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Properties of the Dirac-Weyl operator with a strongly
singular gauge potential®
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Department of Mathematics, Hokkaido University, Sapporo 060, Japan
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Considered is a quantum system of a charged particle moving in the plane R?
under the influence of a perpendicular magnetic field concentrated on some
fixed isolated points in R Such a magnetic field is represented as a finite linear
combination of the two-dimensional Dirac delta distributions and their
derivatives, so that the gauge potential of the magnetic field also may be
strongly singular at those isolated points. Properties of the Dirac—-Weyl operator
with such a singular gauge potential are investigated. It is seen that some of
them depend on whether the magnetic flux is locally quantized or not.
Particular attention is paid to the zero-energy state. For each of the self-adjoint
realizations of the Dirac-Weyl operator, the number of the zero-energy states is
computed. It is shown that, in the present case, a theorem of Aharonov and
Casher [Phys. Rev. A 19, 2461 (1979)], which relates the total magnetic flux to
the number of zero-energy states, does not hold. It is also proven that the
spectrum of every self-adjoint extension of the minimal Dirac-Weyl operator is
equal to R.

I. INTRODUCTION

In a previous paper,' the author considered, from an operator-theoretical point of view, a
quantum system of a charged particle with charge geR\ {0} moving in the plane R? under the
influence of a perpendicular magnetic field, where the gauge potential of the magnetic field is
allowed to be strongly singular at some fixed isolated points a,€R%, v=1,...,n. A basic result in
Ref. 1 is that the momentum operators of the system commute in the strong sense if and only
if the magnetic flux is locally quantized, i.e., the magnetic flux of every rectangle not inter-
secting a,, (v=1,...,n) is an integer multiple of 27r/q. This result was applied to show that there
is a class of non-Schridinger representations of the canonical commutation relations associated
with the physical situation in which the magnetic flux is not locally quantized, which corre-
sponds to the occurence of the Aharonov—Bohm effect (cf. also Ref. 2). It was also shown in
Ref. 1 that, if the magnetic flux is locally quantized, then the magnetic field must be concen-
trated on the points a,, v=1,...,n, and hence it is represented as a finite linear combination of
the two-dimensional Dirac distributions and their derivatives (but the converse is not true).

In connection with these results, it is interesting to ask how other properties of the quan-
tum system depend on whether the magnetic flux is locally quantized or not. This is a moti-
vation of the present work. Thus, in this article, restricting ourselves to the case where the
magnetic field is concentrated on some isolated points, we investigate properties of the quantum
system.

Another motivation of this work comes from an interesting paper by Aharonov and
Casher,® who showed that the Dirac-Weyl operator with a regular gauge potential (or equiv-
alently the corresponding Pauli Hamiltonian) has exactly N zero-energy states with N being
the largest integer strictly less than {g/2w) X (the total magnetic flux) >0 (cf. also Refs. 4, 5,
and references therein). Our question is: Does this result also hold for the quantum system
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916 Asao Arai: Dirac-Weyl operator

with such a singular magnetic field as described above? We shall give in this article a negative
answer to this question, deriving new formulas on the number of the zero-energy states.

The outline of the present article is as follows. In Sec. II, we describe the quantum system
we are going to study and present preliminary results, which include some of the results
obtained in Ref. 1. We are primarily interested in properties of the Dirac-Weyl operator
associated with the quantum system, but, for a comparison, we also consider the Schrédinger
Hamiltonian defined via a quadratic form. We show that the Schrodinger Hamiltonian has no
zero-energy states (Theorem 2.5). In Sec. III we discuss some of the operator theoretical
aspects of the Dirac—Weyl operator Q with a “natural” domain. It is proven that, if the
magnetic flux is locally quantized, then Q is self-adjoint and its square is equal to the Schrd-
dinger Hamiltonian (Theorem 3.1). In the case where the magnetic flux is not locally quan-
tized, we show by an explicit construction that there exist at least two self-adjoint extensions of
Q. Section IV is concerned with zero-energy states. We first show that, if the magnetic flux is
locally quantized, then Q has no zero-energy states (Theorem 4.2). Hence the Aharonov-
Casher theorem does not hold for the Dirac—-Weyl Hamiltonian Q. To examine other possibil-
ties that the quantum system under consideration has zero-energy states, we consider the
minimal version Q_;, of Q with domain D(Qp;,) =Cg (R*\{a,...,.a,}). It is shown that Q..
the closure of Q;., has no zero-energy states (Lemma 4.3). We construct two self-adjoint
extensions Q,(n’g,, Jj=1,2, of Q.. Identifying explicitly their kernel, we prove that, under certain
conditions, they have degenerate zero-energy states determined by the magnetic flux at each
point a, and the number of the zero-energy states increases, tending to infinity, as #—
(Theorem 4.7 and Proposition 4.9). This may be a remarkable phenomenon. We also discuss
the relevance of these results to the index theory as well as supersymmetry. In the last section,
we identify the spectrum of the Dirac—-Weyl operators introduced in the previous sections. We
show that the spectrum of every self-adjoint extension of Q;, is equal to R (Theorem 5.1).
Thus the spectrum of the Dirac-Weyl operators that are self-adjoint extensions of @, does
not depend on whether the magnetic flux is locally quantized or not.

il. PRELIMINARY RESULTS

We consider a quantum system of a charged particle with charge geR\ {0} moving in the
plane R? under the influence of a perpendicular magnetic field B concentrated on some fixed
isolated points a,=(a,,a,,)€R?, v=1,...,n. Such a field B is given by a real distribution of the
form

B(r)= 2 X CUIDiDis(r—a,), r=(xy)eR? (2.1)

v=1 0<a+B<m

with a non-negative integer m and real constants C}, where D, and D, denote the distribu-

tional partial differential operators in x and y, respectively, and &(r) is the Dirac delta distri-
bution on R? (e.g., Ref. 6, Chap. II, Sec. 4.5). A gauge potential A(r) of the magnetic field B
is defined to be an R%-valued function A= (A4,,4;) on the domain

M=R\{a,,...,a,} (2.2)
such that
B=D,4,— DA, (2.3)

in the sense of distributions on RZ
We denote by A the two-dimensional Laplacian

A=D'4 D2, (2.4)

J. Math. Phys., Vol. 34, No. 3, March 1993



Asao Arai: Dirac~-Wey! operator 917

Using the well-known formula
Alog|r—a,| =278(r—a,),

we see that the distribution

(v)

n Ca
p=3 3T L pipflogir-a,| (2.5)
v=1 0<a+B<m
satisfies
A¢(r) = B(r). (2.6)

This allows us to take as a gauge potential of the magnetic field

A=(4,,4) =(— Dy, D,9). (2.7)
Explicitly we have
n cv)
B o y—a,
Al(r)=-— z Z —Q%DXDE(,—I.:F), reM, (2.8)
v=1 0<a+pB<m v
n c)
aB ~a X—a,
A,m=2 X S DxD;*(m), reM. (2.9)
v=1 0<a+B<m v

Note that 4; (j=1,2) can have strong singularity at each point r=a,, v=1,...,n, with order
more than one.
Definition (2.7) implies also that A is divergence-free on M. It follows that

A(2) =Ay(x.p) +idy(xp), z=x-+iy, (2.10)
must be a holomorphic function on the domain
Dy=C\{a.};_,, (2.11)

where a,=a,, +ia,,. In fact, we can show that

Z(z)-——l—- Z i ———%‘w zeD (2.12)
_277' 25 (Z‘—av) +1» M .

with

k
CV=(—Dk Y c)_ ik (2.13)
k o a,k—a

a=

We use a system of units where the light speed ¢ and the Planck constant # are equal to 1.
Let

pi=—iD,, p,=—iD,, (2.14)
in L*(R?). The momentum operator P= (P,P,) with the gauge potential A is defined by

Pi=p;—qd;, j=12, (2.15)

J. Math. Phys., Vol. 34, No. 3, March 1993



918 Asao Arai: Dirac-Weyl operator

in L*(R?) with domain D(P;)=D(p;)ND(4,). Let
M, ={(x,p)eR?|y#a,,; v=12,.,n},
M,={(xp)eR?|x+#a,;, v=1,.,n}.

The following theorem is a special case of Theorem 3.2 in Ref. 1.
Theorem 2.1: Each P; (j=12) 1_s essentially self-adjoint on C§ (M j).
We denote the closure of P; by P;.

By Egs. (2.1) and (2.3), we have

D,A4,(r)—D,A,(x)=0, reM. (2.16)
Hence
[P,P,]=0 on Cg(M). (2.17)

This suggests that P, and P, may have a chance to commute in a proper sense. We say that two
self-adjoint operators S and 77 STRONGLY COMMUTE if their spectral projections commute
(Ref. 7, Sec. VIII 5). It is shown that S and T strongly commute if and only if for all a,beR

£9SgibT _ gibT piaS.

To state a result on the strong commutativity of P, and P,, we recall a concept concerning
the magnetic flux.! Let @,beR and C(x,y;a,b) be the rectangular closed curve: (x,y)
~ (x+a,p) - (x+ay+b)~{xy+b)—~(x,p) in M and D(x,y,a,b) be its interior domain.
Then the magnetic flux passing through D(x,y;a,b) is given by

@, 4 (xp) = f AG) -dr’. (2.18)
C(x,y,a,b)

For each a,beR, the function ®,, is defined on the set D,,=(R\{a,,a,,—a},_1})
X (R\{a,3a,,~b}7_1}). Let Z be the set of integers. We say that THE MAGNETIC FLUX
IS LOCALLY QUANTIZED if ®,, is a 27Z/g-valued function for all a,beR. Using Egs.
(2.10) and (2.12), we can easily show that

q)a,b(x’y) = Z Yvs (2.19)
a.cD(xpab)
with
Yy=Coo=Cg". (2.20)

In particular, the total magnetic flux ¢ is given by

o= > v,. (2.21)

Thus it follows that the the magnetic flux is locally quantized if and only if v, is an integer
multiple of 21/q for all v=1,...,n. Note that the quantization of the total magnetic flux (i.e., the
case where @ is an integer multiple of 27/g, the “global” quantization of the magnetic flux)
does not imply the local quantization of the magnetic flux.

J. Math. Phys., Vol. 34, No. 3, March 1993
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The Lebesgue measure of the set R\ D, is zero. Hence @, , defines a unique self-adjoint
multiplication operator in L*(R?). We denote it by the same symbol & «5 The following
theorem has been proven in Ref. 1.

Theorem 2.2: For all q,beR,

’aPle‘bPZ =exp ( _ qu)a b)elezeial_’l . ( 222)

In particular, P, and P, strongly commute if and only if the magnetic flux is locally quantized.

Remark 2.3: Physically, (exp(ial—’l)exp(ibi_’z)\lf)(r) and (exp(iblsz)exp(ial_’l)\ll)
(r)(a,beR,r=(x,p)eR>WeL*(R?)) mean the parallel transport, along the curves (x,y)
- (x,p+b) - (x+a,y+b),and (x,y) > (x+a,y) - (x+a,p+b), respectively, of the wave func-
tion ¥ under the influence of the gauge potential A. Formula (2.22) shows that the function
—gq®,, gives the phase shift between these two parallel transports. Hence Theorem 2.2 tells us
that, in the present idealized system, the Aharonov-Bohm effect occurs if and only if the
magnetic flux is not locally quantized.

For later use, we prove the following fact.

Lemma 2.4: ker I3j= {0}, j=1,2.

Proof: Let

c Ct(ZVB) X—a,
W == 3 3 2 pfarcan(3=), Gedemy,

v=1 0<a+B<m —ay

(v)

i Ca,ﬂ o y—ay,
bixp)= 2 > e DDk arctan(x ), (x,p)eM, .

v=1 O<a+B<m —ay

Then we have
A;=Dxy on My,
Ay=Dy), on M,.
Hence
Pi=e%ip e~ on CP(M)). (2.23)
Let j=1,2, be fixed and feker I_’ Then, since C§’ (M) is a core for P, (Theorem 2.1), there

exists a sequence { f,}>., in C§ (M ;) such that f,,—»f, fn—0in LZ/(Rz) as n— . By Eq.
(2.23) we have

Pje_iqwjfn -0,

which, together with the closedness of p;, implies that e~ if € D(p ;) and

pje—l'lﬂ/’jf:o‘

It is well-known that ker p;={0}. Hence exp(—igqy,) f=0, so that f=0. Thus the desired
result follows. |
If the charged particle is nonrelativistic with mass mg> 0, then the Hamiltonian of the
quantum system under consideration may be given as the Schrédinger Hamiltonian H(A)
defined as the self-adjoint operator associated with the non-negative, closed, quadratic form

J. Math. Phys., Vol. 34, No. 3, March 1993
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=L ’P‘g;;flf’ﬁzg ), £a<D(FIND(Ey, (2.24)
so that
D(H(A)"?)=D(P;)N D(Py)
and
(HA)fH(A)*)=5(f8), fgeDH(A)"?). (2.25)

(For a representation theorem for closed semibounded quadratic forms, see, e.g., Ref. 7, Sec.
VII 6.) As a corollary of Lemma 2.4, we have the following.
Theorem 2.5: The Hamiltonian H(A) has no zero-energy states

ker H(A)={0}. (2.26)
Proof: By Eq. (2.25), we can show that
ker H(A) =ker P,Nker P, ,
hence Lemma 2.4 gives Eq. (2.26). ]

Ill. THE DIRAC-WEYL OPERATOR

In what follows, the domain D(S+T') of the sum S+ 7 of two linear operators S and T
from a Hilbert space to another is always taken to be D(S)N.D(T) unless otherwise stated.
Let 0, j=1,2,3, be the Pauli matrices

0 1 0 —i 10
o (O R VY A )

The Dirac—-Weyl operator is given by
Q=0,P +0,P, (3.1)

acting in L*(R%C?), which describes a Hamiltonian for a quantum system of a spin-1/2
massless Dirac particle with charge ¢ under the influence of the gauge potential A. In this
section, we discuss the problem of the self-adjoint realization of Q. In the present case, this
problem is not so trivial, because the gauge potential A(r) can be strongly singular at r=a,,
v=1,...,n. We remark that, as for Dirac operators with singular potentials in three dimensions,
there have been a number of studies, see, e.g., Refs. 8, 9, and references therein. The singu-
larities treated in these studies, however, are the Coulomb-type. In our case, as is seen from
Eqgs. (2.8) and (2.9), the singularity of the gauge potential can be much more singular than
that.

The first of our results is the following.

Theorem 3.1: Suppose that the magnetic flux is locally quantized. Then Q is self-adjoint and
@ is given by

Q*=P}+P}. (3.2)
Moreover, there exists a unitary operator U such that

UQU~'=(sgn P,) (P}+F2) gy, (3.3)

J. Math. Phys., Vol. 34, No. 3, March 1993
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where sgn x=1 if x>0 and sgn x=—1 if x <O0.

To prove this theorem, we recall some definitions and facts in the theory of anticommuting
self-adjoint operators.!>12 We say that two self-adjoint operators S and T in a Hilbert space
STRONGLY ANTICOMMUTE if for all aeR, exp(iaS) leaves D(T) invariant and

ESTf=Te f, feD(T).

It is shown that the definition is symmetric in S and T. Definitions equivalent to this form can
be found in Refs. 10-12. The following is a basic result on strongly anticommuting self-adjoint
operators.

Lemma 3.2 (Ref 10): Let S and T be strongly anticommuting self-adjoint operators in a
Hilbert space. Then S+ T is self-adjoint and

(S+T)*=S%+T2

For our purpose, we need the following lemma.

Lemma 3.3: Let S| and S, be strongly commuting self-adjoint operators in a Hilbert space
7. Then S| ® 0; and S, ® 0, are strongly anticommuting self-adjoint operators in the Hilbert
space ¥ ® C~.

Proof: Since 0, j=1,2, are Hermitian matrices, it follows from a general theory of tensor
products of self-adjoxnt operators (e.g., Ref. 7, Sec. VIII 10) that T;,=S;@ 0, j=1,2, are
self-adjoint in #° & C2. Let E; be the spectral measure of S, Then, for all Borel sets G in R,
E,(G) and E,(G) commute. Hence

D =U p>oRE([—a,a] ) Ex([—b,0]))

is dense in 5°, where R(S) denotes the range of the operator .S, and forms a set of entire
analytic vectors for both S, and S,. Let feZ ® C? (algebraic tensor product). Then

TV f=(S7"e D) f,
T =1 9o f, >0,
where I denotes identity. Hence, for all #<R,
eitT1f=[(COS ISl) ®I+i(5in tSl) @UI]f.
Using the fact that o0,= —0,0;, we have
(I®0y)eT1f=[(cos tS;) @ [—i(sin 1Sy) ® 0] (I @ 0,) . (3.4)
The operators cos £S; and sin £S; leave & invariant. Hence the left-hand side of Eq. (3.4) is in
D(S,e ). Applying S, ® I to both sides of Eq. (3.4) and using the strong commutativity of S,
and S,, we obtain
TzeitT1f=e—itT1 Tzf

By a simple limiting argument using the fact that & ®C2is a core of T 5 we conclude that T,
and T, strongly anticommute. |

Remark 3.4: We can also prove the converse of the above lemma: Let S; and S, be

self-adjoint operators in a Hilbert space such that S;® o; and S,® o, strongly anticommute.
Then S; and S, strongly commute. For the proof of this fact, see Ref. 13.

J. Math. Phys., Vol. 34, No. 3, March 1993
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Lemma 3.5: Let S; and S, be as in Lemma 3.3. Then S, ® 0,+.5,® 0, is self-adjoint in
2 ®C* and

(S,801+8,80,)°=Sel+S el

Proof: This follows from Lemmas 3.3, 3.2, and the fact that (S i®0 j)2=S3-®I R [ |

We still need a lemma.

Lemma 3.6 (Ref. 14, Theorem 4.4): Let S and T be strongly anticommuting self-adjoint
operators in a Hilbert space 5. Suppose that T is injective. Let T=Uy|T| be the polar
decomposition of T. Then there exists a unitary operator ¥ on 57 such that

V(S+T)V '=Up(S*+THV2

Remark 3.7: Lemma 3.6 is an abstract and nonperturbative version of the so-called Foldy-
Wouthuysen—Tani transformation of the usual Dirac operator (e.g., Ref. 15, Chap. 4).
Proof of Theorem 3.1: Under the assumption, P; and P, strongly commute (Theorem 2.2).

Hence we can apply Lemma 3.5 with S;=P; to obtain the first half of the theorem.
To prove the second half, let

l—io'l

=—5""

Then W is unitary and Wo,W~'=03. Hence
WQW—1=0'1I_)1+0'3}_)2 .

It is easy to see that the polar decomposition of o3P, is given by 03P,=03(sgn P,) | P,|. By
Lemma 2.4, o;P, is injective. Hence we can apply Lemma 3.6 with S=0,P; and T=0;P, to
obtain Eq. {3.3). ]
It is natural to ask what if the magnetic flux is not locally quantized. Unfortunately we
have not been able to give a definite answer to this question. In the present article, we content
ourselves with showing that, if Q is not essentially self-adjoint, then Q has at least two different
self-adjoint extensions (see also Sec. IV B). To this end, we first note that Q is written

o C- 3.5
Q_(Q+ 0 )9 ( . )

with
Q.=P,+iP,. (3.6)

Theorem 3.1 implies that Q. is closed if the magnetic flux is locally quantized. In the case
where the magnetic flux is not locally quantized, this is not obvious, but it is easily shown that
Q. is closable. We denote their closure by Q.. and define

0o o*
Q1=(Q 0 ) (3.7)
+
and
0 0_
Q2=(Q* 0 ) (3.8)

J. Math. Phys., Vol. 34, No. 3, March 1993
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Proposition 3.8: Each Q; (j=1,2) is a self-adjoint extension of Q. Moreover, o; leaves
D(Q);) invariant and

03Q;+Q03=0, j=12.

Proof} The self-adjointness of Q; is easily proven (note that o* = (0 ) ¥). It follows from
Eg. (3.6) that

Q—CQ:a Q+CQt7

which imply that each Q; is an extension of Q. The second half of the proposition is easily
checked. |

Remark 3.9: If the magnetic flux is locally quantized, then, by Theorem 3.1, @=Q,, j=1,2.

Remark 3.10: The idea of the above construction of self-adjoint extensions of Q has also
been used in Ref. 16 (cf. also Ref. 17).

Remark 3.11: Let Q be any self-adjoint extension of Q such that 03Q+ Qa3—0 on D(Q)
and define H=(" Then the quadruple {L*(R% CZ) O,H,0,} is a model of supersymmetric
quantum mechanics (SSQM).'*2"° In this context, Q and H are called the supercharge and the
supersymmetric Hamiltonian, respectively. Hence, from this point of view too, it is interesting
to analyze properties of Q.

IV. ZERO-ENERGY STATE

A. The case where the magnetic flux is locally quantized

Lemma 4.1: If the magnetic flux is locally quantized, then

H(A) =0 (4.1)
Proof: Under this assumption, Eq. (3.2) implies that ?C H(A). But both of these oper-
ators are self-adjoint. Hence Eq. (4.1) follows. ]

Theorem 4.2: If the magnetic flux is locally quantized, then ker Q={0}, i.e., Q has no
zero-energy states.

Proof: By Eq. (4.1), we have ker H(A) =ker Q, which, together with Theorem 2.5, gives
the desired result. |

Theorem 4.2 shows that the Aharonov—Casher theorem in Ref. 3 does not hold on zero-
energy states of the Dirac-Weyl operator Q if the magnetic flux is locally quantized. We also
remark that the case where the magnetic flux is locally quantized corresponds to the nonoc-
currence of the Aharonov--Bohm effect (see Remark 2.3).

B. The case where the magnetic flux is not necessarily locally quantized

We first consider the minimal version of the Dirac-Weyl operator Q

Qmin=Q r CSO (M)1 (42)
which is symmetric and hence closable. We denote its closure by Qppin.
Lemma 4.3:
ker Qmin={0}-

Proof* Let Weker Q... Then there exists a sequence W,eCS (M) such that W, ¥ and
Ouin¥,—0in L*(R?) as n— o. Let || - || denote the norm of L2(R%C?). By Eq. (2.17) and the
fact 0,0,= —0,0|, we have

J. Math. Phys., Vol. 34, No. 3, March 1993
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1Qusin ¥ nll* = 1Pl + | Py
Hence PW,—0, j=1,2, as n— oo, which imply that ¥eD(P,)N.D(P,) and P¥ =0, j=1,2.
Hence, by Lemma 2.4, ¥=0. B |
Although Lemma 4.3 shows that @, ;. has no zero-energy states, self-adjoint extensions of

Qmin may have zero-energy states. In fact this is true, as is shown below.
Let

Q. mn=0¢. | CT(M). (4.3)

Note that

Q. min=—2i0—igA(2)* Q_ mn=—2i0+igA(z),

on Cy (M), where d=4/3z and 3=03/9z. We have
- 0 Q—, min
Qmin= ( A )
Q+, min 0.

ker 0., min={0}. (4.4)

Lemma 4.3 implies that

In the same way as in the proof of Proposition 3.8, we can show that the operators

Q* min
S )
+, min
and
Q—,min
Qﬁ%:(g* . 0 ) (4.6)

are self-adjoint extensions of Q.. _
We want to determine the zero-energy states of Q') j=1,2. In order to do that, it is

convenient to consider generalized zero-energy states of Q. Let &/ (M) be the space of distri-
butions on M. We say that ¥=(¥_,¥_) is a GENERALIZED ZERO-ENERGY STATE of
Qif ¥ .eZ' (M) satisfying

(¥,(Qu)*) =0, u=(Zi)eC3° (M;CY), (4.7)

where (-, ) denotes the canonical bilinear form on 2’ (M;C?) X C3 (M;C?). We denote by
Fo(Q) the space of all the generalized zero-energy states of Q. Let

Hy(M)={e=%f|f is holomorphic on Dy}, (4.8)

H3(M)={e"g|g is antiholomorphic on Dy}. (4.9)

Lemma 4.4:

J. Math. Phys., Vol. 34, No. 3, March 1993
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v=(u)

Proof: The idea of the proof of this lemma is similar to that of the Aharonov—-Casher
theorem.® For the sake of completeness, we give the proof. Let ¥~ be the set on the right-hand
side of Eq. (4.10) and W= (¥ _,¥_)e?". Then there exist a holomorphic function f and an
antiholomorphic function g on D,, such that \Il+=e‘q"’ f and ¥_ =e%g on M. Using Egs.
(3.6) and (2.7), we have

Fo(@) =

W, eHy (M), ¥ _eHy(M)|. (4.10)

Q. =—2ie %3, on C*(M), (4.11)

Q_=-2ie"e %, on C=(M). (4.12)

Using these formulas, we can show that Eq. (4.7) holds. Hence We.#((Q). Thus #((Q) D 7"
To prove the converse inclusion relation, let ¥=(¥ ,¥_)e5,(Q), so that Eq. (4.7)
holds. Noting that exp(—g¢) is a one-to-one mapping from C§’ (M) onto itself, we have

(e ,Ju) =0
for all ueC§ (M). In particular, taking u=3dv with veC§’ (M) arbitrary, we obtain
(e""’\l‘+,Av) =0.

Hence, by the elliptic regularity of the Laplacian A, ¥ is in C®(M). Similarly we have
Y_eC®(M). Thus we obtain

Qd:\y +=0
as partial differential equations in M. It follows from Egs. (4.11) and (4.12) that
3tV =0, de~*W_=0 on M,

which imply that ¥ eH (M) and ¥_eH4(M). Hence We?". Thus S,(Q)C 7. [ |
Remark 4.5: Lemma 4.4 shows that Q has infinitely many generalized zero-energy states,
a phenomenon which we have already encountered in the case where B and A are “regular.””’
Moreover, such a phenomenon also occurs in some of other Dirac operators appearing in
supersymmetric quantum mechanics'®*>?® (in Ref. 23, the existence of infinitely many nor-
malizable zero-energy states of a Dirac operator is shown).
Let Z_ be the set of non-negative integers. We introduce

n ¢ "
wi= (prkl9--'rkn)ez+xzn|p+ z kv<:§:g_—l’ kv> :i:‘ql‘—-l, 'V=1,...,n],
v=1 21 2T
(4.13)
and set

N (mq)=4#W_, (4.14)

the number of the elements of W_. We have
N_(mq)=N_(n;—q). (4.15)

Let
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1 n m C}(v)
F(z)=—— T k>
@ 4 vgl kgl k(z_'av)
and, for (p,,ky,....k,)€Z | X Z", define
n
Q;;_,kl,...,kn(r) — ( Hl ;z_avl —‘I'Y./Zfr(z_av)kv)P+ (z)eiq Im F(z)’ (4.16)
n [r—
Qp__,kl,...,k”(r) = ( H1 IZ—av| qY/21r(2-_a-V) kV)P_ (E)e_iq Im F(z)’ (4.17)
v=

with P, a polynomial of order p, such that P +(a,)50, P_(a,)+#0, v=1,...,n.
Lemma 4.6: (i) The function Q;:,k,,...,k,, satisfies the partial differential equation

Q.Y 4.k (H)=0 on M. (4.18)
(ii) The function Q" ; , is in L2(R?) if and only if (p,,ky,...k,)EW ..

Proof: (i) By Egs. (2.7), (2.10), and (2.12), we can show that ¢ can be written

$N=Re F()+ 3 2 log|r—a,. (4.19)
y=1 &M

Using this equation, Egs. (4.11) and (4.12), we see that Eq. (4.18) holds.
(ii) We have

| Q;+,k1,..,,k,,(r) | ~const |r|~ (q®/2m) +p, +3,_ K,

as |r| -« and
|95 k.., (1) | ~comst|r—a,| ~@r/2m +K,

as r—a,. Hence the desired assertion about QF follows. Similarly we can prove the
v P grkprnsky p
assertion about Q, , . ]
P_sKyyeniy

We now come to the main result in this section.
Theorem 4.7:

(i) We have
(1) 0
ker Q) = Qp—k . (p.keryeek ) EW _ T, (4.20)
2 Q;k ok
ker Q2 =[( ,6, ) (p,kl,...,k,,)ew+], (4.21)

where ker () = {0} if W_=0, and ker Q{3 ={0} if W, =0. In particular,

dim ker Q') =N_ (n;q), (4.22)
dim ker Q2 =N_ (mq). (4.23)
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(ii) If (a) n=1 or (b) n>2 and the magnetic flux is locally quantized, then

ker QU ={0}, j=1,2. (4.24)

min

Proof: (i) By Eq. (4.4), we have

0 v
kerQ,(nliZ,=[(W)I‘I’ekerQﬁ’mm], keer,ﬁ;={(o)|w€keer,mm].

Hence, by Lemma 4.6, the sets on the right-hand sides of Eqgs. (4.20) and (4.21) are included
in ker Q'%) and ker Q{2), respectively.
To prove the converse inclusion relations, let

W= (¥, W_)cker g* . oker Q% ..

Note that

ker @* noker Q% . =ker Q¥ =L}(R4CH)N.L0(Q).

Hence ¥e.%((Q) and W.eL*(R?). Therefore, by Lemma 4.4, there exist a holomorphic
function f and an antiholomorphic function g on D, such that

Y, =e"9f, W_=e.

Taking Eq. (4.19) into account together with the condition ¥ +eLz(Rz), we see that f must
be of the form

f(2)=eFPh(2)

with a meromorphic function 2 on CU{«} with possible poles at z=a,, v=1,...,n. Thus ¥
has to take the form

with some (p,ky,...k,)eZ X 2Z" and a polynomial P, of degree p such that P 4 (a,)70,
v=1,...,n. By Lemma 4.6(ii), (p,k,,...,k,) must be in W . Similarly we can show that ¥_ must
be of the form

Y =Qpk. ks
with some (p,k,....,k,)eW _. Thus (0,¥_) and (¥, ,0) are in the set on the right-hand sides of
Eqgs. (4.20) and (4.21), respectively.

We write (p,ky,....k,)=(p,k). Then {sz]}‘}:, are linearly independent if and only if
(pj,kj)#(p,-,ki), i#=j,i,j=1,...,I. Thus Eqgs. (4.22) and (4.23) follow.

(i) If n=1, then it is easy to see that W _=@. Hence N _(1;¢)=0. Thus Eq. (4.24)

follows. Suppose that n»2 and the magnetic flux is locally quantized, so that [, =g7,/2weZ,
v=1,..,n. Let (p,ky,...,k,)eW .. Then
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k>, v=1,.,n,

n
p+ z kv< Z Iv—l’
v= v=1

1

which implies that p < —1. Hence W, =0. Similarly we can show that W_=@. Thus Eq.
(4.24) follows. [ ]

As a corollary of Theorem 4.7(i), we have the following.

Corollary 4.8: Let n>2 and suppose that N +(mq)+N_(nq)>1. Then Q. is not essen-
tially self-adjoint.

Proof: If @y, were essentially self-adjoint, then Q,;, = Q*..- By Lemma 4.3, we have
ker Qnin={0}. On the other hand, under the present assumption, Theorem 4.7(i) gives
ker Q*, 5-{0}. Thus we are led to a contradiction. |

Finally, we show that, under some conditions, N « (m;9) > 1. For a positive number x, we
denote by [x] (resp. {x}) the largest integer less than or equal to x (resp. the largest integer less
than x).

Proposition 4.9: Let n>2 and

qaYy  [4qYy
Ev(q)=g—[g , v=1,..,n (4.25)
Then the following holds.
(i) Suppose that
2 el >1 (4.26)
v=1
Then
n
N+(n;q)>’ > ev(q)]. (4.27)
v=1

In particular, if

n

vzlev(q)—’oo as M- oo,
then
N, (ng)>o as n-cw. (4.28)
(ii) Let
m (n;q) = #{ve{l,..,n}|€,(¢) >0}

and suppose that

m,(n;g)>1+ 2‘1 €,(q). (4.29)

Then
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n

N_(n;q)>m+(n;q)—1—[ Zl ev(q)]- (4.30)

=
In particular, if

n

m,(mq)—1— 2 €(g)—» o0 as n- o,

v=1
then
N_(ng)—» o as n—ooo. (4.31)
Proof: (i) Let
qYy
=22

If peZ  satisfies

n

p< 2 &(g)—1,

v=1
then (p,/y,...,J,)€W . Hence
n

21 ev(q)].

V=

N+(”;‘I)>#1PEZ+|O<P< 2_:1 fv(Q)—ll =

Thus Eq. (4.27) follows. Formula (4.28) is a direct consequence of Eq. (4.27).
(ii) Let

X —1; if €,(q)=0
v=[—1v-1; if €,(g)>0.

If peZ , satisfies

n

p<m, (mg)—1— 2 €(q),

v=1
then (p,ky,....,k,)eW_. Hence

n n
N_(mq)>#\peZ |0<p<m, (mq)—1— 21 €,(q) =m+(n;q)—1—[ Zl Gv(q)]-
Thus we obtain Eq. (4.30). Formula (4.31) follows from Eq. (4.30). ]
Remark 4.10: By Eq. (4.15), part (i) also gives an estimate for N_(n;q). If Egs. (4.26)
and (4.29) hold, then N (n;9)>1. Formula (4.28) physically means that, under the condition
given there, the number of zero-energy states of Q(2) increases, tending to infinity, as the
number of the points at which the magnetic field passes through increases. This is an interesting
phenomenon to be noted. A similar consideration applies to the zero-energy states of Q%4
Remark 4.11: Let

Hy=(Qh)™
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Then, as already mentioned in Remark 3.11, each M; = {LX(R%C?), 0 H 03} is a model of
SSQM. In SSQM, supersymmetry is said to be broken if the supersymmetric Hamiltonian has
no zero-energy states.'*?! Theorem 4.7 and Proposition 4.9 imply the following: (i) If =1 or
the magnetic flux is locally quantized, then the supersymmetry of the model M} is broken. (ii)
If n>2 and Eq. (4.26) (resp. with g replaced by —g¢) is satisfied (hence the magnetic flux is not
locally quantized), then the supersymmetry of the model M; (resp. M,) is not broken. These
are interesting phenomena.

Remark  4.12: The operator H; is a self-adjoint extension of Hpyp,
=Qn=(P1+P}) | C(M). Under the assumption of Corollary 4.8, Hyy, is not essentially
self-adjoint. For, if it were essentially self-adjoint, then H,=Q%.=H + Hence ker Qnn
= ker Q\4. But, ker Qpyin={0} (Lemma 4.3) and ker QU =£0. Thus we are led to a contra-
diction.

C. Connection with index theory

The results in Theorem 4.7 can be rephrased in terms of the index theory. We recall some
definitions in the index theory {e.g., Ref. 24 Chap. 1V, Sec. 5). Let T be a densely defined
closed linear operator from a Hilbert space to another. The index ind(T) of T is defined by

ind(T) =dim ker T'—dim ker T%,

provided that at least one of dim ker T and dim ker T* is finite. If both (resp. at least one) of
ker T and ker T* are (resp. is) finite-dimensional and R(T') is closed, then T is said to be
(resp. semi-) Fredholm. It is known that, if 7" is semi-Fredholm, then ind(T’) is invariant
under compact perturbations relative to T, which is called the stability or the topological
invariance of the index.

Theorem 4.7 is translated into the following.

Theorem 4.13: For all n>1,

ind(Q, min)=—N_(mgq), (4.32)

ind(Q_, min) =—N,(1;9). (4.33)

Remark 4.14: Index formulas (4.32) and (4.33), which are determined by the magnetic
flux at each point a,, v=1,...,n, not by the total magnetic flux only, are essentially different from
those of @, with “regular” gauge potentials (see Refs. 3-5).

From the point of view of the topological invariance of the index, it is interesting to
examine whether Qi,mm are Fredholm or not. We shall do it in the next section. Unfortu-
nately, the result is negative.

V. SPECTRAL PROPERTY

In this section we investigate the spectral property of self-adjoint extensions of Q,;,. As the
following theorem shows, their spectrum is independent of whether the magnetic flux is locally
quantized or not.

Theorem 5.1: Every self-adjoint extension Q of Qi Satisfies

a(Q)=R. (5.1)
In particular,
o(Q)=0(Q) =R, j=1.2. (5.2)
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This theorem is a special case of a more general one. To state it, we recall a definition. A
measurable function ¥ on R? (d>1) is said to be almost locally in L2(Rd) if for each €> 0 and
each bounded set Q in R?, there is a closed set FCQ such that the Lebesgue measure of F is
smaller than € and VeL2(Q\F). It is shown that, if V" is almost locally in L2(R?), then
Ccy (RHND(V) is dense in L2(Rd) (Ref. 25, Chap. 4, Sec. 6).

Let B, j=1,2, be real-valued measurable functions on R? which are almost locally in
L*(R?). Then it is easy to see that the Dirac-Weyl operator

DP=o,(py— B)) +o,(p,— By),
with D( D) =Cg (R%CH) N D(B,) N D(B,) is symmetric in L2(R%C?).

Theorem 5.2: Let B; be as above. Suppose that there are sequences {c,}=_;CR? and
{t,]t,>0,n>1} with t,— o as n— e such that

f | Bj(r)|%dr< 0, n>1,
Ir—e,|<t,

1
Z ) ieia | Bi(r)|%dr—»0 as n—ocw, j=12.
n —%n n

Then every self-adjoint extension D of D satisfies
o(D)=R. (5.3)

We prove this theorem by extending the method given in Ref. 25, Chap. 4, Sec. 6. (Note
that D is a matrix whose entries are linear operators. Hence results in the cited literature are
not immediately applicable.) To do that, we need a lemma.

Lemma 5.3: Let keR? and

V() — 1 1 —(ky—iky)/ | k|
( )_W((k1+ikz)/|k| 1 )

Then U(K) is unitary and
U(K)*(01k +02k) U(k) = | k|03 .

The proof of this lemma is straightforward. Hence it is omitted.

Let
1 0
v+=U(k)(0), —=U(k)(l)‘
Then
‘v:x:|=1
and, by Lemma 5.3, we have
2
( > U-kj)vi=:i:lk|vi. (5.4)
j=1

Proof of Theorem 5.2: Let keR? and peC®(R?) such that p(r)=0 for |r|>1 and
[|p(r)|%dr=1. Define
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1 r—c¢
_ker n
pa(r)=e 3 p( i )
Then one can easily show that PrECE ( R)N D(B j), J7=1,2, with

llpall =1

and

Moreover, setting K = sup ,g2| p(r) |, we have

? B 22’
B iP 2(7 f AT r.
” J fl” - ]l‘ c,,l(t,! ' _]( )’

Hence, we obtain
”ijn” -0(n— ), j=12,
which, together with Eq. (5.5), imply that
H(pj—Bj—kj)p,,H—»O(n—»oo), j=12. (5.6)
Let
q’r(zi)=ant .
Then ¥{*)eCy (R5CHND(B)), j=1,2, with
s =)l=1.

Using Eq. (5.4), we have

(D= kW=

2 2
1;1 0. (pj— Bj—k;)ps) < ,;1 |(pj— Bj—k ;) p,||-

Hence, by Eq. (5.6), we obtain

which imply that =+ |k|eo( D). Since keR? is arbitrary, Eq. (5.3) follows. ]

Remark 5.4: The method of the proof of Theorem 5.2 also works in the case of Dirac
operators in d-dimensions of the form

d ) J J
D= X —ig——qAd,(x) ], x=(x...,x5)eR?
p=1 Ix,,
where {YU}Z=1 is a set of the gamma matrices satisfying YV +y'¥=25,, and A(x)

=(4,(x),...,44(x)) is a gauge potential. Under the d-dimensional version of the assumption of
Theorem 5.2, we can show that the spectrum of every self-adjoint extension of the operator

P CERHYN[NI_,D(4))]
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is equal to R.

Proof of Theorem 5.1: We need only to show that B;=4; satisfies the assumption of

Theorem 5.2. It is easy to see that 4; is almost locally in Li(Rz). Let

a= max |a,|
V=1,‘..,ﬂ

and ¢,,cR? and ¢,,> 0 be such that ¢,,— 0 as m— o and
lem| =tm+m+4a+1.
We set
K,,={reR?| |r—c,,| <tn}.
Then, for every rek,,, we have
ir—a,|>|cp—a,| —|r—c,|>|cpn| —a—t,=m+3a+1, (5.7)
hence, for all m,
K,n{a},_,=0
By Eq. (5.7), we have for all rek,,
Ir|>|r—a,|—|a,|>m+2a+1.
Moreover, for all rek,,

|r| [r—a, |+ |a,| a 4
< <.
m+3a+1 3

[r—av|\ |r—a,|

Hence

Using this inequality and Eq. (2.12), we have

C
‘Aj(l') ‘<W’ reKmr

with an integer />1 and a constant C> 0. Hence

2 const
£, o P o o).

Thus the desired result follows. | |
Theorem 5.1 implies the following.
Theorem 5.5: The operators Qi, min are not semi-Fredholm (hence not Fredholm).
This theorem is proven by employing the following lemma.
Lemma 5.6: Let T be a densely defined closed linear operator from a Hilbert space 5#; to
another one #°, such that R(7") and R(T*) are closed. Let
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0 T*
QT=<T 0 )y

which is self-adjoint in #°, ® #°,. Then
inf o(|@r[)\{0}>0. (5.8)

Proof: By the present assumption and a general theorem (e.g., Ref. 24, Chap. IV, Sec. 5,
Theorem 5.2), there is a constant ¢> 0 such that

T fll>cllfll, felker TY! ND(T),
|T*gl|>cllgll, ge(ker T*)' ND(T*).

Let y=(f,g)e(ker Qr)! N D(Qr). Then, using the fact that

ker Qr=ker T @ ker T*,

we have fe(ker T)l ND(T) and ge(ker T"‘)l ND(T*). Hence

IQr P = T* >+ TSIP> gl + )L AP =] . (5.9)

Since Q7 is self-adjoint and 1 is an arbitrary elememt in (ker QT)l ND(Qr), Eq. (5.9) implies
Eq. (5.8) [note that, for any self-adjoint operator 4, we have D(4)=D(|A]|), ker 4
=ker |4|]. [ ]

Proof of Theorem 5.5: Suppose that O +, min Were semi-Fredholm. Then R(Q+,min) is
closed. Hence R(Q:‘L, min) 1S also closed (e.g., Ref. 24, Chap. IV, Sec. 5, Theorem 5.13).
Therefore, by Lemma 5.6, inf o(| Q4| ) \{O} > 0. But this contradicts Eq. (5.2). Thus @, i,
is not semi-Fredholm. Similarly we can show that Q_, min is ot semi-Fredholm. ]

Remark 5.7: By Theorem 5.5, ind(Qt, min) May be unstable even under relatively compact
perturbations. It would be desirable to find an example of such perturbations.
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