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Long-time behavior of two-point functions of a quantum harmonic oscillator

interacting with bosons
Asao Arai

Department of Mathematics, Hokkaido University, Sapporo 060, Japan

(Received 18 August 1988; accepted for publication 8 February 1989)

A class of exactly soluble models of a one-dimensional quantum harmonic oscillator
interacting with bosons moving in the d-dimensional space R? is considered and the long-time
behavior of the two-point function of the oscillator at zero temperature and at finite
temperatures is analyzed. It is shown that the two-point functions decay with a power-law
respectively as the time tends to infinity and that, in the case where the boson is massless, the
two-point function at zero temperature decays faster than those at finite temperatures, while,
in the case where the boson is massive, they decay with the same order. Further, the
dependence of the decay order on d as well as on the infrared behavior of the one-boson energy
and the momentum cutoff function in the interaction Hamiltonian is clarified in each case.

I. INTRODUCTION AND THE MAIN RESULTS

In a previous paper,' we considered a general class of
models of a one-dimensional quantum harmonic oscillator
coupled to infinitely many bosons in the Hilbert space

F =L*(R)eF (¥), (1L.1)

where # () is the symmetric (Boson) Fock space over a
complex Hilbert space 7 [e.g., Ref. 2 (§I1.4) ]. The unper-
turbed (free) Hamiltonian of each model in the class has the
common form

Hy=wsa*a® I+ I2dI'(h). (1.2)

Here a is the annihilation operator of the oscillator acting in
LZ%(R), dI"(h) is the second quantization of a non-negative
self-adjoint operator 4 (the one-particle free Hamiltonian of
the boson) [e.g., Ref. 3 (§X.7)], I denotes identity, and
@, > 01is a constant parameter denoting the circular frequen-
cy of the oscillator. The interaction part (perturbation) H,
is given by a general form quadratic in the annihilation and
creation operators for the bosons and the oscillator. (For the
detailed form of H,, see Ref. 1. But, in the present paper, we
do not need it.) It was proved in Ref. 1 that, under some
conditions, the total Hamiltonian

H=H,+ H, (1.3)
is unitarily equivalent to dT' (h) + E, [acting in & ,(5)]
with a real constant E; and hence, in particular, all the possi-
ble embedded eigenvalues of H,, except for the zero eigenval-

ue, disappear under the perturbation. Further, in the case
X = L*(R?), taking H, as

Hy=wa*ao I+ Ie¢dl'(w") (1.4)
with a rotation invariant function @ on R and a parameter
r> 0and changing the parameters in H,, we showed that the
class gives a unified description of standard models of a one-
dimensional quantum harmonic oscillator coupled to bo-
sons, containing the following ones:

(M1) (The RWA oscillator; r = 1) (e.g., Refs. 4-7)

H=o0wx*ael+ 1edl () +agb(p)* + a*eb(p).

(M2) (The Schwabl-Thirring model; »r = 1/2) (e.g.,
Refs. 6, 8-13)

H=owwa*ael+19dT(0"?) + g ¢(p).
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M3) (r=1/2)
H=1p'el+Iedl(0'?)

+ (03/72)(ge I — I8 ¢(p)) — o,

Here b( f), feL 2(R?), is the (smeared) boson annihilation
operator acting in ¥ (L *(R?)), geR denotes the position of
the oscillator, p = — id /dg,

¢(f) = AADb™)* + b0~ )},
and p is a cutoff function.

The model (M3) may be regarded as a simplified ver-
sion of a three-dimensional quantum harmonic oscillator
minimally coupled to a quantized radiation field with an
ultraviolet cutoff (e.g., Ref. 14 and references therein).

In the present paper, taking % = L ?(R“) with H,, giv-
en by (1.4), we investigate the long-time behavior of the
two-point function at the zero temperature defined by

W(t,,t,) = (2,9(t))q(1,)Q), (1.5)

and that at a finite temperature 5 ~'> 0 given symbolically
by

t,1,€R,

W, (1) = Trle ™ ""q(2)q(¢,)) ,

Tre— %

where g(¢) is the time evolution of g by the total Hamilto-
nian A given by (1.3)

(1.6)

itH , , — itH

q(t) = e""ge ™", (1.7)

€ is the ground state of H, and Tr denotes the trace [strictly
speaking, the rhs of (1.6) is defined as an infinite volume
limit of a finite volume approximation of the quantum sys-
tem under consideration]. As we shall see below, W(t,,t,)
[resp. Wg(t,,t,)] has a characteristic form common to all
the models in the class. We are mainly interested in the fol-
lowing aspects:

(I) The dependence of the order of the time decay on the
dimension d, r, and on the infrared property of the functions
of w and p [i.e., the behavior of w(k) and p(k) as k—0].

(II) The difference of the time decay between the case of
finite temperatures (0 << o) and that of the zero tem-
perature (8= o ).

(III) The difference of the time decay between the

g<R,
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massless case [inf, w(k) =0] and the massive case
[inf, @(k)>0].

We remark that we can not expect an exponential decay
for the two-point functions, because we assume that H is
bounded from below to define them; this follows from a gen-
eral theorem (Ref. 15, §7.3, Theorem 3.3). See also Appen-
dix C in the present paper.

The problem of the long-time behavior of two-point
functions (or correlation functions) of a quantum harmonic
oscillator coupled to a heat bath (an infinite system of bo-
sons) has recently been discussed in the statistical physics
literature (e.g., Refs. 6, 12, 16, and 17; cf. also Ref. 10 for a
field theoretical discussion) and some partial results have
been obtained with some concrete models [ mainly those re-
lated to the models (M1) and (M2)]. In these works, how-
ever, the authors make an ad hoc assumption on the spectral
density of the correlation function or on the memory kernel
in the Langevin equation. This procedure formally corre-
sponds to taking a special form for the cutoff function p in
our Hamiltonian formalism. In the present paper, we do not
make such an ad hoc assumption and consider the models as
generally as possible. Accordingly, our results include as
special cases the partial results on the long-time behavior
mentioned above and generalize on them. At the end of this
section, after stating our results, we shall give a more de-
tailed comparison of our results with those obtained in the
other works.

We now proceed to describe the two-point functions in
our models.

Let w, be a non-negative, continuously differentiable,
and monotone increasing function on (0,0 ) such that
w,(x)— 0 as x— oo with the derivative o, (x) >0 for all
x>0. We set

m = inf w,(x)>0. (1.8)
x>0
The rotation invariant function @ on R is defined by
w(k) = o,(|k|), keR% (1.9)

The cutoff function p is a real-valued continuous function in
L?(R?) such that

f PI)” ik < o, (1.10)
r! w(Kk)
and

p(k)? L1l
Jnd m— o) < (1.11)

Remark: If m > 0 (the massive case), then (1.10) is au-
tomatically satisfied because of peL 2(R?) [more generally,
we have w ~ “peL 2(R%) for all A > 0], but, in the case m = 0
(the massless case), this is not true.

For j = 0,1, we introduce the function (Dg) (z) by

oY (2) = Ld——“’z‘f’;‘:(‘:)’z dx, (1.12)
which is analytic in the cut plane

C, =C\[m,0). (1.13)
Let
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DY(z) =af’ —aPz+ 4, fp(k)z dk + @Y (2),
(1.14)

wherea!’, i,j = 0,1, are real constants witha’ > 0, j = 0,1,
and &, is the Kronecker delta function. We assume that

d9=a9 — aPm+5,, fp(k)zdk

+ &P (m) > 0. (1.15)
Then it is easy to see that
DY (z)#£0, zeC,,. (1.16)

Remark: By renormalizing the parameter a§’ as

&’ =af’ +af’m -6, | p(k)>dk — @Y (m),
af’ >0,
d ¢ can be made positive.
For technical reasons, we assume the following:

(AD) (a) sup |®(x —i€)| < oo,
€>0
xe{m, )
(b) inf |DY(x—i€)|>0.
€e>0
x€[m,w )
For sufficient conditions for (AI) to hold, see Appendices A
and B.
It follows from (AI)(a) that, for all sufficiently large
x>0,
|D P (x — ie)|»cx (1.17)
with a constant ¢ > 0 independent of €.
One can show using the theory of the Hilbert transform
(e.g., Ref. 18) that the limits
DY (x)=limDY(x +ie), j=0,1,
- €10
exist for a.e. xe (m, ), which, by assumption (AI)(b),

(1.18)

- cannot be zero.

We are now ready to give an explicit form of W(t,,t,)
[resp. Wj (¢,,2,) ] (up to a constant multiple) which follows
from Ref. 1:

W(zl,t2) = W(t1 - 12), (119)
Wy (tiuty) = Wy(t, — 1), (1.20)
with
2, — itw(k)"
Wity =f pk)e” dx,
r? 0(k)*|D 9 (0 (k))|?
Jj=01 (1.21)
and
2¢ (B —ityw(k)’ it (k)”
Wg(t)=f pUo (e te ) g,
R¢ a)(k)z’“|D(£(a)(k))|2(eB“’(k) _ 1)
j=0,1 (1.22)

Here > Ois the parameter in H,, given by (1.4) and aeRisa
parameter appearing in b(w ~"“p) and b(w ~ "p)* in the
interaction H;, and j depends on the form of H,; for example,
in the model (M1) [resp. (M2), (M3)1], we have (r, a,
N =(1,0,0) [resp. (41,0), (4,4,1)]. Of course, the con-
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stants a§’ and a{” also change according to models : In the
model (M1) [resp. (M2), (M3)], we have a{” = w, and
a{® =1 {resp. af¥ = 03a{®, af" = wia{"]. In deriving
(1.21) [resp. (1.22)] with the case m =0, an additional
assumption that P/ (> DY (w)]?) [resp.
p*/0*** 1D P (#)|?] is integrable near the origin is made.
Note that, for all zeR, Wj(¢) - W(¢) as f— « (the zero-
temperature limit).

To make the present paper self-contained, we take for-
mulas (1.19)—(1.22) as the starting point. Therefore the
reader is not required to have any detailed knowledge in Ref.
1.

We shall denote by 77(x) the inverse function of @, (x),
w,(n(x))=x (1.23)

for x > m. By the inverse function theorem, 5 (x) is differen-
tiable and monotone increasing in (m, 0 ) with

limn(x) =0, 7'(x) = [wi(n(x))] "},

xlm

xe(m,o0). (1.24)

For a measurable function f on R% we define the func-
tion [f] on [0,00) by

Lf](x>=f dS(0)f(x0), xel0,00),  (1.25)
Sd#l

where S ¢~ 'is thed — 1 sphere and dS'is the surface integral
measure on $¢ !, Let

I9(x) =9 (x)n(x)? " 'x/[p*)(n(x)), x€(m,c0).
(1.26)
Since p is continuous by assumption, it follows that I ¥ (x) is
continuous in xe(m, ).
As another technical assumption, we take the following:
(AII) There exists a constant 8e(0,7/2}) such that the
function I ¥’ (x) has an analytic continuation 1 ¥’(z) onto

the domain
D, , = {zeC|Rez>m, — B <argz<0} (1.27)

with the following properties:

(a) lim I 9 (x — ie) = I(x),
€10

(b) |[79(z)|<const |z| ~ ¥

for all sufficiently large |z| (z€D,, ) with a constant g;>0.

xe(m,o0).

€2} .
(¢) lim [7"(m+2) _, %
20 A
2€Dy o

with constants 4 ¥’ %0 and p; (m) >0.
(d) For all sufficiently small €,> 0,

inf |DY(x —i€) — 2imI V(x — i€)| > 0.
O<e<e,
xe[m, o)

Remark: As is seen from the definition of IV (x), p; (m)
is determined by the dimension 4 and the infrared property
of w,, ], and p. See Sec. IV for an example.

In order to investigate the decay property of W(¢) and
W (t) in a unified way, we introduce the following more
general function:
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f(w(k))p(k)Ze~ "®’
r’ w(k)|D? (w(k)))?
Here fis any meromorphic function in D,, , with the follow-
ing properties:
(fI) The number of poles of f(2) is finite.
(f IT) The limit

W(tf) = (1.28)

lim f(x — ie) =f(x)

€10
exists for a.e. xe(m, o).

(fFIII)  sup{|f(2)] |2€D,.o U (m, ), |z|>7r} < o
with a constant 7,> 0.

(fIV) lim zfim +2) =f,,

z—0
z€Dp o

with constants «,, (f)eR and f,, #0.
We now state the main results. We mean by

8(l)l~ h(t)
that

lim 84— 1.

t— o0 h(t)
Let

BY = (DY(m) — 2i17'50‘pj(,,,)A MDD (m). (1.29)

Theorem 1.1: Suppose that 2ra +j 4+ ¢q; + 1>0.

(a) Let m = 0 and suppose that

(0) — —2ra—j+1

,qupj( ) ao(f)r e+ >0. (1.30)
Then

W(t f) Aéf)f;)e—mﬂ/zr(ﬂ}) t—”'i (1 3})

’ I— rB(()j) ’ )

where I'(z) is the gamma function.

(b) Let m>0and

vj_———pj(m)—am(f)+1>0. (1.32)
Then

A [0 —ifrv]-/ZF ) — im"
Wit f) ~ Lndne e ™ v (133

= o

rvjm2m+j+ (r— ])va ’(",')

Remark: Under the assumption of Theorem 1.1 in each
case m = 0 or m > 0, the integral of the rhs of (1.28) is abso-
lutely convergent.

As corollaries of Theorem 1.1, we can derive the asymp-
totic behavior of W(¢) and Wy (¢) ast— .

Theorem 1.2 (the massless case): Let m =0 and
2ra+j+q; +1>0.

(a) Suppose that

=pj(O) —2ra—j+1

A; > 0. (1.34)
r
Then
AU) —iﬂA/Zl-\ A,
way ~ doe T, s (1.35)
1= rBY

(b) Suppose that 4; > 1. Then
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W,(t) ~ 2Re

t—

BrB Y '
(1.36)

Proof: (a) We have

W) = W(tf=1).
On the other hand, the function f (z) == 1 obviously possesses
properties (fI) and (fII) with a,(f) =0 and f,=1.
Therefore, in this case, we have u; = A;. Thus (1.31) yields
(1.35).

(b) Let

f(z2) =/ —1)
and

g(z) = 1/(f% —1).
Then we have

We(t) = W(tf)+ W(g) .
It is easy to see that each of fand g satisfies (f I) and (fII)
with ao( f) = a,(g) = rand f = g, = 1/B. Hence we have
u#; = A; — 1. Thus we get (1.36) from (1.31). O
Theorem 1.3 (the massive case): Let m>0 and
2ra+j+q; +1>0. Then

(a) W(t) ~ AP e ™ V(g (m) + 1)

fm oo rpj(m) + 1m2ra +ij+ (r—Dipm) + I)B (”1")

X e~ itmy TR =1 (1.37)

A9 (p, 1
(b) W,(t) ~ DLp;(m) + 1)

— oo (eer _ l)rpj(m) + 1m2r¢z +j+ (r— Dlpdm) + 1)

(B—itym" — imp;(m) + 1)/2
€
X

BY
itm" + i‘n'(p](m) + 1)72
+— ]t TAM L (1.38)
BY
Proof: Similar to the proof of theorem 1.2. O

Theorems 1.2 and 1.3 show that the two-point functions
decay with a power-law respectively as f— «. In both cases
m = 0 and m > 0, the order of the decay increases as p; (m)
does. On the other hand, the dependence of the decay order
on the dimension d and the infrared behavior of @ and p
comes only from p; (m) [see (1.26) and (AII)(c)]. In par-
ticular, it follows from (1.26) that p; (m) is monotone in-
creasing in d. Therefore the higher d becomes, the faster the
two-point functions decay.

In the massless case, Theorem 1.2 shows that W(¢) de-
cays faster than W (¢). On the other hand, in the massive
case, the order of the decay of W(r) coincides with that of
W (t). We note also that, in the massive case, the oscillating
factors exp( + itm”) appear in the asymptotic behavior of
the two-point functions.

Remark: We have assumed d ¥ > 0 [(1.15)] to obtain
Theorems 1.1-1.3. In fact, in the case d ¥ <0,D ¥’ (z) has a
simple unique zero v,€( — oo,m) and the oscillating terms
proportional to exp( + iv,¢) appear in the two-point func-
tions. This corresponds to the nondisappearence of embed-
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ded eigenvalues of H, under the perturbation (in other
words, the oscillator mode persists under the perturbation)
(cf. Ref. 7).

We now try to compare in some detail our results with
those on the long-time behavior obtained in the other
Works.6'12'l6"7

In Ref. 16, a phenomenological model based on an aver-
aged Langevin equation rather than on a Hamiltonian was
presented; the correlation function at the inverse tempera-
ture S is given as

(Q(t)Q(O))=J i;i;l’"(aJ) L

—_— (1.39)
)
where y” () is the imaginary part of the Fourier transform

of the response function,

PSR Yo
X' () M )t e (1.40)
with positive constants ¢ (the damping constant) and M
(the mass of the oscillator) and # is the Planck constant
divided by 27. They showed that, at the zero temperature
B— «,thereal part S(¢) (the symmetrized correlation func-
tion) decays as

iy 1
S(t) ~ — —.
.

We can show that this result is a special case of our results: in
fact, at the zero temperature (8- o ), one has from (1.39)

(1.41)

(g(£)g(0)) =f d%x”(w)ﬁe""‘”. (1.42)
0

On the other hand, the function W(z) given by (1.21) is
written as

W(t) =fw w(x)e "™ dx (1.43)

with
o (x)

x2rda +le ,(f)(x) |2 '
Therefore, by considering the case with m = Oand » = 1 and
by setting formally

w(x) = (#/my" (x),
we have at the zero temperature

W(t) = (q(1)q(0)).
Since y" (x) ~yx/(Mw§ ) as x -0, we have

AP /B = ty/mMwy, A; =2.

Then, (1.41) follows from (1.35). On the other hand, at
finite temperatures 8 ' > 0, {(g(#)g(0)) is not of the form
W5 (t) given by (1.22), because the frequency spectrum of
{q(t)q(0)) is equal to the whole real line R as is seen from
(1.39). [The frequency (energy) spectrum of our models is
equal to [m, « ).] This is a big difference between the model
under consideration and ours. They also showed that, at fi-
nite temperatures, (q(#)g(0)) decays exponentially. We re-
mark that, if one modifies the correlation function as

w(x) =

(1.44)

wt

* dw . fie ~
t)g(0 = _—y" -
(g(Hg(®) L X (@)
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or

ﬁe—iu)t
1 —e— B’

{g(1)g(0)) _ =f d;‘ox"(w)

then one gets

(—ny 1
)q(0 —~ -
(g(t)q( ))“‘.w oMbt
1

t

iy

{(g(1)g(0)) _ e TMaB
Namely, (¢(#)g(0)) , have a power-law decay. This fol-
lows from an application of Theorem 2.1(a) in Sec. IL.

In Ref. 17, a generalized version of the model in Ref. 16
was considered and a more detailed analysis on the long-time
behavior of the correlation functions was done. As in the
model in Ref. 16, the correlation function at zero tempera-
ture is a special case of our model and the result on the long-
time behavior coincides with ours, at least, up to ¢ ~2 order.
As for the case at finite temperatures, the same remark as
that concerning the model in Ref. 16 applies.

In Ref. 12, they start from a discrete version of the mod-
el (M2) with respect to the boson degrees of freedom and
derive the dynamical equation for the position operator of
the oscillator. Then, they make an ad hoc assumption for the
memory kernel so that the symmetrized autocorrelation
function of the fluctuating force per unit mass ® ;- () and the
symmetrized autocorrelation function of the particle veloc-
ity C,, (¢) take the form

@ (0 =— ﬁ7’2 O coth B o
2ﬂ' w* + 2
(1.45)
and
ﬁyz o°
” 217 o® + 7
% 1
|w? + (/1) liw/ (y — iw)]|?
X coth -/% et (1.46)

respectively, where 7 > 0 is a constant. They showed that,
at finite temperatures, @, () and C,, (¢) decay exponential-
ly as t— oo and, only in an intermediate time region, display a
long time tail as const ¢ ~2. These results do not coincide with
our results. This is due to the fact that, in the present case,
the frequency spectrum runs from — « to + o as is seen
from (1.45) and (1.46), which is an effect of the symmetri-
zation. Let ®$+°(¢) and C ;" ’(¢) be the functions defined
by the rhs of (1.45) and (1.46) with the integral interval
replaced by [0, « ), respectively. Then, we see that &4+ (1)
and C{;"’(¢) display a power-law decay as

DL (1) ~ ! ns
1~ TMTRB
and
CLH() ~ e 1
i~ TMB

At zero temperature, we have

1281 J. Math. Phys., Vol. 30, No. 6, June 1989

e[ do e
q) —_ R d iwt
r(t) Mrnm e a)wz+yze )
C,(t) = iy’ Re” do
Mrpm ® +7/2
e:wr ]
|w2+(7’/7'R)[iw/(7’—iw)]|2 '

By integration by parts and applying Theorem 2.1(a), we
get

% 1
(1) ~ — 1.47
( )rﬁoo Mrym t? (147
fir 1
Cpp(t) ~ ——52 .=, 1.48
w ( )Hw Mrp 1 ( )

These results are not given in Ref. 12.

In Ref. 6, the authors start from the models (M1) and
(M2) with a discrete boson degrees of freedom and calculate
the momentum autocorrelation function C(z) of the oscilla-
tor

C(1) = Cy(1) + C,(1) (1.49)
with
Cl(t)=J:° ewl_ G(A)cos(At)dA, (1.50)
C(t)=—J. G(A)e~*dA, (1.5

where G(A) is a function depending on the choice of the
models (M1) and (M2). The exact form of G(4) was not
given and, by assuming that G(1) ~A™, they showed that,
at low temperatures, C, (¢) decays with a powerlawas t— .
However, analysis on the long-time behavior of C,(¢) at
nonlow temperatures and of C,(¢) (the correlation function
at zero temperature) was not given. We note that (1.49)
with (1.50) and (1.51) is exactly of the same form as Wj (2)
given by (1.22) with m = 0. This is easily seen by change of
variable. Thus we can apply our results and solve the prob-
lem left in Ref. 6. One can easily check that our general
results yield as a special case the partial result on the long-
time behavior of C,(#) obtained in Ref. 6.

The rest of the present paper is organized as follows: In
Sec. II, we establish a limit theorem on an integral of Four-
ier’s type. In Sec. I11, applying the limit theorem, we prove
Theorem 1.1. In Sec. IV, we discuss an example of @. In
Appendices A and B, sufficient conditions for (AI) to hold
are given. In Appendix C, a necessary condition for expo-
nential decay of Fourier transforms is given.

il. A LIMIT THEOREM

In this section, we prove a general limit theorem con-
cerning an integral of Fourier’s type.

Letgbe a measurable functionin L '((m,  ),dx). We are
concerned with the asymptotic behavior of the function

G(t) = on g(x)e"™dx (t>0) 2.1

ast— o0, where m>>0 and r> 0 are constants. We assume the
following:
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(A-g),, There exists a meromorphic function g(z) in
D, , with the following properties:

(a) lir(r)lg(x——if):g(x), a.e. xe(m,»),

(b) For all sufficiently small €>0 and every a,b
€(m,0)(a<b),

supb lg(x - l€) I<Ca,b

<X <
with a constant C, , >0 independent of €.
(c) For all sufficiently large |z| (z€D,, )

lg(2)|<C/|z|*

with constants C>0and ¢> 1.

(d) g(z) has no poles in {zeD,,, ¢| |z — m| <€} with a
constant €,> 0 and the limit

lim £ 2 o 2o

z—0 2“"'
exists with constants g,, and u,, > — 1.

Under the assumption (4~g),,, we have the following
theorem.

Theorem 2.1: (a) Let m = 0. Then

G(t) _ goe—ifr(llu+l)/2"r((#o+ l)/r) t ~(,‘"+1)/r'

t— oo r

(2.2)
(b) Let m>0. Then
U= Cn+ D —it[m+ G DAIR,

gm™
6 ~ ey

—(py+ 1)

Xt (2.3)

Proof: We first consider the case m = 0. Let

h,(z) =e~ "™g(z), t>0.

Then A, (z) is meromorphic in Dy 4. Let € > 0, 8 > 0 be suffi-
ciently small, L > 0 be sufficiently large, and 0 < 6, < 6. Let
[ (e, 8, L, 6,) be the curve in D, , given by

I'(e 6, L, 8,) = {x — ie|6<x<L}
U{8 — ie + se = ®|0<s<L}

U{8 — ie + Le™| — 8,<u<0}

with the anticlockwise orientation and D(e, &, L, 6,) be the
interior domain of T'(¢,8,L,6,). Let {a, }¥_, be poles in
Dy, [Nis finite by (Ag), (b)-(d)]. Then, by applying the
Cauchy integral theorem to the integral of 4, (z) along
I'{e,6,L,6,), we get

L L
f h,(x — ie)dx = f h, (8 — i€ + se™")e~ " ds
s o
+ f h,(8 — i€ + Le™)iLe™ du
— 6,

— 27 Res(h, (2),a,),

a,eD(€5,L,6,)

(2.4)
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where Res(h, (2),a, ) denotes the residug of A, (z) at z = a,
[we take ['(€,6,L,8,) so that a, &¢I (€,8,L,0) for all k]. We
take 6, to satisfy O < r6, < w/2. Then we have by (4-g),—(c)

\h, (8 —ie + Le)|<C/L?
for all sufficiently large L with a constant C > 0 independent
of L. Hence we get

lim |  h,(6 —ie + Le®)iLe™ du =0. (2.5)

For s>5,> 0, we have by (Ag),~(c)

|h, (6 — i€ + se ™ %) |<ae "

with constants a >0 and 5> 0 independent of 6 and €. For
0 < 5<5,, we have by (4—-g)o—(d)

|h, (8 — i€ + se =) |<C
if 4o>0 and
|h, (8 — i€ + se %) | < Cs*

if —1<puy<0, where C> 0 is a constant independent of §
and €. Therefore, |4, (5 — i€ + se ~“%)| is dominated by an
integrable function on (0, « ) independent of & and €. Thus
by the Lebesgue dominated convergence theorem we get

o
lim| h,(8—ie+ se” %)e Pds
€610 Jg

= f h,(se™ “)e— " ds, (2.6)
A ‘

Similarly, using (4-g),~(b)-(d), we can show that
|h, (x —i€)| is dominated by an integrable function on
(0, ) independent of § and €>0. Thus by the Lebesgue
dominated convergence theorem we get

o0

limlim| A, (x —i€)dx = f h,(x)dx.
0

810 €10 Js

2.7)

Taking the limit L— oo first, €10 second, and 610 finally in
(2.4) and using (2.5)-(2.7), we obtain

G(t) =G, (1) + G, (1) (2.8)
with
G, () = th,(se‘i"")e‘ie" ds, (2.9)
0
Gy(t) = —2mi ) Res(h,(2),a) (2.10)

a;eDy g,

Note that (4-g), implies that the number of poles of g(z) in
D, o, is finite. Hence the sum with respect to the residue in

(2.10) is a finite one and we have
|G, (1) |<e™ “P(¢) (2.11)

with a constant ¢>0 and a polynomial P(¢) in f. On the
other hand, by the change of variable s—¢'/’s, we have
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— 6,

Gl(t) - %J exp[ -—_ i(se_ie")r]g(%;r_)e"igu ds
0

S S fwexp[ — i(se™ )"
0

TG Do
— 6,

X (se~ ie")""u(&—

t 1/r

)e'“’“ ds, (2.12)

where
u(z) =g(z)/z"*.

It follows from (A4—g),~(c) and (d) that, for all s> 0,
|u(se =) |<C/(1 +s)*T9<C

with a constant C>O0 (note that u,+g>u,+ 1>0).
Therefore, by the dominated convergence theorem, we get
from (2.12)

tim ¢4 D76, (1) = gyl (6) (2.13)
withqeo
I(r) =J: expl —i(se™7)"]
X (se ™ T)Hoe T ds. (2.14)

The function z* exp( —iz") is  analytic in
{zeC| — mr<argz<m, z#0} and, if — 7<r(argz) <0,
then it decays exponentially as |z| — oc. Therefore, by the
Cauchy theorem, we have

1(6,) =I(w/2r)
—=e iy + l)ﬂ/zrjwe - Srsﬂn ds
0

efi(,un+l)ﬂ/2rr((lu0+ 1)/r)

. .
Combining (2.11), (2.13)—(2.15) with (2.8), we obtain
(2.2).

We next consider the case m > 0. By the change of vari-
able x"—»x" — m’, we have

(2.15)

G(t) =e~ "‘""J‘ g(x)e ™ dx
(8]
with
xr— lg((xr + mr) l/r)
(xr + mr)(r-— 1)/r
Therefore, the problem is reduced to the case m = 0; we need
only.to check that the function g(x) satisfies (4-g),,.

Let g(z) be g(x) with zin place of x. Then g(z) is mero-
morphic in Dy , and

g(x) =

lim g(x — ie) = g(x),

€10

a.e. x€(0,00).

Hence g satisfies (4-8), — (a).

To prove (4 —g)-(b), we note that, for
O<a<x<b< o,
[(x_i€)r+ mr] l/r= (xr+ mr) 1/r
= -+ 0()

(xr+ mr)(r—— 1)/rx1 —
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as €10. Therefore, by the assumption (4-g),,—(b), we get
supb|g([ (x —ie)" + m"1"")|<C,

a <X <
with a constant C, > 0 independent of . Further, it is easy to
see that

gy 1
(x — i€) <G,

a<x<h [(x _ ie)r+ mr](r— Dy/r

with a constant C, > 0 independent of €. Therefore we get

sup blg'(x —ie)|<C;

a< X<
with a constant C; > 0 independent of €. Thus g satisfies (4-
8)o—(b).
For sufficiently large |z|, we have from (4-g),,—(c)
const|z|” ™!
IZr + mrl (r— 1)/r(zr + mr)q/r
const
lz]7
Therefore (4-g),—(c) follows.
We have

(zr+ mr)l/r~m + ml urzr/r

18(2)|<

as z—0. Hence (4-g),,—(d) implies that g(z) has no poles
in {zeD, 4| |z| < €,} with a sufficiently small €, and

A —n(p,+1D

lim—8@) __g"m
z_.ozr(um+1)71_ o
Therefore  (4-8),~(d) holds with g,=g,,

m(l‘r)(”m"'l)/

r¥mand py = r(u,, +1) — 1.
Thus we can apply the result in the case m = 0 to g(x)
and get (2.3).

HIl. PROOF OF THEOREM 1.1
We can write

Wt f)= J‘w g(x)e * dx

with
S (x)
x2ra+j!D(i) (x)‘z '
We shall show that g satisfies (4-g),, in Sec. II. Then

Theorem 1.1 follows from an application of Theorem 2.1.
Let

DY (z) =DV (z) —2mil V(z), zC,,,

and define

g(x) =

AP (2)
2re+ip (£ (z2)D (j)(z) '
Then, g(z) is meromorphic in D,, ;. Note that D ) (x) is
given as

g(z) =

DY (x)=ay —aPx +8,; |pk)>dk

+Pf okYp(k)?
x — w(k)

+ 27l ¥ (x),
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where P denotes the principal value. Hence we have
Ieigl D?P(x—ie)=DY (x), ae xe(m,c).
Therefore, together with the fact D, (x) = D_(x), we get
leif? glx —ie) = g(x).

Thus g satisfies (4-g),,,—(a).
Property (A-g),,—(b)
(AII)(d) and properties of f.
By (1.17) and (AII-b), we have for all sufficiently large
x|

follows from (AI)(b),

inf| DY (x — ie)| >Cx
€>0

with a constant C > 0. Further, it is easy to see that, for suffi-
ciently large |z| with Imz< — ¢, z€D,, o,

|D Y (2){>Cclz|, |DP(2)]>Cclz|

with a constant C, dependent on €> 0. Combining these
properties with (AI) (b), (AII) (b), and (fI), we have for
sufficiently large |z| (zeD,, )

lg(z)|<const/|z|* 7+ u*2,

Since we assume that 2ra+j+g¢; +1>0, we have
2ra +j+ g; + 2> 1. Therefore, (4-g),,—(c) follows.

The poles of g(z) come only for the zeros of D &’3 (z) and
the poles of f(z). The zeros of D (z) are discrete and do
not accumulate in D, . It is obvious that D (2) [resp.
f(2)] has no zeros (resp. poles) in a small neighborhood of
z=minD,,, [recall that we assume d ¥ >0, see (1.15)].
As for the asymptotic behavior of g(z) as z—m, we have

A%
0D $ (0)D “(0)
in the case m = 0 and

—2ra —j—ao( f) + p(O)

g(z)

2~ au (S} + pim)

A
glm +2) ~ —— .
=0 m** DV (m)D P (m)
in the case m > 0. Therefore, g satisfies (4-g),,—(d).
Thus we can apply Theorem 2.1 to obtain Theorem 1.1.

V. AN EXAMPLE

In this section we consider an example of @ and see how
p;(m) is determined by the dimension d and the infrared
property of w and p, where p; (m) is defined by (AII)-(c).

Let

0, (x) = (X +m""%, x>0, (4.1)
with a parameter A >0 (see also Appendix A). Then the
inverse function 7(x) of @,(x) is given by
VA _ ptiayiiz,

7(x) = (x (4.2)
Let p, be a continuous function on [0, « ) satisfying

x>m.

pi1(x)>0, x€(0,00),
and p be given by

p(k) =p,(|k|), keR. (4.3)
We assume that p, has an analytic continuation p,(z) onto
the domain Do,gp with a constant 8,€(0,7/2) such that
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lim p,(x — i€) = p,(x), x€(0,e0).
€10

With », and p, given above, the function 7 </’ (x) de-
fined by (1.26) takes the form

Vd77(x)d“2xj+ a -A)Mpl("](x))z

Fa% —
(x) Y , x€(m,0),
(4.4)
where
V,,=f ds. (4.5)
Sd—l

Lemma 4.1: Assume that, for sufficiently large |z|
(ZGDQ,QF);

| p1(2)|<C /|2}4 P (4.6)
with constants C> 0 and ¢( p) >0 and that
tim 242~ p, (4.7)
with constants ¥( p) >0 and p,#0. Suppose that
g(p)/A—j+1—d/2450 (4.8)
and, in the case m =0,
(d—2)2A+j+ (1 —A)/ A+ y(p)/A>0. (4.9)
Then I’ (x) satisfies (AIIl) (a)-(c) with g; given by
g=q(p)/A—j+1-d/2A (4.10)
and
(d—2)22+j+ (1 =A) /A +y(p)/4,
m=290,
B =Y a2 4 v( o,
m>0 (4.11)

Proof: For a sufficiently small 6e(0,7/2), 5(z) is de-
fined and analytic in D,, , and the image of % is included in
Dy o, Therefore the function
Van(2)? 27+ =P ((2))°

24

is analytic in D,, ,. It is obvious that (AII)(a) holds.
For sufficiently large |z| (z€D,, ), we have

C\l2]"<|n(2)| <G, ||

with constants C, >0, k = 1,2, and hence

I19(z) = (4.12)

|79 (z)|<const |z| ~ %,

with g; given by (4.10). Therefore, (AII)-(b) follows.
Let m > 0. Then we have

n(m+z) ~ (m — P72 )22
20
and hence
P (m + 2)) ~ po(m't =72 f Ay P27 o2,
Therefore we get ;;r"m >0

2
) V
ID(m4z)~ 204

z—0

(m(l —A)/A//i)y(p) + (d—2)/2
X’ni+ (1 —/l)//lzy( P+ d— 2)/2‘
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In the case m = 0, we have

2
I19(z) ~ PV A= 2/22+j+ (1 = /A + ¥(p)/A

z—0
Thus (AIl)-(c) is satisfied with p;(m) given by Eq.
(4.11). |

Remark: Condition (AII)(d) follows from the same
assumption as in Lemma B1 (see Appendix B).

It is interesting to compare the decay order of W(¢) in
thecasem =0 [i.e., /lj given by (1.34) ] with that in the case
m>0 [ie., p;(m) + 1]. By (4.11), we have

p;i(0) =p,(m)/A +j+ (1 —A)/A,

where we take m > 0.

Hence we get

A=A, —(p;(m) + 1)

= ((1 —Ar)/Ar(p;(m) + 1) — 2a.

IfA; >0 (resp. A; <0), then W(¢) with m = 0 decays faster
(resp. slower) than W(¢) with m > 0.

In the models (M1)—(M3), A; is given as follows:

(M1): In this case, we have r = 1, @ = j = 0. Hence we
get

Ap = ((1 —A)/A) po(m) + 1).

(M2): In this case, we have r = a =1, j = 0. Hence we
get

Ao ={(2—AV/A) po(m) + 1) — 1.

(M3): In this case, we have r = a = 4, j = 1. Hence we
get

A =(2—-A)/A)pi(m)+1)— 1.

In the standard case, A is takenas A =1 (resp. 1, 1) in
the model (M1) [resp. (M2), (M3)]. Therefore, in this

case, W(t) with m = 0 decays faster than W(¢) with m>0
in each model.
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APPENDIX A: UNIFORM BOUNDEDNESS OF ®{/(x—je)

In this appendix, we consider a sufficient condition for
@/ (z) to satisfy (AI)(a). We define the function J D(x)
on R by
I (x),
0, x<m,
where I 'V (x) is given by (1.26).

Lemma Al: Suppose that J ¥ is in L?(R) with some
Pe(1, 0 ) and satisfies the Lipschitz condition

TP (x+h) —JP(x)| <K |h|" (A2)

uniformly in x, as #—0, with constants ae (0,1) and K> 0.
Then there exists a constant C > 0 such that, for all xeR and
€>0,

|®Y (x — i) |<C.

X>m,

J P (x) =[ (AD)

(A3)
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Proof: We can write

O (x — i€) = (Q*J V) (x) + i(P+J D), (A4)
where P, and Q. are the Poisson and the conjugate Poisson
kernel, respectively,

P (x)=€/(x*+€), Q.(x)=x/(x*+¢€),

and + denotes the convolution. Let @’ (x) be the Hilbert
transform of JV,

J(j)(s)
X—S

ds.

PP (x) = Pf

Then, by the assumption J¥’ eL? (R) and a general theorem
[e.g., Ref. 19 (Chap. VI, Lemma 1.5) ], we have

Q.+ =P *®Y.
Further, condition {A2) implies that d>,‘;°(x) is continuous
in xeR with @’ (x) -0 (|x| - « ) and hence, in particular,
®9 is bounded [e.g., Ref. 18 (§5.15)]. Similarly, it follows

that J¥ (x) is bounded. It is well-known (or easy to prove)
that

|(Poaf) (x) | <|fl
for all feL = (R). Therefore, we get
(@ ) (1) <7 @]..,
|(Petd ) (0) ||l 9 -
From these estimates and (A4), we obtain (A3). 0

Remark: Condition (A2) implies the continuity of
19 (x) and hence

lmIY9(x) =0.

xlm

A sufficient condition for (A2) to hold is the following
lemma.

Lemma A2: Let

u(x) =7(x)*"'9'(x), xe(m, ), (A5)
and p be given by
p(k) =p (|k]), keR?, (A6)

with a continuous function g, on [0, 0 ). Assume that

(a) limu(x)=0,

xlm

(b) 7(x)~C, x>, (A7)
u(x) ~C, x>, (A8)
p1(x)~C,x %, (A9)

as x — oo, with strictly positive constants C,,C,, C,, 6(1),
8(u), and 8(p).
(¢) For all sufficiently small |4 | <1 (h€R)

|7(x + A) — 9(x)| <P, (x)|h |7, xe(m, ), (A10)
lu(x + k) — u(x)|<P, ()}A |, xe(m, o), (Al11)
loy(x + 1) — py ()| <P, () |h |, x€[0,0),  (Al2)

with strictly positive constants €(7), €(#), €(p), and non-
negative polynomially bounded continuous functions P,,
P,, and P, on R. Suppose that

26(m)8(p) — 8(u)>0, (A13)
sup P, (x)x/ —22M%@ o (A14)
X>m

Asao Arai 1285



sum P, (1(x))P, (x)<@x/+ 800 —8mé@) o o (A15)
xX>m

Then, (A2) holds.
_ Proof: Let x>m and |k | < 1 be sufficiently small. We set
IY (m) =0. Then we have

JP(x+h) =TV (x)
=I19(x+h)—I1Y(x)
=V (F,(x,h) + F,(x,h) + F;(x,h)),
where V is given by (4.5) and
Fi(x,h) = (u(x + h) — u(x))(x + hYp,(n(x))?
Fy(x,h) = 8, ;u(x)py(n(x))h,
Fy(xh) = u(x + h) (x + hY [py(n(x + 1)) + py(n(x))]
X [pi(n{x + A)) — pi{n(x))].

(In the case x = m, we take A >0.) By the assumption, we
can estimate as

(X + )P, (x)|h |
1+x25(n)6(p)

x° k|
+ x28(m8p) ’

2

|Fy(x,h)|<const

| F,(x,h)|<const "

|F3(x,h) |

(L+ 307 4B, ()P, (x) P [ <<
(1 4 x5(mse))y :
These estimates together with (A13)-(A15) imply (A2).
In the case x < m, (A2) trivially holds. O
We conclude this section with an example of w, and p,.
Let w, be given by (4.1). We suppose that Ae(0,1].
Then, u(x) defined by (AS5) takes the form

x(l - i)//.(xl//l _ ml/‘/l)(d— 2)72
24
1 —A)/2 d-—2
_ x( ) "7(")
24

where 7(x) is the inverse function of w, [see (4.2)]. If
d > 24, then we have

<const:

u(x) =

) (A16)

x(d—Z/l)/ZA

U ~——=

as x— oo and hence (A7) and (A8) hold.

To prove (A10) and (A11), we first note the following
elementary estimate.

Lemma A3: Let a > 0. Then, for all sufficiently small
€>0and |h|>0,

[(x +h)* —x*<C(1 +x*~)|h |5, x>0, (Al18)

with a constant C'> 0, where, in the case x = 0, we take 2> 0.
Proof: Tt is sufficient to prove (A18) for 2> 0and x> 0.
Let 6€(0,1) be fixed and x>4 /8. Then we have A /x<8< 1
and hence
(x+h)*=x%(1 + h/x)?<x*(1 + C(h /x))
with a constant C > 0. Therefore we get
O<(x+ h)*— x*<Cx*(h /x)

<C(Sl — sxa — eh e.

1724
’

7(x)~x (A17)
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In the case x<k /5, we have
0< (x+m*—x*<{(1 + 1/8)* + 1/6°h°.

Thus (A18) follows. O
Lemma A4: Let 77(x) be the inverse function of @, [see
(4.2)]. Then, for all sufficiently small e > O and |4 |, we have

|7(x + h) — n(x)|<const(l + x"*Y =€) |h|¢ (A19)
for the case m = 0, and
|7(x + h) — n(x)|<const[x"! ~ 724

+ (xVF — mVAY D = Derd ] g e
(A20)

for the case m > 0.
Proof: We first consider the case m = 0. Then we have.

Nx+h) —px) = (x+m)'"*—x", x>0

Therefore, by Lemma A3, we get (A19).
Let m>0and m> h>0. Then we have

7(x + ) <{x"*(1 4+ Ch/x)) — m"*}'% x>m,
with a constant C > 0. Therefore, we get
0<n(x +h) — p(x)<x1 ~ D24 (X + Ch)V? — X '/?}
with

X= (xl/zi _ ml//l)x(ll* 1)/1'

Therefore, using Lemma A3, we get (A20). 0
We introduce a function 6__ (x) on [0,x ) by

1, x>0,
0., (x) = {0, x=0.

Lemma A5: Let u be given by (A16).
(a) Let m = 0and d>2A. Then, for all sufficiently small
€>0and |4 |>0,

lu(x+h) —u(x)|
<const(l + 0, (d —24)x“4 P = 1= p |,
x>0, (A22)

(b) Let m>0 and d>2. Then, for all sufficiently small
e€>0and |h|>0,

lu(x + h) —u(x)|
<const{1+9+(d—2)(x+ 1)[d—2—2&6+2(1~1)e]/22.
+60,(1—A)x\@-2A=2924 g€ x>m.  (A23)

Proof: (a) The case d =24 is trivial, since we have
u(x) = 1/24. Let d > 2A. Then, we have

u(x +h) —u(x) = (1720){(x + h)-207

— x(d—24724}

(A21)

Therefore, applying Lemma A3, we get (A.22).
(b) We prove (A.23) only in the case d>2 and
0 <A < 1. The other cases are easier. We write

u(x+h) —u(x)
— (l/u)[(x+h)(l~/l)/i_x(lazl)//l]n(x+h)d~2
+ (1724)x =P g(x + h) — p(x))

d—3

X 3 px+ )3 (e
i=0

Asao Arai 1286



Then, Lemmas A3, A4, (A.19),and (A.20) give (A.23). O
Lemmas A4 and A5 show that (A.10) and (A.11) hold.
As for p,, one can easily find a number of examples
which satisfy the conditions required. For example, one can
take functions of the form

pr(x) =@(x)/[1+ P(x)], x>0

where P(x) and Q(x) are polynomials with positive coeffi-
cients and deg P — deg Q> O is sufficiently large.

APPENDIX B: ESTIMATE FOR |D%(x—ie)|

In this appendix, we consider a sufficient condition for
(AI) (b) to hold.

Lemma BI: Suppose that p(k) >0 for all k0. Then,
under the assumption in Lemma A1, (AI)(b) holds.

Proof: We have

DY (x)=af’ —a’x +6,; J.p(k)zdk

+ @Y (x) + imd P (x). (B1)

Asstated in the proof of Lemma A 1, <I>,‘,j’ (x) is continuous in
x€R and

DY (x) -0 (B2)

as |x|— . Therefore D ¥ (x) is continuous on R. [For
x<m, DY (x) = DY (x).] By the Remark after the proof
of Lemma A1 and condition d ¥’ > 0 [see (1.15) ], we have

inf (DY (x)|>0

x<m+ 8
with some constant > 0 and hence, taking (1.16) into ac-
count, we get

inf |DP(x—ie)|>0.
€>0
xe[m,m + &)

It follows from (B1) and (B2) that

[D Y (x)|>const x

(B3)

for x> R with a sufficiently large R > 0. Combining this esti-
mate with (1.16), we get

inf [D@(x —i€)|>0.
€>0
x>R

The positivity of p together with that of 7 and %’ implies that

(B4)

inf I9(x)>0.

S<x<R
Hence we have
inf |DY(x)|>0,
5<x<R

which, together with (1.16), gives

inf |DY(x —ie)|>0. (B5)
€>0
6<x<R
Estimates (B3)~(B5) yields (AI)(b). (]

APPENDIX C: A NECESSARY CONDITION FOR
EXPONENTIAL DECAY OF FOURIER TRANSFORMS

In this section, we give a necessary condition for the
Fourier transform f(z) of an L 2(R) function JS(x) to decay
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exponentially as #— oo and hence a sufficient condition for f
under which f* does not decay exponentially. R

Proposition C1: Let f#0 be in L2(R) and f(¢) be the
Fourier transform of f,

N 1 = _
S0 =————f e~ “f(x)dx, teR.
V2 J—

Suppose that there exist positive constants C>0 and @ >0
such that, for all teR,

| fle)|<Ce— 2! (C1)

Then, supp f, the support of f, equals the whole real line R.
Proof: [cf. Ref. 15 (§7.3, Theorem 3.3) ] It follows from
(C.1) and a general theorem [e.g., Ref. 3 (§9.3, Theorem
9.13) ] that f (x) has an analytic continuation}'(z) to the set
S, ={z| |Im z| <a}. Suppose that supp f #R. Then, the set
A =R/supp fis an open set in R and £ (x) = O for all xe4.
Hence }(z) = 0 for all ze4. Therefore, it follows from an
elementary property of holomorphic function that f(z) =0
for all zeS, . But this contradicts the assumption that f(x)
does not vanish identically. Thus supp fmust be equal to R.
0
From Proposition C.1, we have
Corollary C2: Let g#0 be in L *(R) and put

b
G,, (1) =f e~ "“g(x)dx.

Suppose that — w<@<b< o0 Or — w0 <@ <b< . Then,
G, (1) does not decay exponentially as |7 | — co.
Proof: We need only to apply Proposition Cl1 with

f=V2mx ., & Where y,,, ,is the characteristic function on
[@,b]: X(ap 1 (X) = 1, x€[a,b]; X0 (x) =0, x¢[a,b]. O
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