HOKKAIDO UNIVERSITY

Title Dynamical Yang-Baxter maps
Author (s) Shibukawa, Youichi
Description IDS Number: 990CW

International mathematics research notices, 36, 2199-2221

Citation https://doi.org/10.1155/TNRN, 2005. 2199
Issue Date 2005-08
Doc URL https://hdl. handle.net/2115/13475
Type journal article
File Information shib0606. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




DYNAMICAL YANG-BAXTER MAPS

YOUICHI SHIBUKAWA

ABSTRACT. In this work, we propose and investigate dynamical Yang-
Baxter maps, some of which produce solutions to the quantum dynam-
ical Yang-Baxter equation. Suppose that L is a loop and a group. If
their unit elements coincide, then L gives birth to a bijective dynamical
Yang-Baxter map from L X L to L X L whose dynamical parameter be-
longs to L. The above group L is abelian if and only if the corresponding
dynamical Yang-Baxter map satisfies the unitary condition.

1. INTRODUCTION

The (quantum) Yang-Baxter equation (YBE) [1, 2, 28, 29] has been rec-
ognized as a characteristic feature of the integrable systems. In addition to
the YBE, the (quantum) dynamical Yang-Baxter equation (DYBE) and the
Yang-Baxter map (YB map) have attracted much interest in recent years.

Baxter’s corner transfer matrix method [1, 3] in solving the lattice models
showed the importance of the YBE. This study and related investigations
gave birth to the quantum group [7, 17], which is a powerful tool in con-
structing trigonometric solutions to the YBE. Instead of the YBE, the DYBE
[11, 12, 14] was required in order to define the elliptic quantum groups as-
sociated with elliptic solutions to the YBE.

The solution to the YBE, which we call the R-matrix, is a linear mapping
on the tensor product of the vector space, while the YB map [8, 10, 13, 21,
24, 26, 27] is defined on the Cartesian product of the set. For this reason, we
also call it the set-theoretical solution to the YBE. The geometric crystals
[4, 9] produce YB maps, and so do the crystals [18, 19, 20], which are closely
related to the soliton cellular automata called box-ball systems [15, 16, 25].

To this time, no work has focused on set-theoretical solutions to the
DYBE.

In this paper, we propose and investigate dynamical Yang-Baxter maps
(dynamical YB maps), some of which produce solutions to the DYBE. Sup-
pose that L is a loop [5, 6, 23] and a group. If their unit elements coincide,
then L gives birth to a bijective dynamical YB map from L x L to L x L whose
dynamical parameter belongs to L. This construction is a generalization of
the works [10], [21], [24], and [27].

The organization of the article is as follows. Section 2 describes the def-
initions of the dynamical YB map and the dynamical braiding map, which
are equivalent. Some of the dynamical YB maps induce solutions to the
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DYBE. In Sections 3, 4, and 5, we construct dynamical YB maps, and in-
vestigate their properties. Let L be a loop, G a group, and 7 : L — G
a set-theoretical bijection satisfying m(er) = eg. Here e, and eg are the
unit elements of L and G, respectively. We denote by LG the set of all
such triplets (L, G, 7). Define the equivalence relation in LG as follows:
(L,G,m) € LG is equivalent to (L', G', 7)) € LG7 if

(1.1) L = L' as loops, and the mapping 7’7~ ! : G — G’ is an

isomorphism of groups.

From (1.1), all loops in the representatives (L, G, ) of an equivalence class
V' coincide, and we denote by Ly the loop L. Let [(L,G, )] denote the
equivalence class to which (L, G, ) belongs. Then every equivalence class
V = [(Lv, G, )] produces a bijective dynamical YB map R (\) : Ly x Ly —
Ly x Ly (X € Ly). In addition, we give a characterization of such dynamical
YB maps RY()\), methods to construct more general dynamical YB maps,
and a sufficient condition for the dynamical YB map RY ()\) to be dependent
on the dynamical parameter A. The above group G is abelian if and only if
the corresponding dynamical YB map R ()) satisfies the unitary condition.
Finally Section 6 demonstrates several examples of the dynamical YB maps
constructed in Section 3.

Dynamical L-maps associated with the dynamical YB maps, solutions to
the RLL=LLR relation, will be discussed in a forthcoming paper.

2. DYNAMICAL YANG-BAXTER MAPS

In this section, we introduce dynamical YB maps.

Let H and X be non-empty sets. Let ¢ be a mapping from H x X to
H. A mapping R(A\) : X x X — X x X (A € H) is a dynamical YB map
associated with H, X, and ¢, if, for every A € H, R()) satisfies the following
equation on X x X x X:

Raz(N)Riz(6(A, X)) Ria(N) = Ria(d(N, XP))Riz(A\) Raz(p(A, X)),

Here Ria(\), Ria(d(X\, X®))), etc., are the mappings from X x X x X to
X x X x X defined as follows:

Ris(\)(uy0,0) = (RO (w,0), ) (u,0,0 € X);
Riz(¢(A, X)) (u,0,w) = (R(6(\, w))(u,v),w)  (u,v,w € X).

If R(\) is independent of the dynamical parameter A, then R()\) is just a

YB map, i.e., a set-theoretical solution to the YBE [8].

Let V' denote the C-vector space generated by the set X. For a dynamical
YB map R()) associated with H, X, and ¢, define the C-linear mapping

RAN): VeV —-V®V by
RNu®v)=v®v (u,veX).
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Here (u/,v') = R(\)(u,v). Because R()) is a dynamical YB map, R()\)
satisfies a version of the DYBE (For the YB map, see [8].):

Ras(N) Riz(o(\, X)) Ri2(A) = Ria(d(A, X)) Riz(A) Ras(p(A, X D).

Here }N?lg()\), Elg(qS()\, X®))), ete., are the C-linear mappings from VeV @V
to V®V ®YV defined as follows:

RN u@veow)=RNuev)ow (u,ov,we X);
Ris(00 XN (wovew) = R(eMw)(u@v)@w (uw,v,w e X).

Let h be a finite-dimensional abelian Lie algebra over C. Let us suppose
that H = h*, and that there exists a mapping wt : X — h* satisfying
(A u) = X —wt(u) (A € h*,u € X). In addition, we assume that, for all
A€ h* and all u,v € X, wt(u') + wt(v') = wt(u) + wt(v), where (v/,v") =
R(A\)(u,v). Then the vector space V is an h-module with respect to the
action

a-u=wt(u)(a)u (a € hyu e X).

This means that the element u of the basis X is of weight wt(u) € h*. The
linear mapping R(\) is thus an hA-invariant solution to the DYBE [11, 12, 14]:

Ras(N)Riz(A — B R19(A) = Rig(A — BB Ry3(A\) Ras(A — hM).

If R()) is bijective, R()) is a (quantum) dynamical R-matrix [11] (See Re-
mark 6.1.).

A mapping o(A) : X x X — X x X (A € H) is a dynamical braiding map
associated with H, X, and ¢, if, for every A € H, o(\) satisfies the following
equation on X x X x X:

o (M120 (6N, X))azo (V12 = 06\, X V))az0 (M120($(A, XD))as.
Proposition 2.1. Let us define the mapping P : X x X — X x X by
P(u,v) = (v,u) (u,v € X). Suppose that mappings R(\) and o(X) (A € H)

from X x X to X x X satisfy o(\) = PR()\). The following conditions are
equivalent:

(1) R(A) is a dynamical YB map associated with H, X, and ¢;
(2) o(N) is a dynamical braiding map associated with H, X, and ¢.

Proof. The proof is straightforward. O

3. CONSTRUCTION OF DYNAMICAL YANG-BAXTER MAPS

Our main aim in the present section is to show how to construct dynam-
ical YB maps associated with a loop L, L, and (-). Here (-) is the binary
operation on the loop L.

Let us introduce the quasigroup and the loop [5, 6, 23]. We say that (Q, )
is a quasigroup if @ is a non-empty set, together with a binary operation (-)
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having the properties below:
(3.1) For all u, w € Q, there uniquely exists v € @ such that u-v = w.
(3.2) For all v, w € @, there uniquely exists u € @ such that u-v = w.

We will simply denote by @ a quasigroup (Q,-), and, for u,v € @, the
symbol uv will be used in place of u - v.

Remark 3.1. The binary operation on a quasigroup is not always associative
(See Remark 6.2.).

It is clear that a quasigroup @ satisfies the cancellation laws:
(3.3) For a, u, v € Q, au = av implies that u = v.
(3.4) For a, u, v € QQ, ua = va implies that u = v.
By virtue of (3.1), for elements u and w of a quasigroup @, there uniquely
exists the element v € @ such that wv = w. Let us define the binary
operation (\) on @ by u\w = v.

Let A be an element of a quasigroup ). Define the binary operation m(\)
on Q) by
(3.5) m(A)(u,v) = A\ ((Auw)v)  (u,v € Q).
By taking Remark 3.1 into account, m(\)(u,v) does not always equal uv
(See Remark 6.2.).
Lemma 3.2. (1) For A € Q, (Q,m())) is a quasigroup.
(2) For A, u, v, w € Q, m(\)(m(N)(u,v),w) = m(A) (w, m(Au) (v, w)).
Proof. (1) Let w and w be elements of ). Because of (3.1), there uniquely

u

exists v € @ such that (Au)v = Aw. From (3.5), m(A)(u,v) = A\ (\w) = w.
We omit the rest of the proof.

(2) By means of (3.5),
mA)(mA)(u,v),w) = A

I
>
/ —

We have thus proved (2). O
The following proposition is a generalization of Theorem 1 in [21].

Proposition 3.3. Let Q be a quasigroup. For A\ju,v € Q, let {x(u) and
na(v) be mappings from Q to @ having the properties below:
(3.6)  &x(w)Eu(v) = Ex(m(A)(u,v)) (VA u,v € Q);
BT M) (W) () (w) =m(m(Au)(v,w))(u) (VA u,0,w e Q);
(3.8)  m(A)(Ex(u)(v), m(v)(uw)) = m(A)(u,v) (YA, u,v € Q).
For X\ € Q, define the mapping o(\) : Q X Q — Q x Q by

o(M)(u,v) = (Ex(u)(v),m(v)(w) (w0 e Q).
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Then o(\) is a dynamical braiding map associated with @, @, and (-).

Proof. Let u, v, and w be elements of ). Define the elements u;, v;, and w;
of @ (i=1,2) by

(ur,v1,w1) = (N2 U()\Q )230’()\)12(11,,1),’[1)),

(uz, va,w2) = o(AQM)230(N)120(AQM )a3(u, v, w).
The equations (3.6), (3.7), and (3.8) imply that u; = ug and that w; = ws.
By means of (3.8) and Lemma 3.2 (2),

m(A)m(N)12(ur, vi,w1) = mA)m(A)i2(u, v, w)

m(A)m(Auz)as(ug, ve, w)

m(A)m(N)12(ug, v, wy).

Here m(X\);, = m(A) x idg, and m(\),g = idg x m(A). The cancellation
laws (3.3) and (3.4) of the quasigroup (@, m(\)) induce that v; =vy. O

We say that (L, -, e) is a loop if (L, -) is a quasigroup satisfying that there
exists an element e € L such that ue = eu = u for all w € L. Because the
above element e € L is uniquely determined, we call e the unit element of
the loop (L, -,e). We will simply denote by L a loop (L,-,e).

Remark 3.4. An associative loop is a group, and vice versa. More precisely,
groups are associative quasigroups (See Theorem I1.1.7 and Definition 1.1.9
of [23].).

On account of Lemma 3.2 (1), the following lemma means that, for a loop
(L,-,e), every (L,m()\),e) is also a loop.
Lemma 3.5. Let (L,-,e) be a loop. For \,u € L, m(\)(u,e) = m(X\)(e,u) =
u.
Lemma 3.6. Let A\ and u be elements of a loop (L,-,e), and let u;l (resp.

UAZ) denote the right inverse (resp. the left inverse) of the element u with

-1

respect to m(\): m()\)(u,u/\’r) = m(/\)(u/\’l, u) =e. Then u/\m = Uy, -

Proof. From Lemma 3.2 (2) and Lemma 3.5,
m(N)(mN) (u,uyy),u) = m(A)(
= mA)(u,e
= m(\)(u, m(u)(uy,, v))
= mA)(m(\)(u,uyy,),u).
Lemma 3.2 (1) implies the cancellation laws (3.3) and (3.4) of (L, m(\)),

and consequently u;i = UK& I H

e,u)
)

For the main theorem, we need categories A and D [22].
Let L = (L,-,er) be a loop, G = (G, *,eq) a group, and 7 : L — G a
set-theoretical bijection satisfying w(er) = eq. We denote by LG the set of
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all such triplets (L, G, 7). Define the equivalence relation in LG7 by (1.1).
We write this relation in the form (L,G,7) ~ (L',G',n’"). Let [(L,G,)]
denote the equivalence class to which (L, G, ) belongs, Ob(A) the class of
all equivalence classes with respect to the above relation. On account of
(1.1), all loops in the representatives (L, G, m) of V € Ob(A) coincide, and
we denote by Ly the loop L.

For V, V! € Ob(A), define the class Hom4(V,V’) as follows: f is an
element of Hom4(V, V') if

(3.9) f : Ly — Ly is a homomorphism of loops such that
7' fr~1: G — G’ is a homomorphism of groups for any
representatives (Ly,G,7) € V and (Ly/,G', ") € V.
A is a category: its objects are the elements of Ob(.A) and its morphisms
with a source V' and a target V' are the elements of Hom 4(V, V).
Let L = (L,-,er) be a loop, and &,(u) and ny(u) (A\,u € L) mappings
from L to L satisfying the properties below:
(3.10) & (uw)éru(v) = fA( (M (u,v)) (VA u,v € L);
(3'11) TINEN (u) (v) w)( ) )) - 77/\( (Au)(v,w))(u) (V/\,u,v,w € L);
(3.12) m(A)(&x(w)(v), ma(v)(w)) = m(A)(u,v) (VA u,v € L);
(3.13) &aler) =ma(er) =idr (VYA€ L).
We denote by Ob(D) the class of all such triplets (L,&,n), where & =

)
(Ex(u))ruer and 1 = (N (u))rueL-
For V. = (L,&,n), V' = (L',¢,n) € Ob(D), define the class Homp(V, V')
as follows: f is an element of Homp(V,V’) if

(3.14) f: L — L' is a homomorphism of loops satisfying
fFén() () = & (f (w))(f(v)) for all A, u,v € L.

D is a category: its objects are the elements of Ob(D) and its morphisms
with a source V and a target V' are the elements of Homp(V, V).

We are in a position to state the main theorem in this article (Cf. Theorem
2 of [21].).

Theorem 3.7. The category A is isomorphic to the category D.

In the next section, for the proof of Theorem 3.7, we will explicitly con-
struct functors S : A — D and T : D — A satisfying TS = id4 and
ST = idp.

On account of Propositions 2.1, 3.3, and Theorem 3.7, every object V &€
Ob(A) gives birth to a dynamical YB map R ()\) associated with Ly, Ly,
and ().

The following proposition gives methods to produce more general dynam-
ical YB maps.

Proposition 3.8. (1) Let H be a non-empty set, and R'(\) a dynamical YB
map associated with H', X, and ¢. Let us suppose that there exist mappings
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Y : H — H and p: H — H satisfying 1¥p = idg:. Define the mapping
RN : X xX —- XxX (A€ H) by R\) = R (¢(X\). Then R()) is a
dynamical YB map associated with H, X, and pp(v) x idx).

(2) Let X be a non-empty set, and R'(\) a dynamical YB map associated
with H, X', and ¢. Let us suppose that there exist mappings p : X' — X
and ¢ : X — X' satisfying vp = idx,. Define the mapping R(\) : X x X —
X xX (AeH) by RA) = (px p)R'(N) (¢ x ). Then R(N) is a dynamical
YB map associated with H, X, and ¢(idg X ).

4. PROOF OF THEOREM 3.7
Let us introduce the lemma below before we define a functor S : A — D.

Lemma 4.1. Let (Q,-) be a quasigroup, and let us suppose that, for A\, u,v €
Q, there exist mappings Ex(u),na(v) : Q@ — Q. For A € Q, define the
mapping o(A) : Q x Q — Q x Q by
o(M)(u,v) = (&n(w)(v),m)(w)  (u,v € Q).

If o(X) satisfies m(N)o(N) = m(A) for all X € Q, then the following condi-
tions are equivalent:
(4.1) Mgy ) (W) (M () (w)) = m(m(Au) (v, w))(w) (VA u,v,w € Q);
(42)  &x(w)(m(Au)(v, w)) = m(A)(Ex(w) (), Exey () (w) (Mr (V) (w)) (w))

(V)\7 u? U? w E Q);
(4.3)  o(N)mAQM)23 = m(A) 1,o(AQW)az30(M) 12 (VA € Q).
Here m(AQW)as : Q x Q x Q — Q x Q x Q is the mapping defined by
m(/\Q(l))23(u7v7w) = (u,m(/\u)(v,w)) fOT‘ u, v, we Q

Proof. 1t follows immediately that the condition (4.3) implies (4.1) and (4.2).
The rest of the proof is essentially the same as that of Proposition 3.3. [

Let (L,G,7) be an element of LGw. For u € L = (L,-,er), define the
mapping 005%™ (u) : G — G by

(4.4) LG () () = w(u) " s w(ur N (z)) (z € G = (G, eq)).

Here we denote by 7(u)~! € G the inverse of the element 7(u).

L.Gm) () is bijective for every u € L.

Lemma 4.2. The mapping 0
Proof. Let us define the mapping (6™ (u)™': G — G by

(4.5) L™ () (z) = m(u\r H(r(u) x2)) (z € G).

This is the inverse of the mapping (/&™) (v). O
For A\, u € L, define the mappings §§\L’G’7r) (u), ng\L’G’W) (u) : L — L by

(4.6) e () = 7719 EG™ () 719G (),

(4.7) 1\ () (v) = AT () ()N ((Mw)u) (v e L).
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Let V = [(Ly,G, )] be an object of the category A. Define S(V) by
S(V) = (Ly, L&) pLv.G:m)y  Here £ (Lv:G) and n(bv-Gm) are as follows:

- G - G,
0O = (O wruery, 0 = (T W)ruery

Proposition 4.3 says that the definition of S(V') does not depend on a
choice of representatives of V', and that S(V') € Ob(D).

Proposition 4.3. (1) Let (L,G,n) and (L',G',7") be elements of LGT.
If (L,G,7) ~ (L',G',7"), then L = L' as loops, £Gm) = ¢L".G"7) —qng
7,’(L,G,Tr) _ n(L’,G’Jr’)'

(2) For (L,G, ) € LG, (LG nL.Gm)) e Ob(D).

Proof of (1). From (1.1), it follows immediately that L = L’ as loops. Let
X and u be elements of L. Because 7'7~! : G — G’ is an isomorphism of
groups,

Q(L’,G”,ﬂ’)(u) _ 7T,7T_19(L’G’7r)(’LL)(ﬂ‘/T(’_l)_l

by means of (4. 4) On account of (4.6), iL/’G/’”/)(u) = ggL’G’”)(u), and
consequently 17( G )( )= ng\L’G’W) (u) by virtue of (4.7). O

Next we prove (2). In place of #(LG7) (v), 5/\L /Gi) (u), and n/(\L Gi) (u), we
will use the symbols 0(u), {x(u), and ny(u), respectively.
Lemma 4.4. (1) f(er) = idg.
(2) Forue L, 0(u)(eq) = eq.
For \,u € L, define the mapping 6y (u) : G — G by
(4.8) Ox(u) = O(N)"Lo(\u).
Lemma 4.5. Let A\, u, and v be elements of L.
(1) Oxr(er) = idg.
(2) Ox(w)0xu(v) = Ox(m(A)(u,v)).
(3) &xler) = idy.
(4) Ex(w)&xnu(v) = Ex(m(A)(u,v)).
(5) The mapping x(u) is bijective: &\ (u) ™! = §>\u(u;i)
Lemma 4.6. Let A\, u, v, and w be elements of L.
(1) maler) =idg.
(2) m(A)(u,v) = (710N ") (O (m(w)) * (M) (7 (v))).
(3) The mappings Ex(u) and nx(u) satisfy (4.2).

Proof. (1) Due to Lemma 4.4 (2), we deduce &, (u)(er) = er. By using this
equation and the definition of ny(er)(u), the rest of the proof is immediate.

(2) By the definition (4.4) of 8()\),
m(Am(A) (u, v)) = w(A) % O(A) (7 (m(A)(u, v))).
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In a similar fashion,

T((Au)v) = m(Au) * 0(Au)(7(v)) = 7(A) * O(A) (7(w)) * O(Au) (7 (v)).
Because of (3.5), we get the desired result.
(3) With the aid of (2), (4.6), and (4.7),

RHS. of (42) = (77'0(0)™)(O(N)(w(€x(u)(v)))
(A () (0)) (T (Exe, () (o) (M1 (V) () (w))))
= (@10 THON) (Ox(u) (7 (v)))
*0(AEX (1) (0)) (Ore, () ) (M (0) () (7 ()
= (70O ) (7(v)) * 0((Auw)v) (m(w))).
By using (2) and (4.6) again,
L.H.S. of (42) = (7 '0\)7'00w))(m(m(w)(v, w)))
= (@) THOO)(7(v)) * O((Mu)) (m(w))).
We have thus proved (3). O
Proof of Proposition 4.3 (2). The equation (3.12) is derived from (3.5) an

d
(4.7). Lemmas 4.1, 4.6 (3), and (3.12) imply (3.11). The equations 0)
and (3.13) have been proved in Lemmas 4.5 and 4.6. (]

)

(3.1
Lemma 4.7. Let V and W be objects of the category A. If f € Hom4(V, W),
then f € Homp(S(V),S(W)).

Proof. Let (Ly,G,w) and (Lw,G’, ") be representatives of V and W, re-
spectively. From (3.9) and (4.4),

oL T (f(w)(' frt) = (o fa= e D () (vu € Ly).

With the aid of (3.9) and (4.6), §(LW G) (f(w)(f(v)) = f(Lv:Em(v)) for
all \,u,v € Ly. We have thus proved the lemma. O

For f € Homu(V,W) (V,W € Ob(A)), define S(f) € Homp(S(V), S(W))
by S(f) =7

Proposition 4.8. S is a functor from A to D.

Remark 4.9. Let (L,G,m) be an element of LG7w. From (4.4), m(u(vw)) =
7((uwv)w) for u,v,w € L if and only if (LG (u)(mr(v) * LG (v) (7 (w))) =
OLCm) (w) (m(v)) % 8LC) (yw) (m(w)) for u,v,w € L. On account of Lemma
4.2, if we assume one of the following conditions, then the others are equiv-
alent:

(1) the loop L is associative;

L.Gm) (1) satisfies

(2) the mapping 6
(4.9) oG () = 9EGT) (1)L (y)  (Yu,v € L);
(

3) for every u € L, 057 (u) is a homomorphism of groups.
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Let us assume any two conditions of (1), (2), and (3). Remark 3.4 induces
that L is a group, and 7 is consequently a bijective 1-cocycle of L with
coefficients in G [10, 21] (See Proposition 4.10.).

We describe a sufficient condition for R (\) to be dependent on the dy-
namical parameter \.

Proposition 4.10. Let V = [(Ly,G, )] be an object of the category A. If
the dynamical YB map RV (\) is independent of the dynamical parameter X,
then the mapping 0EV-Gm) (u) (u € Ly) satisfies (4.9).

Proof. Because R ()\) is independent of A, all the mappings & )\LV’G’W)(

are also independent of A, and, due to (4.6), §Lv-Gm)(\)~1g(Lv.Gm) (\y,)
OLv.Gm) (e )~19ULvGm) () for all \,u € Ly. Lemma 4.4 (1) implies the
desired result. O

u)

Next we present a functor T': D — A.
Let V = (L,&,n) be an object of the category D. For A € L, define the
binary operation %) : L x L — L by

(4.10) why v = AN\ (M) (uy ) () = m(A) (u, Exu(uy ) ().
Proposition 4.11. Every (L,xx,er) is a group.
For the proof, we need the following.

Lemma 4.12. (1) For all A\, u € L, the mapping {x(u) is bijective: the
inverse 1s fxu(u;i)

(2) For all A\, u e L, &\(u)(er) = er.

Proof. (1) The proof is immediate from (3.10), (3.13), and Lemma 3.6.

(2) By taking the cancellation law (3.4) of (L, m()\)) into account, it suffices
to prove that m(\)(&x(u)(er), u) = m(A)(er,uw). Due to (3.12), (3.13), and
Lemma 3.5, we get

m(A)(Ex(u)(er), u) = m(N)(Ex(u)(er), mler)(u)) = m(A)(u, e) = m(A)(eL, w),
thereby completing the proof. O
The lemma below induces Proposition 4.11.
Lemma 4.13. (1) For \ju,v,w € L, (u)v) *y w = u*y (v %) w).
(2) The element ey, satisfies that ef, xy u = uxy e, =u for all A\, u € L.
(3) For A\, u € L, u*y (Q(u)(u;i)) = (Q(u)(u;i)) *\ U= €er.
Proof. (1) The definition (4.10) of x5, Lemmas 3.2 (2), and 4.1 imply that
Uy (VK w)
= m(N)(u, Exuluy,) (m(Au)uy ;) (v, En (v ) (w))))
= ) O x5 (), Eparen o 0 (0 (0 20 (ne (05 ) w))))

= m(\)(uxyv, ‘f(A“)Qu(“ib(”) (UAu(U)(U)_\}))(fAU(U):i)(w)))
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From this equation, it suffices to show that
(4-11) §>\(u*w)((u *A U);}) = f(,\u)gm(u;i)(v) (UAu(U)(U):i))fAv(UA 110)

By means of (3.12) and (4.10),

(wxa v)3, = mA(u o 0)) (xa(0) (uy ), v3 1),

and
(Ao 0) (v (0) (13 1) = (Aw)éra(uy ;) (0))ra (V) () ;) = Av.
Hence (3.10) induces (4.11).
(2) Due to Lemma 4.12 (2), u ) e, = u. By using (3.13), we get
er *xu=m(A)(er, & (er)(u)) = u,
thereby completing the proof.

(3) By virtue of Lemma 4.12 (1
implies that (§x(u)(u) T))_ =

), u 5/\( )(U;i) = ey. The equation (3.12)
ma(uy 1) (u), and consequently

@@y ou = mA)E) Uy 1) Exe, oy ) (M (x,) (1) ()
= &) (mOu)(uy,, )
because of Lemma 4.1. Lemmas 3.6 and 4.12 (2) imply that (g,\(u)(u;i)) *)
u=ey,. O

Remark 4.14. For every A € L, the group (L, xy, er,) is isomorphic to (L, ., , er,).
For the proof, it suffices to show that, for A\, u, v, w € L,

(4.12) (W) (v Hpy w) = Ex(u)(v) *x Ex(u)(w).
By means of (3.10), (3.12), and Lemma 4.1,
L.H.S. of (4.12)
= & mOu) (v, €y (Vy,) ()
= mN)(Ex(u)(v), Exe, () (w) (M (0) (1)) (E o (v3,.,) (W)
= mA)(Ex()(v), Exe, (w) () (M(AEA(u) (v ))(m( ) (1), U3, (W)

Because m(A&x(u)(v)) (1na(v) (w), UXJ,T) = m(A&x () (V) ((Ex (W) ()} 5, w), we
get (4.12).

For V.= (L,&,n) € Ob(D), let us define T (V') € Ob(A) by
V)= [(L7 (L7*€L7 eL)? idL)]’

Lemma 4.15. Let V = (L,&,n) and W = (L', &', ) be objects of the cate-
gory D. If f € Homp(V, W), then f € Homu(T(V), T(W)).
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Proof. Because f satisfies (3.14) and m(er) is the binary operation (-),
fluxe,v) = flubulug,,)(v))
= f(u)f(&ulug, ,)(v))
= W)€y (fug, ) (f(v)
for u,v € L. From (4.10),
Fu) e, f(0) = F(W)Ep ) (fw)e), ) (f(v)).

Since f : L — L' is a homomorphism of loops, f(ug',) = f(u) nd

e
[ (Ly%e,er) — (L' %e,,,ers) is a homomorphism of groups as a 1"Lesult.

For (L,G,m) € T(V) and (L',G',n') € T(W), the mappings 71 =
idyr™t 0 G — (L,%e,,ep) and 7/ = F,idz,l D (L key, er) — G are all
homomorphisms of groups because of (1.1). The mapping @' f7~! : G — G’
is hence a homomorphism of groups. This completes the proof. O

For f € Homp(V, W), define T'(f) € Hom4(T'(V),T'(W)) by T(f) = f.
Proposition 4.16. T is a functor from D to A.

Proof of Theorem 3.7. For completing the proof, we need to show: (1) T'S =
id4; and (2) ST = idp.
(1) We only show that T'S(V) =V for V = [(Ly, G, )] € Ob(A).

Lemma 4.17. The mapping 7 : (LV,*eLV,eLV) — G is an isomorphism of
groups. Here xc, is defined from S(V') € Ob(D) (See (4.10).).

Proof. For the proof, it suffices to show that 7 is a homomorphism of groups.
Let w and v be elements of Ly . The equations (4.5), (4.6), and Lemma 4.4
(1) induce that

uke,, v =u(u(ug, )(w)) =u((m10(u) ") (7 (v)) = 77 (n(u) * (),

because m(er,, ) is exactly the binary operation (-). We have thus proved
the lemma. g

From the above lemma, (Ly,G,7m) ~ (Ly, (Lv,*eLv,eLv),idLV), and we
hence obtain TS(V) = V.

(2) Let V= (L, ({x(w)), (ma(w))) be an object of the category D. We only
demonstrate that ST(V) = V. By the definition, the object T'(V) is the
equivalence class to which (L, G, 7) = (L, (L, *¢, ,er),idr) belongs. On ac-
count of the definition of ST'(V'), we can denote ST (V) by (L, (§}(w)), () (w)))-
It suffices to prove that & (u)(v) = &i(u)(v) and 1) (u)(v) = na(u)(v) for
A u,v € L.

Lemma 4.18. Foru € L, let 0 (u) denote -6 () defined by (4.4). Then
0'(u) = Eep,(u).
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Proof. Let v be an element of L. From (4.4), 6'(u)(v) = u~! %, (uv), where
u~! is the inverse of u with respect to x.,. With the aid of Lemma 4.13 (3)
and (4.10),

(413)  u ey (wv) = &op () (g, )€,y ((Ger (W) (g ))ey ) (uv).

By virtue of (3.12), (&, (u)(ug'))zt = nep(ug',) (), and, from Lemma
41,

R.HLS. of (4.13)
= m(er)(&e, (U)(ueL, )€, ()
= éeL(u)(m u)( eL ro U ))
= geL(u)( )

as a result. We have thus proved the lemma. O

(e, (ug,. ) (u)) (uv))

ueL r)

By taking this lemma into account, 6'(u)~'(v) = &, (u)"'(v), and con-
sequently &} (u)(v) = 0'(A)710'(Au)(v) = &\(w)(v). From (4.7), it follows
immediately that 7} (u)(v) = nx(u)(v). O

5. PROPERTIES OF RY ()

Let V' be an object of the category A. This section is devoted to investi-
gating properties of RV (\), the dynamical YB map constructed in Theorem
3.7 (Cf. Theorem 1 and Proposition 4 of [21].).

Let (L, G, ) be arepresentative of V. In place of {E\L’G’ﬂ)( ) and n(L G Tr)( )
defined by (4.6) and (4.7), we will use the symbols &) (u) and ny(u), respec-

(u) &
tively. They hence satisfy (3.10), (3.11), (3.12), and (3.13).
Proposition 5.1. RV (\) is bijective for all X € L.

Denote by ¢¥(\) the corresponding dynamical braiding map to RY(\):
oV(A\) = PRV()\). The lemma below means that o' ()\) is bijective, and
implies Proposition 5.1 as a result.

Lemma 5.2. For \ € L, define the mapping ¢y : L x L — L X L by
L)x(u’ U) = (u;ylra U)Ti) (U, v E L)

(1) The mapping vy is bijective: the inverse L)_\l is as follows.

o () = (u;(lvij) lvUA_,ll) (u,v € L).
(2) P o (AEO)THEO) )
(3) xPaV (NP oV (MLP)5 )(L<1>) ((L(Z)) 1, ;) =1drxr.
Here the mapping oV (ML) l)(L(l)) LxL — LxL is defined
by

) )L)\PO' ()\) = idLXL-

L)) )

o (ML DED ) oy N we0) = 0 (AT ) (o)
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foru, v e L.

We give only the proof of (2) and (3).
Fix elements u and v of L, and let us define the elements z, y € L by
(y,z) = (N (u,v) = (Ex(u)(v),nr(v)(u)). The proof of Lemma 5.2 (2) is

immediate from the lemma below.

Lemma 5.3. (1) v;ir = S(Ay)x(a;;;’r)(y;’i).

(2) uyy = Mog)aWan) (@)

Proof. (1) The equation (3.13) and Lemma 4.1 imply that

(5.1) E(w) (m(Au) (v, E e (3y,) (Y3 1))
= mA)(E(W)(©), Exg, () (w) () (W) Ege (@3y,) (Y3,1))
= m\) (@, & (W) Epgre (T, ) (U3 ,):

From (3.10) and (3.13), R.H.S. of (5.1) = er. With the aid of Lemma 4.12,
we get the desired result.

(2) By means of (3.12), (Ay)x = (Au)v, and consequently
m(A)2) (V00 02,) = (o) (v, 105)
= ((Qu)v)\A
= ((Ay)z)\A
m((Ay)z) (@5, Yy p)-

From (1) and (3.12), we conclude that

)2) (03 M) (U ) (@y1))

)2) Eome (@) W) Moy WD) (@5L)

(AY)2) (@3 1 Ynr)-

This completes the proof by taking account of the cancellation law (3.3) of
the quasigroup (L, m((Ay)x)) (See Lemma 3.2 (1).). O

)
m((Ay
= m((A\y

(

= m

Now we prove Lemma 5.2 (3). Fix elements u and v of L, and let us
define the elements x, y € L by

(yo2) = aV<<A<L<2>>;b<L<1>>;;L(2ml>(u,v)

(
= Coemeg o )W hes

< WL

For the proof, it suffices to show the following.

Lemma 5.4. (1) m()\)(:p;%,yfl ) =mN) (o ulh ).
Az )

R RIENAY
(2) ’U):ll = g)\(w)\l)(y)\( ) l)

(3) u;(lz);j),l = 77)\ (y)\(x;;),l)(x)"})'
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Proof. (1) By the definition of z and y,
—1yy(,—1 _
(zz Dy e = A

_ —1\y(,, —1
— (@D e
_ —1\y(, —1

The cancellation law (3.4) of (L,-) and (3.5) imply the desired result.

(2) From Lemma 4.12 (1), it suffices to prove that y;&;})’l = 5/\(1;,}) (a:)(v;ll)

It follows from (1), the definition of z, (3.11), and (3.13) that n)\(x;})(v;l 1y )(x) =

, G

(
u. By means of (3.12), we deduce

-1 -1 _ —1 -1
m()\(xA’l))(x, UA(U;}),r) = m()‘(x,\,l))(fx(mﬁ)(37)(1))\(%—7})7?),U)-
This equation and (1) induce
—1yy(,—1 —1\y(,—1 -1
m(()‘(x&l))(y,\(x;j),l))(m(()\(x&l))(y,\(a;;j),l))(y’gA(fﬂXj)(x)(UA(v;j),r))’ u)

gm0yl )

) )(
-1 —1 -1 —1
)(u)\(v;j)’l))(m((A(v)\,l ))(u)\(v;j)J))(yv .73), v}\(v;j)’r)
-1 -1 -1
)y DAy D)3 )
As a consequence of the cancellation law (3.4) of (L,m(()\(x;,l)(y;l 1))
and the above equation,
—1y\(,,—1 -1 _
(M Dk ) D0y @5, ) = e
By taking Lemma 3.6 into account, this equation implies

-1\ __ -1 _ -1 _ .1
g}\(I;’})(x)(’U)\,l) - fA(xgy%)(m) (’U)\(U;})’r) - y(A(z;\j))(y;(l _1) Z)J. - y)\(z;j%l
Al

(3) By means of (1) and (3.12),

—1y(, —1 -1 “1yy -1 -1
_ -1, -1
= m()\)(v)\7l,u)\(v;’})7l).
From (2) and the cancellation law (3.3) of (L,m())), we get the desired
result. O

The dynamical YB map R()) associated with H, X, and ¢ is said to
satisfy the unitary condition if R(A\)PR(\) = P for all A € H.

Theorem 5.5. Let V = [(L,G,m)] be an object of the category A. The
following conditions are equivalent:

(1) RV(\) satisfies the unitary condition;
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(2) 6V (N)? =idpxr for all X € L;
(3) &x(W)(v) = (Moo, ) (Vx,))3g for all A, w, v € L
(4) all the groups (L,*y,er) are abelian.

Remark 4.14, Lemma 4.17, and Theorem 5.5 imply the following corollary.

Corollary 5.6. Let V = [(L, G, )] be an element of Ob(A). RV ()\) satisfies
the unitary condition if and only if the group G is abelian.

The definition of ¢ ()\) immediately shows that the conditions (1) and
(2) in Theorem 5.5 are equivalent.

Proof ((2) < (3)). Let A, u, and v be elements of L. Define the elements u;
and v; (i = 1,2) of L by (u1,v1) = ¢ (A\) " (u,v) and (uz,v2) = "' (\)(u,v).
From (3.12),

m(\) (ur,v1) = m(\)o¥ (N (u1,v1) = m(\)(u,v) = m(X) (uz, v2).

By virtue of Lemma 5.2, the condition (3) means that u; = w9, and the
cancellation law (3.3) of (L, m(\)) implies that v; = v as a result. We have
thus proved (2) from (3). The rest of the proof is immediate. O

The following lemma is useful to prove that the conditions (3) and (4) are
equivalent.

Lemma 5.7. u*) v =m(\)(v, (n)\u(v)(u)_\i));;l) (VA u,v € L).

Proof. Because v = m(M)(u, m()\u)(@\u(u;’i)(v), n,\u(v)(u;i))), we obtain

MA@, (0 () 030) g o ) = 02 0

1 —1 s
On account of Lemma 3.6, (TD‘“(U)(UA}”))(/\U).EAu(u;lr)(v),r = (n,\u(v)(u/\jn)))ﬂil,

and we conclude the lemma. O

Proof ((3) < (4)). Lemma 3.6 induces that u},} %0 = m(Au)(uy,;, Ex(u)(v)).
With the aid of Lemma 5.7,

_ _ _ _ -1
UV *xy (Umiz) = m()\u)(u/\fi’l, (U(Au)v(u,\fl},l)(vmlm))()\u)u;il’ 1)7

and the conditions (5.2) and (5.3) are equivalent as a result:

(5.2) the condition (3) of Theorem 5.5;
(5.3) Ust xau U = UKy (uy,) for all A\ u,v € L.
Because Lemma 3.6 implies that uxyv = (u;&yl)(_/\lu)(u;;’l” an)(uy ) U (5.3)

is equivalent to (4). O
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6. EXAMPLES

The present section describes several examples of the dynamical YB maps
constructed in Theorem 3.7 and Proposition 3.8.

Let K denote the field R, or C, and let V be a vector space over K,
together with a mapping N : V — K satisfying the following properties:

(1) N(u)=0if and only if u = 0.
(2) N(aw) =|a|*N(u) (acK,ucV).

V is an abelian group (and a loop, of course) with respect to the addition
+. Define the mapping 7 : V — V by

[ N(u)tu, ifu#0,
”(“)_{ 0, ifu=0.

This mapping 7 is bijective: the inverse of 7 is as follows.

— 1 .
Y (u) = N(u) u, %f u # 0,
0, ifu=0.

Theorem 3.7 and Corollary 5.6 give a dynamical YB map RI(V-V™I()) sat-
isfying the unitary condition.

In place of #(V"Y"™) (u), we will use 6(u). For a non-zero element u of V,
0(2u) # 0(u)f(u) because

0(u)(=N(u)"'u) = =N (u) "',
0(2u) (=N (u) " tu) = (1/2)N(u) u.

From Proposition 4.10, R[(V’V’”)}(A) is dependent on the dynamical param-
eter \.

If V=K, and N(u) = |u|?, then the mapping &, (u) = gg\v,vﬂr) (u) (\u e
V') defined by (4.6) is as follows:

ot A+ w)(A Fut o){(A +u)? + uv} #0,
— QR OFut) i (X 4 u) (A + w4 v) £ 0

Ex(u)(v) = ’ and M{(A + )2 + v} = 0,
— 2, i A+ w) (A +u+v) =0 and Ao\ +v) £ 0,
v, fv(A+u)(A+u+v)=0and \v(A+v)=0.
Let W be a vector space over K. Suppose that there exist mappings
Y : W — Vand p: V — W satisfying ¥p = idy. By using Proposition
3.8 (1), RIV:V™I()) gives birth to a dynamical YB map associated with W,
V, and ¢. Here ¢(\, u) = p(¢p(A) +u) (A € W,u € V). Proposition 3.8 (2)

similarly produces dynamical YB maps from R(V:V"™I()).

Remark 6.1. Let h be a finite-dimensional abelian Lie algebra over C, and
{e;} a basis of h. Define the mapping N from h to C by N(u) = >, |u;|?
(u=73",uie;,u; € C). Let p denote an isomorphism from h to h*, and let us
define the mapping ¢ from h* x h — h* by ¢(\,u) = A+p(u) (A € h*,u € h).
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Proposition 3.8 (1) implies that R(\) = RI®A™I(p=1(X)) (A € h*) is a
dynamical YB map associated with h*, h, and ¢.

Let V' denote the C-vector space generated by the set h. For A € h*
and u,v € h, define (v/,v") = R(\)(u,v). The condition (3.12) induces that
u +v =u+v, and p(u’) + p(v") = p(u) + p(v) as a result. Because R(\)
is bijective and wt = —p, the above R(\) produces a dynamical R-matrix

RN\ : V@V -V ®V (See Section 2.).

Let us next introduce an example for the case that Ly (V € Ob(A)) is
finite. The straightforward computation shows that RY()\) = idr, <y, if
the order of Ly is less than or equal to three.

Let Lg = {1,2,...,6} be a loop, together with a binary operation (-)
presented in Table 1 [5]. Here 4-6 = 1.

L [1][2]3]

O O x| W N | —
= W O O | N DN
N | O U | W W
Y D[ DO =] QO x| B~
DN W | O Ut Ot
W[ x| = DN O || &

O O | W DN —

TABLE 1. Multiplication table of Lg

Remark 6.2. The binary operation (-) on the loop Lg is not associative
because (5-4)-6 #5-(4-6). By the definition of m(5), m(5)(4,6) # 4 - 6.

Let g denote a generator of Cg, the cyclic group of order 6. Define the bijec-
tion 7 from Lg to Cg by (k) = g¥~!. Theorem 3.7 and Corollary 5.6 imply
that RI(L:CemI()\) is a dynamical YB map satisfying the unitary condition,
and we deduce, owing to Proposition 4.10, that R[(Lf”cﬁ’”)]()\) is depen-
dent on the dynamical parameter A\. The Tables 2 and 3 are the mappings
Rl(L6:Com](2) and Rl(Fe:.ComI(3). Here RIFe:Coml(2)(2,4) = (6,6).
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