Ĥso =∑
lΦ
∑
l′Φ′
∣pl′Φ

′
⟩⟨pl′Φ

′
∣Ĥso∣plΦ⟩⟨plΦ∣, (16)

by choosing basis vectors

∣plΦ⟩ =
1
√

N
∑

n
exp (iΦn)∣pln⟩. (17)
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Since σ̂ t̂n in the intra-atomic SOI [Eq. (6)] is written as

σ̂ t̂n = (−i)ey ⋅ e t̂0 exp (−inφ)∣↑⟩⟨↓∣ + h.c. + ez ⋅ e t̂0 σ̂z , (18)

with ey = (0, 1, 0), we obtain the following expression of the SOI,

Ĥso =
λso

2 ∑lΦ
l[ey ⋅ e t̂0(−i∣plΦ − φ⟩∣↑⟩⟨↓∣⟨plΦ∣ + h.c.)

+ ez ⋅ e t̂0∣plΦ⟩σ̂z⟨plΦ∣]. (19)

Then, we find that the SOI mixes spin- ↓ Φ state and spin- ↑ Φ − φ
(=Φ − ΔΘS) state. When these states have the same energy and the
opposite velocity as shown in Fig. 6 (lower panels), a gap opens there.
Thus, the present gap opening corresponds to the bandgap forma-
tion at the Brillouin zone boundary in which the periodic potential,
through the Bragg reflection, mixes k (=π/a) state and k −G (=−k)
state to form standing waves, where G = 2π/a and a is the lattice
constant.

D. Comparison with previous theories
First, we compare our theory with the corresponding part of

the theory by Utsumi et al.15 They have considered a helical atomic
chain that has an integer number of atoms per pitch (2π/φ = inte-
ger). Helical atomic chains considered in this paper include both
a chain with 2π/φ = integer and that with 2π/φ ≠ integer. Utsumi
et al.15 have derived the SOI-induced spin flip accompanied by the
momentum change [shown in Eq. (68) and illustrated in Fig. 6(a)
of Ref. 15 in which k/N corresponds to Φ in Eq. (19) of this
paper], which is equivalent to that derived in Eq. (19). They have
presented the energy band structure at τ = 0 in their model of hop-
ping matrix elements, which shows degeneracy of pn̂ and pb̂ bands
in the absence of the SOI. Then, the SOI opens a gap by mixing
different-orbital opposite-spin states. Therefore, the resulting spin-
velocity locking is type II. The degeneracy of pn̂ and pb̂ bands also
takes place in our model by choosing Vπ = −Vσ , τ = 0, and λso = 0.
In this case, we confirm in Fig. 7(b) that the SOI opens a gap at
Θ = 0. This can be regarded as the limit of Vπ → −Vσ in the type
II locking of our model, in which the SOI opens the gap by mix-
ing different-orbital opposite-spin states as shown in Fig. 7(a) in
the case of Vπ ≠ −Vσ .

Spin-velocity locking in the helical tube model by Michaeli
and Naaman,13 on the other hand, is type I since SOI opens a
gap at the intersection between same-orbital opposite-spin channels.
They have studied the case where the tube radius is much smaller
than the radius and the pitch of the helix and derived approximate
eigenstates that are, at the same time, eigenstates of the tangential
component of the orbital angular momentum. The derived approx-
imate eigenstates correspond to those in a typical type I region
(p± states at κ≪ τ and φ≪ 1) in our helical atomic chain, which
are derived in Eq. (11) and illustrated in Fig. 6(a) (upper panel). In
fact, their energy band structure has a close similarity to that shown
schematically in Fig. 6(a) (upper panel), except for a quantitative dif-
ference in ΔΘL: ΔΘL = 2 cos θ ΔΘS in Eq. (12) of this paper, whereas
ΔΘL = 4π cos θ ΔΘS in Fig. 2(b) of Ref. 13.

FIG. 7. Energy as a function of Θ at λso = 0.006 eV (solid lines) and λso = 0
(dotted lines) at κd = 0.2 and τd = 0 for values of hopping parameters (a)
Vπ = −2.97 eV and Vσ = 7.43 eV corresponding to carbon and (b) Vπ = −Vσ
= −2.97 eV. When Vπ = −Vσ , pn̂ and pb̂ bands become degenerate in the
absence of the SOI.

IV. CONCLUSIONS
We have theoretically investigated electronic states in a heli-

cal chain of atomic p± orbitals as a function of the curvature and
the torsion of the helix. We have shown that spin-velocity locking
in this system is classified into type I and type II, which occurs
because an energy gap opens at the intersection between same-
orbital channels and between different-orbital channels, respec-
tively. In both types, the gap opens because the SOI mixes opposite-
spin opposite-velocity states. This SOI-induced spin–flip reflection
eliminates one transport channel for each spin so that each spin
propagates in one direction within the gap. We have found that
the velocity change associated with the spin flip in the SOI-induced
spin–flip reflection is ensured by the helical symmetry in which a
quantity consisting of spin and orbital components is conserved.
Therefore, we expect that spin-velocity locking occurs in a wide
variety of helical structures. In fact, it has been shown theoreti-
cally25 that spin-velocity locking occurs in a helical model system
for carbon nanotubes wrapped with DNA molecules, in which the
spin selectivity has been theoretically predicted26 and subsequently
been experimentally confirmed.27 In addition, the same paper25 has
shown that twisting a zigzag nanotube can induce the spin-velocity
locking.

Finally, we compare the spin selectivity due to spin-velocity
locking derived in this paper with the CISS in experiments. The
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CISS has been observed at room temperature for which the ther-
mal energy kBT is ∼30 meV. On the other hand, the SOI-induced
energy gap at avoided crossing (Fig. 2) is ∼3 meV in a carbon
chain. Since spin-velocity locking is effective only for electrons
within this energy gap, the spin-selectivity efficiency demonstrated
in Fig. 3 will be reduced by an order of magnitude in the exper-
imental situation where the current is carried by electrons in
energy width of kBT at room temperature. This suggests that to
explain the CISS within the present model, we need to take into
account additional effects such as electron-electron interaction,
electron–phonon interaction, and proximity interaction with mag-
netized metal.28 However, the present spin-velocity locking, which
occurs in a nonmagnetic one-dimensional system, will be in itself
worthwhile exploring even if it occurs only in the low temperature
region.
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APPENDIX: PROCEDURES TO CALCULATE
EIGENSTATE ENERGY, GROUP VELOCITY,
AND SPIN EXPECTATION VALUE

In this appendix we describe procedures to derive eigenstates
of the Hamiltonian, Ĥ, in Eq. (4), which express states of an elec-
tron traveling through a helical chain of atomic p± orbitals. We write
each eigenvector ∣ψ⟩ of Ĥ in a linear combination of basis vectors in
Eq. (2), ∣pασΘ⟩ (α = n̂, b̂, σ = ±1), which form a complete set of the
present model with two orbitals, pn̂ and pb̂ in each atom:

∣ψ⟩ =∑
ασΘ

CασΘ∣pασΘ⟩. (A1)

Owing to the helical symmetry with Ŝ−1ĤŜ = Ĥ, we have

⟨pα′σ
′Θ′∣(Ŝ−1ĤŜ − Ĥ)∣pασΘ⟩

= ⟨pα′σ
′Θ′∣Ĥ∣pασΘ⟩[exp (iΘ′ − iΘ) − 1] = 0. (A2)

This leads to

⟨pα′σ
′Θ′∣Ĥ∣pασΘ⟩ = 0 when Θ′ ≠ Θ, (A3)

i.e., the Hamiltonian matrix, ⟨pα′σ
′Θ′∣Ĥ∣pασΘ⟩, is diagonal inΘ. For

each value ofΘ, by diagonalizing 4 × 4 matrix, ⟨pα′σ
′Θ∣Ĥ∣pασΘ⟩, we

obtain four eigenstates labeled by band index ν. Obtained eigenval-
ues Eν(Θ) of Ĥ are plotted as a function ofΘ in Fig. 2 (upper panel).
The group velocity along the helix axis of each eigenstate is given
by bφ

h̵
∂Eν
∂Θ . The eigenvector ∣νΘ⟩ is used to calculate the spin expec-

tation value, ⟨νΘ∣σ̂z ∣νΘ⟩, which is plotted in Fig. 2 (lower panel). In
the absence of the SOI, the eigenstate of Ĥ is the eigenstate of σ̂z with
an eigenvalue, either of σ = ±1, and therefore the energy band with
σ = 1 and that with σ = −1 cross (dotted lines in Fig. 2). In the pres-
ence of the SOI, these bands are mixed and an avoided crossing (also
called anti-crossing) occurs (solid lines in Fig. 2).

REFERENCES
1S. G. Ray, S. S. Daube, G. Leitus, Z. Vager, and R. Naaman, “Chirality-induced
spin-selective properties of self-assembled monolayers of DNA on gold,” Phys.
Rev. Lett. 96, 036101 (2006).
2B. Göhler, V. Hamelbeck, T. Z. Markus, M. Kettner, G. F. Hanne, Z. Vager, R.
Naaman, and H. Zacharias, “Spin selectivity in electron transmission through self-
assembled monolayers of double-stranded DNA,” Science 331, 894–897 (2011).
3Z. Xie, T. Z. Markus, S. R. Cohen, Z. Vager, R. Gutierrez, and R. Naaman, “Spin
specific electron conduction through DNA oligomers,” Nano Lett. 11, 4652–4655
(2011).
4D. Mishra, T. Z. Markus, R. Naaman, M. Kettner, B. Göhler, H. Zacharias, N.
Friedman, M. Sheves, and C. Fontanesi, “Spin-dependent electron transmission
through bacteriorhodopsin embedded in purple membrane,” Proc. Natl. Acad. Sci.
U. S. A. 110, 14872–14876 (2013).
5M. Kettner, B. Göhler, H. Zacharias, D. Mishra, V. Kiran, R. Naaman, C.
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