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Effective phonon models based on symmetry-adapted multipole basis
– Hidden chiral phonon angular momentum splitting in ferroaxial systems

Yu Xie, Rikuto Oiwa, and Satoru Hayami

Graduate School of Science, Hokkaido University, Sapporo 060-0810, Japan

We propose a symmetry-based framework for constructing effective harmonic phonon models using a symmetry-
adapted multipole basis. By decomposing the force-constant matrix into bond-centered electric multipoles, we identify
the minimal microscopic ingredients responsible for angular-momentum-dependent splitting of phonon dispersions.
Applying this framework to a minimal zigzag-chain model, we show that ferroaxial order induces finite sublattice-
resolved phonon angular momenta that cancel in the unit-cell sum. We further show that an additional polar contribution
lifts this sublattice compensation, yielding a finite unit-cell-summed phonon angular momentum, thereby realizing a
chiral phonon response. Our results provide a unified symmetry-based description of hidden and emergent phonon
phenomena and suggest a route to control phonon properties via electronic orderings and external fields.

Chirality is characterized by the simultaneous breaking of
spatial inversion P and mirror symmetries, and is described
by a time-reversal T -even pseudoscalar.1) In phononic sys-
tems, chiral phonons2–7) carrying angular momentum (AM)
along the propagation vector have attracted much atten-
tion8–13) owing to their AM-dependent dispersions and related
phenomena such as phonon-induced spin polarization, elec-
tric currents, and selective optical excitation.14–18) Ferroaxial-
ity, by contrast, is a distinct geometric order described by aT -
even axial vector while preserving P symmetry.19–21) Recent
experiments and theories have identified the ferroaxial phase
transition19, 22–33) and further shown the controllability of chi-
rality through coupling to polar degrees of freedom34, 35) and
emergent circular-dichroic Raman responses in centrosym-
metric crystals.36–39) Nevertheless, how ferroaxiality affects
phonon dispersions remains largely unexplored. In particular,
the microscopic force-constant origin of hidden sublattice-
resolved phonon AM and its conversion into a finite unit-cell-
summed AM by polarity remain unclear.

In this study, we construct harmonic phonon models us-
ing a symmetry-adapted multipole basis (SAMB).40–47) This
framework expands the positive-semidefinite force-constant
matrix in symmetry-adapted multipoles while imposing sym-
metry constraints and the acoustic sum rule (ASR), enabling
a unified microscopic treatment of chirality, ferroaxiality, and
polarity. Applying it to a zigzag-chain model, we identify the
force-constant components responsible for hidden sublattice-
resolved phonon AM and show how polarity converts it into a
finite unit-cell-summed AM, extending the concept of hidden
textures to harmonic lattice dynamics.

Let us begin with a general formulation of effective phonon
models. Within the harmonic approximation, the potential
energy U is expanded up to second order in lattice dis-
placements. Introducing the mass-weighted displacements
uαi (R, t) =

√
mi xαi (R, t), where xαi (R, t) denotes the ith-

sublattice atomic displacements for the α ∈ x, y, z direction
(R is a Bravais lattice vector and t is the time) and mi is the
atomic mass, the energy is written as

U =
1
2

∑
R,R′

∑
i, j

∑
α,β

uαi (R, t)Φαβi j (R − R′)uβj (R′, t), (1)

Φ
αβ
i j (R − R′) =

∂2U

∂uαi (R, t)∂uβj (R′, t)
, (2)

where Φαβi j (R− R′) is the mass-weighted force constants. The
corresponding dynamical matrix is given by

Dαβi j (q) =
1
N

∑
R

Φ
αβ
i j (R)e−iq·(R+ri−r j), (3)

where N is the number of unit cells, and ri is the position
of ith-sublattice within the unit cell. The eigenvalues λnq

and eigenvectors ϵnq of D̂(q) are obtained as Û†qD̂(q)Ûq =

diag(λ1q, λ2q, · · · , λMq) and Ûq = [ϵ1q, ϵ2q, · · · , ϵMq], from
which the phonon frequencies are given by ωnq =

√
λnq. The

displacements ui(R, t) can then be expressed as

ui(R, t) =
1
2

1
√

N

∑
nq
ϵ∗nqei[q·(R+ri)−ωnqt] + c.c. (4)

By introducing a composite index a ≡ (i, R), the potential
energy U can be rewritten as

U =
1
2

∑
ab

uT
a Φ̂abub, (5)

where the explicit time dependence in u is omitted for sim-
plicity. Then, the force-constant Φ̂ matrix satisfies:

(1) Hessian symmetry:

Φ̂ab = Φ̂
T
ba. (6)

(2) ASR: ∑
b

Φ̂ab = 0, Φ̂aa = −
∑
b,a

Φ̂ab. (7)

This condition follows from translational invariance and
guarantees three acoustic phonon modes with zero fre-
quency at the Γ point. The on-site matrix elements Φ̂aa

are fully determined by the inter-site matrix elements
Φ̂ab (a , b) through this constraint.

(3) Positive semidefiniteness:

U({u}) ≥ 0, (8)

with equality only for uniform translations, ensuring me-
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Fig. 1. (a) Schematic illustration of the force constant for the diagonal
isotropic interaction, corresponding to the electric monopole Q(a)

0 at the bond
center, and (b) that for the off-diagonal anisotropic interaction, corresponding
to the electric quadrupole Q(a)

zx at the bond center.

chanical stability. Equivalently, Φ̂ is positive semidefi-
nite and D̂(q) has non-negative eigenvalues, ω2(q) ≥ 0.

We restrict ourselves to an effective harmonic model in
which the energy is expressed as a sum of bond contributions
depending only on relative displacements:

U = −
1
4

∑
a,b

∆uT
abΦ̂ab∆uab, ∆uab = ua − ub. (9)

Such bond-based formulations are widely used in lattice dy-
namics for their transparent description of bond-dependent
force constants and are compatibility with the mechanical sta-
bility condition (2). They have also been applied to chiral
phonon systems48, 49). In this representation, only the sym-
metric part Φ̂(S)

ab = Φ̂
(S)T
ab contributes to the energy, since

∆uT
abΦ̂

(A)
ab ∆uab = 0 for any antisymmetric matrix Φ̂(A)

ab =

−Φ̂
(A)T
ab . Accordingly, we take Φ̂ab to be symmetric without

loss of generality in this work:

Φ̂ab = Φ̂
T
ab, (a , b). (10)

Combining this with the Hessian symmetry in Eq. (6), we ob-
tain

Φ̂ab = Φ̂ba, (a , b). (11)

Using the symmetry constraints on the force constants
given by Eqs. (6), (7), (10), and (11), we show a method
to construct effective harmonic phonon models based on
SAMB.40–47) Since each displacement component uα trans-
forms in the same way as the electronic pα orbital, the 3 × 3
symmetric force constant matrix Φ̂ab = Φ̂

T
ab for a given

pair (a, b) can be described by using six electric-type atomic
SAMBs:

Q̂(a)
0 =

1
√

3

1 0 0
0 1 0
0 0 1

 , Q̂(a)
u =

1
√

6

−1 0 0
0 −1 0
0 0 2

 ,
Q̂(a)

v =
1
√

2

1 0 0
0 −1 0
0 0 0

 , Q̂(a)
yz =

1
√

2

0 0 0
0 0 1
0 1 0

 ,
Q̂(a)

zx =
1
√

2

0 0 1
0 0 0
1 0 0

 , Q̂(a)
xy =

1
√

2

0 1 0
1 0 0
0 0 0

 ,
(12)

where Q̂(a)
0 is the rank-0 electric monopole and

(Q̂(a)
u , Q̂

(a)
v , Q̂

(a)
yz , Q̂

(a)
zx , Q̂

(a)
xy ) are the rank-2 electric quadrupoles.

As illustrated in Fig. 1(a), Q̂(a)
0 corresponds to force con-

stants that couple x–x, y–y, and z–z displacements, represent-
ing a diagonal isotropic interaction. In contrast, Q̂(a)

zx corre-
sponds to a force constant that couples z–x displacements,

giving rise to an off-diagonal anisotropic interaction, as shown
in Fig. 1(b). Although these atomic multipoles are even under
P, they can serve as the microscopic origin of AM-dependent
splitting of phonon dispersions when embedded in appropri-
ate lattice symmetry.50, 51)

Meanwhile, the remaining three antisymmetric compo-
nents of the force-constant matrix under the exchange α ↔
β correspond to the atomic magnetic dipoles, given by
[M(a)
γ ]αβ = −iϵαβγ/

√
2, which do not contribute to the har-

monic potential U given by Eq. (9) due to the requirement in
Eq. (10). Note that M(a) is directly related to the phonon AM
as8)

L(ph) =
√

2M(a). (13)

The AM-dependent splitting of phonon dispersions discussed
below can be described by writing L(ph)(q) as an odd function
of wave-vector components qα (α = x, y, z).

Furthermore, we introduce site- and bond-cluster SAMBs,
denoted by Ŷ (s/b)

l (Y = Q, T ). Here, (s) and (b) denote site-
and bond-cluster quantities, respectively. The electric site-
and bond-cluster SAMBs [Q̂(s/b)

l ]ab = [Q̂(s/b)
l ]ba are symmet-

ric under site exchange, whereas the magnetic-toroidal bond-
cluster SAMBs [T̂ (b)

l ]ab = −[T̂ (b)
l ]ba are antisymmetric. These

quantities encode the spatial distribution and relative weight
of multipoles at each site or bond, with Q and T represent-
ing the electric and magnetic toroidal multipoles, respectively.
When the multipole is defined at the bond center between two
sites, it is referred to as bond-cluster SAMBs.44)

As a simple example, consider the two-site cluster shown
in Fig. 1. The site-cluster SAMBs consist of the electric
monopole and the electric dipole, whose 2 × 2 matrix rep-
resentation in the sublattice basis (A, B) are given by

Q̂(s)
0 =

1
√

2

(
1 0
0 1

)
, Q̂(s)
∥
=

1
√

2

(
1 0
0 −1

)
, (14)

where ∥ means the bond-direction component between two
sites. Similarly, the bond-cluster SAMBs are described by the
electric monopole and magnetic toroidal dipole, which are ex-
pressed as

Q̂(b)
0 =

1
√

2

(
0 1
1 0

)
, T̂ (b)
∥
=

1
√

2

(
0 i
−i 0

)
. (15)

Because of Eq. (11), the bond-cluster magnetic toroidal
SAMBs, which are antisymmetric for a ↔ b, [T̂ (b)

l ]ab =

−[T̂ (b)
l ]ba, cannot be incorporated into the harmonic potential

U.
The force constant matrix [Φ̂]αβab = δab[Φ̂(on)]αβaa + (1 −

δab)[Φ̂(inter)]αβab can be systematically constructed using on-site
and inter-site SAMBs, denoted as blackboard-bold symbols
Ẑ(on)

j and Ẑ(inter)
j , respectively. These composite SAMBs are

expressed as linear combinations of direct products between
the six atomic electric SAMBs Q̂(a)

l1ξ1
and the site- or bond-

cluster electric SAMBs Q̂(s/b)
l2ξ2

:

[Ẑ(on)
j ]αβaa =

∑
ξ1ξ2

Cl1ξ1,l2ξ2
lξ (Z)[Q̂(a)

l1ξ1
]αβ ⊗ [Q̂(s)

l2ξ2
]aa, (16)

[Ẑ(inter)
j ]αβab =

∑
ξ1ξ2

Cl1ξ1,l2ξ2
lξ (Z)[Q̂(a)

l1ξ1
]αβ ⊗ [Q̂(b)

l2ξ2
]ab, (a , b),

(17)
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Fig. 2. (a) Schematic illustration of the one-dimensional zigzag chain. (b)
Phonon energy dispersion of the model.

where ξ = (Γ, n, γ), and Γ and γ denote the irreducible rep-
resentation (irrep.) and its component, respectively, and the
label n represents the multiplicity to distinguish independent
SAMBs belonging to the same irrep. Here, we introduce the
composite index j = (Z, l, Γ, n, γ), where Z = Q or G. For
Z = Q and G, we write Ẑ(Z,l,Γ,n,γ) as Q̂lξ and Ĝlξ, respec-
tively. Here, Q̂lξ and Ĝlξ correspond to the electric and the
electric toroidal composite SAMBs with (P,T ) = [(−1)l,+1]
and [(−1)l+1,+1], respectively. The Clebsch-Gordan (CG) co-
efficients Cl1ξ1,l2ξ2

lξ (Z) are normalized such that the resulting
composite SAMBs form an orthonormal basis under the trace
inner product.44) The full set of SAMBs {Z j} can be generated
automatically using the Python library, MultiPie.44)

Utilizing the completeness and orthonormality of the
SAMBs {Ẑ j}, the force-constant matrix Φ̂ can be systemati-
cally expanded as a linear combination of {Ẑ j} as

Φ̂(on) =
∑

j

z(on)
j Ẑ

(on)
j , z(on)

j = Tr
[
Ẑ(on)

j Φ̂
(on)

]
,

Φ̂(inter) =
∑

j

z(inter)
j Ẑ(inter)

j , z(inter)
j = Tr

[
Ẑ(inter)

j Φ̂(inter)
]
,

(18)

where the coefficients {z(on)
j } and {z(inter)

j } serve as model pa-
rameters and are not independent, but are constrained by the
AS R in Eq. (7). In particular, the on-site coefficients are de-
termined from the inter-site ones as

z(on)
i =

∑
j

z(inter)
j

∑
a,b

Tr
{
[Ẑ(on)

i ]aa[Ẑ(inter)
j ]ab

}
. (19)

The SAMBs contributing to Φ̂ belong to the totally symmet-
ric irrep. of the point group of the system. Symmetry-breaking
SAMBs belonging to other irrep. can also be incorporated to
analyze the effects of symmetry breaking arising from struc-
tural phase transitions or electronic orderings, as discussed
below.

We demonstrate our method using a minimal one-
dimensional zigzag-chain model composed of A and B sub-
lattices [Fig. 2(a)], belonging to the space group No. 51
with point group D2h. This model is particularly suitable
for our purpose because, despite involving only a simple
two-sublattice degree of freedom, it allows for various or-
dered states arising from the local breaking of P symmetry at
each site.52, 53) The potential energy U= (1/2)

∑A,B
ab uT

a Φ̂abub

is given by

U =
2∑

n=1

A,B∑
ab

k(n)(∆uab)2 + k(n)′ (nab · ∆uab)2, (20)

where nab is the unit vector along the bond connecting sites a
and b, and k(n) and k(n)′ denote the isotropic and bond-oriented

Fig. 3. (a) Schematic representation of the electric toroidal dipole Ĝ(inter)
z

defined in Eq. (21), and (b) the corresponding phonon energy dispersion
and AM distribution. (c) Sublattice-resolved phonon AM distribution under
ferroaxial order described by Ĝ(inter)

z . (d) Antiferro-type chiral order of ET
quadrupoles G±u .

anisotropic force constants for the nth nearest neighbor (NN)
(n ≤ 2), respectively. In the following calculations, we set
k(1) = 0.5, k(2) = 0.1, k(1)′ = 0.25, and k(2)′ = 0.05.

Using Eq. (18), the 6 × 6 force-constant matrix Φ̂ can be
expressed as a linear combination of SAMBs belonging to the
totally symmetric Ag irrep. as Φ̂ =

∑Γ j=Ag

j z jẐ j. The resulting
phonon energy dispersion obtained from this model is shown
in Fig. 2(b).

We first examine the effect of ferroaxial order by introduc-
ing a SAMB corresponding to an axial vector along the z di-
rection. The relevant term is given by

Ĝ(inter)
z = Q̂(a)

yz ⊗ Q̂(b)
zx , (21)

which belongs to the B1g irrep. Here, Q̂(a)
yz is the atomic

quadrupole matrix given by Eq. (12), whereas Q̂(b)
zx rep-

resents the symmetry of the alternating A–B bond distri-
bution: [Q̂(b)

zx ]AB(0) = [Q̂(b)
zx ]BA(0) = −[Q̂(b)

zx ]AB(R1) =
−[Q̂(b)

zx ]BA(−R1) = 1/2. The pairs AB(0)/BA(0) and
AB(R1)/BA(−R1) represent the same intra- and intercell A–
B bonds, respectively, with opposite site ordering. Under
({σxy|R1/2}, {σyz|R1/2}, σzx,P,T ), Q̂(a)

yz and Q̂(b)
zx transform

as (−1,+1,−1,+1,+1) and (−1,−1,+1,+1,+1), respectively.
Thus, their product transforms as (+1,−1,−1,+1,+1), which
is identical to the symmetry of the electric-toroidal dipole Gz ,
breaking {σyz|R1/2} and σzx, while preserving {σxy|R1/2}, P,
and T . Since the phonon AM is P-even and T -odd, whereas
q is reversed by both P and T , the combined PT symmetry
keeps q invariant but reverses the phonon AM. Consequently,
the unit-cell-summed phonon AM must vanish at each q, as
shown in Fig. 3(b).

Nevertheless, a nontrivial sublattice-resolved structure
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Fig. 4. (a) Schematic representation of the electric dipole Q̂(inter)
z defined

in Eq. (22), and (b) the corresponding phonon energy dispersion with the
phonon AM distribution. (c) Combined order of Q̂(inter)

z and Ĝ(inter)
z and (d)

the corresponding phonon energy dispersion with phonon AM distribution.

emerges. As shown in Fig. 3(c), the phonon AM on each
sublattice is antisymmetric in qx, satisfying L(ph),(A,B)

x (qx) =
−L(ph),(A,B)

x (−qx). The A and B contributions have opposite
signs and thus cancel in total, resulting in zero net AM.
This corresponds to a hidden sublattice-resolved phonon
AM, analogous to the sublattice-resolved antisymmetric spin
splitting in ferroaxial electronic systems.54) As illustrated in
Fig. 3(d), this sublattice-resolved structure can be viewed
as an antiferro-type arrangement of local electric-toroidal
quadrupole components G±u around the A and B sublattices.
Here, G−u and G+u are assigned to the A and B sublattices, re-
spectively, and the signs denote opposite local chirality orig-
inating from vortex-like arrangements formed by Q̂(a)

yz . For
each local G±u component, P symmetry and all mirror sym-
metries with respect to the midpoint of the local quadrupole
texture are broken, whereas T symmetry is preserved. Thus,
each G±u component has the same symmetry as aT -even pseu-
doscalar chirality.

Next, we turn to a polar SAMB, in place of the ferroaxial
one, corresponding to an electric polarization along the z di-
rection. Within the SAMB framework, such a contribution is
incorporated as

Q̂(inter)
z = Q̂(a)

u ⊗ Q̂(b)
z , (22)

which belongs to the B1u irrep. Here, Q̂(a)
u belongs to the

totally symmetric irrep., whereas Q̂(b)
z transforms as the

z component of a polar vector, with −[Q̂(b)
z ]AA(±R1) =

[Q̂(b)
z ]BB(±R1) = 1/2. The elements [Q̂(b)

z ]AA/BB(±R1) rep-
resent same-sublattice intercell bonds. In the polar state,
σzx is preserved. Along the qx line, qx is invariant un-
der σzx, whereas the axial phonon AM transforms as
(L(ph)

x , L
(ph)
y , L

(ph)
z ) → (−L(ph)

x , L
(ph)
y ,−L(ph)

z ). Thus, L(ph)
x and

L(ph)
z are forbidden along the qx line, while L(ph)

y is allowed. T
symmetry further imposes L(ph)

y (qx) = −L(ph)
y (−qx). The corre-

sponding phonon dispersion exhibits a Rashba-type antisym-
metric splitting of the phonon AM, as shown in Fig. 4(b).

We then consider the combined effect of the ferroaxial and
polar SAMBs. As shown in Fig. 4(c), introducing both Ĝ(inter)

z
and Q̂(inter)

z breaks all mirror symmetries as well as P symme-

try, thereby realizing a chiral system. In the ferroaxial state
alone, the sublattice-resolved chiral components G±u cancel
due to the remaining mirror symmetry σxy. However, once
the polar term is introduced, this symmetry is lifted, rendering
the A and B sublattices inequivalent. As a result, the cancella-
tion of local chirality is removed, and a finite global chirality
emerges. This is clearly reflected in the phonon AM distribu-
tion shown in Fig. 4(d), where a net antisymmetric component
of L(ph)

x develops along the qx line.
Finally, we discuss the minimal microscopic model param-

eters responsible for the characteristic AM-dependent split-
ting of phonon dispersions. For the ferroaxial case, the hidden
sublattice-resolved splitting L(ph),(A,B)

x already appears with
the NN isotropic force constant k(1) in U given by Eq. (20).
In contrast, the polarization-induced splitting L(ph)

y requires
both k(1) and k(1)′ , reflecting the necessity of an additional NN
off-diagonal component. When both ferroaxiality and polarity
are present, a chiral AM-dependent splitting emerges with k(1)

alone, without requiring additional off-diagonal force con-
stants.

We developed a symmetry-based framework for construct-
ing effective harmonic phonon models using the SAMB. By
decomposing the force-constant matrix under symmetry con-
straints and the ASR, we identified the minimal ingredients
responsible for AM-dependent splitting. Applying this frame-
work to a minimal zigzag-chain model, we show that a fer-
roaxial SAMB generates hidden sublattice-resolved phonon
AM that cancels globally due to P and T symmetries. In-
troducing a polar SAMB lifts this cancellation by breaking
inversion and mirror symmetries, leading to a chiral phonon
dispersion. Thus, the interplay of ferroaxiality and polarity
converts hidden chirality into observable phonon responses.
Our results provide a unified symmetry-adapted description
of AM-dependent splitting across ferroaxial, polar, and chiral
systems, and offer a systematic route to designing phononic
responses via symmetry breaking.
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