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S1. Derivation
S1.1 Interface model of mechanochemical reaction

Our theory treats the molecular dynamics at the interface between solid particles of
reactant A and B. The chemical reaction A+ B — AB occurs at the interface and
produces a phase rich in products there due to the instability arising from the miscibility
of products from reactant solids. The time evolution function of the thickness h(t) of the

product-rich phase has the form

L =—8 (s1)
dt 1= — Y
with
o(0) = o _p3(o). (52)
31aBTs

The reactant solids are assumed as rigid bodies and the product-rich phase is assumed
as a liquid due to the small volume of solvent added to the system. S(t) is the reaction
rate and v(t) is the speed with which the thickness h(t) of the product-rich phase
decreases due to the material flow driven by applied mechanical stress a,. ry is the
radius of the interface. n,g is viscosity of the product-rich phase. Y5, and g, are the
volume fraction of reactant A and B at the interface between the product-rich phase and

reactant B-rich solid.

The time evolution of the thickness of the system due to the material flow has the form

d
ZL® = (. (53)

We solve eq. (S3) with the initial condition, L(0) = L,.

The reaction rates in the diffusion-limited, reaction-limited, and marginal regimes have

the forms
d
Sa(t) = Dg % (S4)
d _ k(a1 — YarE2)
dtSr(t) T —y S(t), (S5)
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respectively, where the regimes are indicted by the subscripts "d’ (diffusion-limited), 'r
(reaction-limited), and "'m’ (marginal). The limiting process is determined by the minimum

among these reaction rates.

The reaction starts from the marginal regime for L, > 14 and the reaction-limited regime
for Ly, < A4, where A4(= +/Dg/k) is the diffusion length. The initial condition of eq. (S5)

is
57(0) = ka2 Lo (87)

for Ly < Aq. For A4 < Lo(< L), where there is a crossover between the marginal to

reaction-limited regimes. In this case, the condition
h(t) = L(t) — A4 (58)
is imposed to eq. (S1) and (S3) at the crossover. The initial condition of eq. (S6) is
Sm(0) = ka2 ¥B2la. (59)

These initial conditions, eqgs. (S7) — (S9), are derived by using eqgs. (10) and (13) in the
main article for h(0) = 0 and V.,(0) = 0. The reaction rate and thickness of the product-

rich phase are continuous at the crossovers.

$1.2. Reaction rate and regime diagram without applied mechanical stress
S.1.2.1 Marginal/diffusion-limited crossover

In the marginal regime, the reaction rate is derived by using eq. (S6) as

t
Sm(t) = kipp,PpaAqe™ (510)

by imposing initial condition, eq. (S9). The thickness of the product-rich phase is derived

by solving eq. (S1) with eq. (S10) and v =0 as

t
hy(t) = aly <e¥ - 1) . (S11)

The thickness of the product-rich phase at the crossover between the marginal and

diffusion-limited regime has the form
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hme = ald Z+?_E ) (812)
which is derived by the continuity of the reaction rate and the thickness of the product-
rich phase at the crossover, see eqgs. (S4), (S10), and (S11). The time t,q4, at the
marginal/diffusion-limited crossover is derived by using the relationship, h(ty,q0) = Rmdo»

as

1 1 B
tmdo = Tp log E+ Z+? ) (813)

see egs. (S11) and (S12).

In the diffusion-limited regime, the thickness of the product-rich phase at the crossover

is derived by solving eq. (S1) with eq. (S4) and v(t) =0 as

2B25(t — tmdo)
Tp ’

(514)

where we used the continuity of the thickness h(t) at the crossover, h3(tmdao) = Rmdo-
The reactionrate Sq(t) in the diffusion-limited regime is derived by substituting eq. (S14)

into eq. (S4) as
i

2B25(t—t
thnm A4~ )

Sa(t) = Dg (515)

$1.2.2 Marginal/reaction-limited crossover

In the marginal regime, the reaction rate S(t) and the thickness h(t) are given by egs.
(S9) and (S10), respectively. Without applied mechanical stress, the system size is
constant, L(t) = L,. The thickness of the product-rich phase at the crossover between

the marginal to reaction-limited regimes has the form
Pmro = Lo — A4, (S16)

see eq. (S8). The time at the marginal/reaction-limited crossover is derived as



LO_Aﬂ (517)

tmro = Tp log (1 + ]

by using hy,(tmro) = hmro (S€€ €q. (S11) and (S16)). The reaction rate in the reaction-
limited regime is derived as

tmr0+(1_a)t_tmr0
Tp

Sp(t) = kip,paAqe P (518)

by using eq. (S5) with the continuity at the crossover, S;(tmro) = Sm(tmro)- Solving eq.
(S1) with eq. (S18) and v(t) = 0 leads to the thickness h.(t) of the product-rich phase

in the form

a Imro /' (1—q)t=tmro
he(t) = hro + T Aae @ (e B 1), (519)

S$1.2.3 Reaction-limited / diffusion-limited crossover

In the reaction-limited regime, the reaction rate S(t) and the thickness h(t) of the
product-rich phase in the reaction-limited regime are given by egs. (S18) and (S19). The
thickness of the product-rich phase at the reaction-limited/diffusion-limited crossover is

derived as

_J4ﬁ(1-—a)zg-r(aL0)2—-aLO
hrqo = 21— a)

(S20)

by using egs. (S4), (S18), and (S19). By using the relationship h.(t.q0) = hrq0, the time

at the reaction-limited/diffusion-limited crossover is derived as

7, \/4ﬁ(1 —a)A3 + (aLy)? — al,
t =t |
rdo = tmro + 370108 2(Lo — (1 — )2y ’

(S21)

see eqs. (S19) and (S20).

In the diffusion-limited regime, the thickness of the product-rich phase is derived as

Zﬁlﬁ (t - trdO)
Tp

ha(t) = thdo + (s22)



by solving eq. (S1) with v(t) = 0 and the continuity of the thickness, hq(trq0) = hrdo-
Substituting eq. (S22) into eq. (S4) leads to the reaction rate in the diffusion-limited
regime

d
S4(t) = Dg Vb1 . (S23)

204 _
\/h?do +2.Bld(t trdo)

Tp

Egs. (S22) and (S23) are equal to egs. (S14) and (S15) except for the boundary condition.
$1.2.4 System size at cross-section

The system size L; at the intersection between the three crossover thicknesses, h 4o,

hmro, @nd h.qo, is derived as

B

1 1
p=adg| |z+5-5 |+ (524)

by using egs. (S12) and (S16). The system size L] at h.qo = Ly is derived as

Ly = /Bq. (525)

For cases in which the penetration of reactant A molecules into reactant B solid is

prohibitive, a — 0, the crossover thicknesses have the simple relationship,

hrao = hmdo = L1 (526)
S$1.3 Reaction rate and regime diagram with applied mechanical stress
$1.3.1 Crossover time ¢,

In the short time scales, h(t) = 0, eq. (S1) has an approximate form

S(t)

1—vYa —¥p1 (527)

dh _
a(t)—

Eq. (S27) suggests that the flow does not significantly affect the dynamics of the system

and the results of S1.2 is effective. In the long time scales, %(tt) ~ 0, eq. (S1) has an

approximate form



S(t)

T Ym0 D 526

implying that the effects of the flow are significant only in these time scales. We define
the crossover time t., where the effect of the material flow is significant for ¢t > t. but

not for t < t..
$1.3.2 Reaction rate and thickness of product-rich phase for t > t,

In the marginal regime, the reaction rate is given by eq. (S10) even for t > t. because
it is not affected by applied mechanical stress, see eqs. (S6) and (S9). The thickness of

the product-rich phase in this regime is derived as

t

hn,(t) (ao 3.t
m P\3 37
= S29
/‘[d ( o, ) e ( )

by substituting eq. (S10) into eq. (S28) with eq. (S2). The crossover time t. is thus

calculated by the crossover condition

te Lo
ady (et — 1) = (220)3 37, (530)
d o,

In the diffusion-limited regime, the thickness of the product-rich phase is derived as

1
hq(t 4
a®) _ <&> (s31)
Aq 0y

by solving eq. (S28) with eq. (S2) and (S4). Substituting eq. (S31) into eq. (S4) leads to

the reaction rate in the form

; 1
Sq(t) = DB%<%>4. (s31)
p

When the crossover time t. is in the diffusion-limited regime, t. > t,q, it is calculated

by the crossover condition

1
4 1
Dg Y51 = <BU">4_ (S32)

o
jhz L2~ tm)
md Tp




$1.3.3 Crossover time t,,4

For the case of t. > t,q,the crossover time t,4 is equal to t,,qo, because the effect of
applied mechanical stress is not significant. For the case of t. < t,4, the crossover time

tmq IS derived as

t 3/4,.1/4
Ld=10g<—'g ) (533)

1/4
T
p (XO'p

by the continuity of the thickness of the product-rich phase at the crossover, hy,(tng) =
hq(tma), see egs. (S29) and (S31). The applied mechanical stress o, at the crossover

is derived as

4
o a*(1

1 B
_+_
4 2

o = E > + (S34)

S$1.4 Acceleration of reaction by material flow driven by applied mechanical stress
S$1.4.1 Reaction completion time

To study the acceleration of mechanochemical reactions by material flow, we analyze the

reaction completion time t; of the reaction
h(ts) = L(ts), (835)

at which the entire system becomes the product-rich phase. Because of the complexity

of the problem, we limit our discussion to the case of L, > L, and a < g%/2.
$1.4.2 Five mechanical regime
Regime I: 0, < oy

The flow does not affect the dynamics of the system for the entire time scale (Fig. S1).

The crossover stress g, is has the form

g _ BAS

_ P 536
op L} (536)

which is derived by the relationship L, = hq(t.) at o, = gy, see eq. (S31).

The reaction completion time t; is derived as



ts — tmdo _ 1 < L%) 1) (337)

W 2
by using Lo = hq(ts), see eq. (S14).
Regime ll. oy < 0, < o,

The reaction is diffusion-limited in the time scales, t > t., at which the effect of the flow

becomes significant. The crossover time t. is derived as
t.—t 1 o 3
e mdo (7P )2 _
a3 1) 550
by using the continuity of the thickness h(t) at t = t., see eq. (S32). The thickness of

the systemis L, for t < t. and is derived as

1 3t—t.
L(t) = Ly — g0} %

(S39)

Tp

for t > t. by solving eq. (S3) with eq. (S31). The reaction completion time ¢, is derived

by using eq. (S35) as

= (540)

see egs. (S31) and (S39).
Regime lll: 0, < 0, < Oy

The reaction regime is marginal at t =t., at which the effect of the flow becomes
significant, and then crossovers to the diffusion-limited regime. The crossover time t. is

derived as

" ol/2
—~ =log 1+——“’1—/E (541)
Tp ao,

by using the continuity of the thickness h(t) at t = t, eq. (30), for o, /0, < a™2.

The thickness L(t) of the systemis L, for t < ¢,

3 13
L = 1, PO =R @)

- = (S42)
P d



for t. <t < tyq, and

1 3t —tma
L(®) = L(tma) = Aqo i Bt ———— ($43)
p

for t > t,q, Which are derived by using eq. (S3) with egs. (S29) and (S31).

The reaction completion time t; is derived as

Q

ts —lmd _
T

I
:—k

(S44)
P

= |h
Dlw| o
[ T R N TEY

Q

by using eq. (S35) with egs. (S31) and (S43), where we omitted higher order terms with

respect to o 1.

Regime IV: oy < 0, < o

The reaction regime changes from the marginal to the reaction-limited and then to the

diffusion-limited. The time at the marginal/reaction-limited crossover has the form

tmr _ (LO - Ad)

Tp =1 g ald ’ (845)
which is derived by using the condition

L(tmr) - h(tmr) = A4 (546)

with an approximation L, — 14 < alq, see eqgs. (S29) and (S42).

The mechanical stress g, at the cross-section of the three crossover lines is derived

as

Owi (Lo — Aa)*
— = S47

% FVE (547)
by using the condition t,,; = tyq.

The thickness h(t) of the product-rich phase in the reaction-limited regime is derived as

1 A-a)(t—tmr)

h(t) = Ag (LOA_ Ad)% (@)3 . (548)

d gy

by solving eq. (S28) and by using the continuity of h(t) at t = t,,, see egs. (S10) and
(S29).



The time t.q at the reaction-limited/diffusion-limited crossover is derived as

3 1
tra — tmr 1 :Bzo'fld
= log

Tp l1-a

. (549)

(Lo — Ag)ot
by using the continuity of the thickness h(t) at t = t.q, see egs. (S31) and (S48).
The thickness L(t) ofthe systemis L, for t < ¢, is given by eq. (S42)for t. <t < tpy,

1 oy h3(®) = h*(tmr)

L) =1+ h(ty,) — —ao, 2 (S50)
for ty,r <t <tq and
3 3t—1rg
L(t) = L(trq) — A0/ B% - (S51)
p
for t > t.q, which are derived by solving eq. (S3) with egs. (S31) and (S48).
The reaction completion time t; is derived as
t—t 1 [ 1 Ly—alq/0p\i
— —a
s rd _ = 0 d (_p)4 _ (852)
Tp 1—a pi Ad oy

by using egs. (S31) and (S51).
Regime V: o, > oy,

The reaction regime is marginal in the time scales, t > t., at which the effect of the flow
becomes significant, and then crossover to reaction-limited without entering to the
diffusion limited regime. The maximum mechanical stress o¢;, at which the

mechanochemical reaction can be diffusion-limited is written as

Oth (Lo — akq)*

L0 e S53
Tp B3 (553)
which is derived by the condition t; = t.4, see eq. (S52).
The reaction completion time is derived as
ts - trd _ 1 (LO - a&d)
~ =71 alog Py (S54)



by using eq. (S35) with egs. (S48) and (S50).
$1.4.3 Differential reaction completion time

The difference between the maximum and minimum reaction completion times has an
asymptotic form
At; _ 1(@)2 L gl (555)
VAV 2 L
for the case of a « 1. The extent of the acceleration of mechanochemical reactions by
the flow thus increases with increasing thickness L,/L; of the system, although the

mechanical stress oy, necessary to achieve the maximum acceleration also increases,
see eq. (S53).

S1.5 Reaction kinetics of remnant reactants

We have defined the reaction completion time t; by the condition that the entire system
becomes the product-rich phase, see eq. (S35). However, reactant molecules that
remain unreacted are dissolved in the product-rich phase even at t = t; although their
volume fractions are rather small. For t > t,, the reactant volume fractions are not fixed

because reactant-rich solids no longer exist.

In the reaction-limited regime, the time evolution equation of the reactant volume fraction

is
d
T ¥s() = ~kiba(OPe(0) (S56)

with Y, (t) = Pg(t) because of the symmetry of the system. We impose the initial
condition yg(ts) =Yg, to solve eq. (S56). By solving eq. (S56), the reactant volume
fraction is derived as

Vg1
1+ kyg,(t—ts)’
which is independent of applied mechanical stress.

Yp(t) =

(S57)

In the diffusion-limited regime, the time evolution equation of the reactant volume fraction

has the form



d (1 1
FT: <§¢Bh(t)h(t)> = —Dg wh%g) — 5 ¥en(Ov(0), (S58)

with Y, (t) = Yg(h(t),t) because the volume fraction is a linear function of the distance
z, Pg(z,t) = Pgp(t) % We impose the initial condition gy (ts) = ¥4, to solve eq. (65).

The thickness h(t) of the product-rich phase is derived by solving eq. (S1) with S(t) =

0. By solving eq. (S58), the reactant volume fraction is derived as

2Dp(t—ts) 2Dpo (t-ts)?
Ypn(t) = pie MO whio (559)

Eq. (S59) demonstrates that the reaction is accelerated by the applied mechanical stress

o, in the diffusion-limited regime also for t > t;.
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Figure S1 Reaction completion time vs applied mechanical stress. The reaction
completion time t; is shown as a function of mechanical stress for « = 0.01 and g =
10.0. This result was obtained by using egs. (S37), (S40), (S44), (S52), and (S54), which
are effective in region | — V, respectively. The solid lines are the times at the
marginal/diffusion-limited (green), marginal/reaction-limited (red), and reaction-
limited/diffusion-limited (purple) crossovers. At is the maximum variation of reaction

completion time due to the applied mechanical stress.



Figure S2 Reaction acceleration vs system size. The maximum variation At of
reaction completion time due to applied mechanical stress is shown as a function of the

system size L, rescaled by the threshold value L7. This result is derived by eq. (S55).



