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A class of noninvertible Bogoliubov transformations in an abstract Boson Fock space is used to
construct in the Fock space a family of self-adjoint operators H which are quadratic in the
annihilation and the creation operators and are of the form H = H,, + H, with the property
that the unperturbed part H, may have embedded-eigenvalues unstable under the perturbation
H,. Scattering theory associated with the pair (H,,H) is also discussed. In application to
quantum field theory, the family of the operators H gives a unified description for the
Hamiltonians of models of a quantum harmonic oscillator coupled to a quantized scalar or

radiation field.

I. INTRODUCTION

A Bogoliubov transformation in a Fock space is a trans-
formation of the annihilation and the creation operators
which is expressed linearly in terms of them and preserves
the (anti-) canonical commutation relations (CCR). There
have been a number of studies on proper Bogoliubov trans-
formations so far (e.g., Refs. 1-3 and references therein). In
this paper we are concerned with another type of Bogoliubov
transformations that may be called noninvertible Bogoliubov
transformations: A Bogoliubov transformation is said to be
noninvertible if there exist no invertible bounded linear oper-
ators that implement it on the Fock space under considera-
tion. It seems that attention has not been paid so much to
noninvertible Bogoliubov transformations or at least they
have not been fully exploited. In the present paper we con-
sider a class of noninvertible Bogoliubov transformations in
connection with a type of singular perturbation of self-ad-
joint operators acting in Fock space (see below). The class of
Bogoliubov transformations under study is defined in the
Boson (symmetric) Fock space .7 (7)) over
H =% @ .« (thedireci sum of two Hilbert spaces %" and
# ), which is identified with .7, (¥") @ 5  (.# ). We shall
show that the noninvertible Bogoliubov transformations can
be used to construct in 5 () a family of self-adjoint oper-
ators H which are quadratic in the annihilation and the cre-
ation operators and are of the form H = H, 4 H, with the
following properties.

(i) The “unperturbed” part H, is of the form

H, =dUl'(h)y oI +Iedl(]), (1.1)

where 4 and / are non-negative self-adjoint operators in %~
and .#, respectively, and dT"(4) (resp. I) denotes the sec-
ond quantization of 4 (resp. identity).

(ii) For a real constant £, H — E is unitarily equivalent
to d'(h) acting in & ().

To see what the above result implies, consider, e.g., the
case where a(#), the spectrum of 4, is purely continuous
witho(h) = [, ) (@,>0:aconstant) and o (/) is purely
discrete. Then we have

o(dl (h)) = {0}U[wy,0), 0,(dT(h))={0},
oldT(D) = o, (dT (D) ={E,}7_o,
with £, >0 (E, = 0), where 0, (*) denotes point spectrum.
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Hence,
O'(H()) = {E,,},f:OU[a)o,oo ))
o,(Hy) ={E,}7_,,

which mean that each E,, is also an eigenvalue of H, and the
eigenvalues F, >, are embedded in the continuous spec-
trum of H, (we call such eigenvalues embedded ¢igenval-
ues). On the other hand, (ii) implies that

o(H) = {E}U[E + w,,0), 0,(H)={E}.

Thus all the embedded eigenvalues E, >w, turn out to disap-
pear under the perturbation H,, i.e., they are unstable under
the perturbation (we may regard E, <w, as eigenvalues
changing to £ under the perturbation H, ). In this sense the
perturbation &, is singular relative to H,,. In this way each of
the noninvertible Bogoliubov transformations under consi-
deration can have a connection with instability, under a per-
turbation, of embedded eigenvalues of a self-adjoint operator
in the Fock space .7 (%), The present abstract theory has
application to quantum field theory (QFT). In fact, in con-
crete realizations of {.%",.# }, the class of H gives a unified
description for the Hamiltonians of models of a quantum
harmonic oscillator coupled to a quantized scalar or radi-
ation field,*® where the unperturbed part of each of those
Hamiltonians is of the form (1.1). The abstract theory de-
veloped in this paper clarifies the mathematical structure of
those models, giving us a satisfactory understanding of
them.

We should mention that the idea of the present work is
already implicit in a previous paper (Ref. 8) where an ab-
stract and unified formulation is given for models of a one-
dimensional quantum harmonic oscillator coupled to a
quantized scalar field. The present paper gives, with a gener-
ality, an extension and a refinement of results in Ref. 8. In
applications of the present formulation to models mentioned
above, the harmonic oscillator is not necessarily one dimen-
sional.

The outline of the present paper is as follows. Section If
is a preliminary section and is of review nature. We define
basic objects in an abstract Boson Fock space and summar-
izes some fundamental facts. After introducing in Sec. III
the class of noninvertible Bogoliubov transformations to be
considered and discussing some of their properties, we con-
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struct in Sec. IV a family of self-adjoint operators H with the
properties described above. Section V is devoted to scatter-
ing theory associated with the pair (H,,H). In the last sec-
tion we mention some examples in QFT.

Some general symbols used in the present paper are (-,
*): inner product (linear in *); ||]|: norm of Hilbert space;
[|4 ||: operator norm of the operator 4; D(A): domain of the
operator 4; B(5°,,5,): the space of all bounded linear
operators from a Hilbert space 7%, to a Hilbert space 7, ;
and B(5"): = B(J7,5).

1. FUNDAMENTAL FACTS IN AN ABSTRACT BOSON
FOCK SPACE

We first recall the definition of some objects in an ab-
stract Boson Fock space (e.g., Refs.1; Ref. 9, Sec, IL4; Ref.
10, Sec. X.7). Let #° be a separable complex Hilbert space
and S"(H°) = ® ;7 be the n-fold symmetric tensor prod-
uct of % with $°(#°) = C. The Boson (symmetric) Fock
space .7 () over ¥ is defined by the completed infinite
direct sum of S "(#°):

F(F) = @7 SUH). (2.1)

We denote by A(F), Fe, the annihilation operator in
F (F°) (antilinear in F). Let Q = {1,0,0,...,}.7 , () be
the Fock vacuum and let

F on (H) = L{A(F) Y*A(F,)*- - A(F,)*Q,

O\Fed?,j=1,.,nn>1}, 2.2)
where .#{ -} denotes the subspace algebraically spanned
by vectors in {---}. We denote by A(F)¥# either 4(F) or

A(F)*. The operators A(F)¥ leave ¥, (%°) invariant sat-
isfying the CCR
(A(F),A(G)*] = (F.G), [A(F),A(G)] =0, FGe,

(2.3)
where [4,B] =AB — BA.

We next define operators quadratic in 4 ¥ . Let J be a
conjugation on %, i.e., Jis an antilinear isometry on ¢ with
J*=1. For Fe¥ and TeB(J"), we define Fe5 and
TeB(%") by

F=JF, (2.4)

T=JTJ. (2.5)

We denote by & ,(5#,,5,) the space of Hilbert—
Schmidt operators from a Hilbert space #°, to a Hilbert
space #,. We set J,(H) =7,(5,7). For every
Ke#, (), there exist (not necessarily complete) ortho-
normal sets {1, }¥_, and {¢,}*_ , in ¥ (M may be finite
or infinite) and positive real numbers {4, }*_, such that

M
Z A2 <,

n=1

M
K= z /ln(l/'m')%,

n=1

(2.6)

where, in the case M = «, the sum in (2.6) converges in
operator norm (e.g., Ref. 9, Theorems V1.17 and V1.22). We
then define for finite positive integers N

AHKNANY = S 4,41 4(p,)*

n=1

1839 J. Math. Phys., Vol. 32, No. 7, July 1991

and

Ky MA) = S A AWOAG,).

n=1
The following lemma is easily proved.
Lemma 2.1: For all We.7 , (F7), the strong limits

s — lim (A*|K, |4 ") W= (4*|K|4*)¥
and

s— lim (4 [Ky|4)¥=(4 |K |4)¥
exist. Moreover, the operator {4 #|K |4 #) defined on
F oo (F) 1s closable and

(A*K|A*)* = (A|K*4) on F g, ().

We denote the closure of (4 ¥|K |4 #) by the same
symbol.

It easily follows from the definition of (4 #|K |4 #)
that

(A¥|K|A*) = (4 *|K*A%).
Lemma 2.2: Let K,,...K,e#,(5). Then, for all
VeF 4, () ,n>1, and for F,e7, j = 1,...,k, k>1,
VeD({A#|K, (A%) - (4 ¥|K |4 #))
and
(A#|K,|A %) (A% |K,|d ¥)VeDA(F ) * - A(F)*).
Moreover, for all Ke.#, () and Fe/7,
[A(F)*{4*K|4*)] =0,

[A(F),(A*|K|4*)] = A(K,F)* (2.7)
on ¥, (¥, where

K.,=K+K* (2.8)

Proof: Cf. Ref. 2. |

Using Lemma 2.2, we can prove the following lemma.
Lemma 2.3: Let K,Le.#, (F) and set

D, = A*LI4*)Q, v=0,1.2,...

Then

(A41K|4)YP, =0, (4|K|4)P, =Tr(KL,)P,,

AK|4)YP, =vTr(KL)P, |, +v(v—1)

X{A*LKL¥A®)D,_,, v>2,

where Tr means trace.

Let C(57°,,5%°, ) denote the set of densely defined closed
linear operators from a Hilbert space J#°, to a Hilbert space
7, and set C(#7) = C(F°,7).

For SeC(57), we denote by dI" (.S) the second quantiza-
tion of S. The special case S = I gives the number operator
N:

N=dI'(]).

The following estimates are well known:
[AEY#E(<IFIIN + D72, YeD(N'?). (2.9)
Lemma 2.4: Let SeC(5°) and define
D= L{AF)* A(F,)*Q,

QIFeD(S),j = 1,..,mm3>1}.

Asao Arai 1839



Let {e, }, be a complete orthonormal system (CONS) of %
with e,€D(S*) for all n. Then, for all ¥e & g,

N
s—}\ljm Y A(e,)*A(S*e, )V =dT(S)V.
“® p=1
Proof: An easy exercise. [ ]
In the same way as in the proof of Lemma 2.4, we can
prove the following fact.
Lemma 2.5: Let % be a Hilbert space and
S, 7eC(%",7¢") such that D(S)ND(T) is dense and
ST*eC(#"). Let {e,}, be a CONS of ¥ with
e, eD(SYND(T) for all n. Then, for all P ;. and
Ve ors,

N
s— lim (CD, Z A(Se, )*A(Te,,)\ll) = (D, d" (ST *)W).

N x noe=1

We here extend a terminology: We say that an operator
T is Hilbert-Schmidt if D(T) is dense and the closure is
Hilbert-Schmidt. Also in this case we write 7% 5 ().
_ Lemma 2.6: Let Ke.#', (") and SeC(%") such that
S*K *e.4, (#). Then, for all vl,
{A*|K|4*)"QeD{dT (5)*) and
dU(S)*(A*K 4 *)Q

= V(A *KS|A*)(A*K|4*) Q.

Proof Use Lemma 2.4, ]

We introduce a subset of £, (#7).

Definition 2.7: We say that Ke.#', (77) is in the set
HS, () if||K|l<1and K = K *,

Let

&, =Ng_ DN, (2.10)

Lemma 2.8: Let KeHS, (%) and Ye.7 , (). Then

S 1y (A*K|A*»¥
n-x 20 ALY
(A*IK |4%) o
2

exists and belongs to & _ .

Proof: See Refs. 1 and 2. [

By virtue of Lemma 2.8, for KeHS, (%), we can define
a vector Q(K)eZ _ by

* *
Q(K) = N, exp{ _ﬁif_gfﬂ_).} Q.
Here, N,>0 is the normalization constant so that
[[Q(K) || = 1. Explicitly N, is given by
Ny = {det(J — K *K)}"4,
where det (/ + 4) denotes the determinant of I + A with 4
being trace class (e.g., Refs.1,2, and 11).

Finally we derive an equation satisfied by Q2 (K).
Lemma 2.9: For all Fe%7 and KeHS, (%),

sexp{ —

(2.11)

{4(F) + A(KF)*}QUK) =0 (2.12)
Proof: Let
Qn(K) = i ( —_ 1)‘&@_9‘

v=0 2"1/!
Then, by (2.7) and the fact K = K *, we have
AF)Q,(K) = — A(KF)*Q, _, (K).
Taking the limit # — « of the both sides, we obtain (2. 12). ®
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lll. NONINVERTIBLE BOGOLIUBOV
TRANSFORMATIONS

In this section we consider the case where the Hilbert
space #” is given by the direct sum of two Hilbert spaces %~
and .#:

H=Ko, (3.1)
so that we have
5;;(//“?0) =~7s(f/)®57:(~//)» (3.2)

To avoid notational confusion, we denote by b( f) &%
[resp. a(u), ue.#'] the annihilation operator in F#  (%")
[resp..# ,(.#)]. We shall write vectors in % as fo u, e %,
ue# . Under the identification (3.2), we have

bifrel=A(fe0), X, (3.3)
Ig9a(u) =A0ou), ucdk. (3.4}

Let V,WeB(.%") and P,QeB (% ,.# ) satisfying the fol-
lowing conditions:

(C.1) W*W — V*V + Q*Q — P*P =],

(C2) WV — V*W + Q*P— P*Q =0,

(CIH WW*—VP*=],

(CA) VW* -~ WP*=0,

(C.5) QW* —PPV*=0,

(C.6) QV* —PW* =0,

(C.7) QP* - PQ* =0,

(C.8) the operator

R=QQ* - PP+ (3.5)
is bijective.
For each f&.%", we define B( /') by
B(f)=b(Wf)eI+b(Vf)*el
+1ea(Qf) +Iea( Bf )*. (3.6)

Obviously .7 ¢, (F)eDB(F)ND{B( f)*) for all £.%,
which implies that B( f)* is densely defined and hence
B( f) is closable. We denote the closure of B(f) by the
same symbol. The operator B( f)* leaves F# , (#°) invar-
iant, Moreover, conditions (C.1) and (C.2) imply that
[B(/):B(@)*] = (fg)., [B(f),B(g)]=0, fge¥,
(3.7)
on # g, (F), ie., B( f)*’s satisfy the CCR. Thus (3.6)
gives a Bogoliubov tranformation of {6( f)* e I|f£%'}.
This Bogoliubov transformation may be noninvertible as the
following proposition shows.
Proposition 3.1: Suppose that

dimNg - Ker B(f) < . (3.8)
Then there exist no invertible bounded linear operators
TU.F () —F (#) such that

(frehU=B(Sf), X (3.9)
Proof? Suppose that (3.9) holds with Uinvertible and let
Wty yeestty) =U " Toa(u, )* - Iea(u,)*s,
ved,j=1,..,n nxl.

Since 6( f) el and I®a(u) commute on .7, (F°) and
(6(f) N =0, it follows that for all fe. %,

(0( ) HUY(u,,..,u,) =0
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and hence
B( )Y (uy,eu,) =0,
which, however, contradicts (3.8). n

In what follows, we shall show that under an additional
condition, (3.8) is true and hence the Bogoliubov transfor-
mation (3.6) is really noninvertible.

For AeB(J") and BeB(¥ ,#), we define
S(A4,B)eB(¥ %) by

S(A,B)f=Afe Bf, fe % . (3.10)
For notational simplicity, we set

S(A,B) = JS(A,B)J. (3.11)

It is straightforward to see that (C.1)-(C.7) are equivalent
to the following conditions:

S(W,Q)*S(W,Q) — S(V,PY*S(V,P) = I, (3.12)
S(W,Q)*S(V,P) — S(V,P)*S(W,Q) =0, (3.13)
S(W,Q)S(W,Q)* —S(V,P)S(V,P)* =S(LR), (3.14)
S(V,P)S(W,Q)* — S(W,Q)S(V,P)* = 0. (3.15)

Lemima 3.2: The operator S(W,Q) is bijective.

Proof: Throughout the proof, we set S(W,0) = Y. We
see from (3.12) that

Y*Y>1 (3.16)

and that Y *Y is bijective, which implies that Ran Y * (the
range of ¥Y'*) equals .%” and that Y is one to one. It is well
known'? that for all densely defined closed linear operators
S from a Hilbert space to a Hilbert space,

a(S*S)\{0} = o(S5*)\{0}.

Hence (3.16) implies that
a(YY*)\{0}C[1,00).
Thus we need only to show that Ker YY* ( = Ker Y *)
= {0}. Let FeKer Y *sothat Y *F = 0. Then (3.15) and the
injectivity of ¥ give S(V,P)*F = 0. Putting this into (3.14),
we get
SULRYF=0,
which, together with (C.8), implies that F = 0. |
The proof of Lemma 3.2 shows also that

(3.17)
Lemma 3.2 allows us to define
X = S(V,P)S(W,Q) ~ 'eB(¥). (3.18)
Lemma 3.3: The operator X satisfies
X=Xx* (3.19)
and
IX]<1. (3.20)

Proof: Formula (3.19) follows from (3.13) and Lemma
3.2. We have by (3.12)

X*X=I—(YY* ",
where we put ¥ = S(W,Q), and hence
IXFII? = |F|I* = [|(YY*) = 2F|%,  Fesr.
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On the other hand, we have
1YY *) = “F||>c|[F|| = c|F|, Fe.
withO<c = ||[(YY*)?|| =<1 [cf. (3.17)]. Therefore,
IXF|*<(1—|F|,

which implies that || X || <y1 — ¢? < 1. Thus (3.20) follows.H

We now state the main result in this section.

Theorem 3.4: Suppose that Xe.# , (). Then:

(i) X belongs to HS, (5.

(ii) Let Q(X) be given by (2.11) with K = X. Then
Q1(X) is a unique (up to constant multiples) vector ¥ in
D(B( f)) such that for all fe.%",

B( YV =0, (3.21)
and the subspace
F o = L{BAI* - BUL)*QUX),
(3.22)

QX)) feX,j=1,...nn>1}

is dense in & ().

Proof: Part (i) follows from the assumption and Lemma
3.3. Note that B( f') can be written as

B(f) = A(S(W,Q)f) + AS(V,P)f)* (3.23)
on D(N'?). Hence, by Lemma 3.2, for YeZ' _, the equa-
tions B( )W = 0, fe %", are equivalent to

{4(F) + A(XF)*}¥ =0.

Hence, (2.12) gives (3.21) with ¥ = Q(X).

We next prove the uniqueness of 1 (X) and that .5 Z is
dense in # [ (F°). We denote by Q ,. the Fock vacuum in
F(F). Let FP? be the closure of g . Define
UF g - F 4, (F) by

UQ(X) =Qy,

UB(fi)* - B(f)*QX) =b(fi)* - b([,)*Q -,

f[eX,j=1,.,nn>1,
and extending it by linearity to .5 &, . The operator U is well
defined and extends uniquely to a unitary operator from % #
to# (%").By Lemma 2.8 and (2.9),wehave 7 £, CZ _ .
Moreover, using the unitary correspondence between .7 2,
and 7, (%), we can show that every vector in % 2, is an
analytic vector for the symmetric operator

D, (f)=UVIH{B(f) +B(f)*}.
Let ®(F) be the Segal field operator in . , (#7):
O(F) = (I/V2){AF) + A(F)*},

which is essentially self-adjoint on .7, (J7); we denote the
closure by the same symbol. Using (C.3)-(C.7), we have

b(fYel=B(W*f) — B(V¥)*, fe %, (3.24)
Iga(u) =B(Q*R ~'u) — B(P*R ~'0)*, ucd.
(3.25)
on D(N ?). Hence, ®(F) is written as
O(F) = ®, (T, F -~ JT,F), Fei7,
where T,€B(77,7),j = 1,2, are defined by
T, (fou)=W*+Q*R ~'u,
T,(fou)=V*+P*R ~'u.
Asao Arai 1841



Thus, for all Fe7, every vector in % £, is an analytic vector
for ®(F). It turns out that for all Fes?’, exp i®(F) leaves
& % invariant. Since {exp i®(F)|Fed } is irreducible (e.g.,
Ref. 10, Appendix to X.7, Lemma 1), it follows that
FP=F (H), ie, FE is dense in F (). Using this
result, one can easily prove the uniqueness of (X). B

Theorem 3.4 and Proposition 3.1 imply that, if
Xes, (5), then the Bogoliubov transformation (3.6) is
noninvertible.

In concluding this section, let us represent the operator
X explicitly in terms of {P,Q,V,W}.

Lemma 3.5: For all /e % and ue.#,

S(w,Q) ' (feu)

= (14+ V*V+P*P) ~"(W*f+ Q*u). (3.26)

Proof: Let TeB(5,.%") be the operator defined by the
right-hand side of (3.26). Since we already know that
S(W,0Q) is invertible, we need only to show that

S(w,Q) =1

But this easily follows from (C.1). |
We can represent /& uef” as a column vector:

)

In this representation, every TeB(.#°) can be uniquely writ-
ten as

T= (Tll TIZ) ,
TZI T22

with  7,,eB(¥"), T,,eB(A#, %), T, eB(F . #),
T,,eB(.#). It is easy to see that Tes, (#") if and only if
each T is Hilbert-Schmidt.

Lemma 3.6: Let X be given by (3.18) and put

(3.27)

Z= (14 V*V4 Pxp) !, (3.28)
Then

- (VZW* VZQ*)

X_(PZW* pzo*) (3.29)

Proof: By Lemma 3.5, we have for all f6.%” and ue.#
X(fou)=S(V,P)(ZW*f+ ZQ*u)
= (VSZ*f+ VZQ*u) & (PZW*f+ PZQ *u),

which gives (3.29). n
As a corollary of Lemma 3.6, we have the following.
Corollary 3. 7: The operator X is Hilbert-Schmidt if and

only if VZW*, VZQ*, PZW*, and PZQ* are Hilbert—

Schmidt.

IV. A FAMILY OF SELF-ADJOINT OPERATORS

The purpose of this section is to show that the (nonin-
vertible) Bogoliubov transformation (3.6) can be used to
construct a family of self-adjoint operators H, acting in

F (H°), with the properties described in Introduction. The
idea underlying our method is to find H as an operator “‘diag-
onalized” by the Bogoliubov transformation,

Let Ke#', (M, %), so that it can be expressed as

K=3%4,(,, )4, (the canonical form),

where {#, } (resp. {¢,}) is an orthonormal set in # (resp.
F). As in Sec. I1, we can define

(b*Kla*) =3 A,b(¢,)*e " [@a(d,)* (4.1)

(b|K|ay =3 2,b(8,)elI®a(t,). (4.2)

on % ¢, (). Similarly, for Me.% , (% ,.# ), we can define
the operator {a®*|M [b*) on F;, (). We have

(b |K |a)* = (a*|K *|b*) (4.3)

on .7 g, (). The following fact is easily proved.

Lemma 4.1: Let Ke.#, () and K = {K;} be the ma-
trix representation of X as in (3.27). Then
(A*|K|47%)

= (b#|Ky, |bF) &1+ (b*|K\,|a*)
+ (a*|K,, |6 #) + 18 (a®|K,, |a®)
on F g, ().

For a densely defined closable linear operator
Lt % and L "% —.# (we denote their closure by the

same symbol, respectively), we define (b*|L|a) and
(a*|L"|b) by

(4.4)

0 L
* —
{(b*|L |a) _dY‘(O 0), 4.5)
0 O
* ThY —
(@*IL'|b) = dF(L, O) . (4.6)
In whai follows, we assume also
(C.9) Xe s, ().

Let 4 be a non-negative self-adjoint operator in ¥ such
that

Kerh= {0}, JhJ=h,

and the following (C.10)—(C.12) are satisfied.
(C.10) The following operators are all Hilbert—
Schmidt:

VW * VhQ * PhW * PhQ * WhV *,QhV * WhP*,QhP*
h I/ZV*,h 1/2P*.

(C.11) _ The operators WhW™*+VhV* and
QhQ * + PhP* are self-adjoint. o
(C.12) The operators WhQ* -+ FAP* and

OhW* + PhV * are densely defined and closable.
Conditions (C.10)~(C.12) allow us to define

H=dU(WhW* + VhV*) @+ I@dT (QhQ* + PhP*) 4 (b*|WhQ* + VAP *|a) + {a*|QhW * + PRV *|b)
+ (b*|WhV*|b*) oI + [®{a*|QhP*|a*) + (b*|QhV *|a*) + (a*|WhP*|b*) + (b |VEW *|b) o]

+ Ie (a|PhQ*|a) + (b|PhW *|a) + (a|VRQ*|b ).
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Condition (C.12) implies that D(AV*)ND(AW*) and
D(hP*)ND(hQ *) are dense in % and in .#, respectively.
Hence, the subspace

Do(H) = LLACS, @u)* - A(f, @ u,)*Q| f,
eD(hV*)N\D(hW*),u,eD(hP*)ND(hQ*)}
(4.8)
is dense in .7 (7). It is easy to see that D, (H) CD(H).

The main result in this section is the following theorem.
Theorem 4.2: The operator H is essentially self-adjoint
on D, (H) and

H>E,
with

= — |[[VA"|[ts — [1PR s, (4.10)

where ||-|| ;s denotes Hilbert-Schmidt norm. Moreover, the

closure of the operator

H=H-E

(4.9)

(4.11)

is unitarily equivalent to dT (%) acting in & (7).

To prove this theorem, we prepare some lemmas. The
following lemma explains the origin of H.

Lemma4.3: Let {e, }, CD(h'?) bea CONS of %" and
define

N
Hy =Y B(h'?,)*B(h'e,). (4.12)
n=1
Then, for all ¥,deD, (H),
lim (0,Hy¥) = (&,HY). (4.13)
N o

Proof: We set T=S(V,P) and ¥=S(W,Q). Using
(3.23) and (2.3), we have

(PHW)=SP +SP +859,

where

N
S = ((D, S {4(Yr'%e,)*4(Yh %)

n==1

+ A(Th'%,)*A(Th %, )}\P) ,

S(Z) ((D 2 {A(Yh 1/2 )*A(Th 1/2— )*

n=—1

+ A(Yh'%,)A(Th "2@,,)}‘1’) ,

(‘) z ”Th |/2e “2
By Lemma 2.5, we see that
lim S’ =

N— =

Moreover, we have

(P, {dT(YhY *) + dU(THT *)}¥).

lim S = (A *|YAT*|A*) + (4 |TRY *|4))¥),
lim S’ = — E.
N~
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On the other hand, it is straightforward to see that
{dU(YhY*) + dU(THT *) + (A *|ThY *|4 *)

+ (A |YhT*|A )}V = HV. (4.14)
Thus (4.13) follows. n

Lemma 4.4: The operator His symmetric and non-nega-
tive. Moreover, the commutation relations

[HB(f)] = — B(hf), feD(h),

hold on D, (H).

Progf: The non-negativity (hence symmetricity) of H
follows from that of Hy and Lemma 4.3. We have for all
V. deD, (H)

(®,[Hy,B(/)]V)

N
_(q>, S (fh ‘/zen)B(h‘/ze,,)\I’)

n=1

(4.15)

- —(®,B(hf)¥)

as N— w0, which, together with Lemma 4.3, implies
(4.15). ]

Lemma 4.5: Let Q(X) be as in Theorem 3.4. Then,
Q(X)YeD(H) and

HO.(X) =0. (4.16)

Progf: Set T=S(V,P),Y=S(W,Q2). Using Lemmas
2.3,2.6, and (4.14), we have

HO(X) = {(A*[THY*|Y*) + (A *|XTHT*X |4 %)
— (A*|XTHY *|A*) — (A*|XThT*|4*)
— Tr(Y*hT*X) + || Th 2|2 JQ(X).
Note that
Tr(ThY *X) = Tr(TAT*) = || Th '*||%s,
XYhY* =ThY*, XYhT*X=ThT*X,
and
(A*|ThT*X |A*) = (A*|XThT*|A*),
since X = X *. Thus (4.16) follows. [ |
Proof of Theorem 4 2: We have already proved (4.9)

(Lemma 4.4). Let %2, .2, and U be as in the proof of
Theorem 3.4. Define

L=H 1 D,(H).
Let WeD, (H) and f,eD(h), j = 1,...,n. Then, by (4.16) and

(4.15), we have

= (HQ(X),B( ;) B(£,)¥)

- —(Q(X>, S B(A)

-B(hj;>~--B<m\v)
=
+(QX),B(f1)
which implies that B( f] )*-*
L*B(fi)* B(f,)*Q(X)
= S BU)*B)*

j=1
Hence, we obtain

UL*U ~'=dI'(h)

‘B(f,)LY),
"B(f,)*Q(X)eD(L*) and

“B(f)*Q(X).

(4.17)
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on the subspace

D(dT (k)Y = L{o( /)% b f,)*Q 5,

Q| f,€D(h),j=1,.,n,n>1}

Since D, {(d (h))is a core of dI" (k) and L * is closed, it fol-
lowsthat L *isself-adjoint. By a general theorem, L ** equals
L, theclosure of L. Thus L is self-adjoint,_i.e., L is essentially
self-adjoint. The unitary equivalence of L to dT" (4) follows
from (4.17). [ ]

It is obvious that A can be rewritten as H = H, + H,

with H, given by (1.1). Thus we have accomplished the
main purpose of the present paper.

V.SCATTERING THEORY

In this section we discuss scattering theory associated
with the pair (H,,H), where H,, is given by (1. D).

Lemma 5.1: For all feD(h ~ /%) and WeD(H /%),

B = FINE ), (5.)

IBCO*l<ha ~ V2 IE R+ LAY (52)

Proof: Since B( f)*B( f) >0, Hy is monotone increas-
ing in N. Hence, it follows from (4.13) that for all »,

B e, YW < ||H V29|12, WeD, (H).

Taking e, = h ~'*f/I\h ~ (DA ~ %)), we obtain
(5.1) with WeD, (H). Since Dy (H) is also a core ofh"‘/2
this result extends to all WeD(H ). Inequality (5.2) fol-

lows from (3.7), (5.1), and a limiting argument. [ ]
Lemma 5.2: For all f&D(h ~V*)ND(h) and
¥, $eD(H),
(H®,B(HV) — (B(S)*D,HY) = — (D,B(Af)V).

(5.3)

Proof: For all ¥, ®eD, (H), (5.3) follows from (4.15).
Using (5.1) and the fact that D, (H) is a core of H, (5.3)
with W,®eD, (H) extends to all ¥, PcD(H). |

Lemma 5.3: For all feD(h —"'?) and WeD(H ?),

e™MB( fe "MV = B(e"f)V. (5.4)
Proof: Let {e(A)} be the spectral family of /# and
& =U7r_, Rane[l/n,n].
For ¥,®eD(H) and fc&, we define
F(t) = (e~ "D B( f)e ~ "HY).

Then, using Lemma 5.2, we can show that F is infinitely
many times differentiable in ¢ and

d"F(1)
dt”
Noting that

20 “h:;&f““ 11" <

= (e ~ ™MD, B((ih)"fle ~"W), nx=l.

and using (5.1), we see that

N L\
Pl = tim $ (BEUGDNIV)
New 4= nt
= (B, B(e"f)V).
Thus (5.4) with WeD(H) and f&# follows. Once this is
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proved, a limiting argument allows us to obtaip the desired
result, ]

In what follows, in addition to (C.1)-(C.12), we as-
sume the following two conditions.

(C.13) For A =0, — 1/2,h *V * is compact.

(C.14) There exists an operator [A, W *],, definedon a
dense domain D, (4) C.D(A) such that for all figeD, (h),

and
1

=0, ——.
2

f “hﬁ[hsW*]we‘imfud!<oo, /{

We introduce

Ko = { fePo (WYNDy (RYND(h ~ V2| W *e™f,
V*e'feD(h ~') for all teR}, (5.5)

where P, (#) is the subspace of absolute continuity with
respect to A.
For R and f&.%",, we define

b (f)=e"ble "fygle "
By virtue of Lemmas 5.1, 5.3, and (3.24), b,(f) is well
defined on D(H 12y and

b'(f) ___B(eithW*e-Hff/')
on D(HY ?), We want to show that b,(f) converges as
t— 4 o, By (C.14), we can define
Tgewv+4” e [, W] e~ ™fdt, feD,(h),

4]
(5.8)

where the integral is taken as a ﬁf valued strong integral.
Theorem 5.4: For all WeD(H /?) and f&. % ., the strong
limits

(5.6)

— B(e™ YV *eMEYE  (5.7)

s— lim b(/)W¥=b (/HVY (5.9)
exist and are explicitly given by
b, (W =B(T, V. (5.10)

Proof: Let f&.%", and WeD(H ?). By (C.13) and an
application of Lemma 2 in Ref. 13 (p. 24), we have

s— lim hte™V*e™f=0, 1=0,—14

[th—oc

which, combined with (5.2), imply that
s — lim B(e™V*e™f )%y = 0.

(£~ o

(5.11)
Let

T,‘fz MM o irl‘zf:
Then, differentiating the function (g, T.f) (geD, (k) in ¢
first and then integrating the derivative from 0 to ¢, we obtain

Tf= WH*f+ l'f et [h,W*], e~ “hfds.

0

By (C.14), we see thai

§— lim A VT f=h

[

- 1/2T+f
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and hence, by (5.1),
s— lim B(Tf)¥=B(T, [f)Y,

t— 4+ x

which, together with (5.7) and (5.11), give (5.9) and
(5.10). [ ]

Physically the operators b, ( f) correspond to the
annihilation operators of the asymptotic free fields in regard
to the degrees of freedom associated with the Hilbert space
FA(KX).

Let

F =L, ()% b, (£,

QX)) f,€F o, j=1,..,n,n>1}.

We define the “‘S-matrix” $:% _ —-.% _ by
b ()R

=b, (fi)* b, (f,)*QUX).
The S-matrix elements are defined by
Snm (.fl ""’.fn ;gl ""’gm )

=(b_ (fi)*b_ (f)*QX),
Sb_ (81)* b _ (8,)*Q(X)).
One easily sees that

Snm = 5nmSnn
and S,,, can be written as a sum of # products of S,, which is
given by

S (fi8)=(LT2 T, 8.

VI. EXAMPLES

In this section we briefly mention some QFT examples
to which the abstract theory in the preceding sections is ap-
plicable.

A. Models of a one-dimensional quantum harmonic
oscillator coupled to a quantized scalar field

Let

X =L*RY, #=C,
so that

FH=L*R)eC
and

‘75(“%‘) = ?S(L 2(Rd))®L Z(R)y

In this framework we can construct explicitly two classes of
operators {P,Q,V,W,h} satisfying (C.1)-(C.14) and show
that the corresponding operator H provides the Hamilto-
nians of various models of a one-dimensional quantum har-
monic oscillator coupled to a quantized scalar field over the
d-dimensional space R? (e.g., Refs. 4, 5, 7, 8, and 14). See
Ref. 8 for the details.

B. Models of a harmonically bound electron interacting
with a quantized radiation field

These models have been discussed from various points
of view (e.g., Refs. 6, 15-21). The mathematical framework

1845 J. Math. Phys., Vol. 32, No. 7, July 1991

for these models is given by the following choice of {.%",.# }:
KX =L*R% @ ---aL*RY,
d — 1 times

d
-./t{/zifl:,

where we assume that the electron moves in R? and the radi-
ation field is over R¥ (d3>2). The Coulomb gauge is used for
the radiation field. In Ref. 21, the present author discussed
one of such models whose Hamiltonian is given by

L= (1/2my)(p — eA(p)) + H; + led’,

where m, >0 (resp. € >0, ecR\{0}) is a parameter denot-
ing the bare mass of the electron (resp. the spring constant,
the elementary charge), q=(g,,-9,)ER%p
=(—id/dq,..,—id/3q,), A(p) is the time-zero radi-
ation field smeared with a suitable function p on R? and H
is the free Hamiltonian of the radiation field. By an explicit
construction, we can show that there exists a quintuple
{P,Q,V,W,h} giving this model. This can be done using re-
sults in Ref. 21.
We can also consider another Hamiltonian

e

| 1
L=——p2+7eq2+Hp— PA(p),

2my, m

where m is a renormalized mass of the electron defined by

L () (40 [ 20
me, m \m d w(k)?

[: the Fourier transform of p, @ (k): one free photon energy
with momentum k] This Hamiltonian is obtained by drop-
ping A® term in the Hamiltonian L given above and renorma-
lizing the electron mass in the way just indicated (cf. Refs.
16,17,22,and 23). The mass renormalization makes L ' non-
negative. This model is also described in the framework in
Secs. III and IV.
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