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The probability density function (PDF) of structural output plays an important role in statistical characteristic analysis
of structural performance. Studies have proposed effective algorithms for solving the output PDF under fixed distribution
parameters (DP) of random input variables. However, when obtaining the output PDF for arbitrary DP realizations, these
methods require repeated calculations. To avoid the enormous computational cost required by numerical simulations for
obtaining the structural output PDF under arbitrary DP realizations, this paper proposes a weighted kernel density
estimation (KDE) method based on a single set of samples in augmented space. First, the weights of augmented samples
required for estimating the output PDF under given DP realization are derived based on the principle of probability
conservation. Second, to address the tail estimation errors of KDE, an adaptive truncation strategy is further introduced.
By setting the truncation point of the output PDF and obtaining corresponding important samples, the proposed weighted
KDE can be applied to obtain the truncated output PDF, which is then assembled to the complete output PDF using the
conditional probability formula. The adaptive strategy iteratively determines a series of truncation points that
progressively leads the tail of the PDF, enabling more accurate estimation of the PDF tail. Examples demonstrate that
the proposed method, requiring single simulation run, significantly outperforms traditional KDE methods in efficiency
while ensuring accuracy.

Keywords: Output probability density function, kernel density estimation, importance sampling.

1 Introduction

In engineering practice, uncertainty in structural performance (model output) exists due to the propagation of structure
parameter (model input) uncertainty, such as the randomness of structural dimension and external load. The probability
density function (PDF) serves as an important tool for describing random uncertainty and analyzing the statistical
characteristics of random variables. Estimating the PDF of structural output has become a core component of
uncertainty quantification and risk assessment. Meanwhile, real engineering systems often exhibit complex non-normal
characteristics, necessitating the use of flexible and computationally feasible PDF estimation methods to capture the
distribution of structural output from large-scale sample data. However, as the complexity of modern engineering
increases, the cost of obtaining structural output samples also rises, making the estimation of the PDF of structural
output a fundamental challenge in scientific and engineering fields (Zhang 2026).

The commonly used PDF estimation methods can be roughly divided into two categories: parametric methods
and non-parametric ones (Fryer 1977, Kham 2025). Parametric method assumes a predefined distribution form and
estimates the required distribution parameter vector (DP) using samples. Gaussian mixture model (GMM) based
methods are representative methods (Zhang 2025). Increasing the complexity of the preset model often helps capture
complex distribution features of the data but simultaneously increases the number of parameters to be estimated, raises
computational demands, and affects algorithm convergence. Non-parametric methods are data-driven and do not
require a predefined distribution model, offering greater flexibility. Kernel density estimation (KDE) (Zhang 2023) is
a theoretically rigorous non-parametric method capable of approximating complex distributions and has gained
widespread recognition. The core idea of KDE is to construct a kernel function at each data point and then sum the
contributions of all kernel functions.

In fact, the DP of random input vector is not always fixed. In scenarios such as reliability-based design
optimization (RBDO) and reliability updating (Guo 2025), DP also appears as vector variable. Therefore, it is necessary
to analyze the structural output PDF under arbitrary realizations of DP. Obviously, estimating the output PDF through
repeated sampling under different realizations of DP is a computationally expensive double-loop algorithm. This paper
aims to overcome the computational inefficiency of double-loop algorithms and propose an efficient single-loop
algorithm that does not require repeated sampling. In order to achieve single-loop simulation, this paper introduces a
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weighted kernel density estimation algorithm (WKDE). The contribution of samples under arbitrary realizations of DP
are derived which makes it possible to flexibly capture the characteristics of complex distributions using KDE method
at arbitrary realizations of DP by re-weighting only one set of samples. Due to the high computational cost of complex
performance function and the need for a large sample pool to accurately grasp the tail features of PDF, this paper
designs a layered strategy on the basis of WKDE to further reduce the sample size. The basic idea of the layered
strategy is to estimate the truncated PDF by obtaining a large number of samples at the tail of the distribution, thereby
improving the estimation quality of the corresponding local regions of the PDF. The complete PDF can be efficiently
obtained by repeatedly truncating smaller regions in the tail region of output distribution and extracting extra sample
pool correspondingly. This paper uses a layered-strategy-based GMM importance sampling (IS) method to adaptively
determine the tail truncation position, and combines the acceptance-rejection sampling (ARS) method to reorganize
the samples of GMM corresponding to each layer to obtain distribution tail samples. In addition, this paper designs a
sample mirror-data strategy to improve the estimation accuracy of WKDE near the truncation position of tail PDF
where the step that starts from 0 occurs.

The remaining sections of this paper are arranged as follows. Section 2 proposes the single-loop framework of
estimating output PDF under variable DP based on WKDE. Section 3 introduces the modified version of WKDE using
layered IS strategy. Section 4 verifies the accuracy and efficiency of the proposed method with numerical examples.
Section 5 presents the conclusion of this paper.

2 The Principle of the Weighted Kernel Density Estimation Method Under Variable Distribution Parameters

Denote g(X) as the structure performance function involving an n-dimensional random input vector
X={X,X,,,X,} with PDF f,(x|0), and the DP @ of X belongs to region [#",0"]. The uncertainty of
random input vector X propagates to the output ¥ = g(X) through the deterministic law g(X) , thus the output ¥

is also a random variable with PDF f,(»|@) related to the realization of DP #. Once an N, -size sample pool

S X0 = {x,’f 1Y of X under the realization @ of DP @ is generated from f,(x|0), the N, -size sample pool

S, =1 y” = g(x" )Y of Y under the realization 8" of DP @ can be obtained by calling the structure performance

function y = g(x) . KDE can be used to estimate f,(y|6") by the kernel density function k () inEq. (1).
. L&, [y
S0~k () =—> =K, | L=V (1)
Ny T o 1)
where @ is the bandwidth and K. (¢) is the normal kernel probability density function shown in Eq. (2) with sample
mean y . in Eq. (3) and deviation S, in Eq. (4).

1 £
K.()= exp| —
o Pns, [ 2S0‘J @
R 3)
’ NX i=1 '
Ny X
S, :Zl“(yf -y, 4)

The following part introduces the principle of estimating f; ()| @) under arbitrary realizations of DP in region

[0",0"] with a single sample pool and WKDE. According to law of large numbers, k,(y) can be seen as the
estimation of an integral as shown in Eq. (5) since SY‘H, is the sample pool of f,(y]0").
1 &1 7 1 —t .
k.()=—> K. | YV |~= K(y—j t10")dt 5
() NX;M( ijjl,, — |10 5)
Suppose an N,-size sample pool S, ={x,}"¥ of X is generated from an assigned PDF f,(x) that
independent of @, and corresponding N, -size sample pool S, ={y, = g(x,)}"¥ of Y can be obtained. Eq. (6) holds,

H(g(x) f(x|0)x=[  H (g(x))%

where H(-) is an arbitrary function, whose domain is the same as the range of y . Therefore, Eq. (1) can be
approximated by Eq. (7) with sample pools S, S, and weight function W (x|0") = f,(x|8") / fx(x).

[ HO 100y =] S (x)dx (6)

(x)eQ
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F10) =k () =~ 2: ~K, [y ”ijx|0> (7)
X i=1
Similarly, Eqgs. (3) and (4) can be approximated by Eqgs. (8) and (9) with sample pools §, and .S, .
_ 1 & .
Ty = L IW(x 100 ®)
N x i=l
Ny )
Sy =20, =5, W(x,10) ©)
i=l

By calculating the W(x, |0") (i=1,2,---,N,) and substituting these weights into Eqs. (7), (8) and (9), f,(y|8)
under arbitrary realizations of @ can be estimated by the WKDE within a single simulation run. The heigh efficiency
layered strategy of determining the assigned PDF will be elaborated in section 3.

3 The Combination of the Weighted Kernel Density Estimation and Layered Importance Sampling

The expected PDF £, (x) in Eq. (10) contains the information of @ in [6",0"],

T =] fr(x10)1,0)d0 (10)
where @ is treated as a random vector on [#",0" ] with uniform distribution PDF £, (8) . Suppose Sy / {x’ WYx is the
N, -size sample pool of _/;X (x) , WKDE can be used combining S,f; and S; ={y/ =g(x/ )}NX to obtain the
complete output PDF 7, (y|0") (0 €[0",0"]) . Match S; and SY? in sample pair pool SX {xl , Vi }, ¥

The KDE-based methods require a large number of tail samples to accurately capture PDF tail features. Directly

expanding the size of S/ vy canincrease the tail samples of the distribution, but at the same time, it will increase a large

number of samples in the middle of the distribution, resulting in a great increase in computational cost. Therefore, this
section proposes a layered IS strategy to increase the sample size locally at a series of adaptively determined tail of the
output distribution, to efficiently improving the estimation quality of the output PDF tail by WKDE.

The proposed layered IS strategy in this section is modified from that proposed by Kurtz and Song (2013). The
case that the tail truncation position moves towards smaller y is elaborated as the following part. Suppose

b, >b, >--- is series of decreasing thresholds, and the corresponding IS PDF is defined in Eq. (11).
I, (x)x(x) 1 g(x)<b;
(x)=

h, (x)= S , where [ _ : 11
o I, (xVy(x)dx v 0 g(x)>b, (n

where P, (b)) = L Iysb; (x)fx (x)dx is the normalization coefficient.

Referring to the method proposed by Kurtz and Song (2013), thresholds b >b, >--- can be adaptively
determined and GMMs G, _(x) (j=1,2,---) that approximate corresponding IS PDF hx‘b, (x) (j=1,2,---) can be

X|b;

obtained. Set G (x)=fy(x) . The input sample pools Ses ={x " and the output samples

Sy‘b, ={ W= g(x; ") corresponding G (x) (j=0,1,2,-+-) are also obtained. The next step is obtaining the

X|b;
sample pools of hx‘bT (x) (j=12,---) by re-organizing SX ,- and SYW (j=12,---) with ARS. Introduce a standard

uniformly distributed random variable U and generate samples S, = {,};} to form S v = s, Dy Ul

According to ARS (Ridley and Forget 2021), S* “U y U can be obtained where x; ) (i =1,2,-+-) are the

X.Y|b; _{

samples of & _(x) . Repeatedly generate S, = {u,}'¥ , than form § _ again and scan samples of %

= U1 (x) from

X|b; X|by

S to join into S*

. . . R . . o _
U8 X115 according to ARS until the size of SX’YW becomes N . The tail truncation position b;

(j=0,1,2,---) are ready and &__(x) of x; e S* (j=0,1,2,--) can be

X.Y|b;

(j=1,2,---), IS sample pools S*

X.Y|b; X|b;

simulated by Sle, and SY‘b, of G, (x) (j=0,1,2,--) and an extra sample pool of f,(8).

X|b;

The original output PDF £, (| 8") under the DP realization of #" can be derived as shown in Eq. (12),
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() :iPr{YSyw*} :i[Pr{ng |0=0",Y <b }Pr{Y <b, |0 =0*}]
dy dy J J

(12)
— * d £ - — £ *
=Pr{Y<b,|0=0 }d—y[Pr{YSyw:ﬂ Y <b Y| =Pr{Y<b |0=0"} Sy 0107

where Pr{Y <b; [0 = 0"} is the conditional probability and Sryer O 0") is the tail PDF truncated by y < b; . Incase

[y <b;
(»16)%0
otherwise. Since WKDE behaves poorly near the step of PDF due to the limitations of direct KDE, WKDE is further

of y<by, f,.., (y16") is of a step starts from 0 at b, ie., Ve (y16)=0 for y>b; and f,

[y<b;

modified. For j >0, mirror sample pools S)'?ly‘b; ={x ) =x 0,y ) =2b -y W (j=1,2,-) are formed.
The sample pools S;Rxb, =8 v IS o , can be collected. Since, 25, — ¥, and y;" are symmetric about b, , the

PDF '™ (y]6) of y/V €S is symmetric about b, and fmgb,(yw*):2 " (y]8) for y<b, . The

Y\YSb; X,Y|b; Y\Ysb;
weight function is W (x|8") = P (b)) fx(x] 0*)/fx (x).
The case that the tail truncation position moves towards bigger y is similarly. Increasing thresholds b < b, <---

are also adaptively determined and assigned as the tail truncation position. The IS PDFs corresponding to b;
(j=1,2,---) are defined in Eq. (13),

()= Loy (X)}j x (%) - (x)_{l g(x)2 b{ W
' oy (Y x (x)dx ' 0 g(x)<b,
where P/ (b]) = L Iyzh; (x)fy (x)dx is the normalization coefficient.
Set me; (x)= Gxu,g (x) . IS sample pools S,]\i,y\b/‘? , hxu,; (x) of xVe S;y\b; mirror sample pools
S%\b,‘ ={x Q0 =x/ y ) =267 =y} (j=1,2,--) and the total sample pools S;f‘;‘b/ = S;Y‘b, U S}%\b, can be

obtained refers to the aforementioned layered IS strategy.

With all these sample pools, the complete PDF can be estimated by applying WKDE in segments combining
Table 1 and Egs. (7), (8) and (9). The order of determining tail truncation position can varies. In section 4, b;
(/=12,---) are determined after the needed b; (j =1,2,---) have been determined.

Table 1. Required information for estimating complete output probability density function by the proposed methods.

Method Value of y W(x|0") Sample set  Estimation of f,(y|0")
WKDE Atbitrary o (x10)/ Fo(x) si, k, ()
byzy>bi, (>0 Pi(b) fu(x|0)/fy(x) Sy,
WKDEL* b >y>b Fo(x]09)/ Fy(x) Syvn k()
bl >y2bl (j>0)  Prb)- fy(x|0))/fu(x) Sy,
by 2y>b, >0 Pr(b) fy(x|0)/F(x) Sy, 2k, (¥)
WKDELM** bi>y>b i (x]07)/ f(x) Srn k()
bl >y2b] (>0 P fu(x|0))x(x)  Siy, 2k, (»)

*: WKDE combined with layered IS strategy (L)
**: WKDE combined with layered IS strategy (L) and enhanced by mirror-data strategy (M)

4 Examples

In this section, two examples are presented. Double-loop KDE (DKDE), the proposed WKDE, WKDEL and
WKDELM are compared.
4.1 Linear example

The performance function of example 1 is shown in Eq. (14), and it involves an 10-dimensional independently and
normally distributed random input vector (X, X,,--,X,),i.e, X, ~ N(x, ,1) and X, ~N(0,1) (1 =2,3,---,n) . The

random DP 1, €[-0.5,0.5].
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g=3[3-200 ] (14)

n-—1
The average performance of DKDE, WKDE, WKDEL and WKDELM are compared. Each method runs for 10
times. Table 2, Figure 1 and Figure 2 are the results of example 1. Denote total sample size as N , the mean of coefficient
of variation as Cov,,, . Average of relative error (ARE) at each single discrete point represents the mean of relative
error among 10 runs, and ARE, . isthe mean of ARE. It can be seen from the results the layered strategy save sample

size compared with WKDE and the mirror-data strategy further improves the accuracy of output estimation.
Table 2. The results of example 1.

Method N Covmean ARE mean

DKDE 1x107 3.25x1073 2.40x107!

WKDE 1x106 2.73x1073 2.41x107!

WKDEL 5%10° 4.06x1072 1.30x10°!

WKDELM 5x10° 1.54x1072 7.58x1072
Sy ay) / ;

Sty VAT

>4 0
Y 20 05 Y 20 05 20 05 20 05 IUX‘
(a) DKDE (b) WKDE (c) WKDEL (d) WKDELM

Figure 1. This is the caption for the figure in 9 pt font. The caption must be centered.

cov cov
102y %% 10%,

-20 -0.5

20 05 20 0.5 20 05 20 05

(a) DKDE () WKDE (c) WKDEL (d) WKDELM
Figure 2. This is the caption for the figure in 9 pt font. The caption must be centered.

(¢) WKDEL (d) WKDELM
Figure 3. This is the caption for the figure in 9 pt font. The caption must be centered.

4.2 Nonlinear example

The performance function of example 2 is shown in Eq. (15), and it involves an 3-dimensional independently and
normally distributed random input vector (X, X,,X;), i.e., X; ~ N(x, ,1) and X, ~ N(0,1) (i =2,3). The random

DP 4, €[-0.5,0.5].
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i 37M X;
g(x)zllslzl( n-1 ) (15)
Table 3 shows the average performance of four methods. The proposed WKDELM achieve similar overall
accuracy of WKDE while greatly reducing sample size and ensuring acceptable overall convergency.
Table 3. The results of example 2.

Method N Cov,,, ARE_ ARE__
DKDE 1x107 9.94x1073 1.15x10! 2.62x10!
WKDE 1x108 9.05x1073 1.14x10! 2.41x10!
WKDEL 3x10° 4.48%10? 1.30x10" 451107
WKDELM 3x10° 4.10x10? 1.24x10" 2.87x10°!

5 Conclusion

Distribution parameter vector (DP) of random input vector X can be a variable vector in some scenarios and it is
necessary to analyze the structural output probability density function (PDF) under arbitrary realizations of DP. This
paper proposes a single-loop algorithm for estimating output PDF under variable DP based on the weighted kernel
density estimation (WKDE) combined with the layered importance sampling (IS) strategy to reduce the heavy
computational costs in double-loop algorithm. This paper introduces a WKDE framework in which a single sample
pool is re-weighted at arbitrary realizations of DP to obtain the complete output PDF. This paper designs a layered IS
strategy on the basis of WKDE to further reduce the sample size. The complete PDF can be efficiently assembled by
repeatedly truncating smaller regions in the tail region of output distribution and extracting extra sample pool
correspondingly for local PDF estimation. In addition, the WKDE combined with layered IS strategy is enhanced by
the sample mirror-data strategy. In the listed examples, the proposed method significantly outperforms traditional
double-loop KDE method in efficiency while ensuring accuracy.
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