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Thermally driven flows have been extensively studied using the canonical Oberbeck—Boussinesq
(OB) approximation, which treats material properties as constant except for the buoyancy force,
where small density variations are fundamental to driving motion. Yet, the validity of this approx-
imation in coldwater systems remains largely unexplored. In such environments, density variations
associated with a given temperature difference are relatively small due to the nonlinear equation
of state. In contrast, variation in dynamic viscosity and thermal conductivity remains moderate,
comparable to those in warmer systems. Here, we numerically investigate the effects of temperature-
dependent material properties in two canonical configurations of ice-bounded waterbodies: horizon-
tal and vertical convection. Our results show that variable material properties remain dynamically
important and significantly affect global transport quantities in quasi-steady states. In particular,
we identify anomalous dynamics under specific conditions, in which the dominance of cold and warm
circulations completely reverses. This anomaly leads to up to O(10%) of over- or underestimation in
global quantities, including the water-to-ice heat flux, which controls systems’ energy and ice melt
rates. Although the relative importance of the variable material properties depends on domain size
and boundary conditions, their persistent influence both in local dynamics and global quantities un-
derscores their non-negligible and, sometimes, pivotal effects in cold aquatic systems. We therefore
conclude that the conventional OB approximation may lead to misinterpretation of the dynamics
of cryospheric water bodies by excessively simplifying the underlying thermophysical variability.

I. INTRODUCTION

Inland waterbodies in cryospheric and polar environments are often ice-bounded. Examples include supra-, sub- and
proglacial, and seasonally ice-covered lakes [1]. Convective dynamics in such cold waterbodies are of great interest for
their role in biogeochemical cycles as well as for their contribution as heat reservoirs on Earth, controlling the ice mass
balance [2-4]. It is common to model such convective dynamics using the Oberbeck—Boussinesq (OB) approximation
[5, 6], assuming that the density fluctuations Ap produced in the system of interest are small enough compare with
its reference density p, to account for the compressibility and inertia of fluid and so are the material properties, i.e.,
Ap < py. The OB approximation is therefore traditionally accompanied by constant material properties. Although
the OB approximation substantially simplifies the mathematical problem, governed by only two key parameters, the
Prandt]l number and Rayleigh number, it has been shown to ‘reasonably’ capture the essential physics of convective
flows [7], and therefore, it is widely employed.

But, to what extent is this approximation reliable? The limit of the OB approximation for water has been discussed
specifically in the context of Rayleigh—Bénard convection—the paradigmatic problem of natural convection within a
fluid layer heated from below and cooled from above—while accounting for large temperature differences for given
material properties [8-12]. The consequence is often called ‘non-Oberbeck-Boussinesq (NOB) effect’ that manifests
as a significant shift of the bulk mean temperature of the convective system, mainly because of the asymmetry of
the boundary layer thicknesses caused by the temperature-dependent viscosity. Unlike such environments exposed to
large temperature differences AT = O(10 - 100 K), which we may find in engineering systems, temperature variations
in cold aquatic systems appear to be much smaller AT = O(1 K) [13-15].

Cold freshwaters have a characteristic equation of state (EoS) exhibiting a nonmonotonic relationship between
density and temperature, where density decreases with the increase of temperature from its maximum py,,x above the
temperature of maximum density Ti,q = 3.98°C, whereas density increases with temperature between freezing point
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FIG. 1.  Cryospheric ice-bounded waterbodies: (a) Partially ice-covered lake, Lake Isabel, Colorado, USA (Photo Credit:
Kinetic faith, Shutterstock, ID 2599772893, Standard License) and its conceptual model, horizontal convection (HC); (b)
Proglacial lake, Kenai glacier lake, Alaska, USA (Photo Credit: Steve Hillebrand, U.S. Fish & Wildlife Service, Wikipedia,
public domain), and its conceptual model, vertical convection (VC). The schematic represents the numerical setup introduced
in Sect. IIB.

Ty, = 0°C and Ting. Owing to this nonmonotonic behavior around the density extremum, temperature difference AT
around Ty,q results in much smaller density anomalies than those at high temperatures. In contrast, the sensitivities
of the dynamic viscosity p and the thermal conductivity k£ to temperature changes are greater in this temperature
range than at higher temperatures, suggesting that the OB approximation, with constant material properties, may
fail. In fact, early numerical works accounting for variable material properties in the context of cold water convection
in a cavity [16, 17] showcased differences in heat transport and convective dynamics from those with constant material
properties [18, 19], and the former are more consistent with the experimental results [20, 21]. Recently, the significance
of variable material properties in convective flows was pointed out briefly by [22]. Yet, even up to date, the majority of
literature remains to deal with constant material properties following the classical Boussinesq approximation [23-31],
keeping the effects of variable material properties on convection under wraps.

The complex and intertwined fluid dynamics observed in field and laboratory experiments often make the role of
temperature-dependent material properties vague. Here, we isolate and investigate their influence on convective flows
in ice-bounded waterbodies using numerical experiments with ‘virtual waters’, whose thermophysical properties can
be systematically tuned. To address this unsolved problem, we focus on two fundamental and distinct convective dy-
namics. The first is the horizontal convection (HC), in which the fluid surface is exposed to differential heating/cooling
[32-34]. This configuration serves as a canonical model for partially ice-covered waterbodies, such as seasonally ice-
covered lakes, by imposing 0°C along part of the surface. The second is vertical convection (VC), where the sidewalls
are differentially heated/cooled [35, 36]. This setup represents a simplified model of ice-bounded waterbodies, such
as proglacial lakes, by setting one vertical wall to be 0°C. The latter two examples from natural systems are shown
together with the schematic in Fig. 1(a) and (b), respectively.

The paper is structured as follows. Sect. 2 presents the conceptual model along with its numerical implementation.
Sect. 3 reports the results for both horizontal and vertical convection, highlighting how temperature-dependent ma-
terial properties influence the convective dynamics and the global quantities, such as the bulk mean temperature and
the net heat flux from water to ice. Sect. 4 discusses these findings, with particular emphasis on the emergence of
anomalous convective dynamics. Finally, Sect. 5 summarizes the key conclusions and future research directions.
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FIG. 2. Temperature-dependent material properties: (a) Density p(T), (b) dynamics viscosity u(7"), and (c) thermal conduc-
tivity k(T). Scatter plots are thermophysical properties database from NIST [37], and solid lines are the polynomial fittings
(Eq. 3) used in this study. Variations of material properties for given temperature differences AT = Tj, —T; relative to reference
values are shown in (d). Vertical dashed lines correspond to the temperature of the maximum density Tma = 3.98°C and the
ice-water-interface-equivalent temperature Teq = 8.13°C, i.e., p(T3) = p(Teq)-

II. PROBLEM FORMULATION
A. Temperature-dependent material properties

We first discuss how material properties are sensitive to temperature change. Figure 2 shows the temperature-
dependent material properties of shallow freshwater, (a) density p(T), (b) dynamic viscosity u(T), and (c) thermal
conductivity k(7). Scatter plots are thermophysical properties obtained from the National Institute of Standards and
Technology (NIST) [37], and solid lines are the least-squares fitting to be explained later in detail. Density p increases
with temperature until T4 (dashed line), and decreases monotonically beyond Ty,q. Unlike the latter non-monotonic
behavior of p, dynamic viscosity p decreases and thermal conductivity k increases with temperature. We evaluate the
anomalies of each property relative to the corresponding reference value, which are defined as

A max A max Akmax
op = p , Op = K , and 0k = . (1)
Pr Hr e

Here, Apmaxs; Aptmax, Akmax represent the maximum difference of each quantity for a given temperature difference
imposed on an ice-bounded system, i.e., AT = Ty — T;, where T; = 0°C; we note that the actual value of Ty, is
particularly important as T; is fixed at 0°C. Because of the nonmonotonicity of p, Apmax # |p(Th) — p(T})| but
changes the definition depending on T3, [38], that is,

Pn — pi if T3 <Ty <Tma
A,Omax =q Pmax — pi i Tna <1y < Teq ) (2)
Pmax — Ph if Teq < Th

where pp is the density at the hot boundary, pn = p(T1), and Teq =~ 8.13°C is the ice-water-interface-equivalent
temperature, i.e., p(Teq) = p(T7). Conversely, Apimax = |u(T3) — p(Th)| and Akmax = |k(T3) — k(Th)]| since these two
properties monotonically change with temperature as shown in Fig. 2(b) and (c¢). For the reference values, we take
those at Thng. Figure 2(d) illustrates the relative anomalies of these three quantities. As expected, dp is approximately
0.01% until AT = 8°C and increases with AT but remains small, supporting the conventional OB approximation
that neglects the effects of density fluctuations except for the buoyancy force. In contrast, du and Jk are orders of
magnitude higher than dp: du increases up to ~ 10% and 0k to &~ 1% within the range of AT plotted here. The
high sensitivities of ;1 and k to temperature change warrant consideration of the temperature-dependent material
properties in thermally driven flows of cold waters.

Various expressions have been proposed, in particular, to model the nonlinear EoS of cold freshwater. The simplest
approach is the linear form, p(T) = pmax [1 — @ (T — Tma)] with the negative thermal expansion coefficient o in the
unit of °C~!. This simplistic form neglects the nonlinearity of EoS by limiting the temperature range, typically below

2°C [30, 39]. A quadratic form, p(T) = pmax [1 —a(T - de)z] with the quadratic thermal expansion coefficient

« in the unit of °C~2, is popularly employed for its practicality in representing EoS for T' < 8°C [24, 27, 29, 40].
Otherwise, a different exponent ¢ < 2 has often been employed, e.g, p(T') = pmax [1 — @ |T — Tina|?] with ¢ ~ 1.895 and



the modified thermal expansion coeflicient « in the unit of °C~4, to further extend the applicable temperature range
[21, 41, 42]. These approaches reduce the number of control variables and thus have been utilized to nondimensionalize
equations of motion. However, we emphasize that these efforts taken for nondimensionalization may not be meaningful
if the system under investigation has a specific temperature that is always imposed—7; = 0°C in the ice-bounded
freshwater system. This constraint makes the system unscalable, forcing us to work with dimensions. Accordingly,
we employed high-order polynomial fitting instead of utilizing the aforementioned simplified models to represent the
actual temperature-dependency as best as possible.

High-order polynomial representations have been used previously, including 3rd-order [26], 4th-order [17], and 5th-
order and higher fits [8, 9, 24, 43, 44]. Notably, increasing the polynomial order does not complicate the numerical
implementation. We, therefore, employed 5th-order polynomial functions for all material properties, i.e.,

5
p(T) = ai (T = Twa)’ (3a)
=0
5
wT) = b (T = Tya)' (3b)
=0
5
E(T) = ¢ (T = Tina)’ (3¢)
=0

This formulation allows forcing the maximum density pmax to be exactly at Ting. Thus, ag = pmax = P(Tmd),
bo = p(Tma), and ¢g = k(Twma). The coefficients (provided in Appendix A) are obtained through the least-squares
fitting for the freshwater material properties obtained from NIST [37] as shown in the solid lines in Fig. 2(a), (b), and
(c). These fittings provide mean absolute errors of O(1076 kgm=2) for density, O(10~? Pas) for dynamic viscosity,
and O(1078 Wm~1°C~1) for thermal conductivity within the temperature range shown in Fig. 2, ensuring accurate
representation of actual material properties.

B. Numerical implementation

We performed two-dimensional (2D) direct numerical simulation (DNS) for the setups of HC and VC schematized
in Fig. 1. As the conventional OB approximation does, we assume water to be incompressible and neglect the density
variation except for the buoyancy term, but allows temperature dependency of the other material properties. Since
we focus on coldwater systems, the nonlinear EoS (Eq. 3a) is employed for all cases. Accordingly, the thermo-fluid
dynamics is governed by the continuity, momentum, and heat equations [e.g., 9]:

V-ou=0 (4a)
P [?9? +(u- V) "} =-Vp+ V- (i [Vu+ (Vu)']) - pgz (4b)
p: C {(Z +(u-V) T} =V - (kVT) (4c)

Here, p, is the reference, and we use p, = pmax for all conditions, and C is the specific heat capacity. Recall that p(7T)
and k(T') are both temperature-dependent and thus space- and time-dependent. Note that, over the temperature
range 0 < T < 10°C, C exhibits much weaker temperature dependence than the other two quantities. We therefore
treat it as constant for simplicity. To characterize the effect of the temperature-dependent material properties, we
also perform simulations under the OB-type approximation, in which u and k are treated as constants, whereas p(T")
is represented by a 5th-order polynomial fit, i.e.,

V-u=0 (5a)

ou 2 ~
prlgp T V)u) ==Vp+uViu—pgz (5b)
p: C {68:; +(u-V) T} =k, V2T (5¢)

To evaluate the effects of variable material properties properly, we utilize reference values for p, and k, at the average
temperature of the boundaries, i.e., T} = (Tc + Tn)/2.



Thinking in future laboratory-scale experiments to explore this problem, the height-to-length aspect ratio of the
domain is fixed at 2, i.e., L = 2H, as schematized in Fig. 1, and we vary H. As a common setup, velocity boundary
conditions are no-slip at all boundaries. For the case of HC, the thermal boundary condition at the top (z = H) is

T(x<L/2,z=H)=T, and T(x >L/2,z=H) =Ty, (6)

and all other boundaries are set to be adiabatic, i.e., 3T/0n = 0. For numerical stability, the surface boundary
condition is implemented using a continuous function with a smooth and short transition length d < L at x = L/2
from T; to Ty, i.e.,

T(gc,zzﬂ)=Ti+T“2_Ti {tanh <””_dL/2>+1]. (7)

We here consistently use d = 4 mm for all cases, with d/L < 1. For the case of VC, the left and right walls are at
constant and different temperatures,

T(x=0,z)=T; and T(z=L,z) =T, (8)

whereas all other boundaries are set to be adiabatic, i.e., 9T/dn = 0.

Note that we can define the classic dimensionless parameters using the maximum density difference Appax and the
material properties at the reference temperature 7,. The Rayleigh number Ra, the ratio of the destabilizing buoyancy
force to the viscous and thermal dissipation, is defined as

_ Apmax gH?

Pr Vr Ry

Ra (9)

where v, = u,/p; is the kinematic viscosity and k. = k,/ (p, C) is the thermal diffusivity at T,. The Prandtl number
Pr, the ratio of momentum to thermal diffusivities, is defined as Pr = v, /k,. Taking T, = Tynq, Pr is always Pr = 11.7,
yet Ra varies order of magnitudes—here it ranges in (9(103 - 108) for 1°C < T}, < 10°C and 10 mm < H <200 mm. We
here remark that although these nondimensional parameters can be computed for a given temperature condition, the
same value of Ra achieved at different temperature conditions does not ensure the same physics; Ra is invariant when
Tma < Th < Toq 88 Apmax = pmd — pi (Eq. 2) but the convective dynamics differ completely as shown later. The latter
indicates the need for additional dimensionless parameters concerning the nonlinearity of EoS for generalization—as
some previous work did [26, 29, 45]. However, since we specifically work on cold waters, such an effort makes no
physical sense as the EoS is unique only for water. Therefore, we hereafter describe the fluid physics of cold waters
based on the actual control parameters, T, and H [46]. We further provide the relationship between Ra and the
control parameters Ty, and H in Appendix B.

The 2nd-order central difference scheme on the staggered grid is employed for spatial discretization [47], and the
time marching is the 1st-order explicit Euler scheme, satisfying the Courant—Friedrichs—Lewy (CFL) condition, i.e.,
CFL < 0.1 (typically, CFL < 0.05). The simplified marker and cell (SMAC) scheme is adopted to solve the pressure
Poisson equation [48]. Numerical implementation is done in Python [the code is publicly available from [49]]. The
spatial resolution is chosen to resolve the smallest length scale of the system, i.e., the Batchelor scale, ng ~ O(1073 m),
smaller than the Kolmogolov scale ng = pri/2 ng as Pr > 1. The latter criterion is met through a posteriori check
suggested in [50]; the smallest g was =~ 1.5 mm in the parameter range here investigated, and the spatial resolution
was 1 mm for all the cases. To resolve these scales and for the computational limits, the system length scale H is equal
to or lower than 200 mm, relevant for tabletop laboratory experiments, yet the consequential dynamics are expected
not to differ significantly for larger scale systems. It is important to simulate the systems without introducing any
closure models for effective diffusivities in order to evaluate the effects of variable material properties. We next discuss
the (statistically) steady states in Sect. 3.

III. RESULTS
A. Horizontal convection

We first look at the cases of HC, schematized in Fig. 1(a), to discuss the phenomenology of an analogue system for
partially ice-covered aquatic bodies. Figure 3 showcases the steady-state flow fields for the case of H = 200 mm at
different temperature conditions on the hot boundary (upper right side of the domain). The results of constant material
properties are shown in Fig. 3(a), and those of variable properties are Fig. 3(b). Each showcases instantaneous and
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FIG. 3. Steady-state flow fields of horizontal convection with H = 200 mm for (a) constant material properties yu, and k.
and (b) variable material properties u(7T") and k(7). Different temperatures on the hot boundaries 7}, are shown from top
to bottom: (i) 7h, = 2°C, (ii) 4°C, (iii) 6°C, (iv) 8°C, and (v) 10°C. The left column shows snapshots, temperature fields
(background color) and velocity vectors (arrows), and the right column shows time-averages, temperature fields (background
color) and streamfunction fields (colored contours). The locations of the maximum and minimum of the streamfunction fields
are marked by star symbols.

mean flow fields under quasi-steady states. On the instantaneous fields, color contours represent temperature fields,
and the superposed arrows are velocity vectors. On the mean fields, color contours represent temperature distributions,
and the superposed contour lines are streamfunction fields (see Appendix C for the computational method) where
blue and red lines correspond to clockwise (CW) and counterclockwise (CCW) circulations, respectively. The system
undergoes different flow regimes by changing Tj,, even though Ra varies only slightly among the conditions. For
Ty S Twma [Fig. 3(i, ii)], the system reproduces the so-called stratified horizontal convection [51, 52]. The cold but
light fluid from the ice surface pushes the denser fluid on the hot surface downward, driving a CW overturning
circulation that partially penetrates the deeper stable layer. A drastic change manifests when Ty, > T,q as shown
in Fig. 3(iii). Unlike a single CW overturning circulation taking place for T}, < Tq, another CCW circulation co-
emerges. The latter double circulations can be explained by the cabbeling phenomenon; a downward flow is generated
when colder T' < Ty,q and warmer T > Tp,,q waters meet at the center, dividing the domain into two circulations.
The original CW circulation is now severely confined right beneath the ice surface as the CCW circulation crawls
underneath it. The newly emerged circulation distributes the warm waters laterally, but the cold CW circulation
protects the ice surface from being exposed to such a high heat content. When T}, = 8°C [Fig. 3(iv)], two circulations
are almost balanced, as evident from the streamfunction fields with the common structures. The horizontal density



(a) Constant y, and k; (b) Variable u(T) and k(7T)
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FIG. 4. Steady-state flow fields of vertical convection with H = 200 mm for (a) constant material properties p, and k; and (b)
variable material properties u(T") and k(7). Different temperatures on the hot boundaries 7}, are shown from top to bottom:
(i) Tn = 2°C, (ii) 4°C, (iii) 6°C, (iv) 8°C, and (v) 10°C. The left column shows snapshots, temperature fields (background
color) and velocity vectors (arrows), and the right column shows time-averages, temperature fields (background color) and
streamfunction fields (colored contours). The locations of the maximum and minimum of the streamfunction fields are marked
by start symbols.

difference is negligibly small in this case as p(T = 8°C) = p;, and only the cabbeling is the driving mechanism of
the circulations. The sharp top-to-bottom separation induced by the opposing circulation cells across the horizontal
domain closely resembles the thermal bar phenomenon commonly observed in coastal waters, where density-driven
circulation reverses across the temperature of maximum density, T1,q, due to the formation of a lateral density front
[53-55]. Finally, when T, = 10°C [Fig. 3(v)], the cold CW circulation dominates the system, a left-right-flipped
analogue of Ty, = 6°C [Fig. 3(iii)]: The cold waters are distributed laterally beneath the warm CCW circulation
confined within the shallow region.

A key takeaway from Fig. 3 is that, although present, the effect of variable material properties is not strong enough
to produce visually identifiable differences in the convective dynamics.

B. Vertical convection

Now, let’s shift our attention to the phenomenology of VC, an analogue system for proglacial lakes as schematized
in Fig. 1(b). In the same manner as Fig. 3 for HC, the steady-state flow fields for the case of H = 200 mm at different



temperature conditions on the hot boundary (right side of the domain) are showcased in Fig. 4: (a) Instantaneous
flow fields and (b) mean flow fields. For the low-temperature conditions T, < Twa [Fig. 4(i, ii)], a single CW
overturning circulation takes place all over the domain, as the cold boundary produces the least dense water flowing
upward whereas the hot boundary holds the densest water plunging down. Note that, although they are not visible
in Fig. 4, the vertical flows are present while being strongly confined on the side walls. However, once T}, exceeds T,
[Fig. 4(iii)], a small CCW circulation emerged locally at the lower right corner of the domain. This may also be a
consequence of the cabbeling dynamics: The warm water on the hot boundary is positively buoyant, but it plunges
down when it meets the incoming cold water from the left because of the peak density at T4, resulting in a hot water
pocket at the bottom of the right boundary. The emergence of these two circulations has been previously reported
both numerically and experimentally for a (real) ice—phase-changing—boundary for the cold wall [56, 57]. A striking
difference between the constant and variable properties is finally seen for T, = 8°C [Fig. 4(iv)]. For the constant
property, as expected, the CCW circulation grows laterally and takes approximately half of the domain, resulting in
roughly symmetric structures, akin to those in HC [Fig. 3(iv)]. These symmetric two circulations have been reported
in the previous works utilizing constant material properties [58-60]. However, when the variable properties are in
effect, the CCW circulation completely governs the system, and the CW circulation is aggressively constrained to the
cold boundary. The entire system is now much warmer than the case with constant properties. These asymmetric
two circulations have also been reported in [17], which account for the variable material properties. When T}, = 10°C
[Fig. 4(v)], however, the latter distinctive difference diminishes: The CCW circulation occupies most of the entire
domain, while the cold surface produces the wedge-like CW circulation for both cases. The cold water pocket in this
condition is the left-right flipped analogue of the warm one shown in Fig. 4(iii).

Unlike HC, a pronounced difference manifests for T}, = 8°C for the case of VC as shown in Fig. 4(d). That is, the
effect of variable material properties is strong enough to be recognized, and consequently, we expect its substantial
influence on the global quantities we analyze next.

C. Effects of temperature-dependent material properties

We further quantify the effects of temperature-dependent material properties by examining global quantities. Recall
that the cases with constant material properties utilized the average temperature of the cold and the hot boundaries
as the reference temperature, i.e., T, = (T, + T},)/2 for fair comparisons. Here, we focus on four quantities relevant
for characterizing aquatic systems: The bulk mean temperature, the water-to-ice heat transport, the mass transport,
and the total kinetic energy. The bulk mean temperature (T') in the unit of °C is simply defined as an average over

the 2D domain and time,
1 t+T pH L
TY=—— T t)dedzdt 10
O-gr7 ) | [ Teanaaa (10)

where T is the arbitrary time window at quasi-steady state. For the water-to-ice heat transport, we consider the
average heat transport along the ice boundaries ¢y in the unit of W m~2, and thus it is defined separately for HC
and VC: For the case of HC, it is the vertical heat flux at 0 <z < L/2 and 2 = H

t+7T  fL/2 T
Owi = H,t JH,t)| dxdt, 11
o[ e ] a 1)
and for the case of VC, it is the horizontal heat flux at z =0 and 0 < z < H,
t+T 8T
wi y %y . 12
HT/ / { Oztax(Ozt)]dzdt (12)

For the mass transport, we evaluate the maximum streamfunction .5 of the cold CW circulation adjacent to the ice
boundary as it formed for all conditions, regardless of T},. We first compute a mean streamfunction field 1, following
the method described in detail in Appendix C, from the mean vorticity fields at the quasi-steady states, and obtain
its maximum . in the unit of m? s~!. The total kinetic energy F) is defined as the integration of the kinetic
energy density & = p; (u2 + wz), ie.,

1 [T pH L
Ey = —/ / / E(z, z,t) de dz dt. (13)
T Ji o Jo

Ey and &, are computed in the unit of J and Jm™3, respectively. To characterize the NOB effect, we quan-
tify the relative error of each quantity, defined as 6(T) = ((T)° — (T)") /(T)°, 0¢wi = (¢S; — %, )/¢W1, 0Pmax =
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FIG. 5. Effects of temperature-dependent properties on global quantities for HC: (a) Bulk mean temperature (T'); (b) Water-
to-ice heat transport ¢wi; (c) Mass transport ¥max; (d) Kinetic energy Fx. Left panels show those quantities for the constant
material properties (the OB approximation), the middle panels show those for the variable material properties (the NOB
condition), and the right panels show the corresponding relative errors. The scatter plots are the points obtained from DNS,
and the background colormap represents the interpolation. The circles are fully steady states, and the diamonds are unsteady
states, but the quantities are obtained at the statistically steady states.

(Voax — Vmax) /Woaxs and 6Ex = (Ef — EY) /E, where the superscripts ¢ and v denote constant and variable prop-
erties, respectively. That is, the relative errors evaluate the differences from the OB approximation; positive values
indicate overestimates by the classic OB approximation, while negative values indicate underestimates. Please note
that §(T) is evaluated as absolute temperature; otherwise, the error can be amplified for low temperature conditions,

as (T') is close to zero.

Figure 5 shows the summary of these global quantities in HC configurations mapped on the T,-H domain: (a) Bulk
mean temperature (T'); (b) Water-to-ice heat flux ¢y;; (¢) Mass transport ¥max; (d) Kinetic energy Fy. From left to
right, we show the results of the constant material properties (left), those of the variable material properties (middle),
and the relative errors (right). The scatter plots, colored by each quantity, represent data explored by DNS, and the
background contours are the interpolations for the sake of visualization. The symbols represent the flow states; the
circles are for fully steady states, and the diamonds are for unsteady states in which the quantities are computed for
their statistically steady states. The vertical dashed lines indicate Ty,q (left) and Tey. As a general trend for (T'), it
increases with the increase of T}, regardless of H. The relative errors stay small, S £0.04%, for all conditions. This
is expected from the almost consistent convective flow structures showcased in Fig. 3. The errors tend to be larger
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FIG. 6.  Effects of temperature-dependent properties on global quantities for VC: (a) Bulk mean temperature (T'); (b)
Water-to-ice heat transport ¢wi; (c) Mass transport ¥max; (d) Kinetic energy Ex. Left panels show those quantities for the
constant material properties (the OB approximation), the middle panels show those for the variable material properties (the
NOB condition), and the right panels show the corresponding relative errors. The scatter plots are the points obtained from
the DNS, and the background colormap represents the interpolation. The circles are fully steady states, and the diamonds are
unsteady states, but the quantities are obtained at the statistically steady states.

for the smaller domain size, regardless of T},. The latter trend appears to be reasonable because the smaller domain
can drive more diffusive flow conditions, which can directly be influenced by the change of material properties. The
same explanation applies to the water-to-ice heat flux shown in Fig. 5(b). The effect of variable material properties
(mostly the thermal conductivity) is prominent for the smaller domain, recording the errors of O(10%), while those
in the larger domains remain small. Similar trends are also seen for t,.x and Fy, and the errors can go up to
0O(10%). Despite the relatively large errors for the smaller domains, the larger domains, which are more relevant for
the practical laboratory or geophysical applications, do not grow with the size.

In the same manner, Fig. 6 shows the summary of the global quantities in VC configurations. As a prominent
trend, large errors are observed primarily for 7}, = 8°C. The mean temperature (T') is substantially underestimated
for the latter case compared to the maximum errors for HC [Fig. 5(a)]. The other quantities are also mispredicted,
specifically for Tj, = 8°C, tied with the anomalous convective dynamics observed in Fig. 4. Similar to (T'), the errors of
the water-to-ice heat flux, the mass transport, and the kinetic energy go up to ~ 10%, ~ 60%, and 30%, respectively.
Here, we highlight that the key difference from HC is the conditions under which we observe large errors. For HC, large
errors are observed for smaller domains, as the differences come directly from the conductive heat fluxes imposed on
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the stabilizing boundaries. In contrast, for VC, large errors are observed for larger domains, which are more relevant
to practical applications, as the differences are the consequence of convective dynamics driven by the destabilizing
boundaries. Moreover, the trend showcased in Fig. 6 suggests that these errors are expected to increase or at least
remain large for even larger domains.

In summary, the results shown in Figs. 5 and 6 underscore the non-negligible contributions of variable material
properties in the global quantities relevant to characterizing the convective dynamics of the systems, even if the
convective dynamics appear macroscopically similar. These significant contributions of the variable material properties
have never been reported for water systems with such small temperature differences, yet at higher temperature ranges
[11, 12].

IV. DISCUSSION
A. Source of anomalies

A fundamental question arising here is: ‘Why is the effect of temperature-dependent material properties specifically
evident in particular conditions?” Here, we delve deeper into the mechanism of the NOB effect by focusing on the
conditions for T}, =~ 8°C in the VC configuration, those exhibiting remarkable differences in Figs. 4 and 6.

Let’s start by identifying which material property, u(T) and k(T), essentially leads to the noticeable difference. The
numerical implementation [49] is flexible to turn on and off the variable material properties independently for p and
k. Here, we first simulated the case with constant material properties until the quasi-steady state was reached. Then,
its last snapshot is utilized as the initial condition for the cases with temperature-dependent material properties,
and they are run until reaching quasi-steady states again. These transient dynamics are summarized in Fig. 7. The
mean temperature profiles (T'), Fig. 7(a), display the transition before (shaded period) and after the effect of variable
material properties, leading to the increase in (7). Although the time required to reach another quasi-steady state
differs across the combinations of the variable material properties, all cases eventually attain statistically the same
(T, higher than that for constant material properties by & 1.5°C. The time to reach the plateau is approximately
50 hour for p(7T) and k(T'), 90 hour for p(7T') and k., and 150 hour for p, and k(7). The latter times are in fact at
the same order as the thermal diffusion timescale, 7, = 80 hour for this configuration. A more detailed view of the
temperature evolution for each case is shown in Fig. 7(b-e) as Hovmoller diagram of T extracted from the middle
height z = H/2 (top row). Snapshots of the full temperature field at quasi-steady state (bottom row) correspond to
the times marked by diamonds in Fig 7(a) and the dashed lines in the Hovmoller diagrams. The case with constant
material properties [Fig. 7(b)] exhibits oscillatory behavior of the downward flow, represented as the black contour line
of T'= Tynq, and the cold circulation appears to be slightly larger than the warm one. In all the other cases, however,
the warm circulation starts to expand laterally immediately after turning on the variable material properties, as shown
by the migration of the contour line of T' = Ty,q toward the cold wall [Fig. 7(c-e)]. The warm circulation eventually
dominates almost the whole domain while compressing the cold one onto the cold wall, as shown in the snapshots
and the close-up of the ice-wall proximity (insets). Because of the strong shear of the counter circulations induced by
the cabbeling, the interface, at T ~ Ty,q, fluctuates. The latter shear-driven instability leads to somewhat periodic
undulations that imprint a depth-dependent water-to-ice heat flux along the depth, which may create distinctive
patterns called scallops on the ice wall if its phase change is allowed [61].

The results (Fig. 7) demonstrate that both p(T) and k(T) contribute to the observed horizontal asymmetry in the
convective flow field. Specifically, an increase in local dynamic viscosity or a decrease in thermal conductivity near
the cold vertical ice boundary appears to induce similar dynamical effects. These influences are encapsulated by the
local Prandtl number, Pr(T) = C u(T')/k(T), which represents the ratio of momentum diffusion to thermal diffusion.
From the temperature-dependent behaviors of u(7') and k(T (Fig. 2), both factors contribute to modulate Pr(7T’) in
the same way; in colder regions, Pr(7T') increases due to enhanced viscosity and reduced thermal conductivity, while it
decreases in warmer regions. This fact guides us to hypothesize that spatial variations in Pr(7T) between the cold (left)
and hot (right) boundaries yield the horizontal symmetry breaking. For the shown specific configuration, VC with
Ty, = 8°C, the two convective circulations are driven by the destabilizing buoyancy supplied from the two side walls,
as well as by cabbeling occurring at the interface of the circulation cells. Thus, cabbeling works as a mass isolator,
keeping the two circulations independent from each other. Because of this isolation and the steady-state regime,
the mechanical energy budget must be closed within each circulation, i.e., the two side walls keep supplying almost
the equivalent destabilizing buoyancy flux through the local available potential energy [62] as T}, ~ Teq = 8.13°C.
However, the viscous dissipation rate relative to the thermal diffusion rate differs between the cold and hot circulations
due to Pr(T). Even though the supplied destabilizing buoyancy is almost the same, the cold circulation dissipates
the produced momentum more rapidly than the hot circulation compared to the thermal diffusion. This imbalance in
the energy consumption due to Pr(7") leads the system to evolve toward an asymmetric equilibrium, a narrower cold
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FIG. 7. Transient dynamics from constant to variable material properties in VC with 7}, = 8°C and H = 200 mm. (a)
Mean temperature profiles (T'). The shaded period corresponds to that for the constant material properties, and the variable
material properties are selectively turned on afterwards. Hovmoller diagram of temperature 7" obtained at the middle depth
z = H/2 = 100 mm (middle) and snapshot of temperature field (bottom) for different conditions: (b) p. and k., (c¢) u(T)
and k(T), (d) pu(T) and ki, and (e) pur and k(7). The snapshots correspond to the symbols in (a) and the dashed lines in
the Hovmoller diagram. Insets in (c), (d), and (e) showcase the close-up of the vicinity of the wall with the superposition of
velocity vectors.

circulation, a wider hot circulation [Fig. 4(b-iv)], and consequently, anomalies in the global quantities derived from
the whole system (Fig. 6). In other words, we can interpret the NOB effect as a spatial redistribution of the energy
partitioning, resulting in an effective augmentation of the destabilizing buoyancy force relative to viscous dissipation.

Conversely, for the cases of HC, the symmetry breaking due to the variable material properties is not as evident as
that in VC. The cold and hot boundaries both act as stabilizing surfaces, reinforcing the background stratification,
and the only driving mechanism is the cabbeling. The dense fluid directly plunges down from the interface of the two
boundaries, and therefore, the two circulations are fully separated geometrically and do not compete with each other
for dominance, unlike VC.

B. Specificity of anomalies

The effect of the variable material properties is subtle and not always distinct, even if it exists. This is evident from
the narrow range of Ty, 7°C < T}, < 9°C, showing anomalous peaks in the right panels of Fig. 6. The minor effect of
the variable material properties is concealed by the major effect of the differential destabilizing buoyancy originating
from the cold and hot boundaries. This result highlights the fact that the anomaly in the convective dynamics
happens only when the two destabilizing forces compete while being dissipated. We further specify the anomaly range
by running more cases for VC with 7}, ~ 8°C. Figure 8 showcases the snapshots at quasi-steady state for the range of
7.8°C < Ty < 8.2°C. The notable finding is that there is a sharp transition from the cold-circulation-dominant to the
hot-circulation-dominant regimes between T, = 7.8°C and 7.9°C for the cases of variable material properties, and the
transition is relatively blunt, between T}, = 7.9°C and 8.1°C, for the case of constant material properties. However,
we note that the overall trend is essentially the same. The anomalous behaviors in Fig. 6 are understood as specific
events happening when comparing two different regimes around the latter transition, which are expected to be more



13

Th=17.8°C Tw=17.9°C Th=28.0°C Th=28.1°C Tyw=8.2°C

Cold-circulation-dominant Hot-circulation-dominant

T T
0123456738
T [°C]

FIG. 8. Instantaneous flow fields of vertical convection at quasi-steady states with H = 200 mm for 7.8°C < Tj, < 8.2°C: (a)
Constant material properties and (b) variable material properties.

evident for T, = 7.9°C. Because of the highly sensitive nature of the system to the boundary temperature, and the
long-term influences of the variable material properties shown in Fig. 7, the systems exhibit anomalous behaviors in
both local convective dynamics and global quantities when looking at the quasi-steady state with the same boundary
conditions.

C. Validity of the conventional approximation

For most cases, the conventional OB approximation allows for reproducing ‘perceptually’ similar convective dy-
namics, supporting the validity of the approximation to some extent. However, although the systems we investigated
here limit their domain sizes at the laboratory scales, the significant effects of variable material properties appear
to persist in global quantities, regardless of the domain size and the boundary temperature configurations [Figs. 5
and 6]. Moreover, the high sensitivity to boundary conditions shown in Fig. 8 emphasizes the importance of the
actual temperature on the boundary, which cannot be parametrized using the classic OB approximation. This may
represent a key conceptual difference that must be considered alongside variable material properties, as the same Ra
does not necessarily ensure the same dynamics in coldwater systems (see further discussion in Appendix B). In this
context, the actual temperature should be regarded as an additional control parameter [46]. Accordingly, physical
interpretations derived from the conventional OB approximation require extra caution when this modeling framework
is applied to natural ice-bounded aquatic systems, despite the fact that the approximation has been extensively used.
In particular, in the context of global ice mass loss, the misprediction of the water-to-ice heat flux ¢y,; cascades
directly into errors in the predicted ice melt rate; up to O(10%) of over- or underestimation can be made by the
excessive simplification of numerical modeling (Fig. 6). A similar conclusion echos for other global quantities relevant
to fisheries, transportation, recreation, and energy production [63-66]. We, therefore, underscore the importance of
incorporating variable material properties to better represent thermally driven flows in cold aquatic systems.

V. CONCLUSIONS

We numerically investigated the effects of temperature-dependent material properties—dynamic viscosity and ther-
mal conductivity—on thermally driven flows in coldwater systems, focusing on two canonical setups relevant to
ice-bounded aquatic systems: horizontal and vertical convection. The classic Oberbeck—Boussinesq (OB) approxima-
tion, which considers constant material properties, is confirmed to hold for most of the conditions examined here.
This finding supports the applicability of many previous studies that rely on constant-property models to describe
the leading-order dynamics of coldwater convection.

However, we identified a remarkable breakdown of the OB approximation and effects of variable material properties
for specific conditions in vertical convection—relevant, for example, to proglacial aquatic system dynamics. Although
the latter manifest in a narrow range of thermal boundary conditions, the conventional OB assumptions do not
hold, and the system leads to anomalies in both local convective dynamics and global quantities, such as bulk mean
temperature, water-to-ice heat flux, mass transport, and kinetic energy. Such anomalous convective dynamics appear
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TABLE I. Fifth-order polynomial models for temperature-dependent material properties Eqgs. 3a, 3b, and 3c used in this study.

Deunsity p(T) Dynamic viscosity u(T") Thermal conductivity k(T")
a; [unit] Value b; [unit] Value ¢; [unit] Value
ao = p(Tma) [kgm™3]  9.99975 x 10° by = pu(Tma) [Pas] 1.56830 x 1072 ¢o = k(Tia) [Wm™1°C™!] 5.65418 x 107!
ar [kgm™3°C™!]  —2.70561 x 107° by [Pas°C™']  —5.04418 x 107° ¢ [Wm™'°C™3 2.35301 x 1073
as [kgm™3°C™2]  —7.97514 x 1072 by [Pas°C™?] 1.30113 x 107° c2 [Wm™t°C™3 —2.40688 x 107°
as [kgm™3°C™*] 833784 x 107° b3 [Pas°C™®]  —3.04195 x 1078 c3 [Wm™t°C™4] 3.33255 x 1077
as [kgm™3°C™*]  —1.14606 x 107 b4 [Pas°C™*]  6.14316 x 107 '° cas [Wm™'°C™?] —5.33687 x 107°
as kgm™3°C™5]  1.15136 x 10™® b5 [Pas°C™®]  —7.53599 x 1072 cs [Wm™t°C™9 5.41585 x 107!

to be a consequence of the faster viscous dissipation rate in colder regions compared to the slower thermal dissipation
rate caused by the increase in local viscosity and the decrease in local thermal diffusion due to variable material
properties in transient states. While our results ensure the validity of many studies that utilize constant material
properties, the identified anomaly hints the need of using a more comprehensive mathematical model that accounts for
temperature-dependent material properties and additional control parameters for studies focusing on the convective
dynamics of coldwater, governeded by a nonlinear EoS. In particular, we warn of the potential misrepresentation of
coldwater dynamics due to excessive simplification introduced by conventional conventional models, which sometimes
do not align with the actual complexity of cold aquatic systems.

Appendix A: Coefficients of polynomial fitting for temperature-dependent material properties

In this study, the material properties, p, i, and k are modeled using 5th-order polynomials as formulated in Eq. 3.
The obtained coefficients for p, u, and k are provided respectively in Table I.

Appendix B: Rayleigh number

We intentionally utilized the dimensional parameters to describe the examined conditions, the hot boundary tem-
perature T}, and the height H. This is rooted in the unscalable nature of the problem setting [38, 46], i.e., the
nonmonotonic EoS of cold water (Fig. 2) and the fixed temperature condition on the cold wall, T, = T; = 0°C.
Because of these constraints, the maximum density difference of the system Appay is temperature-dependent as
expressed in Eq. 2. The relationship between the consequential Rayleigh number Ra (Eq. 9)—the ratio of the destabi-
lizing buoyancy to the viscous and thermal diffusion—and the control parameters is shown in Fig. 9. As discussed in
Sect. II B, the same Ra can be reproduced from different combinations of T}, and H, whereas their convective dynamics
differ significantly. The latter indicates that Ra is no longer the governing parameter of the system in ice-bounded
coldwater convection, highlighting the need to use the dimensional parameters.

Appendix C: Computation of streamfunction fields

For mass transport, we compute the extrema of streamfunction v defined as

N o
u 5, ond w=o- (C1)
Numerically, 1 is computed through the vorticity w using the following Poisson equation,
ow Ou
Vi =w=—— — —, C2
Y= Jx 0z (C2)

utilizing the successive-over-relaxation method while fulfilling the Dirichlet boundary condition, ¢(9) = 0 [51, 52].
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FIG. 9. Rayleigh number of ice-bounded coldwater convection.
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