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Abstract
We consider the one-phase free boundary problem for the incompressible Navier-Stokes
equations in R? (d > 2). The surface tension is taken into account. The initial domain,
which is the outside a bubble, is an exterior domain. We prove that there exists a bubble
evolving by this free boundary problem which collapses in a finite time without blowing up
of principal curvatures of its boundary. In other words, what is called a splash singularity
is formed in a finite time. This type of result also is valid for a bounded initial domain. To
construct such an example, we introduce the notion of a domain with J-wing which is a flat
Riemannian manifold that is not embedded in R%, but it covers the d-neighborhood of the

original domain whose boundary is self-intersected.

Introduction

We consider the one-phase free boundary problem for the Navier-Stokes equations with surface
tension of the form

Ou+ (u- V)u—divS(u,w) =0 in Q(t),
divu =0 in Q(t), (L1)
S(u,w)n =0okn  on 08(t),
u-n=V on 09(t),
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where S denotes the stress tensor defined by

S(u, @) = —wl + 2uD(u), D(u) = = (Vu+ (Vu)?)

N

and n denotes the outward unit normal of 99; x denotes (d — 1) times mean curvature of 9%;
V' denotes the normal velocity of 02 in the direction of n. Here we assume that viscosity
coefficient p and surface tension coefficient o are positive constants. The condition 4 is
called a kinematic boundary condition which requires that 0€2(¢) moves by the fluid velocity w.
The condition (1.1))3, usually known as the free boundary condition, is the force balance, i.e.,
the force from the fluid is proportional to the surface tension.

The problem is supplemented with initial condition

Q(0) =Qo, u(z,0)=wup(x). (1.2)

We are interested in the case that Qg is a domain in R (d > 2) whose boundary I' = 99 in R
is compact to simplify the presentation. In other words, )y is either a bounded or an exterior
domain. For a bubble we mean that it is a complement of an exterior domain. The unknowns
for , are velocity u, pressure @ and domain €2(¢). We need to assume that u decays
at space infinity for an exterior domain.

We consider a domain € in R? which lies locally one side of a boundary but the boundary
is not embedded in R? so that there is a self-intersection point. Such a domain is often called a
splash domain as in [7]; for a precise definition see Definition [2| in Section [2 Our definition is
slightly weaker than that of [7] because we do not assume the uniqueness of a self-intersection
point.

The goal of this paper is to construct a family {€,} of domains contained in © with smooth
embedded boundary and initial velocity ug, such that the solution €, (¢) of , with
initial data €y, and ug “collapses” near a self-intersection point of 92 in a finite time. In other
words, a self-intersection point appears on 0€2,(t) and such “singularity” is often called a splash
singularity in the literature [7]. Our result is summarized in an informal way as follows. It
characterizes the phenomenon of a bubble collapsing in finite time.

Theorem 1. Let Q be a C® splash domain with compact boundary in RE. There is a non-
decreasing sequence {Qo}y>0 of domains with C3 embedded compact boundary in RY (d > 2)
such that the following properties hold.

(i) Asn— 0, Qo converges to a splash domain (in C® sense) contained in 0 and close to
in R?. Let P be a self-intersection point of the boundary of €.

%) There exists a velocity field ug, € C'(Qq decaying at space infinity in some sense
7”7 777
satisfying the compatibility condition

divugy =0 in Qoy,  (D(ugy)noy),, =0 on 0, (1.3)



such that the boundary 0Q,(t) of the solution , with Qo = Qoy, uo = Uoy
“collapses” in a finite time. More precisely, §1,(t) becomes a splash domain in a finite
time whose boundary 0Sy,(t) has a self-intersection point near P. Furthermore, the solution
vector field u and the principal curvature of 0§, (t) is bounded as t 1 Tc., where T¢ is the
collapsing time.

Here (w)tan of a vector field w on 0§, denotes the tangential part, i.e., (w)tan = (I =19, ®
ng ,)w, where ng, denotes the unit exterior vector of 9€), and I denotes the identity matrix.
By a collapsing time T, we mean that

T, := sup {t | 9Q0,,(7) is embedded for 7 € [0,t)} .

Phisycally speaking, Theorem [I| says that a bubble may collapse in finite time which is often
observed for air bubbles being in an incompressible fluid.

The main idea to prove Theorem [l| is to construct a solution after the boundary has a
self-intersection. This strategy goes back to [14] where the existence of self-intersection for an
evolving curve by surface diffusion. The main difference from [I4] is that one has to construct
a velocity field v in (t) when 0€Q(t) is not embedded. Actually, this idea has been carried out
for the free boundary problem and when there is no surface tension, i.e., ¢ = 0 by
D. Coutand and S. Shkoller [7]. What they proved is a result similar to Theorem [l when o = 0
and € is bounded. Their result characterizes the phenomenon of the self-intersection for the
boundary of a water droplet. In [7], they used a Lagrange coordinate to reduce a problem to a
problem in a fixed domain. It turns out this formulation is still valid to handle the evolution of
Q,(t) after it has a self-intersection in R? when o = 0.

However, if 0 > 0, it seems that the formulation by the Lagrange coordinate does not work
even for a standard local existence theory. Many researchers use the Hanzawa transform to
reduce the free boundary problem to a problem in a fixed domain. The Hanzawa transform has
been introduced by E.-I. Hanzawa [18] to construct a local-in-time classical solution to the Stefan
problem which is a typical free boundary problem. However, when 0€,(t) has self-intersection
and Q,(t) is no more embedded in R?, the original formulation of the Hanzawa transform
is not available. To overcome this difficulty, we consider a domain with J-wing for a splash
domain. This is locally a d-tubular neighborhood of the boundary but near self-intersection of
the boundary, overlapped parts are considered different sets. This consideration can be realized
mathematically by the notion of gluing manifolds. We give a precise definition in Section [2]
Let Qs denote a domain with d-wing constructed from a splash domain €. This set {25 can be
regarded as a Riemannian manifold with flat metric but not embedded in R?. We shall work in
Qs instead of R%. Let I' be a boundary of  in 4. For a given height function h defined on r
with |h| < 01 (< §) we set

Qb .— {:U =y + sn(y) ’ -0 <s<h(y), ye f} U{zeq ‘ dist(z, 0Q) > 61}



for sufficiently small §; so that the normal coordinate is available for |s| < d;. Here, n denotes
the exterior unit normal to I' in Q5. This set Q" is not embedded in R? unless h < 0. The
Hanzawa transform =, we introduce is a C* (k > 2) transform from Q to Q" when I' is C*+!
and h is a C* function. Near f,

En(y) =y + Lh(y),

where L is a lift of a function on I to . Away from a neighborhood of I', we set En(y) =y. If r
is C? and ||A||so, ||[Vh||oo are small, it turns out =, gives a diffeomorphism. Here || - ||, denotes
the L™ norm on I'. More detailed properties as well as the definition will be given in Section

We postulate that the moving domain €2(¢) in a free boundary problem (1.1]) represented
by Q"1 with h: T x [0,T) — (—01,61) with initial data Qo = Q") where h(t) = h(-,t). We
transform Q" to Q by using the inverse Hanzawa transform Zp(ty given in this paper. Then
the system , is reduced to a system of an equation for (u,w,h) with hl;—g = ho,
ult=0 = up. We have to solve this system locally-in-time with careful checking of the life span
after 9Q(t) loses its embeddedness in R?. Fortunately, there is a very nice and thorough work by
Y. Shibata [31] who proved unique existence of local-in-time solution for (1.I)~(L.2) when Q is
uniformly C3-domain with estimate of life span. His result includes a bounded and an exterior
domain as a special case. We notice that his result is still valid when € is a splash C3-domain,
because the problem is reduced to a local perturbed half-space problem and a whole space. We
shall briefly discuss such a well-posedness result.

Once such a good well-posedness result is available, we are able to construct a sequence of
initial data ho, and wup, so that the boundary 0€,(t) is forced to collapse in finite time by
estimating the speed. This strategy is the same as in [7]. One has to be careful so that the
existence time (life span) is estimated from below uniformly with respect to n | 0. Also one has
to be careful in constructing ug, because it must satisfy the compatibility condition . As
in [7] we use a solvability result by [43]. For an exterior domain, we further use the Bogovski’s
lemma (see e.g. [13]) to solve divw = f to recover divug, = 0 from cutting off procedure. (For
more general domain having non-compact boundary, the construction of suitable ug, should be
more involved.)

There are several papers constructing a splash singularity other than [7]. In [5], a splash
singularity is constructed for (|1.1)) and with ¢ = 0 in the plane R?> = C by using the
complex mapping z — /2 to transform “a domain with overlapping” to a domain with no
overlapping. This idea goes back to the work by [6], where formation of splash singularity is
proved for the one-phase water wave equation which has no viscosity. The idea of [7] is extended
for the equations of magneto-hydrodynamics by [19] and equations for viscoelastic fluid models
by [10], [11] when o = 0.

Mathematical analysis on the free boundary problems for the Navier-Stokes equations for
an initial domain with embedded smooth boundary has been started by V. A. Solonnikov [36],
where he proved local-in-time existence for o > 0 when )y is bounded. By now, it has a long
history. The problem is roughly classified by a shape of initial domain 2y either a bounded



domain or an ocean like domain.

For a bounded domain, local in time unique existence theorem was proved by V. A. Solon-
nikov [37], [39], [40], [41] for o > 0. For o = 0, it was first established by [38]. His analysis did
not appeal to energy estimate but maximal regularity estimates for a linearized equations. The
reader is referred to a book [9] a review article [42] especially for activity of Russian school.

Even we restrict ourselves only on unique local existence results, there is a number of results
depending on choice of function spaces. We do not mention them in this paper. We rather refer
a recent book [9] as well as nice lecture notes by Y. Shibata [31].

If initial domain is ocean-like with finite depth, unique local existence theorem was first
proved by J. T. Beale [3] for ¢ = 0 under gravitational force for d = 3 by using L2-Sobolev
spaces. Such a problem has been further studied by G. Allain [2] and A. Tani [45] when o > 0
in the framework of L? Sobolev space and by H. Abels [I] when o = 0 in LP framework.

More recently, Y. Shibata [27], Y. Shibata and S. Inna [32] established the local well-
posedness in general unbounded domain under the assumption that the initial domain is uni-
formly C® and the weak Dirichlet problem is uniquely solvable in itinial domain. In [27], the
case 0 = 0 was studied by using the Lagrange transform while in [32], the case o > 0 was studied
by using the Hanzawa transform. The lecture note [31] explains both methods. For an exterior
domain, the local and global-in-time unique existence theorem were proved by Y. Shibata [2§],
[29], [30] for o = 0. In his setting, LY in space direction while L” in time. One reason he
uses such different exponents is that he would like to find some decay at time infinity to study
large time behavior. Although we do not study any global-in-time solution, we essentially use
Y. Shibata’s local-in-time existence theorem in [31].

Although this paper does not require any global-in-time results, we notice that this is an
active area of current researches. Let us explain the case of an ocean like domain with finite
depth. For o = 0, L. Sylvester [44] first proved global existence results for small data. Since then
there has been significant progress for this problem either ¢ > 0 and ¢ = 0. For example, Y. Guo
and I. Tice [L16], [I7] studied in the case o = 0 and proved that solutions decay to equilibrium at
an algebraic rate by introducing a new high-regularity energy method. The reader is referred to
a recent paper by [25] for more references. If the depth is infinite, the global existence problem
is essentially more difficult because Poincaré inequalities do not work. If there is no surface
tension, the problem is still parabolic if one uses the Lagrange coordinates. See [22], [§], [21],
[34]. If there is surface tension, some hyperbolic effect appears in transport equation so the
problem is more difficult. Fortunately, H. Saito and Y. Shibata [24], [25] are able to overcome
this difficulty and prove the global solvability result.

This paper is organized as follows. In Section [2] we introduce the notion of a domain with
d-wing. In Section [3] we introduce the Hanzawa transform in our setting and derive a few
important properties. In Section [ we prove a more precise version of Theorem[I} In Section
we explain the reason why the unique local-in-time existence of solution is adjustable for a splash
domain by sketching the proof.



2 Domain with /-wing

We consider a domain € in R? whose boundary ' = 9 is not necessarily an embedded mani-
fold. We then consider a flat Riemannian manifold which covers d-neiborhood of €2 but is not
embedded in R?. This manifold is a key ambient space to study our free boundary problem.

Let us state these concepts in a precise way. Let BZ(P) denote an open ball in R? with
raduis r centered at P € RY, i.e.,

BY(P) = {xeRd ||z — P| <r}.
It is convenient to consider a regular cylinder

cip) = {af = (2/,z4) € RY | |2| <r, |zg] < r}
= B7H0) x (=r,7),

where 0 is the origin of R4~ Let f be a C* function defined on BZ~1(0), i.e.,
feck (Bﬂ’1(0)> :

We assume
f(0)=0, V'f(0)=0, (2.1)

where V' = (0/0x1,...,0/0x4-1). We set
Ky i=sup {[02 /()| | 2’ € B.(0), Jal <k},

where 0% = 021 -+ 9pi=!, 0y = 0/0x;, |a| = a1 + -+ + ag_1, a; € NU{0}. To simplify the
notation, we often drop the superscript d and d — 1 of B, and C,. Since f € C* (BT(0)>, the

constant K is finite.
We assume that
d¢ :=min{r +inf f, r —sup f} > 0, (2.2)

where sup and inf are taken on B,(0). Let us denote
Cry={zeC|aqg> f(a')},
which is an epi-graph of f.

Definition 2. Let Q C R? be a domain and r,50, K > 0. We say that Q is a uniformly C*
(k > 1) splash domain with boundary I' = 0 of type (r, b0, K) if for each point P € T,



(i) N Bar(P) has finitely many connected components D1(P), ..., Dp,py(P) with m(P) de-
noting the number of connected components in £ N Bo.(P);

(i) for every 1 < j < m(P), there exist a unique rotation Q;p and a unique scalar function
fip ek (BT(O)) satisfying 21), @2) with K, , < K, 8y < 87, ,, such that
D;(P) N (Q;pCr + P) = Q;pCry,, + P
provided that P € 0D;(P);
() there exists a point Py € I' such that Py € 0D;j(Fy) for two j’s.
If (r,80, K) is allowed to depend on P, we simply say that Q is a C* splash domain.

Remark 3. (i) By geometry, there are at most two j’s satisfying P € 0D;(P) since k > 1;
see Figure . In addition, we note that it is possible to have 1 < j < m(P) such that
P ¢ dD;(P); see D3(P) in Figurel[]]

Q1pCrp,p, +P

Q2pCrp,p +P

Figure 1: Connected components

If there are two j’s satisfying P € 0D;(P), we say that P is a self-intersection point.
If P is a self-intersection point and j = 1,2, then Q2. p = RQ1p where R is a 180°-
degree rotation such that Rn = —n where n is the unit normal at P on 0Dy. Moreover,
Q2,pCrf,p = Qur(Cr\ C, 7 ) with some fa p.

(i) In Definition[3, if condition (i) does not occur, i.e., m(P) =1 for all P € T', then Q is
called a uniformly C* domain in the literature; see e.g. [4)].



(i) Assume that the boundary is (r,do, K)-type. Then it is (p, dop, K)-type for any p < r with
dop = 60 — (1 — p) provided that 6o, > 0. Moreover, if p is sufficiently small, we may take
dop/p < 1 close to 1 because of the continuity of normals of I'. Furthermore, if p — 0,
then K — 0.

(w) If T is compact, a C* (k > 1) splash domain is a uniformly C* splash domain with
boundary of type (r, 00, K) for some rg >0, dy € (0,79), K < 00.

We next construct the §-wing of 2. We set
Crpo={xeC|dzCy)<d} with §<6.

Definition 4. Let Q be a uniformly C* (k > 1) splash domain with boundary of type (r, 8o, K).
For 6 < 0y, we set

Us = [[{(Qj,pCrs,p6 + P)\ D;j(P) | 1 < j <m(P), P €0Q, PeoD;(P)}
be a disjoint union. If
(Qj,pcnfﬁp+P)m(Qj/,p,C,n,fj,’P,+P’) #0, for P,P' €0, 1<j<m(P),1<j <m(P),
then for
2 € (Q1.pCrsyps + P)\Dj(P), 4 € (Qjr.prCry, s+ P)\ Dy(P),

we say x ~ y if x =y as a point of R%. This is an equivalence relation and the 6-wing of Q can
be defined by the equivalence class
Us = Us/ ~;

see Figure[d and Figure |3,

Remark 5. If we define the §-wing Us for a uniformly C* domain Q C R? following DeﬁnitioanL
then this Us would agree with

Vs = 6-neighborhood of Q \ §2.

Let 7 be a canonical projection from Us to RY, i.e., m(x) for x € Us is regarded as a point in
R?, then w(Us) = Vs even if Q has a non-embedded boundary.

Definition 6. Let Us be the d-wing of (). We set

Qs = Us H Q  (disjoint union)



Ql,P1 Cr,flypl,é + Py

Q

7 Q2p, Cr,lepz,s + P,

identified
Q2pCrf,ps + P

Figure 2: Identified overlap Figure 3: Non-identified overlap

and call it a domain with d-wing constructed from Q. The set Q5 can be regarded as a Rie-
mannian manifold with flat metric by introducing a coordinate system as follows. Let v; p be the
mapping from Cy., 5 to Qs defined by

L'P(.CL‘): [pr—’_P]? xeCT:fj,Py(s\Cﬁfj,P’
’ Qpr+ P, x€Cy,,

where [ | denotes the equivalence class in Us. The coordinate system for Qs is given by

{tj.P} Peoq, 1<j<m(p) U {t},

where 1 : Q0 — Q is the identity. (Although the manifold Qs is not embedded in R?, the canonical
projection () is nothing but the §-neighborhood of Q in R%.)

We shall fix coordinate patches of Q5. For § < dp — r/2, we consider the manifold Q5 with
6-wing defined by Definition @ Let dq, (z,y) be the geodesic distance of two points in s, i.e.,
it is the minimal length of a curve connecting x and y in a manifold. We use I' to denote the
boundary of 2 in the manifold g, i.e., ' is an immersed d — 1 dimensional manifold in R
We note that the canonical projection 7 : I 7T may not be injective. It turns out that for
sufficiently small §; < 6,

Us, = {l‘ € Us ‘ d96($,f) < 51}. (2.3)

Indeed, since 01 < do — /2, in each C,.f, , 5, the boundary effect near |2’| = r can be neglected
in C, 9, i.e.,
U51 N Lj,P(Cr/Q) = l5,P (CT/Z N (Cr,fj,P761 \ CT,fj,P))

for any P € I' and f; p, where 051 is the right-hand side of (2.3]).



Let Q be a C* (k > 3) splash domain with compact boundary I'. By Remark 3| (i), 2
is a uniformly C* splash domain with boundary of type (r,dg, K) for some 7,5y, K > 0. By
Remark (3] (ii) we may assume 0y > r/2. Since I' is compact, there exists finitely many points
P, el (1 <i< M) such that

U, — {Lj,pi(cr/z NCrpps) | 1<i< M, 1<j<m(P) with P, € (9Dj(Pi)} (2.4)

covers d-neighborhood of I in Q4. This can be regarded as a local coordinate patch near I.

As usual, we introduce a normal coordinate system. For this purpose, we assume that k& > 2
so that T'is a C* (k > 2) immersed manifold in R%. In this setting, it is well known that for
each z € Qy,, there is a unique point II(z) € T' such that

do,(2,1) = |z —TI(2)|

provided that 41 is chosen sufficiently small (cf. [15, 14.6]). (In other words, I’ has a positive
reach.) Let n(z) be an exterior normal of I' of €2 in Qs,. The normal coordinate system is of
the form

r=y+sm(y), yel, (2.5)
where y = II(x) and s € R is defined by

oo ) - H@l, e Us,
— |z —I(z)|, z€q.

This function is the signed distance from z to I' in Q4. This relation (2.5) is a C*~! coordinate
system near I'.

3 Hanzawa transform

In this section, we introduce a Hanzawa transform following [31], [23 Chapter 1, §3.2 (a)]. From
now on, to simplify the argument we consider a domain © in R? with compact boundary. In
other words, Q is either a bounded or an exterior domain. Assume that 2 is a C*¥ (k > 2) splash
domain. Let Qs be a domain with d-wing constructed from Q. Let ' denote its boundary in €
which is a d — 1 dimensional C* manifold but it is not embedded in R?. We shall recall a few
known results.

3.1 Trace and lifting

Let W™~ 1/449(T") be the Sobolev space on I' for m € N. Tt can be defined the space of trace
from W"4(Q). In fact, let U, be a coordinate system of the J-neighborhood of I' in 5 defined
by (2.4). We may assume that U~ for ' < r close to r already covers d-neighborhood of T" in

10



Q5. Let {¢;;} be a partition of the unity associated with the coordinate system. In other words,
¢ij € C (15,p,(Cyj2)) satisfies

wij > 0on 1p(Cryz),  (i,7) €A,
spt wij C 1,p(Cr2),  (i,7) € A,

Z ¢i; = 1 on d-neighborhood of I in Qs,
(i.7)EA

where A = {(i,) } 1<i<M,1<j<m(P), P,€dD;(P)}. (For a function supported in
tj,p;(Cyp/2), we regard it a function on Qs by a zero extension to Qs \ ¢;p,(C,/2).) For w €
W™4((2), the trace yw on I' (not 9) is defined as

yw= > Alpijw),

(1,5)EA
where the trace of ¢;;w is taken in
4P (Crp2 N Crf, . 5)
In other words, we take trace of
i7p, (pigw) () = (pigw) (ij.p,(x))
to zq = fj p,(¢') and regard as a function on rn 15,7 (Cr/2). We define
WD) = AW™9(Q). (3.1)

This is well defined since it is independent of the choice of coordinate system U,. On the other
hand, the Besov space By, (seR,1<p,g<o0)onl can be defined as follows. For a scalar

function A defined on T', we define h € B;p(f) if and only if
(pijh) o tjp, € By (R, V¥ (i,5) € A

and

Pl o= D lleih) o il @1y < oo
(1,9)EA

When s ¢ Z, the Besov space Bqu(f’) agrees with the Sobolev-Slobodeckij space W4(T). In

particular, By, qfl/ q(f) is an equivalent definition for the trace space (3.1)).

11



To define a Hanzawa transform we need a lift from W~ 1/4(T) to W™4(Q) for q € (1, 00).
Here is a typical way to lift a function defined in a d — 1 dimensional unit cube C' = {|2/| < 1}
to a function defined in a pyramid of the form

sz{xeRdyo<xd<1, i) < 1— a4, z’zl,...,d—l}.

It turns out that the linear operator

L) = 5 [ R(Y2E) sty

T, Zq

is continuous from W™~4(C) to W™4(P;), where R € C2°(R4~1) satisfying Jga Rdx = 1; see
[20, Lemma 5.6 in Section 2.5.5]. For the case of a bounded Lipschitz domain © with boundary
I, a continuous linear operator (bounded linear operator) L : W™~ 1/44(I") — W™4(Q) can then
be constructed using techniques of localization by partition of unity and flattening boundaries
by a suitable coordinate changes; see [20, Theorem 5.8 in Section 2.5.7]. For g € W™~ 1/¢4(T),
the function L(g) is called a continuous lifting of ¢ (by L). Let us go back to our setting. Let g
be a function defined on

Dij = {"” € Cr | fip (@) = xd}
supported on C//5NY;;. Since Cy. f; p, is a bounded Lipschitz domain, there is a continuous lifting

operator Lg from Wmfl/q’q(acr,f,Pi) to W™4(C,. s, p,). Since g is supported on C,s /o N %jj, we
take a cut off function ¢ € C2°(C;) such that ¢ =1 on C,. /5 and spt p C C, 5 and set L;; = pLy.

Lemma 7. Let Q be a C' splash domain with compact boundary I'. Then there is a continuous
linear operator L from Wm=1/44(T') to W™4(Q) for any m € N such that v (L(g)) = g. More
precisely, there exists C, depending only on C'-regularity such that

HL(Q)HWW(I(Q) < CLHQmefl/q,q(f)
for all g € Wm=14(T).
Proof. For a given g € Wm_l/q'q(f) we decompose
9= Z ¥Yijg
(i,5)eA

and define

L(g)= Y tgjrlLi (pri(%jg))a
(3,7)EA

where (14 p¢)(x) = ¢(L;113il’) for a function ¢ defined on C, 5 ;. p. Evidently, L is continuous
from W™=1/44(T) to W4(f2). By definition, it is easy to see that v (L(g)) = g. O

We often call L a lifting operator from W™ 1/24(T) to W™4(Q).

12



3.2 Hanzawa transform based on a Sobolev function
For a sufficiently small d;, {25, has a normal coordinate system near I, ie.,
r=y+sn(y), y=T(), yel, seR

so that the mapping (y, s) — x is a C¥~1 (k > 2) diffeomorphism from

{@ﬁﬂyeﬁ\ﬂﬁ&}

to a tubular neighborhood
{:C € Qs ‘ dgé(l}f\) < 51}

of I'. For a given C* (1 < ¢ < k —1) function h on T, we define
Qb = {a: =y +sn(y) € Qs ‘ yel, =6 <s< h(y)} u{zeQ ’ d(z,00) > 6, }, (3.2)

where ||h|l < 81 and d(x, Q) denotes the distance of x from 9. This is a C* domain in Qs,
but not included in R unless h < 0 on I.

We shall introduce a diffeomorphism called the Hanzawa transform which maps © to Q".
Instead of h € C* we consider a Sobolev function. For h € W™ 1/%4(I"), m € N we see that
L(h) € W™(Q) by Lemma [} For ¢ > d, then by the Sobolev embedding Lh = L(h) €
C™HQUT) so that h € C™1(T). We take m > 2 so that Vih is at least continuous. For
y € (), we set

) =y + ). Enly) = x (d(y&am) (L) (y)n (T(y)) (3.3)

where x € C°(R) is a cut off function such that x(s) = 1 for |s| < 1/2 x(s) =0 for |s|] > 1
and 0 < x < 1. Note that if d(y, Q) > §; then Z;(y) = y. By definition, we have the following
regularity result.

Proposition 8. Assume that T' is C* (k > 2) and compact. Then there exists a constant C
depending only on (r,00, K), q € (1,00) and k such that

1€nllwraio) < Clallyr-1/a.0(py-
Proof. This is clear if we admit V*d € L>®(T") and

|EAllwtagay < Collhllypi-s/nap-
OJ

In the next subsection, we shall see that =, is a diffeomorphism from € to Q" (up to the
boundary) provided that ||Vh|s is sufficiently small. This coordinate change is called the
Hanzawa transform; see e.g. 23, Chapter 1, §3.2 (a)].

13



3.3 Invertibility of the Hanzawa transform

We shall give a sufficient condition for A so that the Hanzawa transform =j, is a diffeomorphism
from © to Q" in the domain Q with §-wing.

We begin with calculating the Jacobi matrix VE;,. We first notice that Vd(y) = n (II(y)) for
y € Q with d(y) = d(y,d9) < 81, where TI(y) € T'. We use the convention that (VZj);; = 0y, E},-
Then the Jacobi matrix V=, is of the form

VE, =1+V¢&, V& =N+ D+ Ry

with

) ) @ 0 (110) (L))
D) = x () m 11 & )

R = (42 ) (Vn (10) £ (9,

where I denotes the identity matrix. The term N is supported away from I' = 92 but near I'.
The term D;, depends on derivative of h and R}, depends on the second fundamental form of I'.

—1 exists and it is of the form

Ny + Dy,
Ky,

Lemma 9. The inverse matriz (VZp)

vzt = (1- )+ R

with a scalar function

Knly) =1+ ¢ (dffj)) Lh(y) + x (dfgf)) V(LR () -0 (1))

provided that K, # 0 and (I + Ry)™! ewists.
Proof. We note Ny + Dy, is a rank one matrix. More precisely,
Nh + Dh =a®b

with @« = n (II(y)) and

1 ,/d d

b==—x"| 5 | n((y)) (LA)(y) + x | 5 ) V(LA)(y)-

01 01 01

We recall an identity from linear algebra

_ a®b
1+a-b

I+a®b) =1 unless a-b=—1;

14



see e.g. [23, Chapter 2, §2.1] and observe that

_ Nu+ Dn

I+N,+D,) =1
(I + Ny + Dy) X,

(3.4)

since a- b+ 1 = Kj. Since Vn (II(y)) = V2d(y) is symmetric and n (II(y)) - Vyn (II(y)) = 0, we
see that
Rh(Nh + Dh) =0.

We now apply (3.4) to get
(VE) ' =T+ Ny+Dp+Rp) ' =T+ Nyp+Dp)' (I+Rp(I+Ny+Dp) "t~

_J; Nu+Dy 1
= {[ 7Kh } (I—l— Rh) .

1

The proof is now complete. ]

We now discuss a sufficient condition of h such that Z, is a diffeomorphism from Q to Q. As
in [31} §3.1], if [[ V& || Lo () < €0 With g9 < 1, then =, is injective in 2. Indeed, for z; = y;+&x(y:)
1=1,2

|21 — o = y1 + En(y1) — (w2 + &n(y2))l = [y1 — w2l = [€n(y1) — &nlv2)]
> (1= <o)lyr — v2l,
which implies the injectivity. The condition ||V&, ||~ < €q is fulfilled if
[ LAl Lo () < o
We write the inverse map =, '(z) = y as
=, (2) = 2+ Op(2).

Theorem 10. Let §2 be a C? splash domain with compact boundary of type (1,50, K) and let Qs
be a domain with §-wing constructed from Q. Let T’ be the boundary of Q in Qs. Let 6 (< do)
be taken such that normal coordinate is available in d1 neighborhood of [ in Q5. Assume that
Lh|p = h. For any o9 € (0,1/4) there is a positive constant €1 = €1(d1,7, o, K, €0) such that Zy,
gives C1 diffeomorphism from Q to Q" provided that

||Lh||L°°(Q) <e1, HVLhHL‘X’(Q) < ¢gp.

Moreover, €1 can be taken so that
X llso
V.nl(a) < L) [ e 1)+ 4 (DCE (2l 19 2h) . 69)
where © = Zx(y).

15



Proof. 1t suffices to prove that ||V, @[l < 1. By Lemma [0 we see that

Np + Dy,

Vi ®p(z) = <I — ) (I+Ry) ' -1

Ky,
= (I— W) (I+Rp) ' —1)+ <I— W) — 1
Niu 4 Dy Ny+ D
= (1B Dy - R
=Sy - NP gy
j=1 Jj=0

provided that ||Rp|lcc < 1 and K > 0. We take 1 small, i.e.,

: 11 1 X[ o0
0<er £ , = , Co=
1= tn (400 2 ||vfnuoo> 0=y,

to conclude that

1 1
Kpzl-7-2025,
< -

[Rhlloo < e1]|Vpn|loo <
T

Note that [(Ny + Dp)(y)| < Co |Lh(y)| + |VLh(y)|. By (3.6), we see that

Va®p(z)| < |RA| + [;h (Co [Lh(y)| + [VLA(y)|) - 2
< [Rul+2-2(Co [Lh(y)| + [VLA(y)[)

since | Rp|lco < 1/2 implies
D lIBnlL <) (1/2) = 1.
j=1 J=1

This yields (3.5) since |Ry| < |Lh(y)||Vin (IL(y))|. Thus

Va®p(2)] < &1]|Ven]loo + 4Coe1 + 4ep.

We take €1 small so that
€1||anHoo + 4Cpe; < 1 —4eg

to get

sup |VgPn(x)| < 1.
.TEEh(Q)
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We now conclude that Zj, is injective and its Jacobi matrix V=, is invertible so it is a C!
diffeomorphism from € to its image. Since it is a diffeomorphism, the boundary I' maps to

Iy, = {y + h(y)n(y) ‘ yE€ f‘}, so  maps to Q. O

Corollary 11. Assume the same hypotheses of Theorem concerning ). Assume that h;
(i = 1,2) satisfies assumption of h in Theorem with constants g, €1. Then

[Va®h, (2) = Va®h, ()| < C1 ([L(h1 = h2)(y)| + [VL(h1 — h2)(y)]) (3.7)
with some constant Cy depending only on €g, €1, 01, ||X'|lcc and 2 through (r,dy, K).
Proof. By (3.6) we observe that
Ny, + Dy, _
%Rhilhw In, = (I + Rp) g (3.8)
h:

(3

Vm(phi(x) = —Rp,In, +

Since Ry, Ry, = Rp, Ry, , matrices Iy, Ip,, Ry, , Ry, are commutative. We thus observe that
Iny — Iny = (Rny — Ry ) Iny Iny -
By the choice of parameters as in Theorem I, is estimated as
nlloo <1+1=2.
We now obtain that
|Rpy In; — Ry Ing| < |Rpy — Ry l|Iny | 4 [ Ry 1Ty — Iny|
< 2’Rh1 — Rh2| + 4|Rh1 — Rh2| (3.9)
< 6|V (I(y)||L(h1 — h2)| (y), = = Ewn(y).
By definition, we see that

1
[Ny — Npy| < a”xl“OOL(hl — ha), (3.10)
|Dp, = Dhy| < |[VL(hy — ho)]. (3.11)
Since
K, = K = (Kn — Kny)/(Kny Kny)
and

K, 1 <2,
by the choice of the parameter, we observe that
150 = KM = K G (B — Ko)| < 41K, — K|
1 (3.12)
< 4 (e LGB = )|+ V00 1) ).

We collect these estimates (3.9)-(3.12) to conclude the desired estimates for the difference
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3.4 Time derivative of 9,

We are interested in time derivative of ®;, when h depends on time. In the case h depends on
time we consider Zj,;)(y). In this subsection, we also write it Zj(y,t). We use similar notation
for Zh(t) and q)h(t)'

Lemma 12. Let (p,q) satisfy 1 < p,q < co. Assume that
O (Lh) € L (0,T; W>9(2)) .

Then

By (.1) = x (dgy)) O(Lh) K ' (T(y))

so that
0@y € LP (0, T; W*1(Q))

provided that K; ' € LP (0,T; W%>(Q)).
Proof. Applying 0; to the identity Z, (E,(y,t),t) =y, we obtain

(0:Pp)(,t) = (0t Zn)(x,t) = — (Vo Zp)(x, t)0LE,.

By Lemma [9]
Np+ D
V.7, = (I _ m) (I+ Rp)~".
Ky,
Since n - Vn = 0 so that R, - n(II(y)) = 0, we see that (I + R;) 'n (Il(y)) = n (I(y)). Thus
N+ D
V.Zu(e.0) n () = (1- M52
Ky,

Since

(N + Dp)n (Il(y)) = (K — 1)n (Il(y))
we now observe that

VaZu(z,t) -n((y) = K, 'n((y)).
Since

OiEn = X (f) O (Lh)(y. H)n (IL(y))

we now conclude that

— _ d
@Fwt) = K n (1) x (5 ) (L),
The property 0;®;, € LP (O, T; W24 (Q)) follows from this formula and our assumptions. O
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3.5 Estimates of difference of &,

We next apply Corollary [11]to get an estimate of the difference when A is time-dependent. The
function we shall consider for h in the next section is

Xp := LP(0,T; W3 Y29(D)) n we(0, T; W2 1/99(T)),
By the property of the lifting operator L stated in Lemma [7], h € X implies that
Lh e L (0, T; W4(Q)) n WP (0, T; W*9(Q)) =: Hy

and h — Lh is continuous. By definition of Besov space (or standard interpolation), if h € X,
then
h e C([0,T), B3, MP=1/9(D)).

By the Sobolev embedding for the Besov space (see e.g. [26]), we know that
[Rllwace < Ol gams/osia,
provided that 2/p 4+ d/q < 1. Similarly, if Lh € Hyp, then
Lh € C([0,T), B3,*/7(q))

so that

for 2/p+d/q < 1. Thus if ||h||x, <€, then
| Lh||yr2.00 < ce
with some ¢ depending only on C3-regularity of I'. We have proved the following statement.

Proposition 13. Let Q be a C® splash domain with compact boundary of type (r,d00, K). If
bl x, < e for sufficiently small € > 0, i.e., € < e, = €4(r, 00, K), then (3.5) holds provided that
2/p+d/qg<1.

We next consider the difference estimate when h € Xp.

Lemma 14. Under the same hypotheses of Proposition[13 concerning Q, p, q¢ and e,. Assume
that ||hi||x,; < e fori=1,2 with hi(0) = ha(0). Then

IVa®hy () — Vel 01200 () < CTYP C (|0 (hy — ho)ll oo, 7 w2-1/a0()

where 1/p' +1/p=1 and p € (2, 00].
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Proof. This follows from Corollary [11] by estimating

T
LRy ey (£) < / |0, Ly ds
< C’/ |0s Lh||yy2.q ds  (since g > d)
0
<oTV?v / |0 LA, 2., ds

for h = hy — hy with C depending only on . 0

4 Local well-posedness in a domain with )-wing and the exis-
tence of collapse

In this section, we shall state a locally-in-time unique existence theorem for the free boundary
problem to (1.1), (1.2) in a domain with é-wing. We then apply this result to show the existence
of collapse stated in Theorem

4.1 Local well-posedness

Let Q be a C* (k > 2) splash domain in R? with compact boundary. Let €5 be a domain with
d-wing constructed from (2. Let I be the boundary of €2 in 25. We use a normal coordinate in a
81-neighborhood of T of the form (2.5). As noted in a previous section, this is C*¥~! coordinate
change. For a given function h € C 1( ) with [|h]|cc < d1 we define a domain

Qh:{x:y—i-sn( €W |yel, -0 <s<hly }U{w€Q|d1stw89)<51}

in Qs,. As we observed in the previous section, the Hanzawa transform Z; is a C*~! diffeo-
morphism from Q to Q" (up to the boundary) provided that || Vh||« is small, say [[VA]|eo < €.

We notice that constants 1, g depend on  only through its C? regularlty of T i.e., the type
(1,80, K) of the boundary for k = 2. For a function f defined on Q" let fh denote its pull back
by =, i.e.,

) =fEw), yeo.
Of course,

f(z) = f# (Zp(x)), x€9Q,

where Zj, = “h . If h is time dependent and f is time dependent, we still write

) =fEupy)t), yeQt te(0,1)
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For a given function kg on I' with ||ho||ec < 01, let 9592 denote the boundary of Q" in Q; and
ny, denotes its exterior unit normal vector field in {2s.
We prepare function spaces. For p, ¢ € (1,00) we set

X = LP(0, T; W3 Ye9(D)) n wie(0, T; W2 1/e(D))
Yy = L (0,T; W>9(Q)) nWHP (0, T; LY(Q)) .

The trace space Wm_l/q’q(f) can be interpreted as a Besov space Bg?qfl/q. Let

Wy () = {p € LL (Q) | Vo € LUQ), ¢|p =0} .

loc

We set R
Zr := LP(0,T; WH1(Q) + Wy U(Q)).

Theorem 15. Let Q be a C3 splash domain in R? with compact boundary (of type (1,50, K)).
Assume that 2/p+d/qg < 1,2 <p<oo,d<q<oo. (Let gy and §; be given as above.) Then for
B > 0, there exists (small) T = T(B,p,q,d,r,d, K) >0 and (small) ¢ = (p,q,d,r,00, K) >0
such that if

||h0|\32;1/p—1/q(f) <e, ||U0||B§§;—1/p) <B

and ug satisfies the compatibility condition
divug=0 in Q" and (I —np, @np,)D(ug)ny, =0 on 9sQ" (4.1)

then there exists a unique solution (u,zs, Q") to (1), ([T.2) in (0,T) with uli—g = ug and
Qli=o = Q" which satisfies

heXp, ul €Yy, wf €Zr and |Vh|w <e0, [B]os <6
(s0 that supg<;r || V@ lloo(t) < 1). Moreover,
1Bllxr + llf vy + oo} N1z, < CB

with C = C(p,q,d,r,dy, K).

The compatibility condition divug = 0 in is rather formal notation. As we discuss
later, it means that ug belongs to a solenoidal space .J,(€2"0) which is defined in Subsection

When the boundary € is embedded, this is contained in a general result [31, Theorem 6.1]
as a special case. He considered a general uniformly C® domain with embedded boundary not
necessarily compact. As we later sketch his proof, his result extends to a splash domain. Here
we state the case that T is compact to simplify the statement.
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Comparison of assumptions. In [31, Theorem 6.1], it is assumed that inside of 2 has a finite
covering [31, Definition 2.3]. Of course, this assumption is trivially fulfilled if €2 is an exterior or
a bounded domain. A key assumption is unique solvability of weak Dirichlet problem for index
q and ¢’ = q/(q — 1), which is the conjugate exponent of ¢. This assumption is fulfilled for a C*
splash domain with compact boundary.

Lemma 16. Let Q be a C' splash domain with compact boundary r in Qs. Assume that
1 < q < oo. Then for any f € (L)%, there exists a unique solution u € Wq{O(Q) satisfying

/Vu-chdxz/f'VSOde Jor all ‘PEW(},O(Q)-
Q Q

Moreover the operator f — Vu is bounded in (LY(2))%, i.e.,
HVUH(LL](Q))d < CHfH(Lq(Q))d
with some C = C(T).

If Qis a C! domain with embedded compact boundary, this is proved for example in [23]
Theorem 7.4.3] by localization. The embeddedness of the boundary is not invoked. In [23]
Theorem 7.4.3], non-homogeneous data is also considered and Dirichlet condition is given on
some part of the boundary which may not be on the whole boundary. There is another proof of
Lemma (16| with more regularity of the boundary based on the Stokes equations which is given
by [29] Theorem 3.2]. This type of problem is related to the classical Helmholtz decomposition
if there is no Dirichlet condition which goes back to [35, P. 45, Theorem 1.2].

In [31, Theorem 6.1], it is assumed that

ke W'Vey) or V(Lk) € LYR),

where & is the mean curvature of I'. Since T is compact and C3, k € C(T') so k € W'=1/24(D)
is fulfilled.

In [31, Theorem 6.1] the compatibility condition is written for a function ulf

OhO
expected it is the same. Thus all assumptions in [31, Theorem 6.1] are fulfilled (except embed-
dedness of T').

but as we

Estimates in original coordinates. We notice that estimates for u#, w# yield this estimate

for original variables, for example,

T T 1/p

with C" = C'(p, q,d, r, by, K). We notice that
u(x,t) = u# (Znw(2),t) .
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In general, for a function f# defined on Q x (0,T), we set

f(z,t) = f# (Zh(t)(w),t) .

Then
d
Or, f(@,t) = > 0y, [# (Zn(),t) 02, 23, (),
=1
d
02,00, f(z,t) = > (By, 0y f7) (Z1(2),1) 00, 210, Z0 () + > Oy f (Zn(x), 1) Or, O, Zi (),
1<, k<d (=1

d
Ouf (,t) = 0y, 1 (Zn(2),1) 2}, + (Oef %) (Zn(2), 1) .
/=1
If h € Xp, then
Lh e LP (0, T; W1(Q)) n WP (0, T; W>9(Q)) .

Since p > 2, by the Sobolev embedding, Lh € C ([O,T],WQ’q(Q)). If ¢ > d, by the Sobolev
embedding, Lh € L™ (0,T; Wh>°(Q)). If |Vh| s is small, say |[Vh|le < €0, then we are able
to apply Theorem [10] to conclude

sup [|[Va®@pllre <1 (4.3)
0<t<T

since nis C* on I" and T' is compact. Since €2 is C2 so that n is C?, regularity of V2Z, is the
same as V2Lh by Lemma @ In particular,

IV? 2| La,

|0:(V2Z)|| Loy € LP(0,T)

which implies
V2 Z| Laganeny € L(0,T). (4.4)

In Theorem u# = u# satisfies
u? € LP (0, T; W9(Q)) N WP (0,T; LY(R))
with 2 < p < 00, d < ¢ < oo satisfying 2/p + d/q < 1. By a standard interpolation
u# € L0, T; B2A-1/P(q)),

which implies
Vu# € L®(0,T; B),?/P(Q)) € L>®(0, T; BY4(Q))

(4.5)
c L*=(0,T; L))
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since 2/p+d/q < 1. Thus

IVyull Laganory < CIIVU® ()| La@) IV Zag | L @iy
IV oull faganory < CIHVH ()] La@) IV Zae | oo r0y
+ ClIVUP ()| a@) IV Zi o) | oo (ncor)-

The constant C' appears from a bound for det(VZj,;)); this bound is independent of ¢ and
since ||[Vh(t)],, is bounded. We estimate

IV3ull Lagorioy < ClIIVu ()| Loy M + COSHPT IV ()| Lae) - 1V? 2| paaneoy
<r<

so that

1/p T 1/p

( / 90 gy t) = O ([ 190 )
T 1/p

+CN (/0 HWZhHiq(Qh(t))dt)

where M = supo<rcr |V Zugo | ooy, N = supocr <z [Vt (O)zw(@. By @3), @Ed) and
(4.5). This yields that ||VZul| Lanrwy € LP(0,T) with necessary estimates. Similar observation
implies that [|Oyul|qqney € LP(0,T) with necessary estimates; see Lemma

We now obtain

4.2 Construction of a family of domains

For a splash domain € in R, we construct a family of domain €, with Qo . C € such that at
some self-intersection point of ', Qg . is close to this point in both directions keeping necessary
bound. For brevity, we set B, = B4~1(0) in this subsection.

Proposition 17. Let f € C*(B,) satisfying 2.1) and 2.2), with k > 1. Let g € C*(B,)
satisfy f+mo < g <r on B, for some ng > 0. Then for any n € (0,1n0) there exists a function
fy € C*(B,) such that

_ [ f@+n in By 5
W ={ o " By, oo

and
sup Ky <c (Ky+ Ky)
n€(0,n0)

with ¢, depending only on 7.
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Proof. Let ¢ € C°(B;) be a cut-off function of B, /; such that ¢ = 1 on B, /, and ¢ = 0 on
B\ Bsjy with 0 < ¢ <1 on B,. We set

fn=e{(f+n)—g}+yg
and observe that f, satisfies all desired properties. O

We shall use notation C,. ; in Section 2l Let (2 be a splash domain in RY with C* (k > 2)
boundary I' of type (r,00, K). Let P € T' = 09 be a point of self-intersection, i.e., 7~1(P) is
not a singleton so that ¢; p and to p are different. Let d; > 0 be a number such that normal
coordinate is available in & -tubular neighborhood of T' in Q4. (The existence of & > 0 is
guaranteed since k > 2.) We consider a domain

Ds, = {z € Q| dist(z,T) > &}
for 69 € (0,01). If 62 < 1/2 is sufficiently small,
D(Sg N Lj,P(Cr,fj) = Lj,P(Cr,gj) (] =1, 2)

for some function g; > f; in B, where

m
QN p(Cr) = t1,p(Crp) Uta,p(Crp,) U

where D; is an open set such that 0D; Z P. We modify g; by Proposition [I7]so that we define
frn- For sufficiently small n > 0

Qo = (Do, \ 11,p(Cr) ) U1 p(Crgy ) Ut p(Crp)

for n sufficiently small. Note that ¢ p(Cy) = t2,p(C;) since Q; p(C,) for j = 1,2 is the same.
We set 1o > 0 so that f;, < g; for n <o, j = 1,2. By using normal coordinate ),y can be
written as

Q(n):{ac:ijsn(y)6(2\[?52‘—(52§:;§h77 (<0), yef‘}uf)52

some function h,, : [ — (—085,0).

Proposition 18. If the immersed boundary I is uniformly C* (k > 2) of type (r, 00, K). Then
formn € (0,m0) the height function h,, T — (—02,0) that parameterizes 08, over I' has a bound

with its kth derivatives on T Moreover, this bound depends only on (r,dp, K).
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Proof. Since h,, = —d9 outside ¢1,p(C,), the Hausdorff distance d g (N TN 0€,))) between normal
bundles NT := {(P,n(P)) | P e I'} and NOQ,) = {(y,na0,, (¥)) |y € O} can be
controlled by a constant multiple of  provided §; < 2. Hence, when r is sufficiently small, the

embedded boundary 9€),) can be parameterized over I' by a C* height function, see e.g. [23,
Section 2.3.3]. N

Corollary 19. Ifk > 2, k—2th derivative of the mean curvature £ of () has a bound depending
only on (r, g, K).

Proof. This is direct consequence of Proposition (17| and the construction that h, = —d2 outside
L1, p(Cr). O

Corollary 20. Assume that I is compact. In other words, §) is either an exterior or a bounded
domain. If k = 3, then h, € Bg,;l/p_l/q(f) and

thHBg};l/pfl/q <o

with Cy independent of n € (0,m9). Here p,q € (1,00).

Proof. If ' is compact, C3(I") C BSEO‘ for any « € (0,3) and p,q € (1,00). Then Proposition
completes the proof. O

4.3 Construction of initial velocity

Let Q be a C* (k > 2) splash domain with compact boundary. We would like to construct an
initial velocity on {2(,) having necessary uniform bound.

Proposition 21. For a given b € W2_1/q7q(3ﬂ(n)) satisfying faQ( )bd?—[”_l = 0, there exists
n

a family of solenoidal velocity field uo, € Wz’q(Q(n)) satisfying the compatibility condition on
Q) such that

Uy - naQ(m = ba
lwonllwza < Crllbllywa-s/asgon,, (46)

with Cy depending only on q € (1,00) and C?-regularity of K, i.e., (r, 0, K) if O is considered
as type (r, 09, K).

Proof. Let us first consider the case that €2 is bounded so that €2, is also bounded. We consider
the Stokes problem
{ —Au+Vw =0, divu=0in Q, @7

(D(u)n),, =0, u-n=>bon dy)

tan
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with b satisfying f@Q( ) bdH?' = 0. By [43], there is a unique solution (u, Vo) such that for
n
q € (1,00)
HUHWQ"I(Q(n)) < CIHb”W2*1/q,q(8Q(n>)

and O depends only on g and C?-regularity of Q). Since Q is at least C? domain so that Qe
is uniformly C?, dependence of C; is what we required.

In the case of an unbounded domain, we consider ,r = Q(;) N Br15(0) such that an) C
Bgr(0) for n € (0,79). Let ur be the solution of with €,y replaced by Q(,yz. We multiply
cut-off function ¢ € C°(0, R+ 5) such that ¢ =1 on [0, R+2] and ¢ = 0 on [R+ 3, R+5) with
0 < <1. We consider

ury(7) = ¢ (|2]) ur(z).

This function satisfies
(D(u)n),, =0 and u-n=>b on Iy,

with . Since
divupy(z) = V(o (|2]) - ur(z) =19 in Qo

and Vo (|z|) is supported in A = Br44(0) \ Br+1(0)(= Q)N A) by Q) < Bgr(0), we apply the

stantard Bogovski’s lemma to conclude that there exists a v € W24(A) with sptv C A satisfying
divv=1% in A.

Moreover, 1 — v is a continuous linear operator

[vllwzacay < CllYllwaca

with C' depending only on ¢ and R; see P. Galdi’s textbook [13]. (We need compatibility
condition [, dz = 0 which is automatically fulfilled since ¢ = divug,.) We set

U *= URp — U
to get a desired vector field. O

4.4 Collapsing bubble

Let Q be a C* (k > 2) splash domain in R? with compact boundary I’ in Q5. For a given
n € [0,m0) we construct €,y as in Section and write

hon
Qpy = Q™
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for some function hoy, : I' — (=02, 0). For a function h, : I'x[0,T) — (—da, d2) with hy|i—o = hoy,
we consider an evolving family of domain

Q,(t) := Qm®,

By definition, its initial configuration €2, (0) = ngn, which we also write Q. Let || -||c+ denote
the Holder norm on I' x [0,7) with exponent p € (0,1).

Proposition 22. Let P € T' be a point of self-intersection. Assume that ho, is taken as in
Section . Assume that hy, Vh, € C (f‘ X [O,T)) with

17 lloo < 02
Assume that the normal velocity V' of Q,(t) satisfies

Vilen < Ay

with some constant Ay as a function on T' x [0,T). Then, there exists m1 € (0,m0) and d3 > 0
such that for n € (0,m1), 082,(t) has a self-intersection point (near P) for some ty € (0,T)
provided that at t = 0,

V=1 on 11p(0Cy,N CT/Q),
V=0 on L27p(acr7f2‘n N CT/Q)

and

IVihiglloo < 03

The number m can be taken so that it only depends on 61, 62, A1, p and C? regularity of T (i.e.,
(Ta 507 K))

Proof. In a neighborhood ¢1 p(C;) of P, €, can be written as
CT/Q»flJrn U (Cr/2 \ C‘T/ZﬁfQ*??)

by translation and notation. We may assume that ,(t) can be written as

Q(t) N1, p(Cr) = Ll,P(Cﬁfl,n(t))
Qn(t) N L2,P(Cr) = L2,P(Cr,f2,n(t)) = Ll,P(CT \ CT,—f2,n(t))

with
fl,n(a?/’o) = fl(x) + n, f2,77(x/70) = fQ(x/) + m, fOI‘ ‘.’IJ,‘ < 71/2
if 93 is chosen small; see Figure {4, This smallness only depends on C? regularity of I.
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fit+n

Figure 4: Initial profile

Since

Ocfim=—VA/1+ V' fin? =12,

Orfin(2',0) <=1 Oifo,(2',0)=0 for [2'|<r/2.

Since V' is Holder continuous,

we observe that

VS—1 for j=1
2
1

. 1
VIV E 4

for |2/| < r/2 and t € (0, 1] for sufficiently small ¢t; < T depending only on the Holder regularity
A;. (Actually, Hélder norm in time is enough.) Here ||V’ f2 | is @ L* norm in B, x (0,T).
We take d3 smaller so that ||V’ fa, |l is finite. This smallness depends only on C? regularity of
I'. We thus conclude that

for j=2

1

8tfl,n(xl, t) < )

FN

8tf2777(x/7 t) >

for |2'| < r/2,t € (0,t1). This implies that
¢

Fraf0.0) + o0 = [ @ufia0.7) +0fo(0.7)) dr+ 21
0

< 1—1-1 t+2n= t+2
S 51 m="3 1.
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If m = t1/16, then
Sin(0,8) + fan(0,2)

becomes negative for some ¢t € (0,¢1), n € (0,m1). This means that 9€,(t) should have self-
intersection at some time ¢ > 0 provided that 7; is small. O

We are now in position to state a detailed form of Theorem

Theorem 23. Assume that 2/p + d/q <1,p>2qg>d. LetQ be aC® splash domain R?
with compact boundary . Let Pel bea point of self-intersection. For a given n € (0,10)
let Qo be a domain Q) = Qlon constructed in Section with ho, € B3 1/p= l/q( I') such

that ||hoy| 5 8-1/p=1/q < &, where € is given in Theorem. Then there exists m € (0,1m0) and

mnitial veloczty field ug,, € By (1 1/p) satisfying the compatibility condition (1.3) such that 0SY,(t)

of the solution (u,,wy, ( )) (constructed in Theorem to (L), with uli—o = uoy,
Qy(t)|t=0 = Qo has a self-z’ntersection point near P in a finite time provided that n € (0,11).
Moreover, the solution u, and the mean curvature k, of 0Qy(t) is bounded as t tends to the
collapsing time.

Proof. Since I is compact, it is of type (7, dp, K), we may take K as small as we like by taking
r sufficiently small. By construction of f,, and hq,, for any e; > 0, ||hoy,|/cs < €1 by choosing 2
small by Proposition This implies that ||h(]’r]”32;1/p—l/q < € by choosing 1 smaller.

We shall construct initial velocity. We may take 7 small so that the Jacobi matrix of coodinate
change to normal coodinate is close to the identity in ¢; p(C,). We shall fix r. Let b be a C? vector
field on 98, such that b =1 on 1 p(C,/9) and b = 0 on Iy \ ¢1,,(C;). By Proposition
there is a vector field ug, € W%9(Qy,,) such that

HUOHHW?& <B

with B independent of 7. (This constant B depends only on C? regularity of f) Moreover, it
satisfies the compatibility condition.
We solve the problem by Theorem [15| and found that

hy € LP(0,T; W3=Y/a9(D)) n Whe(0, T; W2 1/94(1)) =: Xy

ulf =u, 0= € LP(0, Ty WU(Qp)) NWP(0,T; LY(Q)) =: Y

for some T' > 0 independent of 1 and wg,. Moreover, Theorem (15| implies that ||h,|/cc < d2,
|Vrhy|| < 03 by taking e smaller. By interpolation (cf. [23])

Yr C H*P(0,T; B20~9(Q)), 0<s<]1,
where H*P is the space of Bessel potential. We take s > 1/p to get

H*P(0,T; B20=9(Q)) c ¢¥(0,T; B20~°)(Q))
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by Morrey’s inequality with v = s — 1/p. Since 2/p+d/q < 1,
1 2
2(1—5):2—2<u+> —1-2w+1-=
p p

d
>1—-2v+ —.
q

We take v small so that 2v < d/q. Then
2(1—s 1,
BU=) c wha,

Again by Morrey’s inequality (see e.g. [12]), we see W14 C C*1(Q) for vy = 1 — d/q. Thus
Yr C CH(Q x [0,T)) for 4 = min(v, v1). We thus conclude that

Vllew < Cllugllyz-

We are now able to apply Proposition and we obtain a desired result of collapse. We note
that u, and k,, are bounded on (0,7). Indeed, h, € X7 and u € Y7 implies that

Lhy € C([0,T); BY,*P(Q))  uy € C([0,T); BfY~/P/(Q)).

The boundedness of u,, and x,, comes from the Sobolev embedding as discussed in Subsection
The proof is now complete. ]

Proof of Theorem [l Theorem [I]is essentially contained in Theorem [23] except we did not men-
tion that the monotone limit of £y, as 7 — 0 is a splash domain close to 2. Fortunately, this

follows from the construction of Q(n)' O

5 Sketch of the proof of the well-posedness

As noticed in Section the local well-posedness in Theorem [L5]is essentially a special case of
[31, Theorem 6.1] when the boundary of 2 is embedded. The proof of [31, Theorem 6.1] is very
involved. We just briefly sketch the proof of Theorem [15] to clarify why his theory still works
for a splash domain.

Let us first list the steps of the proof of Theorem Let Q be a C? splash domain with
compact boundary I' in a domain Qs with d-wing constructed from . We postulate that a
moving domain Q(t) in Qs is of the form Q"® defined in Section where h = h(y,t) is a
function on T' with value in (—dy,dy).

(i) (Coordinate change by the Hanzawa transform) For h, we consider the Hanzawa transform
En@) and set

ul ,t) = u (S W), t) . @) (y,1) = @ (S (¥),1) .

We derive the equation for uh#, w# and h in a fixed splash domain ). Note that the

Hanzawa transform is given for a domain Q" in Qs (not in R?).
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(i) (Linearization) We linearize the equation for u#, w# and h around h = 0.

(i) (Analysis of the linearized equation) We derive maximal regularity estimate for the lin-
earized equation. Here we invoke the assumption that the surface tension coefficient o > 0.

(iv) (Construction of a solution) We estimate nonlinear terms and construct a solution in a
short time by Banach’s fixed point theorem assuming that h|,—¢ is small. To handle
nonlinear terms we invoke assumptions 2/p+d/q <1, p>2,q>d .

In steps (iii), (iv), the problem is reduced on a chart ¢; p(C;) so the embeddedness of the boundary
of () is unnecessary.
5.1 Transformed problem

We write x = Zj4)(y) and its inverse by y = Zj,;)(y). We simply write u™, w” instead of u#,

#
wy, -

Momentum and mass conservation laws. We first transform the first two equations of
(1.1). We first observe that

(Vou)(@, 1) = (Vyu)(y, ) Vay = (Vyu™)(y,t) = Fi(u?, h)

with
Fl(u#, h) := (Vyu#)(y,t)(l — Vay).

Here we use the convention that (V,w);; = (Ow'/dz;) for a vector w. By this formula,

(divy u)(z, t) = (div, u”)(y,t) — D(u#, h),

where
d d
Z 8 U#J ?/, (1 - 8:r:jyj) - Z (aymu )(yvt)aﬂcjym'
7j=1 J,m=1
J#m

Similarly, for a d x d matrix M#(y), we define the vector D(M#,h) whose kth component
D(M?#, h)y is set to be

d

M# h)g —Za M# — w]yj Zzang;iazij

J=1 44§

Then
div, M = divy, M# — D(M¥ h),
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where M (z) = M# (Z(x)). Thus,
div, S(u, @) = div, S(u?, @) + D(w? I, h) + Fy(u¥, h)
with
Fy(u#, h) :== — 2uD (Dy(u#), h) — pdivy Fy(u, h) — pdivy Fy(u?, h)T
+ D (Fl(u#, h), h) 4 uD <F1(u#, h)7, h) .

Since

(Opu)(w, 1) = (D) (y, ) + Vyu (y, )0, 2,
we observe that the equation
Ou+u - Vyu—divS(u,w) =0
is transformed into
o — divS(u¥, w®) = Fy(u, h) + D(w™, h) — V,u® (y,t)(0:Z1) — u - Vu.

For later convenience, we eliminate w? in the right-hand side. Since Vw = —0u — u - Vyu +
2udiv, D(u), we see
V,@" = Gu¥, h) -V,

with
G(ut ) = (=0t =Vt 9,2p) + (~ (- V)t + ot Ry h))
+ (divy(Vyu# Vay) — D(Vyut - Yoy, h))
y (divy(Vyu# Vay)—D ((Vyu# V)T, h)) .
Thus

D(w®I,h) = Vyw® (I — V,y)
= G(u®,h) - (Vyz —I) =: F3(u”, h)

since Vyx - V,y = I. We now observe that
O+ (u-V)u—divS(u,w) =0

is transformed into

o™ — divS(u”, w™) = F(u”, h) (5.1)
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with F(u#, h) := Fy(u#, h)+ F3(u?, h) — (u? -V )u? - V,y — V,u?0: Z. The equation divu = 0
is easily transformed into
divu® = D(u”, h). (5.2)

Kinematic condition. We shall write the normal ny;) and the normal velocity th of fh(t)

as a function on I'. We just recall [23, Chapter 2]. The normal is of the form
ny, = By(n — Ayp) (5.3)
with
A= (I —hL)Veh, Byi=(1+|4,2) ", (5.4)

where n denotes the normal of I' and £ denotes the Weingarten tensor of I'; see [23, (2.44),
(2.45)]. Here Vj denotes the surface gradient defined by Vi = (I — n ® n)V. The normal

velocity th of fh(t) is defined by

Vf‘ (yvt) = 8tEh(t) (y) R0 (y)7 yely

h

see [23, Chapter 1, §3.2 (a)]. Since the Weingarten tensor £ leaves the tangent space Tpf‘ at a
point P € I invariant, we see, by (15.3)),

Vf‘h (yv t) - Bh(t) (y)ath(yv t)'
The kinematic condition V =« - n on f‘h can be written as

Bu ()0:h(y,1) = By () (w# (9.6) - n(y) = v (0.0) - Ay (), y €T
Rearranging this relation, we obtain
Oth 4+ u® - Vrh —u? -n = E(u” h) (5.5)

with
E(u® h) = —u (Ayq) — Vrh).

It turns out it is more convenient to put u# - Vrh in the left since Any — Vrh is expected to
be small.

Balance by surface tension. We next write the force balance

S(u, w)ny, = okpny, (5.6)
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on the boundary I'j. Since there is no time derivative, we shall fix ¢ and write h(t) simply by h.
Let P, denote the tangential projection to I'y, i.e.,

Py, ;=1 —nj; @ ny,.
The equation (5.6 can be rewritten as

P, (D(w)ny) =0, (5.7)
n,S(u, w)ny, = okp. (5.8)
By (5.3), we see that
P,=Po+7Tn, Po=I-n®n

with
Thi=—Bi—1n@n+Bi(A, @n+n® A, — A, ® Ay).

By the coordinate change, becomes
Po240Dy (u#)n = Fran (u?, ) (5.9)
with
Tran(u¥ 1) 1= Po2ul>y (u#) Ay,
+ Pop (Fi(u#, h) + Fa(u#, 1)) - (n— Ay)
+ T Fu(u? h) - (n — Ap)
Fy(u¥ ) := 2uDy, (u®) — pFy(u®, h) — pFy(u®, h)T.

Let us write ([5.8) in our coordinate system. Since the Weingarten tensor L leaves the tangent
space Tpl invariant [23, Chapter 2, §1.2], we have Ay € Tpl'. As a result

Kp = K+ Af‘h-i- Hl(h),

where

Hy(h) := (B, — 1)k + (B, — 1)Aph + By(n — Ap)C(h).

Here C'(h) is a linear combination of A up to its first derivative whose coefficients are bounded
and its bound only depends on C? regularity of I. (It also includes a zero-th order term which is
a given function and its size is also controlled by C2-regularity of f‘) The calculation is involved
but it is the same as in [31, §3.3]. A more systematic calculation of the mean curvature of a
surface given by a height function is given in [23, Chapter 2, §2.5, (2.49)]. We do not use detailed
form of C'(h).
Since
024D, (w)ny, = n2uD, (u?)n — F5(u?, h)
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with
Fs(u™,h) :=n <uFl(u#, h) + pFy (u?, h)T) n— (B2 —1)Fy(u”,h)n
+ B2 {nF4(u#, W) Ap + A Fy(u?, h)n — Ay Fy(u, h)Ah} ,
we now conclude that can be written as
024D, (v )n — wh — ok — s Aph = Tnor(u?, ) (5.10)

with
jnor(u#, h) = F5(u#, h) + ocHy(h).

We now observe that our equation (|1.1)) is transformed into (5.1)), (5.2)), (5.5, (5.9), (5.10),

ie.,
dpu? — div, S, (u¥, @) = F(u¥, h) in Q

div, u¥ = D(u?, h) in Q
ath—ku#-vfh—u#-n:é'(u#,h) on T (5.11)
Po2uDy, (u#)n = Jian(u? h) on T
n2uD, (u?)n — w? — oK — cAph = Tnor(u?,h) on T.
The last two equation (5.9)), (5.10) can be written in
S(u#, w)n — onAph = J + onk (5.12)
with J = Jian + 0Jnor- Note that the term onk is determined if we fix I.
It is convenient to prepare estimates of a kind of lift of A;, defined by
i _ d(y) -1 0
An(y) = x 5 (I = (Lh)L)™" V(Lh) (I(y)), y € Q. (5.13)

Proposition 24. Assume the same hypotheses of Theorem [10 concerning Q2. Assume that h;

(i = 1,2) satisfies assumptions of h in Theorem with constants €9 and €1. Then by taking €1
smaller,

Ay (1) = Ay ()] < Ca (1Lt = h2) )] + VL1 — h))]), y € ©
with some constant Co depending only on €g, €1, 01 and  through (r,dy, K). In particular,

[An )] < G (LR + VLR, i = 1,2,

)

This is easy to prove. We note that we have to take £; smaller so that I —(Lh)L is invertible.
The second assertion follows from the first estimate by taking one of h; equals zero.
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5.2 Linearization and approximation

We would like to solve the initial value problem for ([5.11)) locally-in-time only smallness assump-

tion on hl;—p = hy without assuming that initial velocity is small.

We approximate initial data u# as

1 /¢
ue = / T(s)uZ?ﬁ ds, (>0,
¢ Jo
where T'(s) is an analytic semigroup in L? satisfying the maximal regularity property, i.e.,
1T @)oll 2o 0,005w2.a () + IT 0l w10 (0,0020(09) < Clluoll ga-1/m.
Moreover, it satisfies

1T ()uoll, (07825117 < Clluoll gag-1/r)-

s

For example, we take T'(s) = e$(A=1)  where A denotes the Dirichlet Laplacian. We linearize
(5.5) around s and observe that

Oh + (uc - Vr)h —u# -n =€ + (uc — u*)Vph. (5.14)

Note that if we linearize around u# , the regularity of coefficient not enough for analysis of (5.5]).

We consider the system ([5.1)), , (5.14)), (5.12)), i.e.,

dut — divs S, (u¥, w?) = F in Q
divy, u” =D in Q

. (5.15)
6th+uc~vrh—u#~n:€+(u<—u#)-Vph on I
Sy(u*, @ )n — onArh = J + onk on I

under initial condition
w#limo = uff,  hli—o = ho.

Here J is a vector so that (J)tan = Jtan, J -0 — Jnor- Since we are just interested in the
existence of a local-in-time solution, lower order linear terms are included in the right-hand side.
This is different from what is presented in [31], where global-in-time problem is also considered.

5.3 Analysis of liearized problem

We consider a linear system and state an LP-L9 maximal regularity result for a system for a C3
splash domain with compact boundary. This is essentially contained in results of [31], where he
treated a general uniformly C® domain but whose boundary is embedded in R,
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We consider a generalized Stokes system coupled with a free surface h of the form

Ou — divS(u, w) = f in Q
divu =divg in Q

oh+U; - Vrh—u-n+ Li(h) =0 on T (5.16)
S(u,w)n — (La2(h) + cArh)n =w on I

(u, h)],—o = (uo, ho) in QxT.

For boundary data U we assume that there exist positive constants Mo, ag (< 1), by such that

{ |Ue ()| < Mo, [Ug(z) = Ue(y)| < Mo, z,y €T (5.17)

HUCHW%US,S@) < Mo¢% for all ¢ € (0,1) for some s € (d, o0).
The operator L; and Ls are linear operators with bounds M; and M, satisfying

L1 ()llyy2-1/aagry < Millvllwra@),  [1L2(h)llyraq) < Mallhllw2a):

when we consider h in €2, we consider its lift LA in Section
It is convenient to introduce a necessary solenoidal space

Jq(Q) == {fELq