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We theoretically investigate the effects of time-dependent electromagnetic fields on frustrated
magnets with the spatial inversion symmetry. Two types of external-field setups are considered: One
is a circularly polarized electromagnetic field and the other is a combination of a circularly polarized
electric field and a static magnetic field. The system is modeled by a classical frustrated Heisenberg
model on a triangular lattice, whose ground state is a single-Q spiral spin configuration. The effects
of irradiated electric and magnetic fields are taken into account by the inverse Dzyaloshinskii-Moriya
(DM) interaction and the Zeeman coupling, respectively, without heating effects. By numerically
solving the Landau-Lifshitz—Gilbert equation, we find that the two field configurations lead to
distinct skyrmion crystal (SkX) phases and their associated topological phase transitions: in the
former setup, SkXs composed of skyrmions with skyrmion numbers of one and two with opposite
signs emerge, whereas in the latter setup, SkXs with the same sign appear. The stabilization
mechanisms of these SkXs are accounted for by the competition among electromagnetic-field-induced
chiral DM interactions, electric-field-induced three-spin interactions, and the Zeeman coupling based
on the high-frequency expansion within the Floquet formalism. Furthermore, for the latter setup,
we find that the stability region of the SkX phase varies significantly depending on the timing of
the application of the circularly polarized electric field and the static magnetic field. Our findings
would broaden the possible routes to generate and control SkXs by time-dependent electromagnetic
fields, advancing both the theoretical comprehension and experimental control of topological spin

crystals.

I. INTRODUCTION

The concept of topology has attracted tremendous in-
terest due to its fundamental significance in physics. The
study of topology in condensed matter systems may be
broadly classified into two categories: topology in real
space and that in reciprocal space. The pioneering stud-
ies of the former can be traced back to the discovery of
the Kosterlitz-Thouless transition [1, 2], whereas those
of the latter originate from the foundation of Thouless-
Kohmoto-Nightingale-den Nijs formula [3, 4]. In the con-
text of the real-space topology, skyrmions, characterized
by an integer topological number called a skyrmion num-
ber, have been studied both theoretically and experimen-
tally [5-13]. The skyrmion number corresponds to how
many times the classical spins consisting of the skyrmion
spin texture wrap a three-dimensional unit sphere. In
magnetic materials, skyrmions often emerge as periodic
alignments, the so-called skyrmion crystals (SkXs), com-
posed of superpositions of multiple spiral spin density
waves with symmetry-related ordering wave vectors, i.e.,
the multiple-Q) state. Their topological nature gives
rise to a fictitious electromagnetic field via the Berry
phase mechanism [14], which generates exotic quantum
transport phenomena [15-20]. Magnetic skyrmions are
promising candidates for building highly integrated and
low-power neuromorphic devices that specialize in run-
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ning artificial neural network models [21, 22]. Because of
their nanoscale size and low-power operation compared
to conventional spin textures, they are expected to serve
effectively as physical reservoirs in reservoir computing
systems [23].

SkXs have been discovered in various magnets with-
out spatial inversion symmetry since the first experi-
mental report in chiral magnets MnSi [19, 24, 25] and
Fe;_,Co,Si [26, 27]. They are stabilized by the com-
petition between the ferromagnetic exchange interaction
and the Dzyaloshinskii-Moriya (DM) interaction [8, 28],
the latter of which arises from the relativistic spin—orbit
coupling [29, 30]. Meanwhile, the formation of SkXs
has also been demonstrated in centrosymmetric mag-
nets, where the first experimental demonstration has
been done in GdyPdSi; [31] and GdsRuyAlys [32, 33].
In such systems, the geometrically frustrated interaction
or the Ruderman—Kittel-Kasuya—Yosida (RKKY) inter-
action [34-36] leads to competing exchange interactions
among spins, which can be a source of multiple-Q) states.
Upon applying external stimuli such as magnetic fields
or thermal fluctuations, these frustrated systems can un-
dergo phase transitions into SkX states, where the exter-
nal effects play a crucial role in their formation [37-42].
Most of the previous theoretical studies have focused on
the role of the Zeeman coupling under static magnetic
fields [7, 8, 43]. In recent years, increasing attention has
been paid to the realization and control of SkXs through
electric fields [44]. In particular, in certain multiferroic
materials, electric fields couple directly to spins [45], giv-
ing rise to various phenomena such as the creation of



skyrmions by electric-field pulses [46-48] and the stabi-
lization of SkX phases under circularly or linearly polar-
ized electric fields [49, 50].

In this paper, we investigate non-equilibrium steady
states (NESSs) induced by time-dependent electromag-
netic fields in frustrated magnets. Specifically, we con-
sider two setups on external fields: (i) a circularly po-
larized electromagnetic field and (ii) a combination of
a circularly polarized electric field and a static magnetic
field. We irradiate these time-dependent electromagnetic
fields with a classical frustrated Heisenberg model on
a triangular lattice, whose ground state is a single-Q
spiral state. The electric field is assumed to couple to
the spin degree of freedom via the inverse DM mecha-
nism [51, 52]. By solving the Landau-Lifshitz—Gilbert
(LLG) equation under the applied electromagnetic fields
without including heating effects, qualitatively different
results are obtained for the two setups. Under circularly
polarized electromagnetic irradiation, SkXs composed of
skyrmions with the skyrmion numbers of one and two but
with opposite signs are generated. In contrast, when both
a circularly polarized electric field and a static magnetic
field are simultaneously applied, SkXs with the same sign
skyrmion number are formed. The stabilization mecha-
nisms of the obtained SkXs in each case can be elucidated
in terms of electromagnetic-field-induced chiral DM in-
teractions, electric-field-induced three-spin interactions,
and the Zeeman coupling to the magnetic fields within
the high-frequency expansion in the Floquet formalism.
Furthermore, for the second setup, our results reveal that
the stability window of the SkX phase strongly depends
on when the circularly polarized electric field and the
static magnetic field are applied.

While previous studies based on the Floquet formal-
ism have clarified the emergence of effective interactions
under high-frequency electromagnetic fields [51], most of
them have focused on equilibrium or effective static de-
scriptions. In contrast, the present study addresses the
NESSs of classical spin systems, where the real-time dy-
namics and dissipation play essential roles. In partic-
ular, we demonstrate that the interplay between time-
dependent fields and dissipative dynamics leads to a sys-
tematic selection of topological spin textures with differ-
ent skyrmion numbers, including higher-order SkXs with
the skyrmion number of two, which cannot be trivially
inferred from equilibrium effective Hamiltonians alone.
Furthermore, we uncover that the timing and combina-
tion of external fields provides an additional control knob,
giving rise to path-dependent stabilization of SkXs. This
highlights a fundamentally dynamical mechanism beyond
conventional Floquet engineering.

The rest of this paper is organized as follows. In Sec. II,
we introduce the classical Heisenberg model with frus-
trated exchange interactions and extend it to include the
effects of time-dependent electromagnetic fields. Then,
we outline the method based on the LLG equation in
Sec. ITI. In Sec. IV, we show the simulation results for the
right circularly polarized (RCP) electric field. Finally,

Sec. V is devoted to the summary. The frequency depen-
dence of obtained results is summarized in Appendix A.
The simulation results for the left circularly polarized
(LCP) electric field are shown in Appendix B.

II. MODEL

We consider a classical Heisenberg model with frus-
trated exchange interactions on the two-dimensional tri-
angular lattice, which is given by

HOZ—leSi'Sj_J3ZSi'Sj7 (1)
(4,4) (4,4))

(i

where S; = (57,57, S7) represents the localized spin at
site ¢ with |S;| = 1. The Hamiltonian consists of the
ferromagnetic exchange interaction between the nearest-
neighbor spins (i,5), J; > 0, and the antiferromagnetic
exchange interaction between the third-neighbor spins
((,7)), J3 < 0. We set the lattice constant to unity
a = 1. For J;/|J3| < 4, the ground state is the single-
Q@ spiral state with the ordering wave vector |Q*| =
Q* =2cos H(1++/1 —2J1/J3)/4]. There are six equiv-
alent ordering wave vectors; +Q7 = +Q*(1,0), Q% =
Q" (—1/2,v/3/2), and £Qj = +Q*(~1/2, —/3/2).

We apply external electromagnetic fields on the model
in Eq. (1). The model Hamiltonian is given by

H(t)=Ho— E®t)- > pij —B{t)- > Si, (2
(4.9) @

The second term in Eq. (2) represents the coupling
of the electric field E(t) to the electric dipole p;; be-
tween the nearest-neighbor bond; a circularly polarized
electric field is given by E(t) = Ey(d coswt, —sinwt, 0)
with the strength Fy, the frequency w, and the pe-
riodicity T = 2n/w. § = +1 (—1) stands for the
right (left) circular polarization. The electric dipole is
activated by the inverse DM mechanism in the form
of pi; = —Xe;j; x (S; x §;) with the magnetoelec-
tric coupling constant A and the unit bond vector
e;; [45, 53-55]; we ignore other symmetry-allowed cou-
plings between the electric field and electric dipoles [52].
The third term in Eq. (2) describes the Zeeman cou-
pling to the magnetic field B(t). We consider two
types of magnetic fields: One is the circularly po-
larized magnetic field (—Bysinwt, —0By coswt,0) with
the strength By and the other is the static magnetic
field (0,0, BZ) with the strength BZ, namely, B(t) =
(= By sinwt, —d By cos wt, BY).

IIT. METHOD

To obtain NESSs, which is defined as a state exhibit-
ing temporal fluctuations around a steady time-averaged



value, in Eq. (2), we solve the LLG equation by ignoring

heating effects. The LLG equation is given by

dSZ _ Yy
dt 1+ o,

{Si X Bfﬁ(t) +agS; x [S; x Bfﬂ(t)]}
(3)

with the gyromagnetic ratio 7, the Gilbert damping con-
stant ag, and the effective magnetic field BSf(t) =
—0H(t)/08S;.

While solving the LLG equation, we calculate the
local scalar spin chirality, which is given by x.(t) =
Si(t) - [S;(t) x Sk(t)], where sites ¢, j, and k form the
triangle at the position vector r in counterclockwise or-
der. The skyrmion number for the whole system on a
discrete lattice is given by

Nuclt) = 1= 3 6n(0), (@

with a skyrmion density ©,(t) € [—2m, 27) [56];

B 2xr(t)
R (A AT NRCA () IS R

The skyrmion number in the magnetic unit cell (the num-
ber of magnetic unit cells: Nyi) is defined as ng =
Nsk/Nunit- In addition, we calculate the magnetization,
which is given by

M) = 5 Y80, (

where N is the system size and o = z, y, 2. We also calcu-
late the momentum decomposition of spins in reciprocal
space, which is given by

Sa(t) = 1 |3 Se0)se ()i ®R), (1)

.,

where q is the wave vector and R; is the position vector at
the site i. The averages of these quantities are calculated
once the system attains a NESS. By setting the time to
reach the NESS as ¢y, the averaged quantities are given
by

Nsmp
1
0= " Ofto +nd), (8)
Nemp =

with the number of samples Ngnp and the time step A.
The typical values of tg, Nymp, and A are set to g =
8007, Neymp = 20000, and A = 0.02T", respectively.

IV. RESULTS

In the following simulations, we choose J; = 1 and
J3 = —0.5 with Q* = 2x/5; the ground-state energy

BO / IEgsl
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FIG. 1. Averaged skyrmion number Ny as functions of E4q
and By at w/|Egs| = 7.5 in the NESSs under the RCP elec-
tromagnetic field.

per site is given by Egq = —Ji[cos Q* + 2cos(Q*/2)] —
J3[cos(2Q*) + 2 cos Q*], whose absolute value is taken as
the energy-scale unit. We set v =1 and ag = 0.05. The
LLG equation is solved by using the open software Differ-
entialEquations.jl [57]. The time scale is set as |Egs| ™'
We consider the system consisting of N = 20? spins un-
der the periodic boundary conditions; we have confirmed
that qualitatively similar results have been obtained for
larger system sizes, e.g., N = 40%. In the following, we
focus on the high-frequency regime, where the frequency
w is large enough compared to the static energy scale
| Egs|; we fix w/|Egs| = 7.5. Similar results have been ob-
tained for other frequencies; the comparison results are
summarized in Appendix A. Hereafter, we exhibit results
for the RCP electric field. Results for the LCP electric
field are shown in Appendix B.

A. Circularly polarized electromagnetic fields

First, we demonstrate that the competition between
electric- and magnetic-field-induced effective interactions
leads to a qualitative change in the topology of the NESS,
resulting in a transition between SkXs with different
skyrmion numbers. We consider the situation where the
circularly polarized electromagnetic field is applied in the
absence of the static magnetic field, namely, BZ = 0.
As an initial spin configuration, we adopt the single-Q
spiral state, which corresponds to the ground state at
Ey = By = 0; we choose the spiral plane as the xy plane,
as the qualitatively similar results are obtained for the
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FIG. 2. (a) Eg dependence of the absolute Ng and averaged
absolute out-of-plane magnetization M* at Bg/FEq = 0.2. (b)
By dependence of the absolute Ny and the absolute M* at
By/Eq = 3.6.

other spiral planes.

Figure 1 shows the averaged skyrmion number Ngi
as functions of the strength of the RCP electric field
Eq = AEy and the RCP magnetic field By in the NESSs;
the skyrmion number becomes nonzero in a wide range
of electromagnetic-field parameters, indicating the emer-
gence of topological spin textures, i.e., the SkXs. Across
the line Bg/E4q = 1, the sign of the skyrmion number
tends to be reversed; Ny > 0 for Bg/Eq < 1 and Ng <0
for By/E4 > 1. Meanwhile, the stability region of the
SkXs is asymmetric in terms of By/Eq = 1, with the RCP
electric field being more favorable than the RCP mag-
netic field. Indeed, the SkX phase is stabilized around
1 < Eq/|Egs| < 1.6 solely by the RCP electric field even
at By = 0, whereas no SkX phase appears only by the
RCP magnetic field at Eg = 0. These results indicate
that the RCP electric field induces a SkX with a posi-
tive skyrmion number, whereas the addition of an RCP
magnetic field reverses the sign, leading to a SkX with a
negative skyrmion number.

The detailed dependence on By and E4q at fixed
By/Eq = 0.2 or By/Eq = 3.6 is presented in Fig. 2.
When the electric-field effect is dominant compared to
the magnetic-field one (By < Eq), the SkXs with +18 <
Nsk < +24 are induced, as shown in Fig. 2(a). The snap-
shot of the spin configuration of the SkX with Ny, = +24
is shown in the left panel of Fig. 3(a). This SkX con-
sists of the skyrmion with ng = +2 [49]; it has the
positive scalar spin chirality and the superpositions of
the ordering wave vectors Q7, @35, and Q3%, as shown in
the middle and right panels of Fig. 3(a). Notably, the
stabilization of the SkX with ng. = +2 in a driven dis-
sipative system is nontrivial, as higher-order skyrmions
are not generically realized without additional mecha-
nisms. This result highlights a distinct non-equilibrium
route to higher-topological-number SkXs. The sign of the

scalar spin chirality is determined by the polarization of
the light (). Similarly, the SkX with Ny = +18 also
corresponds to the periodic alignment of the skyrmions
with nge = +2, although the positions of the triple-
Q@ ordering wave vectors are located at (QF — Q3%)/2,
(Q5—Q7)/2, and (Q3—Q%)/2. Such SkXs with ng, = +2
have also been reported in equilibrium systems by in-
troducing multi-spin interactions [58-61] and magnetic
anisotropic interactions [62-67] in addition to the frus-
trated exchange interactions, suggesting that the RCP
electric field effectively mimics these interactions in a dy-
namical manner, as discussed below [49].

In the other region for Fq > By in Fig. 1, the SkX with
quantized skyrmion number is not clearly observed; for
example, around By/|Egs| ~ 2.15 and Eq/|Egs| ~ 1.65,
the SkX with Ng ~ 412 is obtained. We regard this
state as a transient state of the melting of the topo-
logical spin textures from the SkXs with Ng = +24
and Ngx = +18 to the topologically trivial state with-
out Ny [49]. Indeed, its spin structure factor exhibits a
broadened peak structure rather than a sharp one shown
in the right panel of Fig. 3.

On the other hand, the situation where the magnetic-
field effect is dominant (By > Fq4) leads to the instabil-
ity toward the another SkX with the skyrmion number
Ng« = —12, as shown in the case of By/|Egs| ~ 1.8 in
Fig. 2(b). It consists of the Bloch-type skyrmion with
nsk = —1 with a definite helicity and vorticity, as shown
in the left panel of Fig. 3(b); it has the negative scalar
spin chirality at the core and peaks at ¢ = 0 in addition
to the ordering wave vectors Q7, Q3, and Q3, as shown
in the middle and right panels of Fig. 3(b). This SkX
with ng, = —1 has been found in centrosymmetric mag-
nets even without the dynamical electromagnetic fields,
but other effects, such as the thermal fluctuations [37, 68]
and single-ion anisotropy [39-42], are additionally taken
into account. In other words, the dynamical electromag-
netic fields play a similar role in these effects.

To gain qualitative insight into the emergence of the
SkXs obtained in the NESSs, we introduce an effec-
tive static spin Hamiltonian based on the Floquet for-
malism [51, 52, 69, 70]. However, it should be noted
that the actual steady states arise from the interplay be-
tween time-dependent driving and dissipative dynamics,
which cannot be fully captured by a purely static effec-
tive Hamiltonian. The effect of the time-periodic field is
perturbatively incorporated into a time-independent Flo-
quet Hamiltonian up to the lowest order of w™!, which
is given by [52]

Hp :Hstatic+B'ZSi+DZ Z €y - (Sz X Si+ea)

i i a=1,2,3
+TZ Z Sy (Sj+0'51 x Sj+oe2
i o==%1
z
+ Sj+552 X Sj+0'€3 + Sj+ae3 X Sj+ael)

+TZS¢-(SjXSk), (9)
lAv4
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FIG. 3. Snapshots of the NESSs under the RCP electric field with w/|Egs| = 7.5; (a) (Ea/|Egs|, Bo/|Egs|) =

(1.25,0.25) and

(b) (Ea/|Egs|, Bo/|Egs) = (0.5,1.8). (Left panels) Real-space spin configurations; the arrows and color denote the spins S; and
the z component S7, respectively. (Middle panels) Local scalar spin chirality configurations; the arrows and color of the circles
denote the spins S; and the local scalar spin chirality x», respectively. (Right panels) Reciprocal-space spins Sq. The large
hexagons represent the first Brillouin zone. The vertices of the small hexagons correspond to +Q7, +Q3, and +Q3.

with
= %em (10)
D= 5%%, (11)

and
7 YIEN (12)

The first term Hggatic consists of the spin Hamiltonian
Ho and the Zeeman coupling to the static magnetic field,
and the other terms arise from the dynamical electro-
magnetic fields. The second term in Eq. (9) is the ef-
fective Zeeman coupling to the circularly polarized mag-
netic field proportional to B3; e, in Eq. (10) is the unit
vector in the perpendicular direction to the xy plane.
The third term in Eq. (9) represents the effective field-
induced chiral DM interaction arising from the coupling
between electric and magnetic fields [51]; e; = (1,0),
= (1/2,/3/2), and e3 = (—1/2,v/3/2) are the vec-
tors of the nearest-neighbor bonds. The last two terms
represent effective three-spin interactions induced by the
second order of the electric field E3 [49], where the sum-
mation in the last term runs over both upward and down-
ward unit triangles and the sites (4, j, k) are labeled in a
counterclockwise order.
The effective interactions appearing in Eq. (9) provide
the reason why the SkXs with ng, = +2 and ng, = —1

are stabilized under dynamical electromagnetic fields in-
tuitively. The SkX with ng = +2, which emerges even in
the absence of By, as shown in Fig. 2(a), is attributed to
the effective three-spin interactions that originate from
the time-dependent electric field [49]. This is understood
from the fact that the coupling form in the three-spin
interaction terms naturally favors noncoplanar spin tex-
tures with a finite scalar spin chirality. Since the effective
three-spin interaction depends on the light polarization
0, the favorable sign of the scalar spin chirality is deter-
mined by §; the RCP with 6 = +1 (LCP with 6 = —1)
selects the state with the positive (negative) scalar spin
chirality. This is why the SkX with ng = +2 is stabilized
in the region for By < Fjy.

Meanwhile, the emergence of the SkXs with ng = —1
stabilized in the region for By > Fq in Fig. 2(b) is quali-
tatively understood from the interplay between the effec-
tive Zeeman coupling and the effective chiral DM inter-
actions, which becomes the origin of the magnetic-field-
induced SkX, as found in static systems in noncentrosym-
metric environments [8, 11, 13]. Thus, the circularly po-
larized electromagnetic fields mimic the situation in non-
centrosymmetric chiral magnets when the magnetic-field
effect is relatively dominant. Furthermore, the Bloch-
type helicity around the skyrmion core is naturally un-
derstood from the direction of the DM vector, which is
parallel to the nearest-neighbor bond direction.
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B. Circularly polarized electric fields and static
magnetic fields

Next, we study the NESSs by considering the effect of
the static magnetic field rather than the circularly po-
larized magnetic field, namely, By = 0. In other words,
we consider the situation where the effect of the circu-
larly polarized magnetic field is ignored by supposing
By < FE4. Similar to the previous case in Sec. IV A,
we adopt the same initial spin configuration represented
as the single-@Q spiral state.

Figure 4(a) shows the averaged skyrmion number Ny
as functions of the strength of the RCP electric field
Eq4 and the static magnetic field B? in the NESSs. In-
duced topological spin textures appearing in the region
around 1 < Eq/|Fgs| < 1.6 uniformly exhibit the positive
sign of the skyrmion number irrespective of the presence
or absence of B? and the magnetic-field directions, i.e.,
Ng > 0. Thus, different from Sec. IV A, the SkX with
the negative skyrmion number is not stabilized under the
RCP electric field and the static magnetic field. It is
noted that the sign of the skyrmion number is reversed

by the polarization of the light, as shown in Appendix B.

The BZ dependence of the skyrmion number and the
magnetization at Fq = 1.25 is shown in Fig. 4(b). For
|BZ| < 0.24, the SkXs with Ng, = 424, which consist
of the periodic array of the skyrmions with ng, = +2,
are stabilized, similar to Sec. IV A. By increasing |BZ|,
the skyrmion number decreases from +24 to +12. The
left panels of Fig. 5 show real-space spin configurations
of the SkXs with Ng. = +12, which correspond to the
periodic alignment of the skyrmions with ng = +1 at
|BZ| = 0.3. The signs of the scalar spin chirality and the
spins in reciprocal space shown in the middle and right
panels of Fig. 5, in addition to the skyrmion numbers,
are the same irrespective of the magnetic-field directions.
However, the real-space spin configuration seems to be
different, as compared in the left panels of Figs. 5(a)
and 5(b). The skyrmion core is identified as the region
with S7 = —1 and is characterized by the vorticity —1
for BZ > 0, as shown in Fig. 5(a). On the other hand,
the skyrmion core is located at the region with S7 =
+1 and is characterized by the vorticity +1 for B <
0, as shown in Fig. 5(b). Since both polarization and
vorticity take opposite signs for the two situations, both
spin configurations are characterized by the same sign
of the skyrmion number and the scalar spin chirality, as
shown in the middle panel of Figs. 5(a) and 5(b). With a
further increase of the magnetic field | BZ|, the SkXs turn
into the topologically trivial states without Ng.

We discuss the microscopic origin of the SkXs under
the static magnetic field based on the Floquet Hamilto-
nian in Eqgs. (9)-(12). In contrast to the circularly polar-
ized magnetic field, only the fourth and fifth terms are
present; the effective chiral DM interaction is absent ow-
ing to By = 0. When the static magnetic field is small,
the SkX with Ngc = +24 is stabilized by the effective
three-spin interactions, similar to the case in Sec. IV A.
Meanwhile, the emergence of the SkX with Ny = +12
is attributed to the interplay between the effective three-
spin interactions and the Zeeman coupling to the static
magnetic field; the former tends to favor a triple-Q spin
configuration and the latter tends to favor a superposi-
tion of spiral waves rather than the sinusoidal waves [64].
Without two-spin in-plane magnetic anisotropy, the he-
licity and vorticity of the skyrmion core are not uniquely
determined in this situation. In addition, the favorable
sign of the skyrmion number is determined by the light
polarization. Thus, the sign of the skyrmion number in
the magnetic-field-induced SkX is affected by the light
polarization, with the LCP electric field, rather than the
RCP one, leading to the SkXs with the negative skyrmion
number.

The stability region of the magnetic-field-induced SkX
with Ngx = +12 is strongly affected by the timing of
the application of the RCP electric field and the static
magnetic field. This result indicates that the resulting
steady state is not uniquely determined by the instanta-
neous Hamiltonian, but depends on the dynamical path-
way toward the NESS. To demonstrate this, we perform
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FIG. 6. BZ dependence of the absolute Ng and averaged
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1.25. The results in (a) and (b) stand for absence and presence
of the RCP electric field with w/|Fgs| = 7.5 after the system
reaches the NESS without the magnetic field, respectively.

the following setups. First, we obtain the NESS under
the RCP electric field at Eq/|Egs| = 1.25 by adopting the
single-Q) spiral configuration with the spiral plane in the
zy plane as the initial one. Subsequently, a static mag-
netic field is applied to the NESS, and two situations are
examined: (i) the RCP electric field is turned off, and

(ii) the RCP electric field remains applied. The former
and latter results as a function of B} are summarized
in Figs. 6(a) and 6(b), respectively. The simulations are
independently performed for different BZ.

As shown in Figs. 6(a) and 6(b), both results show
the topological phase transition between the SkXs with
Ngx = +24 and Ny = +12 at B ~ 0.36. Meanwhile,
the stability region of the SkX w1th Ny = +12 is sub—
stantially extended when the RCP electric field is kept.
This tendency can be attributed to the effective three-
spin interactions induced by the RCP electric field, which
enhance the stability of spin configurations with finite
scalar spin chirality, such as the SkX. However, the crit-
ical magnetic field of the transition between the SkXs
with Ngx = 424 and Ngx = +12 is not affected by the
presence or absence of the RCP electric field, which im-
plies that the higher-order SkX possessing large magneti-
zation |M#| becomes energetically unstable, resulting in
the phase transition to another SkX.

Moreover, compared to Fig. 4(b), where both the RCP
electric field and the static magnetic field are simultane-
ously applied at ¢ = 0, both the SkXs with Ny, = +24
and Ny = +12 are more stabilized in the present setup.
In the previous setup, the topological phase transition be-
tween the SkXs with Ng = 424 and Ny = +12 (Ng =
+12 and Ng ~ 0) occurs at B? ~ 0.26 (B? ~ 0.42),
whereas the larger magnetic fields are required to obtain
the same topological phase transitions as shown in Fig 6.
This features the robustness of topological spin textures



against the external fields once they are generated. Thus,
the timing of the application of the RCP electric field and
the static magnetic field plays a crucial role in determin-
ing the final topological state. This highlights a charac-
teristic feature of driven non-equilibrium systems, where
the NESS properties depend on the temporal protocol
rather than solely on the Hamiltonian parameters. Such
path-dependent stabilization has no direct counterpart in
equilibrium systems.

V. SUMMARY AND DISCUSSION

TABLE I. The classification of the skyrmion number within
the magnetic unit cell ng under time-dependent electromag-
netic fields and the static magnetic field. We omit the SkX
with ng« = +2 under the circularly polarized or static mag-
netic fields.

Electric field
Magnetic field RCP (6 = +1) LCP (6 = —1)
No magnetic fields +2 -2
RCP (6 = +1) -1 -
LCP (6 = —1) - +1
BZ >0 +1 -1
Bf <0 +1 -1

We have theoretically investigated NESSs in frus-
trated magnets driven by time-dependent electromag-
netic fields, focusing on the stability and topological tran-
sitions of SkXs with different skyrmion numbers. Our
analysis is based on a classical Heisenberg model on
the two-dimensional triangular lattice, where the electric
field couples to spins via the inverse DM mechanism. By
numerically solving the LLG equation, we have examined
two representative setups of external magnetic fields in
addition to the circularly polarized electric field: one is
a circularly polarized magnetic field and the other is a
static magnetic field.

Starting from a single-@) spiral state, we have demon-
strated that time-dependent electromagnetic fields in-
duce a variety of SkXs as NESSs, including those with
higher skyrmion numbers such as ngx = +2. Importantly,
the emergence of these topological states is governed by
the interplay between dynamical driving and dissipative
dynamics, rather than being solely determined by an ef-
fective static Hamiltonian. We find that distinct SkXs
are selectively stabilized depending on the relative con-
tributions of the electric and magnetic fields: the RCP
electric field favors the SkX with ng. = +2, while the
magnetic-field-induced SkXs exhibit different topological
numbers depending on the field configuration, such as
nsk = —1 under a circularly polarized magnetic field and
nsk = +1 under a static magnetic field. These results
can be qualitatively interpreted by effective interactions
derived from the Floquet formalism; however, the actual
steady states reflect intrinsically dynamical processes be-
yond such static descriptions. We summarize the rela-

tionship between the sign of the skyrmion number in the
SkX and the applied electromagnetic fields in Table I.

Furthermore, we have shown that the resulting SkX
phases depend sensitively on the temporal protocol of
the applied fields. In particular, the stability regions
are significantly modified by the timing of the electric
and magnetic fields, indicating that the final topologi-
cal state is path-dependent. This highlights a key fea-
ture of driven non-equilibrium systems, where NESSs
are not uniquely determined by Hamiltonian parame-
ters alone. Our findings provide a unified framework for
understanding and controlling topological spin textures
under time-dependent electromagnetic fields, offering a
route to dynamically engineer SkXs beyond conventional
equilibrium mechanisms.

Finally, we briefly comment on the validity of our re-
sults. We have focused on the parameter regime where
the single-@ spiral state is stabilized as the ground state
under an external static magnetic field. This indicates
that the time-dependent electromagnetic fields play an
essential role in inducing various types of SkXs. At a
quantitative level, assuming typical exchange interaction
energy of 1-10 meV, the relevant frequency lies in the
THz regime. The corresponding field strengths are es-
timated to be 1-100 T for magnetic fields and 10-100
MV /em for electric fields. In this regime, heating effects
due to electromagnetic-wave absorption are expected to
be smaller than the characteristic energy scales consid-
ered here, although a more quantitative treatment of
heating remains an important future issue. Therefore,
simulations based on the LLG equation without includ-
ing heating effects are sufficient to describe the spin dy-
namics under THz fields [51, 71-73]. For typical elec-
tric polarization values of |p| ~ 1-100 uC/m? in mul-
tiferroic materials [45], the parameter Eq is estimated
to be 107°Ey-10"3Ey meV for the volume of the unit
cell 100 A3. Our results are expected to be valid below
the transition temperature in multiferroic systems host-
ing the single-@ spiral state, providing insights into both
the fundamental understanding and potential manipula-
tion of topological spin structures in optically driven mul-
tiferroic magnets with strong magnetoelectric coupling.
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Appendix A: Frequency dependence of the
topological phase transitions

We present the results for the NESSs at w/|Egs| = 7.5
in Sec. IV. Similar results are obtained even when we con-



sider other frequencies on both setups in terms of dynam-
ical and static magnetic fields, which indicates robustness
of our results in the high-frequency regime. Figures 7(a)
and (b) show the results the averaged skyrmion num-
ber Ngi as functions of the strength of the RCP electric
field Eq and the RCP magnetic field By at w/|Egs| = 6
and w/|Egs| = 8, respectively, in the NESSs obtained by
irradiating the circularly polarized electromagnetic field
without the static magnetic field. Compared with the
results for w/|Eg| = 7.5 in Fig. 1, as the frequency in-
creases, the region with Ny > 0 (Ngk < 0) shifts toward
the region of higher Fq (By). In addition, the region with
Nsk > 0 (Ngk < 0) extends in the direction toward higher
By (Ea).

Meanwhile, Fig. 8 shows Ng as functions of the fre-
quency w and the static magnetic field BZ at Eq/|Eqs| =
1.25 in the NESSs under the situation where the ef-
fect of the circularly polarized magnetic field is ignored.
At the fixed Eq, as the frequency increases, the corre-
sponding skyrmion number also increases in the range
from w/|Eg| = 6 to w/|Eg| = 7.5; however, the
skyrmion number decreases when the frequency changes

from w/|Egs| = 7.5 to w/|Eg| = 8. This tendency sug-
gests that the region with Ny > 0 shifts toward the re-
gion of higher Ejy, similar to the case applying the RCP
electromagnetic field without the static magnetic field.

Appendix B: Case of the left circularly polarized
electric field

In Sec. IV, we present the results under the RCP elec-
tric field. Since the LCP electric field in combination
with the magnetic fields leads to the same magnitude
of the effective interaction but with a different sign, the
stability region of the SkXs is not altered. Meanwhile,
the sign of the skyrmion number is reversed. The results
for representative parameters are shown in Fig. 9, where
Figs. 9(a,b) [Figs. 9(c,d)] present the case under the LCP
electromagnetic field (the combination of the LCP elec-
tric field and the static magnetic field). In each case,
the SkXs with the opposite skyrmion number to those
obtained under the RCP fields are generated.
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