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The ordinary (holomorphic) ¥ = 2 Wess—Zumino model in supersymmetric quantum
mechanics is extended to the case where the superpotential ¥(z) is a meromorphic function on
CU{ w0 }. The extended model is analyzed in a mathematically rigorous way. Self-adjoint
extensions and the essential self-adjointness of the supercharges are discussed. The
supersymmetric Hamiltonian defined by one of the self-adjoint extensions of the supercharges
has no fermionic zero-energy states (“‘vanishing theorem”). It is proven that if ¥(z) has only
one pole at z = 0 in C, then the supercharges are essentially self-adjoint on C & (R>\ {0};C*).
The special case where ¥F(z) = Az~ ?(peN,AeC\{0}) is analyzed in detail to prove the
following facts: (i) the number of the bosonic zero-energy ground state(s) is equal to p — 1;

(ii) the supercharges are not Fredholm.

I. INTRODUCTION

In the ordinary (holomorphic) N =2 Wess—Zumino’

(WZ) model in supersymmetric quantum mechanics
(SSQM),'* which describes the interaction between a com-
plex bosonic degree of freedom, denoted by zeC, and two
fermionic degrees of freedom, the superpotential V(z) is a
polynomial of z. It has been proven' on this model that there
exist no fermionic zero-energy states (‘‘vanishing
theorem”) and the number of the bosonic zero-energy
ground state(s) is equal to deg V' — 1. Moreover, in the case
where deg V>3, the structure of the degenerate ground
states has been discussed.>* In Ref. 2 the N = 2 WZ model
has been extended to the case where the superpotential V(z)
is a nonpolynomial holomorphic function; in particular, it
has been shown that in the case
V(z) = Ae**(AeC\{0},a > O:const), there exist infinitely
many bosonic zero-energy ground states.

It is interesting (at least from a mathematical point of
view) to see what happens if the superpotential ¥(z) is a
meromorphic function. This is the basic motivation of this
paper. This namely leads us to consider the N = 2 WZ model
with a meromorphic superpotential, which may be called the
meromorphic WZ model. Generally speaking, in construct-
ing a SSQM model in a mathematically rigorous way, one
first defines the supercharges of the model on a suitable
dense domain in the Hilbert space of state vectors for the
model and then has to prove the (essential) self-adjointness
of them. This can be easily done in the case of the aforemen-
tioned holomorphic WZ model.»? In the case of the mero-
morphic WZ model, however, this is not so obvious, because
the Dirac type operators representing the supercharges of
the model are singular in the sense that their potentials have
singularities and hence one must be careful about defining
them properly; it is nontrivial whether the supercharges are
essentially self-adjoint on suitable reguiar domains. This re-
quires us to consider the problem on self-adjoint extensions
of the supercharges.

The outline of the present paper is as follows. In Sec. II
we define the N = 2 WZ model with a meromorphic super-
potential ¥(z) on CU{w}. The Hilbert space of the state

2427 J. Math. Phys. 32 (9), September 1991

0022-2488/91/092427-08%03.00

vectors for the model is realized as L *(R%;C*), the Hilbert
space of C*-valued square integrable functions on R?. Let P
be the set of the poles of ¥(z) in C. We first construct two
self-adjoint extentions of one of the supercharges restricted
to C & (C\P;C*), the space of C*-valued C *-functions with
compact support in C\P. We show that the vanishing
theorem holds for the supersymmetric (SUSY) Hamilto-
nian defined by one of the self-adjoint supercharges. Then we
discuss the problem of the essential self-adjointness of the
SUSY Hamiltonian and the supercharges. In particular, we
prove that if ¥(z) has only one poleat z=0inGC [z:
may be a pole of ¥(z) 1, then the SUSY Hamiltonian and the
supercharges are essentially self-adjoint on C § (C\{0};CG*).

In Sec. III we analyze in detail the meromorphic WZ
model with ¥(z) = A /z°(AeC\{0},peN). We show that, in
this case, a symmetry group acts on the quantum system
under consideration. A structure similar to this appears in
the case of the holomorphic WZ model with V(z) = A2” (see
Ref. 3). We prove that the number of the bosonic zero-ener-
gy ground state(s) is equal to p — 1 and clarify the structure
of the ground state(s).

It is known that the supercharges of the holomorphic
WZ model with a polynomial superpotential are Fredholm.'
In the last section we examine whether the meromorphic
WZ model has this property. But the result is negative. We
prove that the supercharges of the WZ model dis cussed in
Sec. III are not Fredholm.

1i. THE N=2 WZ MODEL WITH A MEROMORPHIC
SUPERPOTENTIAL

In this section we define the N = 2 WZ model with a
meromorphic superpotential and discuss general aspects of
it. The Hilbert space of state vectors for the model is given by

& = L*GC*) = L*(R%CY)
1

£
£

IfeL*(R*),j= 12,34},
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which is decomposed as
K=, o _,

with
((f
#. =3l ¢ J1reeL @) =L 20,
L \O
called the space of bosonic states, and
[ /0
0 2 2 2 2.2
= ) | figeL *(R?) p=L *(R%C?),

called the space of fermionic states.
Let

1 0 Oy + o4
¢l = . s
2 \Og — 03 0,
p =i( 0 io +02)
> 2 \—ioy —o, 0, /'

with {0;};_, and o, being the Pauli matrices and the 2 X2
identity matrix, respectively.

Let ¥(z) (zeC) be a meromorphic function on CU{ w0 }
and {a,,....ay} (N< ) be its poles in C[z = « may be a
poleof ¥(z) ]. Then one of the supercharges of the WZ mod-
el with the superpotential ¥(z) is given by the following
operator in 57

O = ith,3 + i#d + ith, (IV) — ik (V)*

0 0 v -4

_ 0 0 -3 —ian*

Tl =i+ 43 0 0 » (21
3 171 B 0

where @ = 9 /9z and J = 3 /Jz*. We remark that the mero-
morphic WZ model under consideration also has two super-
charges as in the case of the holomorphic WZ model,' but,
in the present paper, we consider only one of them. Argu-
ments similar to those given below apply to the other super-
charge as well.

In general, the supercharge(s) of a model in SSQM
should be self-adjoint.>” As is seen from (2.1), Q'is an oper-
ator of Dirac type with a singular potential. This makes it
nontrivial whether Q is (essentially) self-adjoint. A natural
regular domain for Qis C g (Q;C*), where

Q=C\{a,}_,.
We first construct two self-adjoint extensions of the operator
0, =0 Ciaeh. (2.2)
The problem of the essential self-adjointness of Q, will be

discussed in Sec. I C. We shall denote by D(A) the domain
of the operator 4.

A. Self-adjoint extensions of @,

We introduce generalized derivatives associated with
the differential operators 8 and d: let feL | () and
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m,neNU{0}. If there exists a function f,, ,eL L. (Q) such
that

f S(x)3 ™8 "u(x,y)dx dy
93

=(— 1)”’+"Lfm,,,(x,y)u(x,y)dx dy, ueCg (1),

then we say that f,, , is the generalized {m,n}-derivative of /
and write as

Jun=D"D"f.
Let

1 . 1 . R
Q_ = -5 (@ +102)5——7(01 —io,)d

+—;'-<ao+as>aV—§(oo——as)<aV>*
_(z’é‘V —3 )
T\=3 —ian*)’

D(Q_ ) = C5(m0Y).

(2.3)
with
(2.4)

In general, we shall denote by (-,-) inner product (lin-
ear in the second variable) and by {|- || norm.
Lemma 2.1: The adjoint @* of Q _ is given as follows:

D(@* ) ={()eL*(R%C?)|3Dy,
dDg satisfying Dg — i(IVY*feL *(R?),
Df + i(aV)gel (RY)}, (2.5)
‘ _(Dg—i(@@n* '
Q*‘@“(Bfw(amg/)’ (geD(Q":). (2.6)

Proof: Let M be the set given by the right-hand side of
(2.5). Let (f,2)eD(Q* ). Then there exists a vector
(m,£)eL *(R%C?) such that for all u,0eC g (Q),

()G =()2-(C).
which is equivalent to the equation
{mu) + (&) = { fi(dV)u — d)

— {g,0u + I(IV) *v),u,0eC & (D).
(2.8}

(2.7)

Taking v = 0, we have (z = x + ip,x,yeR)
(8,0uy = ( £i(dV)u) — ()

=L Lif(xp)*(3V) (2) — (xp)* u(x,y)dx dy.
It is easy to see that /(IV)f* — n*eL | (). Hence, Dg*
exists and
— Eg* = {(dV)f* — p*.
Taking the complex conjugate of this equation, we obtain
Dg — i(OV)*f = neL *(R?).
Similarly, taking ¥ = 0 in (2.8) implies that Df exists and
Df + i(8V)g = £eL *(R?).
Thus D(Q* )CM.

A. Araiand Q. Ogurisu 2428



Let ( £,g)eM and set
n=Dg—i(dN*, £=Df+i(dNg.
Then, 7,£€L *(R?) and (2.7) holds for all u,veC & (Q). This
implies that ( ,g)eD(Q* ). [ |
It follows from Lemma 2.1 that
Ce(CHCDQ*)

and hence D(Q* ) is dense in L ZRz). Therefore, Q _ is
closable. We denote its closure by O _ . Let

e= (Q(i_ @0_ )

with D(Q) = D(Q* ) e D(Q_ ).

Proposition 2.2: The operator Q is a self-adjoint exten-
sion of Q,.

Proof: The self-adjointness of Q is obvious. We see from
(2.1)-(2.3) and (2.6) that @ =@, on C & (£;C*), which
implies that Q is an extension of Q. n

The SUSY Hamiltonian H of the WZ model with the
supercharge Q is given by

(2.9)

H=Q*= (H"‘ 0 ) (2.10)
0 H_
with
H, =0_0*, (2.11)
the bosonic Hamiltonian, and
H_=0*0_, (2.12)

the fermionic Hamiltonian. Since H= Q% on C & (Q;C*),
we have

0 —ia2V>
H,=H_ +(i(c92V)* o /)’
H_ =(—33+ |3V |»)o,, (2.14)

on C & (Q;C?). Therefore, H , areaself-adjoint extension of
a two-dimensional Schrédinger operator with a matrix-val-
ued singular potential, respectively.

We can construct another self-adjoint extension of Q.
Let

(2.13)

Q. =%(a, +i02)8+—;—(a, —i0,)d

+—;— (0o — a,)aV—é (05 +03)()*

(=i 3 )
—( 3 i)’ (2.15)

with
D(Q., ) =CgQ;C?. (2.16)

Then, in the same way as in the proof of Lemma 2.1, we can
prove the following lemma.
Lemma 2.3: The operator @* is given as follows:

DQE* )= {(ﬁ)eLz(RZ)IBDg,
ADf satisfying — Dg + i(dV)feL 2(R?),
Df + i(3V)*geL *(R?)},
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o ()-(B 5. o

Lemma 2.3 implies that Q, is closable. Then, in the
same way as in the proof of Proposition 2.2, we have the
following fact.

Proposition 2.4: The operator

o=(z. %)

with D(Q) = D(Q, ) @ D(Q* ) is a self-adjoint extension
of Q.
Obviously we have

0,CQ*, 0_Co*.

(2.17)

B. Vanishing theorem and equations for bosonic zero-
energy ground states

In this subsection we consider only the WZ model with
the supercharge Q. We are interested in the zero-energy
ground state(s) of the model. The “vanishing theorem”
holds also in the present case.

Theorem 2.5:

Ker H_ =Ker Q0_ ={0}. (2.18)

Proof! The first equality in (2.18) follows from (2.12).
We prove the second equality in (2.18). By integration by
parts, we have for all ,0eC & (Q)

[lo-C)]

2 —
= [V ull® + [V *0||* + ||0ul]* + [|9ul/>

(2.19)
Let (fg)eKerQ_. Then there exist sequences
{fileo e }r CCP(Q) such that f,~f, g,—g

(n— ) and

o ()

It follows from (2.19) that
198,10, {|af, |I*~o.
Note that

198, 1I” = — {2,998, ) = {1108, 1* + 119,81}
Hence, it follows that geD(D, ) ND(D,) and

D.g=D 8 = 0,
where D, (resp. D,) is the generalized derivative in direc-
tion x (resp. y). This, together with the fact geL 2(R?), im-
plies that g = 0. Similarly we can show that f=0. Thus
(2.18) follows. [ |

We next consider the zero-energy ground state(s) of
H . It follows from (2.11) that

Ker H, =KerQ* . (2.20)
We derive partial differential equations for any zero-energy
ground state of H .

Lemma 2.6: (i) The vector ( f, — ig)eL *(R%C?) is in
Ker H , if and only if Dg and Df exist satisfying

Dg+ (N*f=0, Df+ (IV)g=0. (2.21)

A. Arai and O, Ogurisu 2429



(ii) Every ( f; — is in C = (;C?) and sat-

isfies
(= 33+ |9V + (3*V)(IV) ~'9f=0,  (2.22)
(—3d0+ |0V IHg+ (32V*)(dV*) ~'dg =0, (2.23)
(iii) For every solution_geC *(Q) to Eq. (2.23), the
pair ( f, — ig) with f= — (dV*) ~'Dg is a solution to Eq.
(2.21).
Proof: (i) This follows from (2.20) and Lemma 2.1.
(ii) Let ( f; — ig)eKer H , . Then, by part (i), (2.21)
holds. Since d¥VeC = (Q), it follows that D[ (dV)g] exists
and
D[(aV)g] = (d*V)g + (V) Dg,
which, together with (2.21), implies that DDf exists and
(= DD+ (8N )f + (9*¥)(dV) ~'Df = 0.
Similarly, we can show that DDg exists and
(—DD+ [(8N Mg+ (3*V*)(dV*) ~'Dg=0.

Since |@V |2, (3*¥) (V) ~ ', and (F*V*)(dV*) "' are in
C = (1), it follows from elliptic regularity (e.g., Sec. IX.61in
Ref. 8) that fand g are in C *(£)). Thus the desired results
follow.

(iii) This follows from direct computations. |

ig)eKer H

C. Essential self-adjointness of @,

In this subsection we give a sufficient condition for Q, to
be essentially self-adjoint. Let

L= —389+1aV], (2.24)
with D(L) = C (). We prepare some lemmas.
Lemma 2.7: The following inequality holds:
193ull* + |0V Pull* — ||(3*¥yul)®
<JILull?, weCg(Q). (2.25)
Proof: See the proof of Lemma 2.7 in Ref, 2. [ ]

Lemma 2.8: For every €>0, there exists a constant
¢, > 0such that

[0V (2)’<€|aV(z)|* +c., zeQ. (2.26)

Proof:Let k,>1and m>0be the orderof ¥(z) atz = a,
and z = oo, respectively. We can write ¥(z) as

V(z) = by + bz 4 b2+ -+

+ i [ Cn,l + Cn,2

+ b,,z"

z—a, (z—a,)?
Cn,k,,
+r } s
(z—a,)"

where b, and c, ; are constants (c,, #0,n=1,..,N). We
have for m>2

|32V (2} ~|b,, |m(m — 1)|z}™ 2,
OV |~ By Iz,

as |z|-— . Hence, for every €> 0, there exists a constant
R, >max{|a,|,....Jay|} such that

18*V(2)|*’<€ldaV(2)]*, |zl > R.. (2.27)
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This inequality obviously holds for the case m = 0,1. On
the other hand, we have for each n = 1,...,,

(07 (2) | ~k, (ky + 1)]ey 1|z —a, | "7,
[0V (2) | ~k2le,, |1z —a, "7,

as z—a,. Hence, for every €> 0, there exists a constant &,
such that

(3 V(2) |°<eldV(z)|*,
2eS, =U}_ {zeC| 0<|z—a,]|<6.}.
We can take R, such that
S, CB, ={zeC| |z|<R.}.
Since 3 *¥(z) is holomorphic in B, \.S., the quantity

(2.28)

sup |3 (2)?
[zleB S,

is finite. Then (2.26) follows from (2.27) and (2.28). W
Lemma 2.9: Suppose that L is essentially self-adjoint on
C§(£2). Then

€ =

L= —}A, +|9V]3, (2.29)

with D(LY = D(Ag ) ND(|dV|?), where A, is the closure

of the two-dimensional Laplacian A restricted to C £ ().
Proofi Let 0 <€ < 1. By (2.25) and (2.26), we have for

all ueC§ (1)

Whaull® + (1 = )10V Pull<|Zull® + c ||l
(2.30)

By the assumption, C & (Q) is a core for L. It is easy to see
that |V |* is essentially seif-adjoint on C & (). Hence, viaa
limiting argument, (2.30) extends to all u.eD(L) and, at the
same time, we have D(L) CD(Ag)ND(JGV[?). Let
L=— —~ Ay /4 + |9V |* with D(L) D(AQ)HD(QBV}2
Then L is symmetric and Icl. Since L is self-adjoint, it
follows that Z = L. |

Lemina 2.10: Let Tbe a symmetric operator in a Hilbert
space. Suppose that there exists a dense subspace DC D(T'2)
and T is essentially self-adjoint on D. Then T is essentially
self-adjoint on every core of the closure of 72 | D.

Progf: This can be easily proven by applying a Glimm-
Jaffe—Nelson type theorem on essential self-adjointness of
symmetric operators (e.g., Theorem X.37inRef. 8). M

We are now ready to state and prove the main result in
this subsection.

Theorem 2,11: Suppose that L is essentially seif-adjoint.
Then: (i) The operators H , are essentially self-adjoint on
C&(C% and  self-adjoint with D(H, ) =D(H_)

= D(Aq )ND(|dV |?). Moreover, the following operator
equalities hold:

H_ = (—1Ay + |9V |0y,

_ 0 —~ic72V)
#, =H. +(z’(6'2V)* o/

(ii) The operator Q, is essentially self-adjoint on every
core of H.
Proof: (i) The assertion about H _

(2.31)

(2.32)

is easily proven. Let

A, Arai and O. Ogurisu 2430



0 —ian)
H’"(i(aZV)* 0 )
Then we have from (2.13)
+ =H_ +H,

on C & (Q;C?). By (2.26) and (2.30) we can show that for all
PeC 2 (Q;C?) and all e(0,1),

1P <

Since H _ is essentially seif-adjoint on C & (£1), this inequal-
ity extends to all peD(H _ ). Take € < 1/2. Then we have

e/(l —e)<l.

lllCl'ClUlC, Uy l

Ref. 80rChap VSec 41nR f. 9), H

{e.g., Sec. X.2 in
is self-adjoint with

D(H _)=D(H_) and essentially self-adjoint on every
core of H_

(ii) Since we have

H=0Q]

on C & (2;C*) and H is essentially self-adjoint on C & (;C*)
by part (i), we can apply Lemma 2.10 with T= Q, and
D = C&(Q;C") to obtain the desired result. u

When is the assumption of Theorem 2.11 satisfied? In
the present paper we give an answer to the question only in a
special case.

Theorem 2.12: Consider the case where V(z) has only
onepoleatz = 0inC [z = o maybea poleof ¥(z)]. Then L
is essentially self-adjoint on C & (R*\{0}) and the conclu-
sion of Theorem 2.11 holds.

Proof: We have

AL = — A 443V |?
on C & (R*\{0}). In the same way as in the proof of Lemma

2.8, we can show that for every € > 0, there exists a constant
b, >0 such that

1/)z]*<€|49V(2) |* + b., zeC\{0}.
Take e<1l. Then we can apply the Kalf-Walter—
Schmincke-Simon theorem (Theorem X.30in Ref. 8) tothe

Schrodinger operator 4L to conclude that 4L is essentially
self-adjoint on C & (R*\{0}) and so is L. [ ]

{il. GROUND STATE(S) OF THE N=2 WZ MODEL WITH
Vz)=A/2

In this section we analyze the ground state structure of
the N = 2 WZ model with the superpotential

V(z) =A/2%, (3.1)
where AcC\ {0} and p> 1. In this case, the supercharge Q
and the SUSY Hamiltonian H (resp. H ) are essentially
self-adjoint on C & (Q;C*) [resp. C&(Q;C?)] (Theorem
2.12).

Let z = re® (the polar coordinate: 7> 0,6e[0,27] ) and
a  (p+2) o,
a6 2

Then, in the same way as in the proof of Lemma 3.1 in Ref. 3,
we can prove the following lemma.

M= (3.2)

2431 J. Math. Phys., Vol. 32, No. 9, September 1991

Lemma 3.1: For all t,5cR,

e,,Mest — eisH+e

itM_

This lemma implies that #, and M commute in the
proper sense (e.g., Sec. VIILS in Ref. 10) and that the uni-
tary group {exp itM |teR} is a symmetry group of the quan-
tum system under consideration. Note that the coefficient

— (p + 2)/2 of 0, in the generator M is different from that
in the generator L of the symmetry group given in Ref. 3 to
analyze the structure of the degenerate ground state of the
N =2 WZ model with V{z) = A2° (M is just equal to L with
p replaced by — p).

The spectrum o(M) of M is purely discrete and is given
as

The eigenspace of M with eigenvalue 1 — n + (p/2) is given

by
u(rye-p+2-m
H, = [( by |u,eL*(R , ,rdr)} ,
(3.3)
where R, = (0, ), and 7 is decomposed as
¥, = e X, (3.4)

By Lemma 3.1, H, is reduced by each J¥°,. We denote by
H _, the reduced partof H | to 77,.

Let K, be the modified Bessel function of the third kind
(e.g., Ref. 11) and set

1
8. (x.p) =7P——1—K(P+l—n)/p

+

X (2—,'%1) e, neZx + iy = re®. (3.5)
r
Let
ei arg }.g*+ .
v = ( ’ ) (3.6)
— I8,

We prove the following theorem.

Theorem 3.2: Let V(z) be given by (3.1). Then the bo-
sonic Hamiltonian H , has exactly p — 1 zero-energy
ground state(s), i.e.,

dimKerH, =dimKerQ* =p—1,

and, if p>»2, then an orthogonal basis of Ker H
(=Ker Q* ) is given by {¥,}2_,; more precisely, for
n=2,.,p, H__ , hasaunique zero-energy ground state (up
to constant multiples), which is given by ¥,,.

Proof: Let p>2. Then, by direct computations using the
recursion relation

zK (z) +vK, (2) = —zK,_,(2) (3.7)
and the fact that
K, (z)=K_,(2) (3.8)

(e.g., Ref. 11), one can easily check that each ¥, with
2<ngp is in D(Q* ) and satisfies (2.21). Hence,
{¥,}2_,CKer 0* =Ker H_ . Thus to prove Theorem
3.2 we must show that no zero-energy ground states of H
exist other than linear combinations of W ,’s with 2<n<p.

A. Arai and O. Ogurisu 2431



The following discussions are devoted to the proof of this
fact.
By the reducibility of H , to 5#°,, we have

KerH, = ;

n= — o

KerH .
Hence, we need only to know what Ker H , , is like. Let
(f,—ig)eKer H _ , with

- 2
f=u(r)e-"pr2=m

Then, by Lemma 2.6(ii), we have that u,0eC = (R &)
and we see that v satisfies the differential equation

g = v(r)e™,

w2043, n(n—2p—2) | 4071
—0"(r) —r v(r)+[ e Ty
Xv(r) =0.

Let x = 2|4 |r? and define
w(x) = (1/r7*YHYo(l/r).

Then w satisfies

w" (x) + (1/x)w'(x) — {1 ++2/x}w =0, (3.9)
where
v, =(p+1-—n)/pl
Since veL *(R , ,r dr), the function w must satisfy
fw lw(x)Px dx < . (3.10)
0

One easily notices that (3.9) is the modified Bessel equa-
tion.!' It is well known that the modified Bessel functions
1, (x) and K, (x) form a fundamental system of (3.9).
Since

I, (x) ~e&*/\2mx
and

K, (x) ~\w/2xe~*
as X — oo, each solution w(x) to (3.9) satisfying (3.10) must
be a constant multiple of K, (x). Moreover, taking into ac-
count the asymptotic behavior
const

Yn

K, (x)~(1-36,,) + &,,, const log x

as x— + 0, we see that w(x) with condition (3.10) is a solu-
tion to (3.9) if and only if it is a constant multiple of K. v, (X)
with

O<v, <1,
ie.,

2<n<2p. (3.11)

Thus we obtain g = g, (up to constant multiples) with the
restriction (3.11). This shows also that, if p= 1, then
Ker H, = {0}, so that Theorem 3.2 with p = 1 is proven.
By Lemma 2.6(i), Dg must exist and

f=—(@N*~'Dg,.
By direct computations using (3.7), we can see that
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2,.12-(-2

Ko (2Dt ve
r

It follows from this expression and the asymptotics of X, (z)
atz=0and z = co that fis in L *(R?) if and only if 2<n<p
and in this case, we have

f=e"tigk
Thus we have proven that, for 2<n<p, the vector ¥, given
by (3.6) is the only (normalizable) zero-energy state of
H _ . This completes the proof of Theorem 3.2. |
Remarks: (i) If neZ\{2,..p}, then ¥, is not in
L*(R%C?), but, it satisfies the partial differential equation

H_ ¥, =0
Thus each ¥, with n¢{2,...,p} is a generalized eigenfunction
of H, with eigenvalue zero. This shows that there exist
infinitely many generalized zero-energy eigenstates of &, .
This kind of phenomenon, which may be interesting, ap-
pears in the N = 2 WZ model with ¥(z) = 12” (see Ref. 3).
(ii) Let
® (e“"’“K,,,,,(ZM |/rP)en® )
"\ =K my QA YR
Then one can easily check that for all neZz,
g_®,=0, H_®,=0
as partial differential equations in R*\{0}. But, for all neZ,
&, &L *(R%C?). Hence, each @, is a generalized eigenfunc-
tion of H _ with eigenvalue 0. Thus H _ also has infinitely
many generalized zero-energy eigenstates.

- Lt )

L lAlp

FETTESN)

(3.12)

IV. NON-FREDHOLMNESS OF THE SUPERCHARGE

For a densely defined closed linear operator 4 from a
Hilbert space to another Hilbert space, the analytic index
index(A4) of A is defined by

index(A4) = dim Ker 4 — dim Ker 4 *,

It is known that the number of the zero-energy ground
state(s) of an SSQM model is related to the analytic index of
the supercharges, restricted to the bosonic states or the fer-
mionic ones, of the model. In the case of the meromorphic
WZ model discussed in Sec. II, we have, from Theorem 2.5,

dim Ker #, =dim Ker Q*
=dim Ker 0* — dimKer 0_
= —index(Q_ ).

It is well known (e.g., Chap. IV Sec. 5.3 in Ref. 9) that if 4 is
Fredholm, then index (4) is invariant under compact per-
turbations relative to 4. Therefore, it is interesting to exam-
ine whether Q _ is Fredholm or not. We prove that, in the
case where F(z) is given by (3.1), O _ is not Fredholm.

Theorem 4.1: Let @ _ be defined by (2.3) with V(z)
given by (3.1). Then 0 _ is not Fredholm.

We shall prove that Ran Q_ is not closed. Then
Theorem 4.1 follows.
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Since Ker @ _ = {0} as already proved (Theorem 2.5),
Ran @ _ is closed if and only if

Q- ¢li>clivll, ¥eD@_),

with some constant ¢ > 0. Hence, to prove the nonclosedness
of Ran Q _, we need only to show that there exists a se-
quence {Q,}, CD(Q_ ) (2, #0) such that

I2_ a,l/9,|-o. (4.1)

The idea to do that is to note that &, defined by (3.12) isa
generalized eigenfunction with eigenvalue zero. We put

v (r)=K,(2|A|/rP), j=0,1.
Let peC & (R) satisfying

p(x)»0, p(x)=p(—x), for all xeR,

p(x) =0 for |x|>1,

fp(x)dx =1,
and, for € >0, define p, by
pe(x) = (1/€)p(x/€).
Let O < € €c < 6 and introduce the following functions:
bes (1) = €™ p % (¥.5,00) (1),
Yes (1) = pe*(Y(es 1) (1),
8es (1,0) = s (1)
fes (10) = thes (r)e ™ %,
where * denotes convolution and y,, ) is the characteristic

function of [¢,5]. Obviously f.; and g5 arein C & (R*\{0}).
Let

8es
Q€6=( . ).
— e

Lemma 4.2: There exists a constant C> 0 such that

Caz (10g8)2<”g56”29 (42)

C6%*+ 2 |\fus 1% (4.3)
for all sufficiently large 6 and small €.

Proof: We prove only (4.2). Estimate (4.3) can be prov-
en similarly. By using the property that
supp ¢.s C[c — €,6 + €] and the Schwarz inequality, we
have

el =27 |

c—

S+ €

l¢e§ (r) |2rdr

417 S+ 2
> dr ¢, 1
5+ ¢)(6—c+26) U_ rdrfe(nX ]

The integral part can be written as

+ € 5 5+ €
f rdrg.s(r) =f dxvo(x)f rdrp.(r—x)

—€

5

=f xv, (x)dx,
where in the last equality we have used the fact
plx) =p(—x). By the asymptotic behavior

Vo (x) ~constlogx as x—c, which follows from the
asymptotics of K, (z) at z =0, we have
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5
f v (x)x dx>const 5% log 8

for large 8. Hence (4.2) follows. | ]
Lemma 4.3: There exists a constant C > 0 such that

1085 + (O *5[P<C{8 (log 8) /€ + €6 +%},  (4.4)

19fs + (OG5 |°<C{6% /€ + €62+ %}, (4.5)

for all sufficiently large & and small €.

Proof: We have
S+ €
E-J. rdr
2 Je—e

8¢ 2pA*
5; 66—'rp+,

By integration by parts, we obtain

Hage& + (aV)*-fe&“iz(C;dz) =

2

X ¢s¢3

g;% =e“”"“[[ —pe(x — v (x)]2

® 3
+f dxp.(x—r) -——vo(x)] .
c (9x

Using the recursion formula (3.7) of X, (z) and (3.8), we
see that

d 24l
M U (X) = prray vy (x).
Hence, we have
d 2pA *
o bes — ;ﬁ Yes

=e—iarzi[ _ps(x—")vo(x)]‘cs

y)
1
+291% [ drp x—n) (<5 - ).
Therefore, we obtain
1085 + (V) *fus||?<Acs + Bes,
with
3rC
Ay =22 (u5(8)6 + w5 (0) ),
2¢
S+ €
B s = 6mp*|A lzf rdr
5 l 1 2
X J; plx—r) <x”+' ——rT*_l)vl(X). )
and
1
C, = dx|p(x) |2

~1
It is easy to see that

A s<const 8 (log §)%/e

for large 8. Using the support property of p and the Schwarz
inequality, we have

B6 S+ € r+ €
e[ s o]

rre l 1 2 2
XI:J:'~E dx(r"*‘ B x"*‘) b1 (%) ]
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Note that

r4+ € i
f dxlp. (x — P =—C,
r—e €

and

| 1 : 1 1 2>0
PrET (r—e)P*1 FPtl (r )Pt z

Hence we obtain

&<&.Jﬂs+srdr
6mpPAt € Je-o
X L __ ! : r+edx[u ()P
retl o (r—e)Ptl) Jiee l

<_?_P_( 1 _ 1 )2
T e \(c—26)Pt (c—e)Pt!
&+ € 74 €
Xf ra’rj dxlv, (x) |

- —€

Since v, (x) ~const x* as x - o, we have |y, (x)|<const x”
for large x. Hence, for all sufficiently large », we have

r -+ €
f |v; (x)|*dx<const er *7,
i

—€

Consequently, fixing €, > €, we obtain

8+ € r4 €
f rdrf [v, (x)|?dx<const §%+2,
s

— € r~€

for large 8. Since

2
( 1 — 1 ) ~const € as €—0,
(c—e)P+! (¢ —2e)P*!

we obtain
B, <const €572,

for large &. Thus (4.4) follows. Similarly we can prove
(4.5). [ |
We are now ready to prove Theorem 4.1.
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Proof of Theorem 4.1; By Lemmas 4.2-4.3, there exist
positive constants C, and C, such that

19 QI = ||0fes + (IMNges* + 198es + (V5|
<C {(1/€)6%*" 4 8% +2}

and

1211 = Vfes II” + llges ®
>C {572 4 & (log 6)%),
for all sufficiently large & and small . Therefore, we obtain
12 - Qesl*/|Qes I <const(1/€8 + €),

for all sufficiently large 6 and small €. Take sequences
{€,},,{6,}, such that €, -0, 8,— w0, and €,5,— o as
n— o, and define O, = Q, 5 . Then {Q,}, satisfies (4.1).
This completes the proof of Theorem 4.1. |
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