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Mechanochemical organic synthesis using ball milling leverages mechanical energy to 8 
drive chemical reactions. A comprehensive understanding of the underlying reaction 9 
kinetics is essential for the continuous development of mechanochemical synthesis. 10 
However, the rate-limiting processes of mechanochemical reactions remain poorly 11 
understood because molecular behavior at interfacial length scales is still largely 12 
unknown. We have theoretically predicted that the mechanochemical reactions of two 13 
solid reactants form a layer of phase rich in products at their interface due to the instability 14 
arising from the immiscibility of products and reactant solids and that the applied 15 
mechanical stress accelerates the diffusion of reactants through the product-rich layer 16 
by decreasing the thickness of this layer. To shed the light in the rate-limiting processes 17 
governing such mechanochemical reactions, we here develop a scaling theory. This 18 
theory predicts that the rate-limiting process depends on the thickness of the product-19 
rich layer and can therefore change overtime. Unlike conventional solution-based 20 
reactions, the crossover between regimes of rate-limiting process is influenced not only 21 
by the diffusion length but also by the extent of reactant dissolution into the product-rich 22 
layer and magnitude of the applied mechanical stress. The model developed in this study 23 
provides a fundamental framework for a deeper understanding of mechanochemical 24 
organic reactions occurring during ball milling. 25 

PACS: 82.45.Jn, 82.20.-w, 83.80.Jx 26 

Introduction 27 

Mechanochemical organic synthesis using ball milling requires little or no organic 28 
solvents and has attracted significant attention as an efficient, energy-saving, and 29 
ecofriendly alternative to conventional solution-based approaches that rely on organic 30 
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solvents. A wide range of organic reactions can be performed efficiently using ball 31 
milling.1–7 Strong mechanical agitation by ball milling grinds the reactants, reagents, and 32 
catalysts (Fig. 1a). Since no solvent is required under mechanochemical conditions, the 33 
reactants are used in their native physical states, which can either be solid or liquid, 34 
depending on the compounds and reaction conditions.8,9 A comprehensive 35 
understanding of reaction kinetics under mechanochemical conditions is essential for 36 
advancing techniques based on mechanochemical synthesis. Identifying the rate-limiting 37 
processes is the first step in understanding the kinetics of chemical reactions.10 However, 38 
the rate-limiting processes of mechanochemical reactions remain poorly understood 39 
owing to the inherent complexity arising from the fact that chemical reactions at the 40 
molecular length scales are accelerated by macroscopic mechanics11 and that the 41 
molecular dynamics at the system composed of multiple phases is involved.  42 

The processes involved in mechanochemical reactions range from macroscopic (solid 43 
particles) to microscopic (molecular) levels (Fig. 1).11 At the macroscopic level, 44 
mechanical agitation drives the motion of metal balls and solid reactants, as well as 45 
fragmentation of the reactants (Fig. 1a). Theoretically, these processes have been 46 
studied by using the physics of granular materials12–14 and by modeling them as Poisson 47 
processes.15 At the molecular level, the reactants transform to the product (Fig. 1b). It is 48 
straightforward to think that the applied mechanical force can directly activate the starting 49 
materials and catalysts, thereby decreasing the activation energy of the reactions.11–13 50 
Indeed, the impact of applied tension on the reaction of polymeric compounds has been 51 
widely studied.16-21 Polymer chains are considered to induce and control force 52 
transduction so that functional units (mechanophores) can be activated. Theoretically, 53 
the activation force is predicted by using density functional theory (DFT)-based quantum 54 
chemical calculations, in which the work done by displacements22,23 or externally applied 55 
forces on pairs of terminal atoms24 or functional groups21 is considered. In contrast, the 56 
detailed role of mechanical stress in mechanochemical reactions involving small 57 
molecules by ball milling remains unclear, except for a few specifically designed 58 
systems25–27, probably because the processes at intermediate length scales between the 59 
macroscopic and molecular limits remain poorly understood. 60 
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  61 

Figure 1. Mechanochemical organic synthesis by ball milling. a. Mechanochemical 62 
synthesis is performed by mechanical agitation of solid reactants (magenta and cyan 63 
circles) and metal balls (gray circle). b. At the molecular level, reactants A and B 64 
transform to product AB. c. Mechanochemical reactions occur at the interfaces between 65 
reactant solids (magenta and cyan slabs), producing a product-rich layer (green) at these 66 
interfaces. The applied mechanical stress by the metal balls drives material flow in the 67 
product-rich phase. Reactant molecules A and B diffuse in the product-rich layer and 68 
show chemical reactions when they meet. 69 

Mechanochemical reactions involving solid reactants occur at the interface (Fig. 1c). 70 
Molecular dynamics (MD) simulations have predicted that the plasticity of colliding solid-71 
reactant particles plays a key role in the mixing of reactants.28,29 However, MD 72 
simulations are limited to the short timescales before chemical reactions occur. We 73 
previously developed a theory, combining the Landau theory for phase transition with the 74 
Onsager theory for irreversible processes, which predicts that mechanochemical 75 
reactions of two solid reactants produce a product-rich phase at their interface due to the 76 
instabilities arising from the immiscibility of products and reactants (green layer in Fig. 77 
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1c).30 The theory also predicts that the dissolution of reactant molecules into the product-78 
rich layer regulates the kinetics of mechanochemical reactions.30 Interestingly, adding a 79 
small volume of solvent to the system enhances the reactivity of solid reactants,31 80 
probably because the solvent wets the surfaces of reactant solids and acts as a 81 
plasticizer for the product-rich layer. Under these conditions, the applied mechanical 82 
stress drives the material flow, increasing the concentration gradient of the reactants in 83 
the product-rich layer by decreasing its thickness (white arrows in Fig. 1c).32 This 84 
mechanical effect accelerates diffusion-limited reactions, whose rates depend on the 85 
concentration gradient of the reactants, but does not influence the reaction-limited 86 
processes, whose rates depend on the local reactant concentrations. However, the 87 
previously proposed theory could not predict the factors determining the rate-limiting 88 
processes of mechanochemical reactions.  89 

To shed light on the rate-limiting processes of mechanochemical reactions, we 90 
developed a theory to study the conditions under which mechanochemical reactions are 91 
limited by diffusion or by reaction. In conventional solution-based reactions, the rate-92 
limiting processes are determined by the diffusion length, which is the distance a reactant 93 
can diffuse before reacting.33 The proposed theory predicts that, in mechanochemical 94 
reactions, the rate-limiting process depends on the thickness of the product-rich layer 95 
and the system size, and can therefore change over time. In the diffusion-limited regime, 96 
chemical reactions occur as soon as the reactants meet because the intrinsic reaction is 97 
faster than diffusion. In the reaction-limited regime, diffusion of molecules is faster than 98 
the reaction; thus, the volume fractions of the reactants and products are determined by 99 
the thermodynamic equilibrium condition because of the multiphase nature of the system. 100 
There is also ‘marginal’ regime, in which the rate-limiting process is the reaction, but 101 
reactant A molecule penetrates the reactant B-rich solid phase (and vice versa) only up 102 
to the diffusion length. The crossover between the reaction regimes is determined not 103 
only by the diffusion length but also by the extent of the dissolution of reactant molecules 104 
into the product-rich layer and applied mechanical stress. Although the present analysis 105 
is limited to the mesoscopic interfacial dynamics, it provides a basis for understanding 106 
the rate-limiting process of mechanochemical reactions by bridging the microscopic and 107 
macroscopic dynamics.  108 

Scaling framework for modeling kinetics of mechanochemical reactions 109 



5 

We develop a scaling theory to analyze the rate-limiting processes in mechanochemical 110 
reactions by extending our previous theoretical studies.30,32 This theory considers a 111 
simple mechanochemical reaction between two solid reactants, A and B, that form a 112 
product AB (A + B → AB) . We focus on the interfacial region between the two solid 113 
reactants where mechanochemical reactions occur. The coordinate system is set such 114 
that the x–y plane lies at the interface between the solid reactants, and the z-axis is 115 
normal to this plane (Fig. 2a). The system is described by the volume fractions, 𝜓𝜓A(𝑧𝑧), 116 
𝜓𝜓B(𝑧𝑧), and 𝜓𝜓AB(𝑧𝑧), of the reactants and products. Subscripts A, B, and AB represent the 117 
quantities of reactants A, B, and AB, respectively. For simplicity, we consider cases in 118 
which the diffusion constants and thermodynamic properties of the two reactants are 119 
equal, and the volume per product molecule AB is the sum of the volumes per molecule 120 
of reactants A and B. In this case, the volume fractions of reactants A and B are 121 
symmetric with respect to the x–y plane, 𝜓𝜓A(𝑧𝑧) = 𝜓𝜓B(−𝑧𝑧). Thus, we analyze only half of 122 
the system, 𝑧𝑧  > 0. By neglecting small volume of added solvents, the system is occupied 123 
by either of the reactants or products (incompressibility condition) 124 

𝜓𝜓 A(𝑧𝑧 ) + 𝜓𝜓 B(𝑧𝑧 ) + 𝜓𝜓 AB(𝑧𝑧 ) = 1. (1) 125 

The volume fractions of A and B follow the reaction–diffusion equations,34 126 

𝜕𝜕
𝜕𝜕𝜕𝜕
𝜓𝜓A(𝑧𝑧) = 𝐷𝐷A

𝜕𝜕
𝜕𝜕𝜕𝜕 �

𝜓𝜓A(𝑧𝑧)
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜇𝜇A(𝜓𝜓A,𝜓𝜓B)

𝑘𝑘B𝑇𝑇
� − 𝑘𝑘𝜓𝜓A(𝑧𝑧)𝜓𝜓B(𝑧𝑧) (2)127 

𝜕𝜕
𝜕𝜕𝜕𝜕
𝜓𝜓B(𝑧𝑧) = 𝐷𝐷B

𝜕𝜕
𝜕𝜕𝜕𝜕 �

𝜓𝜓B(𝑧𝑧)
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜇𝜇B(𝜓𝜓A,𝜓𝜓B)

𝑘𝑘B𝑇𝑇
� − 𝑘𝑘𝜓𝜓A(𝑧𝑧)𝜓𝜓B(𝑧𝑧) (3) 128 

where 𝜇𝜇A(𝜓𝜓A,𝜓𝜓B) and 𝜇𝜇B(𝜓𝜓A,𝜓𝜓B) are the chemical potentials of A and B, respectively. 129 
𝐷𝐷A  and 𝐷𝐷B  are the diffusion constants of reactants A and B, respectively. 𝑘𝑘  is the 130 
reaction-rate constant. The volume fraction of the product 𝜓𝜓AB(𝑧𝑧) is determined by the 131 
incompressibility condition (Eq. (1)). Eqs. (2) and (3) imply that the chemical potentials, 132 
rather than the volume fractions, are continuous throughout the system. 133 

The reactant B solid is stable only when the volume fraction 𝜓𝜓B(𝑧𝑧) is larger than the 134 
binodal value, 𝜓𝜓B(𝑧𝑧) > 𝜓𝜓B2, and a phase rich in products or reactant A is stable when 135 
the volume fraction is smaller than that at another binodal value, 𝜓𝜓B(𝑧𝑧) < 𝜓𝜓B1.34–36 The 136 
volume fraction between the two binodal values, 𝜓𝜓 B1 < 𝜓𝜓 B(𝑧𝑧 ) < 𝜓𝜓 B2, is unstable. The 137 
binodal volume fractions, 𝜓𝜓 B1  a nd 𝜓𝜓 B2 ,  can be determined experimentally. In our 138 
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previous study, we derived 𝜓𝜓 B1 and 𝜓𝜓 B2 as a function of the immiscibility parameter by 139 
using the mean field approximation.30 The volume fraction 𝜓𝜓 B(𝑧𝑧 )  o f reactant B thus 140 
exhibits a discontinuity between 𝜓𝜓B1  and 𝜓𝜓B2  at 𝑧𝑧 = ℎ(𝑡𝑡)  (Fig. 2b–d). This 141 
discontinuity is accompanied by a corresponding jump in the volume fraction 𝜓𝜓A(𝑧𝑧) of 142 
reactant A between the binodal values 𝜓𝜓A1 and 𝜓𝜓A2 at the same position. Note that the 143 
chemical potentials are equal at the binodal values, 𝜇𝜇A(𝜓𝜓A1,𝜓𝜓B1) = 𝜇𝜇A(𝜓𝜓A2,𝜓𝜓B2) and 144 
𝜇𝜇B(𝜓𝜓A1,𝜓𝜓B1) = 𝜇𝜇B(𝜓𝜓A2,𝜓𝜓B2), ensuring continuity of the chemical potentials at 𝑧𝑧 = ℎ(𝑡𝑡) 145 
(local equilibrium). The region 𝑧𝑧 > ℎ(𝑡𝑡) is predominantly occupied by reactant B and is 146 
thus identified as the reactant-B-rich solid phase. The discontinuity in the volume fraction 147 
at 𝑧𝑧 = ℎ(𝑡𝑡)  results from the instability that arises from the immiscibility between the 148 
product and reactant solids, and the region 0 < 𝑧𝑧 < ℎ(𝑡𝑡) thus forms a distinct product-149 
rich phase. 150 

A small volume of solvent added to the system can wet the surfaces of the solid reactant 151 
particles and act as a plasticizer in the product-rich phase.31 For simplicity, we treat the 152 
reactant-rich solid phases as rigid bodies and the product-rich phase as a viscous fluid. 153 
The applied mechanical stress 𝜎𝜎⊥ drives the flow in the product-rich phase. We here 154 
treat cases in which the relaxation time of the product-rich phase is faster than the 155 
frequency of the metal ball motions so that the applied mechanical stress is assumed to 156 
be static. The material flow decreases the thickness of the product-rich phase with the 157 
speed 158 

𝑣𝑣(𝑡𝑡) =
8
3

𝜎𝜎⊥
𝜂𝜂AB𝑟𝑟02

ℎ3(𝑡𝑡), (4) 159 

where 𝜂𝜂AB  is the viscosity of the product-rich phase and 𝑟𝑟0  is the radius of the 160 
interfacial region. Eq. (4) is derived by solving the Stokes equation under the lubrication 161 
approximation.32,35 The thickness ℎ(𝑡𝑡)  of the product-rich phase depends on the 162 
reaction rate 𝑆𝑆(𝑡𝑡) and material flow 𝑣𝑣(𝑡𝑡). 163 

𝑑𝑑
𝑑𝑑𝑑𝑑
ℎ(𝑡𝑡) =

𝑆𝑆(𝑡𝑡)
1 − 𝜓𝜓A1 − 𝜓𝜓B1

− 𝑣𝑣(𝑡𝑡). (5) 164 

The reaction rate, 𝑆𝑆(𝑡𝑡), is defined by the volume of the reactant converted to the product 165 
per unit time and area, and its form depends on the rate-limiting process of the reaction. 166 
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The reaction can occur throughout the entire system of size 𝐿𝐿(𝑡𝑡) in the reaction-limited 167 
regime. The thickness 𝐿𝐿(𝑡𝑡) of the system evolves according to the following equation: 168 

𝑑𝑑
𝑑𝑑𝑑𝑑
𝐿𝐿(𝑡𝑡) = −𝑣𝑣(𝑡𝑡) (6) 169 

The volume 𝑉𝑉ex(𝑡𝑡) of the material is excluded from the interfacial region between the 170 
solid reactants by the material flow under the applied mechanical stress, as described 171 
by Eq. (4). Mass conservation can then be expressed as follows: 172 

𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑉𝑉ex(𝑡𝑡) + 𝜋𝜋𝑟𝑟02𝐿𝐿(𝑡𝑡)) = 0. (7) 173 

174 
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175 

Figure 2 Volume fraction profile of reactants. a. Schematic showing the coordinate 176 
system, where the x–y plane is located at the mid-plane of the product-rich layer (green) 177 
and the z-axis is normal to the plane. The volume fractions of reactants A (magenta) and 178 
B (cyan) as well as product AB (green) are presented as functions of the position 𝑧𝑧  for 179 
the diffusion-limited (b), reaction-limited (c), and marginal regimes (d). 180 

181 
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Diffusion-limited regime 182 

In the diffusion-limited regime, the reactant molecules A and B react immediately upon 183 
meeting at 𝑧𝑧 = 0 (Fig. 2b). Reactant A molecules do not penetrate the region defined 184 
by 𝑧𝑧 > 0 , and the volume fraction of reactant B molecules at the interface, 𝑧𝑧 = 0 , 185 
vanishes, 𝜓𝜓B(0) = 0. In the low-temperature limit, the volume fraction 𝜓𝜓B(𝑧𝑧) of reactant 186 
molecules B in the product-rich phase is small. In this case, the chemical potential of 187 
reactant B assumes an asymptotic form expressed as 𝜇𝜇B = 𝑘𝑘B𝑇𝑇 log𝜓𝜓𝐵𝐵(𝑧𝑧). Solving Eq. 188 
(3) using this chemical potential in the steady state, the volume fractions of reactants189 
have the form 𝜓𝜓A(𝑧𝑧) = 0 and 𝜓𝜓𝐵𝐵(𝑧𝑧) ≈ 𝜓𝜓B1d 𝑧𝑧/ℎ(𝑡𝑡) for 0 < 𝑧𝑧 < ℎ(𝑡𝑡). The superscript ‘d’ 190 
indicates the binodal value in the diffusion-limited regime (the binary mixture of reactant 191 
B and product). The flux 𝐽𝐽𝐵𝐵(𝑧𝑧) represents the volume of reactant B molecules crossing 192 
a unit area per unit time, 193 

𝐽𝐽𝐵𝐵(𝑧𝑧) = −𝐷𝐷B𝜓𝜓B(𝑧𝑧)
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜇𝜇B(𝜓𝜓A,𝜓𝜓B). (8) 194 

In the diffusion-limited regime, the reaction rate 𝑆𝑆(𝑡𝑡)(= −𝐽𝐽B(0)) is equal to the flux of 195 
reactant B reaching 𝑧𝑧 = 0. Substituting the steady-state profile, the reaction rate has the 196 
form 197 

𝑆𝑆(𝑡𝑡) = 𝐷𝐷𝐵𝐵
𝜓𝜓B1
d

ℎ(𝑡𝑡) . (9)198 

The diffusion of reactant molecules occurs only within the region between the two solid 199 
reactants. 200 

Reaction-limited regime 201 

In the reaction-limited regime, the diffusion of reactant A and B molecules is so fast that 202 
the volume fractions of reactants and products are determined using by thermodynamic 203 
equilibrium condition (Fig. 2c). The volume fractions of the reactant molecules in the two 204 
reactant-rich solid phases and the product-rich phase are maintained at the binodal 205 
values, and the reaction primarily changes the thickness of these phases. Thus, the 206 
reaction rate 𝑆𝑆(𝑡𝑡) is expressed as follows 207 

𝑆𝑆(𝑡𝑡) = 𝑘𝑘𝜓𝜓A1r 𝜓𝜓B1r ℎ(𝑡𝑡) + 𝑘𝑘𝜓𝜓A2r 𝜓𝜓B2r �𝐿𝐿(𝑡𝑡) − ℎ(𝑡𝑡)� + 𝑘𝑘𝜓𝜓A1r 𝜓𝜓B1r
𝑉𝑉ex(𝑡𝑡)
𝜋𝜋𝑟𝑟02

. (10)208 
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The superscript ‘r’ denotes the binodal value in the reaction-limited regime (the ternary 209 
mixture of A, B, and AB). The first, second, and third terms in Eq. (10) correspond to the 210 
reaction rates in the product-rich phase, reactant-rich solid phase, and volume flown out 211 
from the region between the reactant-rich solid phases, respectively. At the first glance, 212 
one may think that the reaction rate 𝑆𝑆(𝑡𝑡) depends on the flow via ℎ(𝑡𝑡), 𝐿𝐿(𝑡𝑡), and 𝑉𝑉ex(𝑡𝑡), 213 
see  eqs. (5)–(7). However, by taking the time derivative to both sides of eq. (10), we 214 
derive the relationship 215 

𝑑𝑑
𝑑𝑑𝑑𝑑
𝑆𝑆(𝑡𝑡) =

𝑘𝑘(𝜓𝜓A1r 𝜓𝜓𝐵𝐵1r − 𝜓𝜓A2r 𝜓𝜓𝐵𝐵2r )
1 − 𝜓𝜓A1r − 𝜓𝜓B1r

𝑆𝑆(𝑡𝑡). (11) 216 

Eq. (11) shows that, in the reaction-limited regime, the reaction rate 𝑆𝑆(𝑡𝑡) is independent 217 
of flow. 218 

Marginal regime 219 

In the marginal regime, the product-rich phase remains in thermodynamic equilibrium, 220 
while reactant A molecules penetrate the reactant B-rich solid phase only over the 221 
diffusion length (Fig. 2d): 222 

𝜆𝜆d = �𝐷𝐷A
𝑘𝑘

(12) 223 

In this case, the reaction rate has the form 224 

𝑆𝑆(𝑡𝑡) =  𝑘𝑘𝜓𝜓A1r 𝜓𝜓B1r ℎ(𝑡𝑡) + 𝑘𝑘𝜓𝜓A2r 𝜓𝜓B2r 𝜆𝜆d + 𝑘𝑘𝜓𝜓A1r 𝜓𝜓B1r
𝑉𝑉ex(𝑡𝑡)
𝜋𝜋𝑟𝑟02

. (13) 225 

By taking the time derivative to both sides of eq. (13) we derive the relationship 226 

𝑑𝑑
𝑑𝑑𝑑𝑑
𝑆𝑆(𝑡𝑡) =

𝑘𝑘𝜓𝜓A1r 𝜓𝜓B1r

1 − 𝜓𝜓A1r − 𝜓𝜓B1r
𝑆𝑆(𝑡𝑡). (14) 227 

Thus, the reaction rate 𝑆𝑆(𝑡𝑡) does not depend on the flow in the marginal regime. The 228 
only difference between the reaction-limited and marginal regimes is the distribution of 229 
reactant A molecules within the reactant B-rich solid phase and vice versa. Because the 230 
binodal values in the marginal regime are identical to those in the reaction-limited regime, 231 
we use the same superscript ‘r’ . 232 
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The time evolution of the system is derived by solving eqs. (5) and (6), with the flow fields233 
given by eq. (4). The reaction rates 𝑆𝑆(𝑡𝑡) in the diffusion-limited, reaction-limited, and 234 
marginal regimes are derived by using eqs. (9), (11), and (14), respectively. The reaction 235 
regime is determined by the minimum among these reaction rates. 236 

The present theory is formulated in terms of the characteristic length scale 𝜆𝜆d, time scale 237 
𝜏𝜏p, and mechanical stress 𝜎𝜎p as well as the volume-fraction ratios, 𝛼𝛼 and 𝛽𝛽 (Table 1). 238 

The ratio 𝛽𝛽 is estimated to be large because 𝜓𝜓A1r ≈ 𝜓𝜓B1r ≈ 𝜓𝜓B1d /2. The ratio 𝛼𝛼 depends 239 
on the extent to which reactant A dissolves into the reactant B-rich solid (and vice versa), 240 
relative to dissolution of these molecules in the product-rich phase. The reaction rate 241 
(per unit area) scales as 242 

𝑆𝑆p =
(1 − 𝜓𝜓A1r − 𝜓𝜓B1r )𝜆𝜆d

𝜏𝜏p
. (15) 243 

244 
Symbol Meaning Expression Used value 
𝜆𝜆d Diffusion length �𝐷𝐷A/𝑘𝑘 - 
1
𝜏𝜏𝑝𝑝

Inverse reaction 
time 

𝑘𝑘𝜓𝜓A1r 𝜓𝜓B1r

1 − 𝜓𝜓A1r − 𝜓𝜓B1r
≈ 𝑘𝑘𝜓𝜓A1r 𝜓𝜓B1r

- 

𝜎𝜎p Mechanical 
stress scale 

3
8
𝜂𝜂AB
𝜏𝜏p

𝑟𝑟02

𝜆𝜆d2
 

- 

𝛼𝛼 Volume fraction 
ratio of phases 

𝜓𝜓A2r 𝜓𝜓B2r

𝜓𝜓A1r 𝜓𝜓B1r
≈

𝜓𝜓A2r

(𝜓𝜓A1r )2 
0.01 

𝛽𝛽 Volume fraction 
ratio of regimes 

𝜓𝜓B1d

𝜓𝜓A1r 𝜓𝜓B1r
1 − 𝜓𝜓A1r − 𝜓𝜓B1r

1 − 𝜓𝜓B1d
≈

𝜓𝜓B1d

(𝜓𝜓B1r )2 
10.0 

Table 1 Characteristic length scale, time scale, and mechanical stress used in the 245 
present theory and the volume-fraction ratios. 246 

247 

Regime diagram without applied mechanical stress 248 

In the absence of applied mechanical stress, 𝑣𝑣 = 0, the system size remains constant, 249 
𝐿𝐿(𝑡𝑡) = 𝐿𝐿0  (Eq. (6)), where 𝐿𝐿0(= 𝐿𝐿(0))  represents the initial system size. Our theory 250 
predicts that the rate-limiting process depends on the thickness ℎ(𝑡𝑡) of the product-rich 251 
phase and system size 𝐿𝐿0 (Fig. 3a). Because the thickness ℎ(𝑡𝑡) increases over time, 252 
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the rate-limiting process can change as the reaction proceeds. We identify four types of 253 
trajectories: I. For 𝐿𝐿0 > 𝐿𝐿2∗ , the reaction begins in the marginal regime and subsequently 254 
enters the diffusion-limited regime (black arrow in Fig. 3a). II. For 𝐿𝐿1∗ < 𝐿𝐿0 < 𝐿𝐿2∗  , the 255 
reaction sequentially passes through the marginal, reaction-limited, and diffusion-limited 256 
regimes (cyan arrows in Fig. 3a). III. For 𝜆𝜆d < 𝐿𝐿0 < 𝐿𝐿1∗ , the reaction starts in the marginal 257 
regime and then shows crossover to the reaction-limited regime (magenta arrow in Fig. 258 
3a). IV. For 𝐿𝐿0 < 𝜆𝜆𝑑𝑑, the kinetics remain reaction-limited over the entire reaction time. 259 
The explicit expressions for 𝐿𝐿1∗  and 𝐿𝐿2∗  are summarized in Table 2, and their derivations 260 
are provided in the Supplementary Information (SI). 261 

Marginal/diffusion-limited, marginal/reaction-limited, and reaction-limited/diffusion-262 
limited crossovers occur when the thicknesses of the corresponding product-rich layers 263 
were ℎmd0, ℎmr0, and ℎrd0, respectively (Fig. 3a). The expressions for the thicknesses 264 
of the product-rich layers and the corresponding times are summarized in Tables 3 and 265 
4. The rate-limiting processes are determined not only by the diffusion length 𝜆𝜆d but also266 
by the parameters, 𝛼𝛼  and 𝛽𝛽 , which represent the extent of reactant-molecule 267 
dissolution in the product-rich phase, unlike in conventional solution-based reactions. 268 
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269 

Figure 3 Regime diagram without material flow. a. Regime diagram of rate-limiting 270 
processes of mechanochemical reactions with respect to  product-rich layer thickness 271 
ℎ(𝑡𝑡) and system size 𝐿𝐿0. The diagram was constructed using the expressions in Tables 272 
2–4 with 𝛼𝛼 = 0.01  and 𝛽𝛽 = 10.0 . The diffusion-limited, reaction-limited, and marginal 273 
regimes are shown in orange, purple, and brown, respectively. Without flow in the 274 
product-rich layer, the system thickness 𝐿𝐿0 remains constant, whereas the thickness 275 
ℎ(𝑡𝑡) of the product-rich layer increases over time (trajectories indicated by black, cyan, 276 
and magenta arrows). The marginal/diffusion-limited, marginal/reaction-limited, and 277 
reaction-limited/diffusion-limited crossover boundaries are denoted by ℎmd0, ℎmr0, and 278 
ℎrd0, respectively. The sequence of crossovers experienced by the system depends on 279 
𝐿𝐿0 of the system with three thresholds 𝜆𝜆d, 𝐿𝐿1∗ , and 𝐿𝐿2∗ . b. Schematic illustration of the 280 
crossover sequences corresponding to the black, cyan, and magenta trajectories shown 281 
in panel a. 282 
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283 
Symbol Trajectories Expression SI 
𝜆𝜆d III-IV �𝐷𝐷A/𝑘𝑘 
𝐿𝐿1∗  II-III �𝛽𝛽𝜆𝜆d S25 
𝐿𝐿2∗  I-II

𝛼𝛼𝜆𝜆d ��
1
4

+
𝛽𝛽
𝛼𝛼2

−
1
2
� + 𝜆𝜆d 

S24 

Table 2 Threshold system sizes, 𝐿𝐿1∗  and 𝐿𝐿2∗ , that determine changes in trajectory type 284 
in the absence of applied mechanical stress. The derivations are provided in SI. 285 
 286 

Symbol Regimes Expression SI 
ℎmd0 Marginal/Diffusion-limited 

𝛼𝛼𝜆𝜆d ��
1
4

+
𝛽𝛽
𝛼𝛼2

−
1
2
� 

S12 

ℎmr0 Marginal/Reaction-limited 𝐿𝐿0 − 𝜆𝜆d, S16 
ℎrd0 Reaction-limited/Diffusion-

limited �4𝛽𝛽(1 − 𝛼𝛼)𝜆𝜆d2 + (𝛼𝛼𝐿𝐿0)2 − 𝛼𝛼𝐿𝐿0

2(1 − 𝛼𝛼)

S20 

Table 3 Product-rich layer thickness ℎ(𝑡𝑡)  of at the regime crossover points in the 287 
absence of applied mechanical stress. The derivations are provided in SI. 288 
 289 

Symbol Regimes Expression SI 
𝑡𝑡md0 Marginal/Diffusion-

limited 𝜏𝜏p  log�
1
2

+ �1
4

+
𝛽𝛽
𝛼𝛼2
� 

S13 

𝑡𝑡mr0 Marginal/Reaction-
limited 

𝜏𝜏p log �1 +
𝐿𝐿0 − 𝜆𝜆d
𝛼𝛼𝜆𝜆d

� 
S17 

𝑡𝑡rd0 Reaction-
limited/Diffusion-
limited 

𝑡𝑡mr0

+
𝜏𝜏p

1 − 𝛼𝛼
log

⎝

⎛
�4𝛽𝛽(1 − 𝛼𝛼)𝜆𝜆d2 + (𝛼𝛼𝐿𝐿0)2 − 𝛼𝛼𝐿𝐿0

2(𝐿𝐿0 − (1 − 𝛼𝛼)𝜆𝜆d)
⎠

⎞ 

S21 
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Table 4  Characteristic time at the crossovers between regimes in the absence of 290 
applied mechanical stress. The derivations are provided in SI. 291 

Reaction rate without applied mechanical stress 292 

The expressions for the reaction rate and thickness of the product-rich layer in each 293 
regime are provided in Tables 5 and 6, and their derivations are provided in the SI. In the 294 
marginal regime, the reaction rate 𝑆𝑆m(𝑡𝑡) increases over time as 295 

𝑆𝑆m(𝑡𝑡) = 𝑘𝑘𝜓𝜓A2r 𝜓𝜓B2r 𝜆𝜆d𝑒𝑒
𝑡𝑡
𝜏𝜏p (16) 298 

because the reaction occurs uniformly in the product-rich layer (black line in Fig. 4a). In 296 
the diffusion-limited regime, the reaction rate 𝑆𝑆d(𝑡𝑡) decreases over time as  297 

𝑆𝑆d(𝑡𝑡) = 𝐷𝐷B
𝜓𝜓B1d

�ℎmd02 +
2𝛽𝛽𝜆𝜆d2(𝑡𝑡 − 𝑡𝑡md0)

𝜏𝜏p

(17)
 299 

Because the diffusion of reactants in the product-rich layer decelerates as the thickness 300 
ℎ(𝑡𝑡) of this layer increases (black line in Fig. 4a; refer to Tables 2 and 3 for ℎmd0 and 301 
𝑡𝑡md0 ). Consequently, the reaction rate exhibits a maximum 𝑆𝑆md0  at the crossover 302 
between the marginal and diffusion-limited regimes. This non-monotonicity results from 303 
the fact that the reaction rate is proportional to the inverse of the thickness of the product-304 
rich layer for the diffusion-limited regime, whereas, in the marginal regime, it is 305 
proportional to the thickness of this layer. 306 

The non-monotonicity in the reaction rate may be experimentally accessible unless the 307 
characteristic time 𝑡𝑡md0 at the marginal/diffusion-limited crossover is either too short or 308 
too long compared with the experimental time scale. The characteristic time 𝑡𝑡md0  is 309 
given by 310 

𝑡𝑡md0 = 𝜏𝜏p  log�
1
2

+ �1
4

+
𝛽𝛽
𝛼𝛼2
� . (18) 311 

Eq. (18) is derived by enforcing the continuity of the reaction rate and thickness of the 312 
product-rich layer at the marginal/diffusion-limited crossover (see Table 4). The 313 
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crossover time 𝑡𝑡md0 has asymptotic form 𝛽𝛽𝜏𝜏p/𝛼𝛼2 for 𝛽𝛽
𝛼𝛼2
≪ 1 and 𝜏𝜏p

2
log 𝛽𝛽

𝛼𝛼2
for 𝛽𝛽

𝛼𝛼2
≫ 1. 314 

This implies that if the dissolution of reactant A into the reactant B-rich solid is strongly 315 

hindered relative to its dissolution in the product-rich phase, 𝜓𝜓A2r /𝜓𝜓A1r ≪ �𝜓𝜓B1d  , the 316 

reaction becomes diffusion-limited only at the long time scales, near completion. The 317 
reaction rate thus increases for most of the time. In contrast, when the volume fraction 318 
of reactant A dissolved into the reactant B-rich solid is comparatively large relative to that 319 

in the product-rich phase, 𝜓𝜓A2r /𝜓𝜓A1r ≫ �𝜓𝜓B1d , the marginal regime persists only at the 320 

short time scales. The reaction rate thus decreases for most of the time. 321 

322 

Symbol Regime Expression SI 
𝑆𝑆r(𝑡𝑡) Reaction-limited 

(𝐿𝐿0 > 𝜆𝜆d) 𝑘𝑘𝜓𝜓A2r 𝜓𝜓B2r 𝜆𝜆de
𝑡𝑡mr0
𝜏𝜏p

+(1−𝛼𝛼)𝑡𝑡−𝑡𝑡mr0
𝜏𝜏p

S18 

𝑆𝑆d(𝑡𝑡) Diffusion-limited 
𝐷𝐷B

𝜓𝜓B1d

�ℎd02 +
2𝛽𝛽𝜆𝜆d2(𝑡𝑡 − 𝑡𝑡d0)

𝜏𝜏p

S15, 
S23 

𝑆𝑆m(𝑡𝑡) Marginal 
𝑘𝑘𝜓𝜓A2r 𝜓𝜓B2r 𝜆𝜆d𝑒𝑒

𝑡𝑡
𝜏𝜏p

S10 

Table 5 Reaction rate in the reaction-limited, diffusion-limited, and marginal regimes in 323 
the absence of material flow driven by applied mechanical stress. The derivation of these 324 
expressions is given in the SI. ℎd0 and 𝑡𝑡d0 are the thicknesses of the product-rich layer 325 
and time at which the system enters the diffusion-limited regime. ℎd0 = ℎmd0 and 𝑡𝑡d0 =326 
𝑡𝑡md0  for the marginal/diffusion-limited crossover; ℎd0 = ℎrd0  and 𝑡𝑡d0 = 𝑡𝑡rd0  for the 327 
reaction-limited/diffusion-limited crossover. 328 

329 
Symbol Regime Expression SI 
ℎr(𝑡𝑡) Reaction-limited 

ℎmr0 +
𝛼𝛼

1 − 𝛼𝛼
𝜆𝜆de

𝑡𝑡mr0
𝜏𝜏p �e

(1−𝛼𝛼)𝑡𝑡−𝑡𝑡mr0
𝜏𝜏p − 1� 

S19 
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ℎd(𝑡𝑡) Diffusion-limited 
�ℎd02 +

2𝛽𝛽𝜆𝜆d2(𝑡𝑡 − 𝑡𝑡d0)
𝜏𝜏p

 

S14,S22 

ℎm(𝑡𝑡) Marginal 
𝛼𝛼𝜆𝜆d �e

𝑡𝑡
𝜏𝜏p − 1� 

S11 

Table 6 Thickness of the product-rich phase in the reaction-limited, diffusion-limited, and 330 
marginal regimes in the absence of the material flow driven by applied mechanical stress. 331 
The derivation of these expressions is given in the SI. ℎd0 and 𝑡𝑡d0 are the thicknesses 332 
of the product-rich layer and time at which the system enters the diffusion-limited regime. 333 

334 

335 

Figure 4 Reaction rate vs time. The reaction rate 𝑆𝑆(𝑡𝑡) (rescaled by the scale 𝑆𝑆p) (a) 336 
and thickness ℎ(𝑡𝑡) (rescaled by the diffusion length 𝜆𝜆d) of the product-rich layer (b) are 337 
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shown as a function of time for 𝜎𝜎⊥/𝜎𝜎p = 0.0  (black), 0.1  (magenta), and 1.0  (light 338 
green). The solid and broken lines denote marginal and diffusion-limited regimes, 339 
respectively. The results were obtained by numerically integrating eqs. (5) and (6) with 340 
𝛼𝛼 = 0.01 , 𝛽𝛽 = 10.0 , and 𝐿𝐿0 = 50.0 . The characteristic times at the marginal/diffusion-341 
limited crossover are indicated by dotted lines. 342 

Reaction rate with applied mechanical stress 343 

For systems with very large size 𝐿𝐿0 → ∞, the mechanochemical reaction starts in the 344 
marginal regime and then undergoes a crossover to the diffusion-limited regime. In the 345 
absence of applied mechanical stress, the reaction rate decreases over time in the 346 
diffusion-limited regime (black line in Fig. 4a). With applied mechanical stress, the 347 
reaction rate decreases only slightly after the marginal/diffusion-limited crossover and 348 
then becomes constant (magenta and light green lines in Fig. 4a). Thus, the applied 349 
mechanical stress accelerates the mechanochemical reaction in the diffusion-limited 350 
regime. This acceleration arises because the stress-driven material flow decreases the 351 
thickness of the product-rich layer, thereby increasing the diffusive flux of reactant 352 
molecules though this layer.32 A new finding in our present study is that the characteristic 353 
time at marginal/diffusion-limited crossover increases with increasing applied 354 
mechanical stress (see black, magenta, and light-green lines in Fig. 4a). 355 

Quantitatively, eq. (4) suggests that the stress-driven material flow by applied mechanical 356 
stress is not significant for the short time scales, when ℎ(𝑡𝑡) ≈ 0. In this short time regime, 357 
eqs. (16) and (17) are effective. In the long time scales, the material flow becomes 358 
significant, and the increase in the thickness of the product-rich layer owing to the 359 
mechanochemical reaction is balanced by its decrease due to the material flow, 360 

𝑆𝑆(𝑡𝑡) ≈ 𝑣𝑣(𝑡𝑡), (19) 361 

see eq. (5). The time at which this crossover between these two time regimes occurs is 362 
denoted as 𝑡𝑡c. 363 

In the marginal regime, the reaction rate continues to follow eq. (16), even for 𝑡𝑡 > 𝑡𝑡c, 364 
because the reaction rate depends only on the local reactant volume fractions 365 
determined by thermodynamic equilibrium conditions. In contrast, the thickness ℎ(𝑡𝑡) of 366 
the product-rich layer for 𝑡𝑡 > 𝑡𝑡c is expressed as follows 367 
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ℎm(𝑡𝑡)
𝜆𝜆d

= �
𝛼𝛼𝜎𝜎p
𝜎𝜎⊥

�
1
3

e
𝑡𝑡
3𝜏𝜏p , (20) 368 

Eq. (20) shows that the thickness ℎ(𝑡𝑡) decreases with increasing applied mechanical 369 
stress and grows much more slowly than in the absence of material flow (see Table 6). 370 
At a first glance, one may think that the contribution of material flow to the thickness ℎ(𝑡𝑡) 371 
may not seem important in the marginal regime because it does not affect the reaction 372 
rate (eq. (16)). However, the material flow affects the characteristic time at the crossover 373 
between marginal and diffusion-limited regimes because the reaction rate is continuous 374 
at the crossover, while the reaction rate depends on the thickness of the product-rich 375 
layer in the diffusion-limited regime.  376 

In the diffusion-limited regime, the reaction rate is constant for 𝑡𝑡 > 𝑡𝑡c and is derived as 377 

𝑆𝑆d(𝑡𝑡) = 𝐷𝐷B
𝜓𝜓B1d

𝜆𝜆d
�
𝜎𝜎⊥
𝛽𝛽𝜎𝜎p

�

1
4

, (21) 378 

by solving eq. (17) with eqs. (4) and (9) (broken magenta and light-green lines in Fig. 379 
4a). Thus, the reaction rate increases with increasing applied mechanical stress. The 380 
acceleration of the diffusion-limited reaction by applied mechanical stress results from 381 
the fact that the thickness ℎ(𝑡𝑡) of the product-rich layer decreases with increasing stress,  382 

ℎ(𝑡𝑡)
𝜆𝜆d

= �
𝛽𝛽𝜎𝜎p
𝜎𝜎⊥

�

1
4

, (22) 383 

(broken magenta and light green lines in Fig. 4b).32  384 

When the time 𝑡𝑡md  at the marginal/diffusion-limited crossover is shorter than the 385 
characteristic time 𝑡𝑡c, the stress-driven material flow is not significant at 𝑡𝑡md. In this case, 386 
the crossover time is given by eq. (18), 𝑡𝑡md = 𝑡𝑡md0  (Fig. 5a). When 𝑡𝑡md > 𝑡𝑡c , the 387 
crossover time 𝑡𝑡md is expressed as 388 

𝑡𝑡md
𝜏𝜏p

= log�
𝛽𝛽3/4𝜎𝜎⊥

1/4

𝛼𝛼𝜎𝜎p
1/4 � , (23) 389 

which is derived from the continuity of the reaction rate and thickness of the product-rich 390 
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layer at 𝑡𝑡md (see eqs. (20) and (22)). Thus, the characteristic time 𝑡𝑡md is independent 391 
of the applied mechanical stress for small stress and increases with increasing the stress 392 
magnitude for large stress (Fig. 5a). The characteristic stress 𝜎𝜎c at the crossover has 393 
the asymptotic form 𝜎𝜎p/𝛽𝛽 for 𝛽𝛽/𝛼𝛼2 ≫ 1, when dissolution of reactant A in reactant B-394 
rich solid is smaller than that in the product-rich layer, and, otherwise, 𝛼𝛼4𝜎𝜎p/𝛽𝛽3  for 395 
𝛽𝛽/𝛼𝛼2 ≪ 1 , see the discussion below eq. (22). The maximum reaction rate 𝑆𝑆(𝑡𝑡md)  is 396 
independent of the applied mechanical stress for 𝜎𝜎⊥ < 𝜎𝜎c , but exhibits a power law 397 
dependence on the applied mechanical stress with exponent 1/4 for 𝜎𝜎⊥ > 𝜎𝜎c (Fig. 5b). 398 
These scaling relationships may be experimentally accessible. 399 

400 

401 

Figure 5 Marginal/diffusion-limited crossover time vs. applied mechanical stress. 402 
Characteristic time 𝑡𝑡md  (rescaled by the time scale 𝜏𝜏p ) (a) and reaction rate 𝑆𝑆(𝑡𝑡md) 403 
(rescaled by the scale 𝑆𝑆p) (b) at the marginal/diffusion-limited crossover as a function of 404 
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applied mechanical stress. Results were obtained using eqs. (18) and (23) for 𝛼𝛼 = 0.01405 
and 𝛽𝛽 = 10.0. Slopes of 1/4 are indicated using short line segments. 406 

Trajectories of regimes with applied mechanical stress 407 

In the absence of applied mechanical stress, the thickness ℎ(𝑡𝑡) of the product-rich layer 408 
increases over time while maintaining a constant system size, 𝐿𝐿(𝑡𝑡) = 𝐿𝐿0. For 𝐿𝐿0 > 𝐿𝐿2∗ , 409 
the mechanochemical reaction starts in the marginal regime and then shows crossover 410 
to the diffusion-limited regime. Under applied mechanical stress, the stress-driven 411 
material flow decreases both the thickness ℎ(𝑡𝑡) of the product-rich layer and system 412 
size 𝐿𝐿(𝑡𝑡), because material from the product-rich layer flows out of the system (Fig. 6a). 413 
Interestingly, under very large applied mechanical stress, the mechanochemical reaction 414 
completes before the system reaches the diffusion-limited regime, even for 𝐿𝐿0 > 𝐿𝐿2∗   415 
(magenta arrow in Fig. 6a), although the thickness ℎmd  of the product-rich layer 416 
decreases with increasing applied mechanical stress (broken lines in Fig. 6a). In this 417 
case, the system instead shows crossover to the reaction-limited regime. The rate-418 
limiting processes of mechanochemical reactions therefore depend not applied 419 
mechanical stress as well as on the diffusion length 𝜆𝜆d  and dissolution of reactant 420 
molecules in the product-rich layer. 421 

422 
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  423 

Figure 6 Reaction trajectories vs. applied mechanical stress. Trajectories (a) and  424 
reaction rates 𝑆𝑆(𝑡𝑡)  (b) of mechanochemical reactions are shown for 𝜎𝜎⊥/𝜎𝜎p = 0.0 425 
(black), 0.1 (cyan), 0.3 (light green), and 1.0 (magenta) as a function of the product-426 
rich layer thickness ℎ(𝑡𝑡)  and the system size 𝐿𝐿(𝑡𝑡) . The results were obtained by 427 
numerically integrating eqs. (5) and (6) for 𝛼𝛼 = 0.01, 𝛽𝛽 = 10.0, and 𝐿𝐿0/𝜆𝜆d  = 5.0 . The 428 
dotted lines correspond to crossover boundaries separating marginal, diffusion-limited, 429 
and reaction-limited regimes (see also Fig. 3). 430 

In the marginal and reaction-limited regimes, the reaction rate is independent of the 431 
stress-driven material flow. The fact that the system shows crossover to the reaction-432 
limited regime rather than the diffusion-limited regime under large mechanical stress 433 
implies that the acceleration of the reaction by mechanical stress has limitation. The 434 
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analysis of the reaction trajectories, involving five regimes, is summarized in the SI. For 435 
𝐿𝐿0 > 𝐿𝐿2∗  and 𝛼𝛼 < 𝛽𝛽1/2, the trajectory analysis predicts that the crossover switches at a 436 
threshold applied mechanical stress, 437 

𝜎𝜎th =
(𝐿𝐿0 − 𝛼𝛼𝜆𝜆d)4

𝛽𝛽3𝜆𝜆d4
𝜎𝜎p, (24) 438 

see also eq. S53 in SI. The threshold stress is sensitive to the initial size 𝐿𝐿0  of the 439 
reactant particles. The crossover may be particularly relevant for systems with small 440 
reactant particles and the switch of the crossovers thus may be relevant for cases in 441 
which these particles are relatively small. 442 

Discussion 443 

We have developed a scaling theory to study the rate-limiting processes of 444 
mechanochemical reactions. These processes depend on the thicknesses of the 445 
product-rich layer ℎ(𝑡𝑡) and system size 𝐿𝐿(𝑡𝑡), both of which change during the reaction. 446 
Our theory predicts that the rate-limiting processes are determined not only by the 447 
diffusion length 𝜆𝜆d, but also by the parameters, 𝛼𝛼 and 𝛽𝛽, involved in the dissolution of 448 
reactant molecules in the product-rich layer and applied mechanical stress 𝜎𝜎⊥ . The 449 
trajectories of the system depend on the initial size of the reactant particles and 450 
magnitude of the applied mechanical stress. Stress-driven material flow accelerates the 451 
diffusion of reactant molecules in the product-rich layer. Thus, the characteristic time at 452 
the marginal/diffusion-limited crossover increases with increasing applied mechanical 453 
stress. Under sufficiently large stress, it switches to the marginal/reaction-limited 454 
crossover. Our previous theory was limited to relatively small applied mechanical 455 
stresses and large timescales, where the mechanochemical reaction is diffusion-456 
limited.32 The present theory extends this framework to a wider range of applied 457 
mechanical stresses and time by explicitly considering the crossover between reaction 458 
regimes. 459 
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460 

Figure 7 Conversion ratio vs. time. The conversion ratios Γ(𝑡𝑡)/𝐿𝐿0 (rescaled by the 461 
product volume fraction 1 − 𝜓𝜓A1r − 𝜓𝜓B1r ≈ 1 in the product-rich phase) are shown as a 462 
function of rescaled time 𝑡𝑡/𝜏𝜏p for 𝜎𝜎⊥/𝜎𝜎p = 0.0 (black), 0.1 (magenta), 1.0 (light green) 463 
with 𝛼𝛼 = 0.01 , 𝛽𝛽 = 10.0 , and 𝐿𝐿0/𝜆𝜆d  = 10.0 . The rescaled conversion ratio Γ(𝑡𝑡)/𝐿𝐿0  is 464 
derived by integrating the rescaled reaction rate 𝑆𝑆(𝑡𝑡)𝜏𝜏p/(𝜆𝜆p(1− 𝜓𝜓A1r − 𝜓𝜓B1r )) (shown in 465 
the inset) with respect to the rescaled time 𝑡𝑡/𝜏𝜏p and then by dividing it with the rescaled 466 
system thickness 𝐿𝐿0/𝜆𝜆d. 467 

Our theory produces a couple of experimentally accessible predictions: First, the 468 
mechanochemical reaction accelerates over time in the short-time scales (marginal 469 
regime) and then approached to constant rate in the long-time scales (diffusion-limited 470 
regime) when the particle size 𝐿𝐿 0 is larger than the diffusion length 𝜆𝜆 d. Second, the 471 
reaction rate increases with increasing the magnitude of applied mechanical stress 472 
mainly in the long-time scales (see Figs. 4 and 7). These predictions are, at least 473 
qualitatively, consistent with the features of the reaction kinetics measured 474 
experimentally.36,37 Our theory further predicts that 1. the dependence of the reaction rate 475 
in the long-time scales on the magnitude of the applied mechanical stress is the power 476 
law of exponent 1/4 (see also Fig. 5) and 2. this acceleration of the mechanochemical 477 
reaction saturates when the applied mechanical stress is very large (see also Fig. 6). 478 
These experiments may be accessible by quantitative measurement of reaction kinetics 479 
over a wide range of applied mechanical stress. 480 

Our scaling theory predicts the thickness ℎ(𝜕𝜕 ) of the product-rich layer and reaction rate 481 
𝑆𝑆 (𝜕𝜕 ) as functions of time up to the numerical constant of order unity by neglecting the 482 
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higher order terms. The numerical simulation of eqs. (2) and (3) by including the483 
convection is another approach to predict the kinetics of mechanochemical reaction. The 484 
latter approach takes into account both reaction and diffusion and thus can predict the 485 
reaction rate more precisely and seamlessly. The scaling theory is useful to understand 486 
the physics involved in the kinetics of mechanochemical reactions and to predict the 487 
dependence of the reaction rate on parameters involved in the dissolution and rheology. 488 

The main assumption of the present theory is that a small volume of added solvent acts 489 
as a plasticizer for the product-rich layer. In our scaling theory, the rheological property 490 
of the product-rich phase is represented by its viscosity 𝜂𝜂AB  (Eq. (4)). The extent of 491 
softening depends on the compounds and volume of the added solvent, in contrast to 492 
the hot-spot theory 38–41, which predicts that mechanical stresses locally increase the 493 
temperature for a short period of time. The present theory predicts that even a solvent 494 
that selectively dissolves the product molecules, but not the reactant molecules, 495 
enhances reactivity. Experimentally measuring the reactivity and rheology by changing 496 
solvent and its volume can provide further insights into the mechanisms of solvent-497 
mediated reactivity enhancement in mechanochemical systems. 498 

The present theory is limited to the analysis at the interfacial length scales. The 499 
macroscopic dynamics of the reactant particles and milling balls during ball-milling break 500 
and mix the solid particles, making the applied mechanical stress time-dependent. From 501 
the viewpoint of interfacial length scales, the mechanical agitation breaks the reactant 502 
particles to create new surfaces (and also changes the system size 𝐿𝐿(𝑡𝑡)) and exchange 503 
the pairs of particles forming the interfaces. Among these effects, the creation of new 504 
surfaces by particle breakage can be a rate-limiting process for binary reactions. Our 505 
present theory assumes that reactant particles are rigid bodies and the mechanism of 506 
reaction acceleration predicted by this theory differs from mechanisms involving the 507 
creation of new interfaces, which is usually considered as the mechanism of mechanical 508 
mixing. Interestingly, pre-milling of reactant particles does not change the kinetics of 509 
mechanochemical reactions in some experiments.36,42 The present theory is best tested 510 
by such experiments. 511 

The present theory integrates the microscopic dynamics of atoms during chemical 512 
reaction to our mesoscopic approach, focusing on the dynamics of molecules at 513 
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interfaces via the kinetic constant 𝑘𝑘, but does not address how the kinetic constant 𝑘𝑘 514 
depends on applied mechanical stress. At first glance, applied mechanical stress might 515 
be expected to potentially decrease the activation barrier through the work done by the 516 
displacement of atoms. However, in general, these effects are thought to be weak for 517 
reactions between small molecules. Nevertheless, applied mechanical stress can 518 
potentially change the statistical weight of reactant conformers, which may be significant 519 
in certain reactions. 520 

Conclusion 521 

The theory predicts that mechanochemical reactions exhibit rich crossovers of rate-522 
limiting processes, in contrast to conventional solution-phase reactions. The reaction rate 523 
constant 𝑘𝑘, which can be estimated by quantum chemical calculations, is integrated into 524 
the mesoscopic molecular behavior at interfaces, thus marking the first step toward 525 
bridging molecular and mesoscopic theories. Our present theory is limited to cases in 526 
which 1. the reaction is of type A + B → AB, 2. the reactant solids A and B do not form 527 
eutectic, 3. the reactant solids act as rigid bodies and the product-rich phase acts as 528 
Newtonian fluid, and 4. the system is isothermal. However, this theory takes into account 529 
dissolution, diffusion, rheology, and chemical reaction and thus can be extended to the 530 
cases of different reaction type11,42, miscibility43, mechanical properties, and ensemble36. 531 
We believe that critical experimental tests on our present theory will advance our 532 
understanding of the kinetics of mechanochemical reaction by ball-milling. 533 
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