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An abstract asymptotic theory of a family of self-adjoint operators {H, },._ , acting in the
tensor product of two Hilbert spaces is presented and it is applied to the nonrelativistic limit of
the Pauli-Fierz model in quantum electrodynamics and of a spin-boson model. It is proven
that the resolvent of H, converges strongly as k— co and the limit is a pseudoresolvent, which
defines an “effective operator” of H, at k= o. As corollaries of this result, some limit
theorems for H, are obtained, including a theorem on spectral concentration. An asymptotic
estimate of the infimum of the spectrum (the ground state energy) of H, is also given. The
application of the abstract theory to the above models yields some new rigorous results for

them.

I. INTRODUCTION

This paper consists of two parts: one is concerned with
an abstract asymptotic theory of a family of self-adjoint op-
erators and the other presents its application to the nonrela-
tivistic limit of the Pauli-Fierz'® and a spin-boson
model. %3

The Pauli-Fierz model is a model in quantum electro-
dynamics and describes a nonrelativistic one-electron atom
coupled to a quantized radiation field. It is known that the
model is a realistic one in the sense that in a nonrelativistic
region, it explains well some physical phenomena such as the
Lamb shift, aithough the explanations are usually done by
using formal perturbation calculations to which rigorous
mathematical basis has not yet been given. Only a few math-
ematically rigorous results have been obtained for the mod-
el.*>”® The spin-boson model we consider describes a two-
level atom coupled to a quantized Bose field and can be
regarded as a simplified version of the Pauli-Fierz model.?
The nonrelativistic limit we study on these models is a scal-
ing limit of the speed of light at the same time as the coupling
constant of the models gets a scale transformation, which, as
far as we know, has not been discussed in the literature.

To treat the problem of the nonrelativistic limit of the
Pauli-Fierz and the spin-boson model in a unified way, we
first present in Sec. II an abstract asymptotic theory of a
family of self-adjoint operators {H, }, _ , acting in the tensor
product of two Hilbert spaces. The self-adjoint operator H,
is an abstract version of operators unitarily equivalent to
Hamiltonians of some models of an atom coupled to a quan-
tized radiation field, including the Pauli-Fierz and the spin-
boson model. We prove that the resolvent of H, converges
strongly as K — oo and the limit is a pseudoresolvent, which
defines an “effective” operator of H, at =~ « . Introducing a
concept of “partial expectation” of operators, we represent
the effective operator more explicitly. In applications, par-
tial expectations can be used also to describe “fluctuations”
caused by a quantized radiation field on an atom (see Sec.
III). Further, we obtain an asymptotic estimate of the infi-
mum of the spectrum (the ground state energy) of H,.. The
abstract theory presented here is closely related to asympto-
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tic theories given in Refs. 16-18. But our class of H, is differ-
ent from the operators considered there in the scaling order
with respect to x. There may be different asymptotic theories
depending on the scaling order of x and the form of the rel-
evant operators. We also discuss the spectral concentration
of H,.

In Sec. IIT we discuss the Pauli-Fierz model, which, as
mentioned above, describes a one-electron atom coupled toa
quantized radiation field. For a mathematical generality, we
consider the case where the one-electron atom is placed in
the d-dimensional space (d>2). The total Hamiltonian of
the model is given by a self-adjoint operator H(c,e) with
parameters ¢ >0 and ecR\ {0} denoting the speed of light
and the elementary charge (the coupling constant in this
model), respectively. The scaled Hamiltonian is defined by
H(x) = H(c(x),e(x)) with c(x) =«c and e(x) = e.
The nonrelativistic limit we study is taken in the sense of the
scaling limit x — . Since |e(x)|— « as k— oo, the nonrela-
tivistic limit is a scaling limit of the speed of light at the same
time as the magnitude of the coupling constant becomes infi-
nite. We show that H(«) is unitarily equivalent to an opera-
tor H(x), which is of the form of H, discussed in Sec. IL.
Applying the abstract theory in Sec. Il to H(x), wefind that
the effective operator of Hix) is a Schrodinger operator
H, . Inthecased = 3, the potential operator of H , . coin-
cides with the effective potential that Welton® proposed to
calculate some observable effects of the quantized radiation
field such as the Lamb shift. In Ref. 3 the effective potential
was derived by physical arguments. We derive it as a scaling
limit in the sense described above, starting from the total
Hamiltonian H(«). This does not only justify rigorously the
effective potential of Welton but also clarifies a mathemat-
ical meaning of it, in other words, in what sense the effective
potential is “effective.” Further, we show that the ground
state energy of the model is nondecreasing as a function of «
and obtain an estimate of the ground state energy, which, to
our knowledge, has not been given so far in the literature. We
also prove that the spectrum of H(x) is asymptotically con-
centrated on the spectrum of H , ., “locally” as x— o.

In Sec. IV we consider the spin-boson model. The non-
relativistic limit of this model is also a scaling limit of the
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speed of light at the same time as the magnitude of the cou-
pling constant becomes infinite, but the scaling order of the
coupling constant is different from that of the Pauli-Fierz
model. We show that the total Hamiltonian of the model is
unitarily equivalent to an operator H(x) of the form of H, in
Sec. II. We derive the effective operator of H (k). Moreover,
we show that the ground state energy is nondecreasing in the
scaling parameter x and obtain an estimate of the ground
state energy, which slightly improves that given by Davies.'¢
We also give a meaning to the transition probability between
the two degenerate ground states of the model without the
atom part (cf. Ref. 11). Finally, we prove the existence of a
“local” spectral concentration of the total Hamiltonian.

In the last section some remarks are given. We conclude
the present paper with an Appendix, where we prove some
limit theorems related to the strong convergence of resol-
vents in which the limiting operator is a pseudoresolvent.

Il. AN ABSTRACT ASYMPTOTIC THEORY

In this section we present an abstract asymptotic theory
for a class of self-adjoint operators. The theory developed
below may be formulated in a more abstract setting using a
Banach space as in Ref. 16 and for a more general class of
operators. In the present paper, however, we take a Hilbert
space formulation and restrict our consideration to a class of
self-adjoint operators, which allows us to obtain more con-
crete and stronger results in some respects. ,

In what follows, we use the following notation: (+,*) 4
and ||| 3 denote the inner product and the norm of the
Hilbert space 7, respectively. If there is no danger of confu-
sion, then we omit the subscript 5 of them. The domain
(resp. range) of an operator T is denoted by D(T) (resp.
Ran 7). For bounded operators 7, we denote by ||T|| the
operator norm. By I we denote identity.

Let 57 and %" be two Hilbert spaces and

Let 4 and B be non-negative self-adjoint operators in #° and
J, respectively. We assume that

Ker B #{0}. (2.2)

Let {C.},. o be a family of symmetric operators in £ satis-
fying the following conditions.

(i) For all «>0, D(AeICD(C,)
C.(A®I-+ A) 'isbounded for all A >0 with

and

lim ||C.(4®I+4)~'|| =0,

A—
where the convergence is uniform in «3>«, for some «, > 0.

(ii) Forall A>0, C (4 ® I + A) ~ ' is strongly contin-
uous in k> 0.

(iii) There exists a symmetric operator C in & such
that D(A® 1) CD(C) and for all A >0,

s-lim CK‘(A®I+/1)~1 =CAelI+A),

K— oo
where s-lim means strong limit.
For each x> 0, we define

H, =A8I+«I®B. (2.3)
The above property (i) of C, implies that for every €> 0,
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there exists a constant 1, = 4, (€,x,) >0, independent of
K>K,y, such that for all A5 4,,

IC. || <ell(A8T+A)¥|, YeD(del). (2.4)

Since I ® B is non-negative and commutes with 4 ® 1, it fol-
lows that for A>A,,

IC ¥l <ell(Ho, + A)¥],

YeD(H,,) =D(Ae)ND(I®B)=D,p. (2.5)
Hence, C, with x>« is infinitesimally small with respect to
H, .. Therefore, by the Kato—Rellich theorem (e.g., Refs. 19
and 20), the operator

H =H,, +C, 2.6)
with k>, is self-adjoint on D, ; and essentially self-adjoint
on every core of H, . Further, H, is bounded from below
with

H>—el/(1—¢), 2.7)
where O <e< 1 and A>4, (€4, ). The ground state energy
E, of H, is defined by

E, =info(H,), (2.8)
where o(T) denotes the spectrum of operator 7. By (2.7),
E, is bounded from below uniformly in x>«,:

e=inf E, > — .

K>Kg

2.9)

Our aim is to consider the limit x — oo of H, and to give
an asymptotic estimate of E, for large «.

Let P, be the orthogonal projection from %~ onto
Ker B. Then it follows from property (iii) of C, and (2.4)
that (e P,)C(I® P,) is infinitesimally small with respect
to 4 ® I. Hence, by the Kato-Rellich theorem again, the op-
erator

H_=AsI+ (I8P,)CU8P,) (2.10)

is self-adjoint on D(4 ® I) and bounded from below. It is
easy to see that the resolvent of H_ commutes with /® P,.
Hence, H_ is reduced by Ran I ® P, = 7 ® Ker B. We de-
fine

E_=info(H_ | # eKerB). (2.11)

The first of the main results in this section is the following.

Theorem 2.1: For all zeC with Im z50 or for z <0 with
|z| sufficiently large, (H, —2z) ~ ! is strongly continuous in
K>k, and

s-lim(H, —2) " '=(H_, —2z) " 'IeP,). (2.12)
Further,
lim E <E_ . (2.13)

Proofr Let A>0 be sufficiently large so that
— Aep(H ) Np(H_ )Np(H,, ) for all k>k,, where p(T)
denotes the resolvent set of T Iterating the second resolvent
formula with respect to the pair (H,,H,, ), we have
N

(H +2)7'= 3 (—D"(Ho, +A) 7 'Te + Ry (x),

n=0
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where
T,=C.(Hy +4)"",
and
Ry(k)= (=" "H +A)'T*"
It follows from (2.5) that
IRy ()|l < (6o +A) €T
Hence, taking € < 1, we see that for A > 0 sufficiently large

(H,+4) " '= Y (—D"(Ho +4)7'Te (214)
n=20
is norm convergent uniformly in x>, . It is easy to see that

s-lim (Hy, +4) " '=(40I+ 1)~ 'I8P,.

K~ o

Further, by property (iii) of C,, we have

s-lim T, =C(4®I+ 1) ‘(I P,).

By the uniform convergence of the series on the right-hand
side (rhs) of (2.14), we can interchange the limit x— o0 and
the summation X, to obtain

Ll

s-lim(H, +4) " '= z (—D"4eI+A)!

K~ o0 n=0

x{CaeI+Ai)~"}"UeP,),
(2.15)

where

and we have used the fact that 7 ® P, is a projection. The rhs
of (2.15) is equal to

(H, +A)"'"(IeP,).

Thus (2.12) with z= — A follows. Once (2.12) is proved
for some z = — AeRNp(H,)Np(H ), it can be extended
to the case Im z#0 by mimicking a standard argument for
resolvents (e.g., the proof of Theorem VIIL19 in Ref. 21).
The strong continuity of (H, — z) ~ ' in « follows similarly.
Inequality (2.13) follows from an application of Theorem
A.1in the Appendix. ]

Theorems 2.1 can be generalized by the following
theorem.

Theorem 2.2: Denote by C_ (R) thespace of continuous
functions on R vanishing at oc. Then, for all FeC, (R),

s-lim F(H,) = F(H_)I8P,.

Proof: This follows from Theorem 2.1 and an applica-
tion of Theorem A.1 in the Appendix. ]

We next consider the asymptotic behavior of the ground
state energy E,.. Concerning this problem, we have been able
to obtain a result only in the case where C, and C are bound-
ed. Let

H_(k)=Aeol+ (IeP,)C . (IoPF,)
and

E_ (x) =info(H_ («) | 7 @ Ker B). (2.17)

Lemma 2.3: Let C, and C be bounded. Then, for all

(2.16)
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x>0,
|E,, — E.. (0|</IC, —C]|.
In particular, if ||C, — C|| -0 as k- o, then

(2.18)

limE_(x)=E_.

K— oo

Proof: For ¥eD(A4 8 P,) with ||¥|| = 1, we have
l(‘II’Hao (K)\Il) - (‘P’Haa ‘P) l <“CK - C”’
which, combined with the variational principle, gives
(2.18). [ |
An estimate of the ground state energy E, is given by the
following theorem.
Theorem 2.4: Let C, and C be bounded. Suppose that
B | (Ker B)'>b with some constant 5> 0. Then, for all
k>(E,, («) + |C.])/b,

E, () — |Cllm (1 + 1+ 72) T'<E.<E, (),

(2.19)
where
In particular, if ||C, — C|| -0 as x— oo, then,
lim E. =E_. (2.20)
Proof: We have
=% oZ,,
where

Z, =% eKerB, &,=2 (KerB)"
Let P; (j = 1,2) be the orthogonal projection from & onto
& ;. Tt is easy to see that
P, =1I0P, P,=Ie(I—F,).
We can write
H. =H_(x)+xI®BU—P,)
+P,C P, +P,C.P, + P,C.P,.
For all ¥e#’, ND,, p with ||¥|| = 1, we have
(V,HW¥) =(V,H_(x)V).
Hence, it follows from the variational principle that
E <(V,H, ()¥),

which implies the second inequality of (2.19). [Note that
D,gisacoreof H  (x).]

To prove the first inequality of (2.19), we write WeD , »
with ||¥|| =1 as

V=V, +¥,,

with W,e2”; (j = 1,2). Then, using the Schwarz inequality
and the fact that 4 is non-negative and B | (Ker B)'>b>0,
we have

(VHY)SE, (O, * + (b — [|C DIV |
= 2[|C, |l 1 1l [ -
Since
"‘I’z “2 =1- “\[’1 Hz,
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it follows that

E>E, (k) — sup A(x),

o< xg
where

A(x) = (bk — E,, () — ||C,[)x* + 2| C [V 1 — x*
— (b — ||IC|| — E.. (x)).
It is easy to show that the inequality

ax’ 4+ Bxyf1 —x* —a<i( —a+Va* +B?)

5o )

holds for all @ > 0, £>0 and 0<x<1. Applying this inequali-
ty with a=bk — E_ (k) — ||C,||>0 and B=2||C,|, we
obtain the first inequality of (2.19). Formula (2.20) follows
from (2.19), Lemma 2.3, and the fact that 7, -0

(k- ). [ ]

Remark: As the above proof shows, the second inequali-
ty of (2.19) holds also for the case where C, and C are not
bounded.

In order to write H_ in a more explicit way, we intro-
duce a concept of “partial expectation” for linear operators.
For SeB( %) (the space of all bounded linear operators on
&) and f,ge %", we define the sesquilinear form g, (,*) on
XK by

g (1,0) = (U f,S(veg))e, uvei,

which is bounded with
g G IIS AN gl Nl [foll-

Therefore, by the Riesz lemma, there exists a unique
E; (S)eB(F) such that

(e fS(veg))e = (.E (SHv)y
and
Eze (HN<ILAN gl IS
We also define E,(S)eB(5) by
E(S) = E;;(S).

We call the operator E, (S) [resp. E;(S) ] the partial expec-
tation of S with respect to { f,g} (resp. /). Note that, in the
case S = L @ M with LeB(5°) and MeB(."), we have

E (LeM)=(f,Mg)sL.

Some elementary facts of E, (S) are summarized in the fol-
lowing proposition, whose proof is left to the reader.

Proposition 2.5: (i) For all fghel?", a,feC, and
SeB(#),

Eh’af_,_ﬂg(S) = aEhJ'(S) =+ BEh,g (S).

(ii) For all f,ge.%", a,BeC, and S,TeB( #’),
Ef;g (aS+BT) = an;g ) + BE_f;g (n.
(iii) For all f,ge %" and SeB( %),

E (S)*=E,(S*).

The following continuity properties of the map
:S— E,, (S) can also be easily proved.
Proposition 2.6: Let S,S,eB(#°), n>1, and fige%".
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Then:
(i) If S,-S(n—>w) in operator norm,
E;(S,)—=E;(S)(n— ) in operator norm.

then

(ii) If S,-S(n—o) strongly, then E . (S,)
—E;, (§)(n— «) strongly.
(iii) If S,-S(n—> ) weakly, then E,(S,)

—E;, (S)(n— «) weakly.

Lemma 2.7: Let PEB(.%") be an orthogonal projection
with dim Ran P=n< . Let { £;}7_, be an orthonormal
basis of Ran P. Then, for all SeB(#°),

IeP)S(IeP) = i E ;. (S)® Py, (2.21)
k=1
where P,;eB(%") is defined by
Pk;f= (fk:f)ﬁrfj- (2.22)

In particular, if n=1 and RanP={af,|aeC} with
5]l = 1, then

(IeP)S(IeP)=E.(S)eP.
Proof* Let u,ved7 and f,ge%". Then we have
(usf,(IeP)S(I® P)veg)y

— zn: () (o8 w50 fi)) e

hk=1

= 2 (ﬁijg).Y(u!Efij(S)v)%

k=1
= (u ®f,[ Y E ;. (S) ®ij]v®g) .
k=1 ¥y 4
Thus (2.21) follows. [ ]

We next define the partial expectation for unbounded
operators. For this purpose, we introduce a class of linear
operators in £°.

Definition 2.8: We say that a densely defined linear oper-
ator Sin & isin E( £”) if and only if there exist subspaces
D4 (S) and D (S) dense in 7#° and J, respectively, such
that

Dy (S) 8 Dy (S)CD(S),
where @ denotes algebraic tensor product.
Let S€E(Z°). Then, for all f& %", geD, (S), and
veD - (S), the conjugate linear functional
Lu)y=(uefSveg))x, uei,
on 57 is bounded with

ILG)|<[| Al ISwe )|l [l

Therefore, by the Riesz lemma, there exists a unique vector
E;, (S)ved? such that

L(u) = (u,E;, (S)v) 5
and

B (S0l <[ £1l 1S (2@ &)]l-

The map :w— E, (S)veH is linear. Hence, E; (S) gives a
densely defined linear operator in #° with
DE;, (S)) =Dy (S). We remark that E;, (S) may depend
on the choice of the pair of the subspaces Dg-(S) and
D, (S). A criterion for the closability of E,, (.S) is given by
the following proposition.

Proposition 2.9: Let SEE(£”). Suppose that S* is in

(2.23)

Asao Arai 2656



E(Z°). Then, for all feD - (S *),geD 4 (S), E,, (S) is clo-
sable and

E, ;(S*)CE,(S)*.

Proof: It is straightforward to see that for all
ueD - (S*), veD4-(S), feD 4 (S*), and geD - (S),

(4,E. (SHv)5 = (E,

which implies the desired result. ]

Lemma 2.7 is translated into the present case as follows.

Lemma 2.10: Let P and { f}};_, be as in Lemma 2.7.
Suppose that S€E(2°) with Ran PCD, (S). Then, the
same conclusion as in Lemma 2.7 holds for S.

The above lemma and (2.10) immediately give the fol-
lowing result.

Proposition 2.11: Suppose that dim Ker B = 1 < « and
Cisin E(2°) with D (C) DKer B. Let { £;}7_, be an or-
thonormal basis of Ker B. Then,

f(s )u v)ﬁ/”

Iic° =AeIl+ z Efﬁ/‘k(c)®(P0)kj'
Jk=1

In particular, if Ker B = {af, |acC} with || £;]| = 1, then
H =HgzoP,+As(I—P,),
where
Hyg=A4+E,(C). (2.24)
The following fact easily follows from Theorems 2.1,
2.2, and (2.24).
Theorem 2.12: Let C be as in Proposition 2.11 and

Ker B = {af, |acC} with || £, || = 1. Then: (i) Let zeC be as
in Theorem 2.1. Then

s-lim(H, —2z)~'=

K— o

(Hyg —2) " '0P,
(ii) For all FeC_ (R),

s-lim F(H,) = F(H.;) ® P,.

Under the assumption of Theorem 2.12, the self-adjoint
operator H.,; may be regarded as an “effective” operator, in
the asymptotic region x = oo, of H,, restricted to the subspace
# ® Ker B.

We next consider the relation between the spectrum of
H_and of H;.

Theorem 2.13: Under the assumption of Theorem 2.12,
we have:

(1) If a,beR, a < b, and (a,b) No(H, ) = O for all large
K, then (a,6) No(H.;) =0.

(ii) Let{E; (H,)} and {E, (H.g ) } be the spectral fam-
ily of H, and of H,, respectively. Let a,beR, a < b, and

a,béo,, (H.q), where o, (H,4 ) denotes the pure point spec-
trum of H ;. Then,
s-lim E,,, (H,) =E,, (Hz) ®P,.

Proof: This follows from Theorem 2.12 and an applica-
tion of Theorem A.2 in the Appendix. ]

Let 4, be a symmetric operator in 5% such that 4 + 4,
has a discrete spectrum. We may write H, as

Hx = I?O,K + HI(K)’
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where

H, . =(A+A4,)eI+«kI®B
and

H(«)=C,—A4,8L

If the spectrum of Bis of the form [0, « ), then all the eigen-
values of H0 .« are embedded in the continuous spectrum of
HO « and hence H, gives an example for perturbation prob-
lem of embedded eigenvalues. In general, embedded eigen-
values may be unstable under perturbations, i.e., they may
disappear under perturbations (e.g., Refs. 6,9, and 22); H,
may have no eigenvalues more than the ground state energy.
On the other hand, the effective operator H ., may be regard-
ed as the unperturbed operator of H, in the sense of Theorem
2.12 and its eigenvalues may be discrete (see Secs. III and
IV). It is well known that one of the concepts to handle such
asituation in perturbation problems is spectral concentration
(e.g., Chap. VIII, Sec. 5in Ref. 20 and Sec. XI1.5 in Ref. 22).
We recall the following definition.

Definition: Let T, be a family of self-adjoint operators
and E, (T, ) be the spectral family of T,,. Let {A, }>_, and
A be subsets of R. We say that the part of the spectrum of T,
in A is asymptotically concentrated on A, as n— « if and
only if

s-1lim EMW’
N 00

(T,) =0,

where A, =R — A,,.

Theorem 2.14: Let C and Ker B be as in Theorem 2.12.
Let R > 0 and A be the union of a finite number of mutually
disjoint, bounded open intervals of R such that
[ —R,R INo(H ) CA. Then, the part of the spectrum of
H,_ in [ — R,R] is asymptotically concentrated on A as
K= .

Proof: We write

A=U" (a,b).

It suffices to consider the case where
a, < —R<b <a,<b, - <a, <R <b,. Then we have

A(R)=[-RRINA=U_'[b Ny

ji=1
For all j=1,...,n — 1, the interval [b;,a; , l] is included in
the resolvent set p(H.q). Hence, for each j — 1,...n — 1,
there exist constants @ and b; such that
[ 5@ 1 ] C(b_,, i+ 1 )Cp(Heﬂ') and b,y i+ lea(Heﬂ’)-
Hence, by Theorem 2.13(ii), we have

(H") —’E(b}-a;+ 1) (Heﬂ) ® Po = O’

E(b},a}+|)
strongly as k— . Since
AS(RYCU;Z N (b},a; )

Jj=1
and hence

n—1

EAC(R) (HK)<J;1 E(b},a}+|) (HK)’

we obtain
Ac( B (H,)-0,

strongly as K — oo. Thus the desired result follows. .
Remark: The above result is weaker than the standard
result on spectral concentration (e.g., Chap. VIII, Sec. 5,
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Theorem 5.1 in Ref. 20). This is due to the fact that the
strong resolvent convergence of H, is different from the usu-
al strong resolvent convergence where the limiting operator
is also a resolvent. Theorem 2.14 may be interpreted as a
local spectral concentration of H, on the spectrum of H 4.

lil. THE PAULI-FIERZ MODEL

In this section we apply the abstract theory in the last
section to the Pauli-Fierz model to study its nonrelativistic
limit.

A. Definition of the model and some fundamental facts

The model describes a quantum system of a one-electron
atom coupled to a quantized radiation field'™ (cf. also Refs.
5-9). For a mathematical generality, we assume that the
one-electron atom is placed in the d-dimensional space R”
(d>2). We shall denote by # (resp. m, c¢) the Planck con-
stant divided by 27 (resp. the electronic mass, the speed of
light), regarding them as positive parameters. In what fol-
lows, the differential operators d/dx;, j=1,., d,
X = (X;,....xz)ER?, are taken in the generalized sense. We
set

p= ( —ifi 4 —ifi J )
ax, ox,
We take the potential ¥(x) of the atom to be a real-valued
measurable function on R? which satisfies:
(V-1) D(p*) CD(¥) and for all A >0, V(p* + 1) ~'is
bounded with

(3.1)

lim ||V(p* + 4) ~'|| =0.
}»—-'DO
(V-2) For all >0 and xR¥,

J e—rlx—ylzi V(y)|dy < .
Rd

Condition (V-1) implies that V is infinitesimally small
with respect to p* and hence the Hamiltonian of the atom

H,=(/2mp*+V (3.2)

is self-adjoint on D(p*) and bounded from below.

Remark: If V is a Phillips perturbation of p?, then V
satisfies (V-1) (see Refs. 23 and 24). It was proved in Ref. 23
that if

VeL (RY) + L = (R?),
with ¢ > d /2 and g2, then Vis a Phillips perturbation of p*.
In particular, it follows that the Coulomb potential in the
case d = 3 satisfies (V-1) and (V-2).

We use the Coulomb gauge in quantizing the radiation

field. The Hilbert space of state vectors for the quantized
radiation field is then defined by the boson Fock space:

Fem=@7_o® W (3.3)
over the Hilbert space
W=L*R%e- - eoL*R?, (3.4)
. J

——
d— 1 times

where ® "W denotes the n-fold symmetric tensor product of

W with convention & " =°W = C. We denote by a(F), FeW,
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the annihilation operator in % . For r=1,...,d — 1 and
JEL*(R?), we define f,eW by f, = (0,...,/i...,0) (the rth
component is equal to fand the other components are zero).
The map ;f—a( f,) defines an operator-valued distribution
on R? We denote the distribution kernel by @, (k), r = 1,...,
d — 1, keR“. Then the following canonical commutation re-
lations hold in the sense of operator-valued distribution:

[a,(K).a,(k")] = [a.(k)*.a,(k")*] =0,

[a,(K).a,(k")*] =8,,6(k—k’), rng=1,..d—1.
Let e, (k) be an R%valued measurable function on R? such
that

ke, (k) =0, e, (k)e,(k)=20,,

aekeR?, rg=1,..d—1
The vectors e, (k), r = 1,....d —
tors of “photon.”

The free Hamiltonian of the quantized radiation field is
defined by

1, serve as polarization vec-

d—1
H, =fic z dk w(k)a,(k)*a, (k). (3.5)
r=1

Here, w(k) is a non-negative measurable function on R?

with weL % (R?) which depends only on |k |. The physical
choice for w(k) is given by w(k) = |k |.

The Hilbert space . of state vectors for the interacting

system of the atom and the radiation field is taken to be the

tensor product of L >(R?) and ¥ g\,
F = L*(R%) ® F gy- (3.6)

To define the interaction between the atom and the radiation
field as an operator in 5, we have to introduce a cutoff for
photon momenta: Let p(x) be a real distribution on R?such
that its Fourier transform

— ikx
W J dx p(x )e
is a measurable function and depends only on |k | with

fd p(k)| o, Jdk |P(k)|
o(k)? w(k)

Then we define the time-zero radiation field with cutoff p by

plk) = (3.7)

(3.8)

d—1

A(x;p)=z dk fic e, (k)
£ V2o (k)
x{p(k)*a, (k)*e™ ** + p(k)a, (k)e™}.

3.9)

The total Hamiltonian of the coupled system of the
atom and the radiation field with the full minimal interac-
tion reads:

H= (1/2m)(p — (e/c)A(x;p)Y + Hc + V, (3.10)
where ecR\ {0} is a coupling parameter denoting the ele-
mentary charge. In the present paper, however, we take as
the total Hamiltonian of the coupled system a version of H
simplified in the following way: (i) We use the dipole ap-
proximation, i.e., we replace A(x;p) by 4(0;p); (ii) We ne-
glect the term 4 (x;p)>

Further, we take the mass renormalization of the elec-
tron into account, i.e., we introduce the “bare mass” m, of
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the electron by

L=_1_+ (d-1) (i)zfdk (k)| ,
m, m d mc w(k)?
and define the “renormalized” atom Hamiltonian H " by
HT = (1/2my)p* + V. (3.12)
Thus the total Hamiltonian of our model is defined by
H(ce)=H[el+IeH.+ H,, (3.13)
where
H,= — (e/mc)p®A(0;p).
For x>0, we introduce
= 1%,

which are regarded as a scaled speed of light and a scaled
elementary charge, respectively. Then we define the scaled
Hamiltonian H(«) by

H(x)=H(c(x),e(x))

3.1

c(x) =«kc, e(k)

=( 1 p2+ V)®I+KI®HF+KH1a (3.14)
2m(x)

where m(x) is defined by

S (d—l)( )j die PR
m(k) m d mc w(k)?

We want to consider the scaling limit x — « of the model
in terms of H(x). Obviously c(x),|e(k)|— o« as k> . In
this sense, the scaling limit ¥ — o in H(«x) corresponds to the
nonrelativistic limit at the same time as the magnitude of the
coupling charge becomes infinite. Note also that the “scaled
bare mass” m(x) -0ask— 0.

Before stating the main results on the scaling limit, we
give some known facts. We denote by Q) the Fock vacuum in
F em

0 =1{1,00,..}.

(3.15)
Let # gy be the dense subspace in # ., spanned by vec-
tors of the form

a(F))* --a(F,)*Q, Q, FeW, j=1,.,n, n>1
and

Fo (R = {2 R |feC (RDY, (3.16)

where . (R?) is the Schwartz test function space of rapidly
decreasing C “-functions on R? and C & (R?) denotes the
space of C “-functions on R? with compact support. Then
the subspace

Fo=56(RY &F pumo (3.17)
is dense in & .
Let
T=i% J‘dk
mc ;= l a)(k)\/ w(k
e, (k){p(k)*a,(k)* — p(k)a,(k)}. (3.18)

Then we can show that %, is a set of analytic vectors of T’
and hence T is essentially self-adjoint on it.> We denote the
unique self-adjoint extension of 7" | % , by the same symbol.

2659 J. Math. Phys., Vol. 31, No. 11, November 1990

Let
C(V)=€T(VeDe ™. (3.19)

Since exp( — #p* ® I) commutes with exp(iAT) (AeR) and
exp(iAT) is unitary, it follows from (V-1) that C(¥) is in-
finitesimally small with respect to p* ® I with

lim |C(M (pe T +4) | =0, (3.20)

which implies that C(V) is infinitesimally small with respect
to (p?® I)/2m + kI & H with
lim [|C( M{/2mp*el+kleHp +4] "' =0
3.21)
uniformly in k. Therefore, the operator

H) = (12m)p*el+«kIe H. + C(V) (3.22)
is self-adjoint on

D, =D(p*e)ND(I® Hy) (3.23)
and bounded from below. We have

H)»info(H,). (3.24)

This follows from the non-negativity of H and the fact that
p* ®1 commutes with exp( + iT).

A fundamental fact concerning our model H(«) is the
following lemma.

Lemma 3.1: The unitary operator ¢’ maps D, onto D,
and for all >0,

eTH(x)e~ T = H(x)

on D, In particular, H(x) is self-adjoint on D, and bounded
from below with

H(k)zinfa(H,).

Proof: See Ref. 5 (cf. also Ref. 4). [ |
Proposition 3.2: Let

E(x) = inf o{(H(x)). (3.25)

Then, E(x) is nondecreasing in «.
Proof: Since H is non-negative, we have from (3.22)

H()>H(«'),
for all k> «' > 0. By Lemma 3.1, we have
E(k) =inf o(f!(x)).
Hence, E(x)>E(«'), fork> k' >0. |

B. Convergence of the Hamiltonian, effective potential,
and an estimate of the ground state energy

Lemma 3.3: The operator C(¥) is in E(F) (see
Definition 2.8) with D, .. (C(¥)=D(p*) and
Ds_ (C(V))=D(Hg). Further, the partial expectation
E (C(P)) of C(V) with respect to () is given by

Eo(C(N) =V, on DY), (3.26)

where V_, is the multiplication operator associaed with the
function

Ver (x) = 27C(p)) =7 f dy e~ @Y (),
(3.27)
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with

@a-1 ( ) I,D(k)l2
c .
Py == Fic w(k)3

Proof By Lemma 3.1 and condition (V-1),
D(p*) @ D(H;) CD, CD(C(V)). Hence, C(¥V) isin E(.F ).
To prove (3.26), we first consider the case where Ve % ( R%).
Then it follows that for all f,geL *(R?),

(fEq(C( V))g)Lz
fdg D) (fo Qe Dgo),,

(2 )d/z
where
x(T) =eTxole . (3.28)
Let
X =it i
mc¢ 2c
il oe(k) ., .
Zl W{{P(k)*a,(k)* —p(k)a,(k)}.

Then, it is not so difficult to see that
¢'D(x,el) =D(x,8l+18X,),
x(N,=x,0l+18X,, p=1,.4d.
Hence, we have
(fe Qe Dge ), = (f,%g),.(2,e*Q) 7.
By the standard Fock space calculus, we find
(Q,eigxﬂ)yEM EXA
Thus (3.26) follows.
We next consider the case where Vis bounded, but, not
in . (R?). In this case, we approximate V by a sequence
{Vv,},C £ (R in the sense of strong convergence in
L?(R?). Then, by Proposition 2.6 (ii), we have
Eq(C(V,))=Eq(C(M)(n— o)
strongly. On the other hand, we have
(Ve (x) > Vg (x)(n> ),
for all xeR®. Thus we obtain (3.26).
Finally, let V satisfy (V-1) and (V-2). Denoting by y,
the characteristic function of [0,n], neN, we define
V,(x) =y, (|x])V(x).

Then V, is bounded and hence (3.26) holds with V replaced
by V,. It is easy to see that for all YeD,,

CVI¥-C(NHVY
strongly. Hence, for all feC & (R?) and g in D(p?),
(SLEL(C(V,))E) — (LEL(C(V))g). (3.29)

It follows from condition (V-2) that | V|4 is a continuous
function on R? Hence, by using the dominated convergence
theorem, we have

(L V)8~ (fiVer8),
which, combined with (3.29), gives

(fEEQ(C(MN)G) = (fiVr8)-
Thus (3.26) follows. [ |

1€ 1°Cprr2.
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By (3.26) and the fact that C( V) is infinitesimally small
with respect to p>® 1, it follows that Vg, is infinitesimally
small with respect to p*>/2m. Hence,

H, 5= (172m)p* + Vg (3.30)
is self-adjoint on D(p*) and bounded from below. Let

E, s =info(H,4). (3.31)

We denote by P, the orthogonal projection from .# ), onto
the Fock vacuum sector {a€2|aeC}.

Theorem 3.4: For all zeC with Im z#0 or zeR with
z<min{inf o(H,), inf o(H )},

'o P,}e'.
(3.32)
Proof: By Lemma 3.1, we need only to consider the scal-
ing limit k- o of (H(x) —z)~'. Note that H(x) is just of
the form of the operator H, considered in Theorem 2.1 with
the following identifications:
¥ =L¥RY, ¥ =Fem>

A=p/2m, B=Hp C,=C=C(V).  (333)
We have Ker H. = {aQl|aeC}. Hence we obtain from
Theorem 2.12(i)

s-lim(H(k) —2) " '=e"

K— o0

T(Hyer —2)~

s-im(H(x) —2)~!

K— o0

= (p?/2m + Eq(C(V)) —z) '@ P,,

which, together with (3.26), gives (3.32). [ |

Remarks: (i) In the case d = 3, V4 coincides with the
effective potential given by Welton,® who derived it by phys-
ical arguments to calculate some observable effects of the
quantized radiation field such as the Lamb shift. Theorem
3.4 shows that the effective potential can be derived as a
scaling limit of the total Hamiltonian H(«). This does not
only justify rigorously the effective potential but also clari-
fies a mathematical meaning of it.

(ii) As (3.27) shows, the effective potential Vg is a
Gaussian transformation of the original potential V. The
functional C(p) of p, which characterizes the Gaussian
transformation, has a mathematical meaning: let x(7") be
defined by (3.28). Then it follows from the proof of Lemma
3.3 that

E, [(x(T) —xe1)] = C(p)I. (3.34)

Hence, C(p) can be identified with the partial expectation of
the square of Ax=x(7T) — x & I with respect to the Fock
vacuum ). In Ref. 3, Ax was regarded as a fluctuation in
position of a free electron and C(p) was interpreted as the
mean-square fluctuation in position of a free electron. In this
sense, (3.34) suggests that mean fluctuations of observables
under the action of a quantized radiation field may be formu-
lated in terms of the notion of partial expectation.

Theorem 3.5: Suppose that ¥ is bounded and

inf w(k)>0,, (3.35)

xeR?
with a constant
K> (EA,cﬂ' + “ V”)/ﬁcwo’

E,r — |V ]|v. (1 + v 1+42)~ 1<E(K)<EA,etrs

@, > 0. Then, for all
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where
v, =2||V ||/ (Ficwok — Eqee — ||V |-
In particular,
Klim E(x)=E
Pr:of.' Since V'is bounded in the present case, we have
ICH =V ]l-

Under condition (3.35), Hy } (Ker H)*>#ico,. Hence, an
application of Theorem 2.4 to the present case with the iden-
tifications (3.33) and b = #icw, yields the desired result. W

C. Spectral concentration

In the physical case @ (k) = |k |, all the eigenvalues of
the unperturbed Hamiltonian H, ® I + xI ® H are embed-
ded in its continuous spectrum. Hence, as already remarked
in Sec. II, they may be unstable under the perturbation
xH, + (the self-energy term), i.e., they may disappear un-
der the perturbation (for an example, see Ref. 6). On the
other hand, eigenvalues of H, . may be discrete. The con-
cept of spectral concentration may be helpful to handle such
a situation in perturbation problems. We have the following
result on the spectral concentration of H(«x).

Theorem 3.6: Let R >0 and A be the union of a finite
number of mutually disjoint, bounded open intervals of R
such that [ — R,R 1No(H ;) CA. Then, the part of the
spectrum of H(x) in [ — R,R] is asymptotically concentrat-
edon Aask— .

Proof: Let E;(H(x)) be the spectral family of H(«).
Then, by Lemma 3.1,

exp(iT)E, (H(x))exp( — iT) =E,(H(x))

is the spectral family of Hk) By Theorems 3.4 and 2.14, we
have

E,. (R)(H(K))—-»O
strongly as x— oo. Hence,
E,. x, (H(x))-0
strongly as Kk — co. ]

IV. THE SPIN-BOSON MODEL

The spin-boson model we are going to discuss describes
a two-level atom coupled to a quantized Bose field (a simpli-
fied version of a quantized radiation field) (e.g., Ref. 13 fora
review and Refs. 10-12, 14, and 15 for some rigorous re-
sults). We denote by x>0 the half of the gap of the two
energy levels of the unperturbed atom. The total Hamilto-
nian of the model is given as follows:

H =H(cA)

=Ie9H, +uo, ®I+ o,

®fdk{/l(k)*a(k)* +A(k)a(k)} — E,(c,A).
4.1)
Here, the Hilbert space in which H acts is
F =C'0 F p(L*(R)) = F 5(L*(R)) 0 F 5(L*(R?),
(4.2)
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where % 5(L *(R?)) denotes the boson Fock space over
L2(R9)(d>1). The 2 X2 matrices o, and o; are the stan-
dard Pauli matrices and a(k) is the operator-valued distri-
bution kernel of the boson annihilation operator acting in
F s(L*(R?). The operator H, is the free boson Hamilto-
nian:

H, =cfdkcu(k)a(k)*a(k), (4.3)

where w(k) is a non-negative measurable function on R
with wel 2_(RY). We assume that A(k) is a measurable
function on R“ satisfying the following conditions:

2
fdk Ak < fdk 111 (4.4)
(k)2
The functional E, (c,4):A —C is defined by
1 [A (k)2
E = - 2| g2 45
o(C,/l) - f o (k) ( )

which physically means the ground state energy of the bo-
sonic Hamiltonian

H,(cA)=I0H, + 0,

@f dk{A(k)*a(k)* + A(k)a(k)}.

We have set i = 1.
Itis known (or easy to see by applying the Kato-Rellich

theorem) that H is self-adjoint with D(H) = D(I® H, ) and
bounded from below.

For x> 0, we set

H(s) = H(xc,kA), (4.6)

which is the scaled Hamiltonian we are going to study in the
asymptotic region x =~ 0. The operators

T, +z—fdk————{/i(k)“a(k)* Atk)atk)}

(4.7)
are self-adjoint in ¥ 5. Hence, we can define the unitary
operators

U, =+ (4.8)
on ¥ . Set
U, 0 )
U= ( o U ) (4.9)

which is unitary on % . The following fact is easily proved.
Lemma 4.1: For all k>0,

Hx)=U"'Hx)U=«xIo H, + W, (4.10)
where
0 U?
LS i
,U U2+ 0
Let
E(x) = inf o(H(x)). (4.12)
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Proposition 4.2: The ground state energy E(«) is nonde-
creasing in x> 0 and

inf E(x)>» —p.

x>0

Proof: By (4.10), we have

H()>H(«'),
for all k> k' > 0. Since we have

E(x) = inf o(H(x)),
the nondecreasingness of E(«) follows. Note that W> — u,
which, combined with (4.10) and the non-negativity of H,,
gives (4.13). |

Lemma 4.1 shows that H(x) is unitarily equivalent to an
operator of the form of H, discussed in Sec. II. Hence, we
can apply the main theorems in Sec. II to the present case.
Let us compute the partial expectation of W with respect to
the vectors in Ker H, first. We have Ker H, = {aQ|aeC},
where  is the Fock vacuum in .% 5(L 2(R%)).

Lemma 4.3: Let

(4.13)

2 |Ak))?
F(c,A) = ex (— —fdk—— . 4.14
p 2 o (k) ( )
Then,
E (W) =uF(cA)a,. (4.15)
Prooff By computing the inner product
(ue Q,WeQ)) for
u=(z,2,),v = (w,,w,)eC?
we see that _
0 Q,U% Q))
Ea (W) “‘((0,02+ o o /)
It is straightforward to show that
(Q,U% Q) =F(c,A).
Thus (4.15) follows. [ |

Theorem 4.4: For all zeC\ [ — g, ),

s-lim (H(x) —z)~ ' = UuF(cA)o, —2) '@ P, U 1.
(4.16)

Proof: We need only to use (4.10) and apply Theorem
2.12 with the following identifications:

X =C, X =5 g(L*(RY),
A=0, B=H, C. =C=W. (4.17)

[Note that uF(c,A)o, » — uF(c,A)> — p.] [ |
The estimate (4.13) of the ground state energy E(x) is
improved as follows.
Theorem 4.5: Suppose that w(k) satisfies (3.35). Then,
for all £ > u(l — F(c,A))/cw,, we have

— pF(cA) —pd (1 4+J1+d2) " '<E(K)< — pF(cA),
(4.18)
where
d, =2u/[cok — u(l — F(c,A))].
Proof: Under condition (3.35), H, | (Ker H,)'>caw,.
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Further, we have

W =p, infouF(cd)o)= —uF(cA).

Hence, applying Theorem 2.4 with the identifications
(4.17), we obtain (4.18). n

Remarks: (i) The ground state of the model H(«x) with
1 = Ois twofold degenerate. We note that F(c,4)? is equal to
the transition probability between the two ground states at
zero temperature and in the case k = 1 (cf. Ref. 11).

(ii) Inequality (4.18) gives a nonperturbative estimate
of the ground state energy of H(«) with respect to both pa-
rameters u and A and slightly improves the estimate given by
Davies.!°

As for the spectral concentration of H(x), we have the
following result.

Theorem 4.6: Let R >0 and € > 0. Then, the part of the
spectrum of H(«x) in [ — R,R] is asymptotically concentrat-
ed on

(—uF(c,A) — € —uF(cA) +€)
UuF(c,A) — euF(cA) + €)

asSK— 0.

Proof> We first note that the spectrum of the effective
operator uF(c,A)0, is equal to { + uF(c,A)}. Then, in the
same way as in the proof of Theorem 3.6, we obtain the
desired result. u

V. CONCLUDING REMARKS

In this paper we have developed an abstract asymptotic
theory of a family of self-adjoint operators, which allows us
to study in a unified way the nonrelativistic limit of the
Pauli-Fierz and a spin-boson model. We have obtained some
new rigorous results for the models, including an asymptotic
estimate of their ground state energy and the existence of
“local” spectral concentration.

Our method can be applied to other quantum field mod-
els whose Hamiltonians can be transformed by unitary
transformations (““dressing transformations™) to operators
of the form of H, discussed in Sec. II.

In the present paper we have considered only the case
where the quantum system under consideration is at zero
temperature. In the case of finite temperature, we have to
reformulate the asymptotic theory in Sec. II in terms of cor-
relation functions of a KMS state associated with H,.

The following topics may be worth being studied as a
continuation of the present work.

(i) Extension of the abstract theory in Sec. I to the case
where the operator C, is more singular and/or the scaling
order of C.. in « is different.

(ii) The nonrelativistic limit of the Pauli-Fierz model
(3.13) without the dipole approximation. In this case, a for-
mal perturbation calculation suggests that we should have
an effective potential different from V4 given by (3.27) (cf.
Ref. 3).

(iii) The nonrelativistic limit of the model whose Ham-
iltonian is given by (3.10). In the case of the dipole approxi-
mation, we may use the results in Ref. 7.
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APPENDIX: SOME LIMIT THEOREMS

In Sec. II we encounter a strong convergence of resol-
vent that is different from the usual strong resolvent conver-
gence in that the limiting operator is not the resolvent of an
operator. In this Appendix we present some limit theorems
related to such a strong resolvent convergence, which are
variants of the standard limit theorems of the usual strong
resolvent convergence (e.g., Refs. 20 and 21). We first con-
sider a general case.

Theorem A.1: Let T, neN, and T be self-adjoint opera-
tors in a Hilbert space 77, and Q be an orthogonal projection
on . Suppose that Q commutes with the resolvent of T’and
for all zeC\R,

s-lim(7T, —z) " '=(T—2z)"'Q. (A1)

Then, for all FeC_ (R) (the space of continuous functions
on R vanishing at « ), F(7) commutes with Q and

s-im F(T,) = F(T)Q.

n— o

Further, if T, is bounded from below uniformly in n, then T
is bounded from below and

(A2)

1im E, <E,

n— o0

where
E, =info(T,), E=info(T |Ran Q).

Remark: The commutativity of the resolvent of 7" with
Q implies that T is reduced by Ran Q, so that 7 |} Ran Q is
also self-adjoint.

Proof: The proof of (A2) can be done in the same way as
in the proof of Theorem VIIL.20(a) in Ref. 21. The point
that we are careful about in the present case is that the limit-
ing operator (T — z) ~'Q is not a resolvent. We can show
that for all polynomials P = P(x,y) in two variables x, y:
(T, +0)"'(T, =)~ NPT+ '(T—i)~"Q
strongly as n— «, where we have used the assumption that
Qis an orthogonal projection commuting with the resolvent
of 7. We then see that (A2) follows from a slight modifica-
tion of the proof of Theorem VIII.20(a) in Ref. 21.

If T, is bounded from below uniformly in n, then a stan-
dard method shows that Tis bounded from below and (A1)
holds for z <z, =min{inf, E,,E}. We fix a real number
A <Zz,. Then, a standard formula on the strong convergence
of bounded linear operators gives

KT 2)~'Q|l< lim || (T, — ) =Y.

(A3)

Note that
I(T—=4)='Q[| = ||(T } Ran @ — ).
Thus (A3) follows. [ |

We next consider operators in the Hilbert space £ giv-
en by (2.1).

Theorem A.2: Let 7, neN, be self-adjoint operators in
& and S be a self-adjoint operator in 7. Suppose that for
all zeC\ R,

s-im (T, —z) '=(S—z) " '@P

n— o0
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with an orthogonal projection Pon %". Denote by E; (T,)
and E; (S) the spectral family of T, and .S, respectively.
Then: (i) If a,beR, a < b, and (a,b)No(T,) = O for all n,
then (a,b) No(S) =0. (ii) If a,beR, a < b, and a,beo,, (S)
(the pure point spectrum of §), then
E .0y(T,)>E_, (S)®P strongly as n— co.

Proof: The proof of part (i) is similar to that of Theorem
VII1.24(a) in Ref. 21; we need only to note that

IS— =S~ ~'eP|.

To prove part (ii), we note that Theorem A.1 applied to
the present case gives

F(T,)-F(S)eP

strongly for all FeC_ (R). Then the method of the proof of
Theorem VIIL.24(b) in Ref. 21 works and the desired result
follows. ]
Remark: Under the assumption of Theorem A.2 and the
condition that P #1, {0(T,)},.x cannot be bounded in n.
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