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A particle-field Hamiltonian in relativistic quantum
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(Received 8 September 1999; accepted for publication 3 April 2000

We mathematically analyze a Hamiltoniah.(V,g) of a Dirac particle—a relativ-
istic charged particle with spin 1/2—minimally coupled to the quantized radiation
field, acting in the Hilbert spac&:=[ @*L%(R%)]® F,.q, Where F,,q is the Fock
space of the quantized radiation field in the Coulomb gadyés an external
potential in which the Dirac particle moves,is a photon-momentum cutoff func-
tion in the interaction between the Dirac particle and the quantized radiation field,
and7e R is a deformation parameter connecting the Hamiltonian with the “dipole
approximation” (r=0) and the original Hamiltonian7=1). We first discuss the
self-adjointness problem ¢ (V,g). Then we consideH .:=H (0,9), the Hamil-
tonian without the external potential. It is shown that, under a general condition on
g, the closure oH . is unitarily equivalent to a direct integr&ﬁsH Ap)dp with a

fiber HamiltonianH (p) acting in the four direct sun®*F,,q of Fr.q, physically

the polaron Hamiltonian of the Dirac particle with total momentyme R®.

© 2000 American Institute of Physidss0022-2488)0)05507-9

I. INTRODUCTION AND MAIN RESULTS

In this work we initiate mathematical studies on a quantum system of a Dirac particle—a
relativistic charged particle with spin 1/2—coupled to the quantized radiation field. There may be
some models for this quantum system. But, in this article, we investigate the standard model for
the quantum system whose Hamiltonian is given by the sum of the Dirac operator with the
minimal coupling to the quantized radiation field and the free Hamiltonian of the quantized
radiation field. An approximate version of this model was discussed by Bloch and Nordisieck
view of the infrared problem of quantum electrodynamics. The Hamiltonian they treated is the one
obtained by replacing the anticommuting matrices contained in the Dirac operatentmyber
constants and is much easier to analyze than the original one.

Discussions using informal perturbation methfosisggest that the model may have a physical
meaning in a range of quantum electrodynamic phenomena such as the Lamb shift of a hydro-
genlike atom and the Compton scattering of the electron where the effects of the quantized
radiation field play essential roles. Besides this point, we think that mathematical analysis of the
model is interesting also in its own right, because the Hamiltonian of the model belongs to a new
class of Hamiltonians on a Hilbert space of Fock type. Moreover the model may be regarded as a
model for a quantum mechanical system unstable under the influence of the quantized radiation
fielg. To our best knowledge, no mathematically rigorous analysis has been made on the model so
far.

A. Description of the model

For a Hilbert spacé{, we denote its inner product and norm by (- ),, (complex linear in
the second variableand| - ||, respectively, but, if there is no danger of confusion, then we often
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omit the subscript of them. For a linear operatdr on 7, we denote its domain by (T) and by
o(T) the spectrum off. For two objectsa=(a;,a,,a3) andb=(b,,b,,b3) such that products
a;b; (j=1,2,3) and their sum can be defined, Wea;dt:Ef:lajbj .

The free Dirac particle of mags=0 is described by the free Dirac operator

Hp:=a-(—iV)+mg (1.7
acting in the Hilbert space
Hp:=a*L%(R®) 1.2

with domain D(Hp):=&*H!(R®) [H!(R®) is the Sobolev space of order], where a; (j
=1,2,3) andB are 4<4 Hermitian matrices satisfying

{aj ,ak}=25jk, ],k: 1,2,3, (13)
{aj,B}=0, B?=1, j=123, (1.4)

{A,B}:=AB+BA, andV:=(D,,D;,D3), D; being the generalized partial differential operator in
the variablex; [x=(x1,X;,X3) € R%]. It is well known thatHp is self-adjoint and essentially
self-adjoint on®*C5(R%{0}) (Ref. 4, p.11, Theorem 1).IMoreover, the spectrum(Hp) of Hp

is purely absolutely continuous and

o(Hp)=(—o,—m]U[m,»). (1.5

As for the radiation field, we use the Coulomb gauge in quantizing it. In general, given a
Hilbert spaceH, we have the symmetriBosorn Fock space

F{H) =& _o(®H) (1.6)

over 'H, where® {H denotes then-fold symmetric tensor product Hilbert space &fwith con-
vention®2H::C. For basic facts on the theory of the Boson—Fock space, we refer the reader to
Ref. 5, Sec. X.7.

The Hilbert space of one-photon states in momentum representation is given by

Hop=LA(R¥)®LYR?), (1.7)
whereR3:={k= (k1,kp,k3)|[kjeR, j=1,2,3 physically means the momentum space of photons.
The Boson—Fock space

frad’:fs(th) (1.9

over Hyy, serves as a Hilbert space for the quantized radiation field in the Coulomb gauge.

We take a nonnegative Borel measurable functioon R® to denote physically the one free
photon energy. We assume that, for almost everywtems k e R® with respect to the Lebesgue
measure oiR®, 0<w(k)<w. Then the function» defines uniquely a multiplication operator on
Hpn Which is nonnegative, self-adjoint and injective. We denote it by the same syorddeb. The
free Hamiltonian of the quantized radiation field is then defined by

Hrag=dl' (o), (1.9

the second quantization af. The operatoH,,4iS a non-negative self-adjoint operator.
Remark 1.1Usually w is taken to be of the form

wpnydK):=|k|, keR?, (1.10

but, in this paper, for mathematical generality, we do not restrict ourselves to this case.
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We denote bya(F) (FeHp,) the annihilation operator with test vectér on F,y. By
definition, a(F) is a densely defined closed linear operator and antilineé&r. ifhe Segal field
operator

<1>S(F)==—a(F):;(F) (1.10)

is self-adjoint, where, for a closable operafgrT denotes its closure.
There existR3-valued continuous functions™, r=1,2, on the nonsimply connected space

Mo:=R*{(0,0k3)|ks e R} (112
such that, for alk e My,
(k) - 9k)=6,, €”.k=0, r,s=1,2. (1.13

We sete)(0,0k3) :=0 for all ky e R. These vector-valued functioes) are called the polarization
vectors of one photon.
Let ge L*(R%). Then, for eachxe R® andj=1,2,3, we can define an elemagit of H,,, by

gi(k)=(g(k)e{ (ke ™ % g(k)ef*)(k)e " ¥) e C2,

Then the quantized radiation fiehP(x) :=(AJ(x),A3(x),A3(x)) with momentum cutoff function
g is defined by

AY(x):=dg(g}), [=1,2,3. (1.14

Remark 1.2 The casey=1/\/(27)%w corresponds to the case without momentum cutoff.
We now move to the Hilbert space

Fi=Hp® Frag (1.19

of state vectors for the coupled system of the Dirac particle and the quantized radiation field. This
Hilbert space can be identified as

53}
F=L%(R% @4 F 0= f Rsea“}"raddx (1.16

the Hilbert space of*F,,valued Lebesgue square integrable function®diithe constant fiber
direct integral with base spac®Y,dx) and fibre®* 7,4 (Ref. 6, Sec. XII1.6]. We freely use this
identification.

Let 7e R be a constant. Since the mappixg gj”‘ fromR® to Hpn is strongly continuous, we
can define a decomposable operator

3}
Ajg'T==f AJ(7x)dx (1.17
R3
acting inF which is self-adjoint(Ref. 6, Theorem XIII.8h
We denote by e R\{0} the charge of the Dirac particle. We consider the situation where the
Dirac particle is in an external potential described by a44 Hermitian matrix-valued Borel
measurable functioW = (V)4 p-1... 4. Then the Hamiltonian of the Dirac particle is given by

Hp(V):=Hp+V. (1.18



4274 J. Math. Phys., Vol. 41, No. 7, July 2000 Asao Arai

The minimal interaction between the Dirac particle and the quantized radiation field with
momentum cutoffy is given by

Hi A(9):=—qa A" (1.19
Thus the total Hamiltonian of the coupled system is defined by
HA(V,9):=Hp(V)+HgtH, (). (1.20

This is the main object of the mathematical analysis in the present paper.

Remark 1.3The original Hamiltonian of the model 14,(V,g) (the caser=1). On the other
hand,Hq(V,g) (the caser=0) is the Hamiltonian with the “dipole approximation.” Henceis
regarded as a deformation parameter connecting the original Hamiltonian and the dipole-
approximated one. Note that the dipole-approximated HamiltoHig(tV,g) gives a kind of gen-
eralization of the standard spin-boson model. The analydit,0¥,g) may be harder than that of
the standard spin-boson model.

Remark 1.4For a class oW, the essential spectrum..{Hp(V)) of Hp(V) coincides with
that of Hp :

Oesf Hp(V))=(—2,—m]U[m,»), (1.22)

so that the discrete spectrusmy(Hp(V)) of Hp(V) is a subset of the intervakH(m,m) if m is
positive (Ref. 4, p. 116, Theorem 4.7Suppose that1.21) holds with og(Hp(V))={E}N_,
(N< or N is countably infinit¢ and that{ w(k) |k e R®}=[ »,») with a constant=0. Then we
have

Oes§Hp(V) +Hpd =R

and eactE,, is an eigenvalue oHp(V)+H,,g embedded in its continuous spectrudence the
spectral analysis dfl .(V,g) includes a perturbation problem of embedded eigenvalues. We con-
sider this problem in a subsequent paper.

Basic hypotheses to analyke(V,g) are as follows.

Hypothesis (H.1): go/Jw e L3(R®).

Hypothesis (H.2)For alla,b=1,...,4,V,; is in the set

L2(R®)j0c:={f:R*—C;Borel measurabl¢ <g|f(x)|>dx<e for all R>0}.

B. The symmetricity and the numerical range of H.(V,9)

According to a basic axiom of quantum mechanics that a quantum mechanical observable be
represented by a self-adjoint operator on the Hilbert space of state vectors, we first have to
examine self-adjointness of the Hamiltoniein(V,g).

For a linear operatof on a Hilbert spacé, its numerical range is defined by

O(T):={(u,Tu)»ueD(T), |ul,=1} (1.22

(Ref. 7, Chap. V, Sec. 3)2
The following theorem is concerned with symmetricitytdf(V,g) and its numerical range.
Proposition 1.1: Letre R. Assume (H.1) and (H.2). Then_£V,g) is a symmetric operator
with D(H (V,9))=D(Hp)ND(V)ND(H,,9. Moreover

O(Hp(V))CO(HL(V,9)). (1.23

Remark 1.5:The relation(1.23 shows that, ifHp(V) is not semiboundedi.e., neither
bounded from below nor aboyehen so iH .(V,g). It is well known that, for a wide class &f,
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Hp(V) is not semiboundedRef. 4, Chap. 4, Sec. 4.3Hence, for such a potential, (1.23
implies thatH (V,g) is not semibounded. In particular, in the case of the Coulomb potential

Z
V(X)=Ve(X):=— M(Z>O:a constant

which is a physically important case, one can show that, ufidet), H (V¢ ,g) is not semi-
bounded for allre R.

Remark 1.6By the preceding remark, the model may be unphysitaliew of stability of
matter From this point of view, we may consider a modified version of the modelElebe the

spectral measure ¢, andA , :=Ep([0,)), the projection ofHp onto the non-negative spectral
subspace of the free Dirac operatdp . Then the operator

HER(V,9):=A H(V,9)A, (1.24

may be a Hamiltonian for a quantum system of a Dirac particle interacting with the quantized
radiation field. This operator is an extended version of the Brown—Ravenhall Hamiftonian
A Hp(V)A . As for certain aspectée.g., self-adjointness, boundedness from begldhe op-
eratorH ER(V,g) is more tractable thaH (V,g). The model discussed in Ref. 3 is in fact the one
described byH?R(V,g). The method presented below can be applied to the Hamiltonian
HER(V,g) too and results similar to those ¢h.(V,g) can be established.

C. Existence of a self-adjoint extension of H_.(V,9g)

We denote byCp the complex conjugation oy : (Cpf)(x):=f(x), feHp, xeR3. By
Pauli's lemma(Ref. 4, pp. 14 and 74 there exists a A4 unitary matrixU¢ such that

U2=I, UcCp=CpUc, (1.25

UclejUc=a;, j=1,23, Uc'BUc=-B, (1.26

where, for a matrixM, M denotes its complex conjugate.
The following theorem guarantees the existence of a self-adjoint extensia(gfg).
Theorem 1.2:Let re R. Assume (H.1) and (H.2). Suppose that g is real-valued and that

UcV(X)Uc=V(—x) (1.27)

for a.e.x. Then H(V,g) has a self-adjoint extension

Remark 1.71t is obvious that, iV is a real-valued scalar potential lirf(R®) . with property
V(x)=V(—x) a.e.xeR3, then it satisfied1.27). In particular, the Coulomb potentidl=V¢
(Remark 1.5, which is inL2(R®),,., satisfies(1.27).

Condition (1.27) has a physical meaning. L& be the parity transformatiofor the space
inversion on Hp :

(PH)(x):=f(—x), feHp, (1.28
which is unitary. Then the operator
Tp:=PUcCp (1.29
on Hp is antiunitary. It is easy to see thét.27) is equivalent to that

ToVCVTp, (1.30
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i.e., V commutes withTy . The operatolJ-Cp, is called the charge conjugation. Hende27)
means the invariance &f under the charge conjugation and the parity transformatiom CP
invariancg. Thus the self-adjoint extension &f_.(V,g) in Theorem 1.2 is related to the CP
invariance of the external potentidl In this sense Theorem 1.2 has an interest.

D. Essential self-adjointness

The next problem to be considered is the uniqueness of self-adjoint extenskb(\6fg),
i.e., essential self-adjointness of it.
We define

3
A=, D? (1.30)

the Laplacian acting iftp .
 Let 04:={1,0,0,0,..} be the Fock vacuum iF,4. For a subspac® of H,,, we define
f-ﬁ'QG(D)C]—"rad to be the subspace algebraically spannedlgyand all the vectors of the form

a(F)*---a(F)*Qo, n=1, FjeD, j=1,..n.

If D is dense inH,y,, thenFiny(D) is dense inF .
Theorem 1.3:Let re R. Assume (H.1), (H.2) and that

g

Vo

Moreover, assume the following (V.1) and (V.2):

(V.1) V is —A bounded

(V.2) For each j=1,2,3and ab=1,...,4, the distribution QV,, is in L%(R%),. and there
exists a constante0 such that, for all fe ®*Cj(R?),

g, |k|g, eL?(R3). (1.32

[(D;W)fll<cll(=A+1)Y3], j=1,2,3.

Let DC'H,, be a core of the self-adjoint operatar. Then H(V,qg) is essentially self-adjoint on
[@4C§(Rg)]®a, d D) (® alg means algebraic tensor product) and its closure is essentially self-
adjoint on every core of- A +H, 4.

Remark 1.8:Unfortunately Theorem 1.3 does not cover the Coulomb potential vase
= VC .

As a corollary to Theorem 1.3, we have the following.

Theorem 1.4:Let e R. Assume (H.1), (H.2), and (1.32). Suppose that V is bounded> Let
be as in Theorem 1.3. Then §V,g) is essentially self-adjoint op®*Cj(R%)]® 4o md D) and
its closure is essentially self-adjoint on every coreHof0,9).

E. Direct integral decomposition in the case V=0

The final topic in this paper is concerned with the Hamiltonian without the external potential
V:

H,=H,(09)=Hp+HgtH, A9). (1.33

This is a Hamiltonian of aelativistic polaron with spin 1/2We show, as in the case of nonrel-
ativistic polarong™* or a spinlessrelativistic polaron'® that H. has a natural direct integral
decomposition corresponding to a “deformed” translation invariance.

The momentum operatd?®:= (P24 P4 P19 of the quantized radiation field is defined by
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d
P{*%=dTI (kj), (1.39

the second quantization of the multiplication operdpon H,,. For eachre R, we define
L(7):=H g~ Ta- Prad' (1.35

acting in the Hilbert spac€*® Fyi= @4 Frag. Let

H|::—q]§j:1 aJ-A?(O):—qé)l a;®s(g)) (1.36
with
g;(k)=gY(k)=(g(k)e{V(k),g(k)e{?(k)) e C? (1.37
and, for eactpe R®,
ho(p)=a-p+mg. (1.39

In terms of these operators, we define

H.(p):=hp(p)+L(7)+H, (1.39

acting in @4 F.q.
We introduce a subspace &f.4:

Fraag=Fm(Co(RY)@®Cq(R3). (1.40

Theorem 1.5:Let 7e R. Assume (H.1) and (1.32). Suppose that L?(R3),,.. Then, for all
peR3, H.(p) is essentially self-adjoint om *Fry -

Remark 1.9The operatoH .(p) may be regarded as a Hamiltonian of a four component spin
interacting with a Bose field. In this sense it is an extended version of the standard spin-boson
model where the spin is two component. But note that there is a big difference i fa)
contains a singular term ra- P which makes the analysis éf (p) more difficult.

Remark 1.101 et

wp(p)=\p*+m?, (1.41)
the energy of the free Dirac particle with momentpmlit is well known (or easy to seethat
a(hp(p))=0o4(hp(p)) ={= wp(p)}, (1.42

the multiplicity of each eigenvalue being two. Suppose thatk)—|7| |k| ke R®}=[M,»)
with some constanM ,=0. Then o {hp(p)+L(7))=[— wp(p)+M,,*). Hence, if 2vp(p)
=M ., then the eigenvaluep(p) of hp(p) +L(7) is embedded in its continuous spectrum. Thus
H (p) gives rise to a preturbation problem of embeddeelgenerateeigenvalues. This problem
concerns the instability of the Dirac particle with a positive energy under the influence of the
quantized radiation field. We will discuss this aspect in a separate paper.

We say that a se{tTj}»}‘:l of self-adjoint operators on a Hilbert space is strongly commuting
if the spectral measures @ andT; commute for alli, j=1,...n, i #].

It is easy to see théP}a 13:1 is strongly commuting. Hence it follows from the three variable
functional calculus that, for akke R®, the operator

3

Q(x):= 2, x;P (1.43

j=1
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acting inF,,qis self-adjoint. Since the mapping:—e'°® is strongly continuous, we can define
a decomposable operator

o
W, := f . el QM dx (1.44

ON F= [ 3@ 4 Fraqdx. It follows thatW, is unitary.
The Fourier transform oft{p = ®*L2(R®) can be naturally extended to a unitary operator on
F by

1 .
Ul ::—J e PP (x)dx, a.epeRS VeF 1.4
We define a unitary operator of by
U, :=UW,. (1.46

Then we have a direct integral decomposition

®
U, F= fRs@“fraddp. (1.47)

Theorem 1.6: Under the same assumption as in Theorem H.5is essentially self-adjoint
and

J— 5]
UHU = ng H.(p)dp. (1.48

Remark 1.111n Ref. 16, spectral aspects bf (p) (properties of the ground state energy,
existence of the ground state, location of the essential spectmdH . are discussed in the case
where(i) u.(k):=w(k)—|7||k|>0 for a.e.k e R® and(ii) g, g/, L?(R®). But this case does
not cover the physical case(k) = k|.

Il. PROOF OF PROPOSITION 1.1

For f e L%(R®) andj=1,2,3, we defind; e H,, by
fia=(fefV), fel®) e Hy,. (2.0)

Using the fact that, for alkke M,

2

kiki
) e}”(k)ef”(k>=5j|—#, j1=123, (2.2

we have

k2
If5117= fRSIf(k)F(l— w)dk. (2.3
We set
3

|||f|||==j§1 - (2.4

Lemma 2.1: Assum@H.1). Then D(HZ2)CD(H, ,(g)) and, for all ¥ e D(HY?) and &>0,
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Iql 1
IHaa |+ 1+ AllgllHwl. (2.5

IHi (@) ¥[<V2(1+e)

L

Proof: It is well known that, for allF € H,, and e D(Hgﬁ), yis in D(a(F))ND(a(F)*)
and

F F
la(F)yl< s IH G, la(F)* yl< N IHza + I [ . (2.6
Hence,D(HY2) cD(®4(F)) and
F 1

| T HHrlégi‘r//”—i_E”F””w”- (2.7)

By this estimate, we have for alte D(H~3 andxe R®
AY(x H2 ! 2.8
AP ¥l 7, =< || radl 7 T Ellgjlllltﬂllf,ad- (2.8

Let ¥ be in the domairD(HY3 as a subspace oF. Then, by(2.8) and the elementary
inequality

(a+b)?<(1+e)a’+ b2, a,b=0, £>0, (2.9

1
1+=
&

we have for a.ex

1
- 12 2
+= g v ool

||A?(Tx)w(x)\|§rad<2(1+s) d? Ol% i+ 5

Integrating the both sides with respectdowe see thatV e D(A?'T) with

1
|He ey ||+ L+ gillwl (2.10

AP W< \2(1+e) J_

ThusV e ﬂleD(A?'T)zD(H,,,(g)). By using the fact|aj||=1 and(2.10, we obtain(2.5. B

Proof of Proposition 1.1.Lemma 2.1 implies thaD(H (V,g)=D(Hp)ND(V)ND(H,.9)-
By (H.2), we have®*Cj(R®%CD(V). HenceD(H(V,g)) is dense. It is easy to see that
(P, HA(V,09)®)=(HA(V,0)¥,D) for all ¥, ®eD(H,(V,g)). ThusH_(V,g) is a symmetric
operator.

Let e ®(Hp(V)). ThenA=(f,Hp(V)f) for somefeD(Hp(V)) with ||[f|=1. Let ¥y
=f0g. W¢|=1. Using the fact thaa(F)Q,=0, F € Hy, andH (2
=0, we have

(q,f 1HT(va)\Pf):(f1HD(V)f ):)\

Hence\ e ®(H (V,q)). Thus(1.23 follows.

lll. PROOF OF THEOREMS 1.2-1.4

A mappingC on a Hilbert space is called a conjugation if it is antilinear, norm-preserving and
C2=1 (identity).
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Lemma 3.1Let C be a conjugation on a Hilbert spatéandS be a linear operator oK such
that CSCSC. ThenCS=SC.

Proof: We need only to show th@(SC)CD(S). Let 4y D(SC). ThenCy e D(S). Hence,
by the assumptionC(C#) e D(S) and SC(Cy¢)=CS(C¢), which means thaiyeD(S) and
Si¢y=CSGCy. Thus the assertion follows. [ ]

Note that the mappindp defined by(1.29 is a conjugation. Usingl.26 and Lemma 3.1,
one can easily prove the following lemma.

Lemma 3.2: For #1,2,3,

Tpaj=ajTp, TpD;j=-DiTp. (3.1
In particular,
Tpa (—iV)=a (—iV)Tp. (3.2
Let C,, be the complex conjugation ok
Cor(F1,F2):=(F1,Fp) e Hpn, FreL(R®), r=1,2, 3.3

andj: be the complex conjugation dd. Then

Jrad=ic® (S 7-1®"Cpp) (3.9
is a conjugation ot q.
Lemma 3.3: We have
Jradrad= HraaJrad (3.9
and, for all Fe Hpy,,
JradP s(CprF) = P s(F) Jrag. (3.9

Proof: Relation (3.5 follows from the reality of w. As for (3.6), we first show that
D g(F)Jrag=JradPs(CprF) on the subspace of finite particle vectors

Fragg={={"V}n_oe Frad ¥™W=0 for all but finitely manyn’s}. (3.7

Then, by a limiting argument using the fact th#,qo is a core of ®g(F), we see that
JradPs(CprF) CPg(F)Jrag. By this fact and Lemma 3.1, we obtai8.6). |

Proof of Theorem 1.2The operatod:=Tp® J,5qacting inFis a conjugation. By Lemmas 3.2
and 3.3 and the present assumption, we hi\ (V,g9)—mpB)=(H,(V,g)—mpB)J. Hence, by
von Neumann'’s theoreniRef. 5, Theorem X.B H_.(V,g)—mg has a self-adjoint extension
H.(V,g). Sincemp is boundedH . (V,g) + mg is self-adjoint by the Kato—Rellich theorefRef.
5, Theorem X.12 It is obvious thatH (V,g)+mp is a self-adjoint extension dfl (V,Q).

Proof of Theorem 1.3The method of proof is to apply Nelson’s commutator theo(Bef. 5,
Theorem X.37. We take as the comparison operator the self-adjoint operator

Koﬁz_A‘l‘ Hrad+ 12 1
We recall a useful identity: LeT;, j=1,2,3, be linear operators on a Hilbert spa¢esuch
that T;T,=T,T; on D(T;T,)ND(T,T)), j,/=1,2,3, and sel:=(T,,T,,T3). Then, by using
(1.3, one can easily show that

(@ T)?=T2 on N} ,_y[D(T;T,)ND(T,T)], (3.9

wherea;T; (j=1,2,3) is considered as an operator ®fiH.
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Let feD(—A). Then, by(3.9),
la- (=iV)f[2=(f,—Af)<[f]] - Af].
By this inequality andV.1), we can show that
IHo(V)fl=cqll(=A+1)ff, (3.9

wherec,;>0 is a constant. By the elementary inequality
1
ab=ea’+ —b?,
de

holding for alla>0, b>0, £>0, we have for all? € D(H,,9

2
a
al| Hiav || <al| W[ YAH og¥ [ 2= e[| Hyad? ]| + 7 V]

rad

Hence, by Lemma 2.1, for ali>0, there exists a constanf=0 such that
IH, ) ¥[<e[Had¥ || +b[|¥], ¥eD(Hrg- (3.10
Estimateg3.9) and(3.10 imply that
IHAV.9)@[<c,|Ke®ll, P eD(Kp), (3.11

wherec,>0 is a constant.
Let ¥ e[®*CH(R®)1® q¢F D). Then

3
(HD(V)\P,KO‘I’)—(KO\If,HD(V)\If)=2iJZl 3((D;V)¥,D;¥).
Hence, usindV.2) and the fact that
IDw=lI(—2)"2¥| <[ g™,
we can show that
|(Ho(V)W,KoW) = (KW, Hp(V)W)|<cgl|Kg W%, (3.12

wherec;>0 is a constant. We have

3
(H) (9)¥,AW)—(AV,H, (g9)¥)= —2iOIJ_ Zl JD,W¥,a;B,V), (3.13

whereB :=f§3<b5(agj”‘/ax/)dx. By Lemma 2.1 withg replaced by—ik, g, we can estimate
IB,;¥|. Hecne we obtain
|(Hi @)W, = AW) — (= AW, H, (9)W)|=c,]K5?P?,

wherec,>0 is a constant. It is easy to see that

3
[H1A0) Hrad V=42, By,
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whereB;:=[ 5P (i g ¥)dx. By Lemma 2.1 withg replaced by wg, we can estimatgB; ¥|| to
obtain

[(H) A9V, Had?) — (Head? Hy (9) )| <csl|Kg 2P|,
wherecs>0 is a constant. SinceH(,q¥V,Ko¥) — (Ko ,H,,q¥) =0, it follows that
[([Hraat Hi A9) ], KoW) = (KW, [Hpagt Hy (9)]P)|<(ca+Co)[K2P|2 (3.14

The subspacg® “Cg(R%)1® 4 ad D) is a core ofK,. Thus, by(3.11), (3.12, and(3.14, we
can apply Nelson’s commutator theorem to obtain the desired result.

Proof of Theorem 1.4We writeH (V,g)=H(0,g)+V. By Theorem 1.3H,(0,g) is essen-
tially self-adjoint on[ ®*Cg(R3)® .F D). SinceV is bounded, we can apply the Kato—
Rellich theorem to obtain the desired result.

IV. PROOF OF THEOREMS 1.5 AND 1.6
We define a deformed total momentum operdor) :=(P(7),P,(7),P3(7)) with parameter
TeR:
Pi(7):=—iD+ 7P} (4.1)
onF (j=1,2,3). EactP(7) is self-adjoint and its spectrum is purely absolutely continuous with
a(Pj(7))=R. (4.2

PhysicallyP;(7) is interpreted as the generator of a unitary representationdéfarmed trans-
lation to thej th direction. It is not difficult to s€@ that, for allt e R,

&P (H CH PI(7), 4.3

This shows a deformed translation invarianceHof.
We can show that, foy=1,2,3,

2]
U,P(nU; = JRS p; dp. (4.4

Thus the Hilbert space . carries a spectral representationRffr) and the index parameterin
the decompositiori1.47) physically means an observed value of the deformed total momentum
P(7).
Proof of Theorem 1.5Let pe R® be fixed andL:=37_,(p;— 7P/*)2+H,q+ 1. ThenL is
self-adjoint, non-negative and reduced by each closed subsp”z(@ ’H pn) With its reduced part
L, being the multiplication self-adjoint operator by the funcitgm— (TE“ 1K; )2+En 10(kj)
+1 By the present assumption, this function i4 f/{R3") ... HenceL , is essentlally self adjoint
on ®4Sn(®a|JCO(R3)®CO(R3)]) whereS, denotes the symmetrlzer an"H,p. It follows that
L is essentially self-adjoint om*F 5 o Let re ©*Frqgo. Then, by(3.9),

la- (p— 7Pyl <[|IL 2]

In the same way as in Lemma 2.1, we can show that

|q
IH sl + — |||g||| (X (4.5

g
Hl<v2|al||| —=
Iy |q|H ZH

By these estimates, we obtdiRl (p) ¢/||<c,||L ¢|| with a constant;>0. In the same way as in
the proof of Theorem 1.3, we can show that
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[(HA(p),Lyp) — (L, H (p) )| <cl| L2,

with a constantc,>0. Thus we can apply Nelson’s commutator theorem to obtain the desired
result. |

Lemma 4.1: Let 2 C\R. Then, under the same assumption as in Theorem 1.5, the operator-
valued funcitonp— (H.(p)—2z) ! on R® is strongly continuous

Proof: The setC\R is a subset of the resolovent settdf(p), sinceH .(p) is self-adjoint. Let
p.p'eR® Then, for all ye@*Frq, we have by(3.8 [H,(p")y—H.(p)¢ll=|p’—plll¥l
—0(p'—p). Sincees“f‘r’;dyo is a common core for the familjH .(p)},. g3 of self-adjoint opera-
tors, it follows from a convergence theordiRef. 17, Theorem VIII.2&)] that (H,(p’)—2) !
—(H(p)—2) ! strongly asp’ —p. [ |

Proof of Theorem 1.6The essential self-adjointnessdf follows from the present assump-
tion and Theorem 1.4. By Theorem 1.5, Lemma 4.1 and a general thd&em®6, Theorem
X11.85(a)], we haveH’T==f§3H Ap)dp is self-adjoint. On the other hand, by direct computation,
we see that |H U ;1C H. . The essential self-adjointnesstaf implies that ofU H ,U ;1 . Thus
(1.48 follows.
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