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A theorem on essential self-adjointness with application to Hamiltonians
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An abstract theorem is given on essential self-adjointness of operators in infinite direct sum of
Hilbert spaces and is applied to a class of Hamiltonians in nonrelativistic quantum field theory

to prove their essential self-adjointness.
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In this paper we present an abstract theorem on essential
self-adjointness of operators in infinite direct sum of Hilbert
spaces and apply it to a class of Hamiltonians in nonrelativis-
tic quantum field theory (QFT) to prove their essential self-
adjointness.

About 20 years ago, D. Masson and W. K. McClary'
gave an interesting proof of the essential self-adjointness of
the Hamiltonian of (4*), theory with a space cutoff, Their
proof makes use of some specific properties of the interaction
Hamiltonian acting in the boson Fock space over L2(R).
We have found that their method can be formulated in an
abstract way to give a criterion for essential self-adjointness
of operators in infinite direct sum of Hilbert spaces. This is a
background of the present work.

The outline of the present paper is as follows. In Sec. IT
we first state the abstract theorem mentioned above and then
prove it. The proof of the theorem is quite similar to that of
Masson and McClary in Ref. 1, but, we give it for complete-
ness. Section III is devoted to the application of the theorem
to a class of models in nonrelativistic QFT. Each model in
the class describes a quantum system of a finite number of
nonrelativistic particles interacting with some quantum sca-
lar fields. In Sec. IV we discuss some examples: the linear
polaron model,>> the RWA oscillator,®® a model of a
bounded electron interacting with a quantized radiation
field,**' their generalizations, and scalar quantum electro-
dynamics with cutoffs, '?

ii. THE ABSTRACT THEOREM
Let #,, n = 0,1,2,..., be Hilbert spaces and
H= o F,
n=40
be the infinite direct sum of 5, n>0. Every vector f&57is a
sequence f = { f"™}_, of vectors f e with

171 = 3 1P < oo

We identify £ with the vector {0,0,...,0, f,0,...,}e#°
[the (n + 1)th component is /"' and all the other compo-
nents are zero]. We introduce the subspace

Do =)™ =0 for all but finitely many n},
(2.2)

(2.1)
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which is dense in &%, and the degree operator (“number
operator”) N by
(f{{f‘)(n) — nf"’), n>o’

with domain
o) = {21 3wl Fo <)
n=0

The operator Nis self-adjoint and non-negative.
Let 4 be a self-adjoint operator in & which is reduced
by each J7°,, so that for all #>0,

ADAYNIE, =57, (2.4)
is self-adjoint. It is easy to see that A4 is essentially self-adjoint
on the dense subspace

D =DAND,. (2.5)

Let B be a symmetric operator in 57 that satisfies the
following conditions (B1) and (B2).

(Bl) &, C D(B) and there exist a constant ¢>0and a
linear operator L in #° such that D(L)D
D([(4 +B)} D1*),

L:D(LYNF¥, -57,,
for all n>0, and

HAB) < LAINN + 1)gl], fgeZ.

(B2) There exists an integer p >0 such that for all fe &,

(f",Bf"y =0 unless |m — n|=0,1,..p.

The following theorem gives a criterion for the essential
self-adjointness of the operator 4 + B.

Theorem 2.1: Let 4 and B be as above. Suppose that
A + Bisbounded frombelow. Then 4 + Bisessentially self-
adjoint on &.

To prove this theorem, we prepare a lemma, which may
be interesting in its own right.

Lemma 2.2: Let S and T be symmetric operators in ¢
and

R=S+T

is strictly positive on a subspace DC D(S)ND(T), ie., fora
constant A >0,

R>»A on D.

(2.3}

(2.6)
Let{ f,}7_ , CD beasequencesatisfying the following con-
ditions (i)~(iv):
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(i) fi #6;

(i) (S /fu) =0,

(i)  (f..Sf) =0,
(iv) (S T) =0,

unless m = n;
unless m = #n;

for |m — n|>2;

(V) (.f;x..]’Tf;:)+(f;1)Rf;1)+(f;1+17Tf;l)=O’ n>17
2.7
where we set f, = 0. Then, for all n>1, f, #0 and
(foer T <O (2.8)
Moreover,
) 1 (2.9)

—_— < ®.
"Zl ](f;z+ \,Tf;,)|
Proof: Conditions (i) and (ii) imply that Z7_ , f; #0 for
all 7> 1. Therefore (2.6) gives

(35 35)>0

=1 ]=1

(2.10)

Using conditions (iii)-(v), we can show that the left-hand
side of (2.10) equals — ( f,, ;,If,). Hence, f, ., , #0 and
(2.8) follows.

To prove (2.9), we define a set of numbers {a,}7_, by
the following recursion relations:

a =1, (2.11)
an~l(fn——l’T./;l) +an(f;z’an) +an+1(f;z+l’Tfn)
=ua, || 5 n>1, (2.12)

where u is a constant with 0 <u <A and we set g, = 0. It is
easy to see that for all n>2, a,, is real. Let

8 = aufy
and
R=R-p,
which is strictly positive. Multiplying (2.12) by a,,, we have

(8n-1:784) + (81sR8,) + (844 1,784) =0.
Hence, we can apply the preceding result with £, R, and §
replaced by g,,, R, and S — u, respectively, to obtain

0> (gn+ lyTgn) = _an+lan|(.fn+1’T-fn)i'
Since a, = 1> 0, this inequality implies that for all n>2,
a, >0. Multiplying (2.7) [resp. (2.12)] by a’ (resp. a,)
and making the subtraction to eliminate the term ( f,,Rf,),
we obtain

(a, _an+l)|(ﬁz+l’Tf;r)|
=upa, || fill?+ @,y —a)(fu TR n>l
(2.13)

Taking n = 1 in this equation, we see that a, >a,. It then
turns out that for all n>1, @, >a,, , , - Combining this result
with (2.13), we obtain

1 a, —a,.,

KOsy /ST VA I

which implies that
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Thus (2.9) follows. |
Proof of Theorem 2.1: Without loss of generality, we can
assume that for a constant ¥ > 0,

A+ B>y
on 2. Throughout the proof, we set
C=A4-+B.

It is sufficient to prove that Ker (C | £2)* ={0} (eg.,
Theorem X.26 in Ref. 13). Let geKer(C | & )*. Then

(&Cf) =0, (2.14)
for all €. By (2.4), we have
(g™ Af) = (g Af ™) = (g,(C— B)f™)
e (g’Bf(n)).
Using (B1) and (B2), we obtain

@™, 4f ) |<e(n +p+ DLl /]l

Hence, the map: f— (g",4f ) defines uniquely a continuous
linear functional on 5. Hence, by the Riesz lemma, there
exists a vector ¢,7%” such that

g™ Af) = W, f), fED.
Since & is a core of A, this equation extends to all feD(4),
which implies that geD(4 *) = D(4). Hence, g"VeZ.
If p = 0, then B: 77, » 5, for all >0 and hence

C:INHK, -7,

for all n>0. Therefore, putting f= g'”eZ into (2.14), we
have

0= (g,cg(n)) — (g(n)’cg(n))>7,“g(n)“2.

Hence, g = 0 for all n>0, i.e., g =0.
Let p>1 and define

p—1 .
h,= Y g#*ed.
=0

Putting f= A, into (2.14), we have
(gCh,) =0,
which implies that
(h,_.,Bh,) + (h,,Ch,) + (h,, ,Bh,) =0,
where we set 2 _, = 0. It is easy to see that
(Bpshy,) =0 (h,,,4h,) =0,
unless m = n and
(hy,Bh,) =0,

for |m — n|>2. Suppose that g#0. Then, for some n, &, #0.
Hence, we can define

N = min{n>0| ||A,||#0}.

Then we can apply Lemma 2.2 with f, = hy . ,_,(n21),
S = A,T = B, to obtain

i 1
—_— < 0.
";N I(hn+1’Bhn)|

Using the Schwarz inequality, we have

n>0,

K=
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i [“LLH”_W’_"”] 172

n=N l(hn.;.[’Bhn)'
o 1/4 a6 1/4
S DO LS i DA
n=N n=N
<vKp||Lgllllell- (2.15)
On the other hand, we have by (B1)
LA, . Hllh | 1

(A, 1B cp*(n+ 1)
which implies that the lefi-hand side of (2.15) diverges. This
is a contradiction. Thus g must be zero., ]

lll. ESSENTIAL SELF-ADJOINTNESS OF A CLASS OF
HAMILTONIANS IN NONRELATIVISTIC QUANTUM
FIELD THEORY

In this section we apply Theorem 2.1 to prove the essen-
tial self-adjointness of a class of Hamiltonians in nonrelativ-
istic quantum field theory. The Hamiltonians we consider
correspond to models of a finite number of nonrelativistic
particles interacting with some quantum scalar fields.

For a mathematical generality, we assume that the sca-
lar fields under consideration are over R? with d>1. The
Hilbert space for state vectors of the particle system is taken
tobe L*(RY). We denote by ¢ = (g, ,...,qy )eR” the coordi-
nate variable of R" and define the “momentum operator” p
by

p= (pl 9~-"pN)’
with
J
= =, 3.1
)4 34, (3.1)

where / = y — 1 and the partial derivatives are taken in the
generalized sense.

The mathematical framework for the quantum scalar
fields is given as follows: Let % be the M direct sum of
L*(RY) (M>1):

T 2 medy 2¢md
ﬂ/_é (R)e--aL*(R )J
M times
and S*(%") (n>1) be the n-fold symmetric tensor product
of ¥

SUF) = et¥% (3.3)

[weset S°(%") = C]. The Hilbert space for the scalar fields
is taken to be the symmetric Fock space over %"

(3.2)

FAK) = ;03"(‘%)‘

We denote by a(F) (Fe%") the annihilation operator in
F ((X) (antilinear in F) and by N, the number operator.
The mapping: L*(RY) Sf—f, = (0,..,,0, £0,..,0)e.¥" (the
rth component is fand the other components are zero) de-
fines an embedding of L *(RY) into %", Let ¥ (R?) be the
Schwartz space of rapidly decreasing C = functions on R?
Then the mapping: . (R?) D/~ a( f,) defines an operator-
valued distribution; we denote its kernel by a,(k):

(3.4)
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alf) = f a, (k) f(k)dk.

The operator-valued distributions {a, (k)}*_, satisfy the
canonical commutation relations:

[a,(k).a,(p)*) =6,.8(k—p),
[a,(k),a,(p)] =05 = L., M.
Let 74 () be the finite particle vector space of &, (% ):
FolH) = {0 = {9} e, (F) |9
= 0 for all but finitely many n}. (3.5)

For each W, ,eL*(RY“"*")(m + n>1,mn>0) and
7S, = 1,..,M, we can define a unique closed linear operator
W, . (a;';,...,a:'j";as,,...,as") in & (%) with

Diw,,, (a¥,..af s, ,...a, )) D.F o (F) (3.6)

such that 5, (%) is a core for W,,, (@ sees@¥ 30, s, )
and

¥ * .
W,.n(a} TIY Sl N N |

= WM.n(kl""’km’gl ”"$§n)

RACm £ m

X(,li a,,(ki)*) (H asf(§j))dk de

=1

(3.7)

as a quadratic form on %, (%) X.% 4 (¥") (see Theorem
X.44in Ref. 13). Some fundamental properties of the opera-
tor W, , (a¥,...af ;a,,....a; ) are summarized in the follow-
ing lemma.

Lemma 3.1: (i) If k and ] are non-negative integers such
thatk -+ /= m + n, then

(14 N,) ~ W, (aF .k s, s, ) (1 + Ny) ~ 172
is a bounded operator with
(1 +N,) =2 W, (a .k sa, e Y (14 N,) ~ 173

<SCBDHIW Y, 2y
where C(k,I) > 0is a constant.

(ii) Let

W (K seeisbe sy o) = W (&1 oo Ky sk VR,
Then
D ﬁ’m,,, (a%,...0% 30, 500, )

CDw,,, (a},...a% 5a sl ¥}
and
Wm‘,, (a;‘:,...,a;';;a,l,...,a,n) =W, (a,*t,..,,a;':;asl,...,asm ¥
on D{ Wm,,, (a¥ N yeoos, ))e

(i) W,.,(ak...a¥a,,.,a,) maps S*(¥") into
Sktm=n( %"y (resp. {0}) for k>n (resp. k< n).

For proof of this lemma, see Theorem X.44 in Ref, 13.

Let w,(k),r=1,.,M, be non-negative measurable
functions on L *(R?) with w,eL 2_ (R%) and

» = & ﬁl: 18,
be the direct sum of w, as multiplication operators. We de-
fine

Hyp =dT (&) (3.8)
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to be the second quantization of the operator &. We have

M
HF= Z wr(k)ar(k)*ar(k)dk

r=1
as a quadratic form on
[Fo(FVNDHE) | X [F o (F)ND(HE)].

The Hilbert space of the coupled system of the particles

and the scalar fields is defined by
i

N p?
H=Y 2

j=1 2mj

<k<4

+ Z Z {Vil"‘prjl“.pjlqjul“.qjk+V;T“'jkqful.“qfkpjl.“pfl}+

1<k<d IIKk

(s rpSyrnensSpy) . *
o W (kAR A ) T+

+HF+ z {/{jl”‘jkqjl'“qjk +'uj|”‘jkpj|“'pjk}
1

F =LYR") 0 F (¥). (3.9)

Every closed operator 4 (resp. B) in L?(R™) [resp.
F (F )] extends to F as A® I (resp. I ® B), where I de-
notes identity. In what follows, however, we shall denote
them by the same symbols, provided that there is no danger
of confusion.

We now consider the following Hamiltonian:

{W(rp.-..r,,.,sl,
m,n

wSnd ¢ ok * .
(cz,l,...,a,m,asI ,...,asn)
1<n + m<4

2 {yjl"'jkpjl Y2/ "4,

1<k + m+ n<4 1<I<k

(Ppees Py S1re0sS ) . e - (FpoecslymSpeeaSa) (¢ e * . *
X Vm.ln e (arl’."’a:‘m’asl’.“,asn) + y}.:"‘jkqflu 4P, pszm,n (ar,""’arm’as,"“!as") }’

eR, v

where m; >0, ’11‘1' e

stants,

W:’:'I;,'“'sn), V:':'l,"""sn)eL Z(Rd(m + n)),
and summations with respect to the repeated indices j,,7;,s;,
are understood. The operator H is a sum of operators of
polynomial type with degree less than or equal to 4 in
g;ppad,j=1,..N,r=1,.,M. By Lemma 3.1(i) and the
fact that p; and g; leave S (R") invariant, H is a symmetric
operator with

D(H) D (RY) 8(F o (F)NDH))=D y, (3.11)

where ® denotes algebraic tensor product. We prove the
following theorem.

Theorem 3.2: Suppose that H is bounded from below on
2 . Then H is essentially self-adjoint on & ;.

To prove Theorem 3.2, we need a preliminary. To apply
Theorem 2.1 to the present case, we must rewrite .% as an
infinite direct sum. To this end, we make use of the Fock—
Hermite-Wiener decomposition of L >(RY). We first recall
this decomposition. Let v; > 0, j = 1,...,N, be constants and
introduce the annihilation and creation operators for the
particles as follows:

s By g » Vi, ECs are con-

b, = (1/2v;) (ip; + v,9;), (3.12)
bl=(1/2v)(—ip; +v,q)), j=1,...N, (3.13)

which leave &/ (R") invariant and satisfy the commutation
relations

[6,,61] =684, [bpbi]=0,k=1,.,N, (3.14)
on % (R™). We have from (3.12) and (3.13)

g, = (1/2v,))(b; + b1, (3.15)

p, = iv,72(b} —b)). (3.16)
Let

N \1/4 ,
v = [ [(i> e“”ﬂf”]. (3.17)
j=1 W\
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(3.10)

|
Then we have ||t || = 1 and

biho =0, j=1,..N. (3.18)
N

For z = (z,,...,2y)€eC”, we define the operators 6(z) and
b(z)t by
N N
b(z) = ¥ z*b, b(2)t = D zb].
i=1 i=1
Then (3.14) is equivalent to the following commutation re-
lations:

[6(2),b(w)T] = (z,w)

(3.19)

[6(z),b(w)] = 0,z,weC".
(3.20)

ch
Let
-/40 = {awo |a€C},

A
My = L S @bz bz ) e,
1

i = |

eC,zjkeCN,Jk>1} , n>l (3.21)

Then one can easily see that

M, = {P,(q)|P,:polynomials of order n}C .7 (R").
(3.22)

Hence, for all n>0, .#,, is finite dimensional. Moreover, we
can show that .« ,L.# ,, for msn and
L*RY) = & M,=F,(C". (3.23)
n=0
This is the desired decomposition of L *(R"). In the decom-
position (3.23), the degree operator is given by
N

N,=Y bJb,.

=

Using (3.23), the entire Hilbert space # is decomposed as

(3.24)

F =07,

n=0

(3.25)

where

Asao Arai 2085



T, =

® MH,S"(F).

f+m=n

(3.26)

One can easily show that

where C,, . >0 s a constant.
We are now ready to prove Theorem 3.2,

Proof of Theorem 3.2: Wnte Has

“bj#lb“<“(Np + 1)1/2¢“’ ¢€D(N}f2%j: L., V. H= H, + Hh
(3.27) X
with
Using (3.15),(3.16), and (3.27), we can prove the following ¥
estimate: =y (i +v;g)) + Hp
i Mierr WA o 1y0m+mr2an /= 2m,
WP, P4 G VISCmn i Y T 1) il
¢€D(N,(,m+n)/2), (328) and
)
N A.2
H’ = Z {/ifl quh qf}‘ +tu}'1"’f;\p}'s o .p}'k}
F=1 2mj T<kad
+ 2 Z {ij"'fLPI}.“pf)qfﬂ»l.an}\ + V}':”'hqfte l“.qfkpfn'“p}'l} + {W:"r”’ et )(a: :‘ ’a‘)’ ’asn)
1k 4 1<igk Lwnt mad
+ W(" St “"S")(a’,':,.,.,a’,"m;as' ,...,as")*} + Z {%,.v-hpf, I 7K’ TR’ X

1wk + n+ msd 1i<k

(Fyennt, R
XVm.ln ((Z*, ’a e Sy’ s )+y: h\q}!+l

The operator H, is self-adjoint and positive with
D(Hy) = N)_ {D(p}HyND(g) }ND(H).

Since H,, is written as

H~§[lf—b*b+ v"]+H
= my 7 2my "

it follows that H, is reduced by each .5 . Let
— {‘I’ — {q;(n)}w: Oey‘\ycn)ejz‘"’

W =0 for all but finitely many n}

and
Z =% ,ND(H,).
By (3.22), we can show that
D = {P(q) 1, |P:polynomials}
& [DH)NF o (F)]CD
The degree operator in .F
N=N, +N,.

By Lemma 3.1 (iii) and the fact that b | (resp. b,) maps .#
into #,,, (resp. .#,_ ), we see that for all
¥ ={YP}>_,, & ={0"}>_,eF,,

(‘P("),qu)(m)) =0,

Moreover, by Lemma 3.1(i) and (3.28), we can show that

(3.29)
represented as (3.25) is given by

jm —n|>4.

HHYI< Y Cull(V, + DXV, + DY, Yed,,

k+ k2
where C;; >0 is a constant, It is easy to see that

IV, + DX, + D)<V +2)%+ )]
<2k+ 1"(}’\}_{_ 1)k+Ap|],

Hence, we get
I, %l<C (N + D],
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with C'> O being a constant. Thus we can apply Theorem 2.1
with % = .7, 4 = H,, B = H, to conclude that A is essen-
tially self-adjoint on &, which, together with (3.29), gives
Theorem 3.2. |

IV. EXAMPLES

In this section we discuss some concrete examples of the
Hamiltonian H given by (3.10). We follow the notations in
Sec. I1I unless otherwise stated.

Example I: Let us take ¥ = L*(R“) (i.e., the case
M = 1), so that

F =L*R")eF (L*(RY)).
Let w, = w and consider the Hamiltonian
=p*/2m + V(q) + dT (@)

N
+ 3 g [ @ athky + 4,00 a0k

J=1

N 2
f;z,:./i JBGE (4.1)

w(k)
Here, m > 0 is a constant, ¥(g) is a polynomial of the form

Vig) = (4.2)

> &ead
1<k<4
with g; ..., €R and 4, is a measurable function on R with

ﬂj,/lj/\/EeL 2(R?). We assume that ¥ is bounded from be-
low:

inf ¥(g) > — . (4.3)
geR?

In the case where N = 1 and V(g) = K¢*/2 with a constant
K >0, H, gives the Hamiltonian of a model of laser,? which
was discussed rigorously in Refs. 4 and 5, in connection with
the problem of Lamb shift and spontaneous emission of light
in quantum electrodynamics. The case where N = d = Jand
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V(g) = K¢*/2 is the linear polaron model.> The Hamilto-
nian H, with N =1 and with a nonquadratic ¥ was pro-
posed by Caldeira and Leggett'! to discuss quantum tunnel-
ing and coherence with dissipation. For quantum coherence,
V is taken to be a double well potential, e.g.,
V(q) = g(1 — ¢*)* with a constant g> 0. The model given
by (4.1) is a generalization of these models.
Let

Dy =L (R 8 [Fo(L*(RO)NDET (0))]. (4.4)

Theorem 4.1: The operator H, is bounded from below
and essentially self-adjoint on &, .

Proof: Since H, is of the form of the operator H defined
by (3.10), we need only to show that it is bounded from

below. Then Theorem 3.2 gives the essential self-adjointness
of H, on &, . Introducing the operators

Hy=dT@) + ¥ g [ G,00a00% + 4, (k) *ato)dk
Jj=1
flz,”_‘/l i Rgl”
w(k)
and

H, =p*/2m + V(g), (4.5)
we can write H, as

H, =H,+H,.
By (4.3), Hp is bounded from below. We note that for all
Ve y,

A;(k)g;
(V,H, W) =f((d Bya(k) + ’) "
’ 12’1 Jo (k)

A;(k)q
Jo(K)a(k) + ’) )dk.
( ]Zl Jo (k)

The right-hand side is non-negative and hence (V,H, ¥) >0.
Thus it follows that H, is bounded from below on &,

Example 2: Let bj# be given by (3.12) and (3.13) and V
be as in Example 1. Let

=p’/2m + V(q) + dTl' (@)

+3

Jj=1

+Z dk

hi=1

(4 (k) ba(k)* + A;(k)*bJa(k))dk

A, (k)Y*4, (k)

blb,, 4.6
o0 i (4.6)

J

This model is a variant of Example 1. The case where N =1
and

H, = (v,/m)blb,
is called the RWA oscillator (e.g., Refs. 6-8).

Theorem 4,2: The operator H, is bounded from below
and essentially self-adjoint on & ,;

Proof: The operator H, is of the form of H given by
(3.10). Hence, we need only to prove the boundedness from
below of H, on & ,, . This can be done in the same way as in
the proof of Theorem 4.1; in fact, we can show that

—H,>0onZ . [ |

Example 3: We consider the following case:

2087 J. Math. Phys., Vol. 32, No. 8, August 1991

N=d, m=m, j=1..4d,
K=o 'L*(RY) (ie, M=d—1),
w,(k)=wlk), r=1,.,d—1,
so that
F =L*R% ®F (99" 'L*(R?).
This choice gives a framework to discuss models of a d-di-
mensional electron coupled to a quantized radiation

field.>191415 1 et p(x) be a real distribution on R? such that
its Fourier transform p(k) is a measurable function with

p/Nw, |k|p/JoeLl 2(R?) (4.7)

and {e” (k)}¢Z| be a set of vectors in R? (“polarization
vectors” of a photon with momentum k) such that

eV (k)-eP(k)=6,, ke”k)=0rs=1,.,d—1.
The time zero radiation field with cutoff 5 is defined by

1
A (x; )=J———e?”(k) p(k)a,(k)*
sup olk) @

~ x4 pk)*a, (k)e™Ydk, j=1,..d.
We consider the following Hamiltonian:

d 2
H, =—L(p —ed(0p) — e 3 ‘Ij(ajA)(O;p))
2m j=1

+ V(@) +dl (e o), (4.8)

where ecR is a parameter denoting the elementary charge,
A€R, and F(q) is a polynomial given by (4.2) with (4.3)
(N=d —1). The case A = 0 corresponds to the usual di-
pole approximation. The case where V(g) = €g*/2 (¢>0)
and A = 0 has been discussed in Ref. 10 (cf. also Ref. 9). Let

Dy, =5 (RY) @ [ DT (0~ '0))
NF (@™ 'LARY)]. (4.9)

Theorem 4.3: The operator H; is bounded from below
and essentially self-adjoint on &

Proof: The operator H, is also of the form of H given by
(3.10). It is obvious that H, is bounded from below on & 4, .
Thus, applying Theorem 3.1, we get the desired result. W

Remarks: In the case A = 0, the second condition for p
in (4.7) can be dropped. The above theorem slightly im-
proves the result in Ref. 10 on the essential self-adjointness
of H, with V(q) = eg*/2 and with 4 = 0 in the sense that
concerning the condition for p, we need to assume only the
first condition in (4.7), while in Ref. 10, we assume, in addi-
tion to the first condition in (4.7), JwpeL 2(R9).

Example 4: Scalar quantum electrodynamics with cut-
offs. We consider a quantum system of a charged scalar field
interacting with a radiation field. The Fock space to describe
such a system is given by

=F (X))

(i.e., the case “N = 0” in the framework given in Sec. III),
where J7 is given by (3.2) with M =2 + (d — 1). We set

a, (k) =b(k), a,(k)=c(k), o, (k)=w,(k)=ulk),

G)3(k)= ”=wd+1(k)=w(k))
and rename da,(k),r=3,.,2+(d—1) as a,(k),r
Asao Arai 2087



= 1,...,d — |, respectively. Let 7 be a measurable function
on R? such that

A/, (kg Juhel *(RY).
Then the time-zero charged scalar field and its conjugate
with the ultraviolet cutoff # are defined by

& (x;m) {H(p)e(p)*e#*

1
f v2u(p)

+ f(p)*b(p)e**}dp,
( [up) »
(xm) =z'J \/—"—ZL (7Y b(p)*e 7

— f(pY*c(p)e™ }dp.
We consider the following Hamiltonian:

H, =fg(x){7(x;ﬂ)*ﬁ(X;n)

+ (V + ied(x;0) ) (x;m) *(V — ieA (x;p))p (x;7)

+ m*$(x;m) *$(x;m) Ydx + Hp,,, (4.10)
where
d-1
Hoyy =S fw(k)a,(k)*a,(k)dk,
r=1

and ge.” (R?) is positive.
Theorem 4.4: The operator H, is non-negative and es-
sentially self-adjoint on D(Hpy, ) NS, (F7).
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Progf} One can easily check that H, is of the form of H
given by (3.10) and is non-negative on D(H Y NF o (F).
Thus we can apply Theorem 3.1 to obtain the desired result,

For formal aspects of the model H, without cutoffs, see,
e.g., Ref, 12,
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