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The aging of social infrastructure constructed during the period of rapid economic growth has become apparent, and the
safety of these structures is being shaken. As structures deteriorate over time, there is a strong demand for efficient
maintenance and life cycle management, which involves understanding their current state and predicting their future
condition through periodic inspections, in order to create a sustainable society. However, because structures are exposed
to a variety of natural environments, the variability in the state of deterioration, particularly the tail of the probability
distribution, converges very slowly, making it extremely difficult to identify the distribution shape. Such tail shapes are
often observed in probability distributions that describe the variability in the strength of highly brittle materials. With
distributions that have these characteristics, known as heavy-tailed distributions, there is a risk that even if a certain
amount of data is obtained, the distribution shape may be interpreted as being on the safety side as not having a heavy
tail. Therefore, in this study, the deterioration process of structures is expressed using the probabilistic Black-Scholes
model and by applying the periodic inspection values of actual mountain tunnels, The characteristics of the deterioration
distribution of structures with heavy tails are clarified in order to understand the probability distribution shape with heavy
tails and the influence of the tail on the assessment of the risk.

Keywords: Deterioration process, Deterioration rate, Black-Scholes model, power-law distribution, Pareto distribution.

1 Introduction

Hokkaido is located in the northernmost part of Japan; Hokkaido's citizens' lives depend more on roads. In addition,
structures are infrastructures that require a long service life and can with-stand harsh natural environments. Therefore,
accurate understanding and prediction of deterioration conditions are essential for the development and operation of
long-life measures based on preventive maintenance based on the results of periodic inspections of structures. The
authors then calculated continuous deterioration evaluation values from damage maps created during regular
inspections of mountain tunnels in Hokkaido and found that the distribution had a special tail structure, with even
larger deterioration evaluation values appearing with a non-negligible probability.

Therefore, we focused on the fact that the characteristics of the variability of continuous deterioration assessment
values quantified from periodic inspection values of tunnel lining surfaces are similar to log-normal distributions or
Pareto distributions, e.g. Pareto (1898), and pro-posed a model for the irregular time growth of deterioration assessment
values using a probability model similar to the Black-Scholes stock price fluctuations used in financial derivatives
theory, e.g. F. Black and M. Scholes (1973).

Because the time transition of the deterioration assessment value varied greatly compared to the growth rate, and the
generated time growth samples repeatedly increased and de-creased, the average time growth was not changed, and
the model was modified to one in which the probability of sample decrease was zero. At the same time, the tail part of
the probability distribution of the deterioration assessment value was considered, and optimal maintenance and repair
measures for the tunnel lining were sought using stochastic control theory, e.g. A. Sutoh, O. Maruyama, H. Tanaka
(Kanekiyo), T. Satoh and H. Nishi (2011).

However, the probability distribution of the deterioration evaluation values, which is converted from the damage
assessment category obtained from regular inspections, does not sufficiently consider the characteristics of the region
of severe deterioration, the so-called tail part of the probability distribution. Furthermore, even in the case of bridge
structures, no consideration has been given to the variance in the probability distribution of the deterioration index, the
distribution with a heavy tail part, and the dual mode nature of the rate of deterioration growth. Therefore, this study
aims to utilize appropriate periodic inspection values in preventive maintenance-based maintenance management, and
specifically conducts the following investigations:

1) The advantages and disadvantages of continuous and discrete expressions when characterizing deterioration
phenomena in structures, as well as the characteristics and features of their probability distributions, are considered.
2) The characteristics and features of the probability distribution of deterioration evaluation values converted from
damage assessment categories obtained from periodic inspection values of bridges in Hokkaido are verified and
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considered, and the tail structure of the probability distribution for tunnel lining deterioration phenomena is also
considered.

2 Probability Distribution Characteristics of Deterioration Evaluation Values

2.1 General Explanation of Probability Distributions

The normal distribution is often used as a model for the distribution of general characterized physical quantities, but
many natural phenomena are distributed in a manner that follows a power law. Furthermore, because the power-law
distribution is a long-tail distribution in which the tail of the probability distribution converges very slowly, it is often
extremely difficult to specify or identify the distribution shape. In recent years, there has been growing interest in
probability distributions with such characteristics as heavy tails and fat tails in risk analysis and communication
network traffic analysis.

Furthermore, in highly brittle materials, the probability distribution and variation of strength often have a heavy-tail or
fat-tail shape, and when estimating such a distribution, even if a certain amount of data is obtained, it is often judged
that the distribution does not have a heavy tail, especially in the case of highly brittle materials such as concrete.

2.2 Distribution Characteristics of Evaluation in Tunnel Linings

The early stage of tunnel lining parameters of the probability distribution and Pareto or power distribution of
deterioration evaluation values obtained from the results of regular inspections of 436 data points, from 167 number
of tunnels constructed using the sheet pile method in Hokkaido were identified using the maximum likelihood method
from the actual measured values. The results are shown in Equation (1) and Figure 1.
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Figure 1. Probability distribution of deterioration evaluation values for tunnel linings.

From Figure 1, it appears that the deterioration assessment values and frequency distribution for tunnel linings
constructed using the sheet pile method in Hokkaido show a distribution pattern similar to a Pareto distribution or
power-law distribution. The deterioration assessment values shown here are a comprehensive numerical value that
takes into account not only the size of cracks and damage in the Damage diagram of CAD data on the tunnel lining
surface, but also other factors such as the relative positions of cracks and fissures and peeling and also incorporates the
results of hammering tests.

2.3 Transition of Deterioration Evaluation Value of Tunnel Linings

Next, we consider the transition of the probability distribution of the deterioration assessment values for conventional

construction methods shown in Figure 1. Figure 2 shows the average deterioration assessment values for tunnel linings
for each year of service using conventional construction methods and the transition of their distribution of (1) 15 to 30
years, (2) 30 to 40 years, (3) 40 to 50 years.
As can be seen from Figure 2, the average and distribution of deterioration assessment values for tunnel linings
constructed using conventional methods in Hokkaido is clearly not a normal distribution but an asymmetric distribution,
with the median and most frequent values appearing at the left end of the distribution. Furthermore, as the number of
years pass, the average deterioration value moves in the direction of progression, and the tails of the deterioration are
also seen to become longer and fatter.
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Therefore, the most important thing in maintenance is to carry out repairs and reinforcements on the tunnel lining as
soon as possible, as this long tail is becoming more and more severe. However, the current deterioration assessment
does not include an evaluation of this long fat tail portion, so it is necessary to be aware that this can be dangerous
when carrying out maintenance.
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Figure 2. Probability distribution of deterioration evaluation values for tunnel linings.

2.4 Relationship between Frequency Distribution of Deterioration Evaluation Values

If the relationship between the frequency of the degradation assessment values shown in Figure 2 and the degradation
assessment values is plotted on a double logarithmic scale, it will be a straight line with a Z shape as shown in Figure
3 (in Figure 3, there are two change points, but the gradient of the large and small degradation assessment values is
almost the same, so these and the intermediate line represent a dual mode). For example, in the failure of fiber-
reinforced composites, the failure mode caused by the rupture of the fiber part and the failure mode caused by damage
to the matrix part coexist, so they often show dual-mode characteristics.
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Figure 3. Frequency distribution of deterioration evaluation values (log-log scale).
Since concrete is a composite material, the distribution of deterioration evaluation values for tunnel linings constructed

using the constructed using conventional method also exhibits a double-modal distribution as shown in the following
equations (2) to (4), e.g. H. Kanekiyo, O. Maruyama, A. Sutoh and T. Satoh (2016).

fx(xy) = Zio1 G f (x5 1) )
feGe i) = 255, @2 e (log =) 3)
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Here, pl and p2 are the average progressive resistance in each mode, Xy is the initial average damage level, A is the
average number of jumps per unit time in the compound Poisson process introduced as noise, p is a parameter related

to the probability distribution of jumps in the compound Poisson process, {1 and 2 are the distribution ratios of each
mode, {1 +{2 =1, and fvg* is a delta function.

3 Overview of Poisson Type Damage Random Growth Model

3.1 Basic Formula

In models such as those using a compound Poisson process as the driving noise the average time growth rate
dX(t) /dt is a diffusion-type stochastic model proportional to the magnitude of the structural deterioration level X(t)
(deterioration evaluation value), and the irregular time growth of the deterioration level is given by the following Ito-
type stochastic differential equation.

dX(t) = uX(t)dt + X(t —)dC(t) (5

Here, p is a coefficient that corresponds to the crack propagation resistance in fracture mechanics, and the stochastic
process C(t) in the second term on the right-hand side is a compound Poisson process shown in the following equation.
Here, since the deterioration index is not a strict physical quantity, the average time progression fluctuation is described
using the Kachanov model, an empirical deterioration model in material mechanics, e.g. Kachanov, R. (1999).

dX(t)/dt = —B,X(t)7Y (6)

where [, is the average progressive resistance value for degradation, and y is the shape parameter for degradation.
As a result, the stochastic differential equation (9) with irregular time degradation (sudden changes such as
earthquakes) as the driving noise of the compound Poisson process is as follows, e.g. T. Satoh, H. Nishi, A. Sutoh and
O. Maruyama (2014).

dX(t) = —pX(t)dt — gX(t —)dC(t) @)
Figure 4 shows the results of identifying  (trend) and y (volatility) in equation (7) of the Kachanov model using the
maximum likelihood method based on the deterioration evaluation values from the periodic inspection results of

mountain tunnels. In addition, the variation in deterioration assessment values in conventional construction methods is
much larger than in NATM.
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Figure 4. Deterioration identification using Kachanov models.
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3.2 Dual-mode Characteristics of the Rate of Progression in the Probability Distribution of Degradation
Evaluation Values

It is reasonable to consider that deterioration phenomena on the surface of composite materials, such as tunnel linings,
include a certain proportion of deterioration phenomena that grow larger in a short period of time compared to normal
deterioration phenomena, e.g. T. Mikosch, (1999).

To clarify this point, we will investigate the frequency of the growth rate of deterioration assessment values in the
conventional construction methods. Note that the periodic inspection values used were extracted and verified from
inspection values of tunnels where multiple inspections were carried out on the lining surface. Note that the periodic
inspection values used were extracted and verified from inspection values of tunnels where multiple inspections were
carried out on the lining surface. Figure 5 shows the relationship between the deterioration evaluation value and the
rate of progression in conventional construction methods.

Figure 5 shows that the deterioration evaluation values for conventional construction methods show a dual mode of
slow growth rate group (1) and fast growth rate group (2). In particular, the tail portion of the frequency distribution
of growth rate corresponds to fast growth rate group (2), and there is also a large variation in the deterioration evaluation
values.
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Figure 5. Deterioration assessment value and progression rate of conventional construction methods.
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Figure 6. Relationship between the rate of deterioration progression and the frequency ratio (log-log scale).
Figure 6 shows the relationship between the rate of deterioration and the frequency ratio. Figure 6 shows that the rate

of deterioration and the logarithm of the frequency ratio show a linear relationship, which suggests that the deterioration
of infrastructure is also related to a power-law distribution.
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If a proportional relationship is found between (dX(t))/dt and X(t) in Figure 5, then X(t) will show exponential growth,
which explains the characteristics of the time-dependent change in the actual deterioration index shown in Figure 4.
The slope in this case corresponds to the progressive resistance value p.

Based on the above data reduction, if the probability density function of the deterioration index with dual modes
is fx (x, t|x,), it can be expressed as in equation (8).

Fe(x, tlxo) = X2, G fieCx, tlo; 1) ®)

Here, fyx(x,t|xy; ,ugi)) is uo(= pu+ Aqq) and u(()i), and (;, is represents the probability that pg, ,u((,i) becomes (i =
12,+), G+3=1.

Therefore, in order to effectively maintain mountain tunnels, it is desirable to understand the dual-mode characteristics
of the rate of progression of deterioration evaluation values obtained from periodic inspection results.

4 Conclusions

1. It was found that the long-heavy-tailed probability distribution of deterioration evaluation values obtained from
periodic inspections of mountain tunnels in Hokkaido is caused by the growth rate showing a dual mode.

2. Treating deterioration phenomena in civil engineering structures, etc., as a normal distribution underestimates
the probability distribution in areas of severe damage, resulting in an assessment that is on the dangerous side.
Furthermore, it is believed that understanding the dual mode nature of growth rates in the maintenance and
management of mountain tunnels will lead to greater efficiency.

3. Probability distributions that exhibit a long heavy tail due to dual modes of degradation events have a
significant impact on level exceedance probability, etc., so it is important to understand whether a probability
distribution has long heavy tail characteristics in reliability analysis and risk analysis.
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