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Multiplier cocycles of a flow on a C*-algebra

A. Kishimoto
Department of Mathematics, Hokkaido University, Sapporo

Abstract

We show that a multiplier cocycle of a flow on a non-unital C*-algebra can be
approximated by a norm-continuous cocycle in the strict topology. As an application
among others we show that a flow is approximately inner if and only if the restriction
of the flow to a full invariant hereditary C*-subalgebra is approximately inner.

1 Introduction

Let A be a C*-algebra and let a be a flow on A, i.e., a strongly continuous one-parameter
automorphism group of A. If « is uniformly continuous, we can say that we understand it
very well as well as its generator [12, 13]; e.g., the generator of a uniformly continuous flow
is a derivation, i.e., a linear map 0 : A—A with 6(zy) = §(x)y + xd(y), 6(x)* = §(z*) for
x,y € A, and a derivation generates such a flow. And we know that if A is simple, then a
derivation is of the form ad ¢h, where h is a self-adjoint multiplier. If o is universally weakly
inner (or extendible to the second dual), we can also say that we understand it fairly well
[7, 5] though we do not seem to know how to characterize its generator among (unbounded)
derivations. As a next class of flows to study, it looks that approximately inner flows were
proposed in 70’s mainly because of relevance to physical models [2, 3, 13]; so the study
at that time was rather restricted to the situations which bore direct relations with such
models, a rather different approach from the uniformly continuous or universally weakly
inner flows. When we try to explore approximately inner flows per se, we encounter a wide
range of problems which are still not answered; specifically we have in mind a problem
with respect to invariant hereditary C*-subalgebras and a problem concerning extensions.
We will answer the former by studying multiplier cocycles (see 1.4) and consider the latter
in a very special case (see 1.7).

Suppose that the C*-algebra A does not have an identity. We denote by M (A) the
multiplier algebra of A and by @ the flow on M (A) induced by «. Note that ¢ — a,(z) is
continuous in the strict topology for any = € M(A).

Let u be an a-cocycle in M(A), or a multiplier a-cocycle; i.e., u is a continuous
function on R into U(M(A)), equipped with the strict topology, such that usa(us) =
Ust¢, S,t € R. Note that t — Ad us defines another flow on A, which is called a cocycle
perturbation of v and written as Adua.



When we say that u is an a-cocycle in A, w is a continuous function of R into ¢/ (A+C1)
(with the norm topology) such that wsos(u;) = usyy, s,t € R. For an h € Ay, the
equation du/dt = uyoy(ih) with ug = 1 defines a differentiable a-cocycle in A, which we
denote by u®. In general, an a-cocycle in A is given by t — wugh)at(w*) with h € A,
and w € U(A + C1). We shall prove:

Theorem 1.1 Let u be an a-cocycle in M(A), p € A, and € > 0. Then there is an
a-cocycle v in A such that ||(u; — ve)p|| <€, t € [-1,1].

We denote by 4, the generator of «; the domain D(d,) is a dense #-subalgebra of A
and ¢, is a derivation of D(d,) into A. Note that D(d,) is a Banach x-algebra; the norm
may be defined by embedding D(d,) into Ms(A):

T Oa(x)
oz B0
When h € A,, we denote by o™ the flow generated by 6, + adih, i.e., o = AduMa,
which is called an inner perturbation of «.. See [2, 3, 13] for details.
Let § be another flow on A. If for any finite subset F of A and ¢ > 0, there is an
h € A,, such that
18:(z) — ot ()| <6, weF, tel-1,1],

we say that (§ is an approximately inner perturbation of a. We get the following as a
corollary to the above theorem:

Corollary 1.2 Any cocycle perturbation of a flow is an approximately inner perturbation.

Note that if A is unital, this follows easily.

We have introduced the notion of asymptotic innerness for flows, which we do not know
is really stronger than the approximate innerness or not but is useful for a lifting problem
for flows [11]. Let h be a continuous function on R into A,, such that a"(*)) converges as
s—00, say to a flow o’ in the sense that lim,— . maxye_1,1 [|og(x) — agh(s))(x)H = 0 for
x € A. We then call o as an asymptotically inner perturbation of a. If o = id, then we
say that o' is asymptotically inner. The same proof of the above results will show:

Corollary 1.3 Suppose that the C*-algebra A has a strictly positive element p. Then
for any a-cocycle u in M(A) there is a continuous function h : [0,00)—As, such that
maxe[—11] || (us — uﬁh(s)))p||—>0 as s—oo. Hence any cocycle perturbation of the flow is an

asymptotically inner perturbation.

Another consequence, which we have referred to above in connection with approxi-
mately inner flows, is



Corollary 1.4 Let o be a flow on a C*-algebra A and B an a-invariant hereditary C*-
subalgebra of A. Then if « is approximately inner, then the restriction «|B is approxi-
mately inner. Moreover if B is full in the sense that the closed linear span of ABA is A,
the converse is also true; i.e., in this case « is approximately inner if and only if a|B is
approzimately inner. If each of A and B has a strictly positive element, then the same
statements hold with asymptotic innerness in place of approximate innerness.

A flow a on an AF algebra is called an AF flow if there is an increasing sequence
of a-invariant finite-dimensional C*-subalgebras with dense union. We have left open a
problem of whether a multiplier cocycle perturbation of an AF flow on a non-unital AF
algebra is approximately AF or not in [10].

Corollary 1.5 Let A be a non-unital AF algebra and o an AF flow on A. Let u be
an a-cocycle in M(A). Then Adua is approximately AF in the sense that there is an
increasing sequence (Ay) of finite-dimensional C*-subalgebras of A with dense union such
that maxge;—1 1) dist(a;(Ay), A,)—0.

We note that the distance on C*-subalgebras is defined as follow: For two C*-subalgebras
B and C of A, dist(B, () is defined as the infimum of » > 0 such that Vo € B Jy €
C ||z —y|| < r||z| and vice versa (see [6]).

Another consequence on AF flows is

Corollary 1.6 Let o be a flow on an AF algebra A and B an a-invariant hereditary
C*-subalgebra of A. (Then B is an AF algebra.) If o is approzimately AF, then o|B is
also approximately AF. Moreover if B is full, then the converse also holds.

In section 2 we prove one of the lemmas needed for proving Theorem 1.1. In particular,
if o is approximately inner on A and E € M(A) is an a-invariant projection with 0 <
E < 1, then we show that the restriction a| EAFE is also approximately inner. We can also
show that the extension a|A+CE+C(1— E) is approximately inner. This is strengthened
in Corollary 2.10 and applied to yield:

Corollary 1.7 Let a be a flow on an AF algebra A and I be an a-invariant ideal of
A. Suppose that ol is approzimately inner and the flow & on B = A/I induced by «
is approzimately inner. Moreover suppose that there is an increasing sequence (B,) of

finite-dimensional C*-subalgebras of B such that |, B, C D(0,) and |J,, By, is a core for
0n, where 0, is the generator of &. Then « is approximately inner.

Note that the condition on &, implies that ¢ is approximately inner [13], but not vice
versa [8]. We will prove this corollary essentially by reducing it to the case B = A/I is
finite-dimensional. The converse holds without any assumptions on A or & (see [11]).

In section 3 we prove the main theorem and Corollary 1.3. In section 4 we prove
Corollary 1.4 and in section 5 we prove Corollaries 1.5 and 1.6.



2 Invariant corners

If o is an approximately inner flow on A and F is an a-invariant projection of A, then
it is easy to see that the restriction a| FAF is also approximately inner. The following
shows that this remains true if E' is just an invariant multiplier projection.

Lemma 2.1 Let A be a non-unital C*-algebra and let o, be flows on A. Let E €
M(A)\ A be a non-zero projection such that ay(E) = E = [,(E) fort € R. If o is an
approzimately inner perturbation of 3 on A, then the same is true for the restrictions of

a and f to FAE.

Before going to the proof, we prepare a few lemmas.

In the situation of the above lemma, let A; be an arbitrary separable C*-subalgebra
of A. Then there is a sequence (h,) in Ay, such that ay(z) = lim, ﬁt(h”)(x) for x € A
(uniformly in ¢ on every compact subset of R) as n—oo. Let By be the C*-algebra
generated by E and [;(x) with z € Ay U {hy,he,...} and t € R and let Ay = By N A.
Then A, is a S-invariant separable C*-subalgebra of A such that A; C As, h,, € A, for all
n, and FAy, AoE C As. Let (k) be a sequence in A, such that ay(z) = lim,, ﬁt(k")(a:) for
x € Ag and let Az be an a-invariant C*-subalgebra of A such that Ay, C As, k, € A3, and
FEA;z, AsE C As. We will repeat this process indefinitely to get an increasing sequence
(A,) of separable C*-subalgebras of A. Then the closure A, of the union |J, 4, is a
separable a-invariant and (-invariant C*-subalgebra of A such that Ay contains A;, E
acts on Ay as a multiplier, and «| A, is an approximately inner perturbation of 3|Ay. Thus
we may suppose that A is separable and that there is a sequence (h,) in Ay, such that

(hn)
m — —0
ma () — 6" ()

for all z € A.
We let ﬁt") = t(h") and denote by d,, the generator é3 + ad ¢h,, of B = glhn),
For p € C*(R) and = € A we let

o) = [ B (ot
Note that a,(z) € D(d,) and
Sulan(e)) = - [ @i

Lemma 2.2 Let p € C°(R) and x € D(d,). Then ||B<E;")(x) — ()] —0 and

16,(55” () = dala(@))[| -0

as Nn—0o0.



Proof. This is immediate because 85" ( = [t z)dt— [ o(t)ou(x)dt and

We call e € A a pseudo-projection if 0 < e < 1 and ae = a for some non-zero a € A.
Let ¢, € C2(R) such that 0 < ¢ <4 <1, p(0) = 0= 9(0), p(1) = 1 = (1), and
o = . We fix these ¢, in the following arguments.

Lemma 2.3 For any € > 0 there is a p > 0 satisfying the following condition: If 6 is a
generator and e € D(0) is a pseudo-projection such that ||d(e)|| < u, then @(e) € D(J)

and
[6((e)]| <e.

Proof. Express ¢(t) as [ ¢(p)e'dp, where ¢ is a rapidly decreasing function; then

ole) = / B (p)e™dp.

Since e € D(§) and ||6(e™?)|| < [p|||d(e)]|, we get the estimate

180 < / S(p)pldp - 1.

This concludes the proof (see [2, 13] for details).

Lemma 2.4 For any € > 0 there is a pn > 0 satisfying the following condition: If e, x are
pseudo-projections in A such that ||ex — e|| < p, then ||v(e)z —(e)] < e.

Proof. Since 1(0) = 0, we approximate ¥ by a polynomial f(t) = Z]kvzl ait* such that
maxco,1 [ (t) — f(t))] < €/3. If |lex —e|| < p, then || f(e)r — f(e)]| < Cu with C' =
SO, k|ax|, which implies that |[)(e)z — tb(e)|| < 2¢/3 + Cu. Hence if pu < ¢/3C, then we
get the conclusion.

Lemma 2.5 There exists a sequence (e,,) of pseudo-projections in EAE such that ||ze, —
z|| =0 for all x € EAE, e, € D(0,), and ||d4(e,)||—0.

Proof. Let x € C°(R) such that xy > 0 and [ x(¢)dt = 1 and set x(t) = k= 'y (k') for
k € N. Since EAF is separable, we have a sequence (p,) of pseudo-projections in EAFE
which forms an approximate identity. Then for each k& € N the sequence (a,, (€,)) also
forms an approximate identity. Since [|04 (v, (en))]] < k7 [ |X/(t)|dt, we can get such a
sequence as a subsequence of (Y¥(xk(en)))k.n-



Lemma 2.6 For any pseudo-projection xy € EAE, any finite subset of B = {a €
A | xpaxy = a}, and € > 0, there is an n € N and a pseudo-projection e € D(d,)
satisfying the following conditions: Let p = p(e) and q = 1 (e).

pbg = D,
.l < e
lzop — w0l <
l¢E —qll < e
max |laz(a) — 8™ ()| < €, a€F.

It|<1

Proof. Let (e,) be a sequence in FAE as in Lemma 2.5.

We fix a y € C*(R) such that x > 0 and [ x(t)dt = 1. Suppose that supp(y) C
[—1,1]. We will define e as ﬁx (€,,) for sufficiently large m, n.

For any ¢; > 0 we can find m such that

|lzoar(em) — xol| < e, te[-1,1],
[0alen)ll < e,

where the latter condition implies that ||, (c(em))|| < €.

By Lemma 2.2 and the fact 3™ —a, we choose n so large that ||5,(5y )(em))H < €6
and

max flar() = B (@)l] < e1. a € FU{en}.

We set e = 8 (en).

The first condition of the lemma follows from ) = ¢ and the last is given just above.
If € is sufficiently small, from ||d(e)|| < €; we get, by Lemma 2.3, the second condition
for p = p(e). From ||zoe — zo|| < 2€1, we get, by Lemma 2.4, the third condition. From
1B (em) = 5" (em)l < NEB™ (em) = Baem) |+ lae(em) =5 (em)| < 261, t € [-1,1],
we get the fourth condition by Lemma 2.4.

Proof of Lemma 2.1

Let z¢ be a pseudo-projection in FAE, F a finite subset of B = {a € A | xpaxy = a},
and € > 0. We will show that there is a b € (FAE),, such that max <1 || (a) —@(b)(a) | <
€, ac€F.

We take p,q and h = h, as in Lemma 2.6. We regard 5 = " as a flow on
A+ CFE + C1 with ¢ as its generator. Let

E'=2¢—¢+(1—-qEQ1-q) € A+CE.
Since ¢, E € D(0) = D(dg), we get that E' € D(da). Slnce pq = p, we get that pE' =

p = E'p. Since ¢E =~ q, we have that (1 —q)E(1 — q¢) ® E —2q+ ¢, ie., E' ~ E. Since
0 < E' <1, we have that Sp(E") C [0,||F — F'||]U[1 — HE FE'||,1]. By C* functional

6



calculus on E’ we get a projection F' € A + CE such that |FF — E'|| < ||E — E'|| (so
|FF— E|| < 2||E — E'|| = 0). We should note that F' € D(dg) (since E' € D(dg); see
the proof of Lemma 2.3). Since pE’ = p, we get that pF' = p, or p < F. By the polar
decomposition of FE + (1 — F)(1 — E), which is an element in D(d3) close to 1, we get a
unitary Z € A+ CE + Cl such that Z ~ 1, ZEZ* = F, and Z € D(dp).
Let
k= —iFd(F) 4 id(F)F.

Then i[k, F] = —§(F) and k* = k € A (as the range of §|A + CE + C1 is contained in
A). Hence, since § = dz + ad ih, we get that

AdZ*B"MAd Z(E) = E.

Note that the generator of the flow ¢ — Ad Z*8"™Ad Z is 65+ ad i(—iZ*05(Z) + Z* (h+
k)Z). Since 63(E) = 0, we get that adiH (E) = E, where H = —iZ*63(Z)+Z*(h+k)Z €
A.

What remains to show is that

AdZ* B ™MAd Z(a) =~ au(a), a € F, te[-1,1].
Using Z ~ 1, F C B, and ay(a) =~ t(h)(a), a € F, it suffices to show that
B (z) ~ g (x), e B, tel-1,1].

Define a f"-cocycle v = u® by du,/dt = utﬁt(h)(z'k) with ug = 1. Then ﬁt(h%) =
Ad u,gk)ﬁt(h). We shall show that ||(u§k) — 1)ﬂt(h) (p)|l = 0 for t € [—1,1]. Since ||pz — z|| <
¢||x|| for = € B, this suffices to show the conclusion.

Let G(t) = u™ 8™ (p). Then &'(t) = ul® 8" (ikp+6(p)), which implies that ||G/(t)|| <

1kpll + 116(p)1
Since pF' = p and 6(F)p = §(Fp) — Fo(p) = (1 — F)do(p), we get that

ikp = (FO(F) — 8(F)F)p = F(1 — F)3(p) — (1 — F)3(p) = —(1 — F)3(p).

Hence ||kp|| < ||6(p)]|, which is very small. In this way we get that ||G'(¢)|| < 2||6(p)|| = 0.
Since G(0) = p, we get that [|u;” 5" (p) —pl| < 213(p)[¢]. Since 5" (p) —pll < [13(0)][]t],
this implies that ||(u{® — 1)8™ (p)|| < 3||6(p)|||t|, completing the proof of Lemma 2.1,

In the above proof, if £ € A, we could take rg = E and e, = E and assume that
p =q = F = FE; the proof would be much simpler.

Lemma 2.7 Let A be a non-unital C*-algebra and let 3 be a flow on A. Let E € M(A)\A
be a non-zero projection such that 5;(E) = E, t € R. Let u be a -cocycle in M(A)
(continuous in the strict topology) such that uw,E = FEu,, t € R. Ifu can be approzimated,
in the strict topology, by B-cocycles in A (continuous in the norm topology), then the same
is true for the B|EAE-cocycle t — uE.



Proof. This is just what is proved in the proof of 2.1.

Let x( be a pseudo-projection of FAE and € > 0. By replacing xy by a larger one, we
may suppose that ||5:(xo) — zo|| <€, t € [-1,1]. Then, as in the proof of Lemma 2.6, we
have pseudo-projections p,q € A and an h € A, such that pg = p, ||(d5 + adih)(p)| < e,
|zop — o] < € ||gF — q|| <€, and ||(u; — vgh)):voH < e for t € [~1,1], where v® denotes
the (-cocycle determined by dvgh) Jdt = vt(h) Bi(ih). Then, as in the proof of 2.1, we find
a Z € U(A+ CE + C1) N D(83) and k € A, such that AdZ*8""MAd Z(E) = E,
|Z —1|| <€, and ||kp|| < ||(6s + adih)(p)|| < e. Then we show that

d . . . :
2o B w1l = o™ Buli(htk)pas(p) —iph)er || < [lkpl+ ]| (5-+ad ih)(p)]] < 2e

Since 5" (p)vgh) = Ut(h)ﬁt(p) and ||ﬁt(h) (p) — p|| < €|t], we can conclude that

[0 8, (p) — oM B, (p) || < 3€]t].

Since ||zoBi(p) — xol| = [|B-t(x0)(1 — p)|| < [Jzo(1 — p)|| + € < 2¢, we get that for
te[-1,1],

o — v ™Mao|| < [lof 20 — o o]l + € < [[vfBip) — vi" T Bu(p)| + e < 8e.

Set H=—iZ*03(Z)+ Z*(h+k)Z € A and note that HE = EH. Then t — W E s
the §|EAE-cocycle determined by HE € (FHE),, and v,gH)E = ngthk)ﬁt(Z*)E. Since
|Z — 1|| < €, we can conclude that ||(uE — ng)E)xOH < 10¢, t € [-1,1].

Lemma 2.8 Suppose that A has a strictly positive element p with a flow 3. Then there
is a continuous function e : [0, 00)—Ag, such that 0 < e(s) < 1, |[pe(s) — p||—0 as s—o0,
e(s) € D(63), and |[6s(e(s))]|—0 as s—o0.

Proof. Let f € C*(R) be such that 0 < f <1, f(0) =0, and f(t) =1 for t > 1. For
s € [0,00) let p(s) = f(sp). Then it follows that 0 < p(s) < 1 and that ||p- p(s) — p||—0
as §—00.

Let x € C°(R) be such that 0 < x and [ x(¢)dt = 1. For pu € (0,1] let p,u(s) =
[ 1x(pt) Be(p(s))dt. Then 0 < p,(s) <1, ||p- pu(s) — p||—0, uniformly in x in a compact
subset of (0,1], as s—o0, p,(s) € D(d3), and [|05(pu(s))]| < Cp with some constant C.
Hence for any n € N there is an s,, € (0, 00) such that ||pp,(s) —p|| < 1/n for p € [1/n,1]
and s > s,. We may suppose that s,,; > s, for all n. We define a continuous function
w:[0,00)—[1,0) by p(s) =1 for s < sy and by, for s € [s,, s,41) with n > 2,

sn+1—s(n_1)71+ S — S,

Sn+1 — Sp, Spn+1 — Sn

u(s) = ntel/n,1/(n—1)).

We define e(s) by e(s) = pp(s)(s), which is continuous in s. If s, < 5 < 5,41, we have
that [[pe(s) —p|| < 1/n and ||dz(e(s))|| < C/n. This concludes the proof.



Lemma 2.9 Suppose that A has a strictly positive element p and let 3 be a flow on A. Let
E € M(A)\ A be a non-zero projection such that 5,(E) = E. Letu be a 3-cocycle in M (A)
such that wyF = FEuy. If u can be approximated by differentiable 3-cocycles in A asymptot-

ically, i.e., there is a continuous h : [0,00)— Ay, such that maxye(—11] || (us — (M) )p||—0

as s—o00, where v is the B-cocycle determined by dvgh(s))/dt = vfh(s))ﬁt(ih(s)), then
the same is true for B|EAE and for the B|EAE-cocycle t — u, F.

Proof. By inspecting the proof of Lemmas 2.6 and 2.7, we know that the unitary Z and
k € A, there depend on the choice of e,, and h,,. Now we have e(o), o € [0,00) as given
in Lemma 2.8 instead of (e,,) and h(s), s € [0, 00) instead of (h,) by the assumption of
this lemma. Thus we can find Z(o,s) € U(A+ CE + C1) N D(é3) and k(o,s) € Ay, for
suitable pair (o, s) such that

Z(0, sy N g (7(g, 5))

exactly commutes with E and is close to u; on the strictly positive element p. Here
the closeness is limited by only the choice of ¢ if s is sufficiently large. This statement
remains true for any given compact subset of ¢ if s is sufficiently large. Just as in the
proof of the previous lemma, we can find a continuous function o(s), s € [0, c0) such that
o(s)—o0 as s—oo and Z(s) = Z(0(s),s) and k(s) = k(o(s), s) give the desired family of
B|EAE-cocycles.

In the proof of Lemma 2.1 we can adopt the same argument also for 1 — F as for
E, with a common h = h, by making n even larger. Thus for any pseudo-projection
Yo € (1 — E)A(1 — E), we get Z; € U(A+ CE + C1) N D(d3) and k; € A, such that
Zy~ 1, Ad Zfﬁt(h%l)Ad Zy(1—FE)=1—E. We also have:

1(Ziv™) 6,(20) — v Yyol| = 0

as well as H(Z*vthrk)ﬁt(Z) - vt(h))xoﬂ ~ 0, where v"™) and v{"™ are the B-cocycles
defined for h + k; and h + k as in Lemma 2.7. Thus, since 3,(F) = E, we get

20" P B(ZVE + Zio" ™ B Z,) (1 — E)

is a [-cocycle commuting with F and is close to vt(h) on xy + yo. Since xg + Yo is an

arbitrary pseudo-projection in FAE+ (1 — E)A(1— E) (which generates A as a hereditary
C*-subalgebra), we get that & on A + CFE is an approximate inner perturbation of 3 on
A+ CFE. This result can be generalized as follows:

Corollary 2.10 Let A be a non-unital C*-algebra and let o, 3 be flows on A. Let B be a
C*-subalgebra of M(A) such that such that t — @;(x) and t — B,(x) are norm-continuous
and &;(z) —x € A and B,(x) —x € A for any v € B. Let D be the C*-subalgebra of M(A)
generated by A and B, i.e., D = A+ B; then @ and 3 act on D as flows. Suppose that
B is an AF algebra. If o is an approximately inner perturbation of 5 on A, then a|D is
an approximately inner perturbation of B\D
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Proof. Note that D has A as an ideal and the quotient D/A is an AF algebra as being a
quotient of B. Note also that the flows @ and 3 induce the trivial flow on D/A.

We regard @ and  as flows on D. We have to show that for any finite subset F of
the unit ball of D and € > 0 there is an h € Dy, such that

[ () —

Since B is an AF algebra, there is an increasing sequence (B,,) of finite-dimensional C*-
subalgebras of B with dense union. Hence we may suppose that F is a finite subset of
the C*-algebra Dy = A + B,, for some n. Since D; is left invariant under @ and 3, we
may suppose that B is finite-dimensional.

By modifying B slightly if necessary we may suppose that B C D(d,), where 4, is
—( 1) .
ta

B ()| <e, zeF, te|-1,1].

the generator of @. Hence there is an hy € Dy, such tha is trivial on B. There is

also an hy € Dy, and w € U(D) such that v, = Adw* ﬁt Adw is trivial on B. Then it
suffices to show that for any finite subset F of the unit ball of A and € > 0, there is an
H € (DN B)g, such that

[al(z) =" (z)| <€, zeF, tel-1,1]

The reasoning is as follows: Define an a@")-cocycle U by dU,/dt = Utaghl)(—ihl) and a
~H)_cocycle V by dV,/dt = Viy{™ (—ihy). Then @, = AdU;a™ and 47" = Ad V4
To get the assertion we have to show that ||U; — V|| is small for ¢ € [—1,1]. Since

d * (H) . — *
S UVE = Uil (ih) — @ (iha)) VY7,
it then suffices to make max;c_1 1 ||a(h1)(h ) — ~H (h1)|| as small as we wish. Since hy is
a finite linear combination of xb with € A and b € B, we can attain this by assuming
that F contains all those x and e is sufficiently small. Since

h2+w H— h1

Ad V™ = A=) — Ad 5! Y Adw,

we get the assertion by approximating w by a unitary in D(dp).

Hence we may assume that at\B id and f,|B = id. We may assume that B
has the unit of M(A). Let ( ) be a generating family of matrix units for B. Since
Yok 1 eh) = 1 and eh ) AelY) i1 C A, the C*-algebra generated by A and B is the hnear
span of eij and eil xegj) with x € egli Aeu Let E=)", 611 Then for the family of 611
with all k, any finite subset F of EAE, and € > 0, we apply 2.1, as discussed before this
corollary, to get an hy € ell)Ael such that o; ~ BtH) on F within € (and BEH)(egﬁ)) =
e™), where H = Dok hk We set K D ik fl)Hegk) = Zlk e he™  Since K €
AN B, it follows that ﬁt ( w)) = e ) and also that 6t ( Zf)xegj)) = ei’f)ﬁiH)(x)eg? R~

eglf)at(x)e%) = at(egf)xelj ) for x € F. ThlS completes the proof.
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Now we shall prove Corollary 1.7: Let [ be an ideal of A and let o be a flow on A
such that ay(I) = I, a|l is approximately inner and the induced flow & on the quotient
B = A/I is approximately inner. We then wanted to conclude that « is approximately
inner, but for that we have to impose a technical assumption: A is AF (and so is B) and
there is an increasing sequence (B,,) of finite-dimensional C*-subalgebras of B with dense
union such that |J, B, C D(0,) and the closure of the restriction d,||J, By, is d,, which
in particular implies that & is approximately inner [13] (and even asymptotically inner).

From a theory of derivations in AF algebras [13], there is a sequence (b,) in Bs,
such that 9, + ad ib, leaves B, invariant and (3, + adib,)(z)—da(z) for = € |, By, i.c.,
ad ib,,(z)—0 for z € |J,, B,. To see this let h,, € A, be such that 50(|Bn = adih,|B, and
let &, be a projection of norm one of B onto B,,. We set b, = &,(h,,) — h,,. Then we have
that (6a + adib,)|B, = adi&,(h,)|B,, which has range in B,, and that for x € B,, and
n >m, (0 +adib,)(z) = ad&, (ihy,)(z) = En(Va(z))—0a(z).

Let (e,) be a sequence in I, such that 0 < e, < 1, e, € D(d,), ||ze, — z||—=0 for
x €1, ||[en, y]||—0 for y € A, and ||04(e,)||—0. We may further suppose that e,e,+1 = e,
(see e.g., Lemma 5.1 below). We will choose a w,, € A,, with Q(w,) = b, in a suitable
way, where @ is the quotient map of A onto B. Note that a(*») leaves the C*-subalgebra
A, = Q7'(B,) invariant. We shall show that a(*")|A,, is approximately inner and o)
converges to o as n—o0, which implies the conclusion.

The first assertion follows from the previous corollary. Since A is AF, we find a copy
D,, of B, in A, such that D, C D(J,) and Q|D,, is an isomorphism onto B,; then we
have A, = I + D,. We find an h = h* € A, such that a*»T")|A, restricts to the trivial
flow on D,,. Thus a(®»*"|A,, is approximately inner because a*»*"|I is approximately
inner by Corollary 1.2, which will be shown later without depending on this, since this is
a perturbation of a|I by a cocycle in M (I). Hence o*n)|A,, is approximately inner (since
it is an inner perturbation of a(*»*"|A,).

We shall show the the second assertion; during the course of the proof, we will choose
w,, more carefully. Let &, be the generator of a(*») and let A be the graph limit of (6,).
We have to show that A = d,, which follows from the weaker condition A D ¢, since +A
is dissipative.

First note that D = {z € D(d,) | Q(z) € ,,, Bm} is a core for 0,. Because if (id—4,)D
is not dense in A, there is a non-zero f € A* such that f(z — dn(z)) =0, x € D. Since
(id = 64)D D I (as D D D(64) N I), we can regard f as a linear functional on B = A/I
and have that f(z — (5a(x)) =0, z € |J,, Bn. By the assumption on ba, we get that
f =0, which is a contradiction.

Since ||adib,|B,||—0 as n—oo, for any m € N there is an n,, € N such that
lad ib,||Bwm|| < 1/m for all n > n,,. We may suppose that (n,,) is an increasing se-
quence.

We choose an increasing sequence (V;,,) of finite-dimensional subspaces of D(d,) such
that A, =1+ V,,. Let

T = {[we, 2] | n < k < nppy1, © € Vi, 2| < 13,
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which is a compact subset of A such that ||Q(y)|| < 1/m for y € T,,. Let C, =
max{||wg| | nm < k < npy1} + 1. Then we have an ¢ = ¢, € N such that ¢ > n,,.1,
[z, ed| < (mCp)~H|lz||, = € Vi, and

(1 —e)y(l —e)|| <1/m, y €T
Then we obtain that for any z of the unit ball of V,,, and n,, < k < n,41,
1[(1 = er)wi(l — o), 2][| < 2[jwil[[|lee, ][] + [I(1 — ee)[wr, 2] (1 — o) || < 3/m.

Now we replace wy, by (1—ey, Jwi(1—ey,) for n,, <k < n,,1, which satisfies the original
conditions w; = wy and Q(wy) = bg. Moreover we have that wrer, = 0 (as ey, ex = ey
with n,, <k < n,qq) and that ||[wg, 2]||—0, €, Va, ie.,

On(z) = da(z) + adiw, (z)—04(z), x € U Vi

Let x € D(d,) with Q(z) € B, for some m. Then we have b € D(d,) NI and
c€l,, Vi such that © = b+ c. Let z,, = eybe,, + ¢ € D(d,). Then ||z — 2,||—0 and

On () = Oal(enben) + 6, () =04 (D) + du(c) = da(2)

since d,(€e,)—0 and (e,) is an approximate identity for /. This implies that D(A) D D =
D(6a) NI+, Vi and A =, on D. Since D is a core for é,, this completes the proof.

3 Multiplier cocycles

We will prove Theorem 1.1 in this section.
Let a be a flow on a non-unital C*-algebra A and u an a-cocycle in M (A).
When u is an a-cocycle, we define a flow T of isometries on A by

Ty(z) = way(), =€ A,

Note that ¢ — T;(z) is continuous for x € A. We denote by L the generator of 7.
Let o/ = Adua and ¢/, the generator of . We note that o (z)T;(y)ou(2) = Ti(zyz),
Ti(2)Ti(y)* = a4(zy*), and Ty(x)*Ti(y) = aw(a*y) for x,y,z € A. We then obtain the
following: D(0!,)D(L)D(6) C D(L) and D(L)D(L)* € D(d!,) and D(L)*D(L) C D(6q).

Since D(L) is dense in A, we get that the linear span of D(L)D(L)* is dense in A.
Since it is invariant under «/, it follows that the linear span of D(L)D(L)* is dense in the
Banach x-algebra D(4!,). Moreover we have the following:

Lemma 3.1 The closure of the convex hull of xa*, x € D(L) is D(6.,)NA, in the Banach
x-algebra D(0)).
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Proof. Let P denote the closure of the convex hull of zz*, x € D(L) in D(J)). Then
obviously P C D(d,) N Ay and P is o/-invariant.
For ¢ € C°(R) and z € A we denote

T,(5) = [ (0T w)dt.
We then know that T,(x) € D(L). By choosing a sequence (¢,,) which converges to the
Dirac function at 0 € R, we get that ||T,,, () — z||—0. Thus P is dense in A,.

Suppose that P # D(0!)N Ay and let xy € D(0),)N A, \ P. Since (1 —0)P is a closed
convex cone of Ay, and (1 — 0))(zo) € (1 — 0.,)P, there is a f € A* such that f* = f,
f(xo—06.(z0)) <0, and f(y—0d,(y)) >0, y € P. Then we can find a function ¢ € C°(R)
such that ¢ > 0 and

/so(t)f o (g — 6, () )dt < 0.
Define f, € A* by
fo= [ el o aiar
and note that fo(zo) < fodl,(zo) and that z € D(8),) — fodl(z) = — [ ¢/(t)f o aj(z)dt is

continuous as a functional on A. Since fyd! (y) < fo(y), y € P and xg is in the closure of
P in A, we get the inequality that fyd.,(z¢) < fo(zo), which is a contradiction.

We recall an element x € A is called a pseudo-projection if 0 < x < 1 and there is a
non-zero a € A with za = a.

Lemma 3.2 Let e, f,p € A be a pseudo-projection such that e, f € D(d,) and ef = e.
For any € > 0 there are pseudo-projections E, F € A such that E, F € D(d,), EF = F,
16 (E)|| < ¢, eE =, and |pE — p|| < e.

Proof. By (the proof of ) Lemma 2.5 we get a sequence (F,,) in D(d,) such that 0 < E,, <1,
10 (En) | =0, [[yE, — y||—0 for y = f,da(f),p. We set

T =2f = [+ (1= f)E.(1 - f).

Note that =, € D(0,), 0 < z, < 1, ex,, = e, ||z, — E,||—0 (so ||[pz, — p[|—0), and
Pt =0 (50, 12) = 2o $)(1 )1 =410 Eda(f)+(1= D3l E) 1= 1)
We prepare two functions ¢, 9 € C°(R) such that 0 < ¢ < ¢ < 1, p(0) = 0 = 9(0),
e(l) =1 = ¢(1), and pyp = . We also assume that () = 1 for t € [1—e1] for
some € > 0. We can then set £ = ¢(x,) and F' = ¢(x,,) for a sufficiently large n. Since
|px, — p||—0, we may assume that ||pE — p|| < e. Since ex,, = e, it follows that eE = e.
The other properties of E, F' follow from those of ¢, and Lemmas 2.2 and 2.4.

We now consider A ® K,a ® id,u ® 1 etc. instead of A, a,u etc., where K is the
compact operators on an infinite-dimensional separable Hilbert space. We will use the
same notation «,u, etc. for a ® id,u ® 1, etc. as before in this new situation, except for
A ® K, which is kept as a reminder.
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Lemma 3.3 For any ¢ > 0 and any pseudo-projection p € A ® K there are pseudo-
projections e, f € D(d),) and z € U(A® K + 1) such that

ef = e
15a(e)ll < €
Iz =1 < e
lpe —pll <

fz € D(L),
e,f,z—1 € A® M,,

for some n, where A ® M, is regarded as a C*-subalgebra of A ® K.

Proof. We may suppose that p € AQ M,, C A® K. Since M,, ® K & K, we may suppose,
by regarding A ® M,, as A, that p € A = A ® ey, where (e;;) is a generating family of
matrix units of K.

We choose four functions @1, 2,1, x € C°(R) such that 0 < ¢ < g < ¢ < 1,
©i(0) = 0=1(0), pi(1) = 1 =1(1), w12 = @1, P21 = o, and P(t) = tx(t)*.

By Lemma 2.5, for any ¢; > 0, we choose a pseudo-projection b € A such that
Iob— pll < ex and 8 (b)) < er.

By 3.1 there is a finite sequence (z1,...,z,) in D(L)NA®e; such that ¢ = Y"1 | x;x}
is close to b in D(d),); more specifically, ||b — ¢|| < € and ||d),(b) — . (c)|| < €1 (and so
[65,(c)|| < 2e1). This entails that ||pc — p|| < €1 + [[pb — p|| < 2e1. We set e = ¢y(c) and
f=ea(c).

If € is sufficiently small, then the condition [|d/,(c)|| < 2¢; implies that ||/, (e)]| < e.
Also the condition ||pc — p|| < 2¢; implies that |[pe — p|| < €. That ef = e follows from
the property of ;.

We set y = > 0 x(c)ziernsi € A® K. Since x(c) € D(8),) and eq,4; € D(d,), we
have that y € D(L). It also follows that yy* = x(c)ex(c) = ¥(c). We define a unitary
z€ A® K+ 1 by

2= (B —yy)"? +y — v+ (Busron — v'y)"> + (1 — Era,),

where F,, = Z?:l 1 ® e;; etc. Note that z is indeed a unitary because y = E1 ,yFy 11,2,
and z is essentially of the form

((1 — yy*)Y/? )

-y (=yy'?)
Since f = @a(c) € A® ey and f - yy* = f, we get that fz = fy € D(L). Since
D(0,) "U(A® K+ C1)isdense in Y(A® K +C1) and z(1 — Ey2,) = 1 — Ey 9, € D(0,),

we can find a unitary v € D(d,) NU(A ® K + 1) such that v(1 — Ey2,) =1 — Ej 9, and
|z — v|| < e. Since fzv* € D(L), we can take zv* as z in the statement.
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By using the unitary z ~ 1 above, we define a flow f on A®R K by 5, = Ad za4Ad 2* =
Ad(zoy(2)*)ay. Let vy = uyoy(2)z*, which is a [-cocycle in M(A ® K). We have that
Ad v, = Adway = ). Note that

t— v (f) = wpay(2) 2" Ad(zay (2)" )y (f) = wau(f2) 2"

is differentiable in ¢ as fz € D(L), where f € D(J))) is given in the previous lemma.
Note that t — vf is o/-cocycle and that Ad vfa; = ;. Define a flow 7" of isometries
on A® K by
Ti(z) = viay(w)

and let L’ denote the generator of 7. Since v;ai(f) = Bi(f)v; = (v Bi(f))*, we have
that f € D(L') and L'(f) = zL(fz2)*. Hence f? € D(L')D(L')* C D(dg) besides f €
D(¢,) N D(L"). On the other hand we have that e € D(d)) N D(L') N D(dp); to see that
e € D(dg) we express e = fe € D(L')D(L')* C D(dg). Obviously we might assume that
f € D(63) as well.

Now we apply a similar argument as in the proof of Lemma 3.3 to the pair o and v*
(with Adv*a’ = ). (Actually the argument will be essentially the same; but we retain
the previous lemma because then the proof of Theorem 1.1 below will be written down
explicitly.)

Lemma 3.4 Let a,d/,u,e, f,z be as in Lemma 3.3 above and let 5y = Ad(zay(2%))ay, vy =
way(2)z*, T', L' be as above. For any € > 0 and a pseudo-projection P € A ® K there
exist pseudo-projections E, F € D(d3) and a unitary Z € U(A® K + 1) such that

ekl = e,
FF = F,
16:(B)l < e
1Z-1] < «
IPE-P| < «
e = e,

FZ € D(L).

Moreover E, F, and Z — 1 can be chosen from A ® M, for some n.

Proof. 'We may suppose that P.e € A ® ey, as in the proof of the previous lemma.
By doing so the new (e;;) generates a C*-subalgebra of the original K" on which o acts
trivially.
We choose four functions @1, p2,1, x € C(R) such that 0 < ¢ < g < ¢ < 1,
©i(0) = 0=(0), x(0) =0, p;(1) = 1 = ¥(1), prepa = 1, Patb = o, and P(t) = tx(t)*.
For any ¢; > 0 there is a pseudo-projection b € D(d3) such that ||zb — x| < ¢ for
2= P, 12,05(/2), and [6,0)] < .
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By 3.2 there is a finite sequence (1, ..., 2,_1) in D(L')NA®ey; such that ¢ =), ;27
is close to b in D(dg); more precisely ||b — ¢|| < €; and [|dz(c)|| < €1. Let

n—1

C=2f=f'+ > (1= P (1— f) =2/ = f*+ (1= (1= f?),

i=1

which belongs to D(dg) N A ® e11. We define E = ¢1(C), F = p(C), and

y=x(C)2— )2 fern + ZX(C)(l — [Aieriyi

If €, is sufficiently small, then C'is close to ¢ and b and we may assume that ||[PE—P|| <
e and ||05(E)|| < e. Since ¢ = 1, we have that EF = E. Since f2,(2— f2)Y/2 € D(d3)
(as Sp(2 — f?) C [1,2]), x(C) € D(dg), f € D(L'), and e;; € D(d),), we have that
y € D(L’). We also have that yy* = ¢ (C) and so Fyy* = F. Since eC = ¢ = Ce and
ef = e, we get that e = e and ey = e.

Since y € A ® M,,, we may assume that there are pseudo-projection Fy, F, € A ® M,
such that Fiy = y and yF» = y. (By assuming that there are other 4, x; € C°(R) such
that Y1), = ¢ and ¥, (t) = tx1(t)? etc. we may construct y; using y; just we did y using
X above and set F} = y,y7 and Fy = yiy;.)

Let Y =y + (Ev,, — F1)(Ey, — Fy) € A® M, and check that YY* = yy* + (£, —
F\)(Ein—F)*(Ein—F1) < Ep,. Let W =3"" | €, and define a unitary Z € AQ K +1
by

Z=Y + (B, —YY)'V2W - W* (B, - YY) 2L WY'W +1— Ey,.

Since Y = E;,, mod A ® K, we can check that this is indeed a unitary belonging to
A® K + 1. Since FYY* = F we get that FZ = FY = Fy € D(L'), which implies that
el =ey=e.

Let V € (A® K 4+ 1) N D(d),) be a unitary such that V(1 — Ey9,) = 1 — E} 9, and
|1Z = V| ~ 0. Let fi € A® e N D(J,) be a pseudo-projection such that ef; = e
and ||fif — fill = 0. Since fiy =~ f1 (as f1C = f1), we get that f1Z ~ f; and so
fiV ~ fi. Then Vi = 2f; — f2 + (1 — f1)V(1 — f1) is close to V and satisfies that
Vi € D(6)) and Vie = e = eVj. Thus by the polar decomposition of V; we get a unitary
Vo€ (A® K+1)ND(6),) such that Z ~ Vi, Vo(1 — Ey9,) = 1 — Ey 9, and eV, = e. Note
that FZVy € D(L') and eZVy = eV, = e. We take ZV5* for Z, completing the proof.

Proof of Theorem 1.1
By using e € D(L') above, we know that v;«aj(e) = [;(e)v; is differentiable in ¢t. We
define

.1 1oyk
r = tl% ;(Utﬂt(€> —e)=L'(e)".
We choose a pseudo-projection P such that Px ~ . We then choose E and Z as in

the previous lemma. Note that *F ~ xPFE ~ P ~ z and that T}(EZ) = vja,(EZ) =
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Bi(EZ)vf, which is differentiable in ¢t. Since E € D(d3), the following limits exists:

1
y = lim— wm@@waE%

t—0
1 1
_ EZL/(EZ) — ESs(E).

We assert that y* = —y. Since v} = f;(v_¢), we have that

y' = lim T (BA(Z)0 2 E — E?)
= lim ¢t{(EB(Zv-15-(Z"))E — E?)
= lim ¢t (Bu(E)Zv 1 1(Z")5(E) — B(E?)).

The last limit is equal to —d3(E)E — Edg(E) — y + d5(E?) = —y.
Since eF = e and eZ = e, we have that
_ : -1 * o
ey = tlg%)t (ev By (Z*)E — e)
- tli_r)r%) t (e — v Bi(e)v) v B (Z*)E + tli_r% t (v Bi(e) E — e)
= -4 (e)Z"E +zE,
which is close to z (as ||0),(e)]| = 0 and zF ~ x).

We define a (-cocycle w in A ® K + C1 by

dwt

L = w3 (y).

Let G(t) = vf(e)w;. Since (d/dt)vifi(e) = vifi(x), we get that
dG(t)
dt
which implies that ||G(t) — G(0)|| < |t|||z — ey||. Since G(0) = e, we get that
[oiBi(e) — ew|| < [t|l|lz — eyl

Since v (e) = aj(e)vy = af(e)uray(2)2* and ||ag(e) — el < [t]]|d%(e)||, we get that

= v (Bi(x) — Bi(ey))wy,

le(ur — wizay (2%))]| < eft],

where € = ||6/,(e)|| + ||z — ey||, which can be made arbitrarily small. Note that ¢ —
wyzay(2*) is an a-cocycle in A ® K + Cl.

This shows that for any a-cocycle u in M(A), any pseudo projection p € A ® K, and
€ > 0, there is an a ® id-cocycle v in A ® K such that

Ip(u: @1 — )| <€, te[-1,1].
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Let £ € K be a minimal projection. Since 1® £ € M(A® K), (¢, ®id)(1QF) =1® E,
and Ad(u; ® 1)y ® id(1 ® E) = 1 ® E, we can apply Lemma 2.7 to conclude that the
a-cocycle u can be approximated by a-cocycles in A in the strict topology.

Before going to the proof of Corollary 1.3, we give:

Lemma 3.5 Suppose that a non-unital C*-algebra A has a strictly positive element. Let
a be a flow on A and let u be an a-cocycle in M(A). Then there are unitaries y,Y €
AR K +1, sequences (e,) and (E,) of pseudo-projections in A® K satisfying the following
conditions: Let 5y = Ad(yoy(y*))ay and wy = Yuou(Y*)u(y)y*,and v = Adw 5y =
Ad(Yuey(Y*))oy. Let Ty(x) = wBy(x) on A® K and let L be the generator of T. Then
all e, E,, belong to D(d3) N D(6,) N D(L) and satisfy that ||0-(e,)||—0 and ||d5(E,)||—0.

Proof. We apply the previous lemma inductively. First, by Lemma 3.3, we construct ey, z;
based on 8O = o, w") = u;, and vV = Adw®BO such that e; € D), 6 (e;) ~ 0,
z1 &~ 1, and e;2z; € D(%wgl)ﬁt(o)), where (551) is the generator of the flow 4 and the
last condition means that ¢ +— wt(l)ﬂt(o)(elzl) is differentiable. Second, by Lemma 3.4,
we construct F, Z; based on (), (vgl))* = (wt(l) t(o)(zl)zi‘)*, and M = Ad (vM)M) =
Ad(z104(2]))a such that e; By = ey, e1Zy = ey, Ey € D((Sél)), 6(61)(E1) ~ 0, Z; = 1,
and F17; € D(%(vﬁl))*%(l)). Next, by the same lemma, we construct es, zo based on
BO), w§2) = Zlvfl) t(l)(Zf), and v® = Adw®pBW such that Fies = Ei, E12o = Fi,
ey € D((5§2)), 5%2)(62) ~0, 2o~ 1, and eyzy € D(%wt@)@(l)). Here we want to make clear
the following point in the proof Lemma 3.4: When we construct a suitable element in
D(L®M), which will be used to define 2, from a bunch of elements in D(L™M), we use a

family of matrix units in K, which should be in D((Sél)), where L) is the generator of

t— wt@ t(l). This argument is based on the given Fy, Z; and ey, z;. We have supposed

that Fy, Z; —1 and ey, z; — 1 all belong to A ® M, for some n and identified M, ® K with
K. Let us denote by K; the image of C ® K in K. Thus what we use is a generating
family of matrix units (el(-Jl-)) in K such that By, Z; —1,e1,21—1 € e§11) (A® K)egll). Since

(1)

K need not be contained in D((Sél)), we actually use Adz(e;;’), to define y there, on

which ) acts trivially (as « acts trivially on K;). Since Ad zl(eg)) = eg), this causes
no problem. (In this explanation we omitted a companion pseudo-projection, denoted by
using letter f or F', for each of ey, Fq,eq, ..., which plays an important role in the proof
but does not show up in the outcome.)

Repeating this way we obtain sequences (e, ) and (E,) of pseudo-projections in A® K

and sequences (z,) and (Z,,) in U(A® K + 1) as follows:
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We define p to be a strictly positive element of A ® K and

5t(0) = Qi
wgl) = Uy,
n n—1 * n—1
87 = Ad(z" ()8,
o = w2
w™ = Z,_ "V t(n_l)(Zn_l)*, n>2,
’yt(n) — Ad wgn)ﬁt(n_l),
for n > 1 if unspecified, where t — vé") and t +— wt(nH) are 3(™-cocycles as shown by the

implications w™ : B~ Y-cocycle = v™ : BM_cocycle = w*D : 3 _cocycle.
Then we have the following:

lpen —pl| < 1/n,

enEn = €n,
Enen—H - Enu
e, € D(™)N D),
E, € D(35")nD(s" ),
enZn = €n,
Enzn+1 = Ena
d n n—1
enin € D(awé )ﬁt( )),
d n k n
1657 (en)l| < 1/n,
1657 (B < 1/n,
l2n =1 < 277,
1Z0 =1 < 27

Let y, = zp2n_1---z1and Y,, = Z,Z,_1 - - - Z1. Then, by the last two conditions above,
(yn) converges, say to y € U(A® K + 1), and (Y,) converges, say to Y €e U(A R K + 1).
Moreover we have the following:

enY = e, Y, 1,

Eyy = Enyn,

8" = Ad(yacu(y;))os,

A =AY, e (Y ) o,

wy = Yo (Y ) (Yn-1)Yn 1,
Uy = Yooawou (Y, )ow(yn)yn.
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The first two equalities are obvious. The third equality follows from Bt") =Adz, o
ﬁt(n_l) o Ad z;. The fourth equality is obtained by computing:

v = AdZF_ o Ado" VB Vo Ad ZE
and

n—1
from which we get that
%(n) =AdZ, ;o0 'yt(nfl) ocAdZ _,.

The other equalities are obtained by induction: wgl) = Uy, wgn) = Zn,lfyt(n*l)(Z;_l

)v(ﬂfl) _

(1) _
Yoy (Y )) - ag (Yo o)up Yy ool and of™ = wi™y, au(yi_) - cu(yn)yr
We define

By = Ad(ya:(y’))as,
’}/t = Ad(Y'U/tOét (Y*))Oét,
wy = Yuou (Yo (y)y",

where t — w; is a (J-cocycle and satisfies that v, = Adw;G;. We also define T by
Ti(z) = wfi(x), * € A® K and L to be the generator of T" as in the statement.

We assert that all e, £, belong to D(d3) N D(d,) N D(L) and that ||0,(e,)| < 1/n
and ||0g(Ey)|| < 1/n.

By computation we have that

wiB(en) = Yuron (Y )ou(en)ow(y)y™ = Yurau (Y, 1enyn)y”,
where we have used that Y*e,y = Y*e,E,y =Y ,e,y,, and that

wf™ 3

t (enzn) = Yn—lutat(Y;—l)at(enzn)at(yn—l)yjz—l = Yn—lutat<Y:—1enyn)y;—1-

Hence we get that e, € D(L). Since yi(e,) = wifbi(en)w; = Yuou (Y, 1€, 1)uiY™
and 1" (e,) = YVoywon (Y7 e,Yo )ulY; ,, we get that e, € D(6,) and |65 (e,)|| =
10 (en)]|. Similarly we have that 5;(e,) = you(yieny,)y* and ﬂt(")(en) = Ynay (Y eyt yk,
which implies that e, € D(d).
For E,, we have that
wiBi(En) = Yuen (Y ) (Ey)an(y)y" = Yueu (Y, Enyn)y”
and

(o) 21" (EnZn) = Y0 (4, B Y)Y,
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we get that E, € D(L). Since 5y(E,) = you(y*Eny)y* = yau (v Enyn)y* and ﬁt(n)(En) =
Y0t (Y Enyn)ys, We get that E, € D(35) and [|05(E,)| = 165 (5,)||. Similarly we
have that v,(E,) = Yue (Y E, Y )uiY* and 4" "V(E,) = Yyuon (Y E, Y, )uY,, which
implies that E,, € D(7y). This concludes the proof.

Proof of Corollary 1.3
We define

an = lim t 7 H(wBi(en) — €,) = lm ¢ (Yuou (Yeny)y* — e,)

t—0 t—0

as an element of A ® K. We also define

by = lim t 'E,(w, — 1)E, = lim tHEYu YY)y E, — E?),

t—0

where the limit exists because both t — w,5;(E,) and t — (,(FE,) are differentiable. We
can also conclude that b; = —b,. We compute: if m > n,

enbm = tlLII%) t e Yua (Y (y)y En—en) = —57(en)Em+tliHn%) T (Yuo (Y eny)y* —en) B,

where we have used that v;(e,)Y ua(Y*) = Yu,o4(Y*e,). Thus we get that for m > n,
enbm = an B, — 05(en) En,

which implies that limsup,, || b — an|| < [|6,(en)|-
We define a continuous map h : [0,00)—(A ® K),, by: For t € [n —1,n],

—ih(t) = (n — t)bp—1 + (t =+ 1)b,,

with by = 0. Then, just as in the proof of Theorem 1.1, we can conclude that ||w;5:(e,) —
enw™ || < |lenh(s) — an||t], where w{"* is the B-cocycle determined by (d/dt)w™*) =
0" B,(ih(s)). Thus we get that [len(w; — w" )| < e,(s)|t| With en(s) = [lenh(s) —
anll + 1|04 (en)]|. Since lim, limsup, €,(s) = 0 and (e, ) forms an approximate identity for
A® K, we can conclude that for a strictly positive element p of A® K, maxye[—1,1) ||p(w: —

(h(s))

w™D) |0 as s—o0. Let 2 = yruw!"®)

you(y*)ae(Y'), which is an a-cocycle in A ®@ K
and satisfies that max,c_11) [[p(u: ®1— zt(s))||—>0 as s—00. Then Lemma 2.9 implies that
the a-cocycle u (in M(A)) can be approximated by a-cocycles in A asymptotically.

4 Invariant hereditary C*-subalgebras

We will prove Corollary 1.4 in this section. We note that Theorem 1.1 implies:

Lemma 4.1 Any cocycle perturbation of an approximately inner flow is approximately
mner.
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The main part is to show:

Theorem 4.2 Let A be a C*-algebra and o a flow on A. Let B be a full a-invariant
hereditary C*-subalgebra of A. Then « is approzimately inner if and only if «|B is ap-
proximately inner.

Proof. We follow the proof of Theorem 2.8 of [4] and then apply Theorem 1.1.

We equip the C*-algebra A ® M, with the flow @ = a ® id. Let C be the hereditary
C*-subalgebra of A ® M, generated by A ® e1; and B ® €99, which is a-invariant.

We will write e; = 1® ej; € M(C) and e3 = 1 ® e9y € M(C') and denote @ by «.

If A is separable, then, by [4], there is a partial isometry v € M(C ® K) such that
v*v = e; ® 1 and vv* = e3 ® 1. Hence we can define an isomorphism ® of A ® K onto
B ® K by ®(z) = vrv*, where A ® K and B ® K are regarded as corners of C ®@ K.
Then it follows that ®(a(z)) = Aduay(P(x)), = € A® K, where u; = vay(v*), which
is a cocycle in the multiplier algebra M (B ® K). Hence, by Corollary 1.3, a|A ® K is
approximately inner if and only if «|B ® K is approximately inner. Thus, by Lemma 2.1,
this completes the proof in the separable case.

In general, for any finite subset F of A, we can find an a-invariant separable C*-
subalgebra Ag of A such that Ay D F and By = BN Ay is a full hereditary C*-subalgebra
of Ag. Furthermore, we can suppose that a|Ag is approximately inner if «v is approximately
inner, and that a|B N A is approximately inner if «|B is approximately inner.

To see this suppose that « is approximately inner. Let A; be the C*-subalgebra
generated by oy (z), v € F, t € R, which is separable and a-invariant. Let (z,) be a dense

sequence in {z € A; | 0 <z < 1}; for each z,, we choose a finite sequence (y%n), e ,y,gz))

in AB such that ||z, — 32, 4™ (y™)*|| < 1/n and let A, be the C*-subalgebra generated

by A; and all yZ(”). Then it follows that A, is separable and the closed linear span of
AyByAs contains Aj, where By = BN A is a hereditary C*-subalgebra of A,. Let (h,)
be a sequence in Ay, such that a;(z) = lim,—. Ade™™ (), x € A;. Let Az be the
C*-subalgebra generated by As and all h,. Let A4 be the C*-subalgebra generated by
ai(A3), © € R, which is separable and a-invariant. Then regarding A4 as A; we repeat
this process; the closure of the union of the increasing sequence (A,) of C*-subalgebras
of A so obtained is the desired C*-subalgebra Ay. Then by the previous argument we
get that a|B N Ay is approximately inner, or in particular, for any ¢ > 0 there is an
h = h* € BN A such that ||ay(z) — Ade?™(z)|| <, z € BNF, t € [-1,1]. Since BNF
is an arbitrary subset of B, this implies that a|B is approximately inner. The other case
can be treated similarly.

Proof of Corollary 1.4
In the case the hereditary C*-subalgebra B is full this is shown in the above theorem.
In the case B is not full, let I be the ideal generated by B. Then if « is approximately
inner, then the restriction «|I is approximately inner (this is easy; see [11]). Since B is a
full hereditary C*-subalgebra of I, we can apply the above theorem to conclude that «|B
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is approximately inner in this case. To get the statement with asymptotic innerness, we
just apply Corollary 1.3 and Lemma 2.8.

5 AF flows

Let A be an AF algebra. We call a flow o on A an AF flow if there is an increasing
sequence (A,) of finite-dimensional C*-subalgebras of A such that ay(A4,) = A, for all
t € R and n € N and A is the closure of | J,, A,. We assume that A has no unit and let
u be an a-cocycle in M(A) and o) = Adw;ay. Our purpose is to prove that a cocycle
perturbation of an AF flow is approximately AF (see [10]).

We first note the following simple lemma:

Lemma 5.1 Let « be a flow on a non-unital C*-algebra A with a strict positive element
and let u be an a-cocycle in M(A). Let o = Adua. Then there is an approrimate
identity (e,) consisting of pseudo projections of A such that e, € D(J)), enéni1 = €n,
165, (en)|| < 1/n, and maxyc—1,1) ||ou(en) — en|l < 1/n.

Proof. We define a flow 7 on A ® My by v(z ® e13) = ay(x)u] ® e, © € A. Then
we find a sequence (E,) in A ® M, such that 0 < E,, < 1, ||[zE, — z||—0 for z € A,
I[1 @ eij, Eu]||—0, E, € D(6,), and |6, (E,)[[—0. We write E,, = _,.(E,)i; ® e;; and let
en = (Ep)2. Then 0 < e, <1, ||ze, — z||—0 for z € A, e, € D(0,), ||0,,(en)]|—0, and
maxyc(—1,1] ||a(en) — ]| =0 (as [[(En)11 — (En)22]|—0). We have to modify (e,) to make
it satisfy e,e i1 = e,.

Let p,1 € CX(R) besuch that 0 < ¢ < <1, ¢(0) =0 =1(0) and (1) =1 = ¥(1).

We denote the above (e,,) by (p,). We define e; = ¢(p,,) and f; = 1(p,) for a large n so
that |6/, (e1)]| < 1 and maxie_11y [|ax(er) —er|| < 1. Let z1,, = 2f1 — f£+ (1= f1)pa(1— f1),
which satisfies that e;x,, = e; and is close to p, (as elements of D(d),)) for large n. We
choose n so large that ||d,(e2)|| < 1/2 and maxsei—11y ||as(e2) — e2f| < 1/2 follow for
es = ¢(z1,). Note that ejes = e;. Next we set fo = ¥(x1,) and xq, = 2fs — fo + (1 —
f2)pn(1 — f2), and we repeat this process.

Lemma 5.2 Let o be an AF flow on an AF algebra A and let u,o’ = Adua ete. be as
given before Lemma 5.1. Let F be a finite subset of the unit ball of A and ¢ > 0. Then
there is a finite-dimensional C*-subalgebra B of A and an o'-cocycle w in A such that
each x € F has 2’ € B with ||z —2'|| <, |wy—1| <e¢, t € [-1,1], and Adw,oj(B) = B.

Proof. For any small €; > 0 we choose pseudo-projections p, ¢ € A such that ||zp—z| < €
for o € F, pg = p, lloala) — qll < en, t € [-1,1], g € D(&,), and [8,(@)] < & (by
applying the previous lemma). Then, by Theorem 1.1, we choose H € A, such that

| (we — uEH))qH < €1, t € [—1,1], which entails that

(e — u™) e (q)]) < 3er.
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Then it follows that ||Juzcy(q)u; — ugH)at(q)(ugH))*H < b€y, t € [—1,1]. Thus we get that
lg — ot (q)|| < Te1, t € [-1,1]. Note that then, by taking ¢’ = o (¢) ~ ¢ with an
appropriate ¢ € C°(R), we get that (0, +adiH)(¢') =~ 0. Then, for any e € (0,1/2),

by Theorem 3.6 of [1] for a sufficiently small €;, we get ¢; € D(d,) and b € Ay, such that
lg — qill < €2, ||b]| < €2, (da +ad(iH +ib))(q1) =0,

and the spectrum of ¢; is finite. Let e be the spectral projection of ¢; corresponding to
[1/2,3/2]. Since ||pg1 — p|| < €2 + €1, we may suppose, for any € > 0, that ||[pe — p|| < e.
(For ¢ € O with 0 < ¢ < 1, supp(y) C [1/2,3/2], and ¢(1) = 1, we could assume
that ||pe(q1) — pl| < €, which implies that |[p(1 — e)|| < |Ip(1 — ¢(q1))|| < €.) Since
[(ur — ) (qr) || < Ber + 22, £ € [~1,1] and e < 2q1, we get that ||(ue — ul™ )y (e)|| <
6€; + 4eo, which we may suppose is smaller than e:

(ue — ui™)ay(e)|| <€, te[-1,1].

Since ||pe — p|| < € and ||z(1 — p)|| < €1, = € F, it follows that ||[ze — z|| < ¢, + € <
2¢, x € F. Since (64 + Ad(iH + ib))(e) = 0, the restriction a#+Y|eAe is approximately
AF, or a small inner perturbation of an AF flow. Thus we get a unital finite-dimensional

C*-subalgebra B of eAe and V' € (eAe)s, such that a£H+b+bl)(B) = B, ||t/|]| < ¢, and
each z € F has y € B with |lexe — y|| < € (which implies that ||z — y|| < 5¢). Since

|| (ur — u§H+b+b/))at(e)|| <e+||b+ V| <e+e+e<3eforte[—1,1], we get that

|l (e) — el < 6Be.

Hence there is an o/-cocycle v in A + 1 such that maxc—1,1) [|[vs — 1|| = 0 depending on ¢
and Ad v;a(e) = e. Then we set

HAb+V/
wy = (ug )urvfe +1—e)uv,

(H+b+b') (H+b+b')
t

which is an a'-cocycle in A. Since ||u uivie — el = |le(viuy — wy )| =
| (veuy — u(f“”b/))at(e)H, we get that ||w; — 1]| = 0 for ¢t € [—1,1]. Since Adw;a}(B) =
Ad u§H+b+b )ozt(B) = B, this completes the proof.

Corollary 1.5 follows from:

Theorem 5.3 Let « be a flow on a (non-unital) AF algebra. Then the following condi-
tions are equivalent:

1. There is an a-cocycle u in M(A) such that Adua is an AF flow.

2. For any € > 0 there is an «a-cocycle in A such that Adua is an AF flow and
llug — 1] <€, t €[-1,1].
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3. « is an approzimate AF flow, i.e., there is an increasing sequence (Ay) of finite-
dimensional C*-subalgebras of A such that |, A, is dense in A and

lim max dist(a:(Ay), 4,) = 0.

n—>oo te[—1,1]

Proof. The equivalence of the last two conditions is shown in [10] (see Remark 1.4 there).
The first condition is apparently weaker than the second. A repeated application of the
above lemma shows the converse implication.

We shall prove Corollary 1.6. Specifically we state:

Theorem 5.4 Let A be an AF algebra and o a flow on A. Let B be a full a-invariant
hereditary C*-subalgebra of A. Then « is an approximate AF flow if and only if «|B is
an approzimate AF flow.

Proof. Just as in the proof of Theorem 4.2, we have an isomorphism ® of A ® K onto
B® K and a a ® id|B ® K-cocycle u in M (A ® K) such that ®(a ® id(z)) = Adu(oy ®
id)(®(z)), * € A® K. Thus, by the previous theorem, o ® id|A ® K is approximately
AF if and only if o ® id|B ® K. It is easy to see that a ® id|A ® K is approximately AF
if and only if | A is approximately AF. This concludes the proof.

To prove the rest of Corollary 1.6, let B be an a-invariant hereditary C*-subalgebra
of A and let I be the ideal generated by B. We have to show that if « is approximately
AF, then «|I is approximately AF, which implies, by the previous theorem, that «|B is
approximately AF. If v is an approximately AF, then there is an h € Ay, such that o" is
an AF flow, i.e., there is an increasing sequence (A,,) of a®-invariant finite-dimensional
C*-subalgebras of A with dense union. Then, since I is the closure | J, (I N 4,,), we have
that a™|I is an AF flow. Hence |l is an approximate AF flow by Theorem 5.3.
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