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Low-temperature anomaly and anisotropy of critical magnetic fields in
transition-metal dichalcogenide superconductors

Tomoya Sano,1 Kota Tabata,1 Akihiro Sasaki,1 and Yasuhiro Asano1

1Department of Applied Physics, Hokkaido University, Sapporo 060-8628, Japan
(Dated: June 26, 2026)

We clarify why spin-singlet superconductivity persists in monolayer transition-metal dichalco-
genides even in high magnetic fields beyond the Pauli limit. The phenomenon called Ising pro-
tection is caused by two magnetically active potentials: a Zeeman field and an Ising spin-orbit
interaction. These potentials induce two spin-triplet pairing correlations in a spin-singlet super-
conductor. One belonging to odd-frequency symmetry class arises solely from a Zeeman field and
always makes the superconducting state unstable. The other belonging to even-frequency symmetry
class arises from the interaction between the two magnetic potentials and eliminates the instability
caused by odd-frequency pairs. The presence or absence of such even-frequency spin-triplet pairs
explains the anisotropy of the Ising protection. The analytical expression of the superfluid weight
enables us to conclude that induced even-frequency spin-triplet Cooper pairs support spin-singlet
superconductivity in high Zeeman fields.

I. INTRODUCTION

Superconductivity is quenched by an external magnetic
field in two ways: orbital effect fluctuates the phase of su-
perconducting condensate and spin Zeeman effect breaks
a spin-singlet Cooper pair. In monolayer transition metal
dichalcogenide (TMD) superconductors such as MoS2,
NbSe2, TaS2 [1–4], the orbital effects are negligible for
a magnetic field applied parallel to the monolayer. The
critical magnetic field in such a case is limited only by
the Zeeman effect and its value at zero temperature is
called Pauli limit Hp [5, 6]. In experiments, however,
observed critical fields tend to go over the Pauli limit in
various superconductors (SCs) such as a thin Al film [7],
organic SCs [8, 9], noncentrosymmetric SCs [10–12], and
TMDs [13, 14]. Theories have shown that the spin-orbit
interactions (SOIs) weaken the pair-breaking effect by a
Zeeman field [7, 15, 16]. In TMDs, the Ising-type spin-
orbit interaction (SOI) locks spin of an electron along
the perpendicular direction to the monolayer [17]. A
spin-singlet pair consisting of such two electrons seems
to be robust under Zeeman field parallel to the mono-
layer. This phenomenon is called Ising protection of su-
perconductivity in recent contexts. The experiments on
various SCs [8–14, 17] have also suggested that the Ising
protection tends to be stronger at lower temperatures.
Although existing theories reproduce such tendency in
H-T phase diagrams [1, 18, 19], there is no satisfactory
explanation for the low-temperature anomaly in the Ising
protection. In addition, the remarkable anisotropy of
the Ising protection has not yet been well understood.
The purpose of this paper is to provide a physical pic-
ture that fully explains these characteristics of the phe-
nomenon. For the purpose, we pay special attention to
the frequency-symmetry of Cooper pair that are induced
by the magnetic potentials.

Odd-frequency superconductivity, pair potential be-
longs to odd-frequency symmetry class, has been stud-
ied [20, 21] since the concept of odd-frequency Cooper

pairing was introduced to explain superfluidity of
3He [22]. Since odd-frequency Cooper pairs indicate the
paramagnetic response to magnetic fields, the uniform
odd-frequency superconductivity is unstable thermody-
namically [23]. However, odd-frequency Cooper pairs can
exist as an induced subdominant pairing correlation in a
SC in which the pair potential belongs to usual even-
frequency symmetry class. Their presence has been well
established at superconducting proximity structures, vor-
tex cores, surfaces of unconventional SCs, and various
impurities [24–29]. In these cases, odd-frequency Cooper
pairs cause unusual phenomena such as the anomalous
surface impedance of superconducting proximity struc-
tures [30] and the paramagnetic response of small uncon-
ventional SCs [31]. A theory [32] has suggested that odd-
frequency Cooper pairs exist even in a uniform supercon-
ducting condensate when an electron has extra degree of
freedom such as bands, orbitals, spins, and sublattices.
As odd-frequency Cooper pairs decrease the superfluid
density, they decrease the transition temperature to a
superconducting phase [33–35].

In monolayer TMDs, an electron has an extra inter-
nal degree of freedom called as valleys, which enables an
extra symmetry option in a pair correlation function in
addition to the conventional three symmetry options: fre-
quency, spin-structure, and momentum-parity. The par-
ity of a pairing function under the interchange of the val-
ley indices also characterizes the symmetry of a Cooper
pair. We analytically solve the Gor’kov equation for the
Bogoliubov-de Gennes Hamiltonian which describes the
superconducting states in the presence of such an extra
internal degree of freedom of an electron. The symme-
try of Cooper pairs is discussed by using the analytical
expression of the anomalous Green’s function. The tran-
sition temperature is obtained by solving the gap equa-
tion numerically. In spin-singlet SCs, a Zeeman field al-
ways makes the superconducting state unstable because
it generates odd-frequency spin-triplet Cooper pairs and
decreases the superfluid density. Ising SOI generates an
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extra pairing correlation that belongs to even-frequency
spin-triplet odd-valley symmetry class. We will conclude
that such induced Cooper pairs remove the instability
of superconductivity due to a Zeeman field alone. The
anisotropy of the Ising protection is characterized by the
presence or absence of the extra pairing correlation.

This paper is organized as follows. We explain our the-
oretical model and provide the analytical expression of
the anomalous Green’s function in Sec. II. The gap equa-
tion andH-T phase diagram are presented in Sec. III. We
discuss the superfluid density in Sec. IV. In Sec. V, we
discuss the influences of Rashba SOI and impurities in-
volving SOI on the critical fields. The conclusion is given
in Sec. VI. We use the unit of kB = ℏ = c = 1, where kB
is the Boltzmann constant and c is the speed of light.

II. MODEL

In typical TMDs, the Fermi surfaces surround K and
K ′ points in the Brillouin zone [1–3]. We describe such
two Fermi surfaces in terms of two valleys. The normal
state Hamiltonian is given by

ȞN(k) = ξ̂kσ̂0 + β · σ̂ρ̂z + µBH · σ̂ρ̂0, (1)

ξ̂k =
1

2m
(kρ̂0 −Kρ̂z)

2 − µ, (2)

where µ is the chemical potential, K is a vector connect-
ing K and Γ points, and H represents a Zeeman field
with µB being the Bohr magneton. The Pauli matrices
in spin and valley spaces are denoted by σ̂ = (σ̂x, σ̂y, σ̂z)
and ρ̂ = (ρ̂x, ρ̂y, ρ̂z), respectively. The unit matrices in
the two spaces are denoted by σ̂0 and ρ̂0. The nota-
tion ˇ· · · denotes a 4 × 4 matrix in the combined spin
and valley spaces. We assume that the SOI β is inde-
pendent of k and changes its sign in the two valleys.
The time-reversal operation in such model is given by
T = iσ̂yρ̂xK, where K means the complex conjugation
plus k → −k. The particle-hole conjugation is repre-
sented by Ȟ˜ N(k) = Ȟ∗

N(−k) as usual. Two electrons at
the different valleys form a spin-singlet s-wave Cooper
pair. The pair potential for such a pair is represented as

∆̌ = ∆ i σ̂y ρ̂x. (3)

We solve the Gor’kov equation for the Bogoliubov-de
Gennes Hamiltonian

[iωn −HBdG(k)]

[
Ǧ F̌
−F̌˜ −Ǧ˜

]
(k,ωn)

= 1, (4)

HBdG(k) =

[
ȞN(k) ∆̌
−∆̌˜ −Ȟ˜ N(k)

]
, (5)

where ωn = (2n + 1)πT is a Matsubara frequency with
T being a temperature. The Hamiltonian is block-
diagonalized into two particle-hole spaces. An electron
around K and a hole around K ′ are coupled in one
particle-hole space, while an electron around K ′ and a

hole around K are coupled in the other. The exact so-
lution of the Gor’kov equation is given in Appendix A.
Kρ̂z represents the shift of the band bottom from Γ point
to K and K ′ points. As shown in Appendix A, the shift
of the wavenumber by K does not affect the stability of
the superconducting states because the shift is absorbed
by changing the range of the summation over k. In what
follows, we neglect K in the dispersion and discuss the
symmetry of Cooper pairs. The anomalous Green’s func-
tion is given by

F̌(k, ωn)

= Ž−1
[
−
(
ξ2k + ω2

n +∆2 + β2 − µ2
BH

2
)
σ̂0ρ̂0

+ 2 ξk β · σ̂ ρ̂z + 2i ωnµBH · σ̂ρ̂0

+ 2i (β × µBH) · σ̂ρ̂z
]
∆(iσ̂y) ρ̂x, (6)

Ž = σ̂0

[ (
ξ2k + ω2

n +∆2 + β2 − µ2
BH

2
)2

ρ̂0

− 4 (iωnµBH ρ̂0 + ξkβρ̂z)
2
+ 4µ2

B (β ×H)
2
ρ̂0

]
. (7)

with a scaler dispersion ξk = k2/(2m) − µ. There are
four symmetry options for a Cooper pair in the present
model: frequency, spin configuration, momentum parity,
and valley parity. In the presence of in-plane magnetic
field (H ∥ x or y) and the Ising SOI (β ∥ z), the two
vectors are perpendicular to each other, (i.e., β ⊥ H).
In such a case, Ž in Eq. (7) is reduced to a unit matrix

Ž = σ̂0ρ̂0

[ (
ξ2k + ω2

n +∆2 + β2 − µ2
BH

2
)2

+ 4ω2
nµ

2
BH

2 − 4ξ2kβ
2 + 4µ2

BH
2β2

]
. (8)

Symmetry of four pairing correlations in Eq. (6) are sum-
marized in Table I. The first term in Eq. (6) represents
the pairing correlation that belongs to even-frequency
spin-singlet s-wave even-valley symmetry and is linked
to the pair potential through the gap equation. Namely,
the attractive interaction between two electrons works
in this channel and forms the spin-singlet pair poten-
tial. Such pairing correlation is referred to as principal
pairing correlation in this paper. The SOI induces the
pairing correlation at the second term which belongs to
even-frequency spin-triplet s-wave odd-valley symmetry.
Such even-frequency Cooper pairs always stabilize the
superconducting states in a spin-singlet superconductor.
This term explains the anisotropy of the magnetic sus-
ceptibility in s-wave SCs [36, 37] and the Josephson cou-
pling of a spin-singlet SC to a spin-triplet SC [38]. The
third term represents the pairing correlation belonging
to odd-frequency spin-triplet s-wave even-valley symme-
try. Such odd-frequency pairs suppress the critical tem-
perature in Zeeman field because they reduce the super-
fluid density and make the superconducting state unsta-
ble [15, 39, 40]. The last term represents the pairing cor-
relation belonging to even-frequency spin-triplet s-wave
odd-valley symmetry class. The interplay between the
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TABLE I. Symmetry classification of the pair correlation functions. The first column specifies the origin of each pairing
correlation. The top row represents the principal pairing correlation that is linked to the pair potential through Eq. (9). The
remaining pairing correlations are induced by magnetically active potentials. The SOI generates the pairing correlation at the
second row from the top. A Zeeman field induces the two pairing correlations: one belongs to odd-frequency symmetry as
shown in the third row and the other belongs to even-frequency symmetry as listed at the bottom row. The last column denotes
the superfluid weight in Eqs. (22) and (27) to which the pairing correlation contributes.

pairing origin frequency spin (×iσ̂y) parity valley-parity component of superfluid weight
principal even singlet even even ρ̂x q0
induced even triplet β · σ̂ even odd ρ̂y q0
induced odd triplet H · σ̂ even even ρ̂x qodd
induced even triplet β ×H · σ̂ even odd ρ̂y q⊥

SOI and the Zeeman field induces this pairing correla-
tion. The three types of spin-triplet Cooper pair exist
only as subdominant pairing correlations and do not form
any pair potentials. Such pairing correlation is referred
to as induced pairing correlation as indicated at the first
column in Table I.
In the succeeding sections, we will discuss how these

pairing correlations affect the critical magnetic field.

III. GAP EQUATION

We solve the gap equation to obtain the transition tem-
perature and draw the H-T phase diagram. The gap
equation is expressed as

∆ = −1

4
gN0T

∑
ωn

∫
dξTr

[
F̌(ξ, ωn)(−iσ̂y)ρ̂x

]
, (9)

where N0 is the density of states at the Fermi level in
the normal state and Tr meaning the trace taken over
spin and valley spaces extracts the spin-singlet even-
valley symmetry correlation from the anomalous Green’s
function. Namely, the attractive interaction g > 0 be-
tween two electrons works only at spin-singlet even-valley
symmetry channel. The transition temperature Tc for
β ⊥ H is obtained by solving the linearized gap equa-
tion [2, 18, 41–45]

0 = ln
T

T0
+ 2πT

∑
ωn>0

1

ωn

[
1− ω2

n + β2

ω2
n + β2 + µ2

BH
2

]
, (10)

with T = Tc, where T0 is the transition temperature in
the absence of a Zeeman field and the SOI. In the limit
of strong SOI β ≫ µBH, it has been already known that
the transition temperature approaches T0. The numer-
ical results for the critical Zeeman field Hc are plotted
as a function of temperature in Fig. 1 (a) for several
choices of β. The critical field Hc and a temperature
respectively are normalized to ∆0 and T0, where ∆0 de-
notes the pair potential at H = β = T = 0. At β = 0,
the results for T < 0.556T0 correspond to the first order
transition points to the superconducting phase [15, 39].
The arrow at the vertical axis indicates the Pauli limit
µBHp = ∆0/

√
2. For β ≥ ∆0, all the results are obtained

from the second order transition points to the supercon-
ducting phase. The critical fields increase with increasing
β in agreement with several previous studies [1–3, 17].
This effect is referred to in recent contexts as the Ising
protection of superconductivity. The results in Fig. 1
(a) show that the Ising protection becomes stronger at
lower temperatures. As shown in Appendix B, the criti-
cal fields diverge to infinity at zero temperature as long
as the phase transition to superconducting phase is con-
tinuous.
For a magnetic configuration of β ∥ H, the gap equa-

tion (9) becomes

∆ =
∆

4
gN0T

∑
ωn

∫
dξTr

[
Ž−1
+ + Ž−1

−
]
, (11)

Ž±

= σ̂0

{
−(ξρ̂0 ± βρ̂z)

2 + (ω ± iµBH)2ρ̂0 +∆2ρ̂0
}
, (12)

as shown in Appendix A. By taking the trace over two
valleys and shifting the integration variable as ξ±β → ξ,
the β-dependence is eliminated from the gap equation.
At β×H = 0, the SOI modifies the band dispersion only
slightly. Therefore, the SOI does not affect the critical
field for β ∥ H [44]. The resulting Hc is identical to that
at β = 0 as plotted by a dashed line in Fig. 1 (a). Thus,
the magnetic configuration β×H is a source of the Ising
protection.
The orbital effects due to a magnetic field explains

the anisotropy of the Ising protection observed in experi-
ments [1–3, 17]. According to our analysis, the anisotropy
of the Ising protection can be explained solely by the Zee-
man effect. In the next section, we explain mechanisms
behind the anisotropy of the Ising protection and its low-
temperature anomaly.

IV. SUPERFLUID DENSITY

The transition temperature shown in Fig. 1 (a) is ob-
tained by solving the gap equation, where only spin-
singlet pairing correlation contributes to the pair po-
tential. Here we discuss how three induced spin-triplet
Cooper pairs in Table I stabilize or destabilize the su-
perconducting states. To clarify the mechanism of the



4

0

2

4

0 0.2 0.4 0.6 0.8 1

(a)

β = 0 or β ‖ H

∆0

2∆0

3∆0

µ
B

H
c/

∆
0

T/T0

1

10

100

1000

10000

100000

0 0.2 0.4 0.6

(b) β ‖ H

qeven

|qodd|q/
q B

C
S
(T

=
T

0)

T/T0

0 0.2 0.4 0.6

(c) β ⊥H

qeven

|qodd|

T/T0

FIG. 1. The critical magnetic field Hc is plotted as a function of temperature T for several values of the Ising spin-orbit
interactions β in (a). The arrow on the vertical axis indicates the Pauli limit µBHp = ∆0/

√
2. The superfluid weights along

the transition line in (a) is shown for β ∥ H in (b) and β ⊥ H in (c), where the strength of the Ising SOI is fixed at β = ∆0.
The critical field Hc(T ) is obtained from the data in (a) for each temperature.

anisotropy and the low-temperature anomaly of Ising
protection, we analyze the stability of the superconduct-
ing states by calculating the superfluid density [46] de-
fined as

Q = QG +QF , (13)

QG =
1

2
nT
∑
ωn

∫
dξTr

[
ǦǦ − ǦNǦN

]
(k,ωn)

, (14)

QF =
1

2
nT
∑
ωn

∫
dξTr

[
− F̌˜ F̌](k,ωn)

, (15)

where n is the electron density per spin and ǦN is the
Green’s function in the normal state. As we find a rela-
tion QG = QF as a result of the calculation, we discuss
how the four pairing correlations in Table I contribute
to QF . Since Q ∝ ∆2, the temperature dependence of
∆2 strongly governs the temperature dependence of Q.
Therefore, we evaluate the superfluid weight along the
phase transition line in Fig. 1 (a) which is defined as

q(T ) =
Q(Hc(T ), T )

n∆2

∣∣∣∣
∆→0

. (16)

Here Hc(T ) is determined from the data points on the
phase boundary in Fig. 1 (a). From the superfluid
weight, we capture the contributions of the even- and
odd-frequency pairing correlations to the superfluid den-
sity just below the transition temperature.

Before going into details, we summarize the relations
between the superfluid weights and the thermal proper-
ties of superconductors. The thermodynamics of a su-
perconductor near the transition temperature is well de-
scribed by the Ginzburg-Landau free-energy

FSN = a∆2 + b∆4 + h.o.t.. (17)

The coefficient a is proportional to the linearized gap
equation shown in the right-hand-side of Eq. (10) which

is 0 at T = Tc and negative for T < Tc. The spin-singlet
pairing correlation function changes its amplitude as a
result of the appearance of three spin-triplet pairing cor-
relations in Table 1. The suppression of Tc represents the
instability of the superconducting state quantitatively.
The superfluid weight qF tells the reasons and the qual-
ity of the instability. The appearance of odd-frequency
Cooper pairs destabilizes the superconducting states be-
cause they decrease the superfluid weight. It is often
said that odd-frequency pairs exhibit a paramagnetic re-
sponse, because the screening length of an external mag-
netic field obeys the relation λ ∝ q−1/2. When λ in-
creases due to the appearance of odd-frequency pairs, the
diamagnetism of the superconductor consequently weak-
ens. Actually, qF is proportional to the coefficient b with
the same sign [40]. Therefore, the condition qF > 0 en-
sures a second-order transition to the stable supercon-
ducting state. Otherwise, the transition becomes first-
order.

A. Absence of a Zeeman field

In the absence of Zeeman fields, the SOI generates only
the second term in Eq. (6). The gap equation in Eq. (10)
indicates Tc = T0 irrespective of the amplitude of the
SOI. Here we discuss the roles of the pairing correlations

proportional to ξ̂k. The superfluid density at H = 0 can
be calculated exactly as

QF = Qs +Qβ , (18)

Qs = 2πT
∑
ωn>0

n∆2(2Ω2 + β2)

2Ω3(Ω2 + β2)
, (19)

Qβ = 2πT
∑
ωn>0

n∆2 β2

2Ω3(Ω2 + β2)
, (20)
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with Ω =
√
ω2
n +∆2, where Qs and Qβ are the super-

fluid density originate from the first and second terms in
Eq. (6), respectively. As a consequence, we find

Qs +Qβ = QBCS = 2πT
∑
ωn>0

n∆2

Ω3
, (21)

where QBCS is the superfluid density in BCS theory. Al-
though Qs decreases with increasing β, the total super-
fluid density QF remains unchanged from QBCS. The
pairing correlations proportional to ξk do not change the
thermal properties of superconducting states. Therefore,
in what follows, we consider their combined superfluid
density as Q0 = Qs +Qβ .

B. Parallel configuration

We next discuss the parallel configuration β ∥ H in
which the Ising protection is absent as shown in Fig. 1 (a).
The superfluid weight consists of two contributions,

qF = qeven + qodd, qeven = q0, (22)

qeven = 2πT
∑
ωn>0

2ω4
n − ω2

nµ
2
BH

2
c + µ4

BH
4
c

2ωn(ω2
n + µ2

BH
2
c )

3
, (23)

qodd = −2πT
∑
ωn>0

5ω2
nµ

2
BH

2
c + µ4

BH
4
c

2ωn(ω2
n + µ2

BH
2
c )

3
, (24)

where qeven and qodd are the superfluid weight of even-
and odd-frequency Cooper pairs, respectively. The su-
perfluid weight of odd-frequency pairs is always negative.
The calculated results are plotted in Fig. 1 (b). The
superfluid weight of even-frequency spin-singlet s-wave
component qeven shows a nonmonotonic dependence on
temperatures. For T < 0.556T0, the amplitude of the
odd-frequency component becomes larger than that of
the even-frequency component, which leads to qF < 0.
As a result, the transition to the superconducting state
becomes discontinuous [40].
For the latter convenient, we supply the analytical re-

sults at low temperatures, where the Matsubara sum-
mation is replaced by the integration with a low energy
cut-off ωmin = 2πT . The superfluid weight is calculated
to be

qeven/odd ≈ +/− 1

2µ2
BH

2
c

log

(
µBHc

2πT

)
, (25)

for T ≪ µBH. Both the weights exhibit a logarithmic
dependence on temperature. It would be helpful to com-
pare the results in Eq. (25) with those in the superfluid
weight in BCS theory

qBCS ≈ 1

2(2πT )2
. (26)

The vertical axis in Fig. 1 (b) and (c) is normalized to
qBCS at T = T0. At low temperatures, qBCS indicate

the power-law dependence on temperature. Thus, the
expected relationship qeven ≪ qBCS also indicates the in-
stability of the superconducting state. A Zeeman field
for β ∥ H reduces the superfluid weight qeven drastically.

C. Perpendicular configuration

For β ⊥ H, the superfluid weight qF consists of the
three parts as

qF = qeven + qodd, qeven = q0 + q⊥ (27)

q0 = 2πT
∑
ωn>0

1

z
(ω2

n + β2)

×
{
2D2

0 − µ2
BH

2
c (4ω

2
n +D0)

}
, (28)

qodd = −2πT
∑
ωn>0

1

z
ω2
nµ

2
BH

2
c

(
4ω2

n +D0

)
, (29)

q⊥ = 2πT
∑
ωn>0

1

z
β2µ2

BH
2
c

(
4ω2

n +D0

)
, (30)

z = 2ω3
nD

3
0, D0 = (ω2

n + β2 + µ2
BH

2
c ). (31)

The first term q0 is derived from a spin-singlet pair-
ing correlation linked to the pair potential and the in-

duced pairing correlation proportional to ξ̂k as discussed
in Sec. IVA. The component from the induced odd-
frequency pairing correlation qodd decreases the super-
fluid density [30, 31, 33, 40]. The term q⊥ is the contri-
butions of the induced even-frequency spin-triplet pairing
correlations listed at the bottom row in Table I. We plot
the superfluid weights as a function of temperature in
Fig. 1 (c). In contrast to the results in Fig. 1 (b), the
amplitude of even-frequency components qeven = q0 + q⊥
is much larger than qodd, which indicates stable supercon-
ducting state. The SOI relaxes the instability of the su-
perconducting state due to a Zeeman field for β ⊥ H. In
particular at T = 0, the equation qodd/qeven ≈ 0 leads to
µBHc ≫ β, which explains the low-temperature anomaly
in Hc.
The source of the Ising protection qeven ≫ qodd is ex-

plained well by the analytical expression of superfluid
weights at low temperatures

qeven ≈ µ2
BH

2
c

2(β2 + µ2
BH

2
c )

2
ln

(√
β2 + µ2

BH
2
c

2πT

)

+
1

2

[
1− µ2

BH
2
c

β2 + µ2
BH

2
c

]
1

(2πT )2
, (32)

qodd ≈ − µ2
BH

2
c

2(β2 + µ2
BH

2
c )

2
ln

(√
β2 + µ2

BH
2
c

2πT

)
. (33)

The two superfluid weights exhibit qualitatively differ-
ent behaviors from each other. Equation (32) shows that
qeven recovers a power-law dependence on temperature
as that in qBCS as shown in Eq. (26). On the other
hand, qodd remains a logarithmic dependence. As shown
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β = 2∆0
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θ

FIG. 2. The critical Zeeman field Hc at T = 0.1T0 is plotted
as a function of the angle θ between β and H for two values
of the Ising spin-orbit interactions β. The angles θ = 0 and
θ = π/2 correspond to the out-of-plane and in-plane magnetic
fields, respectively.

in Eq. (6), the odd-frequency pairing correlation is pro-
portional to the Matsubara frequency ωn. As a result,
ω2
n appearing at the numerator of Eq. (29) changes the

singularity of the integrand at small ωn from ω−3
n to

ω−1
n . Equations (32) and (33) mathematically express

the physics behind the Ising protection of superconduct-
ing state.

D. Intermediate configuration

For intermediate configurations, we only show the nu-
merical results of Hc at T = 0.1T0 in Fig. 2, where θ is
the angle between β and H. At θ = 0 corresponding to
the configuration β ∥ H, Hc takes a value near the Pauli
limit Hp independent of β. The critical field increases
monotonically with increasing θ. At π/2 corresponding
to β ⊥ H, Hc becomes larger for larger β.
The shape of curves in Fig. 2 represents the degree of

anisotropy solely from the Ising protection. In experi-
ments, however, Hc-θ curves are influenced by other fac-
tors. At θ = 0, Hc in real TMDs is expected to be smaller
than Hp because the orbital effect due to a magnetic field
suppresses superconductivity. The enhancement of Hc

around θ = π/2 depends sensitively on temperature. If
the Rashba SOI coexists with the Ising SOI in real TMDs,
the Rashba SOI drastically suppresses the enhancement
of Hc around θ = π/2 as briefly discussed in Sec. V.

V. DISCUSSION

The enhancement of the critical field by impurities
involving spin-orbit interaction has been established in
previous studies [15, 16]. In these studies, impurity self-
energy of an electron has the same spin-structure as that

of Ising SOI because the motion of an electron is limited
within a two-dimensional superconducting layer. Thus,
the impurity self-energy is considered to generate pairing
correlation that belongs to the same symmetry class as
the last term in Eq. (6). In fact, the gap equation for Tc

in the dirty limit takes a similar form to Eq. (10).

The Rashba SOI is another type of spin-orbit interac-
tion. The low-temperature anomaly of Hc cannot be seen
in H-T phase diagram for a SC with the Rashba SOI [47].
Unlike the Ising SOI, the Rashba SOI has two com-
ponents: one is perpendicular to the Zeeman field and
the other is parallel to the Zeeman field. Although the
perpendicular component stabilizes the superconducting
state, the parallel component generates additional odd-
frequency pairing correlations proportional to

iωn µBH · β iσ̂y ρ̂y, (34)

according to Eq. (7). Thus, the perpendicular and par-
allel components of Rashba SOI exhibit opposite effects
on Hc. Both the Zeeman field and the Rashba SOI in-
duce equal-spin Cooper pairs. However, the stability of
the superconducting state is determined entirely by the
frequency symmetry of the induced Cooper pairs, regard-
less of their specific spin structures. A previous numerical
simulation [1] has reported that the Rashba SOI drasti-
cally suppresses the low-temperature anomaly of Hc due
to the Ising SOI. Their results demonstrate that the low-
temperature anomaly disappears when the amplitude of
Rashba SOI reaches 6% of the Ising SOI.

VI. CONCLUSION

We have theoretically investigated the mechanism of
the Ising protection of superconducting state in mono-
layer transition-metal dichalcogenide superconductors
under a Zeeman field parallel to the layer. The fol-
lowing conclusions can be obtained from the analytical
expression of the anomalous Green’s function and that
of the superfluid density. In a spin-singlet superconduc-
tor, a Zeeman field H always makes the superconduct-
ing state unstable because it reduces the superfluid den-
sity by breaking the even-frequency Cooper pairs and
by generating odd-frequency Cooper pairs. Generally
speaking, even-frequency (odd-frequency) Cooper pairs
increase (decrease) superfluid density. The Ising spin-
orbit interaction β ⊥ H drastically increases the super-
fluid density and relaxes the instability due to a Zeeman
field. Such effect is more remarkable in lower tempera-
tures. However, the Ising spin-orbit interaction β ∥ H
does not change the superfluid density at all. These
characteristic behaviors of the superfluid densities ex-
plains the anisotropy of the Ising protection and its low-
temperature anomaly. Such an anisotropy is explained
also by the presence of induced even-frequency Cooper
pairs whose correlation function is proportional to β×H.
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Appendix A: SOLUTION

In this appendix, we show the full BdG Hamiltonian and the Green’s functions. The BdG Hamiltonian reads

HBdG(k) =

ξ−σ̂0 + β · σ̂ + V · σ̂ 0 0 ∆iσ̂y

0 ξ+σ̂0 − β · σ̂ + V · σ̂ ∆iσ̂y 0
0 −∆iσ̂y −ξ+σ̂0 − β · σ̂∗ − V · σ̂∗ 0

−∆iσ̂y 0 0 −ξ−σ̂0 + β · σ̂∗ − V · σ̂∗

 ,

(A1)

ξ± =
1

2m
(k ±K)2 − µ, V = µBH. (A2)

The solution of the Gor’kov equation is calculated as

Ǧ(k, ωn)

= Ž−1
[{(

iωnρ̂0 − ξ̂
)
ẑN −

(
iωnρ̂0 + ξ̂

)
∆2
}
σ̂0 +

(
ẑN +∆2ρ̂0

)
V · σ̂ +

(
ẑN −∆2ρ̂0

)
β · σ̂ρ̂z

]
, (A3)

F̌(k, ωn)

= Ž−1
[
−
{
ξ̂2 + (ω2

n +∆2 + β2 − V 2)ρ̂0

}
σ̂0 + 2iωnV · σ̂ρ̂0 + 2ξ̂ β · σ̂ρ̂z − 2i (V × β) · σ̂ρ̂z

]
∆(iσ̂y) ρ̂x, (A4)

Ž = σ̂0

[{
ξ̂2 + (ω2

n +∆2 + β2 − V 2)ρ̂0

}2

− 4
(
iωnV ρ̂0 + ξ̂βρ̂z

)2
+ 4 (V × β)

2
ρ̂0

]
, (A5)

ẑN =
(
iωnρ̂0 + ξ̂

)2
− (V ρ̂0 − βρ̂z)

2
, (A6)

ξ̂ =

[
ξ− 0
0 ξ+

]
. (A7)

The anomalous Green’s function for β ∥ H ∥ z near the transition temperature is represented as

F̌(k, ωn) =− 1

2

[{
(ξ̂ − βρ̂z)

2 + (ωn − iV )2ρ̂0

}−1

σ̂0 +
{
(ξ̂ + βρ̂z)

2 + (ωn + iV )2ρ̂0

}−1

σ̂0

+
{
(ξ̂ − βρ̂z)

2 + (ωn − iV )2ρ̂0

}−1

σ̂z −
{
(ξ̂ + βρ̂z)

2 + (ωn + iV )2ρ̂0

}−1

σ̂z

]
∆(iσ̂y) ρ̂x. (A8)

The gap equation is composed of the summation of the anomalous Green’s function over wavenumbers.

1

Vvol

∑
k

F̌(k, ωn)

= −1

2

1

Vvol

∑
k

[{
(ξkρ̂0 − βρ̂z)

2 + (ωn − iV )2ρ̂0
}−1

σ̂0 +
{
(ξkρ̂0 + βρ̂z)

2 + (ωn + iV )2ρ̂0
}−1

σ̂0

+
{
(ξkρ̂0 − βρ̂z)

2 + (ωn − iV )2ρ̂0
}−1

σ̂z −
{
(ξkρ̂0 + βρ̂z)

2 + (ωn + iV )2ρ̂0
}−1

σ̂z

]
∆(iσ̂y) ρ̂x, (A9)

= −1

2
N0

∫
dξ

[
1

ξ2 + (ωn − iV )2
σ̂0 +

1

ξ2 + (ωn + iV )2
σ̂0

+
1

ξ2 + (ωn − iV )2
σ̂z −

1

ξ2 + (ωn + iV )2
σ̂z

]
∆(iσ̂y) ρ̂x, (A10)

ξk =
k2

2m
− µ. (A11)
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We shift the wavenumber as k → k ∓ K for ξ± to reach Eq. (A9) and change ξ ± β → ξ to reach Eq. (A10).
Equation (A10) has exactly the same expression as that for the Green’s function in uniform Zeeman field. Thus, Tc

for β ∥ H is equal to that with β = 0. The first two terms in Eq. (A10) represent even-frequency spin-singlet s-wave
even-valley Cooper pairs. The last two terms are the correlation of odd-frequency spin-triplet s-wave even-valley
Cooper pairs. The two components contribute to the superfluid density in the opposite way as shown in the text.

The anomalous Green’s function for β ∥ z and H ∥ y near the transition temperature is obtained

1

Vvol

∑
k

F̌(k, ωn) =− 1

Vvol

∑
k

[
(ξ2k + ω2 + β2 − V 2)σ̂0ρ̂0 + 2iωnV σ̂yρ̂0 + 2ξkβσ̂z ρ̂z − 2iV βσ̂xρ̂z

]
ξ4k + 2ξ2k(ω

2
n − β2 − V 2) + (ω2

n + β2 + V 2)2
∆(iσ̂y) ρ̂x. (A12)

Here we have already shifted the wavenumber k → k ∓K for ξ±.

Appendix B: CRITICAL MAGNETIC FIELD AT ZERO TEMPERATURE

Here, we show that the critical Zeeman field diverges in the zero-temperature limit from the linearized gap equation.
In the low-temperature limit, by using the relation for the summation of the Matsubara frequency

2πT
∑
ωn>0

→
∫ ∞

ωmin=2πT

dω (B1)

the linearized gap equation is calculated to be

0 = ln
T

T0
+

µ2
BH

2

β2 + µ2
BH

2

∫ ∞

ωmin

dω

{
1

ω
− ω

ω2 + β2 + µ2
BH

2

}
,

= ln
T

T0
+

µ2
BH

2

β2 + µ2
BH

2

[
lnω − ln

√
ω2 + β2 + µ2

BH
2

]∞
ωmin

, (B2)

= ln
T

T0
+

µ2
BH

2

β2 + µ2
BH

2
ln

(
β2 + µ2

BH
2

ωmin

)
, (B3)

where we have neglected ω2
min by assuming ωmin = 2πT ≪ β, µBH in the low-temperature regime. By replacing ωmin

with 2πT and collecting the ln(2πT ) terms, this equation can be rewritten as

ln(2πT ) = ln

2πT0

(
2πT0√

β2 + µ2
BH

2

)µ2
BH2

β2

 . (B4)

Taking the exponential of both sides yields the expression for temperature T

T = T0 exp

[
−µ2

BH
2

β2
ln

√
β2 + µ2

BH
2

2πT0

]
. (B5)

This expression gives us the behavior of the critical magnetic field at zero temperature. At zero temperature T = 0,
the right-hand side of Eq. (B5) must vanish. Since T0 is a non-zero positive constant, this condition requires the
exponential factor to approach zero. Only in the infinite-field limit (H → ∞), the exponent approaches negative
infinity and the right-hand side becomes zero. Therefore, to satisfy the linearized gap equation at T = 0, the
critical magnetic field must diverge to infinity. This conclusion holds true as long as the phase transition to the
superconducting phase is continuous, which means that the analysis based on the linearized gap equation remains
valid within this regime.
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