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Preface 

This volume is intended as the proceedings of Sapporo Symposium on Partial 

Differential Equations, held on August 5 through August 7 in 2026 at Faculty of 

Science, Hokkaido University. 

Sapporo Symposium on PDE has been held annually to present the latest devel- 

opments on PDE with a broad spectrum of interests not limited to the methods of 

a particular school. Late Professor Taira Shirota started the symposium almost 

50 years ago. Late Professor Kôji Kubota and late Professor Rentaro Agemi made 

a large contribution to its organization for many years. 

We always thank their significant contribution to the progress of the Sapporo 

Symposium on PDE. 

S.-I. Ei (Josai University) 

Y. Giga (The University of Tokyo)

N. Hamamuki (Hokkaido University)

K. Kita (Hokkaido University)

H. Kubo (Hokkaido University)

H. Kuroda (Hokkaido University)

S. Masaki (Hokkaido University)

T. Ozawa (Waseda University)

K. Tsutaya (Hirosaki University)
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Topics on the analysis of simple neural networks∗

Shu Nakamura

Abstract

We discuss simple models of neural networks, of which we can prove
the convergence of the learning process with the standard gradient
descent.

In Section 1, we start with a short introduction to the neural net-
work (for mathematicians). We refer [Simon2023] for more informa-
tion. In Section 2, we discuss a shallow (2 layer) neural network with 1
dimensional input data and the ReLU activation function. We modify
the model, which we call a neural network with fixed biases, and show
that the parameters converges to the unique solution. In Section 3, we
propose an alternative activation function, and show how it simplifies
the argument, and it also sheds light to the phenomena called spectral
bias.

If we have enough time, we will also discuss neural network with
fixed biases, with n-dimensional data (not included in this abstract).

This presentation is based on our preprint [MN2026].

1 A very short introduction to neural networks

1.1 Shallow (simple) neural network

We here consider simple neural networks defined as follows. Let RN be the
space of the input data, and for x ∈ RN , we set

yk =
L∑

ℓ=1

W
(1)
k,ℓ h

(1)
ℓ + b

(1)
k , h

(1)
ℓ = a

( N∑
n=1

W
(0)
ℓ,n xn + b

(0)
ℓ

)
,

where k = 1, . . . ,K, and y ∈ RK is the output. W
(∗)
∗,∗ are called weights;

b
(∗)
∗ are called biases; and {h(∗)∗ } is called a hidden layer. a(·) is a given
non-linear function, which is called an activation function. Thus, by the
map:

x 7→ h(1) 7→ y (x ∈ RN , h(1) ∈ RL, y ∈ RK)

a two-layer neural network is defined. It is sometimes called a shallow
neural network. We denote the map as

y = F (Φ;x), Φ = ({W (0)
k,ℓ }, {b

(0)
k }, {W (1)

ℓ,n }, {b
(1)
ℓ }), x ∈ RN ,

∗Based on joint works with Fabricio Macià (Universidad Politécnica de Madrid)
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where Φ ∈ RNL × RL × RLK × RK .

The purpose of the neural networks: For a given function f : RN →
RK , we wish to approximate f by F (Φ; ·). Moreover, we wish to generate
the parameter Φ from f automatically. It would be nice if we can generate
Φ from a finite set of data: {(x, f(x)) | x ∈ D}. This procedure is called the
learning or the training.

1.2 Activation function

A neural network consists mostly of affine transforms (linear maps + trans-
lations). But iterations of affine transforms are also affine transforms, and
these cannot approximate complicated functions. The introduction of the
activations function a(·) makes it possible for neural networks to approxi-
mate arbitrary function f(x).

Usually one of the following functions is used as the activation function:

Sigmoind function a(x) =
1

1 + e−x

ReLU (Rectified Linear Unit function) a(x) = (x)+ =

{
x (x > 0)

0 (x ≥ 0)
.

Historically the Sigmoid function had been widely used as the standard
activation function, probably since it can be considered as a regularized

switching function: H(x) =

{
1 (x > 0)

0 (x ≥ 0)
.

In recent years, the ReLU function is used in most neural networks be-
cause of the fast convergence of learning and better accuracy of the ap-
proximations (it seems). There has been a vast research on finding better
(or the best) activation functions, but almost all are based on numerical
experiments, and few theoretical analysis.

For the moment, we use the ReLU activation function.

1.3 Deep neural network (DNN)

If we iterate the shallow network, then we have a map called a deep neural
network (DNN). More specifically, we set h(ν) ∈ RLν , ν = 1, . . . ,M , be the
dimensions of the hidden layers, and we write L0 = N and h(0) = x. Then
we set a map x 7→ y by

yk =

L∑
ℓ=1

W
(M)
k,ℓ h

(M)
ℓ + b

(M)
k , k = 1, . . . ,K,

h
(ν+1)
ℓ = a

( Lν∑
n=1

W
(ν)
ℓ,n h

(ν)
n + b

(ν)
ℓ

)
, ℓ = 1, . . . , Lν+1, ν = 0, . . . ,M − 1.
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The set of parameters are Φ = ({W (0)
∗,∗ }, {b(0)∗ }, . . . , {W (M)

∗,∗ }, {b(M)
∗ }), which

consits of M + 1 weight matrices and M + 1 bias vectors. Such maps are
called DNN with M + 1 layers.

If we denote denote y = F (Φ;x), then the goal of this DNN is also finding
a parameter Φ such that F (Φ;x) approximate a given map f : RN → RK .

1.4 Universal approximation theorem

About the ability of neural networks to approximate arbitrary functions, the
universal approximation theorems are well-known. We consider a shallow
network F (Φ;x) : RN → RK with the L dimensional hidden layer. We
suppose the activation function is the Sigmoid or ReLU.

Theorem (Universal Approximation Theorem). For any continuous map
f : RN → RK , any bounded set D ⊂ RN , and for any ε > 0, we can find L
large enough that

sup
x∈D

|f(x)− F (Φ;x)| < ε

with a set of parameters Φ.

Thus we know the existence of Φ such that F (Φ;x) approximates f as
close as possible. So the remaining (big) question is “How to find such a Φ?”
This is the problem of the learning, or more specifically the convergence of
the learning.

1.5 Loss function and the gradient descent method

We measure the error, or the difference between the target function f and
the approximation F (Φ;x) by a loss function. In this talk, we use the
standard L2 norm, or the mean square error function. Namely, we set the
loss function by

L(f, g) = ‖f − g‖2L2 =

∫
RN

|f(x)− g(x)|2dx

(In practice, we use various loss functions, and usually we cannot use inte-
gration over the data space. Thus we use the sum over the finite data set,
but here we consider the model with an idealized setting. )

As an optimization scheme, we use the standard (Cauchy’s) gradient
descent method. Namely, with a Φ = Φ0 as the initial parameter, we use
the iteration:

Φm+1 = Φm − ε
∂L(f, F (Φ))

∂Φ

∣∣∣
Φ=Φm

, m = 0, 1, 2, . . . ,

to decide a series of parameters Φm, m = 1, 2, . . . . Here ε > 0 is the
learning coefficient, which should be sufficiently small.

When Φ∞ = limΦm exists, and when it gives the minimum of the loss
function, the we can declare that the network learned f , or the learning is
successful.
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1.6 Difficulties and practical recipes

There are several obvious difficulties concerning the convergence of the learn-
ing (gradient descent iterations).

Symmetries and corresponding degeneracies We here consider a shal-
low network (SNN). Since the network (function) is invariant under the
exchange of the hidden layer variables, the network has (at least) the
symmetry of the symmetry group: SL, where L is the dimension of the
hidden layer. Namely, SN acts on the space of parameters W = {Φ}
invariantly.

• If there is no elements in SL which leaves Φ∞ invariant (except
for the unit), then there are (at least) |SL| minima, and the
minima is not unique, obviously.

• If there is (non-trivial) subgroup of SL which leaves Φj invariant,
then Φ∞ is also invariant with respect to this subgroup. In par-
ticular, if Φ0 is invariant with respect to SL, i.e., it is constant
with respect to the hidden-layer index, then the hidden layer be-
comes essentially one-dimensional. Thus we need to be careful
about the choice of the initial parameter Φ0.

• There may be more symmetries, and the corresponding degen-
eracies (always there are), especially for the DNNs.

Finiteness of the training data In our discussion of the gradient de-
scent, we use all the data, i.e, we use integration over the parameter
space, but in practice, we have only sets of finite data and the results.
In order to address this problem, we use a method called stochastic
gradient descent (SGD). In this case, the existence of non-minimal
local minima and critical points are known, due to the biased data
sets. We do not address this problem in this talk.

Thus, we cannot expect unconditional convergence of the learning, and
usually the following “recipes” are employed in order to achieve the conver-
gence.

1. We choose the initial weights: {W (∗)
∗,∗ } random, with the normal dis-

tribution. The averages are zero, and the variance is chosen so that
the weight matrices have the norm of order 1. We also set the initial
biases as 0.

2. We use the SGD to introduce more randomness in the learning process.

3. When the learning seems diverging, we use “normalization” (batch
normalization) (for the DNNs).

11



2 Shallow (toy) model with one-dimensional data

2.1 The first idea

In order to understand the convergence of the learning somehow, we start
with the simplest model possible: the input dimension N = 1, and the
output dimension K = 1, and the network is shallow. We use ReLU as the
activation function, and we write a(x) = ReLU(x) = (x)+ = Y (x). Now our
network is

y(x) =
L∑

j=1

W
(1)
j Y (W

(0)
j x+ b

(0)
j ) + b(1), x ∈ R.

Here the dimension of the hidden layer is L, and the dimension of the pa-

rameters is 3L + 1. We may suppose W
(0)
j 6= 0 for all j, since if W

(0)
j = 0

then Y (W
(0)
j x + b

(0)
j ) = Y (b

(0)
j ) is constant. We note Y (x) is homogeneous

of order 1, and hence we can write

y(x) =

L∑
j=1

(W
(1)
j |W (0)

j |)Y (sgn(W
(0)
j )x+ (b

(0)
j /|W (0)

j |)) + b(1)

Noting Y (−x) = Y (x)− x, and changing the notations, we may rewrite the
network as

y(x) =
L∑

j=1

ψjY (x− bj) + b+ cx.

Here we denote c = −
∑

{j|W (0)
j <0}W

(1)
j |W (0)

j |. Now the dimension of the

parameters is reduned to 2L+ 2.
With this simplified representation, it is clearly observed that the net-

work is simply a linear combination of Y (x − bj), j = 1, . . . , L with an
additional linear function bx+ c. Namely the space of functions represented
by the network is the linear space spanned by the the non-linear functions:

Y (x− bj) = (x− bj)+, j = 1, . . . , L

with 1 and x.
The biases {bj} are learned parameters, at first, but if you look the

space as above, it might work as well with a given set of constant biases.
For example, maybe we can choose the biases evenly distributed numbers
in an interval? Such model might be called a neural network with fixed
biases.

Now, we may consider the continuous analogue of the network by making
the biases a continuous parameter. Namely, we set (formally)

y(x) =

∫
ψ(t)Y (x− t)dt+ b+ cx (1)

12



where ψ(x) is a weight function on R (or on an interval). We call this
network (function) as a continuous neural network model with fixed
biases.

Remark: This network may be considered as a generalization of the
original shallow neural network by extending the space of the weights ψ to
the distributions. Namely, if we set ψ(t) =

∑
ψjδ(t− bj), then we have the

above discrete neural network.

We now note that (1) is simply a convolution operator, which is very
familiar to us (analysts). We now differentiate the both sides of (1) twice to
obtain

y′′(x) =

∫
ψ(t)Y ′′(x− t)dt =

∫
ψ(t)δ(x− t)dt = ψ(x).

Here we have used Y ′′(x) = δ(x), i.e., Y is a fundamental solution to d2

dx2 .
This observation implies, in particular, ψ(x) is determined uniquely by

y(x), at least when y is C2-class. Moreover, if we set ψ = y′′, b = y(0),
c = y′(0), then (1) holds obviously.

These observations are mathematically trivial. Then, can we make the
network learn to attain these parameters (ψ, b, c) by the gradient descent?

2.2 Learning by the gradient descent for the continuous model

For simplicity, we consider the space of functions on I = [0, 1]. For a set of
parameters φ = (ψ, b, c) ∈ W = L2(I)× R× R, we set

Tφ(x) = g(x) =

∫ 1

0
ψ(z)Y (x− z)dz + b+ cx, x ∈ I.

It is easy to see T is a bounded operator from W to L2(I).
We set the loss function as L2-norm of the difference, namely,

L(f, g) = ‖f − g‖2L2 =

∫ 1

0
|f(x)− g(x)|2dx, f, g ∈ L2(I).

Then the Fréchet derivative of L(f, Tφ) in φ is given by

δL(f, Tφ)

δφ
= −2T ∗(f − Tφ).

Thus the iteration procedure of the gradient descent is given by

gn = Tφn, φn+1 = φn + 2εT ∗(f − gn), n = 0, 1, 2, . . . , (2)

where φ0 ∈ W is the initial parameters. Here ε > 0 is the learning coefficient,
and we choose it sufficiently small.

Theorem 1. For f ∈ L2(I), φ0 ∈ W, gn converge to f with respect to the
loss function, i.e., lim

n→∞
‖f − gn‖L2 = 0.

13



Sketch of Proof. Applying T to the both sides of (2) and subtracting f , we
have

f − gn+1 = (1− 2εTT ∗)(f − gn).

Hence we have
f − gn = (1− 2εTT ∗)n(f − g0)

We note TT ∗ is a non-negative bounded symmetric operator on L2(I). We
set ε < (2‖TT ∗‖)−1 so that the right hand side is uniformly bouded in n.
Moreover, we can easily show T ∗ has no zero eigenfunction, and hence we
learn (1− 2εTT ∗)n → 0 strongly as n→ ∞.

It is a bit confusing but Theorem 1 does not imply the convergence of
the parameters φn. In fact, if f /∈ H2(I), then ψ = f ′′ /∈ L2(I), and thus φn

does not converges in our parameter space W. If f ∈ H2(I), then we can
show the convergence of φn.

Theorem 2. Suppose f ∈ H2(I), φ0 ∈ W. Then there is φ ∈ W such that
lim
n→∞

‖φ− φn‖L2 = 0.

Sketch of Proof. The proof is quite analogous to the proof of the previous
theorem. We set φ = (f ′′(x), f(0), f ′(0)) ∈ W so that f = Tφ. Then, by
(2), we have

φ− φn = (1− 2εT ∗T )n(φ− φ0), n = 1, 2, . . . .

We note T ∗T > 0, and ‖T ∗T‖ = ‖T‖2. Then ‖φ = φn‖L2 → 0 follows
immediately.

2.3 A discrete network with fixed biases, and the conver-
gence of learning

Here we consider functions on I = [0, 1] again, but we divide I into N small
intervals. We set tj = j/N , j = 0, 1, 2, . . . , N , and we consider the function
space on {tj | j = 0, . . . , N}. Namely, we set

X = RN+1 = {(f(t0), f(t1), · · · , f(tN ))} = ℓ2({tj}Nj=0;R).

We may identify an element in X with a piecewise linear function on I by
the linear interpolation.

We set the parameter space as WN = RN−1 × R × R, and for φ =
((w(tj))

N−1
j=1 , b, c) ∈ WN we define the network T by

Tφ(x) = g(x) =
1

N

N−1∑
j=1

w(tj)Y (x− tj) + b+ cx, x ∈ I.

We note the discrete (difference) Laplacian on {t0, . . . , tN} is defined by

4Nf(tj) = N2(f(tj−1)− 2f(tj) + f(tj+1)), j = 1, . . . , N − 1.
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By easy computations, we have

4NY (z) =

{
N if z = 0

0 if z 6= 0

By virtue of this formula, we learn4NTφ(tj) = w(tj), where φ = ({w(tj)}, b, c) ∈
WN . In fact, we also have

g(x) =
1

N

N−1∑
j=1

(4Ng)(tj)Y (x− tj) + g(t0) + g′(t0)x, x ∈ I

for any g ∈ X, where we set g′(t0) = N(g(t1) − g(t0)). Thus, all functions
in X can be represented by this network.

Learning: We use the function space X with the usual Euclidean distance
(devided by N). Namely, we consider X with the ℓ2-norm as follows. The
loss function is defined by

L(f, g) =
1

N

N∑
j=0

(f(tj)− g(tj))
2 = ‖f − g‖2ℓ2 .

The derivative of L(f, Tφ) in the parameters are computed as before:

∂L

∂φ
(f, Tφ) = −2T ∗(f − Tφ).

Thus the iteration of the gradient descent is computed by

gn = Tφn, φn+1 = φn + 2εT ∗(f − gn), n = 0, 1, 2, . . .

and we can prove the following theorem as well.

Theorem 3. Suppose f ∈ X and φ0 ∈ WN . Then lim
n→∞

‖f − gn‖ℓ2 = 0.

Moreover if we set φ = (4Nf, f(0), f
′(0)), then lim

n→∞
‖φ− φn‖WN

= 0

Remark: Since the function space X is finite dimensional, the convergence
holds with respect to the norm.

3 A new activation function and the spectral bias

3.1 Alternative activation function?

Activation functions introduces non-linearity to neural networks, and they
are essential to approximate arbitrary functions by learning. It is known
that we can employ a wide variety of functions as activation functions in the
sense that the universal approximation theorem holds.
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However, it is also known, empirically, that some functions are more
effective, i.e., it gives us better approximation results, and/or, faster con-
vergence of learning. As we discussed before, the Sigmoid function was
originally used widely, but mostly replaced by the ReLU function, because
of these advantages.

There is a vast literature on finding better activation functions, but it
seems ReLU is so far the best or close to the best in that more complicated
functions give us only marginal improvements. Most of these results are
based on numerical experiments, and we are aware of very few theoretical
arguments what does make better activation functions.

In the discussions of the last section, we pointed out that one important
property of the ReLU function is that it is a fundamental solution to the one-
dimensional Laplacian. When we consider these simple network models with
fixed biases, we learned that the representation by the network is unique,
and the learning converges by virtue of this property.

This observation leads us to the idea that we may try to employ the
fundamental solution to some different second-order (elliptic) operator as
an activation function. It is better to have a convolution-type operator, and
it requires the coefficients are constants. Since we use the inverse of the
operator (fundamental solution), it is natural to use an elliptic operator,
especially second-order differential operators. The simplest candidate might
be

H0 =
1

2

(
− d2

dx2
+ 1

)
and its fundamental solution is given by

Z(x) = e−|x|.

Here we choose the coefficients of H0 to make Z(x) as simple as possible.
Z(t) = e−|x| is very simple, and we are familiar with it in the PDE

theory, but it would be nice to have a specific name. Analogously to the
ReLU (Rectified Linear Unit) function, we may call it the FReX (Full-wave
Rectified Exponential) function. By the definition, we have

H0Z(x) = δ(x).

Hence, for any function f , we also have

H0(Z ∗ f) = f.

Since H−1
0 = Z∗ is bounded in L2(R), we can carry out the same argument

on the whole line R (instead of an interval), and this simplifies the argument
considerably.
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3.2 Continuous network model with the FReX activation,
and the convergence of learning

We employ the function space L2(R), and we set

Tφ(x) = Z ∗ φ(x) =
∫
R
Z(x− z)φ(z)dz, z ∈ R, φ ∈ L2(R).

T = H−1
0 and T is bounded in L2(R) → H2(R) ⊂

→
L2(R). We consider a

network with a parameter φ ∈ L2(R) defined by

g(x) = Tφ(x), x ∈ R.

The loss function is given by the L2-norm:

L(f, g) = ‖f − g‖2L2 , f, g ∈ H,

and the Fréchet derivative of L(f, Tφ) in φ is also given by

δL(f, Tφ)

δφ
= −2T ∗(f − Tφ).

The iteration procedure of the gradient descent with the initial parameters
φ0 ∈ L2(R) is given by

gn = Tφn, φn+1 = φn + 2εT ∗(f − Tgn), n = 0, 1, 2, . . . .

Thus we have φn = (1 − 2εT ∗T )nφ0, and we can show ‖f − gn‖L2 → 0,
n→ ∞ as well as the ReLU activation case.

Theorem 4. Suppose f ∈ L2(R) and φ0 ∈ L2(R). Then lim
n→∞

‖f − gn‖L2 = 0.

Moreover, if f ∈ H2(R), φ0 ∈ L2(R), then lim
n→∞

‖H0f − φn‖L2 = 0.

We note that T ∗T = H−2
0 , and it can be written explicitly using the

Fourier transform:

FT ∗TF∗ψ(ξ) = FTT ∗F∗ψ(ξ) = 4(1 + (2πξ)2)−2ψ(ξ),

where the Fourier transform is defined by

Fψ(ξ) =

∫
R
e−2πixξψ(x)dx.

This implies, in particular, 0 < T ∗T, TT ∗ ≤ 4. and we may choose the
learning coefficients as any ε > 0 so that 0 < ε < 1/4. We also note the
spectrum of TT ∗ (and T ∗T ) is absolutely continuous.

Remark: In general, if f ∈ L2(R) then (obviously) H0f ∈ H−2(R). Under
this condition, we have lim

n→∞
‖H0f − φn‖H−2 = 0. If we set

φ(x) =
N∑
j=1

wjδ(x− bj) ∈ H−2(R)
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then we have the usual discrete neural network

f(x) = Tφ(x) =
N∑
j=1

wjZ(x− bj).

We note, however, that the gradient descent iterations are not contained in
the set of network of this form.

3.3 Discrete neural network with the FReX activation

We can also construct discrete neural network with fixed biases using the
FReX activation function, and we can show the convergence of the learning
as well as the ReLU function.

In this subsection, we set WN = ℓ2(N−1Z), and we use the usual ℓ2

norm:

‖φ‖2WN
=

1

N

∑
z∈N−1Z

|φ(z)|2.

The network T : WN → WN is defined by

g(x) = Tφ(z) =
1

N

∑
t∈N−1Z

φ(t)Z(z − t), z ∈ N−1Z.

Let 4N be the discrete Laplacian as before, and by direct computations we
have

4NZ(x) = −(NaN + bN )δ0,x + bNZ(x),

where

aN = 2e−1/2N (2N sinh(1/2N)), bN = (2N sinh(1/2N))2.

We note aN ∼ 2, bN ∼ 1で if N is large, and we define H0 by

H0 = cN (−4N + bN ), cN = (aN + bN/N)−1.

By the construction, we have H0Z(x) = Nδx,0, and we can carry out the
same arguments as in the ReLU activation case (but simpler):

Theorem 5. Suppose 0 < ε < 1/2(bN )2. For f, φ0 ∈ WN we set the
iteration procedure by

gn = Tφn, φn+1 = φn + 2εT ∗(f − gn), n = 0, 1, 2, . . . .

Then
‖f − gn‖WN

→ 0, ‖H0f − φn‖WN
→ 0 as n→ ∞.

Remark: We can represent TT ∗ and T ∗T explicitly using the Fourier
series expansion (or the so-called discrete Fourier transform), as well as the
continuous model case.

18



3.4 Spectral bias

In this subsection, we consider the continuous model with the FReX acti-
vation function. Then the approximation error of f by gn = Tφn by the
gradient descent is given by

en = f − gn = F∗[rε(·)nF(f − Tφ0)
]
, rε(ξ) = 1− 8ε

(1 + (2πξ)2)2

where F is the Fourier transform.
We observe that if ξ ∼ 0, then rε(ξ) ∼ 1 − 8ε < 1, and hence the error

decays exponentially as n→ ∞. On the other hand, if |ξ| � 1, then rε ∼ 1,
and thus decay of the error is slow. Thus, the error decays faster for slowly
oscillating components of the function f − Tφ0, and slower for the rapidly
oscillating components. In other words, the convergence of the learning is
faster for the slow frequency area.

This property is called spectral bias, and it has been observed numer-
ically by several models. This property may be important since the noise
may have high frequencies, and we may have better results by stopping the
gradient descent procedure early. The scarcity of learning data can be con-
sidered as a high frequency noise, and this property might be one possible
explanation of the “generalization” properties.

In our model, we can estimate the error rigorously (and explicitly) in the
Fourier space. If rε(ξ) ∼ 1, and if moreover rε(ξ)

n ∼ 1, then by the Taylor
expansion, we expect rε(ξ)

n ∼ 1−n(1−rε(x)), and thus rε(ξ)
n is measurably

small when n(1− rε(ξ)) ≈ 1. Recalling 1− rε(ξ) =
8εn

(1 + (2πξ)2)2
, we learn

that the decay of the error is significant if and only if |ξ| ≲ O(n1/4).
Thus, after nth step of the gradient descent, the approximation is effec-

tive up to the frequency of order |ξ| ≲ O(n1/4). The approximation is not
effective above this frequency.

We can show similar properties for the ReLU activation function case,
but the analysis is especially simpler for the FReX case, since everything is
explicitly expressed using the Fourier transform.

For the discrete network cases, the Fourier space is the torus, and it is
compact. Hence the convergence of the learning is always uniform theoreti-
cally, but we may observe such spectral bias quantitatively.
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QUANTITATIVE HOMOGENIZATION FOR OBSTACLE PROBLEMS OF

CONVEX HAMILTON–JACOBI EQUATIONS

TAKUYA SATO (THE UNIVERSITY OF TOKYO)

This talk is based on joint work with Jingcheng Ye (KPMG Consulting Co., Ltd.).

1. Introduction

We study the homogenization problem of Hamilton–Jacobi equations with obstacles. For
each ε > 0, consider the viscosity solution uε : Rn × [0,∞) → R to the obstacle problem of
an evolutionary equation of the form:max

{
uεt +H

(x
ε
,Duε

)
, uε − ψ

(
x,
x

ε

)}
= 0 in Rn × (0,∞),

uε(x, 0) = u0(x) on Rn,
(OPε)

where H ∈ C(Rn ×Rn) is a given Hamiltonian, ψ ∈ C(Rn ×Rn) is a given obstacle function
and u0 ∈ C(Rn) is an initial condition. We assume that H = H(y, p) is Zn-periodic in y and
convex and coercive in p, and ψ = ψ(x, y) is Zn-periodic in y. Our main purpose is to study
the singular limit of unique viscosity solution uε to (OPε) as ε→ +0.

Obstacle problems for Hamilton–Jacobi equations. Obstacle problems for Hamilton–
Jacobi equations arise as PDEs satisfied by the value functions of optimal stopping problems
in control theory. Let L = L(y, q) be the Lagrangian determined by the following Legendre
transform of H:

L(y, q) = sup
p∈Rn

{p · q −H(y, p)} , (y, q) ∈ Rn × Rn.

Since H(y, p) is Zn-periodic in y and convex and coercive in p, it follows that L(y, q) is also
Zn-periodic in y and convex and coercive in q. For each ε > 0 and (x, t) ∈ Rn × [0,∞), we
consider the minimizing problem of the cost functional

Jε(x, t, γ, θ) :=

∫ t

θ
L

(
γ(s)

ε
, γ̇(s)

)
ds+ 1{θ=0}u0(γ(0)) + 1{θ>0}ψ

(
γ(θ),

γ(θ)

ε

)
,

where the controller can choose any pair (γ, θ) of an admissible trajectry and a stopping time
with

γ ∈ A(x, t) := {γ ∈ AC([0, t];Rn) | γ(t) = x} and θ ∈ [0, t].

A distinctive feature of this optimal control problem is that the controller may either continue
to optimize the trajectories satisfying the terminal condition or stop the process at any time
by paying the stopping cost ψ. Then, we consider the value function uε for this control
problem determined by

uε(x, t) = inf
γ∈A(x,t)
θ∈[0,t]

Jε(x, t, γ, θ). (1)
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One can show that this value function uε satisfies dynamic programming principle, that is,
uε satisfies

uε(x, t) = inf
γ∈A(x,t)
θ∈[0,t]

{∫ t

θ∨s
L

(
γ(r)

ε
, γ̇(r)

)
dr + 1{θ≤s}u

ε(γ(s), s) + 1{θ>s}ψ

(
γ(θ),

γ(θ)

ε

)}

for all (x, t) ∈ Rn × [0,∞) and s ∈ [0, t]. Moreover, this dynamic programming principle
equality implies that uε is a viscosty solution to (OPε).

We now recall the definition of viscosity solutions to obstacle problems.

Definition 1. We say that

(a) the function w ∈ USC(Rn × [0,∞)) is a viscosity subsolution to (OPε) if w(·, 0) ≤ u0 on
Rn, and, for any (x0, t0) ∈ Rn × (0,∞) and for any ϕ ∈ C1(Rn × (0,∞)) such that w− ϕ
attains a local maximum at (x0, t0), we have

max
{
ϕt(x0, t0) +H

(x0
ε
,Dϕ(x0, t0)

)
, w(x0)− ψ

(
x0,

x0
ε

)}
≤ 0; (2)

(b) the function v ∈ LSC(Rn × [0,∞)) is a viscosity supersolution to (OPε) if v(·, 0) ≥ u0 on
Rn, and, for any (x0, t0) ∈ Rn × (0,∞) and for any ϕ ∈ C1(Rn × (0,∞)) such that v − ϕ
attains a local minimum at (x0, t0), we have

max
{
ϕt(x0, t0) +H

(x0
ε
,Dϕ(x0, t0)

)
, v(x0)− ψ

(
x0,

x0
ε

)}
≥ 0; (3)

(c) the function w ∈ C(Rn × [0,∞)) is a viscosity solution to (OPε) if w is both a viscosity
sub and supersolution to (OPε).

Remark 2. Inequality (2) is equivalent to the condition that

ϕt(x0, t0) +H
(x0
ε
,Dϕ(x0, t0)

)
≤ 0 and w(x0) ≤ ψ

(
x0,

x0
ε

)
.

Similarly, (3) is equivalent to the condition that

ϕt(x0, t0) +H
(x0
ε
,Dϕ(x0, t0)

)
≥ 0 or v(x0) ≥ ψ

(
x0,

x0
ε

)
.

Thus, (OPε) can be written as
uεt +H

(x
ε
,Duε

)
≤ 0 in Rn × (0,∞),

uεt +H
(x
ε
,Duε

)
≥ 0 in

{
uε < ψ

(
x,
x

ε

)}
,

uε ≤ ψ
(
x,
x

ε

)
on Rn × [0,∞), uε(x, 0) = u0(x) on Rn.

From the viewpoint of control, the obstacle represents the cost that the controller need
to pay for stopping the process, and the associated Hamilton–Jacobi variational inequality
of obstacle type describes the competition between continuation and stopping. Optimal
stopping problems are a fundamental class of optimal control problems whose value functions
satisfy variational inequalities. In particular, in the absence of control acting on the dynamics,
such problems were studied via dynamic programming approach before the development of
the viscosity solution theory, and the analysis relied on the free boundary separating the
continuation and stopping regions. We refer to [Men80, CDM81, Men82] for classical results
and further developments. For the viscosity solution theory of Hamilton–Jacobi equations
arising from optimal stopping problems, we refer to [BP87, BCD97].
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Homogenization for obstacle problems. Our main results are as follows:

• Under appropriate assumptions for H, ψ and u0, the unique viscosity solution uε to
(OPε) converges locally uniformly, as ε→ +0, to a function u, which solves a certain
limitimg equation.

• Moreover, if the obstacle function ψ is Lipschitz continuous, then the convergence is
achieved with the optimal rate

∥uε − u∥L∞(Rn×[0,∞)) = O(ε) as ε→ +0.

• On the other hand, if ψ is not Lipschitz continuous, the convergence rate may dete-
riorate. In fact, we construct an example of (OPε) for which the convergence rate is
not O(ε).

By considering the behavior of the cost functional and minimizing control when ε is small,
it is expected that uε converges to another value function u defined by

u(x, t) = inf
γ∈A(x,t)
θ∈[0,t]

J(x, t, γ, θ)

where J is defined by

J(x, t, γ, θ) :=

∫ t

θ
L (γ̇(s)) ds+ 1{θ=0}u0(γ(0)) + 1{θ>0}ψ (γ(θ)) .

and L and ψ is defined by

L(q) = sup
p∈Rn

{p · q −H(p)} and ψ(x) = min
y∈Rn

ψ(x, y),

respectively. Here, the convex function H ∈ C(Rn) is the effective Hamiltonian determined
by the usual periodic cell problem

H(y, p+Dv) = H(p) in Tn := Rn/Zn (Cellp)

for each p ∈ Rn (more precisely, H(p) is the unique constant such that (Cellp) has a Zn-
periodic viscosity solution v). Furthermore, the value function u : Rn × [0,∞) → R is a
viscosity solution to the effective obstacle problem:{

max
{
ut +H(Du), u− ψ(x)

}
= 0 in Rn × (0,∞),

u(x, 0) = u0(x) on Rn.
(OP)

Throughout this talk, we assume, for (OPε), the Hamiltonian H = H(y, p) : Rn ×Rn → R
satisfies:

(A1) H ∈ C(Rn × Rn) and the map y 7→ H(y, p) is Zn-periodic for each p ∈ Rn,
(A2) H is coercive in p, that is,

lim
|p|→∞

inf
y∈Rn

H(y, p) = +∞,

(A3) the map p 7→ H(y, p) is convex for each y ∈ Rn.

Additionaly, we assume the obstacle function ψ = ψ(x, y) : Rn × Rn → R and the initial
datum u0 : Rn → R satisfy:

(A4) ψ ∈ C(Rn ×Rn), ψ is bounded below and the map y 7→ ψ(x, y) is Zn-periodic for each
x ∈ Rn,

(A5) u0 ∈ BUC(Rn) ∩ Lip(Rn) and satisfies

u0(x) ≤ min
y∈Rn

ψ(x, y) ( = ψ(x) ) for all x ∈ Rn.
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Finally, we mention several simplifications that can be made without loss of generality. Un-
der assumptions (A1)–(A5), equation (OPε) admits a unique viscosity solution uε, which is
Lipschitz continuous in space and time, for each ε > 0. Moreover, there exsits a constant
C > 0 independent of ε such that

∥uεt∥L∞(Rn×[0,∞)) + ∥Duε∥L∞(Rn×[0,∞)) ≤ C.

Therefore, the value of Hamiltonian H(y, p) for |p| > C are irrelevant to analyze (OPε).
Modifying the value of H(y, p) on Rn× (Rn \B(0, R)) for sufficiently large R > 0 if necessary,
we may assume that there exists a constant K0 > 0 such that

1

2
|p|2 −K0 ≤ H(y, p) ≤ 1

2
|p|2 +K0 for all (y, p) ∈ Rn × Rn. (4)

By this argument, we may also assume the Lagrangian L satisfies the same growth condition

1

2
|q|2 −K0 ≤ L(y, q) ≤ 1

2
|q|2 +K0 for all (y, q) ∈ Rn × Rn,

and thus optimal control representation (1) remains valid under growth condition (A2) for
H, without requiring the superlinear growth condition.

2. Previous literatures and methods for quantitative homogenization

Effective equations and cell problems. Here, we briefly recall some standard facts from
the homogenization theory of Hamilton–Jacobi equations. The homogenization of Hamilton–
Jacobi equations in periodic media was initiated in the seminal work of Lions, Papanicolaou
and Varadhan [LPV87], and has become an important topic in the theory of viscosity solu-
tions with connections to optimal control, calculus of variations and dynamical systems. We
consider the following Cauchy problem for a Hamilton–Jacobi equation:uεt +H

(x
ε
,Duε

)
= 0 in Rn × (0,∞),

uε(x, 0) = u0(x) on Rn.
(5)

Under suitable assumptions on H such as (A1) and (A2), and on u0, it is known that the
solution uε to (5) converges, as ε → +0, locally uniformly to a function u which solves an
effective Hamilton–Jacobi equation with a homogenized Hamiltonian H:{

ut +H (Du) = 0 in Rn × (0,∞),

u(x, 0) = u0(x) on Rn.
(6)

Here, the function H, called the effective Hamiltonian, is defined as follows: for each p ∈ Rn,
we consider a constant cp and a function v satisfying the equation

H(y, p+Dv) = cp in Tn. (7)

Equation (7) is called the cell problem and it is known that, under suitable conditions on
H, there exists a unique constant cp ∈ R such that equation (7) admits a periodic viscosity

solution v ∈ C(Tn). We denote H(p) = c. It is also known that the function H : Rn → R
is continuous and coercive, and if H is convex, then H is also convex. It was proved in
[LPV87] and [Eva92] that the unique viscosity solution uε to (5) converges locally uniformly
to the unique viscosity solution u to (6). The convergence can be established by a PDE
approach based on Evans’ perturbed test function method, a viscosity solution technique
which combines the doubling-of-variables argument with the correctors v obtained from the
cell problem.
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Quantitative homogenization for convex Hamilton–Jacobi equations. Next, we re-
view some representative results on quantitative homogenization theory for Hamilton–Jacobi
equations. Quantitative homogenization aims to estimate the rate of convergence of uε to
a homogenized solution u. For general coercive Hamiltonians, Capuzzo-Dolcetta and Ishii
[CDI01] obtained the convergence rate O(ε1/3) for the homogenization of (5). In the convex
setting, Mitake, Tran, and Yu [MTY19] developed a quantitative approach based on rep-
resentation formulas from optimal control theory and fine properties of minimizing curves,
making essential use of backward characteristics. From the same viewpoint, Tran and Yu
[TY25] further refined the analysis and established the optimal convergence rate O(ε) for
periodic homogenization of convex Hamilton–Jacobi equations. A key ingredient in [TY25]
is the use of a metric-type quantity m(t, x, z), defined as

m(t, x, z) = inf

{∫ t

0
L(η(s), η̇(s))ds : η ∈ AC([0, t];Rn), η(0) = x, η(t) = z

}
. (8)

From the viewpoint of optimal control, m(t, x, z) represents the minimum cost traveling
from x ∈ Rn to z ∈ Rn in a fixed time t > 0. They established an approximate sub and
superadditivity property for m. More precisely, they proved that for eachM > 0, there exists
C > 0 depending only on n, L and M such that

2m(t, x, z)− C ≤ m(2t, 2x, 2z) ≤ 2m(t, x, z) + C

holds for every x, z and t with |x− z| ≤Mt. Subadditivity of m implies, via Fekete’s lemma,
that the homogenized limit

m(t, x, z) := lim
k→∞

1

k
m(kt, kx, kz)

exists for each x, z and t. Combining this with superadditivity, the following quantitative
estimate for this limit holds:

Theorem 3 (see [TY25]). For each x, z ∈ Rn and t > 0, the limit

m(t, x, z) = lim
ε→+0

εm

(
t

ε
,
x

ε
,
z

ε

)
exists. Moreover, for every M > 0, there exists a constant C > 0 depending only on n, L
and M such that ∣∣∣∣εm(

t

ε
,
x

ε
,
z

ε

)
−m(t, x, y)

∣∣∣∣ ≤ Cε (9)

holds for every x, z ∈ Rn and t > 0 with |x− z| ≤Mt.

The proof of the superadditivity property relies on a geometric construction, often referred
to as a curve surgery argument: roughly speaking, the idea is to cut an optimal trajectory
via a curve cutting lemma due to topologial Burago [Bur94], shift the resulting pieces using
periodicity, and patch them back together to build admissible competitors.

Using the optimal control representation for Cauchy problems together with a change of
variables, the unique viscosity solution uε to (5) can be rewritten in the form

uε(x, t) = inf
z∈Rn

{
εm

(
t

ε
,
z

ε
,
x

ε

)
+ u0(z)

}
. (10)

Combining the homogenization result for (5) with the Hopf–Lax formula for (6), one obtains
the following representation formula for the homogenized solution u of (6):

u(x, t) = inf
z∈Rn

{
tL

(
x− z

t

)
+ u0(z)

}
= inf

z∈Rn
{m(t, z, x) + u0(z)} . (11)
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The estimate ∥uε − u∥L∞(Rn×[0,∞)) ≤ Cε then follows by applying (9) to (10) and (11). This
observation forms the basis of the proof of the optimal convergence rate O(ε).

Building on the optimal control approach, sharp convergence rates have recently been
established in a variety of homogenization settings for convex Hamilton–Jacobi equations.
The quantitative theory has subsequently been extended to Cauchy problems with multi-
scale Hamiltonians H(x, x/ε, p) [Tu21, HJ23], t/ε-variable dependent Hamiltonians [NT24],
u/ε-variable dependent Hamiltonians [MNT25], weakly coupled Hamilton–Jacobi systems
[MN25], viscous Hamilton–Jacobi equations [QSTY24], among others. Quantitative homog-
enization for initial-boundary value problems on perforated domains has also been inves-
tigated. The metric approach of [TY25] was extended to state-constraint, Neumann and
Dirichlet boundary conditions on perforated domains in [HJMT25], [MN26] and [HT25],
respectively. On the other hand, quantitative homogenization and sharp error estimates
for obstacle problems are still scarce, although Hamilton–Jacobi variational inequalities of
obstacle-type arise naturally in optimal control theory. The present work is motivated by
this gap in the literature, as well as by the recent quantitative studies on perforated domains
[HJMT25, MN26, HT25].

3. Main results

We assume (A1)–(A5). By using modification (4) if necessary, we can apply optimal control
formulation for the solution uε to (OPε) and arguments for metric function. By using the
notation (8), the unique solution uε to (OPε) can be rewritten as

uε(x, t)

= inf
η∈A(x/ε,t/ε)

θ∈[0,t]

{
ε

∫ t/ε

θ/ε
L(η(s), η̇(s))ds+ 1{θ=0}u0(εη(0)) + 1{θ>0}ψ

(
εη

(
θ

ε

)
, η

(
θ

ε

))}

= inf
z∈Rn

θ∈(0,t]

{
εm

(
t− θ

ε
,
z

ε
,
x

ε

)
+ 1{θ=0}u0(z) + 1{θ>0}ψ

(
z,
z

ε

)}

= min

 inf
z∈Rn

θ∈(0,t]

{
εm

(
t− θ

ε
,
z

ε
,
x

ε

)
+ ψ

(
z,
z

ε

)}
, inf

z∈Rn

{
εm

(
t

ε
,
z

ε
,
x

ε

)
+ u0(z)

} , (12)

and the unique viscosity solution u to (OP) has the formula

u(x, t) = inf
z∈Rn

θ∈[0,t]

{
(t− θ)L

(
x− z

t− θ

)
+ 1{θ=0}u0(z) + 1{θ>0}ψ

(
z,
z

ε

)}

= min

 inf
z∈Rn

θ∈(0,t]

{
m (t− θ, z, x) + ψ (z)

}
, inf

z∈Rn
{m (t, z, x) + u0(z)}

 .

Estimating the errors εm(t/ε, z/ε, x/ε) − m(t, z, x) and ψ(z, z/ε) − ψ(z), we obtain the
following homogenization result. We state our main result:

Theorem 4. Assume (A1)–(A5). Let uε and u be the unique viscosity solutions to (OPε)
for each ε > 0 and (OP), respectively. Then, as ε → +0, uε converges locally uniformly on
Rn × [0,∞) to u. Moreover, if ψ ∈ Lip(Rn ×Rn), then there exists C > 0 depending only on
H, ψ and u0 such that

∥uε − u∥L∞(Rn×(0,∞)) ≤ Cε for all ε > 0.
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In the remainder of this section, we give a brief overview of the quantitative part of the
proof of this main theorem. The difficulty to prove theorem 4 lies in controlling the stopping
time θ ∈ [0, t] and estimating the limit behavior of ψ(z, z/ε) for “optimal” z.

To apply theorem 3 by Tran and Yu, it is necessary to show that, in representation formula
(12), the quantity |x− z|/(t− θ) is uniformly bounded for every ε > 0, every (x, t) and every
pair (z, θ) attaining the infimum on the right-hand side of (12). For Cauchy problems without
obstacles, the quadratic growth condition of the Lagrangian implies that, in the representation
formula (10), the quantity |x−z|/t is uniformly bounded for every ε > 0, every (x, t) and every
z attaining the infimum. In our setting, however, representation formula (12) involves the
additional stopping time θ ∈ [0, t], so such an estimate is no longer immediate. To overcome
this difficulty, we return to original optimal control formula (1) and analyze the minimizing
control (γ, θ) attaining the infimum. The Lipschitz estimate for the optimal trajectory in the
optimal stopping problem is as follows.

Proposition 5. Assume (A1)–(A5). Then, for each ε > 0 and (x, t) ∈ Rn × [0,∞), there
exists a minimizer (γ, θ) ∈ A(x, t)×[0, t] which attains the infimum of optimal control formula
(1). Moreover, there exists a constant M > 0 depending only on n, L and ∥Du0∥L∞(Rn) such
that |γ̇(s)| ≤M for a.e. s ∈ [θ, t].

As a consequence, in representation formula (12), there exists a universal constant M > 0
such that |x − z| ≤ M(t − θ) for every ε, every (x, t), and every pair (z, θ) attaining the
infimum on the right-hand side of (12). This argument provides the desired estimate for the
running cost term in (12).

It remains to estimate the stopping cost term. For each ε > 0 and z ∈ Rn, we introduce
the “nearest minimizer” z̃ ∈ Rn, namely a point satisfying

z − z̃

ε
∈
[
−1

2
,
1

2

]n
and ψ

(
z,
z̃

ε

)
= min

y∈Rn
ψ(z, y) (= ψ(z)).

By construction, the inequality |z− z̃| ≤
√
nε holds. Hence, if ψ is Lipschitz continuous, then

ψ(z) = ψ(z, z̃/ε) ≈ ψ(z̃, z̃/ε) + C
√
nε for each ε and z. Consequently, if, for some ε, (x, t)

and (z, θ),

uε(x, t) = εm

(
t− θ

ε
,
z

ε
,
x

ε

)
+ ψ

(
z,
z

ε

)
holds, then

uε(x, t) ≥ εm

(
t− θ

ε
,
z̃

ε
,
x

ε

)
+ ψ

(
z̃,
z̃

ε

)
+O(ε)

≥ m(t− θ, z̃, x) + ψ(z̃) +O(ε) ≥ u(x, t) +O(ε)

follows. Likewise, if

u(x, t) = m(t− θ, z, x) + ψ(z)

holds, then

u(x, t) = m(t− θ, z, x) + ψ

(
z,
z̃

ε

)
= m(t− θ, z̃, x) + ψ

(
z̃,
z̃

ε

)
+O(ε)

≥ εm

(
t− θ

ε
,
z̃

ε
,
x

ε

)
+ ψ

(
z̃,
z̃

ε

)
+O(ε) ≥ uε(x, t) +O(ε)

follows. Combining these inequalities, we obtain the optimal convergence rate O(ε).

26



Finally, in this talk, we also discuss the case where the obstacle function ψ is merely α-
Hölder continuous rather than Lipschitz continuous. In this setting, we present an example
of (OPε) for which the convergence rate of homoginization deteriorates to O(εα).
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1 Introduction

Magneto-Hydro-Dynamics ( MHD in short) represents one of the simplest self-consistent models
describing the macroscopic behaviour of electrically conducting fluids such as plasmas. Amongst
many mathematical problems relating to MHD, I am concern about the boundary value prob-
lems of stationary incompressible MHD equations, in particular, the issues on the existence,
uniqueness and regularity of their weak solutions. All results presented here are based on the
collaboration with Hideo Kozono (Waseda University) and Senjo Shimizu (Kyoto University).

Let Ω be a bounded domain in R3 with smooth boundary ∂Ω. We consider the boundary
value problems of incompressible stationary MHD equations in Ω:

(MHD)


−∆u+ u · ∇u−B · ∇B +∇(12 |B|2 + p) = f in Ω,
rot (rotB) + rot (B × u) = g in Ω,
divu = 0, divB = 0 in Ω,
u = 0, B · ν = 0, rotB × ν = 0 on ∂Ω.

where u = u(x) = (u1(x), u2(x), u3(x)), p = p(x) and B = B(x) = (B1(x), B2(x), B3(x))
are the velocity vector of the fluid, the pressure of the fluid and the magnetic vector field at
point x = (x1, x2, x3), respectively, while f = f(x) = (f1(x), f2(x), f3(x)) and g = g(x) =
(g1(x), g2(x), g3(x)) are the fluiddynamic and magnetic external forces, respectively. Here ν =
ν(x) denotes the unit outer normal vector at x ∈ ∂Ω.

We firstly give an outline of the magnetohydrodynamic approximation in the next section.
This process seems important to investigate, from physical point of view, proper assumptions
imposed on the external forces f , g in (MHD). Whereas, since our study regarding the relation-
ship between the topological structure of underlying domains Ω and the mathematical structure
of (MHD) essentially depends on the Helmholtz-Weyl decomposition of vector fields, we briefly
summarize the decomposition in §3. In $ 4, we state our main theorems.

2 Magnetohydrodymamic approximation

We begin by outlining the magnetohydrodynamic (MHD) approximation for models of incom-
pressible, electrically conducting fluids, in which the Navier-Stokes equations are coupled to
Maxwell’s equations through Ohm’s law (see [2]).

The basic equations for the motion of an electrically conducting incompressible fluid in the
presence of eletromagnetic fields are the Navier-Stokes equations:

(NS)

 (1)
∂

∂t
u+ u · ∇u = κ∆u−∇p+ f,

(2) divu = 0,
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and Maxwell’s equations:

(Maxwell)



(3) rotE +
∂B

∂t
= 0,

(4) rotH − ∂D

∂t
= J,

(5) divD = ρe,

(6) divB = 0,

where, in (NS), u = u(t, x) is the velocity vector of the time and spatial variables t and x,
p = p(t, x) the pressure, κ the coefficient of viscosity which is assumed to be a positive constant,
and f = f(t, x) the body force, the specific form of which is given in (10) below, whereas,
in (Maxwell), E = E(t, x) is the electric vector field, B = B(t, x) the magnetic induction,
H = H(t, x) the magnetic vector field, D = D(t, x) the electric displacement, J = J(t, x) the
electric current density, and ρe = ρe(t, x) the electric charge density. We further assume that
the following relations hold:

(R)


(7) D = ϵE, B = µH,

(8) J = ρeu+ j + j0,

(9) j = σ(E + u×B),

where ϵ is the dielectric constant, µ the magnetic permeability, and σ the electric conductivity.
The j0 in (8) is the external current density. The relations (7) are valid, if we consider ordinary
substances which are not ferromagnetic nor ferroelectric. The ρeu, j and j0 in the relation
(8) are called the convection current, the conduction current and the external current density,
respectively. The equation (9) represents Ohm’s law. When we suppose that the Hall effect is
negligible, we can assume that σ is a scalar 1. For simplicity, we assume that ϵ, µ, σ are positive
constants.

Since electromagnetic vector fields exert forces on the electric charge density and the electric
current density, the body force f in (1) is given by

(10) f = f(fluid) + ρeE + J ×B,

where f(fluid) is the fluiddynamic external force.

Here are two assumptions in the magnetohydrodynamic approximation:

Assumption I (Negligible displacement current) : The fluid is a good conductor,
which means that

(11)
∂D

∂t
= 0.

Assumption II (Quasineutrality) : The fluid is almost neutral, which means that ρe ≒ 0.
This means that the size of ρe is much smaller than the other quantities. More precisely, the
following equalities are assumed to hold:

(12) J = j + j0,

1If the Hall effect is taken into account, the equation (9) must be replaced by

(9)’ j = σ0(E + u×B)− σ0

nee
j ×B,

where σ0 is the electric conductivity in the absence of magnetic vector fields, ne the electron number density, and
e the charge of an electron.
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and

(13) f = f(fluid) + J ×B.

The equality (12) means that the magnitude ∥ρeu∥ is negligible compared to ∥j∥ and ∥j0∥ in
(8), while the equality (13) means that ∥ρeE∥ is negligible compared to ∥f(fluid)∥ and ∥J ×B∥
in (10).

Under the assumptions I and II, we are going to derive MHD equations from (1)–(10). Firstly,
we see from (11), (4) that

(14) rotH = J.

Combining (12), (9) with (14), we have

(15) rotH = J = j + j0 = σ (E + u×B) + j0.

Then, taking rot of the both sides of (15), by (3) we see that

rot rotH = σ (rotE + rot (u×B)) + rot j0

= σ

(
−∂B

∂t
− rot (B × u)

)
+ rot j0,

so that we have

(16)
∂B

∂t
+ rot (B × u) = − 1

σµ
rot rotB +

1

σ
rot j0,

which is called the equation of induction. On the other hand, it follows from (13), (14), (7) that

(17)
∂u

∂t
+ u · ∇u = κ∆u−∇p+ f(fluid) +

1

µ
(rotB ×B) .

The equations (16), (17) combined with div u = div B = 0 are incompressible nonstationary
MHD equations.

Putting σ = µ = κ = 1 in (16) and (17), utilizing the vector calculus identity that rot B ×
B = B · ∇B − 1

2∇|B|2, assuming that u, B, p, and f(fluid), j0 are all independent of the time

variable, we now reach incompressible stationary MHD equations:

(18)


−∆u+ u · ∇u−B · ∇B +∇(

1

2
|B|2 + p) = f(fluid),

rot (rotB) + rot (B × u) = rot j0,
divu = 0, divB = 0.

By setting f = f(fluid) and g = rot j0 in (18), the equations in (MHD) in §1 are derived.

3 Helmholtz-Weyl decomposition

In this section, we summarize the Helmholtz-Weyl decomposition theorem (see [5]). Let Ω be a
bounded domain in R3 with C∞-boundary ∂Ω. We introduce

Xhar(Ω) = {h ∈ C∞(Ω) | divh = 0, roth = 0, h · ν = 0 },
Vhar(Ω) = {h ∈ C∞(Ω) | divh = 0, roth = 0, h× ν = 0 },
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where Xhar(Ω) is the space of tangential harmonic vector fields on Ω and Vhar(Ω) the space of
normal harmonic vector fields on Ω. Let 1 ≤ r ≤ ∞. We define two spaces Xr

σ(Ω) and V r
σ (Ω)

by
Xr

σ(Ω) = {w ∈ W 1,r(Ω) | divw = 0, w · ν = 0 },
V r
σ (Ω) = {w ∈ W 1,r(Ω) | divw = 0, w × ν = 0 }.

Then the Helmholtz-Weyl decomposition of Lr-vector fields on Ω is stated as

Proposition 3.1 Let 1 < r < ∞. We have two kinds of decompositions of the vector-valued
space Lr(Ω):

Lr(Ω) = Xhar(Ω)⊕ rotV r
σ (Ω)⊕∇W 1,r(Ω),

Lr(Ω) = Vhar(Ω)⊕ rotXr
σ(Ω)⊕∇W 1,r

0 (Ω).

Here ⊕ denotes the direct sum.

Remark 1 The spaces of harmonic vector fields Xhar(Ω) and Vhar(Ω) are both finite dimen-
sional. If the domain Ω satisfies the following topological conditions, the dimensions of Xhar(Ω)
and Vhar(Ω) are given explicitly (see [1]): Suppose that the boundary ∂Ω has L + 1 connected
components Γ0, Γ1, . . . ,ΓL of C∞-surfaces such that Γ1, . . . ,Γl lie inside of Γ0 with Γi ∩ Γj = ϕ
for i ̸= j, and ∂Ω = ∪L

j=0Γj. Moerover, we assume that there are N C∞-surfaces Σ1, . . . ,ΣN

transversal to ∂Ω such that Σi∩Σj = ϕ for i ̸= j, and such that Ω\∪N
j=1Σj is a simply connected

domain.
Then it holds that

dimXhar(Ω) = N and dimVhar(Ω) = L.

Remark 2 We define Lr
σ(Ω) by the closure of C∞

0,σ(Ω) in Lr-norm ∥ · ∥r, where C∞
0,σ(Ω)is the

set of all C∞-vector valued functions φ = (φ1, φ2, φ3) with compact support in Ω such that
div φ = 0. Then, the first decomposition in Proposition 3.1 can be written as

Lr(Ω) = Lr
σ(Ω)⊕∇W 1,r(Ω), where Lr

σ(Ω) = Xhar(Ω)⊕ rotV r
σ (Ω).

In the next section, we will introduce the space X r
σ (Ω) by

X r
σ (Ω) = rotV r

σ (Ω).

The space X r
σ (Ω) plays a crucial role in our study on boundary value problems for MHD equa-

tions. We also define the projection Rr along the first decomposition in Proposition 3.1 by

Rr : L
r(Ω) → X r

σ (Ω).

It is easy to see that R2
r = Rr, R

∗
r = Rr′ for 1/r + 1/r′ = 1, R∗

r denoting the adjoint operator
on Lr′(Ω) of Rr.

4 Main theorems

Our first result on existence of weak solutions to (MHD) in §1 now reads

Theorem 1 For every {f, g} ∈ H1
0 (Ω)

∗ × X
6
5

σ (Ω), there exists as least a pair

{u, B} ∈ H1
0 (Ω)×

(
H1(Ω) ∩ X 2

σ (Ω)
)

such that

(19) (∇u, ∇φ) + (u · ∇u−B · ∇B, ∇φ) =< f, φ > for all φ ∈ H1
0,σ(Ω),
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(20) (rotB, rotΨ) + (rot (B × u), Ψ) = (g, Ψ) for all Ψ ∈ H1(Ω),

where (·, ·) denotes the L2-inner product and < ·, · > the duality pairing between H1
0 (Ω)

∗ and
H1

0 (Ω). Here H1
0 (Ω) is the closure of the vector valued C∞

0 (Ω) in W 1,2(Ω) and H1
0,σ(Ω) ≡ {u ∈

H1
0 (Ω) | div u = 0 }. X r

σ (Ω) is the same space as in Remark 2 in the preceding section.

Remark 3 Weak forms (19) and (20) imply that the pair {u, B} satisfies (MHD) in the sense of
distributions in Ω. It is easy to see that if B ∈ H2(Ω) in addition, then it holds that rotB×ν = 0
on ∂Ω. It should be noted that the above existence theorem of weak solutions to (MHD) holds
in all bounded smooth domains with arbitrary geometry. Indeed , we do not need to impose any
topological restrictions on Ω such as simple connectivity.

Remark 4 The assumption for the magnetic external force that g ∈ X
6
5 (Ω) seems restrictive.

However, such a restriction may be regarded as a compatibility condition for the existence of
the strong solution {u, B} ∈

(
H2(Ω) ∩H1

0,σ(Ω)
)
×

(
H2(Ω) ∩ X 2

σ (Ω)
)
. Indeed, it follows from

[Lemma 2.9 in [3]] that such a {u, B} necessarily satisfies rot (rotB) + rot (B × u) ∈ X 2
σ (Ω).

Furthermore, from a viewpoint of magnetohydrodynamic approximation discussed in §2, it seems
reasonable to assume that g ∈ X

6
5 . I will touch on this remark in my talk.

Next we consider uniqueness and regularity of the weak solutions given in Theorem 1.

Theorem 2 (i) There is a positive constant δ such that if the pair {u, B} ∈ H1
0 (Ω)×

(
H1(Ω) ∩ X 2

σ (Ω)
)

satisfies (19) and (20) with
∥u∥3,∞ + ∥B∥3,∞ ≤ δ,

then {u, B} is unique, where ∥ · ∥3,∞ denotes the weak-L3 norm on Ω, i.e.,

∥u∥3,∞ ≡ sup
t>0

t (m({x ∈ Ω | |u(x)| > t }))1/3

with m denoting the Lebesgue measure in R3.

Moreover, there is a positive constant δ′ such that if {f, g} ∈ H1
0 (Ω)

∗ × X
6
5

σ (Ω) satisfies

∥f∥H−1 + ∥g∥ 6
5
≤ δ′,

then there exists a unique pair {u, B} ∈ H1
0,σ ×

(
H1(Ω) ∩ X 2

σ (Ω)
)
such that (19) and (20) are

satisfied. Here ∥ · ∥p denotes the norm of Lp(Ω), 1 ≤ p ≤ ∞, and ∥ · ∥H−1 the norm of H1
0 (Ω)

∗.

(ii) If {f, g} ∈ L2(Ω) × X 2
σ (Ω), then the pair {u, B} given in Theorem 1 satisfies {u, B} ∈(

H2(Ω) ∩H1
0,σ(Ω)

)
×

(
H2(Ω) ∩ X 2

σ (Ω)
)
, and fulfills (MHD) almost everywhere in Ω. More

generally, if {f, g} ∈ Hm(Ω)×
(
Hm(Ω) ∩ X 2

σ (Ω)
)
for m = 1, 2, . . . , then it holds that {u, B} ∈(

Hm+2(Ω) ∩H1
0,σ(Ω)

)
×
(
Hm+2(Ω) ∩ X 2

σ (Ω)
)
.

Remark 5 It should be noted that the weak-L3 space is scaling invariant for (MHD). The above
theorem states unique existence of weak solutions to (MHD) under small external forces f and
g.
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1 Introduction

We consider the flow of compressible nematic liquid crystal in an infinite
layer, which is governed by the following system based on simplified Ericksen-
Leslie system:

∂tρ+ div (ρu) = 0, (1)

∂t(ρu) + div (ρu⊗ u) = div SC , (2)

∂t(ρθ) + div (ρθu) + div q = SC : ∇u, (3)

∂td+ u · ∇d = τ∗(∆d+ |∇d|2d). (4)

Here the unknown variables ρ, u, θ denote the density, velocity and temper-
ature of fluid, respectively, d the orientation field for averaged macroscopic
molecular directions of nematic liquid crystal, and hence, |d| = 1. q is the
heat flux given by q = −κ∗∇θ. Moreover, SC is the Cauchy stress tensor
defined by

SC = SN − η∗(∇d⊙∇d− 1

2
|∇d|2I)− P I,

where P = P (ρ, θ) is pressure which satisfies ∂ρP ≥ 0, ∂θP ≥ 0, and SN is
the conventional Newtonian viscous stress tensor,

SN = µ(∇u+ (∇u)⊤) + µ′(divu)I.

The positive constants η∗, κ∗ and τ∗ describe the competition between ki-
netic and potential energy, ratio of the heat conductivity coefficient over the
heat capacity and microscopic elastic relaxation time, respectively. µ and µ′

are the shear viscosity and the second viscosity coefficients which are both
constants satisfying µ > 0 and µ+ 2

3µ
′ ≥ 0. I is the identity matrix. We set

(u⊗u)ij = uiuj , (∇d⊙∇d)ij = ∂xid ·∂xjd and SC : ∇u =
∑

i,j(SC)ij∂xiu
j .

The system (1)–(4) is considered in the infinite layer Ωh:

Ωh = {x = (x′, x3); x
′ = (x1, x2), 0 < x3 < h}.

34



The boundary condition is

u|x3=0,h = 0, (5)

θ|x3=0 = θ∗0, θ|x3=h = θ∗1, (6)

∂d

∂x3
|x3=0,h = 0, (7)

for given positive constants θ∗0, θ
∗
1. We consider density ρ and temperature

θ around ρ∗ and θ∗0, respectively, where ρ∗ is given positive constant.
The Ericksen-Leslie system is produced by Ericksen [1, 2, 3] and Leslie

[4, 5]. For the simplified isothermal model, Lin et al. [9] first investigated
the existence of global weak solutions for Dirichlet boundary conditions on
d in 2-dimensions. The decay rates were obtained by Wu [10] in order

O(1 + t)
− γ

1−2γ for some parameter γ ∈ (0, 12) on a bounded domain. Hieber
et al. [?] obtained the global well-poseness for simplified system subject
to Neumann conditions. Later, Wang [11] proved the global well-posedness
with small initial data in BMO−1×BMO in whole space. In 3-dimensions,
Huang et al. [14] gave examples of small initial data on Dirichlet boundary
conditions for which one has finite time blow up of (u,d). For whole space
R3, Dai [12] proved the asymptotic behavior of the classical solution which
decays like a 3-dimensional heat equation for d and Navier-Stokes equations
with a force decaying in O(t−

3
4 ) for u, respectively.

On the other hand, there are few results for non-isothermal model of
nematic liquid crystal for global classical solutions. Hieber and Prüss [15] got
the presentation of thermodinamically consistent modeling of nematic liquid
crystals and analyzed non-isothemal simplified model in Lp−Lq setting. Guo
et al. [16] established the existence of global in time smooth solutions and
their decay rates in R3 with initial data which are close to steady state. The
isothermal simplified model is first proposed by Lin [6] and many works have
done for this isothermal model.

2 Existence of global classical solutions for small
data and asymptotic behavior

The problem (1)–(5) has a stationary solution us = ⊤(ρs,us, θs,ds) =
⊤(ρs,0, θs,d

∗). Here ρs and θs are smooth function of x3 satisfying |ρs −
ρ∗| ≪ 1 and |θs − θ∗0| ≪ 1 and d∗ is a constant vector. The perturba-
tion equation from this motionless state us is written in the following non-
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dimensionalized form:

∂tϕ+ div ((ρs − 1)u) + divu = f, (8)

∂tu− ν∆u− (ν + ν ′)∇divu+∇θ +∇ϕ = g, (9)

∂tθ − κ∆θ + β(P (ρs, θs)− 1)divu+ βdivu = h, (10)

∂td− τ∆d = k, (11)

u|x3=0,1 = θ|x3=0,1 = 0,
∂d

∂x3
|x3=0,1 = 0, (12)

u|t=0 = u0, (13)

where u0 =
⊤(ϕ0,u0, θ0,d0) and f, g, h, k are nonlinear terms.

Theorem 1. There exist positive constants δ1, δ2, δ3 and ϵ0 such that
if u0 ∈ (H3(Ω))3 × H4(Ω) satisfies some compatibility conditions and if
∥u0∥H3 , ∥d0∥H4 ≤ ϵ0, ∥ρs− 1∥2H6 ≤ δ1, ∥ρsθs− 1∥2H6 ≤ δ2 and ∥θs− 1∥2H6 ≤
δ3, then (8)–(13) has a unique solution u(t) and it satisfies the estimates

∥u(t)∥(H3(Ω))3×H4(Ω) ≤ C∥u0∥(H3(Ω))3×H4(Ω).

We also consider the asymptotic behavior for this model.

Theorem 2. In addition to the assumption of Theorem 1, we assume that
u0 ∈ (L1(Ω))4, then the solution u(t) satisfies the following estimates:

(i)

∥∂l
x3
∂l′
x′u(t)∥L2(Ω) ≤ C(1 + t)−

1
2
− |l′|

2 ∥u0∥H3(Ω)∩L1(Ω),

for 0 ≤ l, |l′| ≤ 1. Furthermore,

∥∂l
x3
∂l′
x′(u, θ)(t)∥L2(Ω) ≤ C(1 + t)−1∥u0∥H3(Ω)∩L1(Ω),

∥∂l
x3
∂l′
x′d(t)∥L2(Ω) ≤ C(1 + t)−

1
2
− l+|l′|

2 ∥u0∥H3(Ω)∩L1(Ω)

for 0 ≤ l, |l′| ≤ 1, l + |l′| ≤ 1.

(ii)

∥u(t)− σ̃0(t)∥L2(Ω) = o(t−
1
2 ) as t → ∞,

where
σ̃0(t) =

⊤(ϕ̃low(t),0, 0, d̃low(t)),

ϕ̃low(t) = α0G0(x
′, t), d̃low = ⊤(β1G1(x

′, t), β2G2(x
′, t), β3G3(x

′, t)),

α0 =

(∫
Ω
ϕ0(y) dy

)
1

∂ρP (ρs, θs)
, βj =

∫
Ω
dj0(y) dy+

∫ ∞

0

∫
Ω
kj(u,d)(y, s) dyds,

Gj(t) = (4πκjt)
−1e

− |x′|2
4κjt (j = 0, 1, 2, 3, κj > 0).
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3 Existence of global weak solutions for large ini-
tial data

Here we consider the existence of global weak solutions of simplified Ericksen-
Leslie system with ρ = 1 for the simplicity:

divu = 0, (14)

∂tu+ div (u⊗ u) = div (ν(θ)∇u− η(θ)∇d⊙∇d− P I), (15)

∂tθ + u · ∇θ − κ(θ)∆θ = β(div (ν(θ)∇u− η(θ)∇d⊙∇d (16)

−P I) : ∇u, (17)

∂td+ u · ∇d = ∆d+ |∇d|2d. (18)

In addition to the boundary condition (12), we impose the peropdic bound-
ary condition in x′.

We introduce the Ginzburg-Lamdau approximation corresponding to
(14)–(18):

divu = 0, (19)

∂tu+ div (u⊗ u) = div (ν(θ)∇u− η(θ)∇d⊙∇d− P I), (20)

∂tθ + u · ∇θ − κ(θ)∆θ = β(div (ν(θ)∇u− η(θ)∇d⊙∇d (21)

−P I) : ∇u, (22)

∂td+ u · ∇d = ∆d+
1

ϵ2
(1− |d|2)d. (23)

The Ginzburg-Landau approximation was first systematically used by Lin
and Liu [7, 8] to study the simplified Ericksen-Leslie system. In their works,
the unit-length constraint |d| = 1 is relaxed via a Ginzburg-Landau potential
1
ϵ2
(1 − |d|2)d. For this approximate system, they proved the existence of

unique global strong solutions in 2 or 3-dimension, under the assumption of
sufficiently large viscosity. In the non-isothermal setting, Feireisl, Frémond,
Rocca, and Schimperna [13] studied a Ginzburg-Landau type non-isothermal
model and proved the existence of global weak solutions for large data in
three dimension. Since the simplified Ericksen-Leslie system is formally
obtained by taking the limit ϵ → 0 of (19)–(23), so we construct weak
solution of (14)–(18) via that of (19)–(23).

We introduce a weak formulation of (14)–(18):∫
Ω
u · ∇φdx = 0,

∫ T

0

∫
Ω
u∂tφ+(u⊗u) : ∇φdxdt =

∫ T

0

∫
Ω
(ν(θ)∇u−η(θ)∇d⊙∇d) : ∇φdxdt,
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∫ T

0

∫
Ω
d∂tbφ+ (u⊗ d) : ∇φdxdt =

∫ T

0

∫
Ω
(∇d : ∇φ+ |∇φ|2dφ) dxdt

−
∫
Ω
d0φ(0, ·) dx,

∫ T

0

∫
Ω
H(θ)∂tφ+ (H(θ)u+H ′(θ)κ(θ)∇θ) · ∇φdxdt

≤ −
∫ T

0

∫
Ω
{H ′(θ)(µ(θ)|∇u|2 + |∆d+ |∇d|2d|2) +H ′′(θ)κ(θ)|∇θ|2}φdxdt

+

∫ T

0

∫
Ω
H ′(θ|∂Ω)κ(θ)∇θ · nφdSdt−

∫
Ω
H(θ0)φ(·, 0) dx,

∫
Ω

1

2
|u|2+1

2
|∇d|2+θ dx ≤

∫
Ω
(
1

2
|u0|2+

1

2
|∇d0|2+θ0) dx+

∫ t

0

∫
∂Ω

κ(θ)∇θ·u dSds,

where H is smooth, non-decreasing and concave function, φ ∈ C∞
0 (Ω ×

[0, T ]).

Theorem 3. There exists positive constant K such that if 0 < ν(θ), ν ′(θ), η(θ) <
K for any θ ≥ 0 and if u0 ∈ L2(Ω), divu0 = 0, θ0 ∈ L1(Ω), essinfΩθ0 >
0, d0 ∈ L∞(Ω), then system (14)–(18) with boundary condition has weak
solution u(t) and it belongs to the class

u ∈ L∞(0, T ;L2) ∩ L2(0, T ;H1),

θ ∈ L∞(0, T ;L1) ∩ Lp(0, T ;W 1,p), 1 ≤ p <
5

4
,

d ∈ L∞(0, T ;H1)

for any T > 0.
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NLS WITH MASS-SUBCRITICAL COMBINED NONLINEARITIES:
SMALL MASS L2-SCATTERING

JACOPO BELLAZZINI, LUIGI FORCELLA, AND VLADIMIR GEORGIEV

Abstract. We prove small data scattering in the mass-subcritical regime for

the NLS equation with double nonlinearities, where a focusing leading term is

perturbed by a lower order defocusing nonlinear term. Our proof relies on the

pseudo-conformal transformation in conjunction with a general variational argument

used to obtain the positivity of certain modified energies. Moreover, the smallness

assumption is only on the mass of the initial data, and not on the whole Σ-norm.

In this paper, we consider the Cauchy problem for the nonlinear Schrödinger

equation (NLS) with combined nonlinearities (see [5]){
i∂tψ +∆xψ = |ψ|q−1ψ − |ψ|p−1ψ

ψ(0) = ψ0 ∈ Σ
, (0.1)

where ψ = ψ(t, x), ψ : R×Rd 7→ C, ∆x is the standard Laplace operator with respect

to the space variables x, and

1 +
2

d
< q < p < 1 +

4

d
.

The space Σ is defined as the subspace of H1(Rd) with finite variance:

Σ = {u ∈ H1(Rd) s.t. |x|u ∈ L2(Rd)},

endowed with norm ∥f∥2Σ = ∥f∥2
H1(Rd)

+ ∥|x|u∥2
L2(Rd)

. Taking into account the signs

in front of the nonlinear terms in (0.1), we are dealing with a mixed nonlinearity with

focusing mass-subcritical term of order p, and a defocusing term of order q ∈ (1+ 2
d
, p).

The critical power p0 = 1+ 4
d
is defined by borrowing from the usual scaling invariant

equation with one nonlinearity

i∂tψ +∆xψ = ±|ψ|p−1ψ,

2020 Mathematics Subject Classification. 35Q55; 35P25, 35J20.

Key words and phrases. Nonlinear Schrödinger equation, Scattering, mixed nonlinearities.
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L2-SCATTERING FOR NLS WITH MIXED NONLINEARITIES

and refers to the conservation of the L2-norm of a solution under the scaling invariance

of the equation given by ψλ(t, x) = λ
2

p0−1ψ(λ2t, λx).

The exponent q0 = 1 + 2
d
is instead known as the exponent separating the so-called

short-range and long-range nonlinearities. See the discussion below.

A function ψ(t), with ψ ∈ C((−Tmin, Tmax); Σ) is said a mild solution to (0.1) if it

satisfies the integral equation

ψ(t) = U(t)ψ0 − i

ˆ t

0

U(t− s)g(ψ(s))ds,

where U(t) = eit∆x is the free Schrödinger propagator and g(ψ) = |ψ|q−1ψ − |ψ|p−1ψ.

At a formal level, equation (0.1) preserves the following quantities: the mass,

M(ψ(t)) =

ˆ
Rd

|ψ(t, x)|2dx,

the energy

E(ψ(t)) =
1

2

ˆ
Rd

|∇ψ(t, x)|2dx+ 1

q + 1

ˆ
Rd

|ψ(t, x)|q+1dx

− 1

p+ 1

ˆ
Rd

|ψ(t, x)|p+1dx,

(0.2)

and the momentum

P (ψ(t)) = Im

ˆ
Rd

ψ(t, x)∇ψ̄(t, x)dx.

In this paper, we are interested in the scattering properties of solutions to (0.1).

In particular, once it is known that a solution exists globally-in-time, we ask whether

the solution behaves linearly for large times.

We state our main result.

Theorem 1. Let 1 + 2
d
< q < p < 1 + 4

d
. There exists a positive mass ρ⋆ such that

for any ψ0 ∈ Σ with ∥ψ0∥L2(Rd) < ρ⋆ a solution to (0.1) scatters in L2(Rd).

Remark 0.1. We emphasize that our smallness assumption is only on the mass of

the initial datum, and not in the whole Σ-norm. This is a major difference with

respect to the classical scattering results as in [2–4] for the NLS equation with only

one power-like nonlinearity.

As the existence of standing waves may represent an obstruction for scattering, we

start by considering the possible existence of standing waves for our mixed model
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L2-SCATTERING FOR NLS WITH MIXED NONLINEARITIES

(0.1). Specifically, we look at solutions to (0.1) of the form ψ(t, x) = eiωtu(x), with

ω ∈ R and u(x) ∈ C is a time-independent H1(Rd)-function which satisfies

−∆u+ ωu+ |u|q−1u− |u|p−1u = 0. (0.3)

Since the mass is a conserved physical quantity along the flow of (0.1), a natural

approach to finding solutions u to (0.3) is to seek critical points of the energy

functional, constrained to the L2-spheres in H1(Rd), which are defined by

Sρ = {u ∈ H1(Rd) : ∥u∥L2(Rd) = ρ}.

Thus, a solution to (0.3) is understood as a pair (ωρ, uρ) ∈ R × H1(Rd), where

ωρ serves as the Lagrange multiplier corresponding to the critical point uρ on the

constraint set Sρ.For a fixed a mass ρ > 0, we define the ground state energy the

quantity Iρ2 , defined as the infimum of the energy functional over Sρ, namely,

Iρ2 = inf
Sρ

E(u),

where E is defined as in (0.2).

We have the following existence and non-existence result for the existence of ground

states.

Theorem 2. Let d ≥ 1 and 1 < q < p < 1 + 4
d
. Then there exists a strictly positive

mass ρ0,E such that:

(i) Iρ2 = 0 for all ρ ∈ (0, ρ0,E];

(ii) Iρ2 < 0 for all ρ ∈ (ρ0,E,∞).

Moreover, there are no constrained minimizers for 0 < ρ < ρ0,E, and for all ρ ∈
[ρ0,E,∞) there exists uρ ∈ Sρ such that Iρ2 = E(uρ).

We will refer to the minimal mass ρ0,E as the ground state threshold mass.

Remark 0.2. Below, we will provide an upper bound on the mass ρ⋆ by means of

the threshold mass yielding the existence of ground states for equation (0.3).

A natural question that arises after proving the existence of a threshold mass for

the existence of ground states, is whether there exists a smaller threshold mass for

the existence of generic standing waves. In order to answer this question, we recall

that for any standing wave ψ(t, x) = eiωtu(x) we have G(u) = 0, where G(u) is the

following Pohozaev functional

G(u) =

ˆ
Rd

|∇u|2dx+ d(q − 1)

2(q + 1)

ˆ
Rd

|u|q+1dx− d(p− 1)

2(p+ 1)

ˆ
Rd

|u|p+1dx.
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L2-SCATTERING FOR NLS WITH MIXED NONLINEARITIES

Note that the Pohozaev functional has the same structure as the energy functional

(0.2), the two being different only by the constants appearing in front of the integrals.

Then, it becomes relevant to study the existence of minimizers for a general defocusing-

focusing energy functional of the type

Eα,β,γ(u) := α∥∇u∥2L2(Rd) + β∥u∥q+1
Lq+1(Rd)

− γ∥u∥p+1
Lp+1(Rd)

constrained to the manifold Sρ, with positive constants α, β, γ and 1 < q < p < 1+ 4
d
.

Thus, we consider the general problem

Iα,β,γρ2 := inf
Sρ

Eα,β,γ(u),

and we prove the following existence and non-existence result of minimizers.

Theorem 3. Let d ≥ 1, 1 < q < p < 1 + 4
d
, and α > 0, β > 0, γ > 0. Then there

exists a strictly positive mass

ρ0 = ρ0(α, β, γ)

such that:

(i) Iα,β,γρ2 = 0 for all ρ ∈ (0, ρ0];

(ii) Iα,β,γρ2 < 0 for all ρ ∈ (ρ0,∞).

Moreover, there are no constrained minimizers for 0 < ρ < ρ0, and for all ρ ∈ [ρ0,∞)

there exists uρ ∈ Sρ such that Iα,β,γρ2 = Eα,β,γ(uρ).

It is clear that Theorem 2 is just a specific case of Theorem 3 when α = 1
2
, β =

1
q+1

, γ = 1
p+1

, namely ρ0 = ρ0,E, and that Theorem 3 also guarantees that G(u) > 0

for u ∈ Sρ when ρ < ρ0,SW where

ρ0,SW = ρ0

(
1,
d(q − 1)

2(q + 1)
,
d(p− 1)

2(p+ 1)

)
.

As a consequence, we have the following.

Corollary 1. Standing waves solutions ψ(t, x) = eiωtu(x), ω ∈ R and u ∈ H1(Rd)

with mass smaller than ρ0,SW cannot exist.

The strategy to prove Theorem 2 and Theorem 3 is purely variational and it has

been inspired by the recent paper [1], in particular it will be crucial to show (in the

case of Theorem 2) that

Aε = {u ∈ H1 \ {0} : E(u) ≤ 0, G(u) = 0, ∥∇u∥2 ≤ ε} = ∅.
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L2-SCATTERING FOR NLS WITH MIXED NONLINEARITIES

This condition will imply that the ground state energy is nonnegative for small mass

and that the ground state with small mass cannot exist.

Going back to our main goal, i.e., the long-time dynamics of solutions to (0.1), and

having in mind Theorem 2 and Corollary 1, it is clear that the long-time dynamics

of solutions to (0.1) shall be rather different from those of the NLS equation with a

single power-like nonlinear term. Indeed, we are in a scenario where standing waves

may exist or not, depending on the mass. We can re-state Theorem 1 in a more

precise and quantitative way. To this aim, we introduce the following exponents:

δ(q) =
4− d(q − 1)

2
and δ(p) =

4− d(p− 1)

2
.

Note that both exponents above are in the range (0, 1).

Theorem 4. Let d ≥ 1, 1 + 2
d
< q < p < 1 + 4

d
, and ρ0,E > 0 be the threshold mass

for the existence of ground states given in Theorem 2. Then there exists a positive

mass ρ⋆, given by

ρ⋆ = ρ0

(
1

2
,
(1− δ(q))(1− δ(p))−

δ(q)
δ(p)

q + 1
,

1

p+ 1

)
< ρ0,E,

such that for any ψ0 ∈ Σ with ∥ψ0∥L2(Rd) < ρ⋆ there exist ψ± ∈ L2(Rd) satisfying

lim
t→±∞

∥ψ(t)− U(t)ψ±∥L2(Rd) = 0

with ψ(t) solution to (0.1).

Remark 0.3. In view of the content of Theorem 4, it is natural to ask whether the

threshold mass ρ⋆ is optimal or not. Alternatively, we may ask if we can push ρ⋆ up

to ρ0,E defined in Theorem 2. We conjecture that this is not possible as we suspect

the existence of standing waves which are not global minima for the energy functional,

and have a mass strictly smaller than ρ0,E.

Let us briefly illustrate the main ideas behind the proof of Theorem 4. First, we

introduce the pseudo-conformal transformation

φ(τ, ξ) = ψ

(
τ

1− τ
,

ξ

1− τ

)
(1− τ)−d/2e−

i|ξ|2
4(1−τ) .

It is known that e−it∆xψ(t) has a strong limit in the L2-topology as t→ +∞ if and

only if φ(τ) has a strong limit in the L2-topology as τ → 1−. In the new variables,
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L2-SCATTERING FOR NLS WITH MIXED NONLINEARITIES

φ(τ) is a solution to the following NLS with time-dependent coefficients

i∂τφ+∆ξφ = (1− τ)−δ(q)|φ(τ)|q−1φ(τ)− (1− τ)−δ(p)|φ(τ)|p−1φ(τ),

and to perform a Tsutsumi and Yajima argument [6] it will be crucial to have suitable

controls in terms of (1 − τ) for the quantities ∥∇ξφ(τ)∥L2(Rd), ∥φ(τ)∥Lq+1(Rd), and

∥φ(τ)∥Lp+1(Rd). At this point, in order to control the aforementioned norms, we

introduce the modified energy

EA(τ, φ(τ)) :=
(1− τ)A

2
∥∇ξφ(τ)∥2L2(Rd) +

(1− τ)A−δ(q)

q + 1
∥φ(τ)∥q+1

Lq+1(Rd)

− (1− τ)A−δ(p)

p+ 1
∥φ(τ)∥p+1

Lp+1(Rd)
.

The modified energy above is parametrized by a non-negative real number A that

satisfies δ(q) < A < 1 (which will be chosen properly later in the paper). Specifically,

the modified energy EA is not conserved along the flow, so the crucial point will be to

exploit a bound on the time evolution of the modified energy in terms of EA(0, φ(0)),

provided that the Cauchy datum has L2-norm strictly lower than a certain mass

ρ1(A). The variational analysis developed in Theorem 3 will be the key tool for this

purpose. Once the time evolution of the modified energy is controlled, we will get

the estimates
∥∇ξφ(τ)∥2L2(Rd) ≲ (1− τ)−A,

∥φ(τ)∥q+1
Lq+1(Rd)

≲ (1− τ)δ(q)−A,

∥φ(τ)∥p+1
Lp+1(Rd)

≲ (1− τ)δ(p)−A.

that enable us to prove the long-time dynamical results by exploiting the Tsutsumi

and Yajima strategy. We therefore prove scattering below the threshold mass ρ1(A)

parametrized by A. Eventually, we will show the monotonicity of the mass ρ1(A) as

A→ 1− and we compute the largest possible threshold mass given by

ρ⋆ = ρ0

(
1

2
,
(1− δ(q))(1− δ(p))−

δ(q)
δ(p)

q + 1
,

1

p+ 1

)
.
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1. Introduction

We consider the focusing nonlinear fourth-order Schrödinger equation{
i∂tu−∆2u+ |u|p−1u = 0, (t, x) ∈ R× Rd,

u(0, x) = u0(x), x ∈ Rd,
(1.1)

where u = u(t, x) is a complex-valued unknown function and p satisfies

1 + 8
d
< p <

{
∞ if 1 ≤ d ≤ 4,

1 + 8
d−4

if d ≥ 5.
(1.2)

(1.1) is locally well-posed in H2(Rd) and has three conserved quantities; the mass M(u),

the energy E(u) and the momentum P⃗ (u):

M(u(t)) :=

∫
Rd

|u(t, x)|2dx =M(u0),

E(u(t)) := 1
2

∫
Rd

|∆u(t, x)|2dx− 1
p+1

∫
Rd

|u(t, x)|p+1dx = E(u0),

P⃗ (u(t)) := Im

∫
Rd

u(t, x)∇u(t, x)dx = P⃗ (u0).

(1.1) is invariant under the scaling transformation. Let u be a solution to (1.1). Then for
all λ > 0,

uλ(t, x) := λ
4

p−1u(λ4t, λx)

also solves (1.1). For all λ > 0, we have

‖uλ(0)‖Ḣs(Rd) = λs−
d
2
+ 4

p−1‖u0‖Ḣs(Rd)

for all s ∈ R. This implies that the critical exponent of homogeneous Sobolev spaces is
given by

sc :=
d
2
− 4

p−1
.
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We say that (1.1) is L2-supercritical and Ḣ2-subcritical if 0 < sc < 2. This condition
holds if and only if p satisfies (1.2).
In this article, we study the global dynamics for (1.1). There are many results on the

global dynamics for the nonlinear fourth-order Schrödinger equation. For the defocusing
nonlinear fourth-order Schrödinger equation

i∂tu−∆2u− |u|p−1u = 0,

Pausader [21] proved global well-posedness and scattering for all radially symmetric initial
data in H2(Rd) when d ≥ 5 and 1 < p ≤ 1 + 8/(d − 4). The radial assumption is not
necessary when p < 1 + 8/(d − 4) and is removed later in [20, 23] in the remaining case
p = 1+8/(d−4) when d ≥ 8. For the low dimensional and L2-supercritical case: 1 ≤ d ≤ 4
and p > 8/d, the scattering result was obtained in [25]. For the high dimensional and
L2-critical case: d ≥ 5 and p = 1 + 8/d, the global well-posedness and scattering was
proved in [24].

For the focusing equation (1.1), the ground state solutions play an important role in
describing global dynamics. Miao–Xu–Zhao [19] and Pausader [22] proved the global well-
posedness and the scattering of radial solutions below the ground state for (1.1) in the
energy-critical case p = 1 + 8/(d − 4) when d ≥ 5. In [19, 22], the proofs are based on
concentration compactness argument in the spirit of Kenig–Merle [15].

For the equation (1.1) in the inter-critical case (1.2), Guo [11] proved the scattering
of radially symmetric solutions below the ground state when d ≥ 2. The proof in [11]
is based on the concentration compactness argument. Dinh [5] provides an alternative
proof, avoiding the use of the concentration compactness argument. The proof in [5] relies
on the approach introduced by Dodson–Murphy [8].

For ω > 0, (1.1) has standing wave solutions u(t, x) = eiωtϕ(x), where ϕ is a solution
of the fourth-order elliptic equation

−ωϕ−∆2ϕ+ |ϕ|p−1ϕ = 0, x ∈ Rd. (1.3)

For each ω > 0, we define a ground state Qω as a solution of (1.3) such that

Sω(Qω) = inf{Sω(ϕ) | ϕ ∈ H2(Rd) \ {0}, ϕ solves (1.3)},
where Sω is the action functional defined by

Sω(ϕ) := E(ϕ) + ω
2
M(ϕ).

It is known that there exists a ground state solution to (1.3) for all 1 < p < 8/(d − 4)+
and for all ω > 0 (see [2, 3], for instance). Let K be the virial functional defined by

K(ϕ) := ∂
∂λ
E(λ

d
2ϕ(λx))|λ=1

= 2

∫
Rd

|∆ϕ(x)|2dx− d(p−1)
2(p+1)

∫
Rd

|ϕ(x)|p+1dx.

Then we see that every solution ϕ to (1.3) satisfies K(ϕ) = 0. Moreover, if p satisfies
(1.2), then for all ω > 0,

Sω(Qω) = inf{Sω(ϕ) | ϕ ∈ H2(Rd) \ {0}, K(ϕ) = 0}. (1.4)

In [5, 11], the following result was obtained.
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Theorem 1.1 ([5, 11]). Let d ≥ 2 and p satisfy (1.2). If u0 ∈ H2(Rd) is radial and
satisfies

Sω(u0) < Sω(Qω) for some ω > 0, and K(u0) ≥ 0, (1.5)

then there exists a unique global solution u ∈ C(R, H2(Rd)) to (1.1) with initial data u0.
Moreover, u scatters forward and backward in time, i.e., there exist ϕ± ∈ H2(Rd) such
that

lim
t→±∞

‖u(t)− e−it∆2

ϕ±‖H2 = 0,

where e−it∆2
is the free evolution operator of the linear fourth-order Schrödinger equation.

Remark 1.2. Let Q := Q1 be the ground state solution to (1.3) for ω = 1. Since
Qω(x) = ω1/(p−1)Q(ω1/4x) is a ground state solution to (1.3) for each ω > 0, the condition
(1.5) is equivalent to the following condition: M(u0)

2−sc
sc E(u0) < M(Q)

2−sc
sc E(Q),

‖u0‖
2−sc
sc

L2 ‖∆u0‖L2 < ‖Q‖
2−sc
sc

L2 ‖∆Q‖L2 .

Remark 1.3. The existence of radially symmetric ground state solutions to (1.3) implies
that the bound on action in (1.5) is sharp. Boulenger–Lenzmann [4] proved the existence
of radial ground states for (1.3) when p is odd integer and satisfies 1 < p < 1 + 8/(d −
4)+. However, if p is not odd, it remains unknown due to the inapplicability of classical
rearrangement techniques caused by the presence of the fourth-order term. In [4], the
proof relies on the symmetric-decreasing rearrangement in Fourier space, which is limited
to the case where the nonlinearity is a polynomial and hence applicable only when p is
odd.

Remark 1.4. When d ≥ 2, p satisfies (1.2) and p ≤ 9, Boulenger–Lenzmann [4] proved
that if u0 ∈ H2(Rd) is radial and satisfies

Sω(u0) < Sω(Qω) for some ω > 0, and K(u0) < 0,

then the corresponding solution u to (1.1) blows up in finite time.

It is worth noting that in Theorem 1.1, the radial assumption is retained, and the
one-dimensional case is excluded. Our aim is to extend the scattering results for radial
solutions in Theorem 1.1 to the result for group-invariant solutions.

2. Scattering of Group-invariant Solutions

In this section, we introduce the definition of group-invariance and state our main result.
We refer to [13, 14], in which the global dynamics of group-invariant solutions considered
for the nonlinear Schrödinger equation. Let Md(R) be the set of d× d matrices with real
entries. Let O(d) denote the set of d× d orthogonal matrices, i.e.

O(d) := {R ∈Md(R) | RTR = Id},

where the transpose of a matrix A is written by AT and Id denotes the d × d identity
matrix. Note that O(1) = {±1}. We consider a subgroup G of R/2πZ × O(d), where
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R/2πZ × O(d) is a group with the binary operation (+, ·). Throughout this paper, we
assume that for any (θ1,G1), (θ2,G2) ∈ G, θ1 = θ2 if G1 = G2. This assumption reads as
θ-part is given as a function of G, and hence we can use the notation G without confusion
to denote not only a matrix but also an element of G. In the sequel, we freely use this
identification.

Definition 2.1 (G-invariance). Let G be a subgroup of R/2πZ × O(d). A function
f : Rd → C is G-invariant if Gf = f for all G ∈ G, where for G = (θ,G) ∈ G the group
action Gf is defined by Gf(x) := e−iθ(f ◦ G−1)(x) = e−iθf(G−1x).

We remark that the above assumption of G is a natural one since the only G-invariant
function is zero if it fails. We also remark that the radial case corresponds to the case: d ≥
2 and Grad = {0}×O(d). Other simple examples of G in d = 1 are Geven = {(0, 1), (0,−1)}
and Godd = {(0, 1), (π,−1)}, which give even symmetry and odd symmetry of functions,
respectively.

Note that since the Cauchy problem of (1.1) with p satisfying (1.2) is well-posed in
H2(Rd), it is obvious that if the initial data u0 ∈ H2(Rd) is G-invariant , then the
corresponding solution u to (1.1) is also G-invariant, i.e., u(t) = Gu(t) for all G ∈ G, due
to the fact that the operators ∆ and ∆2 are invariant for group actions by R/2πZ×O(d)
and the nonlinear term of (1.1) is gauge invariant.

Our main result is stated as follows.

Theorem 2.2. Let d ≥ 1 and p satisfy (1.2). Let G be a subgroup of R/2πZ×O(d) such
that

inf
|x|=1

#Gx = inf
|x|=1

#{Gx | G = (θ,G) ∈ G} ≥ 4
2

p−1 . (2.1)

If u0 ∈ H2(Rd) is G-invariant and satisfies (1.5), then there exists a unique global solution
u ∈ C(R, H2(Rd)) to (1.1) with initial data u0. Moreover, u scatters forward and backward
in time.

Remark 2.3. The assumption (2.1) for a subgroup G comes from the use of Theorem
4.1 in the proof of Theorem 2.2 (see Section 4 for details).

Remark 2.4. When d ≥ 2, inf |x|=1#Gradx = ∞. Therefore, Grad satisfies (2.1).

Remark 2.5. When d = 1, the condition (1.2) leads to p > 9, and then, inf |x|=1 #Gevenx =

inf |x|=1 #Goddx = 2 > 4
2

p−1 . Therefore, Theorem 2.2 proves the scattering of even or odd
solutions below the ground state in the one dimensional case.

3. Scattering Threshold

In this section, to explain the outline of the proof of Theorem 2.2, we define the scatter-
ing thresholds of action for general solutions and group-invariant solutions. We note that
if an initial data u0 satisfies (1.5), then by using the conservation laws and by applying
the variational analysis, we see that the corresponding solution u exists globally in time
and ‖u‖L∞

t H2
x(R×Rd) <∞. Hence, to complete the proof of Theorem 2.2, it suffices to prove

the scattering part. For any time interval I ⊂ R, we define a scattering size by

‖u‖X(I) := ‖u‖Lq1
t Lr

x(I×Rd),
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where r = p + 1, q1 = 4(p−1)(p+1)
8−(d−4)(p−1)

. By using the Strichartz type estimate for the fourth-

order Schrödinger equation, we see that if a global solution u to (1.1) satisfies the bound-
edness of the scattering size

‖u‖X(R) <∞, (3.1)

then u scatters forward and backward in time. For ω > 0 and for L ≥ 0, we define

Cω(L) := sup{‖u‖X(I) | Sω(u0) ≤ L, K(u0) ≥ 0},

where the supremum is taken over all solutions u to (1.1) defined on I×Rd with initial data
u0 ∈ H2(Rd). By using the small data scattering theory and the long-time perturbation
theory, we see that Cω(L) is sublinear for small L > 0 and that L 7→ Cω(L) is non-
decreasing and continuous whenever Cω(L) is finite. Let

L∗
ω := sup{L ∈ [0,∞) | Cω(L) <∞}.

Then L∗
ω ≥ Sω(Qω) for all ω > 0 implies that for all solutions u to (1.1) with initial data

u0 satisfying (1.5), (3.1) holds and so u scatters. Note that L∗
ω ≤ Sω(Qω) follows from

Cω(Sω(Qω)) = ∞, which is a consequence of the fact that ‖eiωtQω‖X(R) = ∞. For ω > 0
and for L ≥ 0, we also define the criterion for G-invariant solutions by

CG,ω(L) := sup{‖u‖X(I) | Sω(u0) ≤ L, K(u0) ≥ 0},

where the supremum is taken over all G-invariant solutions u to (1.1) defined on I × Rd

with initial data u0 ∈ H2(Rd) that is G-invariant. Let

L∗
G,ω := sup{L ∈ [0,∞) | CG,ω(L) <∞}.

Then L∗
G,ω ≥ Sω(Qω) for all ω > 0 implies that for all G-invariant solutions u to (1.1) with

initial data u0 satisfying (1.5), (3.1) holds. We note that by the definition, CG,ω(L) ≤
Cω(L) holds and hence L∗

G,ω ≥ L∗
ω for all subgroups G of R/2πZ×O(d).

For a subgroup G of R/2πZ×O(d) and for ω > 0, we define

mG,ω := inf
|x|=1

(#Gx)L∗
Gx,ω,

where #Gx = #{Gx | G ∈ G} and Gx = {G ∈ G | Gx = x}. Note that Gx is a
subgroup of G. In the previous works [16, 17], the following partial result for scattering
of group-invariant solutions was obtained.

Theorem 3.1 ([16, 17]). Let d ≥ 1 and p satisfy (1.2). Let G be a subgroup of R/2πZ×
O(d). For all ω > 0, L∗

G,ω ≥ Sω(Qω) holds true under the hypothesis L∗
G,ω < mG,ω.

Remark 3.2. If mG,ω < ∞, then L∗
G,ω ≤ mG,ω holds in general (see [16]). Hence, the

hypothesis L∗
G,ω < mG,ω in Theorem 3.1 reads as the failure of the identity. If mG,ω = ∞,

then the hypothesis is not necessary in Theorem 3.1 (see also [16]).

Remark 3.3. In the case L∗
G,ω = mG,ω, we have

L∗
G,ω = mG,ω ≥

(
inf
|x|=1

#Gx

)
L∗
ω.

From the small data scattering theory, we see that there exists δ > 0 such that L∗
ω ≥ δ.

Therefore, if inf |x|=1#Gx is sufficiently large depending on δ, we obtain L∗
G,ω ≥ Sω(Qω).
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In [16, 17], the proof of Theorem 3.1 is based on the concentration compactness ar-
gument introduced by Kenig–Merle [15] for proving global well-posedness and scatter-
ing of radial solutions below the ground state for the focusing energy-critical nonlinear
Schrödinger (NLS) equation. We also refer to Holmer–Roudenko [12] for the focusing
3D cubic NLS in the radial case. Roughly speaking, the argument begins by contradic-
tion and reformulating the problem as a variational problem. First, we suppose that the
threshold for scattering is strictly below the ground state. Then, we can construct a crit-
ical non-scattering solution standing exactly at the threshold. If the problem is restricted
to the radial case, we can show that the critical solution is spatially localized near the
origin uniformly in time. This uniform localization enable us to establish the local virial
identity, which leads to a contradiction. In [11], the proof of Theorem 1.1 follows this
strategy.

We recall that the scattering results for NLS is extended to the nonradial case (see
[1, 6, 7, 9, 10, 18]). In the nonradial case, the critical solution is localized near x(t)
for some function x(t). For NLS, by using the Galilean invariance of the equation, one
can control the behavior of x(t), which enables the contradiction argument via the virial
identity. However, for the fourth-order Schrödinger equation (1.1), the Galilean invariance
does not hold. Due to this lack of the Galilean invariance, the local virial argument does
not work for (1.1) in the nonradial case.

In the proof of Theorem 3.1, the hypothesis L∗
G,ω < mG,ω makes it possible to construct

a critical solution localized near the origin. To construct a critical solution, we apply the
profile decomposition for G-invariant functions to a sequence un,0 optimizing L∗

G,ω. In

this decomposition, each profile ϕj is Gwj -invariant for some wj ∈ Rd and appears in the
following form:

#Gwj∑
k=1

Gj
k

[
ϕj(x− xjn)

]
:= ψj

n(x),

where Gj
k ∈ G are such that G =

⊔#Gwj

k=1 Gj
kGwj and ψj

n is G-invariant. By applying the
concentration compactness argument, we can show that the optimizing sequence un,0 is
consist of only one ψ1

n. If |x1n| → ∞, we see that w1 ∈ Sd−1 := {x ∈ Rd | |x| = 1} and
L∗
G,ω = limn→∞ Sω(un,0) = (#Gw1)Sω(ϕ

1). Then Sω(ϕ
1) < L∗

Gw1 ,ω
under the hypothesis

L∗
G,ω < mG,ω. This implies that the solution to (1.1) with initial data ϕ1 scatters, which

leads to a contradiction. If x1n is bounded, we see that w1 = 0 and ψ1
n = ϕ1. In this case,

we obtain a critical solution localized near the origin.
Since the first case mentioned above cannot be excluded without the hypothesis L∗

G,ω <
mG,ω, to prove L∗

G,ω ≥ Sω(Qω) in Theorem 3.1, we need to assume that hypothesis.
However, since we do not yet know what L∗

G,ω and L∗
Gx,ω

are, it is difficult to verify
whether the hypothesis holds for a given subgroup G.

4. Non-optimal Scattering Threshold and Proof of Theorem 2.2

In this section, we establish the non-optimal scattering result for general solutions,
where the threshold of action is less than certain fraction of the action of the ground
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state. Using this result, we can show that mG,ω > Sω(Qω) for all subgroups G satisfying
(2.1), and then, L∗

G,ω > Sω(Qω) holds in the remaining case L∗
G,ω = mG,ω in Theorem 3.1.

For the L2-critical fourth-order Schrödinger equation

i∂tu−∆2u+ |u|
8
du = 0, (4.1)

Pausader–Shao [24] obtained the non-optimal scattering result. They proved that if d ≥ 5
and u0 ∈ L2(Rd) satisfies

M(u0) ≤
(
1
4

) d
4 M(Q),

where Q is a ground state solution to ∆2Q + Q = |Q| 8dQ, then the solution u to (4.1)
with initial data u0 globally exists and scatters. We emphasize that they do not assume
that u0 is radial. For the inter-critical equation (1.1) with p satisfying (1.2), we obtain
the similar non-optimal scattering result as follows.

Theorem 4.1. Let d ≥ 1 and p satisfy (1.2). If u0 ∈ H2(Rd) satisfies

Sω(u0) ≤
(
1
4

) 2
p−1 Sω(Qω) for some ω > 0, and K(u0) ≥ 0, (4.2)

then there exists a unique global solution u ∈ C(R, H2(Rd)) to (1.1) with initial data u0.
Moreover, u scatters forward and backward in time.

Remark 4.2. Theorem 4.1 is equivalent to the lower bound

L∗
ω >

(
1
4

) 2
p−1 Sω(Qω).

Although the bound on action in the condition (4.2) does not reach the ground state,
by using Theorem 4.1, we can prove the scattering of G-invariant solutions with initial
data satisfying (1.5) under the assumption (2.1).

Proof of Theorem 2.2. If L∗
G,ω < mG,ω, then by Theorem 3.1, we have L∗

G,ω ≥ Sω(Qω).
On the other hand, if L∗

G,ω = mG,ω, by Theorem 4.1, we obtain

L∗
G,ω = mG,ω ≥

(
inf
|x|=1

#Gx

)
L∗
ω >

(
inf
|x|=1

#Gx

)(
1
4

) 2
p−1 Sω(Qω).

Therefore, if inf |x|=1 #Gx ≥ 4
2

p−1 , we have L∗
G,ω ≥ Sω(Qω) whether L

∗
G,ω < mG,ω holds or

not. This completes the proof of Theorem 2.2. □

Let us give the outline of the proof of Theorem 4.1. The proof follows the argument
analogous to that in [24]. Let u ∈ H2(Rd) be such that Sω(u) < Sω(Qω) and K(u) > 0.
Then from (1.4) we see that

K(u) >

{(
Sω(Qω)
Sω(u)

) p−1
2 − 1

}(
2‖∆u‖2L2 −K(u)

)
.

Furthermore, for any real-valued function ϕ(x),

K(eiϕ(x)u) >

{(
Sω(Qω)
Sω(u)

) p−1
2 − 1

}(
2‖∆u‖2L2 −K(u)

)
. (4.3)
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Assume that L∗
ω < Sω(Qω). By the concentration compactness argument, we can

construct a critical non-scattering global solution u ∈ C(R, H2(Rd)) such that Sω(u) = L∗
ω

and K(u(0)) > 0. Moreover, {u(t, · + x(t)) | t ∈ R} is precompact in H2(Rd) for some
function x(t). From the interaction virial identity, we have the following lemma.

Lemma 4.3. Let d ≥ 1 and p satisfy (1.2). Let u be a global solution to (1.1) such that
‖u‖L∞

t H2
x(R×Rd) <∞ and {u(t, ·+x(t)) | t ∈ R} is precompact in H2(Rd) for some function

x(t). Then for any ε > 0,∣∣∣∣M(u)

∫
I

K(u(t))dt− 2P⃗ (u) ·
∫
I

Im

∫
Rd

∆u(t, x)∇u(t, x)dxdt
∣∣∣∣ ≤ ε|I| (4.4)

holds for all sufficiently large intervals I ⊂ R.

By the momentum conservation, without loss of generality, we may assume that P⃗ (u) =
P (u)e1 with a constant P (u) ≥ 0. For X ∈ R, we have

K(eiXx1u(t)) = K(u(t)) + 8C(u(t))X + 12G(u(t))X2 + 8P (u)X3 + 2M(u)X4 (4.5)

for all t ∈ R, where

C(u) := Im

∫
Rd

∆u∂1udx, G(u) :=

∫
Rd

1
3
|∇u|2 + 2

3
|∂1u|2dx.

Let Ik be a sequence of intervals such that (4.4) holds for ε = 1/k. Since ‖u‖L∞
t H2

x(R×Rd) <
∞, all coefficients of the fourth-degree polynomial in X on the right-hand side in (4.5)
are uniformly bounded in t ∈ R. Therefore, passing to a subsequence if necessary, we may
assume that the time averages of those coefficients on Ik converge to finite values. Then
from (4.5), the average of K(eiXx1u(t)) on Ik converges pointwise to a polynomial, that
is,

〈K(eiXx1u)〉 = 〈K(u)〉+ 8〈C(u)〉X + 12〈G(u)〉X2 + 8P (u)X3 + 2M(u)X4,

where 〈F 〉 := limk→∞
1

|Ik|

∫
Ik
F (t)dt for functions F (t). From Lemma 4.3, we have

M(u)〈K(u)〉 = 2P (u)〈C(u)〉.

Using this and taking X = X0 := − (〈K(u)〉/2M(u))
1
4 , we obtain

〈K(eiX0x1u)〉 = 〈K(u)〉
{
6

(
⟨G(u)⟩√

1
2
⟨K(u)⟩M(u)

− 1

)
− 4

(√
α− 1√

α

)2
}

≤ 6

(√
2〈‖∆u‖2L2〉〈K(u)〉 − 〈K(u)〉

)
, (4.6)

where α = P (u)/
(
1
2
〈K(u)〉M(u)

) 1
4 and we used the estimate G(u) ≤ ‖∆u‖L2‖u‖L2 .

Therefore, from (4.3) and (4.6) we have(
Sω(Qω)
Sω(u)

) p−1
2
< 1 +

6(
√

2⟨∥∆u∥2
L2 ⟩⟨K(u)⟩−⟨K(u)⟩)

2⟨∥∆u∥2
L2 ⟩−⟨K(u)⟩ ≤ 4.

This implies

L∗
ω = Sω(u) >

(
1
4

) 2
p−1 Sω(Qω).
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(2017).

[5] Dinh, V. D.: Dynamics of radial solutions for the focusing fourth-order nonlinear Schrödinger equa-
tions. Nonlinearity 34, 776–821 (2021).

[6] Dodson, B.: Global well-posedness and scattering for the mass critical nonlinear Schrödinger equation
with mass below the mass of the ground state. Adv. Math. 285, 1589–1618 (2015).

[7] Dodson, B.: Global well-posedness and scattering for the focusing, cubic Schrödinger equation in
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BLOW-UP RATE FOR THE SUBCRITICAL SEMILINEAR

HEAT EQUATION IN NON-CONVEX DOMAINS

JIN TAKAHASHI

Department of Mathematical and Computing Science, Institute of Science Tokyo,
2-12-1 Ookayama, Meguro-ku, Tokyo 152-8552, Japan

1. Introduction

This talk is based on a joint work with Professors Hideyuki Miura (Institute of
Science Tokyo) and Erbol Zhanpeisov (Tohoku University).

We consider the following semilinear heat equation:

(1.1)


ut = ∆u+ |u|p−1u in Ω× (0, T ),

u = 0 on ∂Ω× (0, T ),

u(·, 0) = u0 in Ω,

where p > 1, u0 ∈ L∞(Ω), Ω is a domain in Rn with n ≥ 1 and the boundary
condition is not imposed if Ω = Rn. This is a prototypical model for the study of
the blow-up phenomena and a fundamental problem is to specify the blow-up rate.

In the Sobolev subcritical range

1 < p < pS :=


n+ 2

n− 2
for n ≥ 3,

∞ for n = 1, 2,

Weissler [15, 16] first obtained the blow-up rate

(1.2) sup
0<t<T

(T − t)
1

p−1 ‖u(·, t)‖L∞(Ω) <∞

for particular classes of nonnegative solutions. Here, (1.2) is referred to as type I
blow-up. If (1.2) fails, the blow-up is said to be of type II. Friedman–McLeod [5]
also obtained the type I rate for nonnegative solutions in a bounded convex domain
under the assumption ut ≥ 0. By Giga–Kohn [6], the type I rate holds in convex
domains for either p < pS and u ≥ 0, or p < (3n+ 8)/(3n− 4)(< pS).

After the above pioneering works, up to now, the type I rate for p < pS has been
proved in the following cases:

• Sign-changing solutions in convex domains (Giga–Matsui–Sasayama [7, 8]);
• Nonnegative solutions in general domains (Quittner [12]).

E-mail address: takahashi.j.cf61@m.isct.ac.jp.
The author was supported in part by JSPS KAKENHI Grant Numbers 22KK0035, 23K12998

and 23K22402.
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We note that the range p < pS cannot be extended, since there exist type II blow-up
solutions [3, 4, 9, 14] for p = pS with 3 ≤ n ≤ 6. Our goal is to establish the type
I blow-up rate in the remaining case p < pS for solutions that may change sign in
possibly unbounded and non-convex domains.

Theorem 1.1 ([10]). Let n ≥ 1, 1 < p < pS, Ω be any uniformly C2+α domain in
Rn with 0 < α < 1 and u be a classical solution of (1.1) with u0 ∈ L∞(Ω). If the
maximal existence time T > 0 is finite, then

sup
0<t<T

(T − t)
1

p−1 ‖u(·, t)‖L∞(Ω) <∞.

The proof of Theorem 1.1 is based on the analysis of the Giga–Kohn weighted
energy [6] of solutions in the backward similarity variables. The main difficulty
comes from non-convexity. In non-convex domains, the usual monotonicity of the
Giga–Kohn energy can fail due to the lack of a definite sign of the boundary integral
in the following estimate:

E(x̃,t̃)(t2) ≤ E(x̃,t̃)(t1)−
1

4

∫ t2

t1

B(x̃,t̃)(t)dt

for 0 < t1 < t2 < T , where E(x̃,t̃) is the Giga–Kohn weighted energy, B(x̃,t̃) is the
boundary integral given by

B(x̃,t̃)(t) := (t̃− t)
2

p−1

∫
∂Ω

((x− x̃) · νx)|∇u|2K(x̃,t̃)(x, t)dS(x)

with the exterior unit normal νx at x ∈ ∂Ω and K(x̃,t̃) is the backward heat kernel

centered at (x̃, t̃). For details of the definitions, see Subsection 2.1.
To overcome the difficulty arising from non-convexity, we decompose the bound-

ary integral B(x̃,t̃) into its positive and negative parts. Then, we estimate each of
them by using a boundary integral quantity

β(r) := r
2(p+1)
p−1 −n−1 sup

x̃∈Ω,
dist(x̃,∂Ω)<r

∫ t̃−r2

t̃−2r2

∫
{|x−x̃|<r}∩∂Ω

|∇u(x, t)|2dS(x)dt.

We note that this idea is due to Blatt–Struwe [1]. However, while they [1] assume
the boundedness of the domain and localize an analog of the Giga–Kohn energy, we
address possibly unbounded domains and do not localize the energy at this stage.

The above procedure gives a uniform bound for the energy without assuming
convexity. The subsequent steps are based on a bootstrap scheme of Giga–Matsui–
Sasayama [7, 8] type. Then, we obtain an L∞

t L
q
x estimate for all p > 1 and q < p+1.

This together with the parabolic regularity with the help of p < pS , equivalently of
qc < p+1, yields the type I blow-up rate. In what follows, we give a more detailed
outline of the proof.

2. Outline of proof

2.1. Definition of Giga–Kohn energy. Let p > 1 and let u be a solution of
(1.1) with blow-up time 0 < T < ∞. Since Ω is uniformly C2+α, we can assume
without loss of generality that

(2.1)

{
u ∈ L∞((0, T2);L

∞(Ω)), ∇u, ∇2u and ut are continuous

and bounded on Ω× [T1, T2] for each 0 < T1 < T2 < T .
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We note that the uniformity of the regularity of the domain will also be used to
derive the geometric inequality (2.7) below. Let x̃ ∈ Ω and 0 < t̃ ≤ T . We define
the Giga–Kohn weighted energy by

(2.2)
E(x̃,t̃)(t) := (t̃− t)

p+1
p−1

∫
Ω

(
|∇u|2

2
− |u|p+1

p+ 1
+

|u|2

2(p− 1)(t̃− t)

)
×K(x̃,t̃)(x, t)dx

for 0 < t < t̃, where K(x̃,t̃)(x, t) = (t̃− t)−n/2e−|x−x̃|2/(4(t̃−t)) is the backward heat

kernel and u and ∇u in the integral are evaluated at (x, t).
As preliminaries, we define the backward rescaled solution and the backward

similarity variables by

(2.3)
w(x̃,t̃)(η, τ) := e−

1
p−1 τu(x̃+ e−

1
2 τη, t̃− e−τ ) = (t̃− t)

1
p−1u(x, t),

η := (t̃− t)−
1
2 (x− x̃), τ := − log(t̃− t).

We see that w solves
wτ = ∆w − η

2
· ∇w − w

p− 1
+ |w|p−1w, η ∈ Ω(τ), τ ∈ (τ̃0,∞),

w = 0, η ∈ ∂Ω(τ), τ ∈ (τ̃0,∞),

w(η, τ̃0) = t̃
1

p−1u0(x̃+ t̃
1
2 η), η ∈ Ω(τ̃0),

where τ̃0 := − log t̃ and

Ω(τ) := {η ∈ Rn; e−
τ
2 η + x̃ ∈ Ω} = e

τ
2 (Ω− x̃).

Here and below, we omit the subscripts (x̃, t̃) if they are clear from the context.

Note that w also satisfies, with ρ(η) := e−|η|2/4,

wτρ = ∇ · (ρ∇w)− 1

p− 1
wρ+ |w|p−1wρ.

In the backward similarity variables, E(x̃,t̃) can be written as

E(x̃,t̃)(t) = E(x̃,t̃)(τ), τ = − log(t̃− t), τ > τ̃0,

where E(x̃,t̃) is the Giga–Kohn energy in the similarity variables, that is,

(2.4) E(x̃,t̃)(τ) :=
∫
Ω(τ)

(
|∇w|2

2
− |w|p+1

p+ 1
+

w2

2(p− 1)

)
ρdη.

2.2. Quasi-monotonicity. We examine the monotonicity of the energy. From
Giga–Kohn [6, Proposition 2.1], it follows that

d

dτ
E(x̃,t̃)(τ) = −

∫
Ω(τ)

|wτ |2ρdη −
1

4

∫
∂Ω(τ)

(η · νη)|∇w · νη|2ρdS(η)

for τ > τ̃0, where νη is the exterior unit normal at η ∈ ∂Ω(τ) and dS = dS(η) is
the surface area element. Since the tangential derivatives of w vanish by w = 0 on
∂Ω(τ), we have ∇w = (∇w · νη)νη and |∇w|2 = |∇w · νη|2 on ∂Ω(τ). Then,

(2.5)

E(x̃,t̃)(τ2) = E(x̃,t̃)(τ1)−
∫ τ2

τ1

∫
Ω(τ)

|wτ |2ρdηdτ

− 1

4

∫ τ2

τ1

∫
∂Ω(τ)

(η · νη)|∇w|2ρdS(η)dτ
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for τ̃0 < τ1 < τ2 < ∞. If the domain Ω is convex, then we can easily check the
monotonicity of τ 7→ E(x̃,t̃)(τ) by η · νη ≥ 0 on ∂Ω(τ). However, that is not the case
when Ω is possibly non-convex. To overcome this difficulty, we proceed with the
analysis based on Blatt–Struwe [1, Section 4].

Scaling back to the original variables shows that

(2.6) E(x̃,t̃)(t2) ≤ E(x̃,t̃)(t1)−
1

4

∫ t2

t1

B(x̃,t̃)(t)dt

for 0 < t1 < t2 < t̃ with τ1 = − log(t̃− t1) and τ2 = − log(t̃− t2), where

B(x̃,t̃)(t) := (t̃− t)
2

p−1

∫
∂Ω

((x− x̃) · νx)|∇u|2K(x̃,t̃)(x, t)dS(x)

for 0 < t < t̃ and νx is the exterior unit normal at x ∈ ∂Ω. For estimating the
boundary integral, we set

B±
(x̃,t̃)

(t) := (t̃− t)
2

p−1

∫
∂Ω

((x− x̃) · νx)±|∇u|2K(x̃,t̃)(x, t)dS(x)

for 0 < t < t̃, where ((x − x̃) · νx)± ≥ 0 are the positive and negative parts of
x 7→ (x− x̃) · νx. We note that the main obstacle here is the negative term B−

(x̃,t̃)
.

Since Ω is uniformly C2+α (in particular, uniformly C2), there exists CΩ > 0
depending only on Ω such that

(2.7) (x− x̃) · νx ≥ dist(x̃, ∂Ω)− CΩ|x− x̃|2 for x ∈ ∂Ω, x̃ ∈ Ω.

See [1, (4.1)] for the proof. Then, (2.7) implies that

((x− x̃) · νx)+ ≥ dist(x̃, ∂Ω)− CΩ|x− x̃|2,
((x− x̃) · νx)− ≤ CΩ|x− x̃|2,

for x ∈ ∂Ω and x̃ ∈ Ω. These inequalities suggest that B−
(x̃,t̃)

admits a better

estimate than B+
(x̃,t̃)

near the boundary. Indeed, by some technical computations,

we can prove that for x̃ ∈ Ω and T/2 < t̃ < T ,

sup
x̃∈Ω

∫ t̃

t̃−δ2
B+

(x̃,t̃)
(t)dt ≥ C−1 sup

0<r<δ/
√
2

β(r),(2.8)

sup
x̃∈Ω

∫ t̃

t̃−δ2
B−

(x̃,t̃)
(t)dt ≤ Cδ sup

0<r<δ/
√
2

β(r),(2.9)

where δ > 0 is a small constant depending only on n, p, Ω and T and C > 1 is a
large constant depending only on n, p and Ω. Moreover, β(r) is defined by

β(r) := r
2(p+1)
p−1 −n−1 sup

x̃∈Ω,
dist(x̃,∂Ω)<r

∫ t̃−r2

t̃−2r2

∫
Br(x̃)∩∂Ω

|∇u(x, t)|2dS(x)dt

for 0 < r <
√
t̃/2, where Br(x̃) := {x ∈ Rn; |x− x̃| < r} and the idea of using this

kind of function is due to Blatt–Struwe [1, p. 2278].
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The estimates (2.8) and (2.9) enable us to estimate the main obstacle term B−
(x̃,t̃)

by using B(x̃,t̃) = B+
(x̃,t̃)

−B−
(x̃,t̃)

as follows. For x̃ ∈ Ω and T/2 < t̃ < T ,

sup
0<r<δ/

√
2

β(r) ≤ C sup
x̃∈Ω

∫ t̃

t̃−δ2
B+

(x̃,t̃)
dt ≤ C sup

x̃∈Ω

∫ t̃

t̃−δ2
B(x̃,t̃)dt+ C sup

x̃∈Ω

∫ t̃

t̃−δ2
B−

(x̃,t̃)
dt

≤ C sup
x̃∈Ω

∫ t̃

t̃−δ2
B(x̃,t̃)dt+ Cδ sup

0<r<δ/
√
2

β(r)

with a small constant 0 < δ < 1, and so

sup
0<r<δ/

√
2

β(r) ≤ C sup
x̃∈Ω

∫ t̃

t̃−δ2
B(x̃,t̃)(t)dt.

Then by (2.9) and δ < 1,

sup
x̃∈Ω

∫ t̃

t̃−δ2
B−

(x̃,t̃)
(t)dt ≤ Cδ sup

0<r<δ/
√
2

β(r) ≤ C sup
x̃∈Ω

∫ t̃

t̃−δ2
B(x̃,t̃)(t)dt.

We see from (2.6) that the integral of B(x̃,t̃) can be estimated by E(x̃,t̃)(t̃− δ2),

where the important point is that the time t̃ − δ2 is strictly before t = t̃. More
precisely, (2.6) implies that for 0 < t1 < t2 < t̃ < T ,∫ t2

t1

B(x̃,t̃)(t)dt ≤ 4E(x̃,t̃)(t1)− 4E(x̃,t̃)(t2).

Since t̃ < T is prior to the blow-up time t = T , the boundedness in (2.1) together
with

∫
Ω
K(x̃,t̃)dx ≤ (4π)n/2 and (2.2) implies that −4E(x̃,t̃)(t2) → 0 as t2 → t̃. Then

by taking t1 = t̃− δ2, we see that∫ t̃

t̃−δ2
B(x̃,t̃)(t)dt ≤ 4E(x̃,t̃)(t̃− δ2).

Hence we obtain the estimate

sup
x̃∈Ω

∫ t̃

t̃−δ2
B−

(x̃,t̃)
(t)dt ≤ C sup

x̃∈Ω

∫ t̃

t̃−δ2
B(x̃,t̃)(t)dt ≤ 4C sup

x̃∈Ω
E(x̃,t̃)(t̃− δ2).

We recall (2.6). Then, for t̃− δ2 ≤ t′ < t < t̃,

E(x̃,t̃)(t) ≤ E(x̃,t̃)(t
′) +

1

4
sup
x̃∈Ω

∫ t̃

t̃−δ2
B−

(x̃,t̃)
(t)dt ≤ E(x̃,t̃)(t

′) + C sup
x̃∈Ω

E(x̃,t̃)(t̃− δ2),

where x̃ ∈ Ω and T/2 < t̃ < T . By estimating the second term in the right-hand
side (from the definition of E(x̃,t̃) and the estimate (2.1)), and then by taking the

limit t̃ → T , we obtain the following quasi-monotonicity of the Giga–Kohn energy
in possibly non-convex domains:

Proposition 2.1. Let p > 1. Then there exists C̃ > 0 depending only on n, p and
Ω such that for all x̃ ∈ Ω and T − δ2 ≤ t′ < t < T ,

(2.10)
E(x̃,T )(t) ≤ E(x̃,T )(t

′) + C̃δ
2(p+1)
p−1 +1‖∇u‖2

L∞(Ω×(T
2 −δ2,T−δ2))

+ C̃δ
2(p+1)
p−1 −1‖u‖2

L∞(Ω×(T
2 −δ2,T−δ2)),

where 0 < δ <
√
T/2 depends only on n, p, Ω and T .
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We remark that the second and third terms in the right-hand side of (2.10) are
finite, since t = T − δ2 is strictly prior to the blow-up time.

2.3. Estimates via quasi-monotonicity. We give several estimates by using the
quasi-monotonicity. Fix 0 < δ < 1 and C̃ > 0 as in Proposition 2.1 and set

(2.11)



τ∗ := − log(δ2),

C∗ := C̃δ
2(p+1)
p−1 +1‖∇u‖2

L∞(Ω×(T
2 −δ2,T−δ2))

+ C̃δ
2(p+1)
p−1 −1‖u‖2

L∞(Ω×(T
2 −δ2,T−δ2)),

C ′
∗ :=

1

2
(4π)

n
2 δ

2(p+1)
p−1 ‖∇u(·, T − δ2)‖2L∞(Ω)

+
1

2(p− 1)
(4π)

n
2 δ

2(p+1)
p−1 −2‖u(·, T − δ2)‖2L∞(Ω),

where these constants are independent of x̃ ∈ Ω. In the rest of this subsection, the
constants C > 0 depend only on n, p, Ω, R, τ∗, C∗ and C ′

∗. Proposition 2.1 in the
backward similarity variables gives

E(x̃,T )(τ) ≤ E(x̃,T )(τ
′) + C for x̃ ∈ Ω, τ∗ ≤ τ ′ < τ <∞.

This together with a similar argument to [6, Proposition 2.2] deduces that

−C ≤ E(x̃,T )(τ) ≤ C for x̃ ∈ Ω, τ∗ ≤ τ ′ < τ <∞.

Then by (2.5) and the boundedness of the boundary integral,∫ ∞

τ∗

∫
Ω(τ)

|∂τw(x̃,T )|2ρdηdτ ≤ C.

The same computations as in [6, Proposition 2.1] yields

(2.12)
1

2

d

dτ

∫
Ω(τ)

|w|2ρdη = −2E(x̃,T )(τ) +
p− 1

p+ 1

∫
Ω(τ)

|w|p+1ρdη

for τ∗ ≤ τ ′ < τ < ∞. This identity and the above estimates suggest that we can
control the Lp+1

η,τ norm and the L∞
τ L

2
η norm of the backward rescaled solution w.

Indeed, the Lp+1
η,τ norm can be estimated as follows. By w = 0 on ∂Ω(τ), we see

that for τ ≥ τ∗ + 2,∫ τ

τ−2

∫
Ω(σ)

|w|p+1ρdηdσ =
p+ 1

p− 1

∫ τ

τ−2

∫
Ω(σ)

wwτρdηdσ +
2(p+ 1)

p− 1

∫ τ

τ−2

Edσ

≤ 1

2

∫ τ

τ−2

∫
Ω(σ)

|w|p+1ρdηdσ + C

∫ τ

τ−2

∫
Ω(σ)

|wτ |
p+1
p ρdηdσ + C,

and so the Hölder inequality yields

(2.13)

∫ τ

τ−2

∫
Ω(σ)

|w|p+1ρdηdσ ≤ C

(∫ τ

τ−2

∫
Ω(σ)

|wτ |2ρdηdσ

) p+1
2p

+ C ≤ C.

As for the L∞
τ L

2
η norm, we set

W (τ) :=

(∫
Ω(τ)

|w(x̃,T )(η, τ)|2ρ(η)dη

) 1
2

.

62



We note from w = 0 on ∂Ω(τ) that

|W ′(τ)| = 1

W (τ)

∣∣∣∣∣
∫
Ω(τ)

wwτρdη

∣∣∣∣∣ ≤
(∫

Ω(τ)

|wτ |2ρdη

) 1
2

,

Then, by the 1-dimensional Sobolev inequality and (2.13),

W 2(τ) ≤

(
sup

σ∈[τ−2,τ ]

W (σ)

)2

≤ C(‖W‖2L2(τ−2,τ) + ‖W ′‖2L2(τ−2,τ))

≤ C + C‖W ′‖2L2(τ−2,τ) ≤ C + C

∫ τ

τ−2

∫
Ω(σ)

|wτ |2ρdηdσ ≤ C

for τ ≥ τ∗ + 2. Hence we obtain the desired L∞
τ L

2
η estimate

(2.14) sup
τ≥τ∗+2

∫
Ω(τ)

|w(x̃,T )(η, τ)|2ρ(η)dη ≤ C.

By using (2.14), we can improve (2.13). Indeed, (2.12) and (2.14) yield∫
Ω(τ)

|w|p+1ρdη ≤ C

∫
Ω(τ)

|w||wτ |ρdη + C ≤ C

(∫
Ω(τ)

|wτ |2ρdη

) 1
2

+ C,

and so

(2.15)

∫ τ

τ−2

(∫
Ω(σ)

|w|p+1ρdη

)2

dσ ≤ C for τ ≥ τ∗ + 2.

2.4. Inductive estimate. To obtain further improvements of (2.15), we localize
the spatial integrals in the same spirit of Giga–Matsui–Sasayama [8]. Let 0 < R < 1
be a sufficiently small constant (see [10, (4.12)] for details). For r > 0, we write
Br := Br(0) = {y ∈ Rn; |y| < r}. For k ≥ 1, let ψk ∈ C∞

0 (Rn) satisfy 0 ≤ ψk ≤ 1
in Rn, ψk = 1 in BR/2k , ψk = 0 in Rn \BR/2k−1 and

|∇ψk(η)| ≤
2kC

R
, |∇2ψk(η)| ≤

4kC

R2
for η ∈ Rn,

with an absolute constant C > 0. We define the localization of E(x̃,T ) by

Eψk

(x̃,T )(τ) :=

∫
Ω(τ)

(
|∇w|2

2
− |w|p+1

p+ 1
+

w2

2(p− 1)

)
ρψ4

kdη

for x̃ ∈ Ω, where the original Giga–Kohn energy E(x̃,T ) has been defined in (2.4)

with t̃ = T . The boundedness of E(x̃,T ) gives

sup
τ≥τ∗+2

Eψk

(x̃,T )(τ) ≤ Ck.

Here, Ck > 0 is independent of x̃ ∈ Ω and may depend on k. Since our inductive
steps consist of only finitely many steps, the dependence of Ck on k is harmless.

By using the estimates of the original Giga–Kohn energy E(x̃,T ),∫
Ω(τ)

|w|p+1ρψ4
kdη ≤ Ck

∫
Ω(τ)

|wwτ |ρψ4
kdη + Ck

for τ ≥ τ∗ + 2 and k ≥ 1, where this corresponds to (2.12). In a similar way to the
derivation of (2.15) with the help of Cazenave–Lions [2] type interpolation (see [11,
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(2.9)] and also [13, (51.6)]) and the maximal regularity in Giga–Matsui–Sasayama
[8, Theorem 2.1], we can prove the following inductive estimate:

Proposition 2.2. Let x̃ ∈ Ω. Suppose that there exist q ≥ 2, k ≥ 1 and C ′
k > 0

independent of x̃ ∈ Ω and satisfying

sup
τ≥τ∗+2

∫ τ

τ−1−2−(k−1)

(∫
Ω(σ)

|w(x̃,T )|p+1ρψ4
k−1dη

)q
dσ ≤ C ′

k.

Then there exists C ′′
k > 0 depending only on k, n, p, q, Ω, R, τ∗, C∗, C

′
∗ and C ′

k

(in particular, independent of x̃ ∈ Ω) such that

sup
τ≥τ∗+2

∫ τ

τ−1−2−k

(∫
Ω(σ)

|w(x̃,T )|p+1ρψ4
kdη

)q+ 1
p+1

dσ ≤ C ′′
k .

2.5. Type I estimate. By combining the base case (2.15) and the inductive step
in Proposition 2.2, we obtain the following L∞

τ L
λ
η and L∞

t L
λ
x estimate:

Proposition 2.3. Let p > 1 and 1 < λ < p + 1. Then there exist 0 < R∗ < 1
depending only on p and λ and C > 0 depending only on n, p, λ, Ω, τ∗, C∗ and C ′

∗
such that for x̃ ∈ Ω,

sup
τ≥τ∗+1

∫
Ω(τ)∩BR∗ (0)

|w(x̃,T )(η, τ)|λρdη ≤ C,

equivalently,

sup
T−δ2/e≤t<T

(T − t)
λ

p−1

∫
Ω∩BR∗

√
T−t(x̃)

|u(x, t)|λK(x̃,T )(x, t)dx ≤ C,

where τ∗, C∗ and C ′
∗ are given in (2.11), δ is given in Proposition 2.1 and they are

independent of x̃ ∈ Ω.

Remark 2.4. Proposition 2.3 holds for all p > 1. Up to this point, the assumption
p < pS has not been used.

Let p < pS and x̃ ∈ Ω. In what follows, C > 0 is independent of x̃ ∈ Ω. We
prove Theorem 1.1 by deducing an L∞-estimate of w. Since p < pS is equivalent
to n(p− 1)/2 < p+ 1, we can choose q, r > 1 such that

max
{n
2
, 1
}
< q <

p+ 1

p− 1
,

1

r
+

n

2q
< 1.

Then by (2.14) and Proposition 2.3 with λ = (p− 1)q,∫ τ ′

τ ′−1

∫
Ω(τ)∩BR∗

|w(x̃,T )(η, τ)|2ρdηdσ ≤ C,

∫ τ ′

τ ′−1

(∫
Ω(σ)∩BR∗

(
|w(x̃,T )(η, τ)|p−1

)q
ρdη

) r
q

dσ ≤ C,

for τ ′ ≥ τ∗+2. By the same argument as in Giga–Kohn [6, Subsection 3A] based on
the interior and boundary regularity (more precisely, see line 9 on page 14 through
line 16 on page 16 and Remark 3.6 in [6]),

|w(x̃,T )(0, τ)| ≤ C
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for τ ′ − 1/2 < τ < τ ′ and τ ′ ≥ τ∗ + 2. Thus, from (2.3) and from u ∈ L∞((0, T −
e−(τ∗+2));L∞(Ω)) by (2.1), it follows that

(T − t)
1

p−1 |u(x̃, t)| ≤ C

for x̃ ∈ Ω and 0 < t < T , where C > 0 is independent of x̃. Hence u satisfies the
desired type I blow-up estimate.
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Grow-up rate of exponential reaction-diffusion equations

with inhomogeneous terms*1
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1 Introduction

We consider the following semilinear heat equation in the unit ball B1 ⊂ RN :
∂tu−∆u = λeu − f(r) in B1 × (0, T ),

u = 0 on ∂B1 × (0, T ),

u(x, 0) = u0(x) ∈ C0(B1) in B1

(1.1)

and its stationary counterpart

−∆v = λev − f(r) in B1, v = 0 on ∂B1. (1.2)

Here, N ∈ Z⩾3, T > 0, r := |x|, λ > 0 and f(r) ∈ Lip[0, 1]. Throughout of this
talk, we assume*2 that u0 ⩾ φ0, where φ0 is the solution of

−∆φ0 = −f(r) in B1, φ0 = 0 on ∂B1. (1.3)

Note that φ0 = 0 if f = 0. The aim of this talk is to explain large-time asymptotics
of solutions to (1.1), in terms of the solutions to (1.2); we determine whether the
solution blows up in finite time T > 0 (i.e., lim supt→T ∥u∥L∞(B1)

= ∞) or exists
globally, and in the latter case, the grow up (i.e., lim supt→∞ ∥u∥L∞(B1)

= ∞) occurs
or not. Furthermore, in the case where u grows up, we obtain the precise grow up
rate (Theorem 1.5). Let us first review the literature for the classical case f ≡ 0.

1.1 Classical case (f ≡ 0)

Here, we put our starting point on the study by Peral and Vázquez [9]. They
showed that the stable*3 solution to (1.2), denoted by vλ, is realized as the large-
time limit of the solution of (1.1) for the case u0 ⩽ vλ. Their result reads as follows.
(Hereafter, we set λ∗ := sup{λ | (1.2) admits a radial solution} ∈ R>0 and v∗ :=
{the solution to (1.2) with λ = λ∗} (see e.g., [1]). For (ii), see also [1].)

*1This work was supported in part by JSPS KAKENHI Grant Number 26KJ0018.
*2It is not very restrictive, for all stable stationary solutions are allowed in this setting.
*3We say that a solution v to (1.2) is stable if

∫
B1

|∇ξ|2−λevξ2 dx ⩾ 0 holds for all ξ ∈ C1
0 (B1).
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(i) If λ < λ∗ and u0 ⩽ vλ in B1, there exists a unique global-in-time solution u
of (1.1) such that u → vλ in C2(B1) as t → ∞.

(ii) If λ∗ < λ, there exists a unique local-in-time solution u which blows up in
finite time.

(iii) If λ = λ∗ and u0 ⩽ v∗ in B1, ∃ a unique global-in-time solution u such that

(N ⩽ 9) u → v∗ in C2(B1) as t → ∞;

(N ⩾ 10) u → v∗ = −2 log |x| in L2(B1)∩C2
loc(B1 \ {0}) and ∥u∥L∞(B1) → ∞

as t → ∞ (grow-up). In this case, λ∗ = 2(N − 2) holds.

We remark here that the following fact underlies the above properties:

the singular solution − 2 log |x| is stable if, and only if N ⩾ 10

(when λ = 2(N−2)). For details, see [2,6] and the subsequent literature. The case
u0 ̸⩽ vλ being more delicate, we do not go into the detail in this talk.

In the case of λ = λ∗, u0 ⩽ v∗ and N ⩾ 11 (⇒ u grows up), Dold, Galaktionov,
Lacey and Vázquez [3] determined the grow-up rate ∥u∥L∞(B1) = Hγ−1t + O(1).
For the definition of H and γ, see Proposition 1.2 and Theorem 1.5, respectively.
For the case N = 10, Galaktionov and King [4] conjectured that the grow-up rate
is 2Hγ−1t+O(log t) by a formal computation.

Motivated by the classical case f = 0, we arrive at the fundamental question:
how the inhomogeneous term f affects the structure of solutions to (1.2) and the
large-time behavior of the solution of (1.1)?

1.2 Inhomogeneous stationary problem

We state our results. We first introduce the following parameterization result.

Proposition 1.1. The following assertions hold for problem (1.2).

1. The set of radial solutions of (1.2) is an unbounded analytic curve*4 ema-
nating from (0, φ0) and described by {(λ(β), v(r, α(β)); β ∈ R} with α(β) :=
v(0, β) = β − log λ(β). Moreover, (1.2) has no (even non-radial or weak)
solution for λ > λ∗.

2. There exists the unique solution v∗ ∈ H1
0 (B1) with λ = λ∗. The set of stable

(possibly non-radial weak) solutions coincides with

{(λ(β), v(r, α(β)));−∞ < β < v∗(0) + log λ∗} ∪ {(λ∗, v∗)}

Along this branch, (λ(β), v(r, α(β))) increases monotonically from (0, φ0) and
converges to (λ∗, v∗) as β → v∗(0) + log λ∗ ∈ (0,∞]. In particular, stable
solution is unique for each λ ∈ (0, λ∗]. So we let vλ denote it.

*4We call the curve {(λ(β), α(β));β ∈ R} the bifurcation curve to problem (1.2).
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Following the idea of [7], we explicitly construct a one-parameter family of the
singular solutions (λ, v) = (λh, Vh) to (1.2) with a parameterized inhomogeneous
term f = fh. They enable us to study the Morse index of Vh (denoted by m(Vh)).

Proposition 1.2. There exists the unique radial singular solution (λ∗, V∗) of (1.2)
such that λ(β) → λ∗ and v(r, α(β)) → V∗ in C2

loc(0, 1] ∩ H1
0 (B1) as β → ∞, and

V∗ = −2 log r + log(2N − 4)− log λ∗ + o(1) as r → 0. Moreover, for

fh(r) := h
(
8(N − 2)a2(r) + 2(N − 2)a(r) + 1

)
, where a(r) := (2N − 4 + hr2)−1

with h > 0, the singular solution is represented by

(λh, Vh) =
(
2N − 4 + h,−2 log r − log a(r)− log [2N − 4 + h]

)
.

The Morse index m(Vh) = ∞ if 3 ⩽ N ⩽ 9; m(Vh) = 0 and Vh is stable if N ⩾ 10
and h ⩽ H; and 1 ⩽ m(Vh) < ∞ if N ⩾ 10 and h > H, where

H :=
{
the first eigenvalue of −∆D − (2N − 4)|x|−2 in BN

1 ⊂ RN (N ⩾ 10)
}
> 0.

1.3 Inhomogeneous parabolic problem

The change in the bifurcation structure for (1.2) induced by f , as shown in §1.2,
leads to qualitative changes in the large-time asymptotics of solutions to (1.1).

Theorem 1.3. Let N ⩾ 3 and f ∈ C0[0,∞). Then,

(i) If λ < λ∗ and u0 ⩽ vλ in B1, there exists a unique global-in-time solution u
of (1.1) such that u → vλ in L∞(B1) as t → ∞.

(ii) If λ > λ∗, there exists a unique local-in-time solution u which blows up in
finite time.

(iii) If λ = λ∗ and u0 ⩽ v∗, a unique global-in-time solution u exists. In addition,

(N ⩽ 9) u → v∗ in L∞(B1) as t → ∞;

(N ⩾ 10 and f ⩽ fH) u → v∗ in L2(B1)∩L∞
loc(B1 \{0}) and ∥u∥L∞(B1) → ∞

as t → ∞;

(N ⩾ 10, f ⩾ fH and f ̸= fH) u → v∗ in L∞(B1) as t → ∞.

Remark 1.4. When u0 ̸⩽ vλ, we can show that v∗, V∗, and any unstable solutions
v are thresholds in the following sense: if u0 ⩽ v and u0 ̸= v, then u converges to
vλ in L∞ as t → ∞; whereas if u0 ⩾ v and u0 ̸= v, then u blows up in the finite
time. Furthermore, so-called instantaneous blow-up occurs if u0 ⩾ V∗, ̸= V∗.

Theorem 1.3 shows that the grow-up phenomena cease to occur beyond the
threshold f = fH . This leads us to expect that the grow-up rate decreases as
f ↑ fH . We prove the expectation quantitatively by determining the grow-up rate.
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Theorem 1.5. LetN ⩾ 11 and set γ := 1
2

(
N − 2−

√
(N − 2)(N − 10)

)
. Assume

that φ0 ⩽ u0 ⩽ V∗ and λ > λ∗ (⇒ u grows up). Then we have

1. ∥u∥L∞ = 2µ1

γ
t+O(1) if 0 ⩽ f ⩽ fH and f ̸= fH ;

2. ∥u∥L∞ = 2
γ
log t+O(1) if f = fH and N ⩾ 12;

3. ∥u∥L∞ = 2
γ
(log t+ log log t) +O(1) if f = fH and N = 11,

where µ1 is the first eigenvalue of L = −∆− λ∗e
V∗ in H1(B1).

Remark 1.6. We can verify that µ1 = H − h when f = fh. Thus our result
contains [3] as a special case (h = 0). We can also show that µ1 > 0 when f ⩽ fH ,
̸≡ fH in B1, and µ1 ↓ 0 as f ↑ fH , which reflects the decline of grow up rate
quantitatively. At the threshold case f = fH , u exhibits a logarithmic grow-up,
which is slower than the case f ⩽ fH and f ̸= fH . When N = 11, the log-log type
second order term arises from the singularity of the first eigenfunction φ1 of L.

2 Sketch of Proof

In this section, we explain Theorem 1.5 by formal calculation.

When f ≡ 0, the authors [3] assume without loss of generality that α(t) :=
∥u∥L∞ = u(0) by considering the radial and decreasing initial data and by using
the moving plane method [5]. Then, by using the scale invariance of the equation
and intersection method, they showed that u = y0(1 + o(1)) in Brt and u ⩾ y0 in
B1 for large t, where rt := e−α(t)/2 and y0 = y0(r) is the solution of the problem

−∆y = λ∗e
y − f in B1, y(0) = α(t), y′(0) = 0 (2.1)

with λ∗ = λ0 := 2N − 4 and f = f0 = 0. On the other hand, when f ̸= 0, the
scaling invariance is lost. So instead of proving u = y0(1+ o(1)), we establish in [8]
an alternative tool.

Next, for fixed 0 < ε ≪ 1, we describe the asymptotic behavior of y in terms
of α(t) near a matching point r = ε. When f = 0, by the self-similarity of (2.1),
we can deduce that y0 satisfies y0 = α(t) + y(r/rt), where y is the solution of

−∆y = (2N − 4)ey in RN , y(0) = y′(0) = 0.

Since the solution y satisfies

y(r) = V0(r)− bNr
−γ(1 + o(1)) as r → ∞

for some bN > 0 (see (3.4), (3.5) in [3]), u = y0(1 + o(1)) means

V0 − u ⩽ V0 − y0 ≃ e−γα(t)/2r−γ in B1 \Brt (2.2)
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for t ≫ 1. So we can estimate y0 in terms of α(t). When f ̸= 0, the above
argument fails due to the lack of scaling invariance. Nevertheless, we can provide
at the matching point r = ε.

Now, Theorem 1.5 follows from the following one.

Proposition 2.1. Define Φ := V∗ − u and set Q as

Q(t) := e−µ1t if f ̸= fH , Q(t) :=

{
t−1 if f = fH , N ⩾ 12,

t−1(log t)−1 if f = fH , N = 11.

There exists a positive constant C, independent of t, r and u such that Φ ⩽ CQ(t)φ1

in B1 for sufficiently large t. Moreover, for any ε > 0, there exist c > 0 and T > 0
such that Φ ⩾ cQ(t)φ1 in B1 \Bε for all t > T .

Here, we provide a formal derivation of the result. We note that Φ satisfies

Φt + LΦ = −λ∗e
V∗F (Φ) in B1 × (0,∞), where F (u) := e−u+ − 1 + u+ (2.3)

and Φ = 0 on ∂B1. Assume formally that the large time behavior in the outer
region is governed by the φ1-mode, and write Φ = c(t)φ1(1+ o(1)). Then, we have

c′(t) + µ1c(t) = −(λ∗e
V∗F (Φ), φ1)L2 .

We remark that the following relations hold:

0 ⩽ F ′(u) ⩽ min{u+, 1},

{
u2

2e2
⩽ F (u) ⩽ u2

2
, 0 ⩽ u < 2,

u
2
⩽ F (u) ⩽ u u ⩾ 2;

(2.4)

N − 2− 3γ = 0 if N = 11, N − 2− 3γ > 0 if N ⩾ 12. (2.5)

Set δ(t) := c(t)1/γ . In view of φ1 ≃ r−γ near r = 0 and Proposition 1.2, we obtain

(λ∗e
V∗F (Φ), φ1)L2 ≃

∫ δ(t)

0

rN−3Φφ1 dr +

∫ 1

δ(t)

rN−3Φ2φ1 dr

≃

{
c(t)δ(t)N−2−2γ + c(t)2 (N ⩾ 12)

c(t)δ(t)N−2−2γ − c(t)2 log δ(t) (N = 11)
≃

{
c(t)2 (N ⩾ 12)

c(t)2| log c(t)| (N = 11).

This calculation suggests that c ≃ Q (we recall that 0 < µ1 = µ1(f) ↓ 0 as f ↑ fH).

A rigorous verification of Proposition 2.1 for the case f ̸= fH proceeds similarly
as in [3, Section 5]. On the other hand, when f = fH , the nonlinear term governs
the grow-up rate, and therefore the construction of a super/sub-solutions yielding
the optimal rate is nontrivial.
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LIFESPAN ESTIMATES FOR CLASSICAL SOLUTIONS OF NONLINEAR
WAVE EQUATIONS WITH NONLINEAR BOUNDARY CONDITION

IN ONE DIMENSION

YU ZHOU

This is a joint work with Professor H. Kubo.

1. Introduction

Before introducing our problem, we briefly review two types of related works. The first one
concerns the so-called combined effect in the initial value problem:

(1.1)
{
∂2t u(t, x)− ∂2xu(t, x) = A |∂tu|p |u|q (t, x) +B|u|r(t, x), (t, x) ∈ (0, T )× (0,∞),

u(0, x) = εf(x), ∂tu(0, x) = εg(x), x ∈ [0,∞) ,

where f and g are compactly supported initial data. It is known that solutions to (1.1) blow up
in finite time in several cases. Kato [4] proved blow-up when A = 0, and Zhou [9] treated the
case B = 0 with q = 0. Therefore, it is natural to study the lifespan T̃ (ε) of solutions. Recently,
Kido–Sasaki–Takamatsu–Takamura [5] showed that

T̃ (ε) ≲ ε−(p+q)(r−1)/(r+1)

for sufficiently small ε, under the condition A,B > 0 and
∫
R g(x) dx = 0. On the other hand, it is

also known that

T̃ (ε) ≳ ε−(p+q−1) (B = 0), T̃ (ε) ≳ ε−r(r−1)/(r+1) (A = 0 and
∫
R
g(x) dx = 0)

by Li–Yu–Zhou [6] and Zhou [8]. Note that when (r + 1)/2 < p+ q < r,
(p+ q)(r − 1)/(r + 1) < p+ q − 1 and (p+ q)(r − 1)/(r + 1) < r(r − 1)/(r + 1)

hold. Therefore, the results mentioned in the above imply that if (r + 1)/2 < p + q < r + 1 and∫
R g(x) dx = 0, then T̃ (ε) is actually shorter than the corresponding lifespan in the cases A = 0

or B = 0 for sufficiently small ε. Hence, the interaction between different kinds of nonlinearities
|∂tu|p|u|q and |u|r produces such a peculiar phenomenon called combined effect (see also [7] for a
special case q = 0).

Another one concerns the initial-boundary value problem for the homogeneous wave equation
with a nonlinear boundary condition:

(1.2)


∂2t u(t, x)− ∂2xu(t, x) = 0, (t, x) ∈ (0, T )× (0,∞),

− ∂xu(t, 0) = h(u(t, 0)), t ∈ [0, T ],

u(0, x) = φ(x), ∂tu(0, x) = ψ(x), x ∈ [0,∞) ,

where h(u) is a continuous function. Ackleh and Deng [1] studied the initial-boundary value problem
(1.2) and derived a criterion for global existence and nonexistence. In particular, when h(u) ≥ B|u|r
with r > 1, it was shown that the solution of the corresponding integral equation blows up in
finite time under suitable positivity assumptions on the initial data. Similar initial-boundary value
problems with nonlinear Neumann boundary conditions have also been extensively studied for other
equations, such as the heat equation and the Schrödinger equation. We note that in [2], the
Schrödinger equation with both a nonlinear boundary condition and an interior nonlinearity was
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treated (see also [3]). These studies are expected to provide useful insights into the analysis of
evolution equations with nonlinear boundary conditions. However, to the best of our knowledge,
the corresponding setting for wave equations has not been sufficiently studied. Motivated by these
previous works, we study the corresponding initial-boundary value problem for the wave equation
with both interior and boundary nonlinearities.

We consider the initial-boundary value problem for nonlinear wave equations with nonlinear
Neumann boundary conditions on the half-line:

(1.3)


∂2t u(t, x)− ∂2xu(t, x) = A |∂tu|p |u|q (t, x), (t, x) ∈ (0, T )× (0,∞),

− ∂xu(t, 0) = B |u(t, 0)|r , t ∈ [0, T ],

u(0, x) = φ(x), ∂tu(0, x) = ψ(x), x ∈ [0,∞) ,

where A, B are real constants, p, q, r > 1, and T > 0. Subsequently, we make the following
assumptions on the initial data

(φ,ψ) ∈ C2
0 ([0,∞))× C1

0 ([0,∞)),(1.4)

suppφ, suppψ ⊂ {x ∈ [0,∞) |x ≤ R} (R ≥ 1).(1.5)

For simplicity, we take R = 1. Moreover, we assume that

(1.6) lim
x→0+

φ′(x) = lim
x→0+

ψ′(x) = 0,

so that the even extensions of φ and ψ are smooth functions, and that

(1.7) φ(0) = 0

holds for avoiding singularity emanating from the origin. Besides, we denote the size of the initial
data by

(1.8) ε :=

2∑
α=0

∥ϕ(α)∥L∞([0,∞)) +

1∑
β=0

∥ψ(β)∥L∞([0,∞)).

We are interested in the lifespan T (ε), that is, the maximal existence time of classical solutions
u ∈ C2([0, T ]× [0,∞)) to the initial-boundary value problem (1.3).

Finally, we introduce the following notation. For ξ ∈ R, ⟨ξ⟩ := 1 + |ξ| and (ξ)+ := max{ξ, 0};
R∗ := R \ {0}; f(0±) := limx→0± f(x); χD(x) denotes the characteristic function which equals 1
when x ∈ D and 0 otherwise; sgn(x) denotes the sign function, taking the value 1 for x > 0, 0 for
x = 0, and −1 for x < 0.

2. Main Results

The following two theorems give lower bounds for the lifespan of solutions.

Theorem 2.1. Assume (1.4)–(1.8). Then there exists a positive constant ε1 = ε1(p, q, r, A,B) such
that

(2.1) T (ε) ≥

C
∗ ε−(p+q−1), if p+ q ≤ r,

C∗ ε−(r−1), if r ≤ p+ q

for 0 < ε ≤ ε1, where C∗ is a positive constant independent of ε.

We also show that the lower bound of the lifespan can be improved when r < p + q. More
precisely, this improvement holds under the condition

∫ 1
0 ψ(x) dx = 0.
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Theorem 2.2. Let p+ q ≥ r. Assume (1.4)–(1.8) and

(2.2)
∫ 1

0
ψ(x) dx = 0.

Then there exists a positive constant ε2 = ε2(p, q, r, A,B) such that

(2.3) T (ε) ≥

C∗ ε−
(r−1)(p+q)

r , if r ≤ p+ q ≤ r2,

C∗ ε−r(r−1), if r2 ≤ p+ q

for 0 < ε ≤ ε2, where C∗ is a positive constant independent of ε.

Therefore, if p+ q > r and
∫ 1
0 ψ(x) dx = 0, we obtain

(2.4) ε−(r−1) < min
{
ε−

(r−1)(p+q)
r , ε−r(r−1)

}
.

This implies that the lower bound of the lifespan can be improved.
The following blow-up estimates show that the lower bounds of the lifespan in Theorems 2.1 and

2.2 are sharp.

Theorem 2.3. Let A > 0 and B > 0. Assume that (1.4)–(1.7) hold and

(2.5) φ(x) = 0 for x ∈ [0, 1], ψ(x) > ψ0ε for x ∈ (0, 12),

with a positive constant ψ0 and a positive parameter ε.
(i) If

∫ 1
0 ψ(x) dx ≥ 0, then there exists a positive number ε3 = ε3(ψ0, p, q, r, A,B) such that

(2.6) T (ε) ≤ C min
{
ε−(p+q−1), ε−

(r−1)(p+q)
r , ε−r(r−1)

}
for 0 < ε ≤ ε3,

where C is a positive constant independent of ε.
(ii) If ψ(x) ≥ 0 for x ∈ [0, 1], then there exists a positive number ε4 = ε4(ψ0, r, B) such that

(2.7) T (ε) ≤ C ε−(r−1) for 0 < ε ≤ ε4,

where C is a positive constant independent of ε.

Based on the above, we give the following detailed classification of the order of T (ε):

T (ε) ≈


p+ q ≤ r : ε−(p+q−1),

p+ q > r


∫ 1
0 ψ(x) dx ̸= 0 : ε−(r−1),∫ 1
0 ψ(x) dx = 0

{
r < p+ q < r2 : ε−

(r−1)(p+q)
r

p+ q ≥ r2 : ε−r(r−1)

Hence, we conclude that the results of Theorems 2.1 and 2.2 are sharp. Moreover, we have

T (ε) ≈ ε−(p+q−1),

when only the interior nonlinearity is present (A > 0, B = 0), and

T (ε) ≈ ε−(r−1), if
∫ 1

0
ψ(x) dx ̸= 0, T (ε) ≈ ε−r(r−1), if

∫ 1

0
ψ(x) dx = 0,

when only the nonlinear boundary condition is present (A = 0, B > 0). It can be seen that the
combined effect is also observed for the initial-boundary value problem (1.3) in the case r < p+q < r2

and
∫ 1
0 ψ(x) dx = 0. Namely, the lifespan for (1.3) with A, B > 0 is shorter than the corresponding

lifespan in the cases A = 0 or B = 0.
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3. Outline of the proof

We briefly outline the proof for the case in which the combined effect phenomenon occurs, that
is

(3.1) r < p+ q < r2 and
∫ 1

0
ψ(x) dx = 0

as an example. To consider the initial-boundary value problem on the half-line with a nonlinear
Neumann boundary condition, we extend the problem (1.3) to the whole line. First, we define the
even extensions of the initial data by Φ(x) = φ(|x|) and Ψ(x) = ψ(|x|) for x ∈ R, and introduce
Ωj
0 :=

{
z(x) ∈ Cj

0(R)
∣∣∣ z is even, supp z ⊂ {x ∈ R | |x| ≤ 1 }

}
for j ∈ N. From the assumptions on

(φ,ψ) in (1.4)–(1.7), it follows that
(3.2) (Φ,Ψ) ∈ Ω2

0 × Ω1
0 and Φ(0) = 0.

The corresponding problem on the whole line is given by

(3.3)


∂2t U(t, x)− ∂2xU(t, x) = F (t, x) in (0, T )× R∗,

− ∂xU(t, 0+) = G(t), t ∈ [0, T ],

U(0, x) = Φ(x), ∂tU(0, x) = Ψ(x), x ∈ R,

with F (t, x) = A|∂tU |p |U |q(t, x) and G(t) = B|U(t, 0)|r.
For the homogeneous case F = 0 and G = 0, the solution of (3.3) is expressed as

U0(t, x) =
1

2

[
Φ(x+ t) + Φ(x− t)

]
+

1

2

∫ x+t

x−t
Ψ(y) dy in [0, T ]× R.(3.4)

Moreover, we introduce the following notation. For G(t) ∈ C1([0, T ]), we set

N [G](t, x) :=

∫ (t−|x|)+

0
G(s) ds in [0, T ]× R,(3.5)

and for F (t, x) ∈ Ω1
T , we put

Λ[F ](t, x) :=
1

2

∫ t

0

∫ x+t−s

x−t+s
F (s, y) dy ds in [0, T ]× R.(3.6)

Then, the corresponding integral equation to (3.3) is the following: 
U(t, x) = U0(t, x) + Λ[A|∂tU |p |U |q](t, x) +N [B|U(t, 0)|r](t, x).(3.7)

We look for a solution of (3.7) in the following function space:

Ω1
T :=

{
v(t, x) ∈ C([0, T ]× R)

∣∣∣ v is even in x, ∂xv ∈ C([0, T ]× R∗),

∂xv(t, 0
+) exists for each t ∈ [0, T ], and supp v ⊂ {(t, x) ∈ [0, T ]× R | |x| ≤ t+ 1}

}
.(3.8)

If there exists a solution U ∈ Ω1
T to (3.7) satisfying ∂tU ∈ Ω1

T , then its restriction to [0, T ]× (0,∞),
denoted by u, is a classical solution of (1.3).

The local existence of solutions to (3.7) appears to be self-evident, whereas the main difficulty
lies in introducing an optimal sharp estimate. To this end, we divide the support of the solution
into the following two regions:

D := {(t, x) ∈ [0, T ]× R | |t− |x|| ≤ 1}, E := {(t, x) ∈ [0, T ]× R | |x| < t− 1}.
It is well known that if the integral of the initial velocity vanishes, the strong Huygens principle holds
even in one spatial dimension. It follows that the homogeneous solution U0 vanishes identically in
the region E, so that one can expect improved upper bound estimates for the solution in the region
E. In the case of vanishing integral of the initial velocity, Takamura et al. [5] employ different
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weighted L∞ spaces on E and D, respectively. By exploiting the Huygens principle, they improve
the lower bound of the lifespan for the Cauchy problem when p+ q > r+1

2 . We extend this idea to
the initial–boundary value problem in order to improve the bound for U in E from O(ε) to O(εr),
where ε is defined in (1.8) and is assumed to be sufficiently small. We choose α as in (3.11) to be
defined later, thereby improving the lower bound of the lifespan from ε−(r−1) to ε−

(r−1)(p+q)
r in the

case (3.1).
Next, we apply the successive approximation method to (3.7). We define a sequence {Uj}j∈N by

(3.9) Uj+1 = U0 +N [B |Uj(t, 0)|r] + Λ[A |∂tUj |p |Uj |q] (j ∈ N), U1 = U0.

We introduce a weighted L∞ space Y suitable for the convergence of the sequence {Uj}j∈N:

(3.10) Y :=
{
U ∈ Ω1

T

∣∣ ∂tU ∈ Ω1
T , ∥U∥Y <∞

}
,

with the norm

∥U∥Y :=
∥∥∥{χD + (1− χD)⟨t⟩−α}U

∥∥∥
L∞
T (R)

+
∥∥∥{χD + (1− χD)⟨t⟩1−α} ∂tU

∥∥∥
L∞
T (R)

+

1∑
j=0

∥∂x∂jtU∥L∞
T (R∗),

where ∥v∥L∞([0,T ]×Ω) := sup(t,x)∈[0,T ]×Ω |v(t, x)|, and α is given by

(3.11) α =
r2 − (p+ q)

(p+ q)(r − 1)
.

It follows from (2.2) that U0 = 0 in E. Indeed, U0 ∈ Y and satisfies

(3.12) ∥U0∥Y ≤ 4ε,

when ε is sufficiently small.
The following lemma provides a priori estimates in the case (3.1).

Lemma 3.1. Let 0 < α < 1, λ > 1 and G(t) ∈ C1([0, T ]) with G(0) = G′(0) = 0. Then

∥⟨t⟩−αN [G]∥L∞
T (E) ≤ ∥G∥L∞([0,1]) + (1 + T )α(λ−1)+1 ∥⟨t⟩−αλG∥L∞([1,T ]),

∥⟨t⟩1−α∂tN [G]∥L∞
T (E) ≤ (1 + T )α(λ−1)+1 ∥⟨t⟩−αλG∥L∞([1,T ]),

∥∂xN [G]∥L∞
T (E∗) ≤ (1 + T )α(λ−1)+1 ∥⟨t⟩−αλG∥L∞([1,T ]),

∥∂x∂tN [G]∥L∞
T (E∗) ≤ (1 + T )α(λ−1)+1 ∥⟨t⟩−α(λ−1)+(1−α)G′∥L∞([1,T ]).

Moreover, for let 0 < α < 1, µ, ν > 1 and F (t, x) ∈ Ω1
T , we have

∥⟨t⟩−αΛ[F ]∥L∞
T (E) ≲ (1 + T )1−α∥F∥L∞

T (D) + (1 + T )α(µ+ν−1)+1∥⟨t⟩(1−α)µ−ανF∥L∞
T (E),

∥⟨t⟩1−α∂tΛ[F ]∥L∞
T (E) ≲ (1 + T )1−α∥F∥L∞

T (D) + (1 + T )α(µ+ν−1)+1∥⟨t⟩(1−α)µ−ανF∥L∞
T (E),

∥∂xΛ[F ]∥L∞
T (E) ≲ ∥F∥L∞

T (D) + (1 + T )α(µ+ν−1)+1∥⟨t⟩(1−α)µ−ανF∥L∞
T (E),

∥∂x∂tΛ[F ]∥L∞
T (E) ≲ ∥∂xF∥L∞

T (D∗) + (1 + T )α(µ+ν−1)+1∥⟨t⟩(1−α)(µ−1)−αν∂xF∥L∞
T (E∗),

∥∂x∂tΛ[F ]∥L∞
T (E) ≲ ∥∂xF∥L∞

T (D∗) + (1 + T )α(µ+ν−1)+1∥⟨t⟩(1−α)µ−α(ν−1)∂xF∥L∞
T (E∗),

where D∗ := D \ {0} and E∗ := E \ {0}.
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Now, we prove Uj ∈ Y and

(3.13) ∥Uj∥Y ≤ C0ε

for j ∈ N, under suitable conditions on T and ε. Here C0 is a positive constant independent of T
and ε. We set

P (U) :=
1∑

j=0

{
∥∂jtU∥L∞

T (D) + ∥∂jt ∂xU∥L∞
T (D∗)

}
,

Q(U) :=
∥∥∥⟨t⟩−αU

∥∥∥
L∞
T (E)

+
∥∥∥⟨t⟩1−α∂tU

∥∥∥
L∞
T (E)

+
1∑

j=0

∥∂x∂jtU∥L∞
T (E∗),

note that ∥U∥Y ≤ P (U) +Q(U). In what follows, C denotes a positive constant independent of T
and ε, which may change from line to line.

Since U1 = U0, we have P (U1) ≤ 4ε and Q(U1) = 0. Moreover, by using Lemma 3.1 with λ = r,
µ = p and ν = q, we have

P (Uj+1) ≤ 4ε+ C
{
(P (Uj))

r + (1 + T ) (P (Uj))
p+q

}
,

and

Q(Uj+1) ≤ C1

(
(P (Uj))

r + (P (Uj))
p+q)+ C

{
(1 + T )α(r−1)+1 (Q(Uj))

r

+ (1 + T )αr (Q(Uj))
r + (1 + T )1−α (P (Uj))

p+q

+ (1 + T )α(p+q−1)+1 (Q(Uj))
p+q + (1 + T )α(p+q) (Q(Uj))

p+q
}
,

where C1 is a positive constant independent of T and ε. For r ≤ p+ q ≤ r2 and 0 < ε ≤ 1, suppose
that

(3.14) Cε r−1 ≤ 1, C(1 + T )εβ ≤ 1,

where β = (p+ q)(r − 1)/r. By induction, we have

P (Uj) ≤ 5ε, Q(Uj) ≤ 3C1ε
r,

for all j ∈ N. Taking C0 = 5+ 3C1, we obtain (3.13) provided that (3.14) holds. Similarly, we have

P
(
Uj − Uj−1

)
≤ C

(
2−j + j 2−ja

)
, Q

(
Uj − Uj−1

)
≤ C

(
2−j + j 2−ja

)
,

under (3.14), where a = min{1, p−1, q−1, r−1} ∈ (0, 1]. Now, if we set ε0 = min
{
1, (2C)−

1
r−1 , (2C)

− 1
β

}
,

then for 0 < ε ≤ ε0, T ≤ (2C)−1ε−β assures (3.14). Under this condition, {Uj}j∈N is a Cauchy
sequence in Y , so that its limit exists in Y and satisfies (3.7).

Finally, we give a brief description of the blow-up estimate under the combined effect case. We
suppose that the initial-boundary value problem (1.3) admits a classical solution u in [0, T ]× [0,∞).
Then its even extension U satisfies (3.7) with U, ∂tU ∈ Ω1

T . Note that (2.5) implies Φ(x) = 0 for
x ∈ R and Ψ(x) > ψ0ε for x ∈ (0, 1/2). Here, Φ and Ψ are even extensions of ϕ and ψ, respectively.

Let A, B > 0 and T ≥ 2. Since U,Ut ≥ 1/8ψ0ε for (t, x) ∈ Σ, we have from (3.7)

U(t, 0) ≥ A

∫∫
Σ∩K0

|∂tU(s, y)|p |U(s, y)|q dy ds+B

∫ t

2
|U(s, 0)|r ds

≥ C

[
tεp+q +

∫ t

2
|U(s, 0)|r ds

]
, t ∈ [2, T ],
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where Σ = {(t, x) ∈ [0, T ]×R | t+x ≥ 1, 1/4 ≤ t−x < 1/2},K0 = {(s, y) ∈ [0, t]×[0,∞) | y ≤ t−s},
and C is a positive constant independent of T and ε. If we define Z(t) by

Z(t) = C

[
tεp+q +

∫ t

2
|Z(s)|r ds

]
, t ≥ 2,

then we have U(t, 0) ≥ Z(t) for t ∈ [2, T ], by the comparison principle. Since Z(t) satisfies{
Z ′(t) = Cεp+q + CZr(t), t ≥ 2,

Z(2) = 2Cεp+q.

denoting by T the lifespan of Z(t), we have

T ≤ 1

C

∫ Z(t)

Z(2)

dξ

εp+q + ξr
+ 2 ≤ 2

C
ε−

(p+q)(r−1)
r

∫ ∞

0

dη

1 + ηr
<∞, t ∈ [2, T ),

provided that ε is sufficiently small, where η = ε−
p+q
r ξ. Hence, we obtain T ≤ T ≤ C ε−

(r−1)(p+q)
r

and (2.6) is proved for r < p+ q < r2, completing the proof.
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1 Introduction

We consider the well-posedness of the Cauchy problem in low regularity for
the following Kinetic Derivative NLS (KDNLS):

∂tu− i∂2xu−β∂x
[
H
(
|u|2

)
u
]
+ δ∂x

(
|u|2u

)
= 0,(1.1)

(t, x) ∈ (0, T )×T,

u(0, x) = u0(x), x ∈ T.(1.2)

where T > 0, T = R/2πZ, δ is a real constant and β is a negative constant
(ratio of plasma pressure to magnetic pressure). The Hilbert transform is
defined as follows.

f 7→ 1√
2π

∑
k ̸=0

−ik
|k|

f̂(k)e−ikx.

Equation (1.1) takes the resonant interaction between the wave modulation
and the ions into account, while it is ignored in the derivative NLS.

∂tu− i∂2xu+ δ∂x
(
|u|2u

)
= 0.(DNLS)

The word “kinetic” implies that the collective motion of ions in a plasma is
modeled by the Vlasov equation and not by the fluid equation, namely,

Maxwell eqs. + Euler eqs. =⇒ DNLS,
Maxwell eqs. + Vlasov eq. =⇒ KDNLS.

For more details of the physical background, see Mjølhus and Wyller [MW1]
and [MW2]. In this paper, we consider the following problem.
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Problem: For what s is there a unique local solution of the Cauchy
problem (1.1)-(1.2) in Sobolev spaces in Hs?

The result in this paper is a part of the joint work [KT1]-[KT4] with Nobu
Kishimoto, RIMS, Kyoto University.

It is instructive to review what is difficult in equation (DNLS). It is well
known that “High × Low → High”interaction is the hardest difficulty that
(1.1) and (DNLS) have in common. To look at this point, we define the
so-called resonance function as follows.

R(k1, k2, k3) =(τ + k2)− (τ1 + k21) + (τ2 + k22)− (τ3 + k23)

=2(k1 − k2)(−k2 + k3),

where
τ = τ1 − τ2 + τ3, k = k1 − k2 + k3.

We take the nonlinear interaction of (DNLS):

∂x
(
uūu

)
= 2(∂xu)ūu+ u∂xūu.

The “High × Low → High”interaction is divided into the following two cases.
Case 1. Suppose that (∂xu)ūu and |k1| � |k2|, |k3|.

F
[
(∂xu)ūu

]
(k) =

∑
k=k1−k2+k3

ik1û(k1)¯̂u(k2)û(k3),

R(k1, k2, k3) ∼ |k1| if − k2 + k3 6= 0.

Case 2. Suppose that u(∂xū)u and |k2| � |k1|, |k3|.

F
[
u(∂xū)u

]
(k) =

∑
k=k1−k2+k3

û(k1)ik2 ¯̂u(k2)û(k3),

R(k1, k2, k3) ∼ |k2|2.

Remark 1 (i) The Fourier restriction norm method yields the factor |R|−1/2. 
Therefore, no loss of derivative occurs in Case 2, while 1/2 derivative is still 
not recovered in Case 1.

(ii) A pair of frequencies (k1, k2, k3) is said to be resonant if R(k1, k2, k3) = 
0, i.e., k1 = k2 or k2 = k3.

To overcome this difficulty, the gauge transformation was introduced in prior 
research.
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(Gauge transformation)

G0u = u exp
[
− i

δ

4π

∫ 2π

0

∫ x

θ

(|u(y)|2(1.3)

− 1

2π
‖u‖2L2) dydθ

]
.

u; solution of (DNLS), v := G0u.
Then, v satisfies the following equation.

∂tv − i∂2xv − δv2∂xv̄ = (harmless terms).

For (DNLS), we solve the equation resulting from the gauge transformation
(1.3) to obtain LWP in Hs, s ≥ 1/2, which is due to Takaoka [Tak] for the
case of R and to Herr [Herr] for the case of T.

Remark 2 (i) The gauge transformation (1.3) does not work for (1.1) as
well as for (DNLS) because of the presence of the Hilbert transform. The
lower bound s ≥ 1/2 is optimal for (DNLS).

(ii) The well-posedness in low regularity sapces has recently been improved
by using the complete integrability of (DNLS) (see, e.g., Bahouri and Perel-
man [BP] and Harrop-Griffiths, Killop, Ntekoume and Vişan [HGKNV]).

We use the dissipative nture of (1.1) to full extent. For simplicity, we may
assume δ = 0 throughout this paper. Now we look at the dissipativeness of
(1.1). Multiply (1.1) by ū and integrate the resulting equation to have

d

dt
‖u(t)‖2L2 = 2β

∫ 2π

0

(
D1/2|u|2

)2
dx, t > 0,

Du =
1√
2π

∑
k∈Z

|k|û(k)e−ikx.

The above identity implies that if β < 0, the L2 norm of the solution is
decreasing in time. We make close investigation into the dissipative nature
of (1.1).

Put F = ∂x[H(|u|2)u]. Take the Fourier transform of F in the spatial
variable to have
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F̂ (k) =ik
∑

k1−k2+k3=k
k1−k2 ̸=0

(
−i k1 − k2

|k1 − k2|
û(k1)¯̂u(k2)

)
û(k3)(1.4)

=
(∑
k3 ̸=k

|û(k3)|2
)
|k|û(k)

+
∑
k3 ̸=k

(
|k − k3| − |k|

)
|û(k3)|2û(k)

+
∑
k3 ̸=k

(
−i k − k3

|k − k3|
ik3|û(k3)|2

)
û(k)

+ik
∑
k3 ̸=k

( ∑
k1−k2=−k3+k

k2 ̸=k3

−i k1 − k2
|k1 − k2|

û(k1)¯̂u(k2)
)
û(k3).

The last sum on the right hand side of (1.4) does not contain resonant fre-
quencies. Set

h(k) = −i k
|k|

(k 6= 0), h(0) = 0.

Consider the following equation from now on.

∂tû(t, k) + ik2û(t, k)(1.5)

− β
(∑
k3∈Z

|û0(k3)|2
)
|k|û(k)

= β
∑
k3∈Z

(
|û(k3)|2 − |û0(k3)|2

)
|k|û(k)

+β
∑
k3∈Z

(
|k − k3| − |k|

)︸ ︷︷ ︸
|···|≤|k3|

|û(k3)|2 û(k)

+β
∑
k3 ̸=k

(
h(k − k3)ik3|û(k3)|2

)
û(k)

−βik
∑
k3 ̸=k

( ∑
k1−k2=−k3+k

k2 ̸=k3

h(k1 − k2)

× û(k1)¯̂u(k2)
)
û(k3), t > 0,

where u0 is the initial datum prescribed in the initial condition (1.2).
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Remark 3 At a formal level, the operator

−ik2 + β|k|
∑
k3∈Z

|û0(k3)|2

generates the semi-group

e−t
(
ik2−β|k|

∑
k3∈Z |û0(k3)|2

)
, t ≥ 0.

This suggests that the Caucy problem of (1.1) might be ill-posed in the Sobolev
space for β > 0. In this respect, it seems natural to assume that β < 0.

2 Notation and Theorem

Assume β = −1 and u0 6= 0 and u0 ∈ Hs, s > 1
4
. Put 〈a〉 = (1 + |a|2) 1

2 for
a ∈ C and µ =

(∑
l∈Z |û0(l)|2

)
= ‖u0‖2L2 . Denote the Fourier transform of u

in t and x by ũ(τ, k). We define the modified Fourier restriction norm and
space for s, b ∈ R as follows.

‖u‖Xs,b =
(∑
k∈Z

∫
R

〈k〉2s〈τ + k2 − iµ|k|〉2b

× |ũ(τ, k)|2 dτ
)1/2

,

Xs,b =
{
u ∈ S ′(R2)

∣∣ u(t, x+ 2π) = u(t, x),

‖u‖Xs,b <∞
}
,

‖u‖Y s =
[∑
k∈Z

(∫
R

〈k〉s|ũ(τ, k)| dτ
)2]1/2

,

Y s =
{
u ∈ S ′(R2)

∣∣ u(t, x+ 2π) = u(t, x),

‖u‖Y s <∞
}
,

Remark 4 (i) Such a norm mixing dispersion and dissipativeness as above
was intoroduced by Molinet and Ribaud [MR] for the KdV- Burgers equation.
Tsugawa [Tsug] and Tanaka and Tsugawa [TT] observed the parabolicity in-
duced by nonlinearity for the fifth order semilinear dispersive equations and
the higher order Schrödinger equations. The above norm takes the perturba-
tion by the nonlinear interaction into account.

(ii) We easily see that

L2(R; H1/2(T)) ⊂ X0,1/2,

which implies the X0,1/2 norm yields the gain of 1
2 derivative in the spatial

variable.
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We next introduce the ocalized space on (0, T ) for Xs,b and Y s for T > 0.

‖u‖Xs,b
(0,T )

= inf
{
‖v‖Xs,b

∣∣ v ∈ Xs,b, v(t) = u(t) on (0, T )
}
,

Xs,b
(0,T ) =

{
u ∈ D ′((0, T )×T)

∣∣ ‖u‖Xs,b
(0,T )

<∞
}
.

Furtermore, Y s
(0,T ) is defined in the same way as Xs,b

(0,T ).
We state our main theorem in this paper.

Theorem 1 (Kishimoto-Y.T [KT4]) Assume that s > 1
4
, u0 ∈ Hs and

u0 6= 0. Then, there exists a ∃T = T (‖u0‖Hs , ‖u0‖−1
L2 ) > 0 such that the

Cauchy problem of (1.1)-(1.2). has the unique solution u satisfying

u ∈ X
s,1/2
(0,T ) ∩ Y

s
(0,T ) ⊂ C([0, T ];Hs).

Remark 5 (i) The solution u given by Theorem 1 can be extended to all
positive times and has a smoothing property, i.e.,

u ∈ C∞((0,∞)×T).

(ii) When u0 = 0, (1.1)-(1.2) has a trivial solution. In fact, the continuous
dependence of solutions on initial data holds.

We consider the integral equation associated with (1.1)-(1.2)

u(t) =ψ(t)
[
U(t)u0 − iχR+(t)

∫ t

0

U(t− σ)(2.1)

×
{ ∑

k,k3∈Z

(
|û(k3)|2 − |û0(k3)|2

)
|k|û(k)eikx

+
∑
k3∈Z

(
|k − k3| − |k|

)︸ ︷︷ ︸
|···|≤|k3|

|û(k3)|2 û(k)eikx

+
∑
k∈Z
k3 ̸=k

(
h(k, k3)ik3|û(k3)|2

)
û(k)eikx

+ ψ3
T (σ)F1(σ)

}
dσ

]
,

[
Û(t)

]
(k) =e−(itk2+|t||k|

∑
k3∈Z |û0(k3)|2),

F̂1 = ψ3
T (t)

[
ik

∑
k3 ̸=k

( ∑
k1−k2=−k3+k

k2 ̸=k3

h(k1 − k2)

× û(k1)¯̂u(k2)
)
û(k3)

]
, t > 0,
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Here and hereafter,

ψ(t) ∈ C∞
0 (R),

ψ(t) = 1 (|t| < 1), ψ(t) = 0 (|t| > 2),

ψT (t) = ψ(t/T ),

Remark 6 (i) Since we consider the Fourier transformation in time vari-
able, we need to define the semigruop U(t) on the whole real line (−∞,∞).

(ii) The coefficient of the dissipative part of the generator for U(t) is
‖u0‖2L2. Each time we gain 1/2 derivative by the parabolic effect, the un-
pleasant factor ‖u0‖−1

L2 appears.

3 Idea of Proof of Theorem 1

We first illustrate how to estimate the second and third terms on the right
hand side of (2.1), because these are resonant terms. The second and third
terms are estimated as follows.∣∣(|k|s ∑

k3∈Z

|k3||û(k3)|2
)
û(k)

∣∣
≤C

∑
|k3|≤|k|

(
|k3|1/4|û(k3)|

)2 × |k|s+1/2|û(k)|

+
∑

|k3|>|k|

(
|k3|1/4+(s+1/2)|û(k3)|2

)
× |k|s|û(k)|

≤ C‖u‖2Hs ‖u‖Hs+1/2 if s ≥ 1

4
.

Hence, if s ≥ 1/4, the inequality is completed, since 1/2-derivative can be
gained by the parabolic effect (see Remark 4 (ii)).

Remark 7 When we use the dissipative effect of (1.1), the unpleasant factor
‖u0‖−1

L2 appears in the estimate. To avoid this difficulty, we employ the short-
time Fourier restriction norm to estimate solutions in a neighborhood of the
origin.

We next illustrate how to estimate the last term F1 on the right hand
side of (2.1) The last term F1 is easier to handle than the other terms as
long as s ≥ 1/2, since it is nonresonant. But this is the worst term when
1/2 > s > 1/4. Indeed, F1 includes

|ulow|2 ∂xuhigh,(3.1)
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where uhigh and ulow denote the high and the low frequency parts of u, re-
spectively.

Remark 8 The term (3.1) is just the High × Low → High interaction. It is
possible to estimate this kind of interaction by using both the dispersive and
the dissipative effects of (KDNLS). However, in the estimate of F1, a positive
power of time variable, i.e., T α, α > 0 does not appear. Therefore, without
the gauge transformation, we need to assume that the initial datum is small,
which ensures that the solution is small.

To remove this worst interaction, use the gauge transformation, following
Tao [Ta] and Kenig and Takaoka [KT].

v± := eρ
±[u]P±u,

ρ±[u] := ∂−1
x P±(|u|2),

where

P±f =
1√
2π

∑
±k>0

f̂(k)eikx.

Remark 9 The above guge transformation removes the high × low → high
interaction and does not break the dissipative nature of KDNLS (1.1) (for
the details, see [KT4]).
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STABILITY OF TRAVELING WAVES IN NON-COOPERATIVE SYSTEMS

WITH NONLOCAL DISPERSAL VIA AN ENTROPY FRAMEWORK

ARNAUD DUCROT, JONG-SHENQ GUO, AND MASAHIKO SHIMOJO

1. Introduction

Propagation phenomena described by reaction-diffusion equations have been a central topic in

mathematical biology and ecology since the pioneering work on the Fisher–KPP equation. Traveling

wave solutions are crucial as they represent invasion fronts.

The stability of these waves remains a core challenge. Historically, three methods have dominated

the analytical landscape. The first category is the comparison principles, which is applicable to

cooperative systems, or monotone flows. For this technique, see [25, 24] and references therein.

In the paper [31], the weighted energy method, together with a squeezing argument, is employed

to show convergence toward traveling wave fronts. The second category is related to the spectral

analysis started by [21, 25], which has a relation with the Evans function to track point spectrum

(see, e.g.,[27, 1, 16, 17, 32]). The third one is the variational methods, using energy functionals for

gradient-type systems ([20]).

However, when modeling predator-prey dynamics or multi-species competition, cooperativity is

often lost. In these non-monotone settings, traditional comparison-based trapping arguments fail.

This survey focuses on the emerging entropy framework, which provides a robust alternative for

non-cooperative systems.

This lecture provides a stability theory for traveling wave solutions in reaction–diffusion systems,

specifically focusing on non-cooperative structures. While classical stability results rely heavily on

comparison principles and order-preserving properties, many biological and ecological models lack

such structures. We introduce a unified framework based on relative entropy on weighted spaces.

This approach allows for the derivation of nonlinear stability for a wide class of systems, including

those with unequal diffusivities and nonlocal dispersal kernels.

2. The relative entropy framework–local diffusion

We investigate the stability of traveling wave solutions for the following reaction-diffusion system:

(2.1) ∂tui(x, t) = di∂
2
xui(x, t) + ui(x, t)gi(u(x, t)), x ∈ R, t > 0, i = 1, . . . ,m,

where u := (u1, . . . , um), di > 0, and gi : Rm → R are smooth functions on an appropriate

subset Σ. A traveling wave solution {c,Φ} connecting distinct constant equilibria E± is defined

as a solution of the form ui(x, t) = ϕi(x − ct) such that Φ(−∞) = E− and Φ(∞) = E+ for

Φ = (ϕ1, . . . , ϕm).Traveling waves play a crucial role in describing the spatio-temporal dynamics of

invasion phenomena.

In non-cooperative cases, existence of traveling wave is typically proven using the method of

generalized upper-lower solutions and Schauder’s fixed point theorem. Recent works such as [15,

This work was supported in part by by JSPS KAKENHI Grant-in-Aid for Scientific Research (C) (No. 24K06817)

and partially supported by JSJSBP120233210.
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19, 3, 14, 2] have successfully constructed these waves for two-species or three-species predator-

prey models. While their existence has been extensively studied, their stability analysis for non-

cooperative systems—such as predator-prey or epidemic models—remains a significant challenge due

to the lack of order-preserving structures. In this study, we establish a general framework to derive

the global asymptotic stability of traveling waves in systems without comparison principles. Our

main theorem is as follows:

Theorem 2.1 (Stability theorem [8]). Assume that the system (2.1) admits a bounded, rectangu-

lar positively invariant set Σ ⊂ (0,∞)m in a neighborhood of the traveling wave. That is, we assume

that if the initial data u0 = (u0
1, . . . , u

0
m) ∈ BUC(R) satisfies u0(x) ∈ Σ for all x ∈ R, then the

corresponding solution u satisfies u(x, t) ∈ Σ for all x ∈ R and t > 0.

Suppose there exist constants {σi}i=1,...,m ⊂ (0,∞)m such that

(2.2)
m∑
i=1

σi (ui − vi) {gi(u)− gi(v)} ≤ 0, u, v ∈ Σ.

For R := max1≤i≤m{∥gi(Φ)∥L∞(R)} and dmax := max1≤i≤m{di}, assume that

(2.3) c > 2
√
dmaxR, and µ ∈

(
c−

√
c2 − 4dmaxR

2dmax
,
c+

√
c2 − 4dmaxR

2dmax

)
.

Suppose that ϕi(x) ≥ Ce−α0|x| for some C,α0 > 0, and that there exist constants α+ > µ+ α0 and

α− < −α0 − µ such that the initial perturbation satisfies

x 7→
(
u0
i (x)− ϕi(x)

)
e−α±x ∈ H1(R).

Then, the solution u(·+ ct, t) converges to Φ(·) as t → ∞ locally uniformly in R.

By applying this theorem, the asymptotic stability of traveling waves can be established for

various predator- prey and epidemic models, including those presented in [3, 14, 2, 10, 22]. Notably,

in standard predator-prey or epidemic models where the predator (or infected) species diffuses faster

than the prey (or susceptible) species, the threshold
√
2dmaxR often coincides with the minimum

wave speed for the existence of a traveling wave solution.

The main novelty of this theorem lies in removing the artificial requirement that all species

must share the same diffusion rate—a long-standing limitation in the entropy-based analysis of non-

cooperative systems. Indeed, while the previous work [11, 10, 22] proved stability for c ≥
√
2dmaxR

under the restrictive and often biologically unrealistic assumption of identical diffusion coefficients

di = d for all 1 ≤ i ≤ m.

Remark 2.2. We impose the dissipativity condition (2.2). This condition is satisfied by many

predator-prey type models or some type of SIR model. Note that the above condition simply means

that the corresponding kinetic system to (2.1) admits a suitable Lyapunov function. To see this,

note that this kinetic problem is written as

(2.4)
dui

dt
(t) = ui(t)gi(u(t)), i = 1, . . . ,m.

Let {σi | 1 ≤ i ≤ m} be the set of positive constants provided by (2.2), and let u(t) = (u1(t), · · · , um(t))

be a positive solution of (2.4), and let u∗ = (u∗
1, · · · , u∗

m) be a positive equilibrium of (2.4). By

calculating the time derivative of

(2.5) W [u(t)] :=
m∑
i=1

σi

(
ui(t)− u∗

i − u∗
i log

ui(t)

u∗
i

)
,
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we obtain

(2.6)
d

dt
W [u(t)] =

m∑
i=1

σi

(
1− u∗

i

ui(t)

)dui(t)

dt
=

m∑
i=1

σi (ui(t)− u∗
i ) {gi(u(t))− gi(u

∗)}.

Here we used the relation gi(u
∗) = 0 for all i = 1, . . . ,m. Note that the right-hand side of (2.6)

is non-positive if (2.2) is satisfied. This means that (2.5) is a Lyapunov functional to the ordinary

differential system (2.4).

Outline of the proof of Theorem 2.1. Let u(x, t) be a positive solution of (2.1). Using the

moving coordinate z = x − ct, we define u(z + ct, t) = û(z, t). To shorten the notation, we denote

û(z, t) by u(z, t) and ûi(z, t) by ui(z, t) for 1 ≤ i ≤ m. Then, the function ui = ui(z, t) satisfies

(2.7) ∂tui(z, t) = ∂2
zui(z, t) + c∂zui(z, t) + ui(z, t)gi(u(z, t)), z ∈ R, t > 0, i = 1, . . . ,m.

Note that traveling wave profile Φ(z) is a stationary solution.

The core idea is to measure the ”distance” from the wave profile using a convex entropy functional

rather than a simple L2-norm. We define the individual entropy for each component i as:

Ki[Ui] = Ui − ϕi − ϕi ln
Ui

ϕi
, 1 ≤ i ≤ m,

for positive functions Ui = Ui(z), and define the total entropy with weights σi > 0 by

K[U] =
m∑
i=1

σiKi[Ui], U := (U1, U2 . . . , Um).

After calculations, the functions

Wi(z, t) = σiKi[ui(·, t)](z), i = 1, 2, . . . ,m

satisfy

∂tWi = di∂
2
zWi + c∂zWi + σi(ui − ϕi)(gi(u)− gi(Φ)) + gi(Φ)Wi − ϕi

[(
log

ui

ϕi

)
z

]2
.

We define the weighted entropy∫
R
W (z, t)eµz dz, W (z, t) :=

m∑
i=1

Wi(z, t).

and show an entropy dissipation property. Thus we obtain

d

dt

∫
R
W (z, t)eµz dz ≤

m∑
i=1

∫
R
{di∂2

zWi(z, t) + c∂zWi(z, t) + gi(Φ(z))Wi(z, t)}eµz dz

≤
m∑
i=1

∫
R
{di∂2

zWi(z, t) + c∂zWi(z, t) +RWi(z, t)}eµz dz.

A formal calculation of the integration by parts, we have

(2.8)
d

dt

∫
R
W (z, t)eµz dz ≤

m∑
i=1

∫
R
(diµ

2 − cµ+Rµ)Wi(z, t)e
µz dz.

This formal calculation is rigorously justified by the approach originally developed by Arnaud Ducrot

and described in [8]. By condition (2.3) and the inequality (2.8), there exists ε > 0 such that

d

dt

∫
R
W (z, t)eµz dz ≤ −ε

∫
R
W (z, t)eµz dz.
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Therefore, we conclude that∫
R
W (z, t)eµz dz ≤ e−εt

∫
R
W (z, 0)eµz dz → 0 as t → ∞.

This and the parabolic estimates give us the desired result. □

Remark 2.3. When all di = d, which corresponds the equal diffusion coefficients case, the entropy

function evolves according to a heat-like inequality:

(2.9) Wt ≤ dWzz + cWz +RW,

where W (z, t) = K[u(·, t)](z) for z ∈ R and t ≥ 0. This yields the convergence u(z, t) → Φ(z) locally

uniformly as t → ∞ when c ≥ 2
√
dR. See [11] for the detail calculation. Recent developments [8]

utilize a weighted space L1(R, eµzdz). By carefully choosing the weight µ as above, and obtain the

exponential stability in the weighted norm, even when the diffusion coefficients are different.

3. The relative entropy framework–nonlocal dispersal

In models where dispersal is represented by an integral kernel J(x− y), the diffusion operator is

replaced by N [u] = J ∗u−u. The entropy method is particularly advantageous here because it does

not require the compactness often missing in nonlocal spectral analysis.

Table 1. Comparison of Stability Frameworks

Feature Comparison Principle Evans Function Entropy Framework

Cooperativity Required Not required Not required

Linearization Not needed Central Not needed

Non-local Kernel Limited Complex Robust

Now we examine the stability of traveling wave solutions for a class of reaction–diffusion systems

incorporating nonlocal dispersal:

(3.1) ∂tui(x, t) = diNi[ui(·, t)](x) + ui(x, t)gi(u(x, t)), (x, t) ∈ R× (0,∞), 1 ≤ i ≤ m,

where u(x, t) := (u1(x, t), . . . , um(x, t)), di > 0, and gi ∈ C1([0,∞)m). The operator Ni represents

nonlocal dispersal, defined as:

Ni[ui(·, t)](x) :=
∫
R
Ji(y)ui(x− y, t)dy − ui(x, t) = (Ji ∗ ui − ui)(x, t),

with the kernel Ji satisfying the following properties:

(J1) Ji is a non-negative, smooth, and even function;

(J2) Ji is normalized such that

∫
R
Ji(y)dy = 1;

(J3) The moment-generating function

∫
R
Ji(y)e

λydy is finite for any λ ∈ (0, λ̂i) and diverges as

λ ↑ λ̂i for some λ̂i ∈ (0,∞].

A traveling wave solution {c,Φ} of (3.1) connecting two distinct equilibria E± is a solution of

the form ui(x, t) = ϕi(x− ct), where the profile Φ := (ϕ1, . . . , ϕm) satisfies the boundary conditions

Φ(−∞) = E− and Φ(∞) = E+.

The existence of traveling waves in nonlocal reaction–diffusion systems has been a subject of

extensive research. For scalar equations [4] and cooperative systems possessing an order structure,

characterizing the minimal wave speed is well-established [18]. Recently, traveling waves have also
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been successfully constructed for non-monotone systems, such as predator–prey and epidemic mod-

els, where the comparison principle is inapplicable ([29, 28, 6, 30, 26, 33, 23]).

The objective of this study is to provide a unified framework for establishing the stability of

these traveling wave solutions. While stability in nonlocal cooperative systems can be addressed

using general order-preserving methods [31], results for non-cooperative systems remain scarce due

to the breakdown of the comparison principle. By utilizing Theorem 3.1 presented in this talk, we

demonstrate the asymptotic stability of traveling waves in a weighted space for various predator–prey

and epidemic models, including those investigated in [6, 30, 26, 33, 23, 29, 28].

Our main result is stated as follows.

Theorem 3.1. (Stability theorem [7]) Assume that the following assumptions (A1)-(A3) are

satisfied.

(A1) The system (3.1) possesses a bounded rectangular invariant set Σ ⊂ [0,∞)m. On this set,

there exist positive constants {σi}mi=1 such that the reaction terms satisfy the following dis-

sipative condition:
m∑
i=1

σi (ui − vi) {gi(u)− gi(v)} ≤ 0 for all u,v ∈ Σ.

(A2) Let {c,Φ} be a positive traveling wave solution in Φ(x) ∈ Σ for all x ∈ R with c > c∗

for a suitable constant c∗. We assume the profile ϕi satisfies a lower exponential bound

ϕi(x) ≥ Ce−α0|x| for some C,α0 > 0.

(A3) Let R be a constant such that maxi ∥gi(Φ)∥L∞ ≤ R. There exists a decay rate µ ∈ (0,min λ̂i)

such that the following dispersal-dominated inequality holds for all 1 ≤ i ≤ m:

di

(∫
R
Ji(y)e

µydy − 1

)
− cµ+R < 0.

Additionally, the kernels satisfy x 7→ Ji(x)e
α±x ∈ L1(R) for appropriate constants α± such

that α+ > α0 and α− < −max{α0, (α0 + µ)/2}.
Consider the solution u(x, t) with initial data u0 ∈ Σ∩BUC(R)m. If the initial perturbation u0

i −ϕi

belongs to the weighted Sobolev spaces H1(R) with weights e−α±x, then u(·+ ct, t) converges to the

traveling wave profile Φ(·) in L1
loc(R) as t → ∞.

Outline of the proof of Theorem 3.1. To analyze the stability, we adopt the moving coordinate

system z := x − ct. Let ui(z, t) denote the solution in this frame. We define the weighted relative

entropy functional as ∫
R
W (z, t)eµzdz =

m∑
i=1

σi

∫
R

(
ui − ϕi − ϕi log

ui

ϕi

)
eµzdz,

where the entropy density Wi is consistent with the local diffusion case.

Time differentiation of Wi yields a decomposition into dispersal (ID,i) and reaction (IR,i) contri-

butions. A direct differentiation and integration of the function Wi(z, t) = Ki[ui(·, t)](z) yields the
decomposition:

∂tWi − diNi[Wi]− c ∂zWi − gi(Φ)Wi = ID,i + IR,i,

where

ID,i := di

∫
R
Ji(z − y)

{
ϕi(y)−

ui(y, t)

ui(z, t)
ϕi(z) + ϕi(y) ln

[
ui(y, t)ϕi(z)

ui(z, t)ϕi(y)

]}
dy

and

IR,i := (ui − ϕi)(gi(u)− gi(Φ)).
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By the standard entropy inequality (X − 1 ≥ logX), the dispersal term ID,i is shown to be non-

positive, acting as a critical dissipative mechanism.

Assumption (A3) ensures that the weight function ρ(z) = eµz satisfies

diNi[ρ]− c∂zρ+Rρ ≤ −ϵρ, ϵ > 0.

This inequality guarantees that the drift and dispersal effects dominate any potential growth from

the reaction terms. Combining these estimates, we arrive at the fundamental functional inequality:

(3.2)
d

dt

∫
R
W (z, t)eµzdz ≤ −ϵ

∫
R
W (z, t)eµzdz.

Here we apply the assumption (A1). This inequality proves that the entropy decays exponentially,

which yields the convergence after some technical calculations. □

Remark 3.2 (Critical speed stability). The entropy framework bridges the gap between simple

scalar equations and complex non-cooperative systems. However, several questions remain. For

example, proving stability at the minimal speed c = 2
√
dmaxR for local diffusion problem, and c = c∗

for nonlocal dispersal one, in the setting of unequal diffusivities remains delicate. If the diffusion

operators are completely the same for all components, the convergence holds when c satisfies the

equality, for both local and nonlocal diffusion ([11, 12]).

Remark 3.3 (Other extensions). There are other problems to which we can apply the entropy

framework. One example is the stability of forced waves in media with moving climate change effect

[9]. Although this paper focuses on the monostable stability of traveling waves for a single equation,

which in itself was an open problem. It is interesting to generalize this result to multi-component

reaction-diffusion systems with shifting environment.

Another example is the problem in the graph-based domains. Recently [13], we provide a solution

to the problem posed as an open question by the authors in [5] by extending these entropy dissipative

structures to reaction-diffusion systems on networks.

By organizing recent advances around the entropy functional, we have shown that stability is

often a consequence of the underlying nonlinear geometry and dissipativity of the system rather

than purely spectral properties. This provides a powerful tool for researchers dealing with multi-

species ecological models where traditional monotonicity is unavailable.
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1 Introduction

Cells communicate with each other through a variety of interactions. Through these inter-
actions, cells control differentiation, migration, and tissue development, and the resulting
tissues perform various functions. For example, in neural firing, neurons transmit membrane
potentials to other cells via dendrites and axons, e.g., [9, Chapter 7.5], [1, Chapter 8]. During
cell movement, cells transmit biological signals to other cells and sense the surrounding cell
density by contacting other cells with parts of their bodies. Furthermore, in quorum sensing
and chemotaxis, cells secrete diffusible chemical signals and communicate with other cells
through the concentration or gradient of those signals, see, e.g., [8, Chapter 5], as well as
[2, 3, 4, 13].

Many mathematical models describing the evolution of a cell density, n = n(x, t) have
been proposed to analyse the aforementioned biological phenomena, in which interactions are
often modelled using convolutions with suitable integral kernels, K(x), and are therefore
referred to as nonlocal or long-range. Nonlocal interactions can represent various biological
functions by appropriately choosing the shape of the integral kernel and where they enter the
equation. Nonlocal interaction equations and local systems of partial differential equations
share many qualitative properties in the behavior of their solutions. Motivated by this obser-
vation, considerable effort has been devoted to investigating the relationship between nonlocal
interactions and PDE systems.

The connection between nonlocal interaction operators and differential operators can be
established through Taylor expansion [9]. Furthermore, a methodology has been proposed
to approximate nonlocal interactions by superposing Green’s functions associated with the
steady-state problems of reaction–diffusion systems [5, 6, 7, 10, 11]. This approach is justified
by combining the theory of approximating a given interaction kernel with Green’s functions
and the singular limit arising from the quasi-steady-state approximation of the corresponding
PDE system.
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In the analysis of such singular limits, the diffusion terms typically provide sufficient regu-
larity of solutions, and this regularity plays a crucial role in establishing the convergence. How-
ever, in realistic models of cell migration and cell growth, diffusion may be extremely weak.
It is therefore of both mathematical and phenomenological interest to determine whether the
above approximation remains valid in regimes where diffusion is negligible and the regularity
of solutions is consequently limited.

In this report, we investigate whether the above approximation remains valid under such
low-regularity conditions. More precisely, we study a repulsive Keller–Segel system and an-
alyze whether the quasi-steady-state limit can be justified after first taking the vanishing
viscosity limit. We first derive entropy estimates and establish uniform bounds with respect
to the relevant parameters. Using these uniform estimates together with compactness argu-
ments, we prove the convergence of weak solutions in the vanishing viscosity limit. We then
employ the method of compensated compactness to justify the quasi-steady-state limit and
establish the convergence of weak solutions. As a consequence, we show that the repulsive
chemotaxis model converges to a nonlocal advection equation.

1.1 Organisation of this paper

This paper aims to address the gap of local approximation of aggregation-type equations in
the absence of diffusion and when regularity is low. The starting point of our study is the
parabolic-parabolic Keller-Segel-type chemorepulsion system

∂n

∂t
= α

∂2n

∂x2
+

∂

∂x

n
N∑
j=1

βj
∂vj
∂x

 ,

ϵ
∂vj
∂t

= dj
∂2vj
∂x2

− vj + n,

in QT := Π × (0, T ). Notably, the energy dissipation identity usually employed, see for
instance [12], does not yield estimates uniform in α > 0, which is why we propose a different
strategy to derive uniform estimates. Then, we prove that solutions converge to solutions to
the hyperbolic-parabolic system

∂n

∂t
=

∂

∂x

n
N∑
j=1

βj
∂vj
∂x

 , (2a)

ϵ
∂vj
∂t

= dj
∂2vj
∂x2

− vj + n, (2b)

in QT . Continuing in this low-regularity setting, we finally establish the quasi-steady-state
approximation, ε → 0, and we obtain a hyperbolic-elliptic system of the form

∂n

∂t
=

∂

∂x

n

N∑
j=1

βj
∂vj
∂x

 , (3a)

0 = dj
∂2vj
∂x2

− vj + n, (3b)

in QT .
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2 Mathematical setting and main results

2.1 The starting point

We begin by revisiting the chemorepulsion system, (4), for some density, n = n(x, t) coupled
to the N ∈ N chemical species, vj = vj(x, t):

∂n

∂t
= α

∂2n

∂x2
+

∂

∂x

n

N∑
j=1

βj
∂vj
∂x

 , (4a)

ϵ
∂vj
∂t

= dj
∂2vj
∂x2

− vj + n. (4b)

The system is posed on QT = Π × (0, T ), where Π denotes the one-dimensional torus, and
j = 1, . . . , N , and it is equipped with periodic boundary conditions

n(L, t) = n(−L, t), nx(L, t) = nx(−L, t), vj(L, t) = vj(−L, t), vj,x(L, t) = vj,x(−L, t),

for any t ≥ 0 and j = 1, . . . , N . Furthermore, we impose the following initial conditions

n(x, 0) := n0(x), vj(x, 0) := (vj)0(x), (j = 1, . . . , N). (5)

We note that all solutions depend on α and ε. For the subsequent analysis, we will make the
following assumptions on the initial data and the constants

(H1) n0 ∈ H1(Π) with n0 ≥ 0 and ∥n0∥L1(Π) = 1,

(H2) (vj)0 ∈ C2(Π), and (vj)0 ≥ 0, ∥(vj)0∥L1(Π) = 1, (j = 1, . . . , N),

(H3) 0 ≤ α ≤ 1, as well as βj , dj > 0, for all j = 1, . . . , N .

To define the mild solution to the system (4a) and (4b), we introduce the following fun-
damental solutions:

G(x, t) = G(x, t;α) :=
1

2L

∑
k∈Z

e−ασ2
kteiσkx,

Gε
j(x, t) := e−

t
ϵG(x, t; dj/ε) =

1

2L

∑
k∈Z

e−
djσ

2
k+1

ε
teiσkx,

where i denotes the imaginary unit, and

σk :=
kπ

L
, (k ∈ Z)

is the wave number. For any τ > 0, we define the maps

Ψj : C([0, τ ],H1(Π)) → C([0, τ ],H1(Π)),

for j = 1, . . . , N , and
Φ : C([0, τ ],H1(Π)) → C([0, τ ],H1(Π)),
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by

Ψj [n](x, t) := (Gε
j ⋆ (vj)0)(x, t) +

1

ε

∫∫
QT

Gε
j(x− y, t− s)n(y, s) dy ds,

Φ[n](x, t) := (G ⋆ n0)(x, t)−
∫∫

Qt

G(x− y, t− s)
( ∂

∂x

(
n
∂

∂x

N∑
j=1

βjΨj [n]
))

(y, s) dy ds,

for n ∈ C([0, τ ],H1(Π)), respectively.

Definition 2.1. [Mild solution] We say that

(n, (vj)
N
j=1) ∈ C([0, T ];H1(Π))× C([0, T ];C2(Π))N ,

for any T > 0, is a mild solution to (4a) and (4b) with (5), provided n = Φ[n] and vj = Ψj [n]
for j = 1, . . . , N .

Remark 2.2. [Existence of mild solutions] We refer to the result on the existence of the
unique mild solution by Murakawa and Tanaka, cf. [7]. Using this result, we see that this
mild solution satisfies system (4a) and (4b) in L2(QT ) for any time T > 0, and has the
following regularity

n ∈ H1(0, T ;L2(Π)) ∩ L2(0, T ;H2(Π)) ∩ C([0, T ];H1(Π)),

and

vj ∈ L2(0, T ;H3(Π)), ε
∂vj
∂t

∈ L2(0, T ;H1(Π)),

for all j.

2.2 Notions of weak solutions

In the singular limits we later consider, the regularity of mild solutions will be lost. We shall
therefore introduce our notions of weak solutions to the hyperbolic-parabolic system, System
(2), and the hyperbolic-elliptic quasi-steady-state system, System (3).

We begin with the notion of weak solutions to the inviscid system.

Definition 2.3. [Weak solutions of System (2)] We say that (n, (vj)
N
j=1) is a weak solution

of (2a) and (2b) with the initial condition (5) if

n ∈ L2(QT ) ∩ L∞(0, T ;M(Π)), and
∂n

∂t
∈ M(0, T ;H2(Π)∗),

as well as
vj ∈ L2(0, T ;H2(Π)) ∩H1(0, T ;L2(Π)),

for j = 1, . . . , N , and, such that∫∫
QT

n
∂φ

∂t
dx dt+

∫
Π
n0φ(0) dx =

∫∫
QT

n

N∑
j=1

βj
∂vj
∂x

∂φ

∂x
dx dt,
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for all φ ∈ C1(QT ) with φ(·, T ) = 0, and

ϵ
∂vj
∂t

= dj
∂2vj
∂x2

− vj + n,

almost everywhere in QT , for j = 1, . . . , N .

Finally, introduce our notion of weak solutions to the inviscid quasi-steady-state system.

Definition 2.4. [Weak solutions of System (3)] We say that (n, (vj)
N
j=1) is a weak solution

of (3a) and (3b) with the initial condition (5) if

n ∈ L2(QT ) ∩ L∞(0, T ;M(Π)), and
∂n

∂t
∈ M(0, T ;H2(Π)∗),

as well as
vj ∈ L2(0, T ;H2(Π)),

for j = 1, . . . , N and, such that∫∫
QT

n
∂φ

∂t
dx dt+

∫
Π
n0φ(0) dx =

∫∫
QT

n
N∑
j=1

βj
∂vj
∂x

∂φ

∂x
dx dt,

for all φ ∈ C1(QT ) with φ(·, T ) = 0, and

dj
∂2vj
∂x2

− vj + n = 0,

almost everywhere in QT , for j = 1, . . . , N .

2.3 Main results

We are now ready to state the main results of our work.

Theorem 2.5 (Vanishing viscosity limit). Assume that (H1)-(H3) hold. Let (nα,ϵ, (vα,ϵj )Nj=1)α>0

be a family of solutions to System (4). Then, there exists a subsequences in α (not relabelled)
and functions nϵ ∈ L2(QT ) ∩ L∞(0, T ;M(Π)) and

vϵj ∈ L2(0, T ;H2(Π)), with
∂vϵj
∂t

∈ L2(QT ),

for j = 1, . . . , N , such that

vα,ϵj → vϵj , strongly in L2(QT ),

and

∂vα,ϵj

∂x
→

∂vϵj
∂x

, strongly in L2(QT ),

as well as

nα,ϵ ⇀ nϵ,

weakly in L2(QT ), as α → 0. The limits are weak solutions of System (2) in the sense of
Definition 2.3.
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Theorem 2.6 (Quasi-steady-state limit). Assume that (H1)-(H3) hold. Let (nϵ, (vϵj)
N
j=1)ϵ>0

be a family of weak solutions to System (2).Then, there exists a subsequences in ϵ (not rela-
belled) and functions n ∈ L2(QT ) ∩ L∞(0, T ;M(Π)) and

vj ∈ L2(0, T ;H2(Π)),

for j = 1, . . . , N , such that

vϵj ⇀ vj , weakly in L2(QT ),

and

∂vϵj
∂x

⇀
∂vj
∂x

, weakly in L2(QT ),

as well as

nϵ ⇀ n,

weakly in L2(QT ), as ε → 0. The limits are weak solutions of System (3) in the sense of
Definition 2.4.
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